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The Weinstein Conjecture in Cotangent Bundles
and Related Results

H. HOFER=* - C. VITERBO

1. - Introduction and Results

Let N = T*M be the cotangent bundie of the smooth connected compact
manifold M. N carries a canonical symplectic structure w = —dX, where A is
the Liouville form on N, see [1]. We consider a Hamiltonian vectorfield

1 - z=Xg(z) on N
associated to a smooth function H : N - R via
) dH = Xy - w.

We are interested in finding periodic solutions on a given compact regular
energy surface S = {H = const.}. Regular means Xgy(z) # 0 on S. If S is
the regular energy surface for another Hamiltonian vectorfield then periodic
solutions for both vectorfields agree up to reparametrisation. This prompts the
following abstraction. Denote by ! = ls = kern (w/S) the line bundle on TS
which is given by

le ={veT,S| wlv,w)=0 forall weT,S}.
Then | determines the direction of every Hamiltonian vectorfield having S as a
regular energy surface.

DEFINITION 1. A periodic Hamiltonian trajectory on S is a submanifold
P of S such that

(i) P is diffeomorphic to §!
(i) TP = Is)P

We denote by P(S) the collection of all periodic Hamiltonian trajectories on S.
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The breakthrough in the study of periodic solutions on compact energy
surfaces in R 27 is due to P. Rabinowitz [18] and A. Weinstein [27], who proved
the existence of periodic orbits on starshaped resp. convex energysurface in R 2",
Quite recently the second author, [25], has been able to find periodic solutions
on compact energysurfaces of contact type in R?™ and to prove a generalization
of a conjecture by A. Weinstein [28] in the R?2"-case. Motivated by Viterbo’s
result the first author and E. Zehnder, [12], simplified the arguments in [25]
and proposed an existence mechanism based on a priori estimates for periodic
solutions.

In this paper we shall prove, besides other results, the Weinstein conjecture
for an interesting class of hypersurfaces in a cotangent bundle and answer some
of the questions raised in [9]. We use and considerably refine the approach in
[25] and [12] and combine it with the first author’s critical point theory which
already proved useful in the proof of a conjecture by V.I. Amold [11]. Here
we use some so far unpublished new results in [10]. We impose the following
hypothesis:

(§) N = T*M is the cotangent bundle of a compact smooth connected
manifold M of dimension at least 2. S is a compact connected hypersurface
in N and the bounded component of N\S in N contains the zero section
McT*M.

Some remarks concering (S) are in order. If N = T*M and dim M > 2 then,
as an easy consequence of Alexander duality [24, p. 296], we have the following
situation: if S is a compact connected hypersurface in N not intersecting the zero
section, then N\S has exactly two components, a bounded and an unbounded
one. So (S) says that we assume that S “encloses” the zero section of N.
As a consequence of (S) the canonical line bundle Ig — S is orientable. We
can take the orientation given by a Hamiltonian vectorfield Xy having S as a
regular energysurface such that H(z) — +oo as z goes to infinity in the fibres
of N=T*M. If (S) holds the following definition given in [12] is useful.

DEFINITION 3. Let S satisfy (S). A parametrized family of compact
hypersurfaces in N = T*M modelled on § is a diffecomorphism ¥ : (—1,1) x
S — N onto an open neighborhood U of S with compact closure such that
¥(0,z) = z for all s € S. We shall put S, = ¥({e} x S} in the following.

If Pe P(S) we put A(P) = [ A|P where P inherits the orientation from
ls — S (recall TP = Ig|P).

Our main result is the following:

THEOREM 1. Let S satisfy (S) and suppose ¥ is a parametrized family of
compact hypersurfaces modelled on S. Then there exists a constant d = d(¥) > 0
such that for every § > 0 there is an € > 0 in |e| < § for which the hypersurface
S carries a periodic orbit P, with

3) 0 < |A(P)] < d.
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Now arguing as in [12] we obtain a proof of the Weinstein conjecture for
hypersurfaces satisfying (S) without the assumption H*(S;X) = 0:

COROLLARY 1. If S satisfies (S) and S is of contact type then P(S) # 8.

Moreover we obtain a result based on a priori estimates. Suppose < -, >
is a Riemannian metric on N. If P is a one-dimensional submanifold of N we
can define its length L(P) in the obvious way.

COROLLARY 2. Let S satisfy (S). Assume there exists a constant ¢ > 0
such that

@ © L(P) < A(P)| < cL(P)

for all P € P(S.) and all € € (—1,1) for some parametrized family ¥ modelled
on 8. Then P(S) # 8.

As in [12] Corollary 2 follows immediately from Theorem 1.

The proof of Theorem 1 is much more technical than the proofs in [12] or
[25]. The basic references for the infinite dimensional set up are [13] and [14].
We shall use the same notation. Instead of working in cotangent bundles we will
work in tangent bundles. For this we fix a Riemannian metric on M and pull back
the symplectic structure in T* M via the “Rieszmap” TM5T*M : z —»< z,- >

2. - Basic set up and sketch of the proof of Theorem 1

We pick a smooth function ¢; : (0,+00) x (—=1,1) — R having the
following properties:

e1(b,8) =0 for s (—1,-6], b€ (0,+0c0)
p1(bys) =b for s € [6,1), b € (0, +c0)
Dyp1(b,s) >0 for s e (—4,6), b € (0, +c0)
Dipy(b,8) >0 for s € (—6,6), b € (0, +c0).

6))

Further we pick a smooth function ¢, : R — R, such that

pa2(s)=0 for s € (—o0,7]
) oh(s) >0 for s € (r,+o0)
pa(s) = %32 for s > 2r

where o = diam(U), U = ¥((-1,1) x §), and a < r < 2a. Using @;,p2 we
define a smooth map H : (0,+00) x TM — R by
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3) Hy(z) := H(b,z) :=
0 for z€ B
v1(b, €) for ze€8,, e€l-4,6]
b for ze A, |z|<r

e2(lz])+& for |z| >

Here B is the bounded component of TM\¥([—6,6]x S) and A the unbounded
component. If we put

1

@) Hy() = 5lal* + Ao(a)

then A : (b,z) — Ap(z) is a smooth realvalued function on (0,+occ) x TM.
Moreover for |z| > 2r we have Ay(z) = b. Using this we obtain a continuous
map k: (0, +00) x (0, +00) — [0, +0c0) defined by

o) k(b1,b2) = sup = |Qs,(2) = Ae, (2]

with the property k(b,6) = 0. In the following we use some of the results in
Klingenberg’s books, [13] and [14]. Denote by S! = R/Z the unit circle and

by A = H!(S!, M) the Hilbert manifold of absolutely continuous loops with
square integrable derivative, i.e.,

1
E(q) == —21—/|q'(t)12dt<oo for ge A.
4]

We shall call E(q) the energy of q. We define for g € A
T, A = H'(¢*TM).
It is well known that
TA= ] T
g€A

can be canonically identified with the tangent space of A, so that the notation
TA is justified. We can equip T,A with the inner product

(9) = [ <a(0,u(0) > at

and denote by LgA or L, the completion. Then

L:=LA:=Ujp LA
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carries the structure of a vectorbundle over A. We denote by « : L — A the
canonical projection. Taking the tangent vectorfield along a H*'-curve defines a
smooth section

(6) 3:A—L:q—3q:=4.

