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Abstract. The Weil-Petersson metric is defined on the moduli space of Calabi-
Yau manifolds. The curvature of this Weil-Petersson metric is computed and
its potential is explicitely defined. It is proved that the moduli space of Calabi-
Yau manifolds is unobstructed (see Tian).

Dedicated to Lipman Bers on the occasion of his 75th birthday

0.1. Introduction

In this paper we are going to study some differential-geometric properties of the
moduli space of compact complex manifolds of dimg=3 which admit non-flat
metrics g with holonomy groups H(g)=+ {0} and H(g)SSU(n). Such manifolds we
will call SU(n) or Calabi-Yau manifolds. Before stating the main results, we will
make several remarks.

Remark 0.1.1. Tt is not difficult to see that a metric on a compact complex
manifold whose holonomy H®+ {0} and HCSU (n), will be Kéhler and Ricci flat.
We will call it the Calabi-Yau metric. (See [2]).

Remark 0.1.2. If M is a Calabi-Yau manifold, then from the theory of invariants of
the group SU(n) and the fact that the holonomy group H®#+ {0} and HCSU(n), it
follows H(M, Q2)=0 for 1<i<n and H°(M, Q") is spanned by a holomorphic
n-form w,, which has no zeroes and no poles. This implies that ¢,(M)=0.
Constructions of Calabi-Yau manifolds are based on the solution of the Calabi
conjecture by Yau. See [15].

Recently SU(3) manifolds have attracted the interest of physicists working on
string theory and algebraic geometers working on the classification of threefolds
and on algebraic cycles.

* Permanent address: Max-Planck-Institut fiir Mathematik, Gottfried-Claren-Strasse 26,
D-5300 Bonn 3, Federal Republic of Germany
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Let me state the results that are contained in this paper. In Sect. 1 the following
theorem is proved:

Theorem 1. Let M be a Calabi-Yau (SU (n = 3)) manifold, where n=dimgM. Let
n: X830, n71(0)=M be the Kuranishi family of M, then S is a non-singular
complex analytic space such that

dimgS =dimg H'(M, 6) =dimc H'(Q" ). See also [13].

More precisely we have proved Theorem 1'. From Theorem 1’ follows Theorem 1
and our curvature computations are based on Theorem 1".

Theorem 1”. Let M be a Calabi-Yau (SU (n = 3)) manifold. Let (g,5) be a Calabi-Yau
metric on M. Let H'(M, 6) denote the harmonic elements of H'(M, 0) withrespect to
(8.p)» let ¢, be any element of H*(M, 6), then there exists a unique power series

dO)=dt+d 2+ ... +PytN + ...

such that for |t|<e,
a) ¢(t)e C*(M,Q*'®0,,).
b) 0*¢(r)=0, where 0* is the adjoint operator of 0 with respect to (g,p).
c) 0p(6)—3L(1), $(1)=0.
d) for each K=2 ¢xLla,=0¥y, where wye HO(M,Q") and w, has no zeroes.

Theorem 1 was first announced by F. A. Bogomolovin [ 18]. Later P. Candelas,
G. Horowith, A. Strominger, and E. Witten proved Theorem 1 under the
assumption that
H*M,Z)=7Z. ([17])

Theorem 1 was also proved by Tian independently. Next we are going to describe
the results in Sect. 2. So we need some definitions in order to formulate the results.

Definition. A pair (M, L) where M is a Calabi-Yau manifold and LeH*(M,IR) will
be called a polarized SU (n) manifold if L=[Imgl;], where (g;3) is a Kéhler metric
on M.

With @] we will denote the class of cohomology of a form w. From now on we
will suppose that L is fixed.

Suppose that M — S is the Kuranishi family of polarized Calabi-Yau manifold
(M, L), so may be after shrinking S we may suppose that for each seS on
M =n""(s) there exists a unique Ricci-flat Kéhler metric g,5(s) such that [Im,(s)]
= L. The last fact follows from Yau’s solution of Calabi’s conjecture, Kodaira’s
stability theorem, which states that small deformations of Kihler manifold is
Kihler and the fact that for SU(n> 3) manifolds H*(X, @4)=0. From h*>*°=0 it
follows that M is an algebraic manifold. Here we use the fact n> 3, since if n=2
h*:°=1. Now we can identify the tangent space at se S, T, s with H'(M,, @), where
H'(M,, ©,) is the harmonic part of H'(M, @) with respect to g,;(s) and O is the
sheaf of holomorphic vector fields. Now we are ready to define Weil-Petersson
metric on S- the local moduli space of (M, L).

Definition. Let ¢y, ¢p,e T, s=H (M, ©), then
<¢1’ ¢2>W.p. L= Njfl ¢‘Lllﬁc¢_gpguvgﬂ& VOl(gaB(S)) .
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Here we are using the usual Einstein’s conventions for summation.
In Sect. 2 we calculated the Weil-Petersson metric on the moduli space of
polarized SU (n = 3) manifolds in terms of the standard cup product on H* 1, i.e.
nin—2)
Q0D o =(=1)y 2 (@) > funs, wveH b1
M

In order to simplify the computation of the curvature tensor R,; ,; of the Weil-
Petersson metric (h,;) we need to find “good” local coordinates (¢!, ..., %) in S so
that

Byy=0,5+ Y hys 51t +(higher order terms).

In Sect. 2 it is proved that such a coordinate system exists and so {£,}, i.e. the
Weil-Petersson metric is a Kédhler metric. Let me describe how one fixes such a
“good” coordinate system which we cail “Kodaira-Spencer-Kuranishi” local in S.
Let {n,} v=1,...,K be a basis in H'(M, ) and let

¢(t)=2mt“+(ii ;ix)¢>i1,,,,,i,{(t1)ﬁ...(tK)fK, >0, Yi;z2

be the power series with the properties stated in Theorem 1', then it is proved in
Sect. 2, that (t*, ..., t*) will be a good local coordinate system, namely the following
lemma is proved.

