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Abstract 

Background: X-chromosomal loci present different inheritance patterns compared to autosomal loci and must be 

modeled accordingly. Sexual chromosomes are not systematically considered in whole-genome relationship matrices 

although rules based on genealogical or marker information have been derived. Loci on the X-chromosome could 

have a significant contribution to the additive genetic variance, in particular for some traits such as those related to 

reproduction. Thus, accounting for the X-chromosome relationship matrix might be informative to better understand 

the architecture of complex traits (e.g., by estimating the variance associated to this chromosome) and to improve 

their genomic prediction. For such applications, previous studies have shown the benefits of combining information 

from genotyped and ungenotyped individuals.

Results: In this paper, we start by presenting rules to compute a genomic relationship matrix (GRM) for the X-chro-

mosome (GX) without making any assumption on dosage compensation, and based on coding of gene content with 

0/1 for males and 0/1/2 for females. This coding adjusts naturally to previously derived pedigree-based relationships 

(S) for the X-chromosome. When needed, we propose to accommodate and estimate dosage compensation and 

genetic heterogeneity across sexes via multiple trait models. Using a Holstein dairy cattle dataset, including males and 

females, we then empirically illustrate that realized relationships (GX) matches expectations (S). However, GX presents 

high deviations from S. GX has also a lower dimensionality compared to the autosomal GRM. In particular, individu-

als are frequently identical along the entire chromosome. Finally, we confirm that the heritability of gene content for 

markers on the X-chromosome that are estimated by using S is 1, further demonstrating that S and GX can be com-

bined. For the pseudo-autosomal region, we demonstrate that the expected relationships vary according to position 

because of the sex-gradient. We end by presenting the rules to construct the ’H matrix’ by combining both relation-

ship matrices.

Conclusions: This work shows theoretically and empirically that a pedigree-based relationship matrix built with rules 

specifically developed for the X-chromosome (S) matches the realized GRM for the X-chromosome. Therefore, applica-

tions that combine expected relationships and genotypes for markers on the X-chromosome should use S and GX.
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Background
Additive relationships and the associated matrices are 

important in essential applications such as estimation of 

the heritability of a complex trait, prediction of genomic 

values or inference of unknown relationships (e.g., in wild 

populations). �e additive relationships can be estimated 

from pedigree data when the genealogy is available as 
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in many livestock species. Alternatively, they can be 

inferred from genotypes at a set of markers. �is requires 

the genotyping of the individuals but provides realized 

relationships contrary to pedigree-based estimators 

that are expected values. More accurate predictions are 

obtained when using genomic information. In addition, 

such genomic relationships are not affected by pedigree 

errors and can even be obtained without pedigrees. For 

these reasons, genomic relationships are superior to ped-

igree-based values, e.g. [1]. When only a subset of indi-

viduals is genotyped and the genealogy is available for 

other individuals, it might be advantageous to combine 

both relationship matrices [2]. �is is, for instance, the 

core of single-step genomic best linear unbiased predic-

tion (SSGBLUP) that results in higher prediction accura-

cies than GBLUP [2, 3]. �e same strategy has also been 

applied in genome-wide association studies (GWAS), e.g. 

[4]. However, both approaches require that the genomic 

relationship is scaled appropriately.

�e X-chromosome has often been ignored [5], and 

is still not systematically used (but see [6, 7]), in quan-

titative genetics applications (genetic or genomic pre-

dictions, GWAS) although it might have important 

contributions to the genetic variance since it is one of the 

longest chromosomes (in cattle) and this chromosome is 

gene rich [7–9]. �e contribution of the X-chromosome 

to phenotypic variation might be important for fertility 

or reproduction traits, e.g. [10–12]. Examples include 

variants that affect litter size in sheep, e.g. [13], infertility 

in cattle [14], or bull fertility [11]. More generally, quan-

titative trait loci (QTL) on the X-chromosome have been 

reported in previous studies, e.g. [15], which indicates 

that this chromosome should be taken into account.

Fernando and Grossman [16] presented the rules to 

construct the X-chromosome relationship matrix S and 

its inverse from pedigree records, in a proper quantita-

tive genetics framework. Contrary to popular belief, this 

matrix is quite different from its autosomal counterpart 

A (the “numerator relationship matrix”). Two important 

differences are that the diagonal values of S for males 

are always 0.5, and that there is no relationship between 

a male and its sire. For instance, the correlation of the 

off-diagonal elements of A and S across the last five gen-

erations (with complete pedigree tracing back to 40 gen-

erations) of line A in Fernandez et al. [17] is 0.79 across 

all females but only 0.36 across males (own calculation, 

results not shown). Still, in the pre-genomic era, relation-

ships at the X-chromosome have been basically ignored.

In genomic analyses, the X-chromosome presents 

some specific challenges such as more complex inherit-

ance patterns, lower quality of the genome assembly, 

lower genotype quality (lower call rate) and fewer mark-

ers on the arrays (see [5]). Rules to construct the genomic 

relationship matrix (GRM) have been proposed [7, 18] 

but they impose hypotheses such as the presence or 

absence of dosage compensation, yet dosage compensa-

tion varies across traits and tissues [8]. Although dosage 

compensation is not relevant for sex-specific traits such 

as milk or egg production, it should be estimated when 

the setting allows it (e.g., for phenotypes expressed in 

both sexes). In this paper, we illustrate that this can be 

achieved in a multiple trait setting. �en, we show that 

gene content for markers on the X-chromosome can be 

considered as a quantitative trait of heritability 1, natu-

rally leading to applications that combine expected and 

realized relationships such as the single-step methods. 

We also provide rules to construct an H matrix for the 

X-chromosome combining genotyped and ungenotyped 

animals, either with metafounders or not.

Subsequently, we use real cattle data to verify whether 

the proposed pedigree-based and genomic relationships 

for the X-chromosome have similar expectations. In par-

ticular, we illustrate that genomic relationships are close 

to the expected values, and that the strong associated 

variation is due to the smaller size of the X-chromosome 

compared to all the autosomes considered together. To 

further illustrate the equivalence between the two rela-

tionship matrices, we estimate the heritability of the gene 

content [19] of markers located on the X-chromosome, 

and we show that it works as expected—heritability of 

gene content is equal to 1 when using pedigree relation-

ships for markers on the X-chromosome, but is lower 

when using pedigree relationships for autosomal loci, 

because the latter does not describe correctly relation-

ships for the X-chromosome.

Overall, this work shows theoretically and empirically 

that S matches the realized GRM on the X-chromo-

some. �is allows extension of applications that combine 

expected relationships and genotypes to markers on the 

X-chromosome.

Theory
Here, we briefly review the current theory for pedigree-

based relationships [16] and marker-based relationships 

[7, 18] and suggest some extensions. We want to present 

a theory for the X-chromosome that, by construction, 

is compatible with existing pedigree-based methods. In 

general (unless explicitly mentioned), we will refer to the 

X-specific part. When we refer to the pseudo-autosomal 

region (PAR), we will use the abbreviation PAR. Our 

presentation will focus on mammals but concepts can be 

easily translated to birds reversing the sexes.

Theory at a single-locus

Fernando and Grossman [16] derived rules to estimate 

a pedigree-based genetic relationship matrix ( S ) for the 
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X-chromosome. For a biallelic locus (e.g., A/B), males 

carry a single copy (coming from their dam) whereas 

females carry two copies (coming from their sire and 

dam). In their model, allelic effects were identical in 

males and females. �is corresponds to defining the 

effects of loci in terms of expected differences across 

female descendants, but also to absence of dosage com-

pensation (see definition below). Nevertheless, this 

relationship matrix can be rescaled to account for dif-

ferent levels of dosage compensation. As a result, it can 

be used for all traits and genetic architectures. Defin-

ing effects in female descendants is convenient as these 

represent an adequate reference population to define 

additive genotypic values and receive gametes from 

both their sire and dam. In addition, Fernando and 

Grossman [16] assumed no imprinting—this means 

that females receiving alleles A and B (from the sire and 

dam, respectively) will have the same genotypic value 

than females receiving alleles B and A (from the sire 

and dam, respectively). In this paper, we followed their 

hypotheses, including the absence of imprinting. By 

doing this, genomic and pedigree-based relationships 

will be compatible and coherent.

For a biallelic locus on the X-chromosome, numeri-

cal coding as gene content may proceed as {0,1} for 

males (say, for genotypes {A,B}) and {0,1,2} for females 

(say, for genotypes {AA,AB,BB}). �is coding is consist-

ent with the theory of Fernando and Grossman [16], 

and corresponds to the number of biological copies 

in males (that are hemizygotes). Note that equivalent 

GRM can be obtained using the {0,2} coding for males, 

proposed for instance by Su et  al. [7], combined with 

appropriate scaling factors.

