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Abstract. The objective of this paper is to investigate the self-synchronization of two homodromy 
rotors coupled with a pendulum rod in a far-resonant vibrating system. Using the average method 
and revisionary small parameters, we derive the dimensionless equation of the 
self-synchronization criterion and synchronous stability of the vibrating system. Meanwhile, to 
prove the correctness of the theoretical analysis, the diversity feature of the vibrating system is 
simulated numerically. Both results of theoretical analysis and numerical simulation show that 
increasing the length of the pendulum rod or decreasing the mass of the rotor connected with 
pendulum rod can ensure the self-synchronization and synchronous stability of two homodromy 
rotors in the vibrating system. 
Keywords: self-synchronization, vibrating system, synchronous stability, pendulum rod. 

1. Introduction 

Synchronization phenomena can be easily found in nature, such as fish swimming in same 
direction, the earth motion rotating around the sun, film synchronizing sound, etc. The 
synchronous regime arises due to natural properties of the processes themselves and their natural 
interaction. Since Hugenii [1] studied the synchronization of the clock on a ship in 1673, his work 
have attracted the attention of many scientists, i.e., synchronization in acoustic and 
electro-acoustic system was discovered by Raleigh [2] at the nineteenth century, and Pol [3] 
observed the synchronization of certain electrical-mechanical system. They called 
synchronization as ‘frequency capture’ or ‘frequency synchronization’. 

A well-known example is frequency synchronization of oscillating or rotating bodies, which 
is called self-synchronization. In the 1960s, Blekhman [4-5] studied the self-synchronization 
theory of mechanical rotors in the stand point of nonlinear science and wrote some monographs 
related to the synchronization. Later, Blekhman [6-7] investigated controlled synchronization of 
two vibroactuators based on a speed-gradient. Wen and Zhao [8] applied such synchronization 
theory to engineering and proposed the utilization engineering of vibration, and many 
self-synchronous vibrating machine were invented at the same time. Recently, considering the 
variable parameter of angular velocity of motors they proposed the small parameter and averaging 
method by revising Blekhman’s method, meanwhile, Wen and Zhao employ this method and 
experiments to investigate the synchronization of rotors of different vibrating systems [9-14]. In 
addition, Balththazar [15-16] et al. dealt with self-synchronization of two and four non-ideal 
exciters. The aforementioned investigation are mainly for the synchronization of rotors or exciters 
in vibrating system, and the phenomenon of the synchronization of the pendulum rods hanging on 
a common moveable has became a research subject by a number of authors recently [17-21]. 

In this paper we consider the self-synchronization of two homodromy rotors coupled with a 
pendulum rod in a far-resonant vibrating system, which is devoted to design and analysis of the 
self-synchronization system for mechanical system with two rotational, one pendular and one 
translational DOF. Such a configuration represents one possible simplified model of a 
rotor-pendulum-mass vibrational unit. Because of the complex nonlinear dynamics it is difficult 
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to study its behavior analytically, and numerical simulation becomes the only tool for the 
investigation. The key to investigate theory of synchronization for such system on a rigid platform 
is that the coupling characteristics between the rotor and the pendulum rod must be perfectly 
understood, and this is beneficial to invent new type of vibrating screens. 

This paper is organized as follows. Section 2 describes the considered model and motion 
equations of the vibrating system. In Section 3 we derive the self-synchronization criterion and 
the stability of self-synchronous state. Section 4 presents the results of our numerical simulations. 
Finally, we summarize our results in Section 5. 

2. The dynamic model 

The basic specifics of both the formulation and solution of the synchronization problem for 
the vibrating system, as well as many features of the phenomenon, may be discovered by using 
the simplest model related to self-synchronization of debalanced rotors located on an absolutely 
rigid platform with one degree of the freedom (see Fig. 1). The rigid platform is movable in the ݕ-direction, but fixed in the ݔ݋-axis. The platform is connected with the foundation by an elastic 
element (stiffness coefficient ݇௬) and a linear damping element (resistance coefficient ௬݂). One 
unbalanced rotor is directly fixed on the platform and the other is mounted on a rigid pendulum 
rod. The axes of all the unbalanced rotors driven by identical induction motors are perpendicular 
to the plan of ݕݔ݋. The pendulum rod is connected with the platform by a torsion elastic element 
(torsion stiffness coefficient ݇ఝ ) and a linear damping element (resistance coefficient ఝ݂ ). 
Displacement ݕ  of the platform from a position corresponding to the unconstrained elastic 
elements, displacement ߮ଷ  of the pendulum rod from a position corresponding to the 
unconstrained torsion elastic element, and rotor rotation angles ߮ଵ  and ߮ଶ , counted from the ݔ݋-axis direction in an anticlockwise direction, are assigned as generalized coordinates of the 
system. Then expressions for kinetic and potential energy of the system can be written as follows: 

ܶ = 12 ݉଴ݕሶ ଶ + 12 ݉ଵ[(−ݎ ሶ߮ ଵsin߮ଵ)ଶ + ሶݕ) + ݎ ሶ߮ ଵcos߮ଵ)ଶ]    + 12 ݉ଶ[(−ݎ ሶ߮ ଶsin߮ଶ + ଷݎ ሶ߮ ଷcos߮ଷ)ଶ + ሶݕ) + ݎ ሶ߮ ଶcos߮ଶ − ଷݎ ሶ߮ ଷsin߮ଷ)ଶ]
    + 12 ݉ଷ[(ݎଷ ሶ߮ ଷcos߮ଷ)ଶ + ሶݕ) − ଷݎ ሶ߮ ଷsin߮ଷ)ଶ] + 12 ෍ ௜ଷܬ

௜ୀଵ ሶ߮ ௜ଶ,  (1) 

where ݉଴ is the mass of the platform, ݉௜ and ܬ௜ (݅ = 1, 2) are the mass and inertia moment of 
unbalanced rotor ݅ about the axis passing through its center of mass, respectively. ݉ଷ and ܬଷ are 
the mass and inertia moment of the induction motor about the axis passing through its mass center, 
respectively. ݕ is the vertical displacement of the platform from the equilibrium position. ݎ is the 
eccentricity of unbalanced rotors. ݎଷ is the length of the pendulum rod. Symbols ൫ ሷ ൯ and ൫ ሶ ൯ 
denote ݀ଶ ⁄ଶݐ݀  and ݀ ⁄ݐ݀ , respectively: 

ܸ = 12 ݇௬ݕଶ + 12 ݇ఝ߮ଷଶ. (2) 

The viscous dissipation function of the system can be expressed in form: 