We define a smooth functional ® € C*(L,R) by
Ly 2
@) ®(a) = (8 0 7(a), 2) - 3 al

where ||z||2 = (=, z). The critical points of & are clearly the geodesics on M.
In fact

®) 0 = d®(z) (k)

= (V(T7)h,z) + (8 o n(z), Kh) — (z, Kh)
for all h € T,L. Here V denotes the covariant derivative along ¢ = =(z)
associated to the Levi-Civita connection K on M. Moreover K is the
Riemannian connection for the fibre metric (-,-) on L which is induced by

the Levi-Civita connection in the obvious way (see [13] or [14] for details).
Hence (8) gives

dg=12z, Vg-z2=0 with ¢ = 7(z)
or equivalently
Vqe:-8¢g=0 g€A.

But this just means g is a critical point of E € C*(A,R). Next we define for
b€ (0,+0c) a C*-functional @, : L — R by

©) By (z) = B(a) - / Ao(a(t))dt.
0

Unlike @ the functional ®; is in general not smooth because of the nonzero
Ap-part by known results on substitution operators in L2-spaces. Moreover the
critical points z of @, are clearly the solutions of the Hamiltonian system

(HS)s ¢ = KHy(z)
—Vp = (Tra) Hy(z).

Here ¢ = n(z) and H| denotes the gradient of H, : TM — R with respect to
the Riemannian metric < - >7p = < K K-> + < Tra, Trag- > on TM.
If now z is nonconstant and z(to) € S for some to € R /Z then z parametrizes
a P, e P(S.).
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DEFINITION. A good critical point of ®, is a point z € L such that
d®y(z) =0 and z(0) € S.
for some ¢ € (—4,8). All other critical points will be called parasites.

Note that for a function z € L the condition z(0) € S. does not make
sense a priori. However if z is a critical point of ®;, then z € C*(S!,TM) so
that z(0) is well defined.

If z is a parasite we have either

(10 z is a constant

or z is nonconstant and solves

an i= KHyw) = 222,

=i
Vp =0.
Consequently we have ®,(z) < 0 if (10) holds or
(12) @5(2) = ¢3(|2(0)])[2(0)| - p2(|2(0)]) — &

if (11) holds.

LEMMA 1. There exists a by > 0 not depending on § (see Theorem 1) such
that a nonconstant parasite solution z of (HS)y with & > by and ®,(z) > 0
satisfies

(13) q=n(z) is a geodesic on M
and
(14) Po(z) = E(q) —b.

PROOF. Since z # const we infer that |z(t)| = |£(0)| > r for all t e R /Z.
Hence ' (12(0
q= #2(2(0)) )] z and Vz =0,

|z(0)]
Therefore by (12) and our assumption on z

0 < ®y(a) = ¢5(|2(0)])]2(0)] — w2(|=(0}]) — .

If we define &y by
bo =1+ sup |pa(s)s — pa(s)|
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we infer for & > &g
®y(z) < -1 if |z(0)] < 2r.

Consequently our hypothesis on z implies |z(0)| > 2r. Hence using the property
of Hb

e3(12(0)]) = [=(0)].

This gives
g=z and Vz = 0.

So g is a geodesic. A straightforward calculation gives now
®y(z) = E(g) — b

as required. O

It is a standard fact from the theory of closed geodesics that there exists
a Riemannian metric on M such that the set

I'={ceR|c=E(q) and ¢ is a geodesic}

consists of isolated points (see [14]). We may assume that our Riemannian
metric has this property. The following result will imply our main Theorem 1.

THEOREM 2. There exists a continuous nonincreasing function © :
(0,+00) — [0, +0c0) such that for every b € (0,+c0) there exists a 1-periodic
solution =z, of (HS), such that

(15) zp # const and Op(zp) = ©(b)
O(b) < ¢(¥) for a constant only depending on U.
The proof of Theorem 2, which we will sketch, will take the rest of the paper.
Before that, let us show that Theorem 2 implies Theorem 1.
Let b > 0 as given in Lemma 1. Then we may assume that all the
zy, b > bg, are parasites (otherwise we are done). Hence

(-)(b) = @b(zb] = E(qb) — b

where ¢, = m(zp). Consequently ©(b) + b € T', O(b) < ¢(¥), for all & > b&.
Since T is discrete we have for some constant ¢

O(b) + b = ¢ for all b > bg.
If now b > ¢ we obtain the contradiction

0<O()=c—b<0.
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Note that ©(6) + b = O(bo) + bg < ¢(¥) + bo for b > bo. Hence b <
c(U)+b0—0(b) < c(¥)+bo. So we find a good critical point z; with b < ¢(¥)+bg.
This gives

[(8 o m(zp), 2p)| = |Hp(z6(0)) + Bo(zp)] < b+ O(b) < 2¢(¥) + bo =: d(¥).
We define a Riemannian metric for A in the usual way by
(z,9)a = (Vz,Vy) + (2,9)

for (z,y) € TA @ TA. It is well known that (A,(-,-)s) is a complete Hilbert
manifold for the metrics induced in the components of A by (-, )4.

For ¢g: R/Z — M in A we denote by ¢ again the induced map R — M.
For s,t € R we obtain an associated parallel transport along ¢

ALy Ty)M — Ty M.

For r € R we define an isometric vectorbundle isomorphism Z(r): L — L by

(16) (Z(r)z)(t) = Af ;4 z(t +7) for ae. teR.

We have

a7 Z(0) = Id and Z(1,)Z(r2) = Z(ry + 72)
li_r}}) Z(r)z==z in L.

So (Z(7)),er induces on each fibre L, a strongly continuous representation of
R by isometries. It turns out that the infinitesimal generator of this group on
L, is V with domain T4A.

Now we recall a concept introduced in [11].

DEFINITION 2. A bounded subset C of L is called uniformly fibre
precompact if for given ¢ > 0 there exists 7o > 0 such that

|1Z(r)z —z| <e forall z€C

and all |7] < .

If in addition C is closed we call it uniformly fibre compact.

Next we introduce a certain subset ¥ of the homeomorphism group
homeo(L) of L. Denote by 6 : TA — L the smooth vectorbundle map which is
on each fibre the covariant derivative V along the corresponding curve ¢ € A.

We say a smooth map g € C*°(L,R) has property (g) if the following
holds

(¢9) The smooth fibre preserving maps L — L : z — Ko ¢'(z) and
z — § o (T'n} o ¢’(z) map bounded sets into uniformly fibre precompact
sets.
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Here ¢' is the gradient of g with respect to the Riemannian metric
(, )o:TL®TL — R defined by

(18) ()= (B K)+ ((Tr), (Tx))s.

Now let ¢ : L — [—1,0] be a smooth map. We call the pair (g, )
admissible if g satisfies (g) and

(19) le(z)|@'(z) - ¢'(a)][ <1 for all z€ L,

and moreover if there exists a continuous map r : A — R mapping bounded
sets into bounded sets such that

(20) o(z) = 0 if ||z]| > r(n(z)).

