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Abstract—This paper presents the theory and experiment of
a new class of microstrip slow-wave open-loop resonator filters.
A comprehensive treatment of capacitively loaded transmission
line resonator is described, which leads to the invention of
microstrip slow-wave open-loop resonator. The utilization of
microstrip slow-wave open-loop resonators allows various filter
configurations including those of elliptic or quasi-elliptic function
response to be realized. The filters are not only compact size due
to the slow-wave effect, but also have a wider upper stopband
resulting from the dispersion effect. These attractive features
make the microstrip slow-wave open-loop resonator filters hold
promise for mobile communications, superconducting and other
applications. Two filter designs of this type are described in detail.
The experimental results are demonstrated and discussed.

Index Terms—Microstrip filters, slow-wave open-loop res-
onators.

I. INTRODUCTION

I N MANY APPLICATIONS, keeping filter structures to
a minimum size and weight is very important. It would

seem that planar filter structures which can be fabricated using
printed-circuit technologies would be preferred whenever they
are available and are suitable because of smaller sizes and
lighter weight. Recent advance in high-temperature supercon-
ducting (HTS) circuits and microwave monolithic integrated
circuits (MMIC) has additionally stimulated the development
of various planar filters, especially narrow-band bandpass
filters which play an important role in modern communications
systems [1], [2]. In order to reduce interference by keeping out-
of-band signals from reaching a sensitive receiver, a wider
upper stopband, including 2, where is the midband
frequency of a bandpass filter, may also be required. However,
many planar bandpass filters which are comprised of half-
wavelength resonators have inherently a spurious passband at
2 . A cascaded low-pass filter or bandstop filter may be used
to suppress the spurious passband at the cost of extra insertion
loss and size. Although quarter-wavelength resonator filters
have the first spurious passband at 3, they require short-
circuit (grounding) connections with via holes, which is not
quite compatible with planar fabrication techniques. Lumped
element filters ideally do not have any spurious passband
at all, but they suffer from higher loss and poorer power
handling capability. Bandpass filters using stepped impedance
resonators (SIR) [3] or end-coupled slow-wave resonators [4]
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are able to control spurious response, but they can only be
implemented in few filtering configurations.

In this paper, we introduce a new class of microstrip band-
pass filters based on coupled slow-wave open-loop resonators.
We show that the use of slow-wave open-loop resonators
enable various filters including those of elliptic or quasi-elliptic
function response to be designed, that are not only compact
size, but that also have a wide upper stopband. In Section II,
we present a comprehensive circuit theory of capacitively
loaded transmission line resonator. This is necessary because
it leads to the invention of microstrip slow-wave open-loop
resonator which is described in Section III, where the full-
wave electromagnetic (EM) simulation confirms the circuit
theory. The designs of a five-pole direct-coupling filter and
a four-pole cross-coupled filter using microstrip slow-wave
open-loop resonators are described in detail in Sections IV
and V, respectively, including the characterization of coupling
coefficients. The experimental results of the filters are also
demonstrated and discussed. Conclusions are followed in
Section VI.

II. CAPACITIVELY LOADED TRANSMISSION LINE RESONATOR

For our purpose, let us consider at first a capacitively loaded
lossless transmission line resonator of Fig. 1(a), whereis
the loaded capacitance; , , and are the characteristic
impedance, the propagation constant, and the length of the
unloaded line, respectively. Thus, the electric length .
The circuit response of Fig. 1(a) may be described by

(1)

with

(2a)

(2b)

(2c)

where is the angular frequency; , , , and
are the network parameters of transmission matrix, which also
satisfy the reciprocal condition 1.

Assume that a standing wave has been excited subject to
the boundary conditions 0. For no vanished and

, it is required that

(3)
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(a)

(b)

Fig. 1. (a) Capacitively loaded transmission line resonator and (b) a mi-
crostrip slow-wave open-loop resonator on substrate (not shown).

