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Theories of Elasticity with Couple-stress

R. A. TourIiN

1. Introduction
The concept of couple-stress is familiar from the theory of elastic shells.
It is customary to represent the action of one part of a shell upon another by
a line distribution of forces and couples along a curve which divides the shell
into two parts. If suitable other assumptions be made, the force per unit
length (¢, and the couple per unit length ,m at a point P of the shell which
act on the curve through P with normal # are given by

(”)tiz t” (P) n;

i (n)m‘=mii(P)n7-, (1.'1)

where #7(P) is the stress tensor at P, m*/(P) is the couple-stress tensor at P,
and #, is the normal to the curve which lies in the shell. The stress and couple-
stress at a given point P are determined by the local instantaneous configuration
of the material points in an arbitrarily small neighborhood of P. One problem
of shell theory is to deduce these stress and couple-stress-deformation relations
for a two-dimensional medium (i.e., a shell represented mathematically by a
surface) from given stress-deformation relations of an elastic three-dimensional
medium of which the shell is regarded as a thin piece.

In the classical theory of three-dimensional elastic media, the action of one
part of a body upon another is represented by a distribution of forces only
upon the dividing surface, and the stress vector at a point P of a surface with
normal #; is again given by (1.1);. The whole of the classical theory of elasticity
seems consistent with the assumption that the couple-stress vanishes. Our pur-
pose here will be to review several mathematical models of elastic continua to
which this central feature of the classical theories of deformable media fails of
extension. Besides a general consideration of these models which goes deeply
into the basic principles of continuum mechanics, we shall show by examples
the sort of phenomena embraced by these more elaborate models of elastic
media and excluded by the simpler classical model. While these applications
are now few and represent delicate refinements of the classical theory, they
might easily grow in number and diversity. At the present time, however,
perhaps the best recommendation for study of these particular models is the
thoughtful re-examination of the basic concepts and principles of continuum
mechanics they require for understanding. They allow one to view the classical
theory itself in new perspective.

The following brief summary of the literature on couple-stresses begins ap-
propriately with the memoir of E. & F. CosseraT (1909, 1). The COSSERATS
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86 R. A, TourIN:

gave a systematic development of the mechanics of continuous media each point
of which has the six degrees of freedom of a rigid body. In classical elasticity
theory, a material point has only the three degrees of freedom corresponding to
its position in Euclidean space. They were drawn to the general concept of
such a medium by various special theories of elastic rods and shells, and they
extended the notion in a natural way to three-dimensional media. The most
striking and novel feature of their theory of three-dimensional media was the
appearance of couple-stresses in the equations of motion. The stress tensor in
the Cosserat theory was not symmetric as in the classical theory of elasticity
but satisfied rather the equation*

BN mi*k =0 (1.2)
jointly with the couple-stress tensor field when the body is in equilibrium. While
the counterpart of (1.2) was known for shells, and the idea of couple-stress for
three-dimensional media had occurred to VoicT and others, the COSSERATS were
the first to treat systematically the mechanics of an elastic medium in which
couple-stresses were a central consideration. Although their work is a landmark
in the development of continuum mechanics, it did not receive much comment
or search for applications. HELLINGER and voN HEUN drew attention to their
ideas (1914, 1 and 2), and TRUESDELL remarked upon equation (1.2) in his
article, ““The Mechanical Foundations of Elasticity and Fluid Mechanics” (1952, 1).
ERrRICKSEN & TRUESDELL (1958, 1) developed further the purely kinematical
description of Cosserat continua emphasizing the one- and two-dimensional cases
of rods and shells; but they did not explore or amplify the theory of motion
of elastic media proposed by the CossEraTs. Also in (1958, 2), GUNTHER pointed
out the connection between the kinematics of a Cosserat continuum and the
new theories of continuous distributions of dislocations then emerging. H.
SCHAEFER (1962, 3) solved some explicit boundary value problems for a two-
dimensional Cosserat medium so as to illustrate some of the novel features of
the theory.

JaraMiLLO (1929, 1) constructed a different but related generalization of
the classical theory of infinitesimal elastic deformations based on the assumption
that the action density in Hamilton’s principle was a quadratic function of the
second- order spatial derivatives of the displacement field as well as the first-
order spatial derivatives and velocity components which appear in the action
density of the classical theory. Relying too strongly on the classical stress
principle and certain of its consequences such as the symmetry of the stress
tensor, JARAMILLO was led to impose unnatural restrictions on the dependence
of the action density upon the second-order spatial derivatives of the displace-
ment field. In any case, he recognized that such a medium would be dispersive;
i.e., that the speed of a sound wave would depend on its frequency. TIFFEN &
STEVENSON (1955, 1) also considered briefly the theory of infinitesimal motions

* Square brackets about any set of indices denotes the average of the alternating
sum over the permutations of the indices; e.g., ##l=2(#/—#), The couple-stress
field can be represented alternatively by a second rank axial tensor field mf’ as in
(1.1) or by the dual absolute third rank tensor m¢7* The relation between m*/ and
its dual m#i® is miTk=2%e', ms*, where /7% is the axial alternating tensor which has
components 1, —1, or 0 in Cartesian frames of reference.
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of such an elastic medium of “grade 2. It is convenient to call a material of
“grade N"' if N is the order of the highest position gradient in the action density.
TirFEN & STEVENSON saw that couple-stresses exist in such media and redis-
covered the CosSERATS' equation (1.2) for the balance of moments. It turns
out, as will be shown later, that if the rotation of a point in a Cosserat con-
tinuum is constrained to equal the local rotation of the medium in the familiar
sense of elasticity and fluid dynamics, the theory which results is equivalent
to a certain special case of the general theory of elastic materials of grade 2.
For ease of reference to this particular theory and set of ideas, let us call it the
Cosserat theory with constrained rotations. Because of the constraints, in this
theory the couple-stress tensor is not completely determined by the action
density as it is in the CoOssSERATS’ original theory. This point was overlooked
by TIFFEN & STEVENSON and also by TRUESDELL & ToUPIN (1960, 1) in their
treatment of stress and couple-stress in materials of grade 2. GRIOLI (1960, 2)
gave the first general and correct treatment of elastic materials of grade 2 whose
energy equation was of the same form as the COSSERATS’ energy equation; i.e.,
of Cosserat media with constrained rotations. In (1962, 1), I reviewed the foun-
dations of the theory of elastic materials of grade 2, corrected the formula for
the couple-stress given in (1960, 1), and pointed out that the Cosserat media
with constrained rotations were but a peculiar subclass of the elastic materials
of grade 2. At the same time, MINDLIN & TIERSTEN (1962, 2) gave an extensive
analysis of infinitesimal motions of Cosserat media with constrained rotations.
They extended to this more general theory of elasticity many of the classical
results on stress functions, fundamental solutions, vibrations, nuclei of strain, efc.
Also, explicit solutions of some boundary value problems were constructed which
illustrated the novel departures from classical results predicted by the theory.
TouriN & Gazis (1963, 1) applied the general theory of materials of grade 2
to the problem of surface deformations of a crystal. They showed that initial
stress and ‘“hyperstress’ in a uniform crystal gave rise to a deformation of a
thin boundary layer near a free surface such as had been observed in electron
diffraction experiments.