Imagine the generation n constituted by females (our 

reference population); sires from generation n-1 have 

genotypes either A or B. Because sires are haploids, 

their respective additive genotypic values (measured 

as expected progeny differences in females) are either 

u = (1 − p)α or u = −pα where p = freq(A) , q = freq(B) 

and α is the substitution effect of “A” in the female 

offspring. �is is the reason we code gene content as 

{1,0} (for genotypes A and B, respectively) as proposed 

above. Accordingly, variance for gene content in males 

is pq whereas variance for gene content in females is 

2pq.

For a given locus, gene content from all individuals can 

be summarized by a vector mX (hereafter, X refers to the 

X-chromosome) that contains the number of copies of 

the reference allele, {0,1} for males and {0,1,2} for females. 

�e gene content at all loci can be encoded in a matrix 

M
X , with columns mX

j  that contain the gene dosage at 

locus j , and elements MX
i,j corresponding to the gene con-

tent of individual i at that locus.

Genomic relationships for the X-chromosome

From the above, and extending the reasoning to several 

marker effects in vector α , the additive genotypic value of 

individual i in a female population would be 

ui = M
X
[i,]

α − E

(

M
X
[i,]

α

)

 where MX
[i,]

 is the i-th row in 

matrix MX . �en, we have:

Note that the notion of dosage compensation does not 

intervene here because the male additive genotypic values 

are expressed on the trait in the female population. Using 

σ
2
u = 2

∑
piqiσ

2
α

(in other words, we refer relationships to 

genetic variance in an ideal female population) we obtain:

�is is almost identical to the treatment of the chromo-

some X in Yang et al. [18] but we do not use standardized 

genotypes. �is is also similar, but not identical, to Van-

Raden’s [20] G for autosomes. �e differences between 

G and GX are that, in the latter, males are coded as {0,1} 

and centered by p , not by 2p , and the denominator refers 

to the genetic variance of a female population. �e most 

important difference, that is not obvious in this matrix for-

mulation, is that gene content for markers on the X-chro-

mosome does not behave like gene content for markers 

on autosomes, even in females, because the paternal copy 

comes from the sire with no possibility of Mendelian sam-

pling or recombination. �is has implications that we will 

see later.

Some properties of the X‑chromosome genomic relationship 

matrix

In a population with allele frequencies p , the average value 

of the diagonal elements of GX is, as expected, 0.5 for 

males, but there are deviations from this value. By defini-

tion, there are no deviations from Hardy–Weinberg equi-

librium or inbreeding in the male population, because 

there are no diploids—only haploids. Consider the diagonal 

elements GX
i,i =

1
W

∑

(

MX
i,j − pj

)2

 , W = 2
∑

pjqj . In a 

(

umales

ufemales

)

=

(

MX

males − 1p
′

MX

females − 2p
′

)

α =

(

ZX

males
ZX

females

)

α = ZX
α

Var

(

umales

ufemales

)

=

(

σ
2
u

)

(

2
∑

piqi
)

(

MX
males − 1p′

MX
females − 2p′

)(

MX
males − 1p′

MX
females − 2p′

)′

=

(

ZXZX
′

)

(

2
∑

piqi
)σ

2

u = GX
σ
2

u .
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population, for a given locus j , there is a proportion p of 

males with genotypes MX
i,j = 1 and a proportion 1-p with 

genotypes MX
i,j = 0 . Weighting each square term by its 

probabilities, we obtain:

However, there are individual variations around this 

value, e.g. if some animals carry rare alleles. Using analo-

gous arguments, it can be shown that the average value 

for females is 1, and that averages of GX for a popula-

tion of males, females, or both, are 0. Elements of GX are 

comparable to pedigree relationships in S (Fernando and 

Grossman [16]) only if base-population allele frequen-

cies are used. Otherwise, the matrix is biased (generally, 

relationships are underestimated) and corrections are 

needed.

One way to create a GX matrix that, by default, is com-

patible with S is to use the metafounders theory [21], 

using p = 0.5 to construct GX and using a pedigree-rela-

tionship matrix constructed with metafounders, Sγ (rules 

and code for this matrix and its inverse are in Additional 

file 1). In this method, because allele frequencies are set 

to 0.5, the diagonal values of GX for males are 0.5 by con-

struction. Note that, in the application realized on real 

data, we will not use that approach and will use estimated 

allele frequencies.

Now we consider the rank of GX . �e rank of 

G
X

=
Z
X
Z
X

′

2
∑

piqi
 is the row rank of ZX , in other words, the 

number of linearly independent rows. For instance, a 

male that receives its X-chromosome from its maternal 

grandsire without recombination (in its dam) results in a 

rank reduction of 1. Because X-chromosomes are passed 

on from males to offspring without recombination, and 

males only have one copy, this results in less “shuffling” of 

loci across the chromosome and therefore in higher link-

age disequilibrium (LD). �us, the row rank of ZX and 

the rank of GX are likely lower than the row rank of an 

autosomal chromosome of the same size, such as, for 

instance, bovine chromosome 2. �is will be numerically 

evaluated later in this work.

Treatment of dosage compensation and sex heterogeneity 

in traits expressed in both sexes

Many traits in livestock are expressed only in one sex 

(e.g., milk production), but some (e.g., growth) are 

expressed in both sexes. However, as for autosomes, the 

E
(

GX
i,i

)

=
1

W

∑

[

(

1 − pj
)2
pj +

(

0 − pj
)2(

1 − pj
)

]

=
1

W

∑

[

q2j pj + p2j qj

]

=
1

W

∑

[(

qj + pj
)

qjpj
]

=
1

W

∑

pjqj = 0.5.

genetic correlation between sexes is not necessarily 1 

[22]. Dosage compensation is a mechanism that balances 

gene expression differences in X-linked genes between 

sexes, e.g., [5]. �is can be accomplished by randomly 

silencing one of the copies in females on the X-chromo-

some, often referred to as X-chromosome inactivation 

[5]. However, apart from X-inactivation, other mecha-

nisms exist that achieve dosage compensation such as a 

two-fold increase of expression in males or halving both 

copies in females [see review by 8]. �is phenomenon 

might explain why in spite of carrying only one copy of 

the X-chromosome, males present as much genetic vari-

ation in their phenotypes associated with variants from 

the X-chromosome as females (see for instance in [23]). 

Yang et al. [18] and Su et al. [7] presented three models 

that differ on the assumption of dosage compensation 

(none, full compensation (same genotypic mean), and 

same genotypic variance in males and females). �is 

allows construction of a GRM for the X-chromosome, 

but at the price of assuming a certain factor k of dos-

age compensation that needs to be known or assumed. 

Below, we present a general alternative strategy, includ-

ing explicit estimation of dosage compensation. To sum-

marize, for a trait expressed in both sexes, we propose 

a multiple-trait model (phenotypes in both sexes are 

considered as two different traits). Ideally, this bivariate 

approach should be applied to model genetic effects that 

are associated with the autosomes too, although here we 

focus on genetic effects associated with the X-chromo-

some. If the genetic correlation across sexes is 1, then the 

dosage compensation is a function of the covariances, GX 

can be explicitly built including dosage compensation, 

and a single-trait model is possible as described below.

SNP‑BLUP with variable dosage compensation

Considering (random) marker effects α , that are 

expressed in terms of effects in the female population, 

then the genotypic value ( g ) of own performance of 

males is gmales = kMX
α and that of own performance 

of females gfemales = MX
α , where k allows for effects to 

scale differently between sexes as a result of dosage com-

pensation for instance.

In other words, scalar k considers the dosage com-

pensation and is not bounded to predefined values. For 

instance, the three hypotheses of Yang et  al. [18] would 

be modelled as: no dosage compensation ( k = 1 ), full 

dosage compensation (k = 2 ), which results in the same 

mean but a doubling of the genotypic variance in males 

compared to females, and the same genotypic variance 

( k =
√
2 ) (but a different mean). However, other values 

of k are possible or even likely [8].
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In practice, both α and k need to be estimated from 

data. For this, we propose an equivalent multiple-trait 

based model where k becomes a covariance component, 

as follows:

 where we keep α for females, with the associated 

distribution:

�is model considers dosage compensation but also 

different effects of the same alleles in males and females, 

i.e. genetic correlation different from 1, e.g. [22]. In this 

model, variance components might be estimated, i.e. by 

REML. If the correlation of α effects across phenotypes of 

males and females is 1, then 
(

σ
2
α−m σ

α−m,f

σ
α−m,f σ

2
α−f

)

=

(

k2σ 2
α
kσ

2
α

kσ
2
α

σ
2
α

)

 . �us, it is possible 

to check simultaneously if the genetic architecture is the 

same and (if it is the same, the correlation is 1) the extent 

of dosage compensation. Obviously, the same two-trait 

model (one per sex) should be run simultaneously for the 

autosomes and the X-chromosome to check the hetero-

geneity of the trait across sexes. If the genetic correlation 

is already known to be 1 (or if it is assumed to be 1), k 

might be estimated with a more parsimonious univariate 

model accounting for heterogeneous variance.