Because

for the fundamental resonance
for the first spurious resonance

(4)

we have from (2a) that

(5a)

(5b)

where the subscripts 0 and 1 indicate the parameters associ-
ated with the fundamental and the first spurious resonance,
respectively. Substituting (5a) and (5b) into (2c), and letting

0 according to (3), yield

(6a)

(6b)

These two eigenequations can further be expressed as

(7a)

(7b)

from which the fundamental resonant frequencyand the
first spurious resonant frequency can be determined. Now
it can clearly be seen from (7a) and (7b) that
and when 0. This is the case for the
unloaded half-wavelength resonator. For 0, it can
be shown that the resonant frequencies are shifted down
as the loading capacitance is increased, indicating the slow-
wave effect. For the demonstration Fig. 2 plots the calculated
resonant frequencies according to (7a) and (7b), as well as
their ratio for different capacitance loading when 52 ,

16 mm and the associated phase velocity 1.1162
10 m/s. As can be seen when the loading capacitance

is increased, in addition to the decrease of both resonant

Fig. 2. Calculated fundamental and first spurious resonant frequencies of a
capacitively loaded transmission line resonator, as well as their ratio against
loading capacitance, obtained using a circuit mode.

frequencies, however, the ratio of the first spurious resonant
frequency to the fundamental one is increased. To understand
the physical mechanism that underlines this phenomenon,
which is important for our applications, we may consider
the circuit of Fig. 1(a) as a unit cell of a periodically loaded
transmission line. This is plausible as we may mathematically
expand a function defined in a bounded region into a periodic
function. Let be the propagation constant of the capacitively
loaded lossless periodic transmission line. Applying Floquet’s
theorem [5], i.e.,

(8)

to (1) results in

(9)

A nontrivial solution for , exists only if the determinant
vanishes. Hence,

(10)

Since for the symmetry and 1 for the
reciprocity, the dispersion equation of (10) becomes

(11)

according to (2a)–(2c).
Because the dispersion equation governs the wave propaga-

tion characteristics of the loaded line, we can substitute (7a)
and (7b) into (11) for those particular frequencies. It turns out
that for the fundamental resonant frequency
and for the first spurious resonant frequency.
As and , where and are the
phase velocities of the loaded line at the fundamental and the
first spurious resonant frequencies, respectively, we obtain

(12)

If there were no dispersion the phase velocity would be a
constant. This is only true for the unloaded line. However, for
the periodically loaded line the phase velocity is frequency
dependant. It would seem that, in our case , the increase in ratio
of the first spurious resonant frequency to the fundamental one
when the capacitive loading is increased would attribute to
the increase of the dispersion. This may clearer be seen from
the dispersion curves plotted in Fig. 3, which are obtained
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Fig. 3. Dispersion curves of a capacitively loaded lossless transmission line.

from (11). Notice that the vertical axis is normalized with
respect to , the phase velocity of the unloaded line. Thus,
the normalized phase velocity for any point on the dispersion
curves is given by the slope of the line joining the point to
the origin. The diagonal broken line has a constant slope of 1,
representing the nondispersion characteristic of the unloaded
line ( 0). However, for any 0 the slope dose
not keep constant anymore, indicating the dispersion. As the
loading capacitance is increased, the slope or the phase
velocity is decreased, which is also applicable for both the
fundamental and the first spurious resonance occurring at

and , respectively. This is
what would be expected for the slow-wave effect. On the
other hand, one can also easily find from Fig. 3 that for a
given , the slope or the phase velocity of the first spurious
resonance is larger than that of the fundamental resonance,
and the difference between these two increases whenis
increased. This, together with (12), would confirm that the
dispersion effect indeed accounts for the increase in ratio of
the first spurious resonant frequency to the fundamental one.
Therefore, this property can be used to design the bandpass
filter with a wider upper stopband.

III. SLOW-WAVE OPEN-LOOP RESONATOR

It is obvious that based on the circuit model of Fig. 1(a)
different resonator configurations may be realized. Herein, we
propose a so-called microstrip slow-wave open-loop resonator,
which is composed of a microstrip line with both ends loaded
with folded open-stubs as Fig. 1(b) shows. The folded arms of
open-stubs are not only for increasing the loading capacitance
to ground as referred to Fig. 1(a), but also for the purpose
of interstage or cross couplings. Shown in Fig. 4 are the
fundamental and first spurious resonant frequencies as well
as their ratio against the length of folded open-stub, obtained
using a full-wave electromagnetic (EM) simulator [7]. Note