In (1958, 1), ERICKSEN & TRUESDELL suggested a natural generalization of
Cosserat media. As remarked above, a Cosserat medium is a continuum, each
point of which has the degrees of freedom of a rigid body. The orientation of
a given point of such a medium can be represented mathematically by the values
of three mutually perpendicular unit vectors which ERICKSEN & TRUESDELL called
the “directors” of an “‘oriented medium”. With this idea in mind, it is easy
and natural to consider the generalization in which the three directors are stretch-
able and not constrained to remain mutually orthogonal. MINDLIN (1964, 1) has
now considered in some detail the mechanics of elastic media with “micro-
structure”. The kinematical model of an oriented medium with deformable
directors is arrived at by the following slightly different train of reasoning.
MINDLIN begins with the very general concept of an elastic continuum each
point of which is in itself a deformable medium. This concept stems from the
easier notion that a rod or a shell may trivially be viewed as a one-dimensional
manifold of two-dimensional deformable “‘points”, or a two-dimensional manifold
of one-dimensional deformable “points”, respectively. If each “micromedium”

7*
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is constrained to deform homogeneously, such a model reverts to ERICKSEN &
TRUESDELL’s oriented medium with deformable directors because a homogene-
ous deformation is uniquely determined by the motion of any three linearly
independent vectors (the directors).

In all the foregoing models of continuous media, couple-stresses occur in the
analysis of their mechanical behavior, and the familiar concepts of stress which
suffice for an understanding of classical elasticity theory prove inadequate. In
the following sections, each of the models will be considered in greater or less
detail. Our objective has been to expose the concepts and principles of con-
tinuum mechanics common to all the models and to devise a mathematical
machinery for easy and precise expression of the basic ideas.

2. Kinematical Preliminaries
The CosSERATS gave a systematic treatment of elastic curves, surfaces, and
extended bodies. Each variety of continuum has its peculiar features and mathe-
matics, but here we shall consider only the three-dimensional case.
Let M be a three-dimensional manifold of wmaterial points which we denote
by bold face Greek letters §, v, efc. Let («), (B), ... denote the coordinate systems
of M and §*(), « =1, 2, 3, the material coordinates of § in the coordinate system (a).

A motion of M is a one-parameter family of mappings
x:M—>E (2.1)

of M into Euclidean space E. Coordinate systems of E will be denoted by (i),
(i), etc. The image x=u,(£) of § is called the position of § at the time t. More
generally, the image @,(S) of any set of points SCM is called the configuration
of S at the time £. When coordinates are introduced in M and E, a motion of
M becomes represented, at least locally, by three real-valued functions

o= (€% 1) (2.2)

of the four real variables &%, « =1, 2, 3 and the time ¢.
The velocity of E has the components

i Xt (&% 1)
X = T (2.3)
and the acceleration of § has the components
G i) ok
i _T-l_{jk}gxx , (2.4)

where {jik} are the Christoffel symbols computed from the components of the
£

spatial metric tensor g,-,-(xk). Throughout we assume that the spatial coordinate
system is inertial and nondeforming so that the g;;(x*) never depend on the
time ¢. The spatial metric tensor reduces to the Kronecker delta ¢,; when the
spatial coordinates are rectangular Cartesian.

We consider only motions for which the position gradient

i ox(ExnE)
x N- 2 3§a (25)

has rank three throughout M.
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At each instant of time, a motion of M induces in it a Euclidean metric
field defined by o
aaﬂ(far t) zgiix‘,a xj,ﬁ' (26)

The instantaneous length, area, and volume of material curves, surfaces, and
regions, respectively, are defined in the usual way in terms of the instantancous
material metric tensor a,g(£°, 7).

Let C,=x,(M) denote the configuration of the body at time #. We shall
need the concept of a reference configuration C; which, in the applications,
will have special properties. We call T the reference time and introduce the
special notations

szT(g)» Xi:xi(ga, T)r Aaﬂ(ga):gini,an,ﬂ (27)

for the position, coordinates of position, and material metric tensor at § at
the reference time. Since the mapping X*=#*(&, T) is one-to-one and invertible,
it is always possible to introduce the X*(€) as material coordinates, but we wish
not to restrict the formalism to this agreement.

Absolute differentiation, which requires a definition of parallelism in M, can

be defined using the Christoffel symbols { ﬁay of the instantaneous metric a,g.
a

Alternatively, absolute differentiation of tensor fields in M can be defined using

the Christoffel symbols { ﬁay}A of the fixed (time independent) values of the material

metric tensor at the reference time T
The gradient of the position gradient, or alternatively, the second-order position
gradient will be here defined by

i _fv } i P ik
x;aﬂ_’ aé.a‘a‘gﬁ’ {aﬂAx’y+{j k}gx,ax,ﬁ- (2-8)
This tensor is distinct, in general, from the tensor
A y} i {t} ik
xlaﬁ‘_ a.f“aéﬁ {(Xﬁax’y_*_ ]'kgx’ux’ﬂ. (2-9)

The‘ former of these two tensors, (2.8), reduces to the ordinary partial derivatives
3% %"/0£*0&# when the spatial coordinate system (i) is rectilinear and the material
coordinate system («) is such that the 4,; are constants.

3. Continuous Media with Microstructure

A rod or a shell can be viewed as the Cartesian product M1 x M2 of a one-
dimensional continuum M?* and a two-dimensional continuum M2. For example,
a rod may be regarded as the Cartesian product of its line of centroids in some
configuration and of its cross section in the same configuration. Nothing is
gained by such a formal step. Theories of rods and shells gain simplicity over
a straightforward representation as three-dimensional bodies by restricting the
deformations of one of the factors in the product M3=M?*xM2. One can, for
example, constrain the cross sections of a rod or the lines normal to the mid-
section of a shell to undergo only homogeneous deformations. But a homogeneous
deformation of an n-dimensional continuum is uniquely determined by the
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motion of any #» linearly independent vectors joining one of its points to # others.
In this way, one arrives at the kinematical model of a rod consisting of a one-
dimensional continuum AM?* and a set of two vector fields (gi"(g, 1), g‘(g, 1)) in

M?* whose values fix a homogeneous deformation of the cross section of the
rod through the point §. In the same spirit, one could represent a shell as a two-
dimensional continuum M? and a single vector field 4*(€, {) whose values de-
termine a homogeneous deformation of a material line through §. More generally
now, in light of these examples, it is easy to conceive a curve, surface, or region,
each point of which is an #-dimensional continuum constrained to deform homo-
geneously. Such a model would be represented mathematically by a one-, two-,
or three-dimensional manifold M and a set of » spatial vector fields ;i‘ &, 1),

a=1,2,...,n If in each case one chooses # =3 and further assumes that each
“micromedium” moves rigidly, then
gidd=34, ab=1,23, (3.1)

and the resulting model is a Cosserat continuum. Following ERICKSEN & TRUES-
DELL, we call the vector fields d*(g, £) directors. We shall consider the case of
a

deformable directors for which the Cosserats’ rigidity condition (3.1) is not
imposed.

Rods and shells provide specific and practical examples of one- and two-
dimensional continua with one or more deformable directors. An electrically
polarizable medium with its polarization field P*(E, £) may be cited as a familiar
example of a three-dimensional continuum with one “director”. The polarization
field serves not only to define a charge distribution but ascribes also to each
point of the continuum a certain structure. A continuum with director fields
resembles also a polyatomic lattice. One may identify points  with unit cells
and the director ccll" (€, ¢) as the position vector of the atomic species “a”’ relative
to the center of mass or charge of the cell §. All that we shall have to say about
the mechanics of such oriented continua will be more or less independent of
specific physical interpretation of the director fields. Also, it will be fairly ob-
vious how to extend the basic results on oriented media to the more general
model in which the vector fields zli (€, {) are replaced by any set of tensor fields

¢'f-(E, #) which might be introduced to describe the kinematical structure of
a
a material point.

