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Summary. A frequency-dependent full wave theory is successfully employed 
to synthesize long-period seismograms of the core phases SmKS (m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1,2, . . .) 
in the distance range 100' --125". Body-wave displacements are calculated by 
numerically integrating in the complex ray parameter plane. Langer's method 
is employed to obtain a uniformly asymptotic approximation to the vertical 
wave functions. Plane-wave reflection and transmission coefficients are 
adequately corrected for the effect of the curvature at the core -mantle dis- 
continuity by the use of generalized cosines. Results are presented in the time 
domain, after a numerical Fourier (inverse) transform. 

The computed seismograms exhibit many non-ray effects that the SmKS 
incur upon interacting with the core--mantle boundary. For zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASKS, the ampli- 
tude, group delay and phase delay are very strong functions of frequency at 
less than 0.5 Hz, both because of the frequency dependence of the reflection/ 
transmission coefficients at the core--mantle boundary, and because of the 
presence of diffracted energy, called SP(diff)KS, perturbing the waveform. 
The diffracted energy of the type that perturbs SKS may also interact with 
shear waves to give rise to a precursor to the body-wave ScS, called SP(diff)S. 
The major complication in synthesizing the portion of the seismogram con- 
taining SmKS for m > 2 is that the arrival time of each successively higher 
order reflection is within the waveform of previous lower order reflections. 
It is found that a summation of body-wave displacements from S2KS to 
SISKS gives an adequate seismogram in the distance range 100" - 125". Each 
individual reflection has an amplitude spectrum, group delay and phase delay 
which are strongly frequency-dependent at less than 0.2 Hz. It is shown that 
arrival times for SmKS, m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 2 ,  cannot be picked accurately by conventional 
methods. Furthermore, neglecting the frequency-dependence of reflection/ 
transmission coefficients can significantly distort the interpretation of ampli- 
tude and phase data. 

The seismograms generated by this method agree so remarkably well with 
observed records that the synthetic waveforms provide a powerful test of the 
validity of particular earth models. In particular, we find that the waveforms 
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of SmKS are exceedingly sensitive to velocity gradients of the upper 200-km 
of the outer core, and indications are that the velocities in the outer 200-km 
of the core are higher, but the velocity gradient is lower, than that predicted 
by Hales zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Roberts or earth model 1066B. The pulse widths of SmKS are 
also used to determine some fault parameters. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIntroduction 

Though the general features of currently accepted earth models are in agreement (Dziewonski 
1976), there is much less agreement among models in detailing the fine structure of the 
Earth. Normal mode data cannot yet be used to resolve features on the order of 100 km or 
less (Anderson & Hart 1976). The needed resolution can be provided by the inversion of 
body-wave data. Body-wave techniques commonly consist of inverting travel-time data or 
apparent velocities. However, it is often difficult if not impossible to apply these techniques 
to arrivals other than the first direct body wave. Later arrivals travel non-minimum travel- 
time paths which may result in severely distorted waveforms (Jeffreys & Lapwood 1957; 
W 1974; Choy & Richards 1975), and their signal-to-noise ratio is reduced by the presence 
of body-wave codas. A relatively recent approach to body-wave data has been to construct 
earth models by generating waveforms which correlate favourably with actual seismograms. 
Two frequently used techniques of synthesizing seismograms are the Cagniard method 
adapted to spherical geometry (Gilbert & Helmberger 1972) and the reflectivity method 
(Fuchs 1968). One feature of both these methods is the assumption of an earth-flattening 
transformation, although the transformation law for density is not exact (Chapman 1973). 
Since both techniques approximate a radially inhomogeneous earth by many flat 
homogeneous layers, a ray with a turning point can be completely described only if all 
possible multiple reflections and refractions are summed. The reflectivity method accounts 
for the whole sum, but the Cagniard method requires, in practice, a truncation, in which case 
the limits of applicability (i.e. accuracy) of the truncated sum are not well understood. 

An alternative technique is to perform a numerical inversion to the time domain from 
frequency components obtained from a frequency-dependent full wave theory. The full 
wave theory avoids the earth-flattening approximation and preserves the spherical geometry 
of the earth in describing propagating waves. A ray with a turning point need not be 
unnaturally decomposed into an infinite system of internal reflections and refractions within 
fine layering. Till recently, practical difficulties, both theoretical and economical, prevented 
its widespread use. The primary obstacle has been that the WKBJ approximation to the 
radial wave function fails, particularly at low frequencies, when the turning point of a ray 
is near a discontinuity. Circumventing the problem by an explicit numerical solution of the 
radial wave equation is possible (Chapman & Phinney 1972), but matching to the WKBJ 
approximation is awkward and the overall method is computationally time-consuming. Non- 
uniform Airy approximations may be employed to compute radial wave functions near the 
turning point itself, and the WKBJ approximation may be employed in regions far from the 
turning point, but the connection between the approximations is not well established. 
Neither of these approximations is uniformly asymptotic and it is not clear how to obtain a 
wave function employing these approximations which is accurate over all the ray parameters 
required (Richards 1973). Fortunately, Richards (1976) describes a formulation, the Langer 
method, which is uniformly asymptotic in approximating radial wave functions whether in 
the region of a turning point or not. 

The purpose of this paper is to demonstrate that, once the Langer method is incor- 
porated, it is not only practical, but advantageous to employ a frequency-dependent full 
wave theory to generate theoretical seismograms. A description of the technique in the 
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Theoretical seismograms of core phases 277 

frequency domain and its numerical inversion to the time domain is described in the next 
two sections of this paper, using the body waves SmKS (m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1 ,2 ,  . . .) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAScS to illustrate 
the application of the full wave theory. The third section of this paper describes some salient 
characteristics of the SmKS body waves. For instance, they play a crucial role in constraining 
models of the outer core, yet it is nearly impossible to obtain correct arrival or differential 
times for higher order SmKS body waves. In the fourth section, the theoretical seismograms, 
amplitude spectra and phase spectra of these body waves are shown. The proximity of the 
turning points of these body waves to the core-mantle boundary give rise to effects not 
predicted by classical ray theory, including diffraction and frequency in reflection and 
transmission coefficients. It is shown that the neglect of frequency dependence can result in 
gross misinterpretation of the physical properties of the Earth. In the fifth section of this 
paper, it is shown that the correlation of synthetic and actual seismograms of deep earth- 
quakes is so remarkable that the interpretation of the theoretical waveforms provides a 
powerful means of testing the validity of particular earth models. The implications for Earth 
structure at the core mantle boundary and the fault parameters inferred from the wave- 
forms of SmKS are described. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 Calculation of body wave amplitude and phase 

The theory of rays propagating in an earth with spherical discontinuities developed initially 
with elementary models ( e g  Scholte (1965) who studied a fluid core embedded in a homo- 
geneous elastic mantle). The sophisticiation of the full wave theory has since been extended 
to describe the fields that exist in a radially inhomogeneous but spherically symmetric earth. 
Chapman & Phinney (1972) computed the body-wave displacement in the frequency domain 
by an integral over horizontal wavenumber. Richards (1973) realized an improvement by 
factorizing frequency out of this wavenumber and developing a displacement integral over a 
line in the complex ray parameter plane. This latter form of the integral has the advantage 
that the saddle point is independent of frequency. Thus, any frequency component may be 
computed using the same path of integration. In contrast, an integral over wavenumber has a 
different saddle point for each frequency, and so the path of integration is not as flexible 
as in the ray parameter plane. The flexibility of the full wave theory used by Richards 
(1973) to calculate the frequency-dependent displacement due to a point source for body 
waves of the type PmKP is augmented in this paper by introducing the Langer approxima- 
tion (Langer 1949, 1951) at a stage where normally the WKBJ or non-uniform zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAiry 
approximations are used and by extending the applicability of the method to body waves 
of the type SmKS. 

We find, following the method of Richards (1973), that the required integral of hori- 
zontal displacement of SmKS for a point shear force in a radially varying but spherically 
symmetric earth is 

x exp( iwJ)dp 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw is radian frequency; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf l  is shear velocity; p is density; r is radius of receiver; a quan- 
tity with subscript s is evaluated at the source;p is complex ray parameter; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL,  =F/(47rpg/2fl,3) 
and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF6 (r - r,) H ( t )  is the potential whose gradient gives the equivalent body force of the 
source; and 

COSj(,) = (1 - ,.) P2P& . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(9 
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278 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG. L. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAChuy 

The phase delay integral, J ,  is given by 

J (r,  p )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=[ (‘:’) dr zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf f:’) dr t p A, = T (r,  p )  - p zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA (r,  p )  t p A. 

‘P 

with T(r,  p ) ,  A(r,  p ) ,  and cos i using the shear or compressional velocity, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu, appropriate to 
SmKS at the radius r ,  and r p  is the radius of the turning point. r is a path in the complex 
ray parameter plane which crosses the real p axis at any convenient point on or near the 
saddle point of the WKBJ approximation. The quantities TsK, R K K  and TKS are the reflec- 
tion/transmission coefficients at the core-mantle boundary, 

TSK = -- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4p, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa, 0, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs cos i, cos j ,  /D 

RKK = (D - 2p,  cosi,)/D 

TKs = 4p,& s cos i ,  cos i , /D 

D = pc a, cos i ,  t pm cos i ,  (a, cos2 2jm t 40; s2 cos i, cosj,) 

where suffix m refers to the bottom of the mantle, c to the top of the core, a is compres- 
sional velocity, and the dependence on ray parameter is 

cosi, = (1 - - p2ai / r2)”2  

cosjm = ( I  - P  Om/ ) 

cos 2jm = I - - 2p20& /r2 

s = p / r  and r = r , .  

The vertical displacement of SmKS is obtained by inserting the factor iPp/r cosj, in the 
integrand. To relate these theoretical amplitudes to recorded data requires accounting for 
the effect of the free surface of the earth. This entails essentially a doubling of SV ampli- 
tudes of core phases. 