ܦ = 12 ௬݂ݕሶ ଶ + 12 ଵ݂ ሶ߮ ଵଶ + 12 ଶ݂ ሶ߮ ଶଶ + 12 ఝ݂ ሶ߮ ଷଶ, (3) 

where ଵ݂ and ଶ݂ are bearing friction of rotors 1 and 2, respectively. 
The Lagrange equation is: 
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ݐ݀݀ ሶ௜ݍ∂ܶ∂ − ∂(ܶ − ௜ݍ∂(ܸ + ሶ௜ݍ∂ܦ∂ = ܳ௜ , (4)

where ݍ௜  is the generalize coordinates of system. ܳ௜  is the generalize non-conservative forces, 
which can be written by: ܳ௜ = [0 ௘ܶଵ ௘ܶଶ 0]் , (5)

where ௘ܶଵ and ௘ܶଶ are driving toque of induction motor 1 and 2, respectively. 
Substituting Eqs. (1)-(3) and (5) into Eq. (4) yields the dynamics equations of the vibrating 

system as follows: 

۔ۖۖەۖۖ
ሷݕܯۓ + ௬݂ݕሶ + ݇௬ݕ = ቆ ݉ଵݎ( ሶ߮ ଵଶsin߮ଵ − ሷ߮ ଵcos߮ଵ) + ݉ଶݎ( ሶ߮ ଶଶsin߮ଶ − ሷ߮ ଶcos߮ଶ)+݉ଶݎଷ( ሷ߮ ଷsin߮ଷ + ሶ߮ ଷଶcos߮ଷ) + ݉ଷݎଷ( ሷ߮ ଷsin߮ଷ + ሶ߮ ଷଶcos߮ଷ)ቇ ଴ଷܬ, ሷ߮ ଷ + ఝ݂ ሶ߮ ଷ + ݇ఝ߮ଷ = ൬݉ଶݎଷ[ݎ ሷ߮ ଶsin(߮ଶ + ߮ଷ) + ݎ ሶ߮ ଶଶcos(߮ଶ + ߮ଷ)]+݉ଶݎଷݕሷsin߮ଷ + ݉ଷݎଷݕሷsin߮ଷ ൰ ଴ଵܬ, ሷ߮ ଵ + ଵ݂ ሶ߮ ଵ = ௘ܶଵ − ݉ଵݕݎሷcos߮ଵ,ܬ଴ଶ ሷ߮ ଶ + ଶ݂ ሶ߮ ଶ = ௘ܶଶ − ݉ଶݕ]ݎሷcos߮ଶ − ଷݎ ሷ߮ ଷsin(߮ଶ + ߮ଷ) − ଷݎ ሶ߮ ଷଶcos(߮ଶ + ߮ଷ)],

 (6)

where ܯ = ∑ ݉௜ଷ௜ୀ଴ ଴ଵܬ , = ଵܬ + ݉ଵݎଶ, ܬ଴ଶ = ଶܬ + ݉ଶݎଶ and ܬ଴ଷ = ଷܬ + ݉ଶݎଷଶ + ݉ଷݎଷଶ. 
As moments of inertia ܬ௜ (݅ =1, 2, 3) about the axis passing through their mass center are far 

less than ݉ଵݎଶ,  ݉ଶݎଶ  and ݉ଶݎଷଶ + ݉ଷݎଷଶ,  respectively, we denote ܬ଴ଵ ≈ ݉ଵݎଶ,  ܬ଴ଶ ≈ ଶܬ + ݉ଶݎଶ, ଴ଷܬ  ≈ ݉ଶݎଷଶ + ݉ଷݎଷଶ  for the following theoretical analysis and numerical 
simulation. 

 
Fig. 1. Dynamics model of the vibrating system 

3. Self-synchronization of two rotors and stability of self-synchronous state 

Let the average phase angle and the rotation velocity of two unbalanced rotors be ߮ and ߱௠ 
when the vibrating system operates in the steady state. We obtain: 

߮ = ߮଴ + න ߱௠௧
௧బ (7) ,ݐ݀(ݐ)

where ߮଴ is an initial phase angle of rotors at the time ݐ଴. 
As shown in Fig. 1, assuming the average phase and the phase difference of the two unbalanced 

rotors to be ߮ and 2ߙ, respectively, we have: 
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ቄ߮ଵ = ߮ + ଶ߮,ߙ = ߮ −  (8) .ߙ

Therefore, the average mechanical angular velocity of the two rotors is ሶ߮ . Due to the periodical 
motion of this vibrating system, the mechanical angular velocities of the two rotors changes 
periodically. If the least common multiple period of the two motors is supposed to be ଴ܶ, the 
average value of their average angular velocity could be considered as a constant [9]: 

߱௠଴ = 1ܶ଴ න ߱௠௧ା బ்௧ .ݐ݀(ݐ) (9) 

Assuming the instantaneous fluctuation coefficients of ሶ߮  and ߙሶ  are ߝଵ and ߝଶ, respectively. ߝଵ 
and ߝଶ are the functions with respect to time ݐ, meanwhile, ߝଵ ≪ 1 and ߝଶ ≪ 1, then ሶ߮ ଵ and ሶ߮ ଶ 
can be written as: ൜ ሶ߮ ଵ = ߱௠ଵ = (1 + ଵߝ + ଶ)߱௠଴ߝ ,ሶ߮ ଶ = ߱௠ଶ = (1 + ଵߝ − ଶ)߱௠଴ߝ . (10) 

The rotation acceleration of two rotors ሷ߮ ଵ and ሷ߮ ଶ can be expressed in the formulae: ൜ ሷ߮ ଵ = ሶଵߝ) + ሶଶ)߱௠଴ߝ ,ሷ߮ ଶ = ሶଵߝ) − ሶଶ)߱௠଴ߝ . (11) 

The two rotors can operate synchronously, if the average of ߝଵ and ߝଶ over the single period ଴ܶ are zero, i.e. ߝଵ̅ = ଶ̅ߝ ,0 = 0. On the other hand, the slip of the induction motor usually ranges 
from 0.02-0.08 [8], and then we have ߝሶଵ ≪ ሶଶߝ ,1 ≪ 1. As a result, ሷ߮ ଵ and ሷ߮ ଶ can be ignored in 
the first two formulae of Eq. (6). Generally in engineering applications, the amplitude of the 
displacement ߮ଷ and velocity ሶ߮ ଷ of the pendulum rod are much smaller than those of the rotors 
when the vibrating system operate synchronously, and so we take the relation cos߮ଷ ≈ 1,  sin߮ଷ ≈ 0, cos(߮ଶ + ߮ଷ) ≈ cos߮ଶ  and ሶ߮ ଷ ≈ 0 into account the first two formulas of Eq. (6). 
Thus the simplified differential equations of the motion platform and the pendulum rod is rewritten 
as: 