4. Rigid Motions

In classical elasticity theory, a motion of a body is rigid if and only if the
rectangular Cartesian coordinates #*(§, £) of the position of every material point §
at time ¢ are given in terms of the rectangular Cartesian coordinates X*(E) of
the reference positions by a relation of the form

#E )=Ri(OX €)+ V() (4-1)

where R (f) is a proper orthogonal matrix and V is some vector-valued function
of the time. For a medium with deformable directors we amend this definition
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of rigid motion by adding the conditions
&'€, )=R;(t) D' (€) (4.2)

where R(f) is the same matrix that appears in (4.1) and D= d‘(§, T) are the
values of the director fields at the reference time. ¢ N

It follows from (4.1) and (4.2) that necessary conditions for rigid motion are
2,56 )=4,58), 9E =0, (4-3)
ab ab
where a,;5 and A4,; are the metric components defined in (2.6) and (2.7) and
9€ )=¢g,;d'd, QE)=4qET). (4.4)
ab ab ab ab

For the three-dimensional media under consideration here, the position gradient
%' , is nonsingular. If it also be assumed that the matrix of components D is
a

nonsingular (i.e., that the initial values of the directors are linearly independent),
then it can be shown that the conditions (4.3) are sufficient that a motion be
rigid. If the conditions (4.3) hold at every point § in some neighborhood N(E)
of E, then the motion of that neighborhood is rigid.

Other necessary conditions that a motion be rigid may be derived from (4.1)
and (4.2) by differentiation; e.g.,

& o0 =Ri(t) X' 4 (§), (45)
&LEN=ROD @ '
5. Hamilton’s Principle for Perfectly Elastic Media

Let PCM be any part of an elastic medium with deformable directors, and
let I be an arbitrary time interval ¢, <¢<¢,. Following the CosSERATS, we as-
sign to every set of events P xI an amount of action A(P xI) given by

A(P ><I)=ifPfL(§, tdy dt, (5.1)
where

dv =VAdgdgdes,  A=det|d, (5.2)

is the differential element of volume in P in the reference configuration, and
L(E, 1) is the density of action. We assume that the action density is a function
of the variables indicated now:

L=L(, b, d\# &% & ., &). (5.3)

According to Hamilton’s principle the equations of motion and boundary
conditions for a material with action given by (5.1) are the Euler equations
and the boundary conditions of the variational equation

SA(PXI) + [ [ (F,6% + G, 8d) d¥ di+
IP

) ) t (5.4)
+f [(T;04 + H,6d) dst di — [ (P65 + Q,8&) ¥ [ =0
I 9P a P a 4
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a a
where the F; and G, are certain generalized body forces, the T; and H, are certain

a
generalized surface tractions, and the P, and Q; are certain generalized momenta.
The variational equation (5.4) is postulated for arbitrary differentiable varia-

tions %' and 65‘ of the independent field variables. Necessary and sufficient

conditions that (5.4) be satisfied for this class of variations are the Euler equations

Br—1p,—E=2L

oxi’
&* f{a a* Ga (SS)
where OF —Hio+ G —G;=0,
« 0L _eL &, oL & 9L & L
B o4’ I;‘“—_ 3”‘« s Qi —‘ad-_,- ’ H?"- c’)d"a’ G?—_’a?: (5-6)
. 4 e,
and the boundary conditions
IFNM_]}ZO
a a EcopP, tel (5.7)
HIN,—H;=0,

where N, is the unit normal to 8P (4*# N, N; =1), and the following conditions
on the initial and final momenta

Pi* - R = O;
a a EcP, t=1t or i, (5-8)
dr — 4 —o.
When L is independent of ', ¢, &', & and gi'a and has the special form
a a
L=}p(&) 2 —W(x,, &, (5.9)

the equations (5.7); and (5.5), reduce to the equations of motion and traction
boundary conditions of the classical theory of finite elastic deformations. The
tensor T* in this special case is the Kirchhoff stress tensor. Cauchy’s stress
tensor in the classical theory is defined by

t"le/i Ti o, (5.10)
a

and (in the classical theory) is symmetric if and only if the energy of deformation

W(!,, &%) is invariant under rigid rotations. We proceed now to show how
these familiar results of the classical theory are modified in elastic media with
deformable directors.

6. Invariance and Conservation
We shall say that two motions of a given medium differ by a Ewuclidean
displacement if . y .
isplacement 1 x* (€, ) =Rix* (€, 1) + D',
ar'(g =R 1), (6.1)
*=t+C,

where the starred quantities define one of the motions and the unstarred quan-
tities the other. All quantities are referred to a common rectangular Cartesian
inertial frame of reference, R! is a constant proper orthogonal matrix, and the D*
and C are also constants. The set of all transformations (6.1) of the independent
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field quantities has the group property. We call it the group of Euclidean dis-
placements. Two motions of a given medium related by an element of the group
as in (6.1) are said to be congruent.

Following the CossErATs, we postulate that the action density L is invariant
under the group of Euclidean displacements. In other words, the action density
has the same value for all congruent motions.

Since the group of Euclidean displacements is a connected Lie group, it is
sufficient to require that the action density be invariant under infinitesimal
transformations of the group of Euclidean displacements in order that it be
invariant under arbitrary, finite transformations of the group. An infinitesimal
transformation of the group has the form

x*f=x' 4 (Q 5,4+ DY)d A,
dvi & 01 d;dh, (6.2)
i* = t + Cdﬂ.
where, except for the antisymmetry condition Q= — 0% the Q', D%, and C

are arbitrary constants. It is easy now to deduce that the action density will
be invariant under the group of Euclidean displacements if and only if

oL _ oL
oxt — ot

=0, Ki;q7=0, (6.3)
where

L L
K 0 0

i = 16x7+diad]+xiaxj+tad’+ taax, +’“6dl

With the conditions (6.3) in mind, cons1der now the variational equation
(5.4) which summarizes the equations of motion, boundary conditions, and initial
and final data. We know that, in particular, (5.4) must hold for all variations
of the special varieties,

(1) (6% =D, 8d'=0),
(@) (6 =Qx, (55" :Qiifi)’ (6.4)
3) (O =4, §d=d),

a a

since we postulate (5.4) for perfectly arbitrary smooth variations. Necessary
and sufficient conditions that (5.4) hold for these special types of variations are

fpd«//]" fdeth—fdeddt— f—dth (6.5)
fs | ff (% By + dis G )d‘/fdt—ff (4 T+ dys Hyydt dt
IpP

—~ffK[,]]d.saldt

f EdVJ:'—— f (F#+ G, d\dy dt — f f (T,-a‘c"—i-Hid")d"//dt
P ' I P ¢ 1P (67)
—f 2L v,

(6.6)
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where, in (6.7), we have set
e .
E=P#4Q,d—L, (6.8)
a
which we call the energy density, and in (6.6) we have set
aQ
Sij=—Sj=x; P,-]-}-;i[,. @n» (6.9)

which we call the density of angular momentum. Inspection of (6.5), (6.6) and
(6.7) shows that if the right-hand sides were to vanish, then the difference between
the linear momentum, angular momentum, and energy of the set of points P
at times #, and ¢, would equal, respectively, the resultant linear impulse, the
resultant angular impulse, and the total work done by the generalized forces

E, é,-, T;, and I:T ; during the interval of time I. This is a common way of ex-
pressing the laws of conservation of linear momentum, angular momentum, and
energy. Now the right-hand sides of (6.5), (6.6), and {6.7) vanish for every set
of particles P and for every interval of time I if and only if the action density
is invariant under the group of Euclidean displacements, as can easily be seen
from (6.3). Thus, we have established the basic theorem of equivalence between
conservation and invariance:

Linear momentum, angular momentum, and energy are conserved in a perfectly
elastic medium with deformable divectors if and only if the action density is invariant
under the group of Euclidean displacements.