Equation (1) reduces to ray theory and geometric spreading if the assumptions are made 
that significant contributions arise only near the ray theory saddle point and if plane-wave 
reflection/transmission coefficients (equation (3)) are valid. These conditions are not valid 
when a ray has a turning point in the vicinity of a discontinuity. The path of integration 
must now be deformed to take into account the contribution of poles which arise from the 
zero of the denominator of the reflection/transmission coefficients at the core- -mantle 
boundary. There are three systems of poles, one each arising from P and S waves grazing 
the mantle side of the core-mantle boundary, and one from a P wave grazing the under- 
side of the core. Each system of poles strings along a line starting near, but not on, the real 
ray parameter values of core-grazing P and S rays (Fig. 1). For model 1066B of Gilbert & 
Dziewsonki (1975) these core-grazing values are at ray parameters 255.0,481.3, and 437.5 s 
for, respectively, P and S incident from above and P incident from below the interface. 

Furthermore, the reflection/transmission coefficients of ray theory are no longer 
adequate. Reflection/transmission coefficients commonly employ ratios of the radial wave 
function and its derivative in the form 

x = m, c 
2 2 112 

where go’) are the radial eigenfunctions satisfied by the wave equation (outgoing from the 
centre of the earth for j = 1 and ingoing for j = 2). Coefficients calculated using these ratios 
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a )  S K S  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
b) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS c S  

c i  S m K S  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 1. The complex ray parameter plane in units of s/rad (i.e. s). The diffraction poles string upwards 
for rays grazing the discontinuity from above (such as P(dift3 and S(diff)), while the poles string down- 
wards for rays grazing below (such as the ray which just grazes the underside of the core mantle bound- 
ary). I:or model 1066B, the corc-grazing values are 255.0  s forP(di f f ) ,481.3 s for S(diff) and 437.5 s for 
the P wave which grazes just within the core. (a) The path of integration f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASKS. The dashed line shows 
the path of steepest descent used in ray theory. Typical values for the path ABCD are entiincrated in 
Table 1. (b) The path of integration for ScS, a body wave without a turning point. (c) A typical path ot’ 
integration for SnrKS, nr > 2. I:or high frequencies, the contributions to the integral becomc negligible 
long before the integration path reaches the diffraction poles near zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA481.3 s, s o  a shorter path (dashed line) 
can be used which shortens computation time. 

are valid whether the turning point of a ray is near or remote from a discontinuity. Applying 
the WKBJ approximation to g o )  makes both C(’) and C(’) equal to the ordinary cosine of 
the angle of incidence. However, this is accurate only in cases where the turning point is far 
from a discontinuity. In the Langer approximation, the go) are approximated by 

where A ,  are chosen so that g(,) reduces to a spherical Hankel function in the limit of a 
homogeneous medium; 

= j r ~  (:2 gr2 dr 

are Hankel functions; and 

(u is the P or S velocity appropriate to radius r).  Note that wt  is just the phase of the WKBJ 
approximation. Using this approximation, equation (4) becomes 

Co) = cosx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAexp(+in/6)H,O;),(w$)/H,(:’3(w$) ( 6 )  
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280 C. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL. Choy 

where cosx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= [ 1 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(p’uz/rz)] I”. In regions far from a turning point (I I large), the coeffi- 
cient of the cosine in equation ( 6 )  is practically unity, and thus, C(’) = Cc2) = cosx. How- 
ever, in the region of the turning point, where cosx and I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw[ I are near zero, Cu) remains 
finite. The C”) of equation ( 6 )  are called generalized cosines, because of their quantitative 
dependence on frequency, on the radius of curvature, and on earth structure near the dis- 
continuity. c(’) may be referred to as the upgoing cosine since it is defined by the upgoing 
radial wave functions, and C(*) is the downgoing cosine. 

It is the values of equation ( 6 )  which are needed in the reflection/transmission coeffi- 
cients, rather than cosx. Implementation of the Langer approximation requires simply 
replacing the cosines in the reflection/transmission coefficients by the appropriate up/down- 
going generalized cosines. Equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3) become 

where subscript zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi is for mantle P waves, j is for mantle S waves, and k is for core P waves and 
parentheses about the superscripts of C, h,  and g are understood. The h’s (g’s) are radial wave 
functions using S(P)  velocities; subscripts m and c indicate which velocities, mantle or core, 
are used. The ratios of radial wave functions (such as g p ) / g c ) )  are needed to account for the 
phase between the depth of the turning point of the ray and the depth of the core mantle 
boundary. Since the Langer and WKBJ approximations merge at large I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu[ 1, computation 
time can be considerably shortened by choosing a value of I w[ I beyond which the usual 
phase and cosines of the WKBJ method are computed rather than the more rigorous com- 
bination of Iiankel functions. In the subsequent calculations, a satisfactory criterion was 
chosen at I w[ I > 5.  

The total transmission coefficient relevant to the body-wave SKS is T S K T K S ,  which is 
plotted in Fig. 2 as a function of real ray parameter. The curves of ray theory and two 
other frequencies (0.03 125 and 0.125 Hz) illustrate the extent of frequency dependence. 

0.8.. 

0.6.. 

xi0 333 

PAY PARAMETEP ( S F L  RAO > 
Figure 2. The amplitude of the combined transmission coefficient TSKTKS as a function of real ray para- 
meter. TSK is the trammission coefficient for an S wave in the mantle which is refracted into the core as 
a P wave, and TSK describes the mode-conversion of a P wave in the core which is refracted into the 
mantle as an S wave. Real ray parameter is related to the angle of incidence at the core mantle boundary 
by p = (rnl sinin,)/pm. Curves are shown for 0.03125 l iz  (32 s), 0.0125 Hz (8 s) and for ray theory. The 
curves of  the finite frequencies do not behave as discontinuously as ray theory would predict. This 
coefficient describes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASmKS as well, since its relevant transniission coefficient may be written as 
(TsKTKs)R& ’. R K K  is described in detail by Richards (1976), and it also exhibits the type of 
frequency dependence seen in this figure. 
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Theoretical seismograms of core phases 28 1 

The transmission coefficient of ray theory is zero at two ray parameters, 255.0 and 437.5 s. 
When zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASKS interacts with the core-mantle boundary, a P wave in the mantle may arise from 
the mode-conversion of S incident on the core or by the transmission of P o u t  of the core. 
The mantle P with the ray parameter of 255.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs just grazes the core. Its decay at the bound- 
ary is what, according to ray theory, cause the abrupt zero in the transmission coefficient. 
For finite frequencies, however, the coefficients show a continuous transition across the 
critical ray parameter, and curves of the lower frequencies tend to be smoother. A similar 
phenomenon occurs at the ray parameter near 437.5 s. At this value, the refracted P entering 
the core grazes the underside of the core-mantle boundary. For ray parameters exceeding 
this critical value, P cannot possibly, according to ray theory, be refracted into the core and 
incident S is instead totally reflected at the boundary. However, for finite frequencies, the 
transmission coefficient for ray parameters beyond critical decays smoothly. In addition, 
very small amounts of energy are transmitted even beyond the critical value for diffracted zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S (p = 48 1.3 s). The neglect of the frequency dependence shown here can lead to some gross 
misinterpretations of the core-mantle boundary, which will be discussed in more detail 
when SKS is examined below. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 Time-domain solution 

Up to this point, the displacement components have been calculated as a function of fre- 
quency in the form 

u(Ao ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa) = 01'2f(p, A,) exp(iwJ) (P, A,) dp zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6. 
for w > 0. The inversion to the time-domain solution is readily obtained from 

Since the path r need pass only approximately over the saddle point of ray theory associated 
with a given distance, a substantial reduction in computation time is achieved by using the 
same integration path for a suite of distances, in which case f and J are easily modified for 
each distance. In contrast, Cagniard methods require an exact saddle point path of integra- 
tion and a separate path and recalculation is required for every distance. Typical integration 
paths for some long-period body waves, and the distances over which they are applicable are 
given in Table 1. The density (number and spacing) of points required for numerical integra- 
tion is determined by how well the integrand behaves. The integrand is smoother for lower 
frequencies and for the portion of the path which decays. 

In practice, the amplitude and phase spectra of SmKS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(m > 2) are adequately defined by 
computing displacements of as few as 20 equally spaced frequencies for a Nyquist frequency 
of 0.5 Hz (e.g. Fig. 16). The spectra of SKS is more complicated than that of SmKS (e.g. 
compare Figs 9 and 16), but 32 frequencies sufficiently define its spectra. Additional fre- 
quency components, other than those explicitly calculated, are obtainable by linear inter- 
polation of amplitude and phase. There are, of course, discontinuous jumps in the phase 
spectra from n to t n  which is a consequence of the trigonometric algorithms employed 
by the computer. The ambiguity of 2kn (k an integer) in the computed phase may be 
resolved by using the travel-time of ray theory (see Appendix). The time-domain solution is 
conveniently obtained by a fast Fourier transform of 2" frequency components (n  an 
integer). The time series must be sufficiently long to avoid complications inherent in the 
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Table 1. Typical integration paths in the complex ray parameter plane for some body waves. They are 
applicable for distances between 100" and 125". Because the contributions to the integrand decay much 
quicker for higher frequencies, two paths are given for each body wave. The first one applies to frequencies 
between 0.015625 and 0.265625 Hz. The second one is a shorter path (which saves computation time) 
and applies to frequencies between 0.28125 and 0.5 Hz. The number outside the parentheses refers to  the 
subdivisions of a path needed for the numerical integration. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOur units for ray parameter are s/rad zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- a 
natural choice for evaluation of r sini/u. 

AB BC CD 

SKS (100, -70), (170,0), 31 (170,0), (260,0), 62 (260,0), (360, loo), 5 1 
(140, -25), (170,0), 31 (170,0), (260,0), 123 (260,0), (310, SO), 56 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

SKKS (298, -SO), (358,0), 51 (358,0), (482,0), 61 (482,0), (508, loo), 51 
(338, -30), (358,0), 21 (358,0), (408,0), 82 (408, O), (428, loo), 21 

SmKS (325, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-SO), (400,0), 21 (400,0), (505,0), 72 (505, O), (575,70), 15 
(380, -5) ,  (400,0), 21 (400,0), (425,0), 51 (425, O), (470, 70), 45 

cyclic nature of the Fourier transform. The results in the subsequent sections of this paper 
require no more than 64 frequency components which give a time signal of length 128 s for 
a sampling rate of 1 s. In a following section, the body waves SKS, SKKS and the entire 
sum of SmKS (m = 3 . . . , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM, where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM truncates the series and is a value to be determined) 
are synthesized separately. The total theoretical seismogram is the sum, with the appropriate 
time delays given by ray theory, of each body-wave displacement. The run which consumes 
the most computation time, that of calculating the amplitude and phase of 32 frequency 
components of SKS for 10 distances, uses no more than 2.60 min on an IBM 360/95. The 
time to  compute the total seismograms for 10 distances, in which M was taken up to 15, is 
about 7.0 min for model 1066B. 