Lemma. Let (h,p) be the Weil-Petersson metric on S, then with respect to Kodaira-
Spencer-Kuranishi local coordinates the following formula is true:

nn—1)

hop(ts H=(=1) 2 ()" Z{L}; (L o) A1y L)
+4t°tP [ [A%h,Lwo] A [APhy L]
+ 2t 1{4 (421, 00] A L1 A T) - 00]

+ [ [ A @ A g AR, @]

+(terms of order 23)] [1— Zéaﬁt“fﬁ]}, *)

where
A%y, A2QV 0 A2Q0 (AP fu A v)
=1 AN ) and [A4*, L], (1, AN Lag]

denote the cohomology class of H(A*n,Lwe) and H[n, An,Lwg] in H™>2
C HYM,C), where H is the harmonic projection. From this lemma we derive the
Jfollowing theorem:

Theorem 2. a) The following formulas are true for the curvature tensor R,z ., of

the Weil-Petersson metric on the moduli space of SU(n=3) manifolds
n(n+1)

Raﬁ,uvz(—1) 2 (i)n—-zzj&[na/\nu—'wo:lA["ﬁAnv—leJ_auV'
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From observation 1 (**) it follows that

e d
Bt D=(~1) 2 (i)"‘2<j' A j‘t‘;t)@ anB) (e

n(n—1)

and ¢(t,1)=log [(—1) 2 (i)""z(§ w,/\a'),>] is the pbtential for the Weil-
M

Petersson metric.
If a=p and B=+v,

n{n+1)
Rep.p=+(—1) ? (i)"_ZSAII[Aznalwo]A[AznﬁLwo],
nn+1)

Rgw=(=1) % (/—1y"24 JRZE N N PPN P A

b) The biholomorphic sectional curvature of the Weil-Petersson metric on the
moduli space of SU(n=3) manifolds is negative.
¢) Curvature operator <0.

The proof of the lemma is based on the following two observations.

n(n+1)
Observation 1. {py, P2Dy . =(—1) 2 ()72 [ (P, Lg) A(P, A ), where
foondg= fvol(g,p)

This formula says that in case of SU(n) manifold we do not need the Calabi-
Yau metric in order to define the Weil-Petersson metric. We only need the
polarlzatlon class since if { w, A @,= [ L", then we have a canonical isomorphism
a:HY(M, @)—+H 1@" Ya(p)=¢Lw, On H" 1! we have a canonical metric;

{a,b>=(—1) 2 (i)~ 2}&01/\5 This is so since if n=>3 all elements of H* 1! are

primitive and H"~%%= + HY(M, Q"~?)=0.
Let w, be the holomorphic n-form on X,. Then we have the following formula

for w e I'(X, Qx5): KEK-1)

O=wgt+ 3 (—1) 2 A%(0)Lap,

where
AXp(t)e (M, Hom(A4'Q*°, 41Q% 1))

and
AXP(&) (s A... Au)=dO) W) A ... A D) (1) -

From (***) Theorem 2 follows almost directly.

Remark 1. Tt is a well known fact that the moduli space of marked polarized K3
surfaces is SO(2,19)/S0(2) x SO(19). From observation 1 it follows that the Weil-
Petersson metric is the Bergmann metric on SO(2,19)/S0(2) x SO(19). (See also

[117]).

Some Historical Notes. The purpose of introducing the invariant metric on the
moduli space (in the case of Riemann surfaces on the Teichmiiller space), is to
provide information on the intrinsic properties of the space. The Weil-Petersson
metric has successfully filled this role in the case of Riemann surfaces of genus g = 2.
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Ahlfors was the first to consider the curvature of the Weil-Petersson metric in
the case of Riemann surfaces, i.e. on the Teichmiiller space. See [1]. He obtained
singular integral formulas for the Riemann curvature tensor. As an application he
found that the Ricci, holomorphic sectional and scalar curvatures are all negative.
Royden later showed that the holomorphic sectional curvature is bounded away
from zero. Tromba gave a complete formula for the curvature of the Weil-
Petersson metric on Teichmiiller space and found that the general sectional
curvature is negative. See [14].

Later Scott Wolpert gave other formulas for the curvature tensor of the Weil-
Petersson metric on the Teichmiiller space of Riemann surfaces of genus g= 2.
From his formulas S. Wolpert showed that the holomorphic sectional and Ricci

curvatures are bounded above by and the scalar curvature is bounded
—3(3g—1)

47
spectrum of the Laplacian. See [16]. J. Royden also obtained similar results. Later
S. Wolpert used his calculations of the curvature tensor of the Weil-Petersson
metric to get some information of the global structure of the moduli space of
Riemann surfaces.

Siu generalized the formulas of S. Wolpert in the case of algebraic manifolds
with Ricci <0 and complex dimension = 2. See [ 12]. Nannacini obtained formulas
similar to Siu’s in the case of SU (n = 2) polarized manifolds. See [9]. Unfortunately
Siu’s and Nannacini’s formulas did not say anything about the sign of the
curvature. Royden also obtained some formulas for manifolds of dim = 2 and Ricci
<0.

Koiso was the first to introduce the Weil-Petersson metric in dim = 2. See [7]
and [4].