Given an admissible pair (g,p) we have a global flow (o¢)ier : L — L
associated to the differential equation

i = p(2)[®'(z) — ¢'(2)].
Denote by o = o(g,¢) the time one map, i.e., o = o;. We put
M = {olo = (g, ) for (g,) admissible}

and .
M = {hlh = 0'00? - 00" finite

compositions of o € M}.
Clearly M is a semigroup.

DEFINITION 3. M is called the semigroup of basic deformations in L. An
element of M is called a basic deformation.

A key property of an h € M is described in the following fundamental
proposition which will be proved later.

PROPOSITION 1 (Intersection-Proposition). Let L° be the zero section of
L and let £ be a compact subset of A. Denote by H Alexander Spanier
cohomology with coefficients in a given commutative ring R. Then there exists
for given h € M an injective (1) ring homomorphism B such that the following
diagram is commutative

H’(h(L|T) N L°) B
21 |T (=|(R(L|X) ﬂ‘m

H'(A) inel® _SH'(%).

This has the following
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COROLLARY 1. A(LIZ)NL° # ¢ for all he M if & # 6.

The proof of Proposition 1 is very technical and highly nontrivial. It is
clearly false for h € homeo(L).
Define for n € N a smooth vectorbundle map F,, : L — TA by

22) ~(VEaz, Vy) + (Faz,y) = (2,)

for all y € TyA where z € L,. Now we define a family of smooth functionals
by

(23) @, € C°(L,R)

Dy, (z) = B(z) — / Ap(Fpz)dt.

The following result is the second key step in the proof of Theorem 2.

PROPOSITION 2 (Deformation Proposition). There exists a subsequence
(nk)ken of N such that the following holds.

Given numbers eg > 0, d € R and an open neighborhood U of
Cr(®s,d) = {z € L|d®s(z) = 0, Bp(z) = d} with dist(dU,Cr(®(d)) > 0 there
exist numbers e € (0,&9) and ko € N such that for every k > kg there is an
hy € M(1) with

(24 hi (®EFHE\U) € @€

b.ng bng’

Here b >0 and @, = {z € L with ®pq,(z) < c}.
The proof will be given later. We would like to remark that one can

actually show that Cr(®;,d) is compact so that the distance hypothesis is
not needed. Now we can construct © : (0,+co) — [0,+o0) with the desired
properties.

Fix a compact subset ¥ of A. The properties of £ will be specified later.
We only assume for the moment that X # §. Define for n € N

O, : (0,+00) — R U {—00,+00}

by
25 ©,(b) = inf L2 .
5) (6) = jnf sup @, (h(Z]S))
Since h = Id € M we have

(26) 6,(b) < sup Pp.n(LIZ) < sup S(L|Z) < oo.
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Moreover by Corollary 1 h(L|Z) n L° # @, which implies

@7 sup ®p.n(h(L|Z))
>inf &, (L°)
= 0.

Summing up (26) and (27) we see that @,, is real valued.
Using the function k introduced in (5) we infer

(28) [On(b1) — Bn(b2)| < k(by, b2)

which gives the continuity of ©,,. Finally by the fourth property of ¢; in (1)
we see that b — ©,(b) is non increasing.
This proves the following.

LEMMA 2. (©,).en is a continuous family of nonincreasing functions on
(0, +00) with values in |0,+o0). Moreover the family is equicontinuous at every
point b € (0,+00) and {©,(1)} is bounded by (26) and (27).

From the Ascoli-Arzela Theorem we find a subsequence (ng)gen of N
such that (©,, )ken converges uniformly on compact subsets of (0,+o0) to a
continuous nonincreasing function © € C((0, +o0), [0, +00)).

The sequence (nix) we get here is actually the sequence which one can
take in Proposition 2.

Now we can prove Theorem 2. We have to distinguish between the cases
m1(M) = 0 and my (M) # 0. Here the first case is technically more involved than
the second. For this reason we shall only sketch the second case. So assume for
the following n; (M) = 0. Then Sullivan’s theory of minimal models for rational
homotopy type, [22] or [23], guarantees the non-triviality of rational Alexander
Spanier cohomology groups of A for an infinite number of dimensions. By
a remark in [29] we can find a compact set ¥ in A such that the inclusion
i: ¥ — A induces a nontrivial isomorphism in cohomology * : H (A) — H (X)
up to a dimension k¢ > dim(M). We apply the procedure just described to this
compact set ¥ in order to obtain the continuous function ©.

PROOF OF THEOREM 2. We prove Theorem 2 in two parts, namely

Claim 1. There exists a critical point z, of ®, with ®,(z) = ©(b),
and
Claim 2. One can take z; in Claim 1 to be nonconstant.
PROOF OF CLAIM 1. Arguing indirectly we may assume Cr(®;, ©(b)) = 6.
Now we employ Proposition 2. Without loss of generality we may assume

nr = k in order not to complicate the notation. Taking U = @ we find for
€0 = 1 numbers ng € N and ¢ € (0,1) such that there is a h, € M for every
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n > ng with

(29) ha(@50€) c @D,

.n

Now we have for n > ny > ng, for some n; > ng, that |8,(b) — ©(b)| < % By
the definition of 8, we find for n > n; a homeomorphism 7»,1 e M with

(30) Sup @ n (hn(L|T)) < O, (8) + % < O(b) +e.
Hence
©n(b) < sup ®pn(hn o hn(L|T)) < B(b) — ¢

giving a contradiction since |©,,(b) — ©(b)| < § for n > n;. This contradiction
shows that ©(b) is a critical level for ®;.

PROOF OF CLAIM 2. If ©(b) > 0 then z;, € Cr(®,, ©(b)) cannot be constant
since for any constant critical point we have automatically ®,(z;) < 0. Now
assume ©(b) = 0 and suppose all critical points of @, on level zero are constant.
We find a number ¢ > 0 such that A° = {g € A|E(q) < o} has A°=M as a
deformation retract (see [13] or [14]). Then U = L|A® is a neighborhood of
Cr(®s,0) such that U has positive distance. We find ¢ > 0 and ng € N such
that for every n > ng there exists a homeomorphism h,, € M with the property

31 he(®5.\U) C @y 1.

We can pick for n > n; > ng an homeomorphism 71,, € M with
(32) sup @y, (hn(L|E)) < 2

for some suitable integer n; > ny. Hence we must have for n > n,
(33) ho (ha (LISN\U) € 8.

Consequently Ay, (h,(L|Z)\U) N L° = @ which implies

(34) B 0 ho(L|Z) N L° C hy(U).

Since h, = h, o h, € M we obtain for n > n; the following commutative
diagram by Proposition 1

H (ha(U)) 25 H'(Ra(L|T) N LY) ]
T _ 1
©3) (nha (0))* \_| (n] (Ra(L]Z) N N

*

H (A) i* >H ().
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Here ¢ and j are inclusions. By our assumption on X, 7; is an isomorphism
from H"(A) # 0 onto H () # 0 for some k > dim M. Hence B, o4} is
nontrivial and injective. Consequently 7; o (x|h,(U))* is nonzero and injective.
On the other hand since U = L|A® we see that

(36) ' (U)2F (A7) 2F* (A)=F* (M) =0

which shows that 5 o (r|h,(U))* = 0 contradicting the properties of X. This
contradiction proves Claim 2 and the proof of Theorem 2 is complete. So it
remains to prove Proposition 1 and 2.