In order to compare theoretical and actual seismograms, the displacement u(t ,  A,) must 
be convolved with the instrument response ( I ) ,  the finiteness of source duration (D),  the 
crustal response at the source and receiver zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(C'), the attenuation along the propagation path 
(A) ,  and multiplied by the source radiation pattern (S). Then the resulting seismogram, 
U ( t ,  Ao), is 

U ( t , A o ) = u ( t , A o ) * r * D * C * A  x S. (10) 

For instrument correction, a rational bi-linear z transform obtained from the equations of 
Hagiwara (1958) for an electromagnetic seismograph is convolved with the displacement 
time signal. For attenuation, one can easily allow the velocity profie of a given earth model 
to have an imaginary part, since the ray parameter is already a complex quantity in this 
development of the full wave theory (Cormier & Richards 1976). There was no need to do 
this, however, for the synthetic seismograms of SmKS that are shown below agree very well 
with actual records even if anelasticity is neglected. This observation is in accord with that of 
Muller (1973) in which attenuation was also found either unimportant or at least not a sensi- 
tive property for the long-period PKP body waves. 

To account for the source radiation pattern in the displacement, the results of Ben- 
Menahem, Smith & Teng (1965) may be used. For a point source with double couple fault- 
ing in a homogeneous earth, the radiated displacement for SV waves is described by 

where 

Mo = moment, R = I r - MO Fs = - 
47wsP,3 ' 

rsl, and A ,  = (n . R) (a . $)+(a. R)(n .$). 
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The quantities defining zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA@ are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= unit vector in the direction of displacement 

R = unit vector along the ray 
4 = unit vector normal to the direction along the ray but in the plane of propagation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(SV 

n = unit vector normal to the fault plane. 
motion) 

The displacement of equation (1 1) must be generalized to an inhomogeneous (radially vary- 
ing but spherically symmetric) earth. The object is to introduce the factor A@ correctly into 
the displacement integral of equation (1). The modified displacement requires a normaliza- 
tion such that i? the limit of ray theory it describes geometric spreading. For a homogeneous 
earth, geometric spreading and phase delay is described by exp(iwT)/R. For a radially 
varying earth, T is easily changed to T(r ,  r,) by computing the appropriate travel time 
between the radius at the source, rs, and the radius at any point along the ray, r. In order to 
generalize R to R (r, r,) for a radially varying earth, consider the following quantity 

G = exp(-in/4)- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp (12) 
fir, ( 2n smA0 r21r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd-, exp [iwJ(r, PI1 dP. 

In the limit of ray theory, G is evaluated at the saddle point, po. For dA/dp < 0, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
G =  

exp [+iwT(r, r,)] - a ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-112 

cosi cos j, (F)) . 
rr, 

But Richards (1971, p. 463) identifies this form of G as exactly the geometrical spreading 
factor l/[&R(r, r,)]. Also, lu(r, w )  1 a l / [R(r, rS)fi0], which is a condition that con- 
serves flux of energy across the area of a ray tube (Bullen 1963), so we redefine F, for a 
radially varying earth as M,,/[4nfip/.?,5/2]. Thus, the displacement in equation (10) can 
now be written as 

(1 3 4  

Comparing this with equation (l), (omitting reflection/transmission coefficients), it is seen 
that 

L = -  

In a similar fashion, it may be shown that 

Mo A,  

4~ 40: c o s i '  

where L; = M a / [ 4 n q P , S / Z ]  and Lb = M , 1 [ 4 n ~ a ~ / * ] ,  AR = (a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 8 )  (n . R), 
A0 = (n . R) (a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.6) + (a . R) (n . a), 6 = unit vector perpendicular to the plane of propaga- 
tion of the ray (SH motion). 
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The angles in p ,  cos&), cosi(,), A R ,  A.  and A$ are based on the angle defined by the 
saddle point ray parameter. If any of the quantities are strongly dependent on ray parameter 
they should be put inside the integral. The sensitive reflection/transmission coefficients, for 
instance, would be inside the integral if they are needed. 

For large enough earthquakes, the correction for finite source duration (also called the 
directivity correction) is required. It simulates the directional distribution of apparent pulse 
widths which results from the time history of the fault rupture. For a rectangular fault with 
a unilateral propagating ramp dislocation in time, the associated effect of finiteness is 
equivalent to convolving the time-domain displacement with a unit area box-car of duration 
equal to the sum of the rise time and apparent rupture time (Haskell 1964). The mechanism 
for deep earthquakes is still not well understood. Nevertheless, there are many lines of 
evidence to indicate that deep earthquakes behave as double-couple sources (e.g. Mikumo 
1969; Fukao 1970; Billington zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Isacks 1975). Thus, the directivity correction is also appro- 
priate for the deep earthquakes that are studied in this paper. If the mechanism of deep 
earthqiiakes is one of a sudden change (say, in shear modulus as proposed by Knopoff & 
Randall 1970) which occurs throughout a fault volume, as opposed to a rupture propagat- 
ing from a region of nucleation, the convolution with a box-car is still valid. The duration of 
the box-car would then be comprised of a rise time and an apparent rupture time which 
may not be as sensitive to azimuth as would be the case for unilateral rupture. In practice, 
convolving long-period seismograms with a box-car of greater than 7 s duration produces 
discontinuities in the synthetic records and a dislocation model with a smoother source 
function should be employed. None of the synthesized seismograms in this paper required 
a box-car of more than 5 s. The pulse width of long-period body waves is so sensitive to the 
directivity correction that the uncertainty in having chosen the correct duration is not more 
than 1 s for durations up to 10 s. 

Moments may be assigned if the absolute amplitudes of synthetic and actual wave- 
forms can be matched. However, since equation (13) cannot be used directly if the syn- 
thetic has been convolved with a box-car, we must now derive the required expression. 
Following Haskell (1964), we describe the far-field elastic displacement of an SV wave for 
a planar fault service, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX ,  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
u( r ,  t ) =  [1/(4.rrd%$P,5/2)1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG J J P [ ~ ~  - T(rJ31 dx  (14) 

where [u ]  is the displacement discontinuity, [ = (&, gz) are coordinates on the fault plane, 
and 

G can incorporate reflection/transmission coefficients if needed. Using 

equation (14) transforms to the frequency domain as 

where 0 is the angle between 5 and the ray. For an unilaterally propagating step model, 
[ u ( r ,  t ) ]  = dH(t F/c) and [ti({, t ) ]  = d6 ( t  - ( /c ) ,  where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc is the rupture velocity and d is 
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the dislocation. Inserting these expressions into equation (5), we obtain zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA12 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- L/2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu(r, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa) = [ (PC e x p ( i w T 0 ) / ( 4 n ~ i j ? ~ ) l  d W j  exp[ iw t l ( l / c  - cosO/O,)l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4, (16) 

where W is fault width, L is fault length, X = wL/2(l /c - cos O / & )  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAMo = pLWd. Trans- 
forming to the time domain we have 

where B(t) is a box-car of unit area having duration L( l / c  - -  cos O / & ) .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Table 2. Seisrnogranis from two deep earthquakes that are used in this study. Focal mechanism solutions 
were detcrmined by the author. The nearly vertical nodal plane is very well constrained, but the more 
horizontal nodal plane is not well constrained. 

Origin time Location Depth nib Pole of nodal 
planes 

Fiji 1971 November 20 07 28 01.0 23.48 179.9W 551 kni 6.0 240, lO 190,74 
S. Fiji 1973 July 21 04 19 17.1 24.88 179.2W 4 1 1 k m  5.9 315,lO 225,60 

By using deep earthquakes (Table 2) in this study, crustal corrections for long-period 
theoretical seismograms need be considered only for the receiver end of the propagation 
path. Furthermore, the nature of the body waves under study helps to minimize the com- 
plexities of the crustal response. We note that only the horizontal (radial) seismogram and 
its associated crustal response are synthesized throughout this paper because the limiting ray 
parameter for all SmKS is 437.5 s. The effect of this limit is to restrict the deviation from 
vertical of the angle of incidence at the base of the crust to no more than 14" for all SmKS 
rays. Thus, shear-wave energy is recorded almost entirely on the horizontal-component 
seismograph. The near vertical angle of incidence of SmKS also insures that the amount of 
mode-converted P energy is slight, and whatever amount that is produced will arrive pre- 
dominantly on the vertical, rather than the horizontal, component seismograph. Thus, it is 
not surprising to find that all the reverberations of the horizontal response for various 
crustal models can always be associated, on the basis of arrival times, with the primary 
multiple reflection of an S wave from a first-order discontinuity, e.g. Fig. 3(a). 

The crustal correction can easily be made with the matrix method of Haskell(l962). But 
it is necessary only if the signatures of the synthetic body waves are significantly altered by 

Table 3. Crustal models that are used in 1:ig. 3 for testing the effect or crustal response. Crust 1 is taken 
from Dorman & Ewing (1962) and appears to  be the best model f o r  the crust under OGD. The impedance 
is calculated with shear velocities. 