-1
2r(g—1)

above by . S. Wolpert showed that the curvatures are governed by the

Review of Tian’s results. See [13]. In his paper Tian proved that the Weil-Petersson
metric is just the pullback of the Chern form of the tautological of CIPY restricted
to the period domain, which is an open set of a quadric in €IPV. From this
description Tian obtained that the Weil-Petersson metric is a K&hler one and the
holomorphic sectional curvature is bounded away from zero.

All the results in [13] that overlap with the results of this paper are obtained
independently by Tian.

Wolf in his thesis obtained a similar results as Theorem 2.6 in the case of the
Teichmiiller theory of Riemann surfaces. See [16].

Recently the author found some applications of the results of the present paper.
Namely we prove the analogue of the Global Torelli theorem for SU(n=3)
manifolds. The proof is based on the fact that the discs D, defined in Observation 2
are totally geodesic submanifolds. We proved that the Weil-Petersson metric is
complete on the Teichmiiller space of the Calabi-Yau manifolds. From this result
we obtained some interesting degenerations and simultaneous resolutions of
singularrites of the one parameter family of Calabi-Yau manifolds. We also proved
similar results to that of Beauville in the case of complete intersections, namely that
the image of

Diff , (M) = {all diffeomorphisms that preserve the orientation of M}
has a finite index in Aut H"(M, Z). See [3].
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At last we should mention the following result, that will appear in a joint paper
with D. Bao and T. Ratiu. Let M be the moduli space of polarized manifold (X, g,),
where g, is a Kéhler-Einstein-Calabi-Yau metric, [Img,] =L, then as in the case of
Calabi-Yau manifolds we can define the Weil-Petersson metric on M. Let det 0 be
the determinant line bundle on M that corresponds to different d, operators on X,
and let || ||, be the Quillen metric on detd, then

Theorem d01og|} ||, is the Weil-Petersson metric on M.

0.2. Conventions on Some Relations.
(z%, ...,2") will denote a system of local coordinates
on a compact complex manifold. 0.2.1.a)

dz' A ... AdZPA . AdZE A L. Adz" means that if i; <... <ig
then dz%, ..., dz'* are omitted. (0.2.1.b)

0.2.2 Given a Hermitian metric ds®=h,zdt*Adt" on a complex manifold, we say
that it is Kéhler if

Ohyg _ Ohyy
ot o+’

0.2.2.1)

A metric is Kéhler if and only if we can find normal coordinates at each point, i.e.
holomorphic coordinates such that at the point the metric tensor has the
development h,3=0,3+0(|t|?). If the metric is Kéhler and real analytic, one can
introduce a set of canonical coordinates at a point which are characterized by the
property that the power series for h,3 contains no terms which are products only of
unbarred (or only of barred variables). In terms of canonical coordinates

hap=8ap+ 3 Rog, 5" +0(21%), 02.22)

where h,j3 ;5 is the Riemann curvature tensor. If (¢, ..., &%) and (', ..., #*) are unit
tangent vectors, the holomorphic bisectional curvature in direction &, 7 is given by:

Kz =R,3, 8888, See [10] (0.2.2.3)
and the holomorphic sectional curvature in direction & is given by
Kes=R,p 8888 . See [10]. 0.2.2.4)

So we have proved in Sect. 2 that Kodaira-Spencer-Kuranishi coordinates are
normal coordinates. So we apply (0.2.2.3) and (0.2.2.4) in order to get Theorem 2.

1. The Kuranishi Space of a SU(n) Manifold M is Unobstructed

1.1. Remark. a) From now on we will suppose that M is an SU (n) manifold with a
fixed Calabi-Yau metric (g,p), i.e. ga}—(, is a Kéhler, Ricci-flat metric on M.

b) If ¢ is any element of H/(M, A* @), then by IH¢ we will denote the harmonic
part of ¢ and by IH/(M, A¥@) all harmonic tensors on M which are elements of
H¥(M, A¥@) with respect to the Calabi-Yau metric.
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¢) For any point xe M from now on we will chose the local coordinates
(z%,...,2" in Usx in such a way that

woly=dz' A... AdZ",
where o, is the holomorphic form without zeroes on M.

Theorem 1.2. Let M be a SU(n) manifold and let
McX

|

0esS

be the Kuranishi family of M, then
a) S is a non-singular complex manifold,
b) dimeS=dim¢H'(M, O).

Proof. Let us first remember how the Kuranishi family is defined. We define 0* to
be the adjoint of ¢ with respect to the Calabi-Yau metric, O to be the Laplace
operator, and G to be the Green operator. Let {5,/v=1,...,m} be a base for
H'(M, ©). Kuranishi proved that the power series solution of the equation

PO =n(t)+20*GL(1), p(].

m
where #(t)= Y t,n, has a unique convergent power series solution. And this ¢(t)
satisfies v=1

09(t)—5[4(1), p()] =0
if and only if
H[ (1), $(1)]1=0.

Let {f,|A=1, ..., Z} be an orthonormal base of IH(M, ®) and let { , ) be the inner
product in
A2=T(Q**®6).

Then

HL40.00]= ¥ (90 $(0] B B,-

Hence H{¢(1t), ()] =0 iff {[o@), d()],5,>=0 for A=1,...,7. Since A=1,...,7.
Since ¢(f) is a power series in ¢ so is {[¢(), ¢()], B,> =b(r). Thus b2) is
holomorphicin ¢ for A=1, ..., 7 and [¢| <& Then Kuranishi proved that S is defined
as follows:

S={tllt|<e,by(t)=0,A=1,...,7}.
We have a family X S such that it is locally complete and z~ (0) = M. From all

this it follows that if we prove that for each #,, v=1, ..., r, there exists a power series
(convergent)

O =nt+ P2+ ...+ PpptE...
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such that:

a) 0o,(t)=3[\(2), (1))
b) ¢,(¢) fulfills the following equation:

)=n.t+ 350G (0), $ (1)1,

then b,(t)=0 and so S is an open subset in IH!(M,0), i.e. S is an non-singular
manifold of dimension equal to the dim H(M, ©).
So we need to prove that for each n,e H (M, @) v=1, ...,y we can find a power

series
OOy =n,t+ 53+ ...+ PrtF+ ...

such that
a) 0,(8)=%[,(1), §,(1)]
b) D) =1t +30%*G[P,(t), §,(t)].