۔ۖەۖ
ۓ ሷ߮ ଷ + ௡ఝ߱௡ఝߦ2 ሶ߮ ଷ + ߱௡ఝଶ ߮ଷ = ଶଵߟ)௥߱௠଴ଶݎଶଵߟ + (ଷଵߟ (1 + ଵߝ − ߮)ଶ)ଶcosߝ − ሷݕ,(ܽ + ሶݕ௡௬߱௡୷ߦ2 + ߱௡௬ଶ ݕ = ቆݎ௠߱ݎ௠଴ଶ [(1 + ଵߝ + ଶ)ଶߝ sin(߮ + ଶଵ(1ߟ+((ܽ + ଵߝ − ߮)ଶ)ଶsinߝ − ܽ)] ቇ . (12) 

As a result, in a far-resonant vibrating system with small damping, the responses of the 
steady-state in the ߮ଷ- and ݕ-directions can be written in the forms: 

۔ە
ଷ߮ۓ = − ଶଵߟ)௥ݎଶଵߟ + ఝߤ(ଷଵߟ cos൫߮ − ߙ + ݕ,ఝ൯ߛ = − ௬ߤݎଵ௠ݎ ൣsin൫߮ + ߙ + ௬൯ߛ + ଶଵsin൫߮ߟ − ߙ + ,௬൯൧ߛ (13) 

where: 

߱௡ఝଶ = ݇ఝܬ଴ଷ ,   ߱௡௬ଶ = ݇௬ܯ , ௡ఝߦ = ఝ݂2ඥ݇ఝܬ଴ଷ , ௡௬ߦ = ௬݂2ඥ݇௬ܯ, ଵଶߟ = ݉ଶ݉ଵ , ଷଵߟ = ݉ଷ݉ଵ,  
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௠ݎ = ݉ଵܯ ௥ݎ   , = ଷݎݎ ఝߤ   , = 1 − ߱௡ఝଶ߱௠଴ଶ , ఝߛ = arctan ఝ݂߱௠଴ܬ଴ଷ߱௠଴ − ݇ఝ , ௬ߤ = 1 − ߱௡௬ଶ߱௠଴ଶ ௬ߛ , = arctan ௬݂߱௠଴߱ܯ௠଴ − ݇௬. 
Differentiating Eq. (13) with respect to time ݐ obtains ሷ߮ ଷ, ݕሷ  and ሶ߮ ଷ, substituting them into the 

last two formulas of Eq. (6), and then averaging the formulas with ߮ =  yields the average ,ߨ2
differential equation of two rotors: 

ቊܬ଴ଵ߱௠଴(̅ߝሶଵ + (ሶଶ̅ߝ + ଵ݂߱௠଴(1 + ଵ̅ߝ + (ଶ̅ߝ = തܶ௘ଵ − തܶ௅ଵ,ܬ଴ଶ߱௠଴(̅ߝሶଵ − (ሶଶ̅ߝ + ଶ݂߱௠଴(1 + ଵ̅ߝ − (ଶ̅ߝ = തܶ௘ଶ − തܶ௅ଶ, (14)

with: തܶ௅ଵ = ߯ଵଵᇱ ሶଵ̅ߝ + ߯ଵଶᇱ ሶଶ̅ߝ + ߯ଵଵߝଵ̅ + ߯ଵଶߝଶ̅ + ߯௖ଵ,തܶ௅ଵ = ߯ଶଵᇱ ሶଵ̅ߝ + ߯ଶଶᇱ ሶଶ̅ߝ + ߯ଶଵߝଵ̅ + ߯ଶଶߝଶ̅ + ߯௖ଶ,
the symbol ൫ ഥ ൯ denotes an averaging operation within them for one period by the variable ݐ. 

Where: 

௖ܹ଴ = ௬ߤ௬ߛ௠cosݎ ,   ௖ܹ = − ௬ߤ௬ߛ௠cosݎଶଵߟ , ௦ܹ = ௬ߤ௬ߛ௠sinݎଶଵߟ ,
௦ܹ଴ = ௬ߤ௬ߛ௠sinݎ ,   ௣ܹ௦ = ଶଵଶߟ sinߛఝ(ߟଶଵ + ఝߤ(ଷଵߟ ,   ௣ܹ௖ = ଶଵଶߟ cosߛఝ(ߟଶଵ + ఝ, ߯ଵଵᇱߤ(ଷଵߟ = ݉ଵݎଶ߱௠଴(− ௖ܹ଴ + ௖ܹcos2ߙത − ௦ܹsin2ߙത)2 ,߯ଵଶᇱ = ݉ଵݎଶ߱௠଴(− ௖ܹ଴ − ௖ܹcos2ߙത + ௦ܹsin2ߙത)2 ,߯ଵଵ = ݉ଵݎଶ߱௠଴ଶ ( ௦ܹ଴ + ௦ܹcos2ߙത + ௖ܹsin2ߙത),߯ଵଶ = ݉ଵݎଶ߱௠଴ଶ ( ௦ܹ଴ − ௦ܹcos2ߙത − ௖ܹsin2ߙത),߯ୡଵ = ݉ଵݎଶ߱௠଴( ௦ܹ଴ + ௦ܹcos2ߙത + ௖ܹsin2ߙത)2 ,

 
߯ଶଵᇱ = ݉ଵݎଶ߱௠଴൫−ߟଶଵଶ ௖ܹ଴ + ௖ܹcos2ߙത + ௦ܹsin2ߙത − ௣ܹ௖cos߮ଷ − ௣ܹ௦sin߮ଷ൯2 ,߯ଶଶᇱ = ݉ଵݎଶ߱௠଴൫ߟଶଵଶ ௖ܹ଴ + ௖ܹcos2ߙത + ௦ܹsin2ߙത + ௣ܹ௖cos߮ଷ + ௣ܹ௦sin߮ଷ൯2 ,߯ଶଵ = ݉ଵݎଶ߱௠଴ଶ ൫ߟଶଵଶ ௦ܹ଴ + ௦ܹcos2ߙത − ௖ܹsin2ߙത − ௣ܹ௦cos߮ଷ + ௣ܹ௖sin߮ଷ൯,߯ଶଶ = ݉ଵݎଶ߱௠଴ଶ ൫−ߟଶଵଶ ௦ܹ଴ + ௦ܹcos2ߙത − ௖ܹsin2ߙത + ௣ܹ௦cos߮ଷ − ௣ܹ௖sin߮ଷ൯,߯ୡଶ = ݉ଵݎଶ߱௠଴ଶ ൫ߟଶଵଶ ௦ܹ଴ + ௦ܹcos2ߙത − ௖ܹsin2ߙത − ௣ܹ௦cos߮ଷ + ௣ܹ௖sin߮ଷ൯2 .

 

If the two induction motors are supplied with the same electric source and have identical pole 
pairs, their electromagnetic torques are equal to [9-14]: 

௘ܶଵ = ௘ܶ଴ଵ − ݇௘଴ଵ(ߝଵ̅ + ଶ̅),௘ܶଶߝ = ௘ܶ଴ଶ − ݇௘଴ଶ(ߝଵ̅ − ,(ଶ̅ߝ (15)

where ௘ܶ଴ଵ and ௘ܶ଴ଶ are electromagnetic torques of the two motors when the motors operate in 
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steady state, ݇௘଴ଵ and ݇௘଴ଶ are the stiffness coefficients of the electromagnetic torques when the 
motors operate in steady state. 