Crustal Layer a P P Thickness Impedance 
model No. h / s )  (kmls) (g/c1113) (km) 

1 1 6.15 3.64 2.86 38 0.19 
2 8.14 4.69 3.30 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm 

2 1 4.69 2.58 2.18 15 0.23 
2 6.15 3.64 2.86 18 0.19 
3 8.14 4.69 3.30 m 
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286 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG. L. Choy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
202%- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS K S  SmKS b) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

...................... OGD 116.5" ..................... 4- ; 1 " -  I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi.. ... ...... .... ....... 
S Y  n 

; *.I syn +sta. crust - 
iL ' 

F i j i  21 July 1973 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdepth 411 km m.59 

Figure 3. (a) Top: Horizontal component of the crustal response for a homogeneous crust over a mantle 
half-space (crust 1 ,  Table 3). Bottom: Horizontal component of the crustal response for a two-layered 
crust over a mantle half-space (crust 2, Table 3). (b) Top: Synthetic seismogram of the horizontal dis- 
placement of SKS and SmKS (m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 2) at a distance 116.5" and source depth 41 1 km. Brackets above the 
record delimit the portion of  the waveform which must correlate with the observed data. Middle: Observed 
EW seismogram from OGD for the Fiji earthquake of 1973 July 21. Bottom: The synthetic seismogram 
of the top record convolved with the crustal response of a homogeneous layer over a half-space (crust 1, 
Table 3). 

the structure beneath a station. By synthesizing numerous seismograms for different crusts 
and different earth models, Choy (1976) demonstrated that crustal effects were, indeed, 
minor for long-period SmKS. One of his examples, shown in Fig.3(b),simulates the effect of 
the crust under OGD which consists of a homogeneous layer over a mantle half-space. Insert- 
ing the crustal response no doubt enhances the appearance of the synthetic seismogram, but 
it serves only to distract one's attention from the significant characteristics of the earlier 
part of the body wave. It was found that only when the crust contained at least one discon- 
tinuity, other than the crust-mantle interface, with an impedance jump greater than about 
25 per cent in shear velocity would the resulting reverberation have sufficient amplitude to 
modulate the coda of the main body wave. Even in this extreme case crustal reverberations 
were easily identifiable. There was little difficulty in relating the characteristics of the actual 
body wave to a synthetic waveform computed without a crustal response. Consequently, 
since our aim is to study the isolated waveforms of SKS and SmKS, as opposed to studying 
crustal structure, we need not apply a crustal correction to synthetic records presented in 
later sections of this paper. 

4 Properties of SmKS 

We begin this section by demonstrating the importance of SmKS data in constraining earth 
models. Then it is shown that conventional measurements of arrival or differential travel 
times of SmKS are difficult if not impossible to obtain. Finally, we describe how the integra- 
tion paths of ScS, SKS, SKKS, and SmKS are chosen. 

In determining the velocity profile for the upper few hundred kilometres of the outer 
core, SmKS body waves are more useful than PmKP body waves. Body waves of the type 
PmKP encounter a discontinuous velocity decrease at the core-mantle boundary, which 
results in a shadow zone in surface observations. On the other hand, when S in the mantle 
is transmitted into the core as P, it encounters a velocity increase which refracts the wave 
upwards. So SmKS has no shadow zone in the core. This fact accounts for the statement 
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by Wiggins e t  al. (1973) that the differential times of SKS-SKKS are much more influential 
than PmKP in constraining the permissible velocity profiles in the outer core for a given 
earth model. But the statement pertains only to  the set of data consisting of useful travel 
times. Useful travel times are available at those distances where SKS is clearly separable from 
SKKS. This distance would be about 100" for deep earthquakes (h zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 400 km) and 110" for 
shallow ones. (With shallow earthquakes, in contrast to deep ones, sSKS interferes with 
SKKS till about 1 lo", more or less, depending on depth.) Thus, there is still a portion of 
the outer core which is not constrained by SKS-SKKS data. Another complication is that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
all body waves of the family SmKS except for SKS are non-minimum travel-time paths. In 
propagating through the Earth, these SmKS touch a number of internal caustics which may 
produce a severely distorted waveform compared to that which originally was radiated from 
the source (Jeffreys zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Lapwood 1957; Hill 1974; Choy & Richards 1975). Thus it turns out 
that SKKS travel times, such as those presented by Hales & Roberts (1971), may not be 
useful after all unless the seismograms are corrected for phase distortion with methods like 
those suggested by Choy & Richards (1975) or Clayton, McClary & Wiggins (1976). 

It might be asked why one does not use the travel times of S3KS, S4KS and so on. Fig. 4 
depicts the propagation paths of some SmKS. For distances less than 125", the turning point 
of the body wave S3KS is in the upper 200-km of the outer core. The turning point of the 

S m K S  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
core K K zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure 4. Typical propagation paths of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASmKS for m = 2, 3 and 6. A discontinuous velocity increase across 
the core mantle boundary refracts the rays which enter the core upwards. As the order of the multiple 
reflection, tn,  increases, one can see that the propagation paths differ less and less. Thus, as the order of 
the multiple increases the ray parameters and travel time of SmKS converge to a limit. 

next higher multiple, S4KS, is in roughly the upper 75-km of the outer core. With each 
higher multiple, the rays bottom shallower and shallower in the core. There would be a 
wealth of data on the outer core if SmKS travel-time data were available. Unfortunately, as 
one may imagine from Fig. 4, as the order of the multiple increases, the propagation paths 
and travel times converge to a limit. Fig. 5 shows this effect on the travel-time curves. The 
seismogram is complicated in that the arrival times of each successively higher order reflec- 
tion is within the coda of previous lower order reflections. For deep earthquakes (h  400 km) 
SKKS does not clearly separate from SKS till beyond 100". It is not till beyond 125" that 
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288 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG. L. Choy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t 

I - - -. -t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA' 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA62" A 

Figure 5. The configuration of T - A  curves for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASV waves in the earth. B is the cusp of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAf? branch of 
al l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASmKS and is located at about 62". The DF branch of SKS (called SKIKS)  encounters the inner core 
and is not shown. The triplication and the infinite number of transmitted rays are a characteristic feature 
of  the family of rays which arises from any discontinuous velocity increase. 

S3KS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbecomes visually separable from SKKS. The arrival times of the high-order reflections 
are nearly impossible to pick because the waveforms all overlap. 

To synthesize an adequate seismogram, it is essential to consider how and where all the 
body waves SmKS arise. We now describe the system of T-A curves for SV waves incident 
at the core in greater detail (Fig. 5). The forward branch of direct S, A'B', is formed as real 
ray parameter decreases from its maximum value of 1873.8 s (for a surface focus in model 
1066B) to the core-grazing value, 481 3 s. The critical ray parameter where P is diffracted 
along the underside of the core-mantle boundary is 437.5 s. S waves incident on the core 
with ray parameters between 481.3 and 437.5 s find that mode-converted P wave rays can- 
not penetrate the core. Instead, incident S is totally reflected to form a receding branch of 
ScS, BB'. For ray parameters less than 437.5 s, incident S is partitioned into ScS(BC') and 
the AB branch of an infinite number of SmKS rays. The cusp B is where SmKS rays first 
penetrate the core and is common to all SmKS. Only at distances far from the cusp do the 
differences in travel time of the AB branches of SmKS increase to the extent that the lower 
order reflections become separable from the chain of SmKS arrivals. 

For distances at and beyond the cusp distance, the total seismogram is the sum of an 
infinite number of multiply reflected core phases, as well zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas ScS. For the mth multiple 
reflection, each body-wave displacement has in the integrand of equation ( 1 )  a factor of the 
form TsKRFi  TKs. Thus, the summation of SmKS displacements (m = 1 ,  . . . , m) forms a 
geometric series, often called the Debye series. This summation is rapidly convergent for rays 
which go from a medium of high velocity to one of low velocity (Nussenzweig 1969). But 
in the case of SmKS, the rays encounter a velocity increase on entering the core. Near the 
cusp in the region of total reflection of SV, the series is so slow to converge that it is compu- 
tationally uneconomical. A further complication is that near a cusp the saddle points on the 
real p axis for reflected, transmitted and diffracted rays start to coalesce. An integration 
path must be chosen to include the proper poles for each type of ray. For rays scattered by a 
transparent sphere, Nussenzweig (1969) concluded that the path of integration for totally 
reflected S waves should account for residues of poles in the lower half of the p plane. In 
Fig. l(b) and (c), these poles would be the ones emanating downards from p ~ 4 3 7 . 5  s. 
Ludwig (1970) and Uberall (1975) criticized these poles as being unphysical because their 
contributions increase exponentially as radius from the core-mantle boundary decreases. 
Indeed, we find that enclosing such poles in the integration path does result in ill-behaved 
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Theoretical zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAseismograms of core phases 289 

amplitudes for those ScS whose saddle point ray parameters are near or beyond the cusp 
value. The integration paths that we choose later do not require crossing or enclosing any 
portion of the line of poles in the lower half plane. Cormier zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Richards (in preparation) 
have recently shown how to evaluate the total effect of multiples even near the cusp B,  and 
have applied this theory to interpret a similar problem involving the multiples PKmIKP, i.e. 
of rays associated with the inner core-outer core boundary. 

The calculations in this paper concentrate on the distance range in which SKS and SKKS 

have been most studied, between 100" and 125". The reason for the lower bound is that, 
although SKS finally arrives earlier than zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA85", it is not clearly separated from SKKS till 
100". Beyond 130°, the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADF branch belonging to SKIKS precedes the AB branch of SKS. 

The upper bound of our computations is chosen to be 125", to insure that the amplitudes of 
SKIKS and SKiKS are negligible. They arrive after SKS in this distance range, and their 
amplitudes are in fact on the order of one-twentieth that of SKS. Also, in this distance range, 
which is far from the cusp (about 62" for shallow earthquakes), the Debye series converges 
within a few terms. We shall show below that an adequate seismogram can be obtained by 
summing only the first 15 multiple reflections. 

The saddle points of SKS between 100' and 125" do not exceed 280 s. The contribu- 
tions to the integrand of equation (1) decay long before the integration path comes near 
the critical ray parameter of 437.5 s, and SKS is, in effect, a body wave separated in time 
from the other SmKS arrivals. An appropriate path of integration, Fig. l(a), meets the real 
p axis at roughly an angle of 45", as shown by Richards (1973) for rays which have turning 
points. Note that this is not the steepest descent path of ray theory - Fig. 1 (a), dashed line 

- but is deformed to take account of the diffraction poles emanating from the saddle point 
of the core-grazing P wave. 

The saddle points of SKKS between 100" and 125" range from 408 to 360 s. The path of 
integration, Fig. l(c), is deformed to take account of diffraction poles emanating from the 
saddle point of the core-grazing S wave. The poles at 255 s are too remote to affect the, 
displacement of SKKS. Note that this path does not enclose poles in the lower half p plane. 