Lemma 1.2.1. Let ¢ (t)=n,t+P4t>+ ...+ dxtX+... be convergent power series
such that

a) 0*¢,(t)=0
b) 06,(0)=3[4.(2), 6,01,
then

d)=n,t+30*G (1), ()]

Proof. ¢(t)—Hg (t)=GOp(t)=G(0*0+ 00%) ¢ ()= GT*¢,(t). This is so since
0*¢ ()=0. From the equality

b,(1)—He (1) =Go*(0¢,(1)),
and from 9¢,(1)=3[$.(), $,(t)] we get
¢,()=Hp (1) + 30*G[ (1), p.()] =1t +30*G[$,(1), $,()]. Q.ED.

From all these facts it follows that we need to solve by induction the following
equations:

a_qb; = %[”va n,], where 5-*(13; =0
5 *)
0y +1=3[dr 1]+ [N 1 #31+ ... + 1., PR

where 0*¢y ., =0.
The solutions of (*) is based on the following lemmas:

Lemma 1.2.2. For each ne H'(M, ®) y Lw, is a harmonic form of type (n—1,1).
Proof. Let nly= Y. nkdz*® % and wgyly=dz* A ... AdZ", then

nlawgly=Y (=1 dZ* A ... AdE* A ... AdZ".
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Now clearly
on=0 = 0(nLlwy)=0.
Next we need to prove that
0*(nLwy)=0.
The proof of this fact is based on the following fact:
(@*¢)a,.5,=(—1""" % g*V.ba, 3B, see [8]. (**)
From the formula
Vinlowg)=Vnlw,tnlVw,

and from the Bochner principle, that on any Ricci flat compact complex manifolds
any holomorphic tensor is parallel, we get that Vw,=0. See [8]. So

Vi Loo)=VnLay.
From this formula we get that

0*(nLwy)=(0*n) Lwy=0. Q.E.D.

Lemma 1.2.3. For each ne H(M, ©) we have that if nly= Y n2dZ*® i then

0z*’
"
Y 0,¢5=0 Yoa=1,..,n.
pg=1

Proof. We know that n Lo, is a harmonic form on a Kédhler manifold so
onLlwy)=0.
On the other hand
nlwgly= Y (— 1" ndz* Adz* A ... NdE* A ... AdZ".
So
o Loely)= ;‘ (%: (')uqSé,f)alz“"/\olz1 A AdZP AL AdZP=0.

From here = ) d,05=0. Q.E.D.

Lemma 1.24. Let ¢,peI'(M,Q%'®0)=I'(M,Hom(2':°, Q%)) and 06(¢ Lw,)
=0(plwgy)=0, then

20(p Ap Lawg)=(Lo, ] L),
where ¢ AP € (M, Hom(A2Q"°, A2Q% ")) and

(P Ap)unrv):=¢)Ap().
Proof. We have

. . S 0 0
i J i J
PN IPA¢>®azi/\aZj.

i<j

2¢ Ayly= (



334 A. N. Todorov

Here

Blo=LHP® s, Vo= S vhdz®
and
= % Prdz", = gw{d?.
From these formulas we get:

2(p Aplog)ly
=¥ (- D 2P Ay — ' APz A AdEA L AdETA L A2

l<J

Let us compute the coefficient of 20(¢pAwlew,) in front of
dz' A ... AdZEA L dEP AL AdZ". So we have

2009 ApLlwglly= ¥ [Z (= 1Y~ 10" A’ =" A 7+ P10 — ¢’ A 0,0
jli
AdZ AL ANAZA LA AL /\dz“],

where

o= Y (0:pD)dz, Oy'= Y owidz. (1.2.4.1)
u=1

M=
—

v

From
L .k .
0§ Log)=0pLog)=0 = 3 0¢'= T dp'=0.

So from these formulas and (1.2.4.1) it follows that:

20(¢ AypLa)ly
2 (2 (=D (o — ‘6i¢j)AdzlA...AdﬁfA...Adz">.
j=1\i=1
1.24.2
From the definition of [¢, ], i.c. ( )
(1.2.4.3)

[P, v]lu= ; (Zl: (P03 —v'0; 45’)) (3 =3
and (1.2.4.2) we get that

20[(¢ Ay)Lagl=[¢,y]Lla,. QED.
Lemma 1.2.5. Let ¢, I'(M,Hom(Q"° Q%)) for 2<i<N and

a)  0;=3([hi—1, 11+ [bi- 2 021+ ... + (D2 i 1+ [D1, i 1],
b) 3¢, =0.
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Then
0G([n @11+ T[dy—1, D21+ ...+ L2 dy— 11+ [y, 1) =0.
Proof. Clearly we have:

1 _/N-1 1 /N-1 _
56( Y [dn-x ¢K+1]> =§< Y ([0¢x-r Px+1]—[Pn-x Ok 1])-
K=0 K=0

o (1.2.5.1)
From —[¢;,00,1=10¢:,¢;]1 [$»¢;1=[¢; ¢:] (see [8]) and

~ 1 17k
a¢K+1 = E([‘bxa 451] +...+ [¢1, k)= 5 <i=21 [¢i7 Px—i+ 1]>,

we get

N—-1
37 (Kz [n-x. ¢K+J> =QIdy- 1,61 $:1+ (1. 621 b-1]
SN (O A RS B A RN ER (I R

itj+K=N+1

+ Y ([év-2pt 1w Bl + 30D & S 200 1 D)+ G bk Px ] P51
pENZ2ut (1.2.5.2)

if N+1=3K). From (1.2.5.2) and Jacobi identity we get that

%5<Z§) [¢N—K, ¢K+1]> =0. Q.ED.