If 71 (M) # 0 one can take ¥ = {¢} where g is noncontractible to a point
and the above arguments work as well, in fact they are considerably simpler
because we can work in a component of A containing only homologically
nontrivial curves.

3. - Some results on uniform fibre compactness

We denote by D the covariant derivative in L——A associated to the
Riemannian connection K. Assume ¢ : R — A is a smooth curve. For numbers
39 < 81 we define

91

1) Uiy 0r51) = [ 1€(6)la ds
and
@) m{, 50,51) = sup {18 p(s)] | s € [s0,51]}.

LEMMA 3. There exists a constant d > 0 only depending on M such that
the following estimate holds
3) | Z(r)C(s1,80)z — C(s1,30)z]
< || Z2(r)z — o]l + 2d|z] |7[? Up, 50, 51)m(p, 50, 51)

where C(s1,30) : Lo(so) = Ly(sy) s the parallel transport along .
This has been proved for a similar case in [11]. However the proof here
is a little bit simpler and we give it for the convenience of the reader.

PROOF. Define ¢ : R xR — M : §(s,t) = p(s)(t). By a density argument
we may assume that ¢ is smooth and we get the general formula (3) by a
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simple approximation argument. For tg,¢;,s¢,$1 In R denote by
A(SOQtlatO) : T&é(ﬂo-to)M - T‘f’(@oil)M
B(to; 31, 50) : T‘é("o,to)M - Tﬂé(sl-tO)M

the parallel transport maps in M along ¢t — $(so,t) and s — (s, o)
respectively. We have obviously

(C(s1,50)z)(t) = B(t; s1,s0)z(t) for a.a.t.
For 2 € Tp(s0.0) M,y € Tp(s0.t,) M we put

a(s,t) = B(t; s, 80)z — A(s;t,t0) B(to; s, so)y
b(s,t) = A(s;t,t0)B(to; s, $0)y.

We compute

@) (%|a|2)(s,t) — 2 < a(s, ), (Vea)(s,8) >

=2 < a(s,t),—(V.b)(s,t) > .
Now
(3) ViVib(s,t) = V,Vib(s,t) + R(Pe(s,t), Psls,2))b(s,t)

= R(@¢(s,t), Ps(s,t))b(s,1).

Here R: TM @ TM — TM is the curvature and ¢, $, denote the partial
derivatives. From (5)

(6) V,b(s,t) = A(s;t,t0)(Vsb)(s,t0)

+ (/ A(s;t, h)R(P1(s, h), @s(s, h))A(s; h,t0)dh) (B(to; s, 30)y)
=: Iof(s;t,tg)B(to; 8,50)y

since (V,b)(s,t0) = 0. Now we combine (4) and (6) to obtain
a
(atalz)(s,t) = -2 < af(s,t),K(s;t,t0)B(to; s, s0)y > .

Let d > 0 be a constant such that |R(a,b,c)] < d|a| - [b] - |¢| for
(a,6,c) e TM @ TM & TM. Then we estimate

i
d
M (laP)st) < 2als,o)] | [ dule,h)] Bule,h)ldh] ol

to
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Now we find for z € L, using (7) (¢ = ©(s0))

d 2
5 12(1)Cs, 30)z — Cls, s0)s]

IA

2d [ (210 (s, 50)2) (0) — (C(e,30)a) (0| [ ulo, ) (o, )
0 t+7
et + 7)]] dt

IA

t
2d||Z(r)C (s, s0)z — C(s,50) 2] | =] -%%X/ |Be(s, h)|| @als, h)|dhR|
t+7r

2d] Z(r)C(s, s0)z = C(s,s0)a|l [2ll lie'(s)llew 3(s)]] Ir 2.

IA

Integrating this inequality yields

12(7)C (s, s0)z - C(s, s0) |

[ 281 #6)len 0te) s

80

L
< 12(r)z - =| + ]| r[2

< 1Z(r)z — =] + 2d|al] 7% 4,0, 51)m(e, 50, 51).

O

Next we need a variant of a representation formula similar to that used in
[11]. We take however a form which is adapted to the Intersection Proposition
which we have to prove. Consider the differential equation

®) ¢ = p(2)[®'(2) - ¢'(3)] =: £(=)

where ¢, g have the properties as described in §2. So in particular g satisfies
(¢) and ||€(z)|jL <1 for all z € L. Denote the flow associated to (8) by

RxL—L:(tz)—zx*t.
We define a map o : R X L — A by
® oe(s, z) = m(z * s).
Then 0¢(0,2) = n(z). For fixed z € L and ¢,s € R we obtain a parallel transport
in L along o¢(-,z) associated to the Riemannian connection K previously

introduced. Hence we obtain induced maps

Uaf(ta S) : Lue(s.x) - Laf(t.z)~
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Denote by L -— A x A the Banach space bundle over A x A where the fibre over
(g1,92) € A x A consists of all bounded linear operators L,, — L,g,. By our
assumptions which imply that £ is a smooth vectorfield on L we can consider
the map (z,t,s) — Uf(t,s) as a smooth map from L x R x R into L. Now
suppose D : L — L is a continuous fibre preserving map. We associate to D
and £ a new map

D¢:R x L— L:Deg(s,z)=U$(0,5)D(z * s).
Clearly D, is continuous and
(10) o D¢(t,z) = n(z) for all (¢,z) €R x L.

Hence D, is a homotopy of fibre preserving maps. We need the following.

LEMMA 4. Assume ¢ is as described above and D : L — L is a continuous
fibre preserving map mapping bounded sets into uniformly fibre precompact sets.
Then D¢ maps bounded sets in R x L into uniformly fibre precompact sets in
L.

PROOF. Since |£&(z)||L < 1 for all z € L we obtain the estimate
(11) Woe(:, 2),80,81) < |81 — sol.
Moreover we have the standard estimate (see [13], [14])
(12) |E(o¢(s1,3)% — Blog(so,2))¥|
< Zda(oelon, ), ocs0,2)) < T los — o)

where d, is the metric on (a component of) A. (12) of course implies that for
given bounded set W of L there exists a constant ¢(W) > 0 such that

13 m(Ue(-,.’E),So,Sl) SC(W)[I+{SOI+ |51”.
We estimate now using Lemma 3

(14) 1Z(r) D¢ (s, 2) — De(s, a)|
1Z(r)U(0,5) D(z * 5) — U7 (0,5) D(z * 5)]|
|2(r)D(z % s) = Dz * s} + 24| D(z # s} |r[*

oe(:, 2), 0, 81)m(oe(-, 2), 30, 81).

IA

Since the flow maps bounded sets into bounded sets the previous estimates and
our assumption on D implies the desired result. O
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The next estimate is very useful

LEMMA 5. Let z € L, and assume there is a constant d > 0 such that
z,6h)| < d||h|c for all he T,A
where || |loo is the maximum norm. Then
|Z(r)z — z|| < d |r|? for 7] < 1.