The saddle points of higher order SmKS are all between 417 and 437.5 s. As with SKKS, 
the path of integration detours around the poles in the lower half plane but it does enclose 
the poles associated with the core-grazing S wave. Because the saddle points are all squeezed 
into a small portion of the real p axis, computer time is optimized by using the same integra- 
tion path for each multiple with only minor modifications infand J of equation (1 5). These 
modifications involve raising the exponent of the internal reflection coefficient, R K K  , to 
the proper order, and accounting for the slightly different phase in J .  It is more convenient 
to sum the body waves in the frequency domain than the time domain 

u(Ao,  t )  =Llww'"  Re ( j  C F ( p ,  A,,, m )  exp [ i d @ ,  A,, m ) ]  dp exp(-iwt) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdw 

(18) 

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM M 

m = 3  n o  r m = 2  

where M is the cutoff in the Debye series where sufficient convergence is attained. 
Our computations of ScS are in the distance range 20" - 50". The saddle points on the real 

p axis range from 175 to 400 s. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAn appropriate integration path for ScS is oriented roughly 
-45" with respect t o  the real p axis, Fig. l(b), as shown by hchards (1973) for rays with- 
out a turning point. The path is deformed to enclose poles arising near the ray parameter for 
core-grazing P waves, and the integrand decays well before coming near the poles in the 
lower half p plane. Integration paths for ScS at distances near and beyond the cusp distance 
(where real p z 437.5 s) cannot avoid these poles. Though ScS in these regions is not com- 
puted in this paper, integration paths and wave functions described by Ludwig (1970) and 
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Cormier zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Richards (1977) are capable of resolving the problem by allowing rays entering 
the core near the critical angle of incidence (and whose internal reflections have turning 
points just barely within the core) to have a refracted component not only downwards, but 
upwards. This modification of the full wave theory removes the poles in the lower half p 

plane and introduces Regge poles in the upper half plane, whose residues account for 
whispering gallery modes. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 Application to core phases 

The emphasis of this section is on generating waveforms of long period body waves because 
frequency-dependent behaviour should be more pronounced in the long-period rather than 
short-period band. At the same time, long-period body waves are not as sensitive to small 
structures in the crust and upper mantle. Their wavelengths are sufficiently large that the 
assumption of a spherically symmetric earth may be justified. Because the SmKS have a 
steep angle of incidence at the surface of the earth (not exceeding 14" due to  a limiting ray 
parameter of 437.5 s) almost all the entire shear displacement is horizontal. Consequently, 
only the horizontal radial components of displacement are synthesized. 

Table 2 lists the parameters of two deep earthquakes from which seismograms recorded 
at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWWSSN stations are chosen as a standard by which to  judge the theoretical seismograms. 
Deep events are preferred for two reasons. First, the complications of crustal and upper 
mantle transfer functions at the source are greatly minimized. Second, the body waves SKS 

and SKKS are free of their surface reflected analogues, sSKS and sSKKS. In general, a source 
depth close to the depth of the events being studied should be used in the computations. 
Calculating body waves for a surface focus and then 'correcting' for depth by simply reduc- 
ing the angular distance traversed by a ray may yield correct travel times, but the p - A  

systematics may yield different amplitudes. 
In this section the earth model 1066B is used to  illustrate the features of theoretical 

seismograms. In the following section, where the sensitivity of SmKS to properties of the 
outer core is examined, 1066B is employed only as a starting model. 

5.1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS K S  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA N D  SP(DIFF)KS 

Between 100" and 125", the saddle points of SKS on the real p axis range from 280 to 
175 s. An appropriate path of integration, shown in Fig. l(a), is deformed to  take account 
of the line of diffraction poles which emanate from the ray parameter of the core-grazing 
P wave (p = 255 s). The contribution of the residues thus included in the integration is not 
insignificant, and corresponds to P energy diffracted at the core -mantle interface which 
eventually travels through the core and is then refracted upwards in the mantle as S. The 
total body wave represented in the calculation is the combination of SKS and what may be 
called SP(diff)KS. The existence of SP(diff3KS has been noted before by Kind & Miiller 
(1975) when synthesizing SV body waves by the reflectivity method. However, the reflec- 
tivity method returns a multitude of reverberations from which the SP(diff3KS is an inferred 
arrival. The full wave theory, on the other hand, gives the advantage of actually seeing how a 
physical entity, SP(diff)KS, is directly related to the mathematical concept of diffraction 
poles. Fig. 6(top) attempts to illustrate a ray picture of these body waves. Two paths of 
SP(diff)KS are depicted in order to emphasize that an infinite number of such paths connect 
source and station. These paths travel partly as a P wave in the core and partly as a diffracted 
wave. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAll these possible paths have in common that the angular distance traversed by P(diff)K 
is constant. The p - A  relationship of SKS to SP(diff)KS, Fig. 7(a), shows that the latter is 
always a later arrival than SKS. 
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Theoretical seismograms zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof core phases zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

/ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

29 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
station 

SP,KS, 

i K  S mantle 

source 

- 
co re  

source 

core 
Figure 6 .  Top: SP(diff)KS begins as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS and ends as S. In between, the path is comprised of a diffracted P 
and a P propagating in the core. There are an infinite number of combinations of P(diff) and P rays in 
the core which traverse the same arc distance. Two such paths are shown. Bottom: SP(diff)S travels first 
as a shear wave and then is converted to a P(diff) wave. The latter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis eventually refracted upwards again as 
an S wave. 

255s 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
v) 

U 
0) 
0 
Q 

L - 106" A 

a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P 
/ 

255s 

h 
v) 

U 
0) v) - 

-26" A 
b) 

Figure 7. A diffracted ray has a constant real ray parameter as it propagates. (a) The p - -  A relationship of 
SKS and SP(diff)KS. (b) The p-  A relationship of ScS and SP(diff)S. Since the travel time is the area 
under a p A curve, it is obvious that SP(diff)KS arrives behind SKS, while SP(diff)S is a precursor to 
ScS. For p greater than the core grazing value of 255.0 s no diffracted energy arises. 

Theoretical seismograms are shown for several distances in Fig. 8. In the left column are 
the body-wave displacements. The ray with the critical ray parameter of 255.0 s traverses a 
distance of about 106". But the distance at which SP(diff)KS is visually separable from SKS 

is about 109". SP(difQKS can be followed more easily as distance increases. These displace- 
ments are convolved with an instrument response of a long-period 15-100 s seismograph 
and the results shown on the right column. The filtering effect of the instrument obscures 
the arrival of diffracted energy till about 112". When recognized as such, diffracted energy 
can easily be seen to arrive after SKS as distance increases. In practice, the most significant 
correction to displacement other than the instrument response is due to the finite source 
duration, which is characteristically 5 s for the earthquakes studied. Synthetic seismograms 
will be compared with observed seismograms in Figs 18 and 19, and the interpretation of the 
synthetic seismograms is reserved for later discussion. 
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292 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL. Choy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S K S  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
d i tp l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi i ns t ru  

10 n c  
t----+ 

100. 

103' 

106' 

109' 

1 1  2' 

116' 

120' 

123' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-t-- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure 8. Theoretical waveforms of long-period SKS for a source depth 551 km, using earth model 10668. 
In  the left column is the horizontal displacement of SKS for various distances. SP(diff)KS can be dis- 
tinguished beyond 112" but may be traced as far back as 106". The peak amplitudes of the displacement 
for all distances is normalized to the same height. If normalized to the fust record, the relative ampli- 
tudes would be: 1.00 at 100'; 0.30 at 103";0.52 at 106";0.27 at 109";0.37 at 112";0.38 at 116";0.33 
at 120'; and 0.30 at 123". In the right column are the seismograms of SKS, which are simply the displace- 
ments of the left column after being convolved with the instrument response of a 15 -100 s seismograph. 
SP(diff)KS can only be traced as far back as 112" (arrow) because of the filtering effect of the instrument. 

S K S  0.9, ; : 

\ 103' 
0.6.. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 

i 

H 
-1 

0.3.. 

Figure 9. (a) The amplitude spectrum of SKS as a function of frequency for several distances. Note that 
for A < 103", amplitude increases with increasing frequency. On the other hand, for 103" < A < 106", 
amplitude decreases as frequency increases. Beyond 106", the amplitude is modulated due to the proxi- 
mity of SP(diff)KS to SKS. (b) In order to compare the frequency dependence in the group delay for 
several distances, the travel-time ramp is first removed from the phase. This is equivalent to removing 
the ray theoretical group delay from the group delay given by full wave theory. The relative group delay 
that results is plotted as a function of frequency. (c) Phase delay as a function of frequency for several 
distances. 
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Theoretical seismograms of core phases zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
SKS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA293 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

112" 

Lrl 123" 

FREQUENCY (MILLIHERTZI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(b) 

S K S  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
20.0 

f 

FREQUENCY (MILLIHERTZ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(C) 

The amplitude spectra of SKS for several distances is shown in Fig. 9(a). Not only are the 
spectra obviously frequency dependent, but the character of the dependence varies. Starting 
at 107", as distance increases the modulation in each spectrum increases. This is caused by 
the onset of SP(diff)KS energy and its proximity to SKS. The curve for 120" displays clearly 
two properties of diffracted energy. First, its proximity to SKS causes modulation of its 
spectra. Second, diffraction is strongest for the lowest frequencies. Indeed, as frequency 
increases, the amplitude of the modulation decreases till the flat spectrum of ray theory is 
approached. Another characteristic of the SKS spectra can be distinguished by comparing 
the abrupt change in the relative amplitude of low frequencies to high frequencies at 
distances before the onset of diffracted energy. At less than approximately 103", the ampli- 
tude level at the low-frequency end of the spectrum is decidedly lower than the high-frequency 
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end. The opposite phenomenon, low-frequency amplitudes being greater than high-frequency 
amplitudes, is true for distances greater than 103" (but before the onset of diffracted 
energy). The reason for this behaviour is evident from studying the combined transmission 
coefficient TSKTKS (Fig. 2). The ray parameter 255 s is the value at which a mode-converted zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P wave is refracted supercritically at the core-mantle boundary. According to ray theory, 
there is not only a sharp jump in amplitude and phase near this value, but it is also supposed 
to be frequency-independent. For finite frequencies, the amplitude and phase of transmis- 
sion changes smoothly across the critical ray parameter. The frequency-dependence at less 
than roughly 255 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(A 103') shows distinctly that the finite low frequencies have greater 
amplitude than the high frequencies. The reverse is true of p roughly greater than the critical 
ray parameter. 