1.2.6. Now we are ready to solve the equations (*) from Sect. 0, 1. We will solve
them inductively.

Induction Hypothesis. Suppose that for any 2< K< N, we have

_ 1 /k-1
a) Iy = 2 ( _;1 [Pk Cf’i]),
b) 0*¢r=0,
¢) ¢xlwg=0px andso d(pxlwy)=0.

We must find ¢y, such that
1 N

a) Opys1= 5 (;1 [dn-i+1s ¢J>
b) g*¢1v+1=0
c) Hdy+1Lwe)=0 and moreover ¢y, Llwg=0py,;.

From Lemma 1.2.4 it follows that

i+k=N

%(i [¢N~i+1,¢i]>mo=a< z+1(¢i/\</>k)m0>. (1.2.6.1)
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From Lemma 1.2.5 it follows that

%g<i§1 [¢N—i+1a¢i]> _Lw0=5_0< ) - (@: A ‘PK)J—COO) =0. (1.2.6.2)

i+K=N
From the Hodge theorem, the fact that M is a Kdhler manifold we get
6{( DI TN (,‘[)K) Lwo] =00(— ¥y, )=00¥%,,. (1.2.6.3)
i+K=N-+1

From the Hodge theorem and the fact that M is a Kadhler manifold we get
0PN 1=0P3 1 +T* Py ys (1.2.6.4)
where 0*Wy,  =0Py,, and so 0%y, , =0 since 0* o 0* =0. Define
On+1=0¥ys 1 LoOf,
where
wiel(M,A4"0) and <{w} w,>=1 pointwise, i.c.

i 2
Ofly =23 A A o (1.2.6.5)

Clearly from the fact that
V.wé=0 (Bochner principle)
we get immediately that
00wy + 1 L) =(0*Opy+ 1 Lwg)=0.

(For more details see Lemma 1.2.2). So

N
0*Py41=0 and 5¢N+1=%(i=21 [¢N+1—1a¢i]>-

The theorem is proved. Q.E.D.
We have proved the following theorem:

Theorem 1.2’. Let M be a SU(N) manifold and let n e H (M, @), then there exists a
convergent power series in norms defined in [8]

GO)=nt+Pot* + ...+ Pyt + ...
such that
1. ¢,eI(M,2°'®86),
2. 7, =0,
3. ¢ilwy=0y;,
4. dp()=31¢(1), ()] -

Remark. It is proved in [8] that if ¢(t) fulfills 1), 2), and 4), then
P(HeC(M,Q2>'®0).
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2. Computation of the Curvature Tensor of the Weil-Petersson Metric

2.1. Let S be the Kuranishi space of a Calabi-Yan manifold M,and let n: X > S be

the Kuranishi family of M, The tangent space T, s at the point se S can be

identified with HY(M,, @), where H' (M, Oy) is the harmonic part of H'(M,, ©)

with respect to the Calabi-Yau metric g,3(s) on M, and we suppose that forall se S
[Im(g,5(s))] = [Img,p(0)] = L.

We know from [15] that g,4(s) is a unique Kéhler-Einstein metric on M.

Definition. Let ¢, ¢, T, g=H'(M,, O), then we can define the Weil-Petersson
metric as follows:

($r:92= | ()4 238,58 vOl(ga(s))- 2.1.1)

From Lemma 2.2, it will follow that the Weil-Petersson metric is topologically
defined, i.e., in the case of Calabi-Yan manifolds M H!(M, @) can be identified
with H'(M,Q"~1). If dimM =3 it is easy to see that H(M, Q" ') consists of
primitive classes of forms of type (n—1,1). On H(M, Q"™ ') we can define in a
natural way a scalar product, i.e., if w, w, e H'(M, Q"™ 1), then

n(n+1)

(opwy=(=1) 2 (/=1 fo,rd,. (21.2)
Remark (2.1.3). Notice that the identification
HYM,@)~H M, Q" Y
is given by
o0 _1wyn, 0).
Since L is fixed we may suppose that all w,, (n,0) are fixed since we may assume
that | @ (1,0) A m= | L.
M, M,
So fixing L we have fixed the identification
H'M,09)=H' M, Q" 1).
Lemma 2.2.
{$r,b20= AL (@ 5D 2)pe,58" vOl(g.,)
n(n+1)
=(=1) 2 (/1" [ (12001, 0) A (§2 1 wo(n, ),
where wgy(n,0) is a holomorphic n-form on M, and

5 o1, 0) A wo(n, 0)= j VOl(grﬁ) .
Mo Mo

Proof. From V(n, 0)=0 = V(wy(n, 0) A wy(n,0)=0. Since V(vol(g,;)) =0 we may
assume that

wo(n,0) A wo(n,0)=vol(g,;). (2.2.1)
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From ¢ e H'(M,, ©) it follows that ¢z5=g,5¢% = ¢3,. (See [9].) Using this fact we
get that:

(0 1)i(d2)38us8" vOl(g) = (d 1 — 0o(n, 0)) A (P, (1, 0)). Q.E.D.
2.3. a) Let {¢;}¥-, be an orthonormal basis in IH'(M,, ). Let

k
¢(t1,...,tk)= Z ¢iti+"'+ . Z qﬁih”.)iktlll...t;ck""‘...,

i=1 i1+...+i=n
i;j20

Whete Vi, .. i) iy o i by, € [(M, 0@ Q) and for ¢y, .., ;) the follow-
ing conditions are fulfilled:

1. Pty ..., 1) =0.

2, 0(tys.. .ty =120, ... 10, Oty ..., 1)].