Substituting Eq. (15) into Eq. (14), and adding the two formulas of Eq. (14) as the first row, 
then subtracting the two formulas of Eq. (14) as the second row, next considering the equation ߙതሶ =  ଵߢଶ, ߫ଵ, ߫ଶߚ ,ଵߚ ሶଶ߱௠଴ as the third row, at last introducing the non-dimensional parameters̅ߝ
and ߢଶ: 

ଵߚ = 1 − ௖ܹ଴2 ଶߚ   , = ଶଵߟ − ଶଵଶ2ߟ , ߫ଵ = ௘ܶ଴ଵ݉ଵݎଶ߱௠଴ − ଵ݂݉ଵݎଶ , ߫ଶ = ௘ܶ଴ଶ݉ଵݎଶ߱௠଴ − ଶ݂݉ଵݎଶ ଵߢ, = ቆ ݇௘଴ଵ݉ଵݎଶ߱௠଴ଶ + ଵ݂݉ଵݎଶ߱௠଴ + ௦ܹ଴ቇ, ଶߢ = ቆ ݇௘଴ଶ݉ଵݎଶ߱௠଴ଶ + ଶ݂݉ଵݎଶ߱௠଴ + ଶଵଶߟ ௦ܹ଴ቇ .   

Rewriting the equations into a matrix form we obtain the self-synchronization equation of the 
vibrating system: ܝۯሶ + ܝ۰ = ۱, (16) 

where: ۯ = อܽଵଵ ܽଵଶ 0ܽଶଵ ܽଶଶ 00 0 1อ, ሶܝ = ቮ̅ߝሶଵ̅ߝሶଶߙതሶ ቮ , ۰ = อܾଵଵ ܾଵଶ 0ܾଶଵ ܾଶଶ 00 ߱௠଴ 0อ , ܝ = อߝଵ̅ߝଶ̅0 อ , ۱ = ቤܿଵܿଶ0 ቤ, 
ܽଵଵ = ଵߚ + ଶߚ + ௖ܹcos2ߙത − ௣ܹ௖cos߮ଷ + ௣ܹ௦sin߮ଷ2 ,ܽଵଶ = ଵߚ − ଶߚ + ௦ܹsin2ߙത + ௣ܹ௖cos߮ଷ + ௣ܹ௦sin߮ଷ2 ,ܽଶଵ = ଵߚ − ଶߚ − ௦ܹsin2ߙത + ௣ܹ௖cos߮ଷ + ௣ܹ௦sin߮ଷ2 ,ܽଶଶ = ଵߚ + ଶߚ − ௖ܹcos2ߙത − ௣ܹ௖cos߮ଷ + ௣ܹ௦sin߮ଷ2 ,

 

ܾଵଵ = ߱௠଴൫ߢଵ + ଶߢ + 2 ௦ܹcos2ߙത − ௣ܹ௦cos߮ଷ + ௣ܹ௖sin߮ଷ൯,ܾଵଶ = ߱௠଴൫ߢଵ − ଶߢ − 2 ௖ܹsin2ߙത + ௣ܹ௦cos߮ଷ − ௣ܹ௖sin߮ଷ൯,ܾଶଵ = ߱௠଴൫ߢଵ − ଶߢ + 2 ௖ܹsin2ߙത + ௣ܹ௦cos߮ଷ − ௣ܹ௖sin߮ଷ൯,ܾଶଶ = ߱௠଴൫ߢଵ + ଶߢ − 2 ௦ܹcos2ߙത − ௣ܹ௦cos߮ଷ + ௣ܹ௖sin߮ଷ൯, ܿଵ = ߫ଵ + ߫ଶ − ߱௠଴ൣ(1 + ଶଵଶߟ ) ௦ܹ଴ + 2 ௦ܹcos2ߙത − ௣ܹ௖cos߮ଷ + ௣ܹ௦sin߮ଷ൧2 ,ܿଶ = ߫ଵ − ߫ଶ − ߱௠଴ൣ(1 − ଶଵଶߟ ) ௦ܹ଴ + 2 ௖ܹsin2αഥ + ௣ܹ௦cos߮ଷ − ௣ܹ௖sin߮ଷ൧2 .  

 

3.1. Self-synchronization criterion 

If the two unbalanced rotors operate self-synchronously, we have εതଵ = 0, εതଶ = 0 and εതሶଵ = 0, εതሶଶ = 0 in Eq. (16). So ۱ = 0, and we can rewrite them as: 

۔ۖەۖ
)ۓ ௘ܶ଴ଵ + ௘ܶ଴ଶ) − ( ଵ݂ + ଶ݂)߱௠଴      − 12 ݉ଵݎଶ߱௠଴ଶ [(1 + ଶଵଶߟ ) ௦ܹ଴ + 2 ௦ܹcos2ߙത − ௣ܹ௖cos߮ଷ + ௣ܹ௦sin߮ଷ] = 0,( ௘ܶ଴ଵ − ௘ܶ଴ଶ) − ( ଵ݂ − ଶ݂)߱௠଴     − 12 ݉ଵݎଶ߱௠଴ଶ ൣ(1 − ଶଵଶߟ ) ௦ܹ଴ + ௣ܹ௦cos߮ଷ − ௣ܹ௖sin߮ଷ൧ = ݉ଵݎଶ߱௠଴ଶ ௖ܹsin2ߙത. (17) 
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The first formula of Eq. (17) is the torque equilibrium equation in the single period when the 
two rotors implement self-synchronization rotation. From the second formula of Eq. (17), it can 
be seen that the vibrating system transmits electromagnetic torque among the two rotors and 
pendulum rod to overcame the difference of electromagnetic torque of the two motors by adjusting 
the phase difference of two rotors when they rotate synchronously. 