If frequency-dependence is ignored, defining the core-mantle discontinuity on the basis 
of SKS amplitudes could result in a gross misinterpretation. The observation of a smooth 
transition of amplitudes in SKS at finite frequencies would be interpreted by ray theory as 
the result of a smooth velocity gradient rather than a sharp one. Fortunately, a variety of 
other data (e.g. PcP, PKP) give complementary evidence that the core-mantle discontinuity 
is indeed sharp. Of course, this may not be the case in other regions of the Earth, such as the 
discontinuities of the upper mantle, for which there is not such a variety of complementary 
data. 

The assumption of frequency independence in the reflection/transmission coefficients of 
SKS may also have been a major defect in the method employed by Suzuki & Sato (1970) 
to determine Q for the outer core. Using SKS/ScS ratios, they obtained a Q for the outer 
core on the order of several hundred, whereas most other methods yield a Q of several 
thousand (Sacks 1971; Qamar & Eisenberg 1974; Cormier & Richards 1976). The seismo- 
grams of SKS that Suzuki & Sato (1970) showed were recorded at distances near 100". 
This is the range at which the magnitude of the transmission coefficients for SKS decrease 
for decreasing frequency - Fig. 8(a). Since Q is very sensitive to the amplitude of the low 
frequencies, compensating for this effect could well raise their estimate of Q. The SKS/ScS 
method must also take into account diffracted energy perturbing the waveform of SKS 

beyond 107", and significant diffracted energy preceding zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAScS between 30" and 40" (as 
described in the next section). Fortunately Q in the core can be determined in several ways 
(e.g. spectral ratios of P'P'/P and P7KPIP4KP). Such a variety of complementary techniques, 
however, may not be available for other regions in the Earth such as the upper mantle dis- 
continuities. The accuracy of Q in these regions might, therefore, suffer from the neglect of 
frequency dependence. 

The techniques of ray summing, picking differential arrival times and so on assume the 
stability of a waveform as propagation distance increases. These methods require choosing 
some feature (such as a peak or trough) as a reference point, especially where the first 
motion of a body wave is too ambiguous to be read. Two quantities were examined, the 
group delay, a@/&, and the phase delay, (l/o)(a@/aA), where @ is phase. In ray theory, 
these quantities are zero (since the ray arrival time is our choice of reference). Group delay 
is the slope of the phase spectrum and is a measure of the lead or lag of each frequency 
component in the waveform. In Fig. 9(b), the group delay of ray theory is subtracted from 
that of full wave theory and the resulting relative group delay is plotted as a function of fre- 
quency for several distances. At distances less than 106', the group delay of SKS deviates 
slightly from zero only at the low-frequency end, for which the non-ray theoretical interac- 
tion at the core-mantle boundary is expected to be pronounced. The group delay curves 
appear modulated beyond 106", where SP(diffy(S begins to appear with significant energy. 
Because diffraction is mostly a long-period phenomenon, the magnitude of the group delays 
approaches the ray theory value of zero as frequency increases. 
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Phase delay is an indication of changing waveform with distance. Apparent slowness, 
dT/dA, may differ from the ray theory slowness, p ,  in a frequency-dependent manner (John- 
son 1967): 

dT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 1 atJ 
- - p + -  -. 
d A  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw aA 

After subtracting out the ray theory value from apparent slowness, the resulting phase 
delays, ( l / o ) (a tJ /aA) ,  for SKS at different distances are plotted in Fig. 9(c). At all distances, 
the delays at h g h  frequencies tend to the ray theory value of zero by 0.5 Hz. The time- 
domain signals (Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8) show that the peak following SKS is due predominantly to SP(diff)KS. 
Since SP(diff)KS, has a different travel-time curve than zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASKS, its changing proximity to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASKS 
with each distance causes drastic changes in the shape of the phase delay curves at each 
distance in Fig. 9(c). 

In the numerical integration the contributions of SKS and SP(diff)KS cannot be readily 
separated. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAn idea of how the group and phase delays of SKS by itself behave can be seen at 
distances before SP(diff)KS develops ( A  < 106"). Frequency dependence of amplitude and 
phase is seen to be strongest at less than 0.20 Hz. At less than 0.20 Hz group delay deviates 
from ray theory by less than 1 s, so ray theoretical assumptions of choosing the arrival time 
of long-period SKS are not gravely affected by frequency dependence. Phase delays at less 
than 0.20 Hz deviate' as much as 10 s from ray theory and might produce an error in phase 
velocity as high as 1 km/s. Note that the passband of WWSSN long-period seismographs 
favours frequencies less than 0.20 Hz. 

5.2 S H O R T - P E R I O D  S K S  

Attenuation, scattering, and crustal response of very fine structure cannot be readily ignored 
in the synthesis of short-period seismograms. The displacement of SKS is synthesized in the 
left column of Fig. 10. The theoretical seismograms (right column, Fig. 10) are obtained by 
passing the displacements through the instrument response of a 1 -0.75 s seismograph, 
typical of the short-period WWSSN seismograph. SP(diff)KS is a persistent feature between 
107" and 114". Since the energy of diffraction favours the low frequencies much more than 
the high frequencies, it is not surprising that short-period SP(diff)KS does not persist for as 
great a distance as long-period SP(diff)KS. Observed short-period seismograms (Fig. 1 l), 
unfortunately, contain coda of such complication and variable duration that any identifi- 
cation of SP(diff)KS is very dubious without array techniques. 

Any synthesis of short-period SKS must explain the highly variable character of the initial 
pulse shapes of each record in Fig. 11. For example, the time width of the first pulse of SKS 
at some stations (e.g. BLA) can be twice that at other stations (e.g. QUE). Another charac- 
teristic that varies with each record is the relative amplitude of the first peak of SKS to the 
second peak. At some stations the first peak is higher, while the reverse is true at other 
stations. These variations in pulse shape are distributed in no consistent pattern with 
distance or azimuth. Thus, they are not likely due to source effects (e.g. complex rupturing), 
radiation pattern or finite source duration. 

Nevertheless, it is interesting to examine the effect of different source functions on the 
short-period displacements of SKS. While satisfactory for long-period SKS, the 5-s box-car 
is a woefully inadequate directivity function for short-period SKS -- Fig. 12(a). The stopping 
phase is enormous and certainly not seen in the actual seismograms. The application of other 
time functions to the same seismogram is shown in Fig. 12(b) and (c). With the appropriate 
source function, a large range of relative heights between the first and second peaks of the 
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296 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG. L. Choy 

2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs e c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
103" 

106' 

1 0 7 "  

108" 

109" 

110" 

I I l o  

113" 

116"  

1 1 8 "  --+-- -,*I 

Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10. Short-period records of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASKS, using model zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1066B. In the Fourier inversion we use 32 frequency 
components with a Nyquist frequency of 4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHz. In the left column are the horizontal displacements. In 
the right column are shown the displacements after they have been passed through the instrument 
response of a 1-0.75 s seismograph which is typical of the WWSSN short-period instruments. 

2 sec S K S  ( d e p t h  551 km) 
C t  

ATL 1069" 

BLA 1 1 1  0 "  

PO0 1 1  1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6" 
SJG 118.0' 

QUE 120 7"  

Figure 11. Short-period seismograms of SKS from WWSSN stations for the earthquake of 1971 November 
20, depth 5 5 1  km. In each case, the east- west component is shown because it is the more radial of the 
horizontal components. Note that the initial pulse shape is very variable. For example, the pulse width of 
the initial pulse at BLA and PO0 is nearly twice the duration of that found in the records of SJG or ATL. 
The relative heights between the peaks of the initial pulse are also very variable (e.g. compare ATL with 
Q U O  

SKS pulse can be obtained. In no case, however, does it seem likely that convolving with the 
time function could broaden the time width of the pulse, which is required at some stations. 

Attenuation is not a likely explanation for variations in pulse width. Simulations of 
attenuation effects on short-period body waves (Mereu, Simpson & King 1974; Kennett 
1975) claim to show that the primary effect of introducing non-dispersive finite Q in the 
upper mantle is to reduce the overall amplitude of a body wave. Even if material dispersion 
does occur, pulse broadening would only be around 1 s (Gladwin & Stacey 1974, equation 
(1)) and the relative height of the first two peaks would remain almost unchanged. 
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Theoretical seismograms zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof core phases zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA297 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsec 
+ +  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA12. The effect of different source functions on a theoretical 

Y 
record of short-period SKS at 106". - 

The top record on the right shows the original theoretical seismogram. Beneath it are the seismograms 
which result after applying different source functions. In the left column are the source functions which 
are used: (a) a box-car, (b) an exponentially decaying function (Haskell 1964); (c) two parabolic func- 
tions (Sato & Hirazawa 1973). The relative height of the first two peaks of SKS can be made to vary 
greatly with the appropriate source function. 

Crustal reverberations might explain the random distribution of pulse widths and peak 
amplitudes. Reverberations arriving at the time of the second peak of SKS might add 
constructively or destructively to result in records with peaks of varying heights. The proper 
constructive interference might also give the appearance of doubling the width of the first 
half cycle of the SKS pulse. 

An arrow at the seismogram from ATL (Fig. 11) points to what may be a precursory 
arrival to SKS. It is not likely to be caused by scattered S energy because of its early arrival 
time. It must arise from mode conversion of SKS to a faster velocity P wave at some point 
along the propagation path. The conversion might originate from structure near the source 
or receiver. An S to P mode conversion at the receiver crust can be ruled out for two reasons. 
First, a search of the observed records showed no arrivals on the vertical component at the 
time of the precursor, which implies it is mostly S energy. Second, any reverberation at the 
receiver of predominantly S energy can be excited only by the arrival zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo€SKS. Thus, the 
reverberation can arrive no earlier than the initial SKS pulse. Upper mantle discontinuities 
near the source are not probable causes, since the ray of SKS takes off steeply, and P-wave 
conversion is only slight for rays incident near normal to radial discontinuities. Since the 
source is deep, one remaining possibility is that a P wave at the source was mode-converted 
to S at the boundary of the descending slab, which is a discontinuity inclined from the 
vertical. In Corroboration of this hypothesis is a tendency in the data for precursory arrivals 
(which have no vertical component) to be seen at stations on one side of the slab, but to be 
absent at stations on the other side of the slab. 