Genomic BLUP for the X‑chromosome with variable dosage 

compensation

Let us now consider genetic evaluation in a GBLUP form 

for own phenotype. As before, to take dosage compensa-

tion into account, we can consider a multiple-trait model 

equivalent to the SNP-BLUP presented before:

 with 

Again, the analysis should model multiple traits for 

both autosomes and the X-chromosome. �e respective 

genetic variances (assuming Hardy–Weinberg 

(

ymales

yfemales

)

= · · ·

(

gmales

gfemales

)

+

(

emales

efemales

)

= · · ·+

(

MX
males
0

)

α
(males)

+

(

0

MX
females

)

α+

(

emales

efemales

)

,

Var

(

α
(males)

α

)

=

(

σ 2
α−m σα−m,f

σα−m,f σ 2
α−f

)

⊗ I.

(

ymales

yfemales

)

= · · · +

(

umales

0

)

+

(

0

ufemales

)

+ e,

Var

(

umales

ufemales

)

=

(

σ
2
u−m σu−m,f

σu−m,f σ
2
u−f

)

⊗ G
X
.

equilibrium) are σ 2

u−males = k2
∑

piqi

(

α
(males)
i

)2

 and 

σ
2

u−females = 2
∑

piqiα
2

i .

If the genetic correlation across sexes is 1, we have 

(

σ
2
u−males σu−m,f

σu−m,f σ
2
u

)

=

(

k2

2
σ
2
u

k
√
2
σ
2
u

k
√
2
σ
2
u σ

2
u

)

 from which k 

can be solved. �e factor k
2

2
 is explained because males 

have half the number of copies compared to females but 

effects are scaled by k . It is then possible to define a new 

G
X explicitly accounting for the level of dosage compen-

sation, and that can be used in single-trait analyses:

�e different matrices in Yang et  al. [18] are particu-

lar cases of this GRM, setting k = 1 , 
√

2 or 2 . As for the 

SNP-BLUP, more parsimonious univariate models are 

possible to account for heterogeneity of variances across 

sexes when the genetic correlation is known to be 1.

As already mentioned, an equivalent GRM can be 

obtained when coding males as {0,2} by using appropri-

ate scaling factors. �is coding is commonly used in dairy 

cattle genetics [6, 7], and amounts to assuming k = 2. 

More importantly, for sex-specific traits (observed in a 

single sex) such as milk and egg production, the value of 

k (or the choice of coding) is irrelevant.

Genomic applications combining pedigree relationships 

and genotypes on the X-chromosome

Heritability of gene content and single step

Fernando and Grossman [16] described the pedigree-

based relationship matrix S (and its sparse inverse S−1 ) 

at a random locus on chromosome X. Seen as a quantita-

tive trait, the methods that we presented fit their model-

ling of gene content in the males as {0,1} and in females 

as {0,1,2}.

�ere are two major applications of pedigree rela-

tionships to the use of genotypes from markers on the 

X-chromosome. First, consider modelling gene content m 

as a quantitative trait [24, 25]. Variance and covariances 

of m across individuals are described by matrix S:

E

(

mmales

mfemales

)

=

(

1p
2p

)

 ; Var

(

mmales

mfemales

)

= S2pq.

For instance, it is possible to estimate the heritability of 

gene content for quality control purposes [19].

GX
=

1

2
∑

piqi

(

kMX

males − k1p′

MX

females − 2p′

)(

kMX

males − k1p′

MX

females − 2p′

)

′

.
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Second, we can also predict gene content from ungeno-

typed individuals thanks to genotyped individuals using 

the pedigree-based matrix S . �e individuals in the pedi-

gree file can be split into genotyped (subscript 2) and 

ungenotyped (subscript 1) individuals, and the 

S =

(

S11 S12

S21 S22

)

 matrix partitioned accordingly. We will 

work with centered gene content, i.e. ZX
= MX

− 1p′ for 

males and ZX
= MX

− 2p′ for females. At a single locus, 

the linear prediction of zX
1

 for ungenotyped individuals 

from observed genotypes ( zX
2

 ) in genotyped individuals is 

z
X̂

1
= E

(

z
X

1
|zX
2

)

= S12S
−1

22
z
X

2
 with associated variance 

(assuming multivariate normality) 

var
(

z
X

1
|zX
2

)

=

(

S11 − S12S
−1

22
S21

)

2pq . �is allows the 

construction of the SSGBLUP relationship matrix HX 

including the X-chromosome as described next. �e rela-

tionship matrix is built as a cross-product of estimated 

and observed ZX , considering the error in the estimation 

(see Christensen and Lund [3] for the details), which 

yields a SSGBLUP type matrix:

 with the inverse, assuming invertible G−1

X
:

It is also possible to develop a so-called single step 

SNP-BLUP [26] to work directly with effects of mark-

ers on the X-chromosome instead of additive genotypic 

values.

�e development above needs base allele frequencies 

to construct ZX

2
 and fit HX to the pedigree base. If these 

are not available, an option is to analytically integrate 

(unknown) base allele frequencies [27], which in practice 

means to use p = 0.5 across all loci for the construction 

of GX and use the metafounder’s theory to construct S . 

�is is described in Additional file 1.

Note that if a different coding of gene content is 

applied, similar applications can be performed by rescal-

ing S . Indeed, if {0,1,2} coding is chosen for females and 

any coding {0,k} is chosen for males to construct a par-

ticular GX , then S can be rescaled appropriately by multi-

plying the (male, male) part by k2 and the (male, female) 

and (female, male) parts by k . Rescaling S might be more 

convenient than recoding genotypes in already existing 

databases.

H
X

=

(

S11 − S12S
−1
22

S21 + S12S
−1
22

G
X
S

−1
22

S21 S12S
−1
22

G
X

G
X
S

−1
22

S21 G
X

)

,

(

H
X

)

−1

= S
−1

+

(

0 0

0 G
−1

X
− S

−1

22

)

.

Note on combining pedigree relationships and genotypes 

for markers in the pseudo-autosomal region

�e PAR that behaves differently than the X-chromo-

some specific part represents a much smaller region 

(approximately 5 Mb) and is hence less likely to have an 

important contribution to genetic variation. �e PAR 

has also much larger recombination rate in males, e.g. 

[28–30]. �e rules to estimate the GRM are the same as 

for the autosomes and the SNPs from the PAR do not 

need specific rules. However, the expected relationships 

are not the same as for the autosomes. Indeed, there is 

a so-called sex-gradient in the PAR [28] because sires 

transmit more often their paternal haplotype (associated 

with the Y-chromosome) to their sons and their maternal 

haplotype (associated with the X-specific part) to their 

daughters. �is probability is equal to ( 1−r ), where r is 

the genetic distance to the pseudo-autosomal boundary 

(PAB) in males. �erefore, the allelic effects (or eventu-

ally the gene content) of son mo and daughter fo from 

sire s are:

where superscript p and m indicates paternal and 

maternal alleles, subscripts mo and fo indicate male and 

female offspring, subscript s refers to the sire and ε rep-

resents residual effects (due to sampling). �ese equa-

tions are similar to those that describe the transmission 

of a QTL from parent to offspring conditionally on a set 

of markers proposed by Fernando and Grossman [31]. In 

that case, the probability of inheritance of a paternal and 

maternal allele is estimated based on the markers. Here, 

the sex of the offspring plays the role of a marker located 

at the PAB. Note that for dams, there is no such gradient 

and transmission has equal probability as on autosomes:

 where subscript d stands for dam. �ese equations 

correspond to standard pedigree-based expectations. 

�e expected relationship matrix is different for each 

marker on the PAR as it depends on its position. It can 

be estimated using the genetic distance from the PAB 

(measured in males), the above equations and the rules 

described in Fernando and Grossman [31]. Hereafter this 

matrix will be noted Pr where r is the distance (in cM). 