From the definition (6.9) of the density of angular momentum one sees that,
in general, the angular momentum of a particle does not equal the moment
of its linear momentum as in classical elasticity theory and fluid dynamics.
Also, from (6.5) and (6.6) one sees that the torque exerted on a body is not,
in general, equal to the moment of the body forces F, and surface tractions T;

but is greater by an amount equal to the volume integral of de plus the
surface integral of d XH It follows that these quantities represent volume and

surface dlstnbutlons of couples, respectively.

That the conservation of energy, momentum, and angular momentum are
necessary and sufficient conditions for the Euclidean invariance of the action
density in Hamilton’s principle was emphasized again and again in the CossERATS’
memoir. In this section we have merely summarized and adapted their results
for three-dimensional media given in (1909, 1, §§64—65). The general theory
of the connection between invariance and conservation in the variational calculus
is generally attributed to F. KLEIN (1918, 1) and E. NoeTHER (1918, 2). The
counterparts of (6.5), (6.6), and (6.7) for the general elastic material of grade 2
were presented in (1963, 3).

7. Stress, Hyperstress, and Couple-Stress

To cast the equations of motion and boundary conditions (5.5) and (5.7)
into a more familiar form let us extend the classical definition of Cauchy’s stress
tensor to the present case and set

., oL

=3 T o= —]

o, L (7.1)
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Alongside Cauchy’s stress tensor let us set the Ayperstress fensor, defined by

: oL
heik=—7‘1fs-5;1‘,~:xk,a (7.2)
Q

where § is the absolute scalar defined by

7‘:]/%. (7.3)
Let us also introduce the generalized forces and momenta per unit deformed
{present) volume and area defined by

a
fi=i1F, b=T1,—— l;;=1d,G
‘ (7.4)

1] Booe=d & dA . _d a
pi=1113, ii—u,‘H;Ta , 7q‘i=Qii“‘u£Qj-

The antisymmetric part of /;; is a certain couple per unit deformed volume,
the antisymmetric part of 4,; is a certain couple per unit deformed area, and the
antisymmetric part of g,; is a certain spin angular momentum per unit deformed
volume.

In terms of the above quantities, which have an easy interpretation, the
equations of motion and boundary conditions (5.5) and (5.7) may be expressed
as follows:

7"11.);:%’.,,'-*’]’;, (7.5)
7 Qsp=hif w7 (K — 2B, (7.6)
tin;=t,, (7.7)
hifny=h;, (7.8)

where #; is the unit outward normal to the deformed configuration of the body.
When the action density is of such a form that

— oL _

=2k =, (79)
and =0, then Eq. (7.5) becomes
g?é‘:t,-",’.—}—fi, (7.10)

and the antisymmetric part of Eq. (7.6) becomes
@ $ij=mif wt+hjn+hip, (7.11)

where g=7"1,0 is the mass per unit deformed volume,

1
Sij= ?9[1'1'] (7.12)

is the spin angular momentum per unit mass, and

m;r=hy i (7.13)
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is the couple-stress tensor. Egs. (7.10) resemble formally CAucHY’S equations of
motion for a continuous medium, and Egs. (7.11) are the COSSERATS’ equations
of motion for the spin. If the action density be independent of the directors,
their time derivatives and their gradients, then (7.11) reduces to the familiar
result,
tii=t;, (7.14)
in the absence of body couples.
The symmetric part of equation (7.6) is not so easy to interpret in terms
of familiar concepts. However, when the action density is of such a form that

oL a ab ¢ ai
3d'i :Qi=v[(,i,-, vy =0, (715)
a
then
ab—— .
Qup=2%" dudp=0; (7.16)

is the time rate of change of the form factor ¢, ;(§, t) of the particle §. Especially,
if one returns to the interpretation of the directors as defining a homogeneous
deformation of a particle, one sees that ¢;; is a certain measure of strain of a
particle. The symmetric part of Eq. (7.6) then gives an equation for the ac-
celeration of the microstraining.

8. Measures of Strain, Microstrain, and Relative Strain
Let us assume for simplicity that the action density satisfies the two con-
ditions (7.9) and (7.15), which insure that the linear momentum is parallel to
the velocity of the medium and that the momenta conjugate to the directors
are linear functions of the time rates of change of the directors. These con-
ditions are necessary and sufficient that the action density have the form

L=T-—-W (8.1)
where
T=4(0g#'# + 8,7 d'd) (8.2)

is the kinetic action (kinetic energy), and the negative of
W=W('td' ¥, d&, &) (8.3)
a a’

is the action of deformation (W is the energy of deformation) which is independent

of # and 4*. In this case, the energy density, as defined in (6.8), has the familiar

form ¢
E=T+W. (8.4)

Now the kinetic part of the action, as given in (8.2), is invariant under
Euclidean displacements; hence, the energy of deformation must be separately
invariant under Euclidean displacements. An immediate consequence is that
W must be independent of #* and ¢, and we can write

W=W(d& %, &, &) (8.5)
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Under the group of Euclidean displacements the material coordinates £&*(§) of
a point are invariant and each of the other quantities which appear as arguments
of W transforms as a vector for each fixed value of 2 and «. In other words,
every admissible energy function W must satisfy the functional equation

W(R"j ;li, Rii xi,w Rii gilw Ea) — W(zi' xi, . flli,a’ Ea) (8.6)

for all values of the arguments in the domain of W and for all proper orthogonal
matrices R‘,-. CAUCHY initiated the theory of such invariant functions of vectors,
and he showed (1850, 1) that the general solution of the functional equation
(8.6) was an arbitrary function of the inner products of the vector arguments
taken two at a time and of the determinants of the vector arguments taken
three at a time, plus, of course, in our case, an arbitrary dependence on the
material coordinates &*(E) of the point in question. In addition to the &%, there

is a total of fifteen vector arguments of W listed in (8.5), and the (125)+15
inner products plus the (135) determinants are not all functionally independent.

We wish to prove that, when the domain of the energy function W is restricted
by the condition )
det |4’ .| +o0, (8.7)

every solution of (8.6) is expressible as a function of the smaller number of
invariants o
Ay5=gi; ¥ o ¥ 5,
Aa:gi;f xi,an di»
“ g (8.8)
Aaﬁzgiixi,a d’,ﬂ’
s=sgndet|s’ | and &(E).

Proof. Throughout the restricted domain (8.7), * , is nonsingular and (8.8),,
(8.8) can be solved uniquely for d* and (&i‘ o in terms of #° ,, 4,4, and 4,. Thus,
! T a a

W=W(s,, 4,, 4,5, &). Using Cauchy’s theorem and the identity
a a

g(det |« of)>=det ay| (8:9)

which fixes the value of the determinant up to its sign in terms of the metric
components, one sees that the assertion is true.