5.3 ScS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA N D  SP(D1FF)S zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
ScS has no turning point, so a path of integration, Fig. l(b), is oriented roughly normal to 
that used for body waves with turning points. However, as in the case of SKS, the contour 
takes account of the contribution of the diffraction poles near the real p of 255.0 s. At 
some distances, the contribution of the residuals included in the integration is not insigni- 
ficant and the total body wave thus represented in the calculation is the combination of ScS 

and what may be called SP(diff)S. Fig. 6 (bottom) is a schematic of the rays ScS and 
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298 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG. L. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAChoy 

SP(diff)S. The p - A  relationship of ScS to SP(diff)S shows that the latter is always a pre- 
cursor to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAScS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- Fig. 7(b). 

Theoretical seismograms of ScS between 20" and 50" are shown in Fig. 13. For a depth 
551 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAkm, the theoretical distance where the mode-converted zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP wave grazes the top of the 
core is about 27". It is not, however, until about 30" that SP(diff)S arrives sufficiently in 
front of ScS to be distinguished from it. The amplitude of SP(diff-)S decreases steadily till 
i t is no longer visible beyond approximately 42". The influence of instrument correction on 
the displacement is to spread the precursory pulse out and into the arrival of ScS. In the 
distance range 3Oo-4O0, SP(diff)S zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt ScS arrive at the same time as a multitude of other 
arrivals (e.g. sS, SS, SSS and Rayleigh waves). Because of the complicated interference 
of body waves, no satisfactory observations of SP(diff)S were found. Array stacking would 
be one way of verifying the existence of SP(diff)S in actual data. 

s c  s 

20,sec + 

d i s p l  * i n s t r u  

Figure 13. Theoretical seismograms of long-period ScS for a source depth 551 km using model 1066B. In 
the left column are the horizontal displacements of ScS for several distances. The maximum amplitude of 
each record is normalized to the same height. If normalized to the f i s t  record, the relative heights would 
be: 1.00at 20°;0.84at 2S0;0.47at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA30";0.45at32" ;0.45at34" ;0.43at36" ;0.44at38" ;0.43at40" ;  
0.45 at 45'; and 0.49 at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA50". In the right column are the same displacements after being corrected for the 
instrument response of a 15-100 s seismograph. 

5.4 S K K S  A N D  S m K S  ( m  2 3 )  

Between 100" and 125", the saddle points of SKKS on the real p axis range from 408 to 
360 s. The saddle points of the higher order multiples of SmKS are all squeezed between 
437.5 and 417 s. Suitable paths of integration are shown in Fig. l(c). For low frequencies 
( f ~  0.25 Hz) the path must enclose diffraction poles associated with the ray parameter of 
the core-grazing S wave. For high frequencies ( f>  0.25 Hz), contributions to the displace- 
ment integral become negligible long before the integration path comes near the diffraction 
poles. Thus, a shorter path of integration (Fig. l(c), dashed line) may be chosen to reduce 
computation time. 
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Theoretical seismograms of core phases zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
SmKS,  m.2 to 10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA299 

2 p s e 4  

T o t a l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
m = 2  

3 

4 

5 

6 

7 

8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9 

10 

d i s p l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A 
h zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
__sL___ 

s i n s t r u  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure 14. The relative amplitude of the waveforms of S2KS to SlOKS are compared for a record at 116" 
with source depth 551 km. The fust record in the left column is the horizontal displacement of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASmKS 
summed from m = 2 to m = 15. Beneath it are its components from m = 2 to m = 10. For m 2 5 ,  the 
amplitudes of the waveforms are so small that they have to be multiplied by a factor of three or five in 
order to be seen. In the right column are the seismograms, which are the displacements convolved with 
the instrument correction of a 15-100 s seismograph. 

The relative amplitudes and waveforms of S2KS to SlOKS are shown in Fig. 14. The 
body-wave displacements (left column) and the seismograms (right column) show that S2KS 

has the largest amplitude of the group. S3KS and even S4KS are significant, but the succeed- 
ing multiples are so small that they must be magnified three to five times in the figure to 
make them visible. Summing the contribution of S2KS to SISKS produces an adequate 
displacement record. The addition of more multiples produces no perceptible effect on the 
body-wave displacement. 

Theoretical seismograms of SmKS ( m  > 2) are shown in Fig. 15. The displacement (left 
column) shows that SKKS always has an emergent onset, caused by its touching an internal 
caustic during propagation through the Earth. S3KS and S4Ks begin to emerge from the 
coda as distance increases but their identity is obscured after the displacements are passed 
through the response of a long-period seismograph (right column). Comparison of synthetic 
and actual seismograms (Figs 18 and 19) is discussed in the next section of this paper. 

Fig. 16 shows that, as frequency increases, SKKS tends asymptotically to a DC level for 
amplitude and to  nearly zero for group delay and phase delay. The approximate point in the 
low-frequency end of the spectra at which amplitude and phase begin to deviate noticeably 
from ray theoretical values is governed by the proximity of the turning points of SmKS to 
the core-mantle boundary. To see why this is so, note that the transmission coefficients of 
SmKS are (TsK TKs)RFi  so the combined transmission coefficient of Fig. 2 is applicable 
to describe SmKS behaviour. At roughly p = 390 s in Fig. 2, the finite frequencies begin to 
deviate from the plane-wave coefficients. This corresponds to a distance of about 112' for 
SKKS. Indeed, for A 2 112" (or p G 390 s), the amplitude and phase delay of SKKS is 
nearly frequency-independent. Yet at distances less than 112', the spectra of SKKS display 
marked frequency dependent behaviour in the low-frequency end of the spectra. The curves 
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3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA00 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3.5" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

G. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAChoy 

\ \I, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAl o ' "  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

SmKS 

d i s p l  x i n s t r u  
20 .ec 

+ t  

L looo . -,- 

103' 

106' 

109' 

1 1  2' 

116' 

1 20° 

123' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-7; *-- 
-w-- 

Figure 15. Theoretical waveforms of long-period SmKS (m > 2) for a source depth of 551 km, using 
model 1066B. In the left column are the horizontal displacements of SmKS for several distances. The 
maximum amplitude of each record is normalized to that of the first record. S3KS and even S4KS can be 
seen to separate themselves from SKKS as distance increases. In the right column, these displacements 
have been convolved with the response of a 15-100 s instrument to give the theoretical seismograms. The 
filtering effect of the seismograph obscures the distinctness of S3KS and S4KS. 

4m01-=---l 
W 
0 
2 
H 
_I 

3 < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 3.01 \\ 'I2 I 

116' 123 2-51 . 
0 5 0  Irn 150 260 250 m m  
FREQUENCY (MILLIHERTZ) 

(a) 

Figure. 16. (a) The amplitude spectra of SKKS as a function of frequency for several distances. For SKKS 
with ray parameter greater than 390 s (A < 112"), the low-frequency end of the spectrum is noticeably 
affected by the frequency dependence of the reflection/transmission coefficients. (b) The group delay as 
a function of frequency of SKKS for several distances, calculated as described in Fig. 9(b). (c) Phase delay 
of SKKS as a function of frequency for several distances. 
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Theoretical seismograms zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof core phases zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

L3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

301 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.5.. 

0 0.. 

FREQUENCY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(MILLIHERTZ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(b) 

Ln 
Ln w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Z 
3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.0.. 

2 - 0.. 

1.0.. 

-0.9 O a O i  

-1.9L 
0 

' 116" 

FREQUENCY (MILLIHERTZ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(C) 

for higher multiples of SmKS are similar to that of SKKS, differing only in that the 
frequency dependence gradually shifts to higher frequencies. The turning points of S3KS, 
for instance, happen to be much more near the core-mantle boundary than SKKS for a 
given distance, so the amplitude spectra of S3KS curve upward at a higher frequency than 
SKKS (Fig. 17). 

Though the integration path of SmKS encloses the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS diffraction poles, no modulation in 
the amplitude and phase comparable to that which affected SKS is seen for SKKS or S3KS. 
Thus, we conclude that body waves of the type S(diff)mKS(diff) are not significant. 
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302 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2.0.. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1.0.. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

G. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL. Choy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
123'  

W zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 
F- 

-I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
EZ < 

H 

a 

S 3 K S  

3-0a 

0.01 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 5 0  I60 I50 260 250 360350 460 450 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 

FREQUENCY (MILLIHERTZ) 
I 

Figure 17. The amplitude spectra of S3KS for several distances. Between 100" and 125', S3Ks has real 
ray parameters greater than 417 s. Thus, all amplitude spectra in this figure exhibit pronounced non-ray 
theoretical behaviour at the low frequencies. 

6 Discussion 

6.1 N A T U R E  O F  THE CORE-MANTLE B O U N D A R Y  INFERRED FROM S m K S  

SEISMOGRAMS 

It has been shown the velocity constraints on the top few hundred kilometres of the outer 
core are lacking because the travel-time data of higher order multiples of SmKS are largely 
inaccessible. For these body waves, the analysis of synthetic seismograms is a promising 
means of exploiting the total information present in the waveforms. Fig. 18 compares actual 
data from two deep earthquakes with long-period theoretical seismograms computed with 
model 1066B. The gross features of the actual seismograms are indeed replicated by the 
synthetics. For instance, knowing that SP(diff)KS exists, one can follow the separation of 
the secondary peak of SKS with increasing distances. Also, once it is known that S3KS can 
sizeably influence the coda of SKKS, its progress can be followed with distance as well. 
But it is through the incongruences between the observed and theoretical displacements that 
the deficiencies of a given model can be unearthed. There are two obvious discrepancies in 
the seismograms computed from 1066B. First, the time measured between peaks of SKS and 
SKKS is not the same for the synthetic and actual records. This causes some difficulty in 
aligning them. The discrepancy becomes noticeable near 114" and worsens with increasing 
distance. The second type of discrepancy appears in the coda of SKKS, which is in fact the 
sum of the higher multiples of SmKS. The interference pattern of higher multiples beyond 
114" displays a prominent bump behind SKKS in the synthetic records which finds no com- 
parative feature in the observed records. 