Rules were also provided to compute directly the inverse 

of this relationship matrix [31].

vpmo = (1 − r)vps + rvms + εpmo,

v
p
fo = (1 − r)vps + rvms + ε

p
fo,

vmmo = 0.5v
p

d + 0.5vmd + ε
m
mo,

vmfo = 0.5v
p
d + 0.5vmd + ε

m
fo ,
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Application
Empirical comparison of pedigree-based and genomic 

relationships for markers on the X-chromosome

Data

�e dataset used in our study consisted in a sample of 

6085 French Holstein individuals genotyped with the 

BovineSNP50 or the BovineHD genotyping arrays (Illu-

mina, San Diego, CA). �ese 637 sires and 5448 dams 

corresponded to the French Holstein parents that have 

a phenotype for global recombination rate in the study 

by Kadri et  al. [32]. For the autosomes, we conserved 

the 30,127 markers selected by Kadri et  al. [32] after 

discarding monomorphic markers or those with a low 

call rate (lower than 0.95), markers that deviated from 

Hardy–Weinberg proportions, that had more than 10 

Mendelian inconsistences or were associated with puta-

tive map errors. Similar filtering rules were applied to a 

set of 853 SNPs mapping to the X-chromosome in the 

ARS-UCD1.2 bovine assembly and common to the two 

genotyping arrays (see also [30]). �e X-specific part 

ended at the PAB, set at position 133,300,518 [9]. X-spe-

cific markers with an average homozygosity lower than 

0.98 in males were also filtered out, leaving 744 SNPs on 

the X-specific part and 73 SNPs on the PAR. Remaining 

Mendelian inconsistencies were subsequently erased. �e 

pedigree including available ancestors contained 16,669 

individuals; the oldest ancestors from each genotyped 

individual traced back to 7 to 16 generations in males and 

9 to 17 generations in females. �ese genotyped males 

and females had more than, respectively, 90 and 95% 

known ancestors in the fourth pedigree generation.

We used LINKPHASE3 [33] to reconstruct haplo-

types of genotyped animals, to estimate the probability of 

transmission of parental haplotypes to offspring at each 

marker position and to obtain the number of cross-overs 

on the X-specific part in female meiosis.

Comparison of genetic relationship matrices

Pedigree-based relationship matrices were estimated 

with our own code. For the autosomes ( A ), we used the 

tabular method [34] whereas for the sex-chromosome ( S ) 

we used the rules described in Fernando and Grossman 

[16]. �e genomic relationship matrices (GRM) for auto-

somes ( G ) and the sex-chromosome ( GX ) were computed 

with GCTA [18] using the first model proposed by Van-

Raden [20] and assuming equal variance of SNP effects. 

More specifically, for the X-chromosome (X-GRM), we 

used the coding {0,1} for males and {0,1,2} for females 

and then the cross-product GX
=

Z
X
Z
X′

2
∑

pq
 as described in 

theory and using the allele frequencies estimated in the 

sample, which underestimates a little the relationships 

compared to pedigree-based relationships. If this rela-

tionship matrix is used in a single-trait GBLUP analysis 

(for instance to analyze growth), multiple-trait analyses 

should be used to consider dosage compensation as pre-

sented in ‘�eory’ section. We estimated one GRM for all 

autosomes jointly and one for chromosome 2 ( GBTA2 ), 

with a physical length similar to the X-chromosome.

We started by comparing estimated relationships for 

different pairs of individuals (e.g., sire-son, full-sisters, 

paternal half-brothers, etc.). We also rescaled expected 

relationships in terms of correlations between animals 

[35]. �is amounts to dividing relationships between i 

and j by the square root of the product from the diagonal 

elements i and j (on autosomes, this correlation between 

genetic effects is equal to the additive relationship in 

absence of inbreeding). �is rescaling makes the relation-

ships less dependent to variation in diagonal elements 

and ensures that the values are between -1 and 1, mak-

ing them easier to interpret. Subsequently, we estimated 

the correlations between pedigree-based and genomic 

relationships for all elements or for off-diagonal elements 

only. Finally, we compared the dimensionality of the dif-

ferent relationship matrices by performing a singular 

value decomposition (SVD). First, we estimated the per-

centage of the overall variance explained by the i th pair 

of SVD vectors (called the i th SVD mode) as:

 where svj are the singular values. Subsequently, we esti-

mated the percentage variance captured by the k largest 

singular values and determined the values of k needed to 

capture 90, 95 or 99% of variance.

Heritability of gene content

Forneris et  al. [19] proposed to estimate the heritability 

of gene content to perform quality control of genotypes. 

Here, we estimated heritability of gene content for the 

744 markers on the X-chromosome (X-specific part) by 

using either the autosomal additive relationship matrix 

A , or the X-chromosome relationship matrix S . In both 

cases, the relationship matrices were computed from 

pedigree data. �e gene content was equal to the number 

of copies of the reference alleles (ranging from 0 to 2 in 

females and 0 to 1 in males). Variance components were 

estimated with the AI-REML algorithm implemented in 

the blupf90 package [36]. Comparisons allowed to check 

which relationship matrix ( S or A ) best fits the data, and 

at the same time, whether covariances of gene content at 

a locus are correctly described by S as expected (i.e., if the 

heritability estimate is 1, the theory fits the reality). First, 

the heritability was estimated by including all animals. 

Most of the individuals were females (90%) and meio-

sis is similar on the X-chromosome and the autosomes 

sv2i∑
sv2j
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whereas males have a more deviant pattern. �erefore, 

we also worked exclusively with males to obtain more 

contrasted comparisons.

Finally, we also estimated heritability of gene content 

for markers on the PAR with a similar approach. In addi-

tion, to A and S , we also estimated expected relationships 

at different distances from the PAB (0.1, 5, 10, 20, 30, 40 

and 50 cM) by combining the transmission probabilities 

described in Methods and the rules from Fernando and 

Grossman [31] to estimate Pr.

Results
Expected relationships for markers on the X-chromosome

Examples of expected relationships on the X-chromo-

somes and on the autosomes are in Table 1, including in 

terms of correlations between individuals. Contrary to 

autosomes for which the relationship does not depend 

on the sex of an individual, for the X-chromosome, par-

ent and offspring genders matter. For instance, sire-son 

pairs or paternal half-brothers (with unrelated dams) 

have a null expected relationship. Conversely, correla-

tions between additive genetic effects from maternal 

half-brothers are expected to be higher than for auto-

somes. Similarly, correlations between genetic effects 

from mother-son pairs (0.71) or from paternal half-

sisters (0.50) are higher than for autosomes (0.50 and 

0.25, respectively). It should also be noted that maternal 

half-brothers and full-brothers have the same expected 

relationship (0.25). More generally, we observe that 

expectations vary according to the sex of the full-sibs or 

half-sibs and according to the sex of the common parent 

for half-sib pairs.

Pedigree-based and realized relationships in the French 

Holstein cattle data

Expected (pedigree-based) and realized (marker-based) 

additive genetic relationships between the 6085 French 

Holstein individuals were estimated. �e estimated 

correlations between polygenic effects for selected cat-

egories of individuals are in Table 2, for the X-chromo-

some, for the 29 autosomes jointly, and for chromosome 

2. We observe that the genomic relationships obtained 

with genetic markers fit the pedigree-based expecta-

tions (genomic relationships are a bit lower because 

observed, not base, allele frequencies were used), 

although with some variability. �e realized genomic 

relationships were clearly closer to the expected rela-

tionships derived for the X-chromosome with the rules 

from Fernando and Grossman [16] than to the expec-

tations derived for the autosomes. �e opposite was 

observed for realized relationships on the autosomes 

(see Additional file  2: Tables S1, S2 and S3  for more 

details on the distributions). To quantify these obser-

vations, we computed the correlations between real-

ized and expected relationships. �ese were equal to 

0.52, 0.81 and 0.33 for the X-chromosome, the whole-

genome (the 29 autosomes) or chromosome 2, respec-

tively. When using only the off-diagonal elements, 

these correlations were respectively 0.51, 0.79 and 0.31, 

and 0.40, 0.79 and 0.35 when considering males only. 

Table 1 Expected (pedigree-based) additive genetic relationships on the autosomes and on the X-chromosome (speci�c 

part) for di�erent categories of animals

The relationships are also represented in terms of correlations (i.e., dividing by the square root of 0.5 for each male involved in the relationship)

Relationship class Autosomes X-chromosome

Relationships Correlations Relationships Correlations

Sire/son 0.50 0.50 0.00 0.00

Sire/daughter 0.50 0.50 0.50 0.71

Dam/son 0.50 0.50 0.50 0.71

Dam/daughter 0.50 0.50 0.50 0.50

Paternal half-sibs (two males) 0.25 0.25 0.00 0.00

Paternal half-sibs (male/female) 0.25 0.25 0.00 0.00

Paternal half-sibs (two females) 0.25 0.25 0.50 0.50

Maternal half-sibs (two males) 0.25 0.25 0.25 0.50

Maternal half-sibs (male/female) 0.25 0.25 0.25 0.35

Maternal half-sibs (two females) 0.25 0.25 0.25 0.25

Full-sibs (two males) 0.50 0.50 0.25 0.50

Full-sibs (male/female) 0.50 0.50 0.25 0.35

Full-sibs (two females) 0.50 0.50 0.75 0.75

Diagonal elements (males) 1.00 1.00 0.50 1.00

Diagonal elements (females) 1.00 1.00 1.00 1.00
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Correlations between off-diagonal elements from S and 

G or from A and GX , were as expected lower (respec-

tively, 0.63 and 0.42), which indicates that S fits GX 

better and A fits G better (the correlation between ele-

ments from A and S being equal to 0.76 in our dataset). 