3. Fori,...,i, such that i, +...+i, =2 we have ¢, _;, 1won,0)=0y; ;.
then t=(t,,...,t;) will be a local coordinate system in S. From Theorem 1.2 it
follows that ¢(t, ..., )= @() exists and ¢(t)e (M, Q*1®0O), t=(t;,...,t,) we
will call Kodaira-Spencer-Kuranishi coordinates. From now on we will fix these
local coordinates.

b) Let {U,} beacovering of M, and (z,, ..., z}) be local coordinates in U, such

that
a dzi A ... AdzZt=ao(n, )y, .

-

¢) Let @i=dz,+ ¥ ¢'(t)dz]. From the definition of ¢(r)= qu—é-(t)dfj@% it
follows that for each t=(t%,..., " eS{O!} (j=1,...,n) is a basis for Q}*°|; .
Lemma 24. d(@}! A ... A O")=0. (See also [19] and Weil, Collected work, vol. 2).
Proof. Since ¢(t)e I'(M, Hom(QL-°, Qi) then for each k<n, k>0 we can define

AXp(t) e (M, Hom(A*QL°, AXQ3:1)),
where
(A @)y A .. A= () A ... A P(O) (ug).
Next we have the following formula
K(K~1)

OIA ... A =dz* A ... AdZ"+ i (—=1) 2 AXpLldz'A...Adz"
=woly+ L(—1) 2 (4%¢Lag)lo- (2.4.1)
Formula (2.4.1) follows from the definitions of AX¢(t) and 6! A ... A 6"
K(K—1) K{(K+1)

Proposition 2.4.2. (—1) 2 (A% pLwg)+(—1) 2 dAX"  ¢pLlwy)=0.
Proof. So it is enough to prove

A% P Larg) +(— 1) 0(AXH 1P Lang)=0.
From d¢(t)=1/2[¢(t), ¢(t)] it follows that

3(t) = jzil P (2.42.1)
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Since
AXp= Y  PUA . APE® 6. /\.../\—a—, (24.2.2)
ia<ii<ix oz4 0z'%
we get
(A¥P Lag)ly= T (=@~ D+ H =Dl A A AdZ'A L AdZ?
A ANAZEA L AdZ, (24.2.3)
AP Lwg),= T (— DB~ DF U= D3 = Dghi A A G A ...y Adz!
AcicAendZUA L ANZEA LA dZ (2.4.2.4)

From (2.4.2.1) and (2.4.2.3) we get
TG Lag)l,= ¥ (— 1)1~ DF e lx= D+ Dpis o A Y G AP A ... AP
Az A oAdZE A L AdZEA LA dZ" ]
=Y (= 1)@ DF -+l (; P APIA L AD P A .../\(15”‘)
AdZYA 2N L NAEEA L A D" (2.4.2.5)

Next we must compute (—1)*0(A¥* 1 Lwg)=?
Suppose that i; <i, <...<i,_; Sj<i; <...<ig,

a((—1)KAK+1¢_L600)=(—1)K6(Z(—1)(i1_1)+"'+(j_1)+"'+(iK_1)¢)i1 A ¢
A AQEAAZA L AAZUA L ANAP A ANAZEA L AT

___(__1)K Zz(__1)(i1—1)+...+(j~1)+.‘.+(iK—1)+(l~1)+(j—1)+(K+ 1)

7
Xy Aee A A -
n

A A ANAZ ANdZVA NN NS A LA d2"

; (2.4.2.6)
From Y 0;¢’=0 and (2.4.2.6) we get that
O(—1)* A" L)
B X 1Y T
i1<...<ig Jj=
A AQEAAZIA L AdER A L ANAEEA L A" (24.2.7)

From (2.4.2.5) and (2.4.2.7) we get that
HAEP Lag) +(—1¥o(A* 1 p Lag)=0. Q.E.D.
From 2.4:2 it follows that
di@IA...A0)=0. QE.D.

Remark 2.4.9. Since w, and for all K A¥¢ are globally defined tensors it follows

that KK~ 1)

0,= 0o+ il(—n T (AR Lay) (2.49.1)
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is also globally defined. From (2.4.1) it follows that w, is a holomorphic n-form on
M., since dw,=0 and w, is of type (n,0) on M,.

Definition 2.5.

a@—1)
¢(t1,...,tk,t—1,...,t—k)zlog((—l) 2 (1/—7)"-1(13 a)t/\cut>>.

Theorem 2.6. a) (hi3)= < ;2;‘;_) is the Weil-Petersson metric.
n(n+1)
2(-1) ? (V~1)"”2A£ [P: A o] AL(D; Ay 10)]
if i€k and jEI °
nn+1) o
b) Rju=7 4(-1) 2 (1/—-1)"‘11‘2( [(A2¢;100)] AL(D; A 11 By)]
if j#l
n(n+1)
8(~1) 2 /-1 I [42¢100] A4 ¢;1 B3] =
if i=k, j=1,

where [¢; A p,_iw,] is the cohomology class of ¢; A ;—iwqin H'™ 2 ¢, H(M ,, €).
c) For all p and v [¢,A¢,1w,] is a primitive class of cohomology in
H"22(M).