PROOF. The strongly continuous group 7 — Z(r) on L, has the
infinitesimal generator § with domain T,A C L,. Hence we have for A € T A

gd;zmh — §Z(r)h.
We compute therefore for z € L, and h € T,A
4 (2(r)a,h) = Lz, Z(=1)h) = (2, —6Z(—1)h).
dr dr
This implies
(15) (Z(r)s — 2, h) = (——o:,é(/ Z(=s)h ds)).
0

Now if [r| <1, he T,A and t € R

(16) {(/ Z(=s)h ds) ()] = | [ Aveesh(t — s)ds|

o,

< ([ Ie)Pagt w2,

Combining (16) and our assumptions we find

1Z(7)z — |

IA

s, (-2, / Z(=s)h ds))]

< sup d| [ Z(-o)h ds]c

lIril=1

< d |r]t.
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Next define a smooth vectorbundle map v : L — L by
v =Id— 66",
Here 6* : L — TA is the adjoint of § : TA — L.
LEMMA 6. We have the estimates

1
1Z(r)yz = vzl <l |7[2 7l 1.
llvall < 2|j=]
PROOF. We have for z € L, and h € TgA
(vz, 6h)
= (z,6h) — (66*z,6h)
= (z,6h) — (6*z,h)s + (67, h)
= (6"z, h).
Since ||6*| = ||6]| £ 1 we infer
|(v2,8R)| < izl [A]
< ll=fl [Alleo-
By Lemma 5 this implies
|2(r)va —vall < o Ir|¥ for (r]<1.

Moreover
vzl < 2f|=].

4. - The Intersection Result

First we give a representation result for the maps in M and M respectively
similar to a result in [11].

LEMMA 7. Let ¢ be as described in the definitions of M and M. Then
there exist continuous maps ayy,as2 : R X L — (0, +00), and aja,az; :R X L —
(—o0,0] mapping bounded sets into compact sets of (0,+oco) and (—oo,0]
respectively, and continuous maps B; : R x L — L mapping bounded sets into
uniformly fibre precompact sets such that they satisfy

€))] a11(0, 12) =1= a22(0, :C) for all ze L
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a21{0,2) = 0=a12(0,%) for all z€ L
Bl(O, 13) = BQ(O,Z) = Ofor all z€ L
7o Bi(s,z) = mo By(s,z) = n(z) for all z€ L and s >0

and in matrix notation we have the following identity:
Q) [ Id& (S, .’II) j, _ a11(8, SC) alg(é‘, :c) [ z ] 4
(8om)e(s, z) azi(s, ) azz(z,z) 3 ox(x)

Here we use the notation introduced in §3, for example Id; : R x L — L :
Ide(s,z) = US(0,s)(x = s) etc.

Bl(s,x)]
Bs (s, z) '

PROOF. We have
3) (T#)®' =6 and K& =3 on — Id.

Now put ot = %(—1 + +/5) and denote by D, the covariant derivative in L

associated to K above 7, (2) in the direction 2. We compute with v = Id— §6*:

@ Das e(sﬂx)(ao'/r(o:*.s)—1—:3;*:5*5)

=60 (Tr) (o= (z+ 5)) +a* R(- (22 9))

= p(z+35)[66*(z+s) +at(@om(z*s)— zxs))
—p(z*8)[6o (Tn)g'(z*s)+at Kg'(z % 3)]
=p(z*s)|(1—a®)z*s+atdon(z*s))

—plaxs)[s o (Tm)g (s ) +atdon(zss) +y(zxs)]

1-gof
a:l:

= afp(z * 3] zxs+dom(z*s)

—(z*s)[6o(Tn)g'(z+s)+atdom(zxs)+y(z*s)
=: atp(z * s)[8 o m(z % s) + atz * 5| + BE (, 2).

For Bf we derive the following estimate using the estimates for 4 in Lemma
6.

) 1Z(r) B (s, 2) — B (s, )|
< |p(s,2)| [|Z(r)6 o (Tr) o g'(z*s8) — 6o (T)g (z*s)|
+ lp(s,a)| la*| |Z(r)Kg'(z+s) — Kg'(z % 5)|
+ le(s,z)| x| |72



430 H. HOFER - C. VITERBO

Since ||¢(z)| < 1 and ¢ satisfies (g) we infer also using Lemma 6 that Bf
map bounded sets of R x L into uniformly fibre precompact subsets of L. From
(4) we obtain via the variation of constant formula

(6) dom(z+s)+at(zxs)

8

= exp(/ ato(r, 2)dr)US(s,0)[d o 7(z) + aF 1]

8

+ /[exp(/ ot o(r, z)dr)US (s,t) BE (t, ))dt

=: ¥ (s,2)U8(s,0)[0 n(z) + atz] + Bi(s,2).

It is an immediate consequence of Lemma 3 and (5) that Bf map bounded
subsets of R x L into uniformly fibre precompact subsets of L. From (6) we
obtain now the following formulas
@) (et —a)zxs=US(s,0)[(p™ (s,2) — ¢~ (s,2))8 o 7(z)

+ (et ot (s,2) —a o (s,2))7]

+ (BF (s,2) — B; (s, 7))

and

®) (e~ —at)don(z s) =Us(s,0)(a ot (s,z) — atp ™ (s,2))3 o n(z)
+ (a"atpt(s,2) —a " atp (s,2))2

+ (@~ Bf (z,z) — a¥ B (s, 2)).

Multiplying (7) by a+—i? U£(0,s) and (8) by ?F%EF U£(0,s) and using
Lemma 3 again for the expressions involving U$(0,s)B*(s,z) we find the
desired representation. O

LEMMA 8. Let h = oclo---0g™ be an element of M where o* € M. Assume
o' is the time one map for the flow associated to the differential equation
& = &;(z) where & has the usual properties as specified in the definition of M.
Denote by o' the time-s-map for s € |0,1] and put hy = olo .- 00?. Then there
exist continuous maps a,b:)0,1) x L =R and B:[0,1] x L — L such that
) he(z) = Uj}

[a(s, z)z + b(s, z)8 o 7(z) + B(s, z))
a(0,z) =1 for all z€ L, 6(0,z) =0 for all x € L
a(s,z) > 0 and b(s,z) <0 for all s€[0,1] and z € L

(z)(S,O) -0 Ugn(s,0)
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B(0,z) =0, mo B(s,z) = x(z) for all s €(0,1] and z € L.

Moreover a,b map bounded sets into compact sets of (0,+o0), {—o0,0]
respectively, and B maps bounded sets into uniformly fibre precompact sets.