The gross features of currently accepted earth models are in remarkable agreement, dif- 
fering only where fine structure is concerned (Dziewonski 1976). The most significant such 
region encountered by SmKS body waves from deep earthquake sources is the core-mantle 
boundary. Since velocities and densities at the base of the mantle and the top of the core are 
yet to be satisfactorily constrained (Bolt 1972), the resolution of the discrepancies described 
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Figure 18. Observed records (dotted lines) obtained from long-period WWSSN stations are compared to 
synthetic records (solid lines) computed from model 1066B. the records are not aligned using the absolute 
arrival time predicted by an earth model with the arrival time of the observed body waves. Rather, we 
superimpose the actual and synthetic records till the best visual alignment between the first peaks of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASKS 
and SKKS is obtained. This avoids the necessity of correcting for any baseline error (Jordan & Anderson 
1974). We emphasize that the time interval between the peaks of SKS and SKKS should be called a 
reference travel time rather than a differential travel time. Remember that the waveform of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASKKS is 
phase distorted upon touching an internal caustic. (a) Record sections for the earthquake of 1971 
November 20, depth 551 km and mb 6.0. All observed seismograms are the east-west components, which 
are nearly radially oriented with respect to the epicentre. (b) Records for the earthquake of 1973 July 21, 
depth 41 1 km, mb 5.9. Again, the east-west components are shown because they are oriented practically 
in the radial direction with respect to the epicentre. 
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above is expected to contribute most to the understanding of this boundary. We would like 
to determine what properties a model of the core-mantle boundary must have in order that 
its theoretical seismograms correlate satisfactorily with actual records. Unfortunately, the 
theory of body-wave pulse propagation is not yet advanced to permit the application of 
generalized inverse theory. Rather than test an innumerable number of feasible models, we 
adopt the following strategy: a starting model (1066B) is chosen, a velocity or density is 
varied slightly in a narrow region of the earth (with all other parameters being held constant); 
and the sensitivity of the entire seismogram to each slight change is evaluated visually. For 
example, to test the importance of the velocity in the top 200-km of the outer core, new 
velocities would be inserted at the appropriate radii in the starting model. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAll the other 
values of density and velocity in the earth model would remain fixed. The sensitivity of this 
change is judged by comparing the waveforms predicted by the new model with those of the 
starting model, as well as with those of the actual data. 

The number of perturbations for the parameters that we test is so numerous that in lieu 
of listing the velocity and density profiles of each model, we merely state qualitatively the 
type of changes that are to be examined. For zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS velocities, different gradients (negative, 
positive and zero) are tested in the 200-km at the base of the mantle or the top of the core. 
Each gradient is tried twice, once with velocities higher and then with velocities lower than 
that found in the original 1066B at the same radius, though the magnitude of the velocities 
never differ by more than 0.2 km/s from the original 1066B values for the same radius. 
Similarly, various gradients of density are tested for the 200-km on either side of the core. 
The density values do not differ from the 1066B values by more than 0.2g/cm3 in the 
mantle and not more than 0.5 g/cm3 in the core. To reduce the number of combinations we 
must consider, the core radius for each perturbation of 1066B is kept fixed at 3485 km, 
which is the best radius for the core indicated by current travel-time and normal mode data 
(Dziewsonki zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Haddon 1974). 

The results of testing each type of perturbation in long-period seismograms is summarized 
below: 

(a) Virtually no changes in waveform of the coda behind SKKS is produced by any of the 
earth models in which P or S velocities at the base of the mantle are vaned. For S velocities, 
the reason for the insensitivity is that all SmKS rays, by virtue of their steep takeoff angles, 
traverse nearly the same path in the mantle. Consequently, each multiple reflection suffers 
nearly the same amplitude and phase modification irrespective of what S velocities are used. 
When P velocities are perturbed, the only significantly affected component of the SmKS 
body waves is SP(difQKS, which, of course, is not a part of the coda behind SKKS. 

(b) In contrast to the above, dramatic changes in waveform accompany minute pertur- 
bations in the P velocities of the outer core. For instance, the prominent bump in the coda 
behind SKKS, which was a disturbing prediction of 1066B for seimograms at distances 
greater than 114" (Fig. 18), no longer appears in the theoretical seismograms of Fig. 19. 
The latter seismograms are generated from a model, 1066B', in which the P velocity of 
1066B is replaced with the corresponding velocities of the JB model in just the upper 
200-km of the outer core (see Table 4). The JB velocities are faster than the 1066B velocities 
at the same radius, but never by more than 0.1 km/s. The sensitivity of the waveforms to 
such minute perturbations is not surprising. We can imagine from Fig. 4 that as the order of 
SmKS increases, the rate at which the turning points approach the core-mantle boundary is 
initially very rapid. For instance, at 125', the turning point of SKKS is about 350 km from 
the top of the core; that of S3KS is about 200 km; that of S4KS is about 75 km; and so on. 
Thus, the propagation paths of the first several multiples of SmKS, while almost identical in 
the mantle, sample quite different regions of the core. 
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Figure 19. Observed records of Fig. 18 are now compared to the synthetic seismograms computed from 
model 1066B' (Table 4). (a) Records for the earthquake of 1971 November 20. (b) Records for the earth- 
quake of 1973 July 21. 

Table 4. The synthetic seismograms of Fig. 19 are generated by using a modified model of 1066B, 
denoted as 1066B'. It is obtained by merely replacing the velocities in the upper 20@ km of the outer 
core of model 1066B with the velocities of the JB model. The new velocities are higher than the original 
ones, though the gradient is actually smaller in the JB model. Densities remain unchanged. (Note that the 
radius of the core in the JB model is at 3473 km, while that of the 1066B model is at 3485 km.) 

Layer No. Radius P velocity P velocity Density 
(km) (km/s) 1066B (km/s) 1066B' (g/cm') 

66 
65 
64 
63 
62 

3485.5 7.967 8.10 9.971 
3414.1 8.110 8.18 10.088 
3343.1 8.243 8.26 10.189 
3272.2 8.368 8.35 10.280 
3201.3 8.489 8.489 10.365 
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306 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG. L. Choy 

(c) No visible changes in the relative time measured between the first peak of SKS and the 
first peak of SKKS are seen in any of the theoretical seismograms computed from models 
with perturbations of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS velocity at the base of the mantle. The reasons for the 
failure to produce a change are similar to the reasons why the coda of SKKS is insensitive 
to mantle velocities. By traversing nearly the same paths in the mantle SKS and SKKS 
sample the same S velocity profde and so maintain nearly the same temporal relationship 
with each other. Furthermore, only the P(diff) part of SP(diffy(S is significantly affected 
by a change in the mantle P velocities. However, the propagation distance of P(diff) is too 
brief for significant differences in propagation phase to develop when applying models with 
only slight velocity differences. 

(d) The relative time between the first peaks of SKS and SKKS is, on the other hand, very 
sensitive to the P velocity in the outer core. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs an example, we again compare the seismo- 
grams generated from 1066B' (Fig. 19) and the seismograms generated from 1066B (Fig. 
18). The relative times predicted by 1066B' agree with the actual data better than do the 
synthetic records of 1066B. The reason for the sensitivity is that the propagation paths in 
the core of SKS and SKKS are sufficiently different that the temporal spacing between the 
two body waves may rapidly differentiate with even small changes in the velocities of the 
outer core. Note that beyond 120' the relative time between peaks in Fig. 19 still disagrees 
with the actual data. Beyond this distance, the turning points of SKKS is so deep that the 
ray samples portions of the core whose velocities have not yet been tested. It may be that 
higher velocities are required for perhaps the upper 300-km of the outer core instead of the 
200-km modified thus far in 1066B'. 

(e) Neither the waveform nor the arrival time of SP(diffy(S is sufficient to determine 
whether the P and S velocity gradients at the base of the mantle are negative or positive. The 
waveform of SP(diff)KS is not sensitive at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAall to any P and S velocity perturbations at the 
base of the mantle or the top of the core, for the reason that the propagation distance of 
P(diff)K in the vicinity of the core-mantle boundary is too brief to allow noticeable differ- 
ences to develop when using models with only slight velocity differences. Furthermore, by 
arriving behind SKS, the arrival time of SP(diffy(S is always indiscernible and unusable. 

( f )  Perturbations up to 5 per cent of the original density on either side of the core -mantle 
boundary have no effect whatsoever on the waveforms or arrival times of SmKS. 

In summary, we have identified the velocities of the outer core as the strongest con- 
straints on the waveforms of SmKS. An impressive match of synthetic and actual seismo- 
grams has been presented in Fig.. 19. Though not a unique model by any means, 1066B' 
serves a purpose in pointing out the direction a final earth model must adopt for the outer 
core. Namely, the velocities of 1066B and most earth models recently proposed for the 
outer core are presently too low and higher values such as those given by the JB model are 
required for the outer 200-300 km of the core. Though the velocities of 1066B' are higher 
than in 1066B, the gradient in 1066B' that we find satisfactory is of course smaller than in 
1066B. Such a lower velocity gradient may diminish the importance played by stable strati- 
fication in inhibiting the regeneration of the Earth's magnetic field by a dynamo. 

Though we have been unable to determine whether a negative or positive velocity 
gradient for P or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS velocity exists at the base of the mantle, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> general comment can still be 
made regarding the ray theory assumptions underlying most velocity inversion schemes. The 
curves of Figs 9(c) and 16(c) show that the phase delay at frequencies less than 0.5 Hz 
is strongly frequency dependent. This means that a great portion of the frequency content 
of a long-period body wave is to some extent frequency dependent. If the dT/dA's of SKS, 
for example, had been interpreted by ray theory, an overestimate of phase velocity of as 
much as 1 kmls at 103' would have resulted. Some investigations of S(diff) required a nega- 
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