In elasticity theory, it is customary to introduce the coordinates X*(E) of
the material points E in a reference configuration as independent variables in
place of the material coordinates &* and to describe the motion of M by the
mapping #*=i*(X1, X2, X3,#). If this be done in the present case and one
assumes that the energy W is a function of the variables

i oxt
= axi

. Fr el 7 i i i
o= . x“xk*—{u} L
1A X7 Xk + {] k}g(x) Y ok j £(X) 4

I
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rather than the x"'a and x"'aﬁ, then the foregoing results hold with obvious
changes in notation and meaning of the variables. Moreover, if the reference
and present configurations are referred to one and the same rectangular Cartesian
coordinate system, then §=det|0x/0X’| will always have a positive value since
5(&, T)=1 and §(&,¢) is never zero. Thus, § may be eliminated as a variable
in the energy function because the domain of W, in this case, is restricted to
positive values of §.
Returning now to the discussion of strain measures, consider the six inde-
pendent quantities
eaﬂ=%(aaﬂ_Aaﬂ)' (8.10)

Each of these quantities vanishes whenever the distance between every pair
of neighboring material points is the same as in the reference configuration.
Thus, they serve as measures of the sfrain of the present configuration x,(M)
relative to the reference configuration x5 (M) of the body. When the rectangular
Cartesian components of the displacement field

u'=2(§, t) — X*(E) (8-11)

yield an infinitesimal displacement gradient

314,'
M'7_‘

4 X |:.5] <1 (8.12)

and the X*() are chosen for material coordinates £*(§), then
€28 =ty =" (Wi + 5:) (8.13)

to first order terms in the #;;. The symmetric part &;; of the displacement
gradient is the measure of relative strain in the classical linear theory of elasticity.
The e, are Cauchy’s measures of finite relative strain.

Consider next the three vectors x’,a{‘)“, where, as before, the 9“ are the
material components of the initial values (reference state values) of the directors;
ie., {‘)izX"alc‘)“. The equation

d'—x",a%)“=o (8.14)

a

holds if and only if each director field is “material’’; s.e., if and only if each
director deforms and rotates along with the continuum. Multiplying the left-
hand side of (8.14) by #* ,, we obtain the quantities

—Za=g'a—aaﬂ13" (8.15)
which vanish if and only if each director is material. It follows that the variables

y, are measures of the relative strain of the “micromedium’ and its surrounding
a

“macro-medium”. To first order terms in the displacement gradient #,.; and
the differences (d*— ?') we have
a

—71':(‘5;— ]&);') —“i:,'la)i (8-16)

a

provided again that one chooses the X*(§) for material coordinates.
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If for each rectangular Cartesian coordinate system X* one chooses for the
directors D' the three unit vectors along the coordinate axes, then D‘ 6‘ and

the 1nf1mte51mal relative micro-macro strain measures (8.16) have the form

Yai= —VYai T izas (8.17)
where
Yoi= &~ D;, (8.18)

given by MINDLIN (1964, 1). Since a different choice is made for the initial
values of the directors for each coordinate system, the labeling index ““‘a’” becomes
a tensor index as in (8.17), and, in MINDLIN’s linear theory, ,; is a tensor of
rank two under orthogonal transformations of the spatial coordinate system.

Finally, the variables 4,; vanish in the reference configuration provided

a
the initial values of the directors are constant vector fields in M ; hence, they
remain small if the deformation of the directors is not too large and inhomo-
geneous. To first order terms in the displacement gradient and the differences

Y,; we have
é‘ii = Yai,j = Xaij (8-19)

provided the coordinate system X' is rectangular Cartesian and the initial values

of the director fields are unit vectors along the coordinate axes, where the x,;;

are the infinitesimal ‘“micro-strain’ gradient measures introduced by MINDLIN.

Now it is clear from the definitions (8.10) and (8.15) of the strain measures

€.5 and y, that any admissible energy function may be expressed in the form
a

W: W(eaﬂ’aya) é‘aﬂ: Aaﬂ; ?a; 5“) . (8-20)

It should be emphasized that this function depends on the reference configuration
through the 4,, and D* because, for a given configuration x,(M), the values
a

of the relative strain measures ¢,z and y, depend on A4,, and D*
a a

9. Cosserat Continua

A Cosserat continuum is kinematically equivalent to the media with three
deformable directors which we have been considering provided one adds the
six independent constraints

dd =g (9-1)
Ta b 4p

where g is any constant, symmetric, nonsingular, positive definite matrix. We
ab

may obtain the COSSERATS’ equations of motion from the variational equation
(5.4) which, in this case, must hold only for variations consistent with the six
constraints (9.1). A variation is consistent with (9.1) if and only if

a
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a . a a .

where d, cbi‘z 9, so that the vectors d; are reciprocal to the set d*. The equa-
a

tions of motion and boundary conditions for Cosserat media have the form

t/i+1=i1B, 93)

mi s—tn+lin Bk =10, 9.4)
t,-’ni=t,~, (9.5)

m; Fr=hy 1, (9.6)

where all the quantities which appear have been defined in § 7. These equations
are the same as for a medium with deformable directors with the exception
that Eq. (7.6) is replaced by its antisymmetric part and Eq. (7.8) is replaced
by its antisymmetric part. One can easily perceive without a detailed derivation
of these results how this reduction in the number of field equations and boundary
conditions follows from the constraints (9.2).

Of particular interest to the history of the subject of couple-stresses in elasticity
theories is the energy equation for a Cosserat continuum. It follows from the
constraint equations (9.1) that the tensor,

a .

=d,d;, 9.7)

which measures the rate of rotation of a point in a Cosserat medium, is anti-
symmetric (®;;=—&;,). It is possible, therefore, to write the energy equa-
tion (6.7) in the form

z f Edy = f (7 + & @) do+ f (64 + S hip@i)da. (98)
P P P

The rate of working of the extrinsic forces at the boundary of the part P of
the body appears here as the sum of the rate of working of the stress vector #;
and a distribution of couples % ;. This should be compared with the energy
equation for a medium with deformable directors in which the rate of working
contains additional terms representing the rate of working of a distribution A4,
of self-equilibrated double forces. Perhaps the most important concept gained
from a study of the mechanics of media with deformable directors is the rele-
vance of such distributions of self-equilibrated tensions to the general theory
of continuous media. We see that Eq. (9.8) does not hold generally in perfectly
elastic media, but represents accurately the balance of energy only in certain
special models.

10. Nonsimple Elastic Materials

The classical theory of elasticity can be generalized in quite another direction
which also leads to a modification of the familiar concepts of stress. Rather
than introducing rigid or deformable points, consider the following alternative
line of thought. In the classical theory, the elastic energy of a bedy is given
by an integral of the form

EM)=fway (10.1)
M
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where W is the energy per unit reference volume. For simplicity, in this section
we shall consider only statics. Now the energy density W at a point § is de-
termined by the instantaneous configuration x,(N) of an arbitrarily small neigh-
borhood of points N () containing the point § under consideration. This principle
of local action is basic to the classical theory, and to the generalization we wish
to construct. Suppose that x,(§) has p derivatives in N(§). Then the relative
position vector of the point § and the point §' e N(§) can be written in the form

HE) — AE) =4, (€) 48" + 55 5 (€) dE*dE +

1 ...#xﬂ%w%(g) dgn ... dEw 0 (dbHY) 10.2)

where O (d?*1) represents a term of order p4-1 in the diameter 4 of N(§). We
see that the possible configurations of the points N(E) are classified more and
more finely by the values of the successively higher position gradients at the
point €. In the classical theory, the energy density has the form

W=W(,, &, (10.3)

which means that all configurations of the particles N(§) which correspond to
the same values of the first order position gradient #*,(§) are mapped into
one and the same value of the energy density at §. An easy generalization of
(10.3) consistent with the principle of local action is to assume that the energy
density might also depend, however weakly, upon any finite number of higher-
order position gradients. By such reasoning one is led to consider the mechanics
of elastic media based on an expression for the elastic energy of the form

E(M) —;Mf W(xi,a, xi,aﬂ’ ey xi,ala,...ouv’g) av. (10.4)

Following NoiL’s terminology (1958, 3), the classical theory based on (10.3) is
the theory of perfectly elastic simple materials. If any higher-order position
gradient appears in (10.4), we call the corresponding material nonsimple. If N
is the order of the highest gradient actually present as an argument of the energy
density, we call the material grade N. There follow some results for materials
of grade 2. The general features of the theory of nonsimple materials are illus-
trated sufficiently well by materials of grade 2, and the analysis of higher grade
materials is only that much more complicated in details.