PROOF. We proof the representation by induction. If h, = o} we have by
Lemma 7

(10) [ ((hws)(z))] = [Uﬁl(g’O) ‘ U_f‘((JS,O)}

[ N PR3 vl

az1(s, z) asz(s, z)
which shows that Lemma 8 holds for n = 1. Now assume we have proved for
k<n-—1that hy = 0} o 0 0¥ can be represented by

[ hy(z
(D | do 1r((h )(:c))}

U€1

02000k (z)

(6,0) 0 - o Ugk(s,0) 0
0 Uty oor(8,0) 0 -0 USk(s,0)

r 611(8’ x) 612(8, .’l:) [ z :I N Bl(s,x)
[ | @21(s, ) @22(s, 2) don(z) Eg(s,a:)
where the data has the required properties. We show now that (11) also holds

for the case k = n which implies (9). Let hy, =olo - 00" = = hyo o?. We find
with the obvious abbreviations

el
By (s, 0} (z)) }
Ba(s,07(z))
= U(s,07(x)) [ (s,02(2))U (s, 2) [A(s 7) [807r(z ]

[31 (s,z)]
+ 1.
B;(s,z)

= O(s,07(z)) U (s, =) [ (5,07 (2))A(s, ) [ao«(x)J

B, (wﬂ(ﬂ)”
ég(s,as"(x))
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ﬁl(s, z)

Bg(s,z)

o (2]

Now one easily verifies that U(s,z) is the desired 2 x 2 matrix and that 4 has
also the desired form. An application of Lemma 3 to (12) shows that B, and
B, map bounded sets into uniformly fibre precompact sets. The other properties
are also easily verified. 0

+ A(s, 0™ ()0 (s, 2)

1Y 8

B, (s, 07 (a)) H
Ba(s, 0} (2))

Now we are in the position to prove the intersection result.

PROOF OF PROPOSITION 1. Let h € M and put h = ol o .- c o™ where
o' € M. o' is the time one map of a flow associated to a differential equation
z = &(z) where & has the properties specified in the definition of M. Put as
before
hy =00 00" for s €[0,1].

We find a constant ¢ > 0 such that

(13) z=o'(z) foral z€L|Z
with ||z|| > ¢ and s € [0, 1].

Denote by Int(s) for s € [0,1] the set

(14) Int(s) = he(L|E) N L°
and
(15) Fix (s) = h;l(Int(s)).

By (13) we have h,(z) = z for all s € [0,1] provided z € L|X and |jz|| > c.
The problem h,(L|X) N L% # @ is, using Lemma 8, equivalent to

(16) 0= a(s,z)z+ b(s,z) 80n(z)+ B(s,z)
ze L|L.

Dividing by a(s,z) > 0 (16) takes the form

17) 0= z+b(s,z) don(x)+ B(s, )
se L|x

where b:]0,1) x L — (—oo,0] maps bounded sets into compact sets, 5(0, z) = 0,
and B :[0,1] x L — L maps bounded sets into uniformly fibre precompact sets
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and B(0,z) = 0. Moreover b(s,z) = 0 and B(s,z) = 0 for all s € [0,1] and
z € L)X with ||z|| > ¢. (17) is a fixed point problem for a fibre preserving map
in L|X — X of the form

(18) z = T,(z)

where T : [0,1] x L|Z — L|X maps bounded sets into precompact sets (recall
that 3 is compact and B maps bounded sets into uniformly fibre precompact
sets). Moreover

(19) To(z) =0, T,(z) =0 for |z|| > ¢
z e L|X.

Further Fix(s) = {z € L|Z|T,(z) = z}. L|X is an ANRy in the sense of Dold
[7]. Dold’s fixed point transfer for EN Ry, generalizes trivially to AN Ry, if the
base space ¥ is compact (see [2] or [11]). (It also generalizes if ¥ is only
paracompact as it was shown in a thesis of one of Professor Dold’s students
which is unfortunately not published (B. Schifer, Ph.D Thesis 1981)). Using the
properties of this slight generalization of the fixed point transfer we find a group
homomorphism ¢r(s) for s € [0, 1] making the following diagram commutative

() X ' Ex) ™ w(m
1d

(20)

for all s € [0,1. Here H denotes Alexander-Spanier-Cohomology with
coefficients in a commutative ring R and =, : Fix(s) — X is induced by the
projection = : L — A. Further we have the cohomology-commutative diagram

Z@_Ls__Fix(s)_;fi_;Int(s)
. r . M
(21) incl | he|Fix(s) | incl
A« L

s

Passing in (21) to cohomology and using (20) we finally obtain for s = 1
(D)oot q'(8)
7l 5 =

*

" (L)

(22)

Put now B, = (h})~'a}. Then B, is injective since #} is injective by (20).
Observing that Int(1) = A(L|X) N L° the proof is complete. O
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5. - The Deformation Result

In order to prove Proposition 2 we need some more estimates.

LEMMA 9. For a bounded subset S of L,, q € A the following statements
are equivalent
(i) S is precompact.
(ii) Given € > O there exists 1o > O such that |Z(r)z — z|| < ¢ for all z € S
and |7| < 1o.

This is a straightforward variant of a classical result of Riesz, see [30] for
a proof.
The following result is crucial.

LEMMA 10. Assume (gn,) C A is a bounded sequence. Then the following
Statements are equivalent
(1)  (gn) is precompact in A.
(ii) Given & > 0 there exists 1q > O such that || Z(7)8qy, — 8¢n| < € for all
n €N and |7| < 70.

PROOF. (i) == (ii) is trivial.
(i) == (i) We have the estimate

du(alt)a(s)) < | [ 18a(r) er

< ||aq| |t~ s*.

By our hypothesis using the Ascoli-Arzela-Theorem we may assume that g, — ¢
uniformly for some continuous loop ¢ (after passing to some subsequence).

[ ]

Taking some exponential chart based at some smooth loop “a” close to ¢ we
have with

an = expa(fn) én € H! (a*TM)

g = expa(€) ¢ € Ca*TM)

the following representations of dgy,

acz&n = V&n + ea(gn)

9

where V is the covariant derivative along “a” and ©, is the “twist map” based

[T

at “a”. By our assumption we have

1G(&n) ¥ (Vén + 8al(&n))]| < c.

Since &, — ¢ uniformly and ©,(&,) — ©4(¢) uniformly we see that (&,) is
bounded in H!(a*TM). Using the weak completeness of a Hilbert space we
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must have £ € H!(a*TM) and ¢, — ¢ weakly and g € A. Consider the family
of paths ¢, :[0,1] — A defined by

on(s) = expa((1 - 5)én + 3£).
(They are clearly well-defined for large n). We have
|8pn(s)]| < c; for all neN and all s € [0,1].

Moreover the length of the paths is bounded by a constant ¢; > 0 independent
of n € N. Denote by C, : L,, — L, the paralleltransport along ¢,. As a
consequence of Lemma 3 we find a constant ¢ > 0 such that

1Z(7)Crdn — Cudan| < ||Z(7)3an — 8 + cal7|?

for all n € N. Hence by our assumption (ii) (C,dq,) is precompact in L,.
Eventually taking a subsequence we may assume

) Cndg, — y in L,

for some y € L,. Now we pass to local coordinates in order to study (1)

) Ca(Vén +84(6n)) »n  in La

where y = Vaexp,(€)n. One verifies easily that 6‘; 4y — n in L,. Since

0,(&n) — ©4(¢) uniformly we see that (V§,) is a Cauchy sequence. So (&) is
convergent in H'(a*TM) and the limit must be ¢ € H'(a*TM). Consequently

gn — g in A

as required. O

Next we need some estimates on the vectorbundle maps F,, introduced in
§2.