On the other hand, the damping of the torsion elastic element is very small, and so the term in 
the expression of ௣ܹ௦ related to sinߛఝ can be neglected in Eq. (17). Then we have: 

۔ۖەۖ
൭ۓ ( ௘ܶ଴ଵ + ௘ܶ଴ଶ) − ( ଵ݂ + ଶ݂)߱௠଴− 12 ݉ଵݎଶ߱௠଴ଶ [(1 + ଶଵଶߟ ) ௦ܹ଴ + 2 ௦ܹcos2ߙത − ௣ܹ௖cos߮ଷ]൱ = 0,

݉ଵݎଶ߱௠଴ଶ ௖ܹsin2ߙത = ൭ ( ௘ܶ଴ଵ − ௘ܶ଴ଶ) − ( ଵ݂ − ଶ݂)߱௠଴− 12 ݉ଵݎଶ߱௠଴ଶ [(1 − ଶଵଶߟ ) ௦ܹ଴ − ௣ܹ௖sin߮ଷ]൱ . (18)

Specifying ௏ܶ as the vibratory toque of the vibrating system, we have: 

௏ܶ = ݉ଵݎଶ߱௠଴ଶ | ௖ܹ|. (19)

Then assigning ாܶ as the excessive toque of the rotors, we have: 

ாܶ = ோܶ௘௦௜ௗ௨௔௟ଵ − ோܶ௘௦௜ௗ௨௔௟ଶ, (20)

where ோܶ௘௦௜ௗ௨௔௟ଵ and ோܶ௘௦௜ௗ௨௔௟ଶ represent the residual torques of rotors 1 and 2, respectively. They 
can be written as: 

൞ ோܶ௘௦௜ௗ௨௔௟ଵ = ௘ܶଵ − ଵ݂߱௠଴ − 12 ݉ଵݎଶ߱௠଴ଶ ௦ܹ଴,
ோܶ௘௦௜ௗ௨௔௟ଶ = ௘ܶଶ − ଶ݂߱௠଴ − ூܶ௡௧௘௥௙௘௥௘௡௖௘ − 12 ଶଵଶߟ ݉ଵݎଶ߱௠଴ଶ ௦ܹ଴. (21)

ூܶ௡௧௘௥௙௘௥௘௡௖௘ = (1 2⁄ )݉ଵݎଶ߱௠଴ଶ ௣ܹ௖sin߮ଷ  in Eq. (21) represents the interference of the 
pendulum rod with motor 2 in this vibrating system. 

Substituting Eqs. (19), (20) and (21) into the second formula of Eq. (18) and rewriting the 
second formula of the Eq. (18), we have: 

sin2αഥ = ாܶܶ௏ . (22)

To ensure the existence of the solution to 2αഥ, we should have |sin2αഥ| ≤ 1. So the vibratory 
toque of the vibrating system ௏ܶ  must be equal to or greater than the absolute value of the 
excessive toque of the rotors | ாܶ|. This is the self-synchronization criterion of the vibrating system, 
and it could be expressed as: 

௏ܶ ≥ | ாܶ|. (23)

If the excessive toque of the motors approaches to zero (i.e., | ாܶ| → 0 ), the residual 
electromagnetic torques of motor 1 is approximately equal to that of motor 2. In this case the two 
rotors can easily operate synchronously. But according to the second formulae of Eq. (21), a lager 
value of interference term ூܶ௡௧௘௥௙௘௥௘௡௖௘  act on the electromagnetic toque of motor 2, then the 
residual electromagnetic torques of motor 2 would be decreased. As a result, the larger interference 
torque leads to the decrease of the residual torque of rotor 2 and the increase of excessive toque 
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of the vibrating system. When the interference torque gradually increases to a particular value that 
making the vibratory toque less than the excessive toque of the rotors, i.e. ௏ܶ < | ாܶ|, the two rotors 
cannot rotate synchronously. So the interference term ூܶ௡௧௘௥௙௘௥௘௡௖௘ is an important parameter to 
influence the synchronization of the vibrating system. 

3.2. Stability of self-synchronous state 

As analyzed above, if the rotors rotate synchronously, the interference term on the rotor should 
be as small as possible. For simplicity of the analysis of the stability of self-synchronous state of 
the vibrating system, the terms of the interference in matrix A could be neglected. Meanwhile, 
linearizing Eq. (16) around ߙത = ଴ and ߱௠଴ߙ = ߱௠଴∗  with the Taylor expansion, the first-order 
approximate linear equation of the vibrating system can be obtained: ݔሶ = ܼ   ,ݔܼ = ,′ܤଵି′ܣ− (24) 

where: 

ᇱܣ = อܽଵଵᇱ ܽଵଶᇱ 0ܽଶଵᇱ ܽଶଶᇱ 00 0 1อ, ሶݑ = อߝሶଵߝሶଶΔߙอ, ᇱܤ = ቮܾଵଵᇱ ܾଵଶᇱ 2߱௠଴∗ ௦ܹsin2ߙ଴ܾଶଵᇱ ܾଶଶᇱ −2߱௠଴∗ ௖ܹcos2ߙ଴0 ߱௠଴∗ 0 ቮ,  

where Δߙ = തߙ − ଴ߙ . It should be noted that ܽ௜௝ᇱ  and ܾ௜௝ᇱ  represent the values of ܽ௜௝  and ܾ௜௝  in 
matrixes ܣ and ܤ for ߙത = ଴ and ߱௠଴ߙ = ߱௠଴∗ , respectively. 

Exponential time-dependence of the form ݔ = (ݐߣ)ݑ  is now supposed. Inserting it into 
Eq. (24), and solving the determinant equation |ܼ − |ܫߣ = 0, yields the characteristic equation for 
the eigenvalue: ܽ଴ߣଷ + ܽଵߣଶ + ܽଶߣ + ܽଷ = 0, (25) 

where: 

ܽ଴ = 1,   ܽଵ = ߱௠଴∗ ଴ܪଵܪ , ܽଶ = ߱௠଴∗ଶ ଴ܪଶܪ , ܽଷ = ߱௠଴∗ଷ ଴ܪଶܪ ଴ܪ , = ଶߚଵߚ4 − ௖ܹଶcosଶ2ߙ଴ + ௦ܹଶsinଶ2ߙ଴, ܪଵ = [−2 ௦ܹ(ߚଵ + ଴ߙଶ)cos2ߚ + 2 ௦ܹ ௖ܹcosଶ2ߙ଴]/߱௠଴∗ + ଶߚଵߢ4) + ଵ)      +2ߚଶߢ4 ௖ܹ ௦ܹcosଶ2ܽ଴ + 4 ௖ܹ ௦ܹ߱௠଴∗ sinଶ2ߙ଴ − 2 ௦ܹ(ߚଵ + ,଴ߙଶ)cos2ߚ ଶܪ  = ଶߢଵߢ4 + 2 ௖ܹଶ + (2 ௖ܹଶ − 2 ௦ܹଶ)sinଶ2ܽ + 2 ௦ܹ(ߢଵ + ଴      +2ߙଶ)cos2ߢ ௖ܹ(ߚଵ + ଴ߙଶ)cos2ߚ + 2 ௦ܹ(ߚଵ − −       ଴ߙଶ)sin2ߚ [4 ௦ܹଶcosଶ2ܽ଴ + 2 ௌܹ(ߢଵ + ∗଴]߱௠଴ߙଶ)cos2ߢ ,  

ଷܪ = 2 ௖ܹ(ߢଵ + ଴ߙଶ)cos2ߢ + 2 ௦ܹ(ߢଵ − ଴ߙଶ)sin2ߢ + 4 ௖ܹ ௦ܹ.
 