Let P denote any part of a material of grade 2. Its energy is given by
E(P) :Pf W(xi,ou xi,aﬂ’ g) av. (10‘5)

The definition of the second-order position gradient is written out in full in
Eq. (2.8). To obtain the equations of equilibrium and boundary conditions for
the part P of M we assume the principle of virtual work

OE(P)=[F, 65'a¥ [ (T, 0+ H, Do) dl (10.6)

where F; is the body force per unit undeformed volume, 7; are the tractions
per unit undeformed area, H; are the hyperiractions per unit undeformed area,
Arch. Rational Mech. Anal,, Vol. 17 8
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and Ddx’ denotes the normal derivative of the variation %'
Déx'=48x" N (10.7)
The variational equation (10.6) is postulated for arbitrary variations dx*(&%) of

the position field. It can be shown that (10.6) is equivalent to the following
system of equilibrium equations and boundary conditions:

¥ .+ EF=o0, EcP, (10.8)
TEN,— D HFNy+ Hf(B,,— BYN, N, =T, Eeop,  (109)
HE*N,N,=H,,
where
o OW oW
= o7t o _(3x'.,aﬂ ),ﬂ (10.10)

is a generalization of Kirchhoff’s stress tensor of the classical theory, and

Heb— W (10.11)

¢ 8x1’, af

is the hyperstress tensor. In the boundary condition (10.9), D, H®* is the surface

gradient or surface divergence of the hyperstress defined by
H#¥ =DHFN,+ D,H*,
s prap :‘+ o (10.12)
DH#f=H* ,N

and B,; is the second fundamental form of the undeformed boundary of P
(B%=4%B,y).

The equations of equilibrium and boundary conditions (10.8) and (10.9) for
a material of grade 2 can be written in the following alternative spatial form:

#;+f=0, EeP, (10.13)
fin,— 4 n, + Wb, — b mm) =t;,  EcaP,

. ) 10.14
hhk,nj '}'I«k=h', ( )
where
#1=VAlaT"« , (10.15)
is a generalization of Cauchy’s stress tensor of the classical theory,
Wit =VAla H*P f 5% (10.16)

is the spatial form of the hyperstress tensor, and
t'=T'dst)d a), W =H*(d«|d 2) (10.17)

are the tractions and hypertractions per unit deformed area, and #; is the unit
outward normal to the deformed boundary of P. The tensor 3,;, which appears
in the traction boundary condition (10.14),, is the second fundamental form
of the deformed boundary, and 4;4** denotes the deformed surface divergence
of K1,

On substituting the expression (10.10) for the Kirchhoff tensor into the
definition (10.15) of Cauchy’s stress tensor and integrating certain of the terms
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by parts, we find the following relation:
ij oW
P =VAla [ 52

Now the expression in brackets in (10.18) is symmetric in the indices ¢ and §
if and only if the energy function is invariant under rigid rotations of the de-
formed body. It follows, therefore, that a necessary and sufficient condition
that the energy be invariant under rigid rotations is that the CossEraTs’ mo-
ment equation

® .+ 57 o A gl — W (10.18)

BN+ m** =0 (10.19)
be satisfied at each point §. Here the couple-stress m'7* is defined as the anti-
symmetric part

miik = pUik (10.20)
of the hyperstress.
If the energy density is invariant under all rigid transformations of the

deformed body, then the variation of the elastic energy E(P) of each part vanishes
identically for every variation of the form

H=d +bx; (10.21)
where 4f and 57/= —b/* are arbitrary constants and we assume that the spatial
coordinate system (i) is rectangular Cartesian. It then follows directly from the
variational equation (10.6) that no solution is possible unless the body force

and the boundary data {tractions and hypertractions) satisfy jointly the com-
patibility conditions (conservation laws)

[lidv+ [t;da=0, (10.22)
P oP
Pfx[ifi]d” +a£ (ot +ns k) d2=0. (10.23)

It follows from these conditions that m» xh is a couple per unit deformed area.
The normal component n-h of the hypertraction enters neither of the compati-
bility conditions (10.22)—(10.23). It represents a distribution of self-equilibrated
forces.

By an argument similar to that given in detail in § 8 it can be shown that
every rotationally invariant energy density is expressible in the form

W:W(eaﬁl qaﬂy!Aaﬁr §a) (10.24)
where

Qaﬂ-;l:xi,axi,ﬁy (10'25)

and the ¢, are the finite relative strain measures defined in (8.10). The ¢’s are
expressible as linear combinations (an isomer) of the gradient of the strain
measures €,4 ,°

Qupy=Cup,y T Cay,p— O, (10.26)
In words, therefore, what we have shown is that every admissible energy func-
tion of a material of grade 2 is expressible as a function of the six classical
measures of finite strain, the material gradient of these measures, the initial
metric components, and the material coordinates & (E).

8#
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11. Cosserat Materials with Constrained Rotations

The particular class of elastic materials with couple-stresses considered by
GRIOLI (1960, 2), MINDLIN & TIERSTEN (1962, 2), and TOUPIN (1962, 1) is a
subclass of the materials of grade 2, the theory of which we have just outlined.
In this section we shall show that this subclass may be viewed as consisting of
Cosserat media in which the rotation of a point is constrained to equal the local
rotation of the continuum. In (1962, 1) it was shown that this same class of
materials comprised the materials of grade 2 for which the energy was a function

W:W(gaﬂ: Calp,y]» Aaﬁ’ Ea) (11'1)

independent of the completely symmetric part ¢ ., of the strain gradient.

Now the directors of a Cosserat medium may be expressed in terms of their
values in the reference configuration as follows,

&€ )=R, (€ ) D*®) (11.2)

where the tensor E‘a satisfies the orthogonality condition
g R Rly= A, (11.3)
Also, the position gradient #*, may be decomposed uniquely into a product
x ,=Ry(aP, (11.4)

of an orthogonal tensor R, satisfying (11.3) and the positive definite square
root (a})*; of a%=A*"a,;. The tensor R', measures the local rotation of the

continuum. In a true Cosserat medium, the rotations R’, and R’, are independent.
Differentiating (11.2) we find that

~ A a .

where @,; are the rates of rotation which appear in the energy equation (9.8).
Differentiating (11.4) we find that

%= RigRF+E 8 (a7, (ad), ;. (11.6)

The last term on the right-hand side of (11.6) is symmetric in ¢ and §, so that
the classical vorticity or spin tensor of the continuum is given by

w; = 2%,9== 2R Ry, (11.7)
Suppose the rotation of the Cosserat triad d* is constrained to follow the
a
local rotation of the continuum in the sense that we require
R,=F,. (11.8)

It then follows from (11.5) and (11.7) that the corresponding measures of the

rate of rotation will be equal:

wii-:('f)‘-i. (11-9)
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It now follows that, in a Cosserat medium with constrained rotations (con—
straints (11.8)), the energy equation has the form

%fEd“/fzf(f,.yé"-{— %z[,.,.]wif)d”+f(tikxf +%miikwif)nkda, (11.10)
P P P

where o'/ is the ordinary vorticity.