2
Proof of 2.6a. Since ¢:S—R it follows that ()= < [ft g;_) is a Hermitian matrix.
From the definition of ¢ it follows that &4

nn—1)
hu=<(-1) SN a‘;” a“”) (jond)" Qe

Griffiths proved in [6] that

dw, _ 0g(1)

2) at aati — @
O‘)t
® ot;

defines a non-zero class of cohomology of type (n—1, 1) on M. (For the proof of b)
see the appendix.)

Remark. b) is the so-called local Torelli theorem. Since for the Calabi-Yan
manifold of dim = 3 each class of cohomology of type (n— 1, 1) is primitive we get
that (h;)>0. This follows from the following well-known fact from Kéhler
geometry: If n is a primitive form on M of type (a, b) then

(atbyta+b+1)

— a— b n—a—b
*7/’_(_1 N (]/ ) —a— b)'L n,

where n=dimgM, L=the class of the cohomology of the imaginary part of the
Kihler metric and * is the Hodge operator.
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Now we are ready to prove that (h;;) is the Weil-Petersson metric on S. Since

—a—(% is a class of cohomology of type (n—1,1) it follows from Lemma 2.2 that

exp(f) (h;;)= Weil-Petersson metric, where f: S—R. In [9] it is proved that Weil-
Petersson is a Kéhler metric, so

But .
d(exp(F) Zhdt; A dt)=d(exp(f)) A Zhydt; A dt;=0. (2.6.a.2)

This is so since (h;;) is a Kiahler metric. Next we will prove that from (2.6.a.2)
—d(exp(f))=0and so f=const. Indeed at a point s€ S we may suppose that (h;;)
=(I) - the identity matrix. So from here it follows that

of of

(df)/\Zdti/\d_ti=25t—dtj/\dti/\d_ti+2%d_tk/\dti/\(_i—t;=0
j k

J

so d(exp f)=0 = f=const. So since these two metrics are different by a constant
and coincide at s,€S we have proved 2.6a. Q.E.D.

Proof of 2.6b. Everything follows from the following two formulas:

k k
exp(p(t)) = '21 ¢iti+ '21 bt + ; G tit;+ 2O ti + Y ittt
i= i= ]

sk (2.6.b.1)
where ¢;, 1w, =0y;,, ¢; j1wo=0y; ; and ¢, 10 =0y,
k(k—1)
w=we+2(—1) 2 (AdM)w,. (2.6.b.2)
From (2.6.b.1) and (2.6.b.2) it follows that
Jdw
é—t.t =(p; 1 wg) + 2t (s, 1 o)+ j;i (@i, j— o)1+ 3t} (¢, — o)
+ Y by tuly =262 1) = Y (i A Do)ty ... (2.6.D.3)
51 122

From (2.6.b.3) we get that
82 nnt1) —
(h) = (ati(;’i_) =(—1) 2 (1/—'1"—2@0 (i1 o) A (1 o)
+2t; A}A (s, o) A (P @0) + 2t_j Jé (i @) A, 1)

+ Yk J Ui bit o)+ (i~ Wo)]

ktiFitj
A=A ¢ 100)+ (¢, )]
+2 12‘1 tii—llg (“(Az‘bi—on)'*‘ti(qbiz—‘a’o)]

0

=1+
AL (A @;100)+ (), wo)]
+4tit_jMf (—A2P;1wo+ s, 10) A(— A2, 1wy + ¢y, )

+3t7 A; (i, ) A (p; 1 o)+ 317 [ ;1 o) A (), S @)

+(terms of order higher than 3)] [||lo,]| "2=1~2é;tt;+ ...].
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Proposition (2.6.b.4). The coefficients in (2.6.5.3) in front of 2t,, 21, 3t7, and 3t} are
equal to zero.
Proof. We know from Sect. 1 that

(i, @wo)=0y;,, (Pi, = wo)=0;,,

(¢j2—'wo)=a%2, (¢j3on)=6%3,

and for each i d(¢; 1 w,)=0. Let us prove that the coefficient in front of ¢; is zero in
(2.6.b.3),

)J (i) A (¢j2—' W)= Mf (P2 o) A %}z = A; d((¢;— o) A ‘I_’jz)
=(Stokes’s theorem)=0.
Exactly in the same manner we prove that the other coefficients are zero. Q.E.D.

From (2.6.b.3) and (2.6.b.4) it follows that we have

nnt+1)
[ 0T (f o000
‘*‘k;i tktlhg (i A P W)= (s 1 W)) A A b1 @) — (11 c0p)

1+j

+2 l;j tit_lbg (A? ;15— Py 1) A (Pjndwo—; 1)

+2 k;_ tkt_jlg (P A 1@~y o) A (A2¢j——' Wo—¢;, 1 Wp)

+4tt; IJ (A2 wg— i, dwo) A(A*D; 1 g— P, 1)

+ (terms of order 23)J (ol ~2=1-26;t;+ ...1. (2.6.b.5)
From dw,=0 we get that
(dp;nd,a10o—¢; , Awo)=0 foralli,pu. (2.6.b.6)
Since ¢; , 1wy =0y, , we get that
H(¢; A ¢y 1wo—; ,10o)=H(P; A ,10), (2.6.b.7)

where HH is the harmonic projection. From (2.6.b.5) and (2.6.b.7), (2.6.b) follows
directly. Q.E.D.

Proof of (2.6.6). From the definition of w; we get that the following formula is
true:

[0]=[we] + 6 [ @o]— ¥ tit;[d A b1 @] +...,  (26c1)

where [ ] means the class of cohomology. If [¢; A ¢ w,] is not a primitive class
of cohomology, then

[¢: A awo] =[L1A[w;]. (2.6.c.2)
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Since [w,] is an (n, 0) form it follows that [w,] is a primitive for all te S with
respect to L=[Img,(1)] fixed. So (2.6.c.2) will contradict the fact that w, is a
primitive class of cohomology. Q.E.D.