�e genetic relationships for chromosome 2 presented 

the lowest correlations between expected and real-

ized values whereas they were highest for relation-

ships obtained from genome-wide markers (on all 29 

autosomes). In Fig. 1, we plotted realized and expected 

relationships expressed as the additive genetic correla-

tions between animals as defined by Wright [35]. We 

observed a high level of variation along the Y-axis for 

genomic relationships estimated with markers on the 

X-chromosome. 

Many pairs of individuals had a high realized genomic 

correlation (> 0.90), which indicates that their respective 

X-chromosomes were almost identical. �is trend was 

observed for the whole range of expected relationships; 

some pairs of individuals that were expected to have a 

null relationship had identical X-chromosomes (see also 

Fig. 2). More than 1800 pairs of individuals had such high 

genomic correlations and the values were higher than 

0.99 for more than 628 pairs (see Table 3). Such high cor-

relations were rare when relationships were estimated 

on chromosome 2 (5 pairs with a correlation higher 

than 0.99). Finally, such a pattern is not observed on the 

whole-genome (only 2 identical individuals), which is 

expected since the relationship is estimated on a larger 

number of independent chromosomes (segregating 

separately during meiosis). Overall, the frequency of 

high genomic correlations were 50 to 100 times higher 

on chromosome X than on chromosome 2 or even more 

when compared to estimates computed with all the auto-

somes (see Table 3). �e frequency of high genomic cor-

relations on the X-chromosome was approximately 10 

times higher when considering males only.

Several factors explain the large number of high 

genomic correlations between pairs of individuals on 

the X-chromosome. First, males have only one copy of 

the X-chromosome and require thus only one pair of 

chromosomes to be identical, whereas on chromosome 

2, two pairs of chromosomes need to be simultane-

ously identical. In addition, chromosomes are transmit-

ted without recombination from sires to daughters. On 

average, in our phased dataset dams transmitted non-

recombining X-chromosomes in 26.4% of their gametes 

(see also [30]). As a result, two maternal half-brothers 

have a ∼ 0.5 × 0.264
2 probability of inheriting the same 

chromosome (1/32). Similarly, a son and its maternal 

grand-sire have a 0.5 × 0.264 probability of inheriting 

the same chromosome (representing 1/8 of such pairs). 

Even females have sometimes an increased probability of 

inheriting two IBD chromosomes. Two full-sisters will 

automatically inherit the same paternal chromosome 

and have a 0.5 × 0.264
2 probability of inheriting the same 

maternal chromosome, e.g., resulting in the same prob-

ability (1/32) than for two maternal half-brothers.

Genomic relationships for the X-chromosome seemed 

visually more variable than estimates for chromosome 2 

Table 2 Comparison of  average realized (marker-based) and  expected (pedigree-based) additive genetic relationships 

on the X-chromosome (speci�c part), on all autosomes and on chromosome 2 for di�erent categories of animals

Relationships are expressed as correlations

Relationship class Chromosome X All autosomes Chromosome 2

Pedigree Genomic Pedigree Genomic Pedigree Genomic

Sire/son 0.031 − 0.027 0.541 0.482 0.541 0.470

Sire/daughter 0.721 0.697 0.543 0.482 0.543 0.474

Dam/son 0.721 0.700 0.545 0.481 0.545 0.462

Dam/daughter 0.539 0.479 0.545 0.484 0.545 0.476

Paternal half-sibs (two males) 0.066 0.038 0.324 0.230 0.324 0.218

Paternal half-sibs (male/female) 0.064 − 0.021 0.324 0.225 0.324 0.207

Paternal half-sibs (two females) 0.546 0.479 0.322 0.226 0.322 0.208

Maternal half-sibs (two males) 0.522 0.523 0.318 0.229 0.318 0.175

Maternal half-sibs (male/female) 0.387 0.339 0.321 0.229 0.321 0.210

Maternal half-sibs (two females) 0.309 0.228 0.321 0.232 0.321 0.222

Full-sibs (two males) 0.510 0.416 0.544 0.476 0.544 0.510

Full-sibs (male/female) 0.383 0.315 0.546 0.477 0.546 0.446

Full-sibs (two females) 0.768 0.734 0.542 0.482 0.542 0.473

Diagonal elements (males) 1.000 1.000 1.000 1.000 1.000 1.000

Diagonal elements (females) 1.000 1.000 1.000 1.000 1.000 1.000
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Fig. 1 Comparison of expected and realized correlations between additive genetic effects estimated on chromosome-X (a, d), whole-genome (b, 

e) and for the chromosome 2 (c, f). Right panels (d–f) were obtained using relationships among males only. A hexbin function was used with a 200 

× 200 grid. The color scale indicates the number of relationships having a given value
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(Fig. 1), although genetic correlations between expected 

and realized values were higher for the X-chromosome. 

�ese higher correlations might be because expected 

values are spread across a broader range on the X-chro-

mosome (for instance, some relationship is expected at 

0.75). Finally, to illustrate further the distribution of the 

relationships obtained with different chromosomes, in 

Fig. 2, we plotted the distribution of genomic correlations 

for three categories of individuals: sire and sons (repre-

senting the selected individuals with a high contribution 

to genetic progress), full-sisters, and paternal half-sisters 

(producing cows). In the three cases, average realized 

relations were, as expected, different for the X-chromo-

some and were much less variable when using all the 

autosomes. We also observed a huge variation for sire/

sons relationships on the X-chromosome with values 

equal to 1 for some pairs although the mean value was 

close to 0. In full-sisters and half-sisters, the genomic 

correlations seemed more variable when they were esti-

mated for chromosome 2. Standard deviations were 
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chromosome 2 (right panel). Relationships were estimated for sire/sons relationships (top), full-sisters (center) and paternal half-sisters (bottom)
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larger for GX for relationships between two males and 

smaller for relationships between females (see Additional 

file 2 Table S1, S2 and S3).

Dimensionality of genomic relationship matrices

Because of this different behavior, the GRM for the 

X-chromosome GX has a reduced dimensionality com-

pared to the whole-genome GRM or to GBTA2 (Table 3). 

For instance, the number of singular values needed to 

capture 99% of the total GRM variance was equal to 53 

for the X-chromosome, 85 for chromosome 2, and 793 

for the autosomes. �us, G has a higher dimensionality 

(roughly 10× ) than GBTA2 , which has a higher dimen-

sionality (roughly 1.5× larger, in spite of being a chromo-

some of the same physical length) than GX . �e number 

of non-zero singular values was equal to 5921, 5693 and 

6085 for the X-chromosome, chromosome 2 and the 

autosomal GRM. Consequently, both GRM obtained for 

a single chromosome were non-positive definite.

Heritability of gene content for markers 

on the X-chromosome (PAR included)

When the heritability of gene content for markers on the 

X-chromosome (X-specific part only) was estimated on 

all animals (males and females, simultaneously), the val-

ues estimated with S were on average equal to 0.9997 and 

higher than 0.95 for the 543 selected SNPs with a minor 

allele frequency higher than 0.05 (Fig. 3). When using A , 

the average estimated heritability dropped to 0.9045 and 

was systematically lower than the estimates obtained with 

S (from -0.0019 to -0.1791 and -0.0952 on average). �us, 

the relationship matrix constructed using the rules for 

the sex-chromosome [16] had a perfect fit with the “nat-

ural” gene contents for markers on the X-chromosome. 