LEMMA 11. For all n € N F,, is a smooth vectorbundle map. Moreover
we have

3) (Foz,y) = (2, Fpy) for all (z,y)e L& L.
Further we have the following estimates

“) 1Z(r) Frz — Foal| < v/n ||| 7]
[ Frzl| < [l=]
1Z(7) Faz — Foal|® < 2|j| 1Z(r)z - 2.



436 H. HOFER - C. VITERBO

PROOF. The first is clear. For the second part replace in
l((517‘,11;,531) + (Frz,y) = (z,y) for all (z,y) € Ly ® T,A
n
y by F,z. Then we obtain

) [Fnzl < |2
16 Fazl| < v/n =]

Now let A € T,A. Using the fact that § restricted to the fibre over ¢ is the
infinitesimal generator of the group (Z(r)),cr We compute

diTHZ(r)h — h||? = 2(Z(7)h — h,6h)
<2 Z(r)h - A [6].
This implies
©6) |Z(r)h — RI} < ||VA| |7] for h € T,A.
Now combining (5) and (6) gives
1Z(r) Faz — Fuz| < Vnlz|| |7].

For the last inequality we compute using Z(r)6 = 6Z(r) since § is the
infinitesimal generator for (Z(r)).er

| Z(r)Fpz — Fuz|?

IA

~8(2(r)Faz — Fa)|[* + | 2(r) Faz — Faal

- i—[z||aFnz||2 — 2(62(r) Faz, 6 Fa)]
+ [2|| Fnz||® — 2(Z(7) Frz, Fpoz)]

1
= 2~ [[§Fnz|® + || Fasl?]

- 2[;1;(6Fnz, 6Z(1)Fpz) + (Fpz, Z(1)Fpz),

i

2/(z, Fpz) — (z, Z(7) Fpz)]
2z — Z(—71)z, Fpz)

2|z = Z(=7)a| || Faz|
2| [12(r)z - =]

INIA
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as required. O

LEMMA 12. Let (zx) € L, z € L, and (ni) C N such that zx — z in L
and ny — oo. Then
F,, o — z in L.

PROOF. Since by Lemma 11
0 1 Fry 2]l < [ |

we infer lim sup || F,,zx|| < ||z|. Moreover we have by Lemma 11 ||§ F,,, zx| <

k— oo
Vrrlal.

Hence taking a sequence (yx) € TA such that y, — y and
7a (yx) = 7(zx) we have since

1

n—k(‘SFnkﬂEk, Syr) + (Fr. 2k, y) = (2x, y)
taking the limit
(®) lim(F,, zx, yx) = (2, 9).

Now (7) and (8) imply immediately F,, zx — z in L. O
Finally we need

LEMMA 13. For fixed z € Ly, y,z € TyA, with R : TM®TMa&TM — TM
being the curvature, we have the following identity

1 ) 1 .
;(R(y, q)F.z,62) + ;(éFnz, R(y,q)2)
1
+;(6(DyFn)x, 6z) + ((DyFrn)z,2) = 0.
Moreover for some constant ¢ > Q0 only depending on M

(D E)2l + (1= )I(Dy Fa)al?)? < o= 2] 8a]] [y]cc

ni

For a proof see [11].
Recall the definition of &y,

1
®p =9 - / Ab(an)dt
0

=& - Gb.n

LEMMA 14. g;.,, satisfies (g). In particular we have the following estimates
for some constant c(b) depending continuously on b, but being independent of
neN
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(i) |Kgp  (z)] <c(d) for all z€ L
@) lghnla)lle < eB)(L+ 2] 13a) for all g€ A and = € L,

(i) | 2(r)5(Tr)gh.,(2) — 6(Tm)ah (=) < c(8)(1+ ] [3al) [r[? for ail g € A
and z € L, 7€ |—1,1]

(iv) |12(r)Kg} (z) — Kg} . (2)]| < c(b) v/ |r| for all z€ L and 7 €R.
PROOF. Denote by A} the gradient of A, with respect to the inner product
<y >pu=< K K >y +<Trpe, Trag >
We have with Hy(z)(t) = A(z(t))
@) (gb.nlz),0)L
(KHyF,z,K(TF,)a) + ((T)HyF,a, (Tx)(TF,)a)
=(KHyFyz, F,Ka) + (KHyFoz, (D(rr)oFn)2) + ((T7) Hy Fpz, (T7)a).

fl

Hence
(10) Ky, (z) = F,KHyF,x

which implies (i) since ||F,z| < ||z| and |[Hy(z)| < const(b) for all z € L.
Moreover using Lemma 13

(g6, (<), @)

IA

Cz(b)IIKGIIJrCz(b)ni% l=li 18g]l [(T7)afjeo + c2(b)||(Tn)all

IA

es(8)(1+n~ 42|l ||3al)) [lallz-

Consequently for a suitable c(b)

(11) lgh, (@)l < c(E)(1+n"¥|2| [|8al).
This proves (ii). Next we have
(12) (6(T)gb,n(2), 6h)
=~ ((T7)g4.n(2), k) + ((T7) Hy Frz, h) + (K HyFo, (D Fn)2).

Applying Lemma 13 to (12) gives, for a suitable ¢(b) depending continuously
on b,

(13) (6(T'x)gp.(2), A

c1(8)(1+ [l=ll |8all) Al + ca(8) [[R]l + c1 ()] (DnFr) =]

c(6)(1 + [l=lf {8/} lIAlleo-

IA

IA
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From Lemma 5 and (13) we deduce
[12(r) 8(T7)gt.n(2) — 6(T7)gt.n (=)

< e(B)(1+ =] 8gl) I7?
which proves (iii). In order to prove (iv) observe that Kgj , (z) = FoKHyFyz
(see (10)). Now using Lemma 11 (4) we find
1Z(r) K g}, 0 (2) — Kgh (=)l
Vn [|[KHyFya| |7|
¢(b) vn 7|

which establishes (iv). O

Recall the definition of © as limit of a sequence @, where the
convergence is uniformly on compact subsets of (0,+oo). Without loss of
generality we may assume n; = k in order to simplify the notation. We need
the following

IA

IA

LEMMA 15. Let f : TM — TM be a continuous fibre preserving map
satisfying the estimate

(13) I7(2)| < c(1+ |z|) for all z€ TM

fgr some positive constant c. Then the induced map f : L - L:z —
f(z), f(z)(t) = f(z(t)) a.c., is continuous and maps uniformly fibre precompact
sets into uniformly fibre precompact sets.

PROOF. It is well known that the assumption (13) implies the continuity of
#. Let B be a uniformly fibre precompact subset of L. Since B is bounded «(B)
is bounded and by the compact embedding A — C(S!, M) a finite number of
exponential charts, say (equ'(%V,-)),-H...k cover n(B). Here ¢; € C* (S, M) and
expg, : V; — A is a diffeomorphism onto an open neighborhood of ¢;. We have
V; € H'(¢!TM) and may assume that V; is a convex open zero neighborhood.
In order to prove the lemma we may assume without loss of generality that
n(B) C equ(%—V) where ¢ = ¢; and V = V;. Now arguing indirectly we find a
sequence (z,) C B, a sequence (7,) CR, 7, — 0, and an € > 0 such that

(14) 1Z(ra) f (@) — F(2a)]| 2 .