In the vibrating system, the value of parameter ௖ܹ is much larger than ௦ܹ because the damping 
ratio (ߦ௡௬ < 0.05) is very small [8]. In the following calculation, we neglect ௦ܹ to simplify ܪ଴, ܪଵ, ܪଶ and ܪଷ as following: ܪ෩଴ = ଶߚଵߚ4 − ௖ܹଶcosଶ2ߙത଴,ܪ෩ଵ = ଶߚଵߢ4 + ෩ଶܪ,ଵߚଶߢ4 = ଶߢଵߢ4 + 2 ௖ܹଶ + 2 ௖ܹଶsinଶ2ܽ + 2 ௖ܹ(ߚଵ + ෩ଷܪ,ത଴ߙଶ)cos2ߚ = 2 ௖ܹ(ߢଵ + .ത଴ߙଶ)cos2ߢ (26) 
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If all the roots of Eq. (25) have negative real parts, there is an actual corresponding unique 
orbital asymptotically stable synchronous motion. According to the Routh-Hurwitz criterion, the 
asymptotic stability condition of the synchronous state of the two rotors is deduced: ܽ଴ > 0,   ܽଵ  or  ܽଶ > 0, ܽଷ > 0, ܽଵܽଶ − ܽ଴ܽଷ > 0. (27)

Base on Eqs. (26) and (27), we can employ the following two hypotheses to discuss the 
stability condition of the synchronous state of the rotors. 

Hypothesis (1): If ܪ෩଴ > 0 , only conditions ܪ෩ଵ  or ܪ෩ଶ > 0 ෩ଷܪ , > 0, ෩ଶܪ෩ଵܪ  − ܽ଴ܪ෩଴ܪ෩ଷ > 0 
satisfied, the asymptotic stability of the synchronous state of the rotors would be carried out.  

By ܪ෩଴ > ෩ଵܪ ,0 > ଵߢ ,0 > 0 and ߢଶ > 0, we have ߚଵ > ଶߚ ,0 > ଶߚଵߚ4 ,0 − ௖ܹଶcos2α଴ > 0.  
And by ܪ෩ଷ > 0 we obtain: 

௖ܹcos2α଴ > 0. (28)

Substituting ܪ෩଴, ܪ෩ଵ, ܪ෩ଶ and ܪ෩ଷ into ܪ෩ଵܪ෩ଶ − ܽ଴ܪ෩଴ܪ෩ଷ, which can be written as: ܪ෩ଵܪ෩ଶ − ܽ଴ܪ෩଴ܪ෩ଷ = ଶߚଵߢ)8 + )(ଵߚଶߢ ௖ܹଶsinଶ2ߙ + ௖ܹଶ + ଶଶߚଵߢ)ଶ)      +8ߢଵߢ2 + (ଵଶߚଶߢ ௖ܹcos2ߙ + ଵߢ)2 + (ଶߢ ௖ܹଷcosଷ2ߙ଴. (29)

Obviously, when ߢଵ > 0 ଶߢ , > 0 ଵߚ , > 0 ଶߚ , > 0  and 4ߚଵߚଶ − ௖ܹଶcos2α଴ > 0,  we have ܪ෩ଵܪ෩ଶ − ܽ଴ܪ෩଴ܪ෩ଷ > 0, and so the asymptotic stability of the synchronous state of the rotors can be 
carried out. In the light of Eq. (28), for ௖ܹ < 0 in this vibrating system, we have cos2α଴ < 0. 
Thus, the rotors rotate synchronously, and the phase difference of the rotors 2α଴ belongs to the 
interval 2/ߨ ≤ ଴ߙ2 ≤  .2/ߨ3

Hypothesis (2): If ܪ෩଴ < 0, only conditions ܪ෩ଵ  or ܪ෩ଶ < ෩ଷܪ ,0 < ෩ଶܪ෩ଵܪ ,0 − ܽ଴ܪ෩଴ܪ෩ଷ > 0 are 
satisfied, the asymptotic stability of the synchronous state of rotors would be carried out. 

By ܪ෩଴ < 0,  we have 4ߚଵߚଶ − ௖ܹଶcos2α଴ < 0.  And by ܪ෩ଵ < 0,  and we obtain ߢଵ < ଶߢ  ,0 < 0, ଵߚ  > 0, ଶߚ  > 0  or ߢଵ > 0, ଶߢ  > 0, ଵߚ  < 0, ଶߚ  < 0.  Then by ܪ෩ଷ < 0,  and we get ௖ܹcos2α଴ < 0. 
Obviously, ܪ෩ଵܪ෩ଶ − ܽ଴ܪ෩଴ܪ෩ଷ  is less than zero according to Eq. (29) when ܪ෩଴ < 0, ෩ଵܪ   or  ܪ෩ଶ < ෩ଷܪ ,0 < 0. So this is not in accordance with stability condition of hypotheses (2). 

4. Numerical verification 

4.1. The regions of self-synchronization 

From Eqs. (19)-(21), the main parameters influencing the self-synchronization of the system 
are those dimensionless parameters ௖ܹ , ௦ܹ଴  and ௣ܹ௖  related to ݎ௠ ଶଵߟ , ௬ߤ , ఝߤ ,  and ߮ଷ . In a 
non-resonant vibrating system, however, the value of ߤ௬ and ߤఝ change little (24/25-90/100) [8], 
and so we focus on investigating the effect of dimensionless parameters ݎ௠, ߟଶଵ and ߮ଷ in the 
self-synchronization system. In order to ensure the implementation of the self-synchronization, 
the vibratory torque must overcome the excessive toque of the rotors, i.e. ௏ܶ ≥ | ாܶ|. When two 
identical motors are used to drive the two non-identical unbalanced rotors, we have: 

ாܶ = ݉ଵݎଶ߱௠଴ଶ ௣ܹ௖sin߮ଷ + ݉ଵݎଶ߱௠଴ଶ ௦ܹ଴(ߟଶଵଶ − 1). (30)

Here, we assume ௘ܶଵ − ଵ݂߱௠଴ − ( ௘ܶଶ − ଶ݂߱௠଴) = 0  in Eq. (18) just for convenient 
discussions. But in actual engineering applications, the difference between the electromagnetic 
torques of the two identical motors is not zero. Therefore, Eq. (23) can be simplified in the form: 
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| ௖ܹ| ≥ ௣ܹ௖sin߮ଷ + | ௦ܹ଴(ߟଶଵଶ − 1)|. (31) 

Fig. 2 shows the region of self-synchronization of the vibrating system in ݎ௠ߟଶଵ-plane for ߮ଷ 
being 2°, 4°, 6° and 8°, respectively. Each curve partitions the ݎ௠ߟଶଵ-plane into two regions. Two 
non-identical rotors could operate self-synchronically when parameters ݎ௠  and ߟଶଵ  are in the 
region above the curves. On the contrary, if the parameters in the regions are beneath the curves, 
the self-synchronous of this vibrating system get more difficult. It can be seen that with increasing 
the value of the pivot angle ߮ଷ, the region of self-synchronization gradually decreases in the ݎ௠ߟଶଵ-plane. So the displacement amplitude of the pendulum rod is an important parameter to 
determine if the vibrating system can implement the synchronous motion. By Eq. (13), the value 
of parameter ߮ଷ  is related to dimensionless parameters ߟଶଵ ଷଵߟ ,  and ݎ௥ . Here ߟଶଵ  and ݎ௥  are 
proportional to ߮ଷ , and ߟଷଵ  is inversely proportional to ߮ଷ . So in the following numerical 
simulation we take parameter ߟଷଵ as a constant (i.e. keeping the mass of the motors and platform 
invariable in the vibrating system) and investigate the influence of the self-synchronization of the 
two rotors with the change of parameters ߟଶଵ and ݎ௥. 