The energy equation (11.10) was taken as a starting point in the special
theory of grade 2 materials considered in (1962, 1) and (1962, 2). To the postulate
(11.10) was added the assumption that the energy density E had the special
form

E=%oit+W(¥ ,, & 44, &9 (11.11)

which, because it lacks any contribution to the kinetic energy from the motion
of the directors, is less general than that for the most complex type of Cosserat
medium with constrained rotations. The spin density vanishes identically if
the energy has form (11.11) but does not vanish for all Cosserat media with
constrained rotations. It was found that the couple-stress for these materials
was given by

W

T R (11.12)
ml7*) indeterminate.

iR — o

Since m'*= —mi** mliM =0 so that one cannot have the relation (11.12)
uniess the energy function W satisfies the ten independent differential equations

oW ; B
Wx{ax s =0. (11.13)
Rotational invariance of the energy requires that W satisfy the three independent

equations
ow ow
Bty Hibat gy il ap =0 (1114

The general solution of the equations (11.13) and (11.14) is an arbitrary function

W= W(ezzﬂ’ ea[ﬂ’y], Ea) (1115)

This result shows that the Cosserat media with constrained rotations are a
proper subclass of the materials of grade 2. My present feeling is that this
special class of grade 2 materials does not warrant further special study or
attention. The conditions (11.13) seem unnatural in view of the general theory
of grade 2 materials; moreover, we know from the analysis of special problems
that these materials have some peculiar properties. For example, it was found
that the longitudinal waves in an isotropic material had a speed independent
of their frequency as in the classical theory, but that shear waves were dispersive.
Also, the deformation of the boundary of certain crystals caused by initial stress
and hyperstress in a general material of grade 2 does not occur when expected
in a Cosserat medium with contrained rotations.
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12. Initial Stress and Hyperstress

In the classical theory of elasticity a homogeneous initial stress in a homo-
geneous material can be transformed away by a suitable homogeneous trans-
formation of the reference configuration. The stress-free configurations of a
material in the classical theory are called natural states. In the classical theory,
the existence of a natural state is the rule rather than the exception; for materials
of grade 2, we shall show that the existence of a state in which both the stress
and hyperstress vanish is the exception rather than the rule.

It was shown in §10 that the energy function of a grade 2 material was
expressible as a function

W =Wy, 9upy> Aap> &) (12.1)

of the strain measures ¢,z and the linear combinations g,g,, of the strain gradient.
The function W depends on the reference configuration x;(M), the material
coordinate system («), and the spatial coordinate system (i).

Using the formulas (10.10), (10.11), (10.15), and (10.16), we obtain the follow-
ing expressions for the stress and hyperstress in terms of the function W in (12.1):

1 =V(AJa) [T** % o o s+ 2H P o pof , —H"™ o f & ], (12.2)
hﬁkzl/m)‘Hmﬂyxi’axf’“xk .

V2
where
Teb— W H"‘M:ﬂ. 12.
2 e (12:3)

Now every property of a given material is fixed once and for all by its
energy function W. We proceed now to lay down definitions of special materials
in terms of properties of the function W. .

If the reference configuration is changed from X* to X", the variables upon
which W depends undergo the transformations

Cap=Cap+ % (Aapg— Aup),

Gopy=Tapy+ ( {aaﬂ},{ _ {aaﬂ}A') 4y, (12.4)

and the energy function W' based upon this new choice for the reference con-
figuration is defined in terms of W by the relation

Wl(eo’zﬂ’ qc'zﬁy’ Aoltﬁ’ Ea) = I/ (A/A’) W(eaﬂ’ qaﬂy’ Aaﬂ» Ez) . (12'5)

We now define a homogeneous material as one for which a reference configuration
exists such that, in a rectilinear material coordinate system for that configuration
(i.e., a coordinate system such that A4,;= constant), the energy function does
not depend on the point E. It is easy to see from the transformation laws (12.4)
that if one such configuration exists, then any homogeneous deformation and/or
translation

X't=L,X 4+ D (12.6)

(we assume the spatial coordinate system (i) is rectilinear) of the reference con-
figuration yields another reference configuration with the same properties. We
call such a reference configuration of a homogeneous material undistorfed. The
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general formalism does not require that the reference configuration be undistorted,
but from this point on, let this be assumed. Also, let it be assumed that the
material coordinate system is rectilinear.

From the definitions (12.2), the stress and hyperstress in an undistorted

reference configuration of a homogeneous material are given by the simpler
formulas o= T X X,

s (12.7)
HE = HPT X X XF

The coefficients (7% and (H*f” and the initial values of the position gradient
Xt are all constants provided («) and (i) are rectilinear coordinate systems.
The oT*# and (H*F? are defined in terms of the energy function by

ow
OTaﬂ ES a————eaﬂ e=q=0’ (12 8)
by — oW '
0 —— .
qapy le=q=0

In general, it cannot be expected that for an arbitrary choice of the reference
configuration these values of the “initial” stress and hyperstress will vanish.
From the definition of W’ in terms of W given in (12.5) we can deduce how
the stress and hyperstress in two reference configurations must be related.

wp _ OW’
oI = Oegple=q'=0 V(/ 4 ) 38 ag le=(4'—A), g=0
1
[ o ff aw ro_
(A/A)[OT +( f T q=ods) (45, Ay,,)] (12.9)

= V(A]A") [, T** + C‘("a@’)"( s—A)],

€xp (e)=¢ (Aa,zﬁ - Aaﬂ) .

The coefficient C354° is a sort of average elastic modulus of the material along
a straight line in the space of strain measures ¢,; joining the two points which
correspond to the pair of reference configurations. Suppose that ,7*f 40 and
we seek to determine the existence of a reference configuration such that ,7"*#=0.
From (12.9) we see that sufficient conditions for the existence of a transformation
to such a new reference configuration are that C%%° be nonsingular in the

sense that CEi%%v,50,5>0, V50 and that
Aup=Aup— (CavyapysoT"? (12.10)

where

be positive definite.
A similar analysis for the hyperstress yields the formula

oH°4 = VAT [Ho#" 4+ D3 (4, — As))]. (1241)

Since the condition OT’“" =0 fixes the metric A;s, this condition determines
the reference configuration to within a rigid motion. To require that the initial
hyperstress (H'*#? vanish simultaneously leads, in general, to an overdetermina-
tion of the reference configuration. To sum up, we have the following theorem
on initial hyperstress:
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For almost all uniform homogeneous materials of grade 2 there exisis a reference
configuration free of initial stress, but, except for special materials, such a natural
state possesses initial hyperstress. The natural state is unique to within a rigid
motion.