When the gene content was estimated on males only, 

estimated heritabilities were lower and differences were 

more contrasted. More variation was expected since 

Table 3 Dimensionality of di�erent genomic relationship matrices

The dimensionality was assessed based on the singular value decomposition (SVD). The frequency of high genomic correlations between individuals are also 

indicated (either in the entire genotyped samples, either in genotyped males only)

Statistic X-chromosome BTA2 Autosomes

Number of positive SV 5921 5693 6085

Number of SV accounting for 90% of total 15 24 105

Number of SV accounting for 95% of total 25 39 250

Number of SV accounting for 99% of total 53 85 793

Number of SV accounting for 99.9% of total 122 191 1977

Proportion of correlations > 0.90 1.0e−4 1.7e−6 1.1e−7

Proportion of correlations > 0.95 5.4e−5 5.4e−7 1.1e−7

Proportion of correlations > 0.99 3.4e−5 2.7e−7 1.1e−7

Proportion of correlations > 0.90 (males only) 1.6e−3 4.9e−6 0

Proportion of correlations > 0.95 (males only) 1.1e−3 0 0

Proportion of correlations > 0.99 (males only) 8.9e−4 0 0

Fig. 3 Heritability of the gene content along the X-chromosome 

(X-specific part). a For all genotyped individuals. b For genotyped 

males only. Black and gray dots indicate heritabilities estimated 

with the pedigree-based relationships using rules specific to 

the X-chromosome ( S ) and general rules for the autosomes ( A ), 

respectively
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fewer individuals were used (approximately 10%). With 

the rules derived for the X-chromosome, 49 (155) esti-

mates were lower than 0.95 (0.99) and the average was 

0.985. Using A , heritability estimates deteriorated, with 

541 SNPs that had a value lower than 0.95. In fact, only 

two SNPs with a MAF equal to 0.05 had a value higher 

than 0.95. �e heritabilities obtained with S were always 

higher (Fig.  3). Overall, the high heritabilities obtained 

when using all the individuals indicate that pedigree-

based relationships in S describe properly the covari-

ance of gene content across individuals, and therefore the 

expected ( S ) and observed ( GX ) relationship matrices can 

be combined in a unique matrix, for instance in the scope 

of a SSGBLUP. When gene dosage was coded as {0,2} 

in males (instead of {0,1} as previously), the estimated 

heritabilities with S dropped as expected whereas those 

obtained with A increased (see Additional file  3 Figure 

S1). However, when only males were considered, A per-

formed poorly again indicating that this matrix badly 

describes gene content on the X-chromosome, indepen-

dently of coding strategy in males. Importantly, appro-

priate rescaling of S (multiplying elements by 2 for each 

male involved in the relationship) resulted in an average 

heritability of 0.9968 across SNPs.

For markers on the PAR (60 markers with a MAF 

higher than 0.05), we clearly observed that the probabil-

ity for sires to transmit their paternal or maternal hap-

lotypes is a function of the sex of their offspring and the 

genetic distance from the PAB (Fig. 4). At the PAB, sons 

(daughters) inherited systematically the paternal (mater-

nal) haplotype from the sires. At the tip of the chromo-

some, the disequilibrium was less strong but still present. 

Conversely, dams transmitted with equal probability their 

two haplotypes to both sons and daughters. As expected, 

heritability of gene content estimated with A or S was low 

along the whole PAR (Fig. 5). S performed best at the PAB 

and A at the other end of the PAR. When expectations 

were estimated using the sex of the offspring as a marker 

and the genetic distance to the PAB (see Methods), we 

clearly observed that relationships matrices estimated 

with a short genetic distance fitted well the markers that 

were close to the PAB and poorly markers at the end of 

the chromosome (Fig. 5). �e opposite was true for rela-

tionships estimated with long genetic distances from the 

PAB. Both relationships matrices behaved imperfectly for 

markers located in the middle of the PAR. In that case, 

the use of intermediate genetic distances worked well. 

�is indicates that for markers on the PAR, the expected 

relationships vary according to the distance to the PAR 

as we predicted. �e optimal relationship matrix on 

the PAR could be the average of all these matrices (one 

matrix estimated for each SNP position). An alternative 

would be to use a matrix Pr at a moderate distance (e.g., 

20  cM) since it performed relatively well for the entire 

PAR (Fig. 5). Our results also suggest that the heritability 

of gene content could be used to estimate the genetic dis-

tances on the PAR, although other methods already exist 

for that purpose e.g. [37].

Combining GX and S in a single matrix

In our data, GX was non-positive definite. One strategy 

to bend GX would be to combine it with S . As an exam-

ple, we used a linear regression to scale the values of GX 

such that both the average of the diagonal elements and 

the average from all the elements are identical to the 

corresponding values from S [38]. To that end, first, we 

equalized variances in males and females (e.g., multiply-

ing the male variance by 2). �e value of the regression 

coefficient was close to 1 (0.9466) and the intercept was 

equal to 0.0963. �en, we obtained a combined GRM 

as GX*
= αS + βGX , which resulted positive definite. 

Indeed, with α equal to 0.05 or 0.10, the smallest singu-

lar values were higher than 0 (respectively, 1.8e-5 and 

2.0e-5).

Discussion
�e X-chromosome genetic relationship matrix ( GX ) 

allows to perform genetic studies such as the estima-

tion of its contribution to phenotypic or genetic vari-

ation. Several studies suggested that this contribution 

might be large for certain traits, e.g. [10–12]. Similarly, 

this GRM could be used to improve genomic predic-

tions when this chromosome contributes significantly 

to the trait. X-specific relationships might also be useful 

in studies of relationships in the wild. Since expected 

Fig. 4 Illustration of the sex-gradient for markers in the 

pseudo-autosomal region (PAR). The probability for offspring to 

inherit the paternal haplotype from their parent was estimated 

with LINKPHASE3. These probabilities are plotted for transmission 

from sires to son (blue) and daughters (red) and from dams to sons 

(dashed black) and daughters (gray)
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relationships for the X-chromosome are different com-

pared to those for autosomes, they provide additional 

information to determine relatedness between indi-

viduals. However, here, we have illustrated that the 

use of GX is not trivial because individuals sharing 

their entire X-specific chromosome are relatively fre-

quent since males carry only one copy and transmit it 

without recombination. As a result, GX might be reg-

ularly non-positive definite (depending on the sam-

ple) and consequently non invertible, thus causing 
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computational problems. Overall, we observed that the 

X-chromosome (X-specific part) has a lower dimen-

sionality. �is is consistent with the smaller number 

of chromosomes in the sample and is expected since 

certain relationships are estimated between individu-

als that have a single chromosome (we observed more 

extreme relationships between males). In species with 

a balanced sex-ratio, the effective population size  (Ne) 

for the X-chromosome is also smaller, three quaters 

of the autosomal  Ne [39]. However, when the number 

of males is much smaller than the number of females, 

 Ne can be slightly larger for the X-chromosome than 

for the autosomes [15, 40]. �e lower dimensionality is 

also related to the reduced recombination rate on the 

X-chromosome (male chromosomes are transmitted 

without recombination) resulting in less shuffling and 

higher LD levels, e.g. [15, 41]. More generally, the level 

of diversity is also lower on the X-chromosome [39].

To address numerical problems associated with 

reduced dimensionality, statistical methods known as 

“bending” can be applied to render GX positive defi-

nite. GX can be bended using an identity matrix but the 

use of S might better preserve the genetic relationships. 

Indeed, we illustrated that for markers on the X-specific 

part, S and GX have similar expectations and, thus, can be 

combined. In particular, the heritability of gene content 

obtained with S confirmed this point. We also showed 

that for markers on the PAR, expectations are different 

and that Pr had similar expectations to G for these mark-

ers. Combination of GX and S (or eventually G and Pr 

for the PAR) would not only be useful for bending pur-

poses, it would also allow to combine genotyped and 

ungenotyped individuals as for the prediction of gene 

content for a locus with a major effect [24, 25] or in the 

single-step GBLUP context. �is merging of genotyped 

and ungenotyped individuals might be useful for both 

genomic predictions [2, 3] and association studies [4] on 

the X-chromosome. In the case of such a GWAS relying 

on GBLUP or SSGBLUP, we recommend the use of S and 

G
X (or Pr and G ) rather than A or G , as done in previous 

studies [42].

However, several algorithms can be considered to esti-

mate GX . Here, we used an algorithm similar to the first 

method proposed by VanRaden [20]. We obtained simi-

lar observations when the relationships were estimated 

using the rules proposed by Amin et al. [43] (also known 

as VanRaden second method), giving more weight to rare 

alleles. Alternatively, a similarity matrix, e.g. [44, 45]. can 

be obtained using the same allele frequency for all SNPs 

(0.5). Interestingly, with such an approach, all the diag-

onal elements for males would be equal to 0.5 as for S , 

whereas deviations, sometimes large, are observed with 

the two other approaches. In addition, this approach is 

in line with the use of metafounders as presented in the 

�eory section.

As previously mentioned, when a SSGBLUP is consid-

ered, good compatibility of GX and S is required. In addi-

tion, it is likely that different origins (male population 

and female population, perhaps evolving over years or 

origins as in genetic groups) need to be modelled. A solu-

tion for both problems is the use of metafounders [21], 

for which GX is simply obtained by setting allele frequen-

cies to 0.5 and S is obtained by fitting male and female 

metafounders (as many pairs as the number of genetic 

groups considered), and rules for S and its inverse S−1 are 

a simple modification of Fernando and Grossman [16] as 

illustrated in the Julia code provided in Additional file 4.