  
Fig. 2. Region of self-synchronization of the vibrating system 

4.2. Numerical simulation 

Further analyses have been performed by numerical simulations, which were carried out by 
applying the Runge-Kutta routine with adaptive stepsize control to the dynamics Eq. (8) of the 
proposed vibrating system. According to the analysis of the theory in section 3, we would suitably 
adjust the mass of rotor 2 (݉ଶ) and the length of the pendulum rod (ݎଷ), this means that we could 
suitably change the value of dimensionless parameters ߟଶଵ and ݎ௥. Other stander parameters in the 
vibrating system are shown in Table 1. Meanwhile, we chose two identical induction motors to 
drive two unbalanced rotors, and the parameters of the motor are shown in Table 2, and the two 
motors are supplied with the electric source at the same time. 

Table 1. The parameters of the vibrating system 
Parameters Values 

The mass of vibrating system: ܯ (kg) 150 
The mass of rotor 1: ݉ଵ (kg) 3 
The mass of rotor 2: ݉ଶ (kg) 3 
The mass of the induction motor ݉ଷ (kg) 20 
The eccentricity of unbalanced rotors ݎ (m) 0.05 
The length of the pendulum rod ݎଷ 0.05 
The stiffness coefficient of elastic element ݇௬ (N/m) 63000 
The damping coefficient of elastic element ௬݂ (N/(m/s)) 270 
The stiffness coefficient of torque spring ݇ఝ (Nm/rad) 500 
The damping coefficient of torque spring ఝ݂ (Nm/(rad/s)) 5 
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Table 2. The parameters of the motor 
Parameters Values 

Rated power (KW) 0.7 
Rated voltage (V) 220 
Rated frequency (Hz) 50 
Rated velocity (rad/s) 157 
Pole number 2 
Stator resistance (Ω) 0.56 
Rotor resistance (Ω) 0.54 
Stator inductance (H) 0.1 
Rotor inductance (H) 0.12 
Mutual inductance between stator and rotor (H) 0.13 
The damping coefficient of shafting (Nm/(rad/s)) 0.01 

4.2.1. Simulation result for ࣁ૛૚ = ࢘࢘ ,1 = 1 

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 3. Absence of self-synchronization for ߟଶଵ = 1 and ݎ௥ = 1 (݉ଶ = ଷݎ ,3 = 0.05) 

Fig. 3 illustrates the absence of self-synchronization for ߟଶଵ = ௥ݎ ,1 = 1. It can be seen that 
the velocities of rotors have different value. The velocity of rotor 2 is far less than its rated velocity 
in the whole operation process, and rotor 1 is close to the rated velocity of the motor (see Fig. 3(a)). 
Then the velocity difference Δ ሶ߮ = ሶ߮ ଵ − ሶ߮ ଶ  approaches 60 rad/s (see Fig. 3(b)), and the rotor 
phase difference is 2ߙ = ߮ଵ − ߮ଶ  and gradually increases (see Fig. 3(c)), i.e. the 
self-synchronization is absent. As the velocity of rotor 2 is lower than that of rotor 1, the 
electromagnetic torques on rotor 2 is larger than rotor 1 at time 15 s (see Fig. 3(d)); in this case, ௏ܶ < | ாܶ|. The mutual coupling process between the pendulum rod and rotor 2 having nonlinear 
characteristics leads to their destabilized motion before 16 s (see Fig. 1(a) and (e)), and after that 
the pendulum rod is swing with a harmonic source. And the displacement amplitude of the 
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pendulum rod is about 0.15 rad (8.59°). As the absence of self-synchronization, the motion of the 
platform is destabilized with a noperiodic vibration (see Fig. 3(f)). 

4.2.2. Simulation result for ࣁ૛૚ = ૚, ࢘࢘ = ૙. ૞ 

Fig. 4 shows the self-synchronization of the vibrating system when we take the eccentricity ݎ 
of unbalanced rotors as a constant and increase the length of the pendulum rod rଷto two times that 
of section 3.2.1, i.e. ߟଶଵ = 1 and ݎ௥ = 0.5. The velocity of rotor 2 is far less than the rated velocity 
of motors in the start process as a stronger disturbance of the pendulum rod on the motor shaft, 
but the velocity of rotor 1 is close to the rated velocity of the motor (see Fig. 4(a)). In 17 s when 
the pendulum rod steadily and periodically swings (see Fig. 4(e)), the rotors operate with 
approximate velocity 156 rad/s called as synchronous velocity or synchronous speed. At this 
moment, the displacement amplitude of the pendulum rod is 0.069 rad (3.95°); the rotor velocity 
difference only approaches ±1.6 rad/s (see Fig. 4 (b)); the rotor phase difference begins to stabilize 
gradually at 1693.875 rad (269×2ߨ1.18+ߨ, see Fig. 4(c)). Omitting integral multiple of 2ߨ, the 
phase difference of the system synchronization could be rewritten as 2α = ߨ1.18 ; this is in 
accordance with the theoretical analysis in Section 3.2 (2/ߨ ≤ ଴ߙ2 ≤ .(2/ߨ3  And the 
synchronous process of the vibrating system is adjusted by transmission of electromagnetic torque 
between the two motors began at 15 s and ended at 17.5 s (see Fig. 4(d)). As the counteraction of 
the vibration force produced by two identical rotors, the platform with micro-vibration moves in 
cycles on the ݕ-direction (see Fig. 4(f)). 