13. Material Symmetry
In each of the models of an elastic continuum which have been considered,
the action density determines a material symmetry group. We shall illustrate
the idea and definition of material symmetry using materials of grade 2 and
restrict attention to statics so that it suffices to consider the energy density W.
For these materials we are given a function

W:W(edﬂ' qaﬁy’Aaﬂ: ). (13.1)

Since A,; is a Euclidean metric field, the material coordinates («) can always
be chosen in such a way that the components 4,, are constants

Aal?:éaﬂ. (132)
Consider, then, the length-preserving transformations
(L,Dy: MM (13.3)

of the material manifold into itself. Each such transformation is represented
in a coordinate system () where (13.2) holds by a formula
go=1%E 4 D* (13.4)
where L is an orthogonal matrix so that LLT=1.
The arguments in the energy function (13.1) transform as follows under each
transformation (13.4) of the manifold:
bap =L, L%e,,,
Gups =L L% Ly Guye-
The material symmetry group of the material with energy function (13.1) is
the set of all transformations (L, D) such that
W (eap: Gupy: £%) =VAJA' Weos, Gupy» &) (13.6)
throughout the domain of W.

If a group of transformations (13.3) is given for a material, the functional
equation (13.6) may be viewed as a system of restrictions on the energy function
for that material. The material symmetry group of a homogeneous, isotropic
material is the set of all distance-preserving transformations (13.3). Crystals
are characterized by crystallographic space groups (13.3), efc.

(13-5)

14. The Boundary-Layer Effect in Crystals
Low-energy electron-diffraction studies (cf., e.g., (1961, 1)) of very clean
surfaces of crystals have revealed that the spacing between the first few layers
of atoms adjacent to a free surface differs a small amount from the uniform
spacing of the deep layers. As an application of the theory of elastic materials
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of grade 2, we shall show how an initial hyperstress causes a deformation of a
boundary-layer near a free surface in qualitative agreement with what has been
observed.

For simplicity, let the material be homogeneous so that
W:W(Eaﬁ: qaﬂy)' (141)

We can define a natural length for the material with energy function (14.1) by
the formula

_ |7l
r= (14.2)

where
Feprome— OV ,cere TV (14.3)
0qupy 098t le=q=0 Oeqp Oty le=q=0

and the norm |T| of any material tensor such as F or C is defined by

|T| = VA, 4,5... T57~ TP, (14.4)

For simplicity and definiteness, consider now an infinite slab of a material
of grade 2 which has plane parallel faces free of all tractions and hypertractions.
Let its thickness be 2L in its natural state. Let material coordinates coincide
with the initial positions of the particles in a rectangular Cartesian coordinate
system (i) chosen in such a way that the free surfaces of the slab correspond
to the coordinate planes |X|=|X!|=L.

We seek a solution of the equations of equilibrium (10.8) and (10.9) with
vanishing body force, surface tractions, and hypertractions and which has the
form

n=x2(X),

r=X24+u?(X), (14.5)
B=X3+u3(X).
For a solution of this form, the position gradient x* , is a function of X only.

Hence, the Kirchhoff tensor T°* is a function of X 'only, and the equilibrium
equations have the simple form

T ,=T",=0. {14.6)
Since the boundary of the slab is everywhere free of curvature, and the surface
gradient of the hyperstress vanishes for solutions of the form (14.5), the boundary
conditions simplify to
TiaNa — Til =0,

. . 14.7
HmﬁNaNb:Hul:O at |X|=L ( )

The general solution of (14.6) is T°'=Constant, and from the boundary con-
dition (14.7), it follows that the constant is zero. Hence, the problem reduces
to finding a solution of the lower-order equations

T=0 (14.8)
which satisfies the boundary conditions (14.7),. To simplify the notation, let
Y (X)=x+(X), (14.9)
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and let a superposed dot denote differentiation with respect to X=X Thus,
V== ;. (14.10)

For deformations of the class (14.5), the energy is a certain function

W=U(y",99. (14.11)
Expressed in terms of the function U, the equations (14.8) are
oU 30 _
a7 aj.”.__0, |X| <L, (14.12)

and the boundary conditions (14.7), are

aU _
=0 |XI=L. (14.13)

It is interesting to note that, if one replaces the independent variable X by
the time ¢, the two-point boundary-value problem (14.12)—(14.13) is mathe-
matically equivalent to the determination of the motions of a mass point in
a force field f;=8U/0y* such that the initial momentum p,=23U/05* and the
final momentum at some later time vanish. Systems of equations of this standard
Eulerian form with one independent variable have an extensive literature. It
appears, although I have not found a precise statement of the result, that
sufficient conditions for the existence of a solution to the boundary-value problem
(14.12)—(14.13) are the positive definiteness of the Hessian matrix

tU
lz“ii=W’ (14.14)
in a suitable region of the phase space.

To exhibit the boundary-layer effect in more explicit form, let us write the
variables y* as

yi=6% + v (X). (14.15)

The new variables w*(X) all vanish when the particles are in the natural, reference
configuration. If the equilibrium configuration of the slab differs from the
reference configuration by a motion with small strain and small rotation, then
the dimensionless variables w* are all small:

[w'] <1. (14.16)

If it also be assumed that the gradient of the relative deformation and rotation
is small in the sense that .
o'l <1, (14.17)

then the solution for w* is approximated very closely by the solution of the
linearized equations of equilibrium

By + 1By’ — ;59" =0, (14.18)
which satisfies the linearized boundary conditions

oy ji? ;5 0'=—u;, |X|=L (14.19)
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where o;; is the dimensionless constant tensor obtained by setting w'=0 in
the right-hand side of (14.14), and the dimensionless tensors f;;, ¥;;, and y;
are defined by

=20
1 a9t 991 hw=o’
U
U 14.20
)}/17 ay, ay7 ho—0 ( 4 )
= U
M E o0

Note that u; measures the initial hypertraction on planes normal to the X axis.
The y,; are the elastic constants C,,;, of the classical theory of elasticity.

To solve the boundary-value problem (14.18)—(14.19), set
w' =W Xl (14.21)

where the W* are constants. Substituting (14.21) into the equilibrium equations
(14.18), one gets the linear homogeneous system

(B2, + RBjy—vi) W=0 (14.22)
which has a nonzero solution if and only if % is a root of the characteristic equation
P(k)=det [acs; + ks — i =0. (14.23)

It follows from the symmetry of the coefficients «,; and y;,; and the antisymmetry
of the coefficients f;;; that the sixth degree polynomial P(k) is even in k:
P(k)=P(— k). Hence, P(k) is a bicubic, and if % is a root of (14.23), so also is —&.
Let us assume as a condition on the strain energy function that «;; and y,; are
positive definite*. Since P(k) is bicubic, it is not difficult to determine the con-
ditions on the coefficients «,;, f;;, and y;; such that all of the roots of (14.23)
are real. With positive definite «,; and y,;, the roots are all real for sufficiently
small 8;;. We shall assume that all six roots k=4 ie, a=1, 2,3 are real. Then

cosh( X/I) _ .
a U'—}-B————AVt

w zg{ébcash(ée—l,ﬂ) 2 a sinh(a Lil) a

the general solution of the equilibrium equations can be written in the form
sinh(k X/I) _
g } (14.24)

where U* and V* are unit vectors. Substituting (14.24) into the boundary con-
a a

ditions (14.19), one obtains a system of six linear equations for the six scalar

amplitudes 4, B, a =1, 2,3. These always have a solution which is linear in

the initial hyperstress u;. The amplitudes have been so defined that the coef-
ficients in the linear relation are of order unity. Thus, when the thickness of
the slab L is much greater than the characteristic length ! of the material, one
sees by inspection of the solution (14.24) that the strain and rotation determined
by w* decays exponentially to zero from values on the surface of the slab which
are linear functions of the initial hyperstress.

* MINDLIN (1962, 2) has shown that, in the linear theory of materials of grade 2,
uniqueness of the usual boundary-value problems holds under these conditions and
fails, in general, if they are not satisfied.
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