Importantly, we observed that GX deviates from its 

expectations S , more than G from A . �us, S is not a 

perfect predictor of GX and it is consequently important 

to use realized relationships for the X-chromosome as 

much as possible in applications including genomic pre-

dictions or genetic variance partitioning. However, as we 

mentioned earlier, bending techniques are required and 

might result in a loss of information. For these reasons, 

the best strategy might be a SNP-BLUP on the X-chro-

mosome or a single-step method that does not require 

bending, in the spirit of Fernando et al. [26].

Certain aspects related to the use of the X-chromo-

some in genomic applications were not investigated in 

the current study. For instance, we expressed additive 

genetic effects either on performances of daughters, or 

on own performances. However, additive genetic effects 

can be expressed also on other scales. For instance, 

genetic effects transmitted by sires to their daughters are 

different from genetic effects transmitted to their sons. 

�erefore, different prediction transmitting abilities 

might be proposed. VanRaden et al. [6] give more details 

on these aspects in the context of genomic evaluation in 

dairy cattle. Genotypes on the X-chromosome require 

also specific phasing, e.g. [46, 47] or imputation strate-

gies [47–49].

Conclusions
�e X-chromosome has often been ignored although it 

might have important contributions to the genetic vari-

ation of complex traits. Certain genomic applications 

that combine genotyped and ungenotyped individuals 

require the combination of pedigree-based and real-

ized relationship matrices. For markers on the X-chro-

mosome, specific rules have been developed for both 

matrices (respectively, S and GX ). In our study, we pro-

posed to estimate dosage compensation using multiple-

trait models instead of assuming a predefined value. 

�en, we showed theoretically and empirically that both 



Page 16 of 17Druet and Legarra  Genet Sel Evol           (2020) 52:50 

relationship matrices have the same expectations. �ere-

fore, we recommend combining GX with S in applications 

related to gene content or in SSGBLUP approaches. We 

also observed that realized relationships present strong 

levels of variation around expected values and S is hence 

not a perfect predictor of GX . In addition, many indi-

viduals share entire chromosomes and have relation-

ships close to 1. �us, for markers on the X-chromosome, 

a SNP-BLUP strategy might be a good strategy since 

it relies on the realized relationships while having less 

numerical problems than a GBLUP relying on the GRM.

Supplementary information
Supplementary information accompanies this paper at https ://doi.

org/10.1186/s1271 1-020-00570 -6.

Additional �le 1 Metafounder’s theory as applied to the S matrix, rules 

and code for this matrix and its inverse. 

Additional �le 2: Table S1. Comparison of realized (marker-based) 

and expected (pedigree-based) additive genetic relationships on the 

X-chromosome (specific part) for different categories of animals. Table S2. 

Comparison of realized (marker-based) and expected (pedigree-based) 

additive genetic relationships on the autosomes (all together) for different 

categories of animals. Table S3. Comparison of realized (marker-based) 

and expected (pedigree-based) additive genetic relationships on the BTA2 

for different categories of animals. 

Additional �le 3: Figure S1. Heritability of the gene content along the 

X-chromosome (X-specific part), when males considered homozygous 

are coded as {0,2}. A. For all genotyped individuals, B. For genotyped 

males only. Black and gray dots indicate heritabilities estimated with the 

pedigree-based relationships using rules specific to the X-chromosome 

(S) and general rules for the autosomes (A), respectively. 

Additional �le 4. Julia code.

Acknowledgements

We thank two anonymous reviewers for their helpful comments and sugges-

tions. The authors gratefully acknowledge Didier Boichard (INRAE, France) and 

Sébastien Fritz (Allice, France) for providing the material used in this study. 

This work was part of the LoCO motifs research project (Grant T.0080.20) 

funded by the Fonds de la Recherche Scientifique-FNRS (F.R.S.-FNRS). This pro-

ject has received funding from the European Unions’ Horizon 2020 Research 

& Innovation program under grant agreement N°772787 -SMARTER. It was 

also partly supported by the Toulouse Midi-Pyrénées bioinformatics platform. 

Tom Druet is Senior Research Associate from the F.R.S.-FNRS. We used the 

supercomputing facilities of the “Consortium d’Equipements en Calcul Intensif 

en Fédération Wallonie-Bruxelles” (CECI), funded by the F.R.S.-FNRS.

Authors’ contributions

TD and AL conceived the study, interpreted the results and wrote the manu-

script. AL wrote the Theory section with help from TD, who added the note for 

markers on the PAR. TD analyzed data with help from AL. Both authors read 

and approved the final manuscript.

Funding

This work was funded by the Fonds de la Recherche Scientifique-FNRS (F.R.S.-

FNRS) under Grant T.0080.20 (“LoCO motifs” research project), by the European 

Unions’ Horizon 2020 Research & Innovation program under grant agree-

ment N°772787 -SMARTER and by the Toulouse Midi-Pyrénées bioinformatics 

platform.

Data availability

The data that support the findings of this study (genotypes) belong to third 

parties (INRAE and Allice). Restrictions apply to the availability of these data 

that are not publicly available. The authors can be contacted for a reasonable 

request and with permission of data owners.

Ethics approval and consent to participate

Not applicable.

Consent for publication

Not applicable.

Competing interests

The authors declare that they have no competing interests.

Received: 10 April 2020   Accepted: 12 August 2020

References

 1. Wang J. Pedigrees or markers: Which are better in estimating relatedness 

and inbreeding coefficient? Theor Popul Biol. 2016;107:4–13.

 2. Aguilar I, Misztal I, Johnson DL, Legarra A, Tsuruta S, Lawlor TJ. Hot topic: 

a unified approach to utilize phenotypic, full pedigree, and genomic 

information for genetic evaluation of Holstein final score. J Dairy Sci. 

2010;93:743–52.

 3. Christensen OF, Lund MS. Genomic prediction when some animals are 

not genotyped. Genet Sel Evol. 2010;42:2.

 4. Wang H, Misztal I, Aguilar I, Legarra A, Muir WM. Genome-wide associa-

tion mapping including phenotypes from relatives without genotypes. 

Genet Res (Camb). 2012;94:73–83.

 5. Khramtsova EA, Davis LK, Stranger BE. The role of sex in the genomics of 

human complex traits. Nat Rev Genet. 2019;20:173–90.

 6. VanRaden PM, Van Tassell CP, Wiggans GR, Sonstegard TS, Schnabel RD, 

Taylor JF, et al. Invited review: Reliability of genomic predictions for North 

American Holstein bulls. J Dairy Sci. 2009;92:16–24.

 7. Su G, Guldbrandtsen B, Aamand GP, Strandén I, Lund MS. Genomic 

relationships based on X chromosome markers and accuracy of genomic 

predictions with and without X chromosome markers. Genet Sel Evol. 

2014;46:47.

 8. Brockdorff N, Turner BM. Dosage compensation in mammals. Cold Spring 

Harb Perspect Biol. 2015;7:a019406.

 9. Johnson T, Keehan M, Harland C, Lopdell T, Spelman RJ, Davis SR, et al. 

Identification of the pseudoautosomal region in the Hereford bovine 

reference genome assembly ARS-UCD1. J Dairy Sci. 2019;102:3254–8.

 10. Fernández AI, Muñoz M, Alves E, Folch JM, Noguera JL, Enciso MP, et al. 

Recombination of the porcine X chromosome: a high density linkage 

map. BMC Genet. 2014;15:148.

 11. Pacheco HA, Rezende FM, Peñagaricano F. Gene mapping and genomic 

prediction of bull fertility using sex chromosome markers. J Dairy Sci. 

2020;103:3304–11.

 12. Cole JB, VanRaden PM, O’Connell JR, Van Tassell CP, Sonstegard TS, Schna-

bel RD, et al. Distribution and location of genetic effects for dairy traits. J 

Dairy Sci. 2009;92:2931–46.

 13. Demars J, Fabre S, Sarry J, Rossetti R, Gilbert H, Persani L, et al. Genome-

wide association studies identify two novel BMP15 mutations respon-

sible for an atypical hyperprolificacy phenotype in sheep. PLoS Genet. 

2013;9:e1003482.

 14. Arishima T, Sasaki S, Isobe T, Ikebata Y, Shimbara S, Ikeda S, et al. Maternal 

variant in the upstream of FOXP3 gene on the X chromosome is associ-

ated with recurrent infertility in Japanese Black cattle. BMC Genet. 

2017;18:103.

 15. Sandor C, Farnir F, Hansoul S, Coppieters W, Meuwissen T, Georges M. 

Linkage disequilibrium on the bovine X chromosome: characterization 

and use in quantitative trait locus mapping. Genetics. 2006;173:1777–866.