Let g, = n(z,). Introducing local coordinates we have g, = expq(€,), én € %V,
where the (¢,) are bounded in H!(¢*TM). Eventually taking a subsequence
we may assume

(15) o — &0 € cl(%V) weakly in H'(q*TM)

£, — &g uniformly.
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Using the usual trivializations, see [13, 14], we have the commutative diagram
with U = exp, (1)

Licl(V) f S Llel(U)
(16) V4 expy ]S K Vaexp,

d(Lvyx 2(gTM) s a(dv) x 2('TM)

where & is induced by a map h : ¢*cl(U) @ ¢*TM — ¢*cl(U) @ ¢*TM that has
the same properties as f.
We write in local coordinates

1
Tn = Vaexpg(énsnn) &n € EV’ e € L*(¢*TM).

If Cp: Ly, — Ly, go =exp,(&) denote the parallel transport along the curve
s — expe((1— 8)é, + s&) then by Lemma 3 we find for every § > 0 a number
70 > 0 such that

1Z(r)Cr2y — Cpzall <6 for |7| < .

In local coordinates let us write %, for the representative of C,z,. Hence if
C,, represents C,, we have

én({:n: nn) = (50: ﬁn)

Writing down the equations for the parallel transport, using (15), we infer that
fn — fin — 0 in L%(¢*TM). Again by Lemma 3 we may assume that #, is
convergent (eventually we have to take a subsequence). Hence we find

fp — Mo IN L2(q*TM).
Consequently

(gn) r]n) - (50’ 770)

where the first coordinate converges weakly in H!(¢*TM) and the second
strongly in L2?(¢*TM). Hence in diagram (16) we see that the principal part
of h (the second component) converges strongly in L2?(¢*TM). It is now
straightforward that

Cnf(zn) — Vaexp, h(¢g,n,) — 0 in Ly,.

Hence (C,, f(z,)) is precompact in L,,. By Lemma 3 (f(z,)) is uniformly fibre
precompact. (Apply C; ! to C, f(zn).)

LEMMA 16. If (z,) € L is a uniformly fibre precompact sequence then
(K gt ,,(zn)) is uniformly fibre precompact.
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PROOF. If (z,) is (ufpc) then by Lemma 11 (F,z,) is (ufpc). Since
Kg} (2,) = F,KH,F,z, := F, o0 fo Foz,,

where f is as in Lemma 15, we see that (f(F,z,)) is (ufpc).
Again by Lemma 11 (Kgi.,n(zn)) is (ufpc). O
We may assume ©; — © uniformly on compact subsets of (0, +oo).
We shall prove now Proposition 2 for ny = k.

PROOF OF PROPOSITION 2.

Step 1. Given a sequence (zx) C L such that ®p(zx) — d and
| @4« (zx) ||z — O the sequence (zx) is precompact. Moreover any limit point z
of (zx) satisfies ®p(z) = d, ®}(z)=0.

We have to show that every subsequence of (zx) has a convergent
subsequence. Without loss of generality we show that (zx) has a convergent
subsequence. Since ||®} , (zx)|z — 0 we find

(17) 19ax — 21 — Kgyx(2)]| — 0
lzx — v(zx) — 6 o (Tm) g (24) || — O.
(For the second part in (17) we used that [(T#)®} ,(zx)[la — O implies

[6 o (T7)®; x(zx)| — 0). From (17) we infer, for some sequence ex — 0
and constant ¢(b) > 0,

0= (9awa4) ~ gllzel? ~ 5 lowl” — (Ko u(on), 26) — snllzn]
< di = Sl + o(t) + fenl el

where d,, — d. Hence (| zx||) is bounded. Using (17) again we see that (||3¢x||)
is bounded. Now using (17) (the second part) we see that

(18) [ Z(r)zr — x|

= [12(r)(v(2x) + 6 © (T7) g1 (2k) — v&)

= (v(zx) + 6 o (T)gp. (=) — wi)

< lakl Irf* +(0)(1+ axll 10gel) I71* +11Z(7)yk — wa.
Here we used Lemma 6 and 14. Moreover (y) is a suitable sequence in L such
that |lyx| — 0. Since (||8gx||) is bounded (gx) is bounded in A. Consequently

(18) implies that (zx) is (ufpc). Using the first part of (17) and Lemmas 10
and 16 we see that (gi) is precompact. Since (gx) is precompact and (z) is
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(ufpc) we infer that (zj) is precompact. So we may assume zz — z for some
z in L. Now taking the limit in ||®} (k)| — O using Lemma 12 we obtain

(19) ! (z) = 0
and similarly
20) ®y(z) = d.

Step 2. Given numbers gy > 0, d € R and an open neighborhood U of
Cr(®s, d) there exist numbers € € (0,&0) and kg € N such that

[195.%(2)iz > € if z € (Pos)3TE\U and k > ko.

Here ®" = {z € L|®(z) <r}, ® = {z € L|®(z) > r} and @]} = d"' N P,,.

PROOF. Arguing indirectly we find a sequence n, which is monotonic and
nx — oo such that for suitable z, we have

194, (2] ]| <

Tk ¢ U
@y, (zK) — d;

El

by Step 1 (zx) is precompact and a limit point, say z, satisfies ®p(z) =
d, ®;(z) = 0. But we must have z ¢ U contradicting the fact that Cr(®, d) is
contained in U.

Step 3. Completion of the proof.

Let U be a neighborhood of Cr(®s, d) with 2p := dist(8U, Cr(®s,d)) > 0.
Pick an open neighborhood V of Cr(®s,d) with V c U and dist(8U,V) > p.
By Step 2 we find g¢ > 0 such that for all ¢ € (0,s¢] we have

(@51 (2)l|z > € for = € (Bux)g*E\V

provided k > ko for a suitable integer ky. Given z € L, z # 0 we find for t e R

Qo (tz) = t(0g,z) — % = ||z|? — gk (tz)
< t(8g,2) - £ o]
<16 13al ll=) - It 5 Jal®

Hence there exists a smooth function g — ¢(q), t(g) > 0, mapping bounded sets
into bounded sets such that for |z| > t(q) if £ € L, we have

‘Db‘k(.’b) S d~-1.
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Hence we can find a smooth function ¢ : L — [—1,0] such that
@1 p(z) = 0 if [iz]| > r(q)

for some r: A — R mapping bounded sets smootly into bounded sets and

(22) llo(z)®, (z) <1 forall keN and z € L

and

(23) lo(z)® i (z)] > &1 for some e; € (0, min{eo, 1})
if 7€ (Ppi)gt\V and k > ko.

Now one estimates using standard idea (see [11]) for some e € (0,&;) (suitably
small) that

(@b'd)d-{-s\U *,1C Qg-};e

Here (z,t) — z %4 t is the flow associated to &, = ¢®; , for all k£ > 1. Now
define hy : L — L by

hi(z) = z %4 1.

Since &, = ®, — g, and gy satisfies (g) we find that hy € M, actually in
M. This completes the proof of Proposition 2.
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