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 4. Self-synchronization for ߟଶଵ = 1 and ݎ௥ = 0.5 (݉ଶ = ଷݎ ,3 = 0.1) 

4.2.3. Simulation result for ࣁ૛૚ = ࢘࢘ ,1 = 0.3 

Fig. 5 shows self-synchronization of the vibrating system when we take the parameterras a 
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constant and continually increase the length of the pendulum rod ݎଷ  to three times of that in 
Section 4.2.1, i.e. ߟଶଵ = 1 and ݎ௥ = 0.3. The velocity of rotor 2 is also far less than the rated speed 
of the motor as the stronger disturbance of the pendulum rod on the motor shaft during the starting 
few seconds (at first 1.7 s). Then the two rotors synchronously rotate with velocity 157 rad/s, but 
still a weaker disturbance of the pendulum rod to the motor shaft still does not end until at 15 s 
(see Fig. 5(a)). At the moment, the rotor velocity difference approaches only ±1.7 rad/s (see 
Fig. 5(b)), and the rotor phase difference begins to stabilize gradually at 9.63 rad (2ߨ +  see ,ߨ1.06
Fig. 5(c)). Omitting integral multiple of 2ߨ, the phase difference of system synchronization could 
be rewritten as 2ߙ = ߨ1.06 , which is also in accordance with the theoretical analysis in 
Section 3.2 (2/ߨ ≤ ଴ߙ2 ≤  The displacement amplitude of the pendulum rod is around .(2/ߨ3
0.044 rad (2.52°, see Fig. 5(e)). The platform with micro-vibration also moves in cycles in the ݕ direction (see Fig. 5(f)). Comparing the simulation results with section 4.2.1 and 4.2.2, it can be 
seen that with the increase of the length of the pendulum rod, the pivot angle becoming smaller is 
in favour of the self-synchronization implementation of the two rotors. So the larger displacement 
amplitude of the pendulum rod leads to a stronger disturbance to the synchronous velocity of  
rotor 2. 

 
a) 

 
b) 

 
c) 

3  
d) 

 
e) 

 
f) 

Fig. 5. Self-synchronization for ߟଶଵ = 1 and ݎ௥ = 0.3 (݉ଶ = ଷݎ ,3 = 0.15) 

4.2.4. Simulation result for ࣁ૛૚ = ࢘࢘ ,0.3 = 1 

In section 4.2.1, the two identical rotors cannot operate synchronously with such parameters ߟଶଵ = ௥ݎ ,1 = 1. Nevertheless, theoretical analysis having displayed parameter ߟଶଵ is also another 
key parameter to influence the synchronization of the vibrating system. Here, the simulation 
results would be given when dimensionless parameter ߟଶଵ was decreased to 0.3 (i.e. keeping the 
mass of rotor 1 invariable and reducing the mass of rotor 2 to one-third of that in Section 4.2.1). 
Fig. 6 shows self-synchronization of the vibrating system for ߟଶଵ = 0.3 and ݎ௥ = 1. The variation 
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tendency of the velocity and torque of the rotors are similar to Fig. 4. When the system operates 
synchronously and steadily, the synchronous speed of the rotors is around 156.5 rad/s; the velocity 
difference of the rotors is around ±0.4 rad/s; the rotor phase difference is around 1085.1 rad (i.e. 2ߙ =  displacement amplitude of the pendulum rod is around 0.054 rad (3.09°). Comparing ;(ߨ1.4
Fig. 3-6, it can be seen that the self-synchronization of the two rotors are implemented in the 
system whose displacement amplitude of the pendulum rod is smaller. And the values of 
dimensionless parameters ߟଶଵ and ݎ௥ determine the value of the phase difference of the rotors. 

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 6. Self-synchronization for ߟଶଵ = 0.3 and ݎ௥ = 1 (݉ଶ = ଷݎ ,2 = 0.05) 

4.2.5. Simulation results for ࣁ૛૚ = ࢘࢘ ,1 = 0.3 with a disturbance 

To further verify the self-synchronous stability of the rotors, it is necessary to perform 
simulations for the vibrating system with a phase disturbance on the rotor, and the results are 
shown in Fig. 7. Here, a disturbance of 2/ߨ phase is added to the motor 2 at 20 s. The driving 
torques that the coupling toques act on the motor 1 becomes the load torques. Oppositely, the load 
torques on motor 2 becomes the driving torques (see Fig. 7(d)). This phenomenon leads to 
decrease of the velocity of rotor 2 and the increase of the velocity of rotor 1 (see Fig. 7(a)). With 
the self-adjustment of the coupling torque, the disturbed vibrating system gradually returns to the 
previous steady state. In the above process of disturbance added, the displacements of the 
pendulum rod and the platform have the large value as the phase difference changes. However, 
throughout the numerical simulation, no matter how much and when the disturbance is, the 
synchronization of the two rotors still continues. If a disturbance of 2/ߨ phase is added to motor 1, 
the disturbed vibrating system could also return to previous steady state. Here, we don’t give a 
detail discussion as the numerical result is similar to Fig. 7. 
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a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 7. Self-synchronization for ߟଶଵ = 1 and ݎ௥ = 0.3 with a disturbance 

5. Conclusions 

The vibrating system we proposed in this paper could be used to design new balanced elliptical 
vibrating screens when their structure parameters satisfy the self-synchronization criterion and 
synchronous stability condition. For the development in the early stage and clearly understand the 
self-synchronization criterion and synchronous stability, we investigate the system considering 
only the platform with the vertical displacement (actually horizontal displacement of the platform 
is neglected) because of the complex nonlinear of the dynamics system, but the simplified model 
wouldn’t loss itself natural properties (see Ref. [4] and [6]). In the future research (considering 
multiple DOFs of the platform) will be needed. With the theoretical investigation and numerical 
simulation, the following conclusions are obtained.  

Base on the average method and revisionary small parameters, the self-synchronization 
equation of the vibrating system is deuced. The criterion of implantation synchronization for two 
rotors is also derived, and that of stability of synchronous state is judged by the Routh-Hurwitz 
criterion. The theoretical results show that the displacement of the pendulum rod ߮ଷ  and 
dimensionless parameter ௣ܹ௖  directly determine whether the two rotors in the system can 
implement the synchronous motion. We find that the overlarge value of parameters ߮ଷ and ௣ܹ௖ 
may lead to absence of self-synchronization. This means that a small value of parameters ߟଶଵ and ݎ௥ is beneficial to the implementation of self-synchronization of this vibrating system. 

Then, we employ numeric simulations to verify the correctness of theoretical investigation. So 
the regions and process of self-synchronization of the vibrating system are numerically ascertained. 
From the regions of the self-synchronization of the system (see Fig. 2), it can be seen that 
increasing the value of parameters ߟଶଵ,  ߮ଷ  and ݎ௠  the possibility of self-synchronization 
implementation gradually decrease. This is corresponding the theoretical investigation. The 
processes of system self-synchronization with different values of parameters ߟଶଵ  and ݎ௥  is 
displayed in Figs. 3-7, respectively. By comparing these results of numerical simulation, it can 
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also be seen that smaller values of parameters ߟଶଵ and ݎ௥ are in favor of the self-synchronization 
of the system. In sum, in order to obtain the steady self-synchronization of two rotors in the 
vibrating system, we could increase the length of the pendulum rod or decrease the mass of the 
rotor connected with the pendulum rod. 
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