Corollary (2.6.1). The biholomorphic sectional curvature of (h;;) is negative.
Proof. Let ECH" be the subspace spanned by
i[pi20o] &{p;And;1m0] forall i,j.

So from 2.6.c it follows that EC Hp, where IH}, are primitive classes of cohomol-
ogy. If weE, then we have
n(n+ 1)

(=1) 7 (/-1)""% | ornG<0. (2.6.1.1)

Let o= Z{[% ENPLo, A ppwo]+iln Loy coo]} +2§ E LA Py wo]}- It is

casy to check that
n(n+1)

(1) 2 /=) | 0Ad=2R,p w8 T (2.6.1.2)

Since we E, it follows that

IRz . C 80 <0, (2.6.1.3)
Expression (2.6.1.3) is exactly the biholomorphic sectional curvature. Q.E.D.
Corollary 2.6.2. The sectional curvature of the Weil-Petersson metric is <0.
Proof. The proof is based on the following observation:

Observation. Let {@;} be an orthonormal basis of harmonic forms in
H{M, 0,,) (dimcH'(M, ©,)=N), then {¢;} can be viewed as a global section of

Hom(Q!-°, Q%1),
Since

2°+Q° = THR)®C,
so we can view ¢; for every j as a global section of
Hom(THR)®C, TiR)®CT)).
Now we can define

¢; Ad;e I(M, Hom(A(TER)® ), 4X(TR)®T)),
where

¢ A Pjunv):=du) A Pfv) (this is defined pointwise for x e M).

Definition. Let (A%, ..., A¥)and ({, ..., {") be any two linearly independent vectors in
€". Then we will define

weI'(M, Hom(A*(T;(R)® C), A THR)®T))

in the following way:

w:= 5 EE-1T) 97 6).
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Proposition 2.6.2.1. (0 L®)(m)= |w(m)|*=0, where (o L®)(m) is the construction
of the tensors w & & at a point me M and || w(m)||? is the norm of the tensor o at the
point me M with respect to the induced metric on Hom(T*(R)QC, T*(R)®C) (m)
from the restriction of the Calabi-Yau metric on T*[R)(m).

Proof. Let

{2 and {%}

be the orthonormal basis of T*(@)* °(m) and T(T)' (m). If we write down w in
these coordinates and compare the definition of the construction (w L®)(m) and
the norm |lw(m)||> we will see that they coincide. So Proposition 2.6.2.1 is
proved. Q.E.D.

Proposition 2.6.2.2.a.

nn+1)

(=1 2 @ | (@Ld)o,0) A o(0,n) 2 0(@y(n,0)
M

is the holomorphic n-form on M and we suppose that w(n,0) A w(0,n)=vol(g, 3),
(8..p) is the Calabi-Yau metric on M).
Proposition 2.6.2.2.b. Let o' = (Z (FT —L79) (6:.L B ) s, ), then

]

n(n,+ 1)

(=1) 2 (2] A@ <0,

Proposition 2.6.2.2.c.
n{n+1)
(—1) 2 @2 (f (0L D)ywy(n,0) A wp0,m)+ | ' A D)
M M
=Y (AT =BT~ A R;5,0=0.

Proof of 2.6.2.2.a. We know from [5] that if w(n, 0) is a form of type (n,0) on an

n-dimensional complex manifold, then w is primitive from M so
nn+1)

(=1) 2 ("7 | p(n,0) A 0y(0,n)20.
M

Now (2.6.2.2.a) follows immediately from (2.6.2.1). Q.E.D.

Proof of 2.6.2.2.b and 2.6.2.2.c. This follows immediately from the definition of the
construction of tensors, Theorem 2.6 and the fact that (i)*= —i. Q.E.D.

The End of the Proof of 2.6.2. Notice that
YA =Y AT TR

is exactly the sectional curvature of the Weil-Petersson metric in the plane spanned
by

(ReAl,...,Rei™) and (Rell,...,Rel™).

(For this fact see [10].)
So 2.6.2 is proved. Q.E.D.
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Remark. In the same manner we can prove that the curvature operator is negative
in Nakano’s sense.

Appendix

d*a)£

dt,

Proof. From 2.3 it follows that locally

o, =(4dzYA ... A(4dZ2)=O! A ... A O7,
where A,=id+ Z¢;t;+ (terms of order =2) and @) =A4,dz). From the fact that
dz'= A, 'O} we get that
0, = (A4 ON A - AALAG OR)) = (A0 A DO A .. A (AAL T OT).

(3.1)

From the expression A, =id+ ¥ ¢(t)o+... we get that 4, '=id~Z@(t)e+ ...
and so i

Proposition 3. defines a non-zero class of cohomology of type (n—1,1) on X,.

A AL =id + X ft,—(t;)o) +terms of order =2. (3.2)
From (3.1) and (3.2) it follows that
a)t= @llo A coe A @;’ + Z (tl—(tl)o)((pl)g(—i)ﬂ‘l@_a A @tlo A e A @#0 FANPRIAVAN @;‘0
ip

0 to
+terms of order =2. (3.3)
Since O, A ... A O =, and dw,=0 we obtain from (3.3) that

oy S (GNO AOLA . AOEA .. AOL. (3.4)

dt; Ji,= o o

do,
So Ed(;—)'— is a closed form of type (n—1,1) on X, for r=1t,. That % is 2 non-zero

class of cohomology follows immediately from the so-called local Torelli theorem.
See [6].
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