 16. Fernando RL, Grossman M. Genetic evaluation with autosomal and 

X-chromosomal inheritance. Theor Appl Genet. 1990;80:75–80.

https://doi.org/10.1186/s12711-020-00570-6
https://doi.org/10.1186/s12711-020-00570-6


Page 17 of 17Druet and Legarra  Genet Sel Evol           (2020) 52:50  

•

 

fast, convenient online submission

 
•

  

thorough peer review by experienced researchers in your field

• 

 

rapid publication on acceptance

• 

 

support for research data, including large and complex data types

•

  

gold Open Access which fosters wider collaboration and increased citations 

 

maximum visibility for your research: over 100M website views per year •

  
At BMC, research is always in progress.

Learn more biomedcentral.com/submissions

Ready to submit your research  ?  Choose BMC and benefit from: 

 17. Fernandez EN, Legarra A, Martinez R, Sánchez JP, Baselga M. Pedigree-

based estimation of covariance between dominance deviations and 

additive genetic effects in closed rabbit lines considering inbreeding and 

using a computationally simpler equivalent model. J Anim Breed Genet. 

2017;134:184–95.

 18. Yang J, Lee SH, Goddard ME, Visscher PM. GCTA: a tool for genome-wide 

complex trait analysis. Am J Hum Genet. 2011;88:76–82.

 19. Forneris NS, Legarra A, Vitezica ZG, Tsuruta S, Aguilar I, Misztal I, et al. Qual-

ity control of genotypes using heritability estimates of gene content at 

the marker. Genetics. 2015;199:675–81.

 20. VanRaden PM. Efficient methods to compute genomic predictions. J 

Dairy Sci. 2008;91:4414–23.

 21. Legarra A, Christensen OF, Vitezica ZG, Aguilar I, Misztal I. Ancestral 

relationships using metafounders: finite ancestral populations and across 

population relationships. Genetics. 2015;200:455–68.

 22. Rodríguez-Almeida FA, Van Vleck LD, Cundiff LV, Kachman SD. Het-

erogeneity of variance by sire breed, sex, and dam breed in 200-and 

365-day weights of beef cattle from a top cross experiment. J Anim Sci. 

1995;73:2579–88.

 23. Sidorenko J, Kassam I, Kemper KE, Zeng J, Lloyd-Jones LR, Montgomery 

GW, et al. The effect of X-linked dosage compensation on complex trait 

variation. Nat Commun. 2019;10:3009.

 24. Gengler N, Mayeres P, Szydlowski M. A simple method to approximate 

gene content in large pedigree populations: application to the myostatin 

gene in dual-purpose Belgian Blue cattle. Animal. 2007;1:21–8.

 25. Legarra A, Vitezica ZG. Genetic evaluation with major genes and poly-

genic inheritance when some animals are not genotyped using gene 

content multiple-trait BLUP. Genet Sel Evol. 2015;47:89.

 26. Fernando RL, Dekkers JC, Garrick DJ. A class of Bayesian methods to 

combine large numbers of genotyped and non-genotyped animals for 

whole-genome analyses. Genet Sel Evol. 2014;46:50.

 27. Christensen OF. Compatibility of pedigree-based and marker-based 

relationship matrices for single-step genetic evaluation. Genet Sel Evol. 

2012;44:37.

 28. Rouyer F, Simmler M-C, Johnsson C, Vergnaud G, Cooke HJ, Weissenbach 

J. A gradient of sex linkage in the pseudoautosomal region of the human 

sex chromosomes. Nature. 1986;319:291–5.

 29. Soriano P, Keitges EA, Schorderet DF, Harbers K, Gartler SM, Jaenisch 

R. High rate of recombination and double crossovers in the mouse 

pseudoautosomal region during male meiosis. Proc Natl Acad Sci USA. 

1987;84:7218–20.

 30. Zhang J, Kadri NK, Mullaart E, Spelman R, Fritz S, Boichard D, Charlier C, 

Georges M, Druet T. Genetic architecture of individual variation in recom-

bination rate on the X chromosome in cattle. Heredity. 2020. https ://doi.

org/10.1038/s4143 7-020-0341-9.

 31. Fernando RL, Grossman M. Marker assisted selection using best linear 

unbiased prediction. Genet Sel Evol. 1989;21:467.

 32. Kadri NK, Harland C, Faux P, Cambisano N, Karim L, Coppieters W, 

et al. Coding and noncoding variants in HFM1, MLH3, MSH4, MSH5, 

RNF212, and RNF212B affect recombination rate in cattle. Genome Res. 

2016;26:1323–32.

 33. Druet T, Georges M. LINKPHASE3: an improved pedigree-based phas-

ing algorithm robust to genotyping and map errors. Bioinformatics. 

2015;31:1677–9.

 34. Henderson CR. A simple method for computing the inverse of a numera-

tor relationship matrix used in prediction of breeding values. Biometrics. 

1976;32:69–83.

 35. Wright S. Coefficients of inbreeding and relationship. Am Nat. 

1922;56:330–8.

 36. Misztal I, Tsuruta S, Strabel T, Auvray B, Druet T, Lee DH. BLUPF90 and 

related programs (BGF90). In Proceedings of the 7th world congress on 

genetics applied to livestock production: 19–23 August 2002; Montpel-

lier. 2002. p. 743–4.

 37. Lander ES, Green P. Construction of multilocus genetic linkage maps in 

humans. Proc Natl Acad Sci USA. 1987;84:2363–7.

 38. Christensen OF, Madsen P, Nielsen B, Ostersen T, Su G. Single-step meth-

ods for genomic evaluation in pigs. Animal. 2012;6:1565–71.

 39. Schaffner SF. The X chromosome in population genetics. Nat Rev Genet. 

2004;5:43–51.

 40. Caballero A. Developments in the prediction of effective population size. 

Heredity. 1994;73:657–79.

 41. Bohmanova J, Sargolzaei M, Schenkel FS. Characteristics of linkage 

disequilibrium in North American Holsteins. BMC Genomics. 2010;11:421.

 42. Carvalho CVD, da Costa HI, Souza IS, Junqueira GSB, Magalhães AFB, 

Fonseca LFS, et al. Influence of X-chromosome markers on reproductive 

traits of beef cattle. Livest Sci. 2019;220:152–7.

 43. Amin N, Van Duijn CM, Aulchenko YS. A genomic background based 

method for association analysis in related individuals. PLoS One. 

2007;2:e1274.

 44. Eding H, Meuwissen THE. Marker-based estimates of between and within 

population kinships for the conservation of genetic diversity. J Anim 

Breed Genet. 2001;118:141–59.

 45. Weir BS, Goudet J. A unified characterization of population structure and 

relatedness. Genetics. 2017;206:2085–103.

 46. Murgiano L, Waluk DP, Towers R, Wiedemar N, Dietrich J, Jagannathan V, 

et al. An intronic MBTPS2 variant results in a splicing defect in horses with 

brindle coat texture. G3 (Bethesda). 2016;6:2963–70.

 47. Hickey JM, Kranis A. Extending long-range phasing and haplotype library 

imputation methods to impute genotypes on sex chromosomes. Genet 

Sel Evol. 2013;45:10.

 48. Johnston J, Kistemaker G, Sullivan PG. Comparison of different imputa-

tion methods. Interbull Bull. 2011;96:44.

 49. Mao X, Johansson AM, Sahana G, Guldbrandtsen B, De Koning D-J. 

Imputation of markers on the bovine X chromosome. J Dairy Sci. 

2016;99:7313–8.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in pub-

lished maps and institutional affiliations.

https://doi.org/10.1038/s41437-020-0341-9
https://doi.org/10.1038/s41437-020-0341-9

	Theoretical and empirical comparisons of expected and realized relationships for the X-chromosome
	Abstract 
	Background: 
	Results: 
	Conclusions: 

	Background
	Theory
	Theory at a single-locus
	Genomic relationships for the X-chromosome
	Some properties of the X-chromosome genomic relationship matrix

	Treatment of dosage compensation and sex heterogeneity in traits expressed in both sexes
	SNP-BLUP with variable dosage compensation
	Genomic BLUP for the X-chromosome with variable dosage compensation

	Genomic applications combining pedigree relationships and genotypes on the X-chromosome
	Heritability of gene content and single step

	Note on combining pedigree relationships and genotypes for markers in the pseudo-autosomal region

	Application
	Empirical comparison of pedigree-based and genomic relationships for markers on the X-chromosome
	Data
	Comparison of genetic relationship matrices
	Heritability of gene content


	Results
	Expected relationships for markers on the X-chromosome
	Pedigree-based and realized relationships in the French Holstein cattle data
	Dimensionality of genomic relationship matrices
	Heritability of gene content for markers on the X-chromosome (PAR included)
	Combining  and  in a single matrix

	Discussion
	Conclusions
	Acknowledgements
	References