Fig. 4. Simulated fundamental and first spurious resonant frequencies of a
microstrip slow-wave open-loop resonator, as well as their ratio against the
loading open-stub, obtained using a full-wave EM simulator.

that in this case the length of folded open-stub is defined as
for 5.5 mm and 5.5 for 5.5 mm

as referring to Fig. 1(b). One can see that the results obtained
by the full-wave EM simulation bear the similarity to those
obtained by the circuit theory shown in Fig. 2. This is what
would be expected because in this case the unloaded microstrip
line, which has a length of 16 mm and a width of
1.0 mm on a substrate with a relative dielectric constant of
10.8 and a thickness of 1.27 mm, exhibits about the same
parameters of and as those assumed in Fig. 2, while the
open-stub could approximate to the lumped capacitor. At this
stage, it may be worthwhile pointing out that to approximate
to the lumped capacitor, it is essential that the open-stub
should have a wider line or lower characteristic impedance.
In this case, by referring to Fig. 1(b), we have 2.0
mm and 3.0 mm for the folded open-stub. It should be
mentioned that the slow-wave open-loop resonator differs from
the miniaturized hairpin-resonator [6] primarily in that they
are developed from rather different concepts and purposes.
The latter is developed from conventional hairpin resonator by
increasing capacitance between both ends to reduce the size of
the conventional hairpin resonator [6]. The main advantage of
microstrip slow-wave open-loop resonator of Fig. 1(b) over the
previous ones is that various filter structures (see Fig. 5) can be
developed, including canonical filter in Fig. 5(d) and cascaded
quadruplet (CQ) filter in Fig. 5(e) which exhibit elliptic or
quasi-elliptic function response.

IV. FIVE-POLE DIRECT COUPLING FILTER

For our demonstration we will focus on two examples of
narrow-band microstrip slow-wave open-loop resonator filters.
The first one is a five-pole direct-coupling filter with over-
lapped coupled slow-wave open-loop resonators as Fig. 5(c)
shows. This filter was originally developed to meet the fol-
lowing specifications for an instrumentation application: As

Center frequency 1335 MHz
3-dB bandwidth 30 MHz
Passband loss 3 dB Max

Min stopband rejection dc to 1253 MHz, 60 dB
1457–2650 MHz, 60 dB
2650–3100 MHz, 30 dB

60-dB bandwidth 200 MHz Max
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(a) (b)

(c) (d) (e)

Fig. 5. Some filter structures realized using microstrip slow-wave open-loop resonators: (a), (b), and (c) directive coupling filters; (d) canonicalfilter;
and (e) cascaded quadruplet (CQ) filter.

(a)

(b)

Fig. 6. (a) An equivalent circuit of the five-pole directive coupling bandpass filter and (b) an associated low-pass prototype filter.

can be seen a wide upper stopband including 2is required
and at least 30-dB rejection at 2is needed.

The bandpass filter may be represented by an equivalent
circuit shown in Fig. 6(a), where is the center
angular frequency of the filter; , , , are the
coupling coefficients between adjacent resonators, and
is the external quality factor denoting the input and output
coupling. The coupling coefficients and external quality factor
may be synthesized from a low-pass prototype filter shown
in Fig. 6(b), where the rectangular boxes represent frequency
invariant immittance inverters defined through a transmission
matrix of the form [8]

(13)

in which is the characteristic admittance of the inverter,
and in our case 1. The other elements , , ,
of the prototype filter could be determined by synthesizing
a standard Chebyshev filter. The external quality factor and
coupling coefficients can then be found by

FBW
FBW

FBW
(14)

where FBW denotes the fractional bandwidth of bandpass
filter. Considering the effect of conductor loss that is the

narrower the bandwidth, the higher is the insertion loss, which
is even higher at the passband edges because the group delay
is usually longer at the passband edges, we designed the filter
with a slightly wider FBW, trying to meet the 3-dB bandwidth
of 30 MHz as specified, and found

(15)

The next step of the filter design was to characterize
the couplings between adjacent microstrip slow-wave open-
loop resonators as well as the external quality factor of the
input or output microstrip slow-wave open-loop resonator.
The coupling of any pair of adjacent resonators may be
characterized by [9]

(16)

where and are the lower and higher split resonant
frequencies of a pair of coupled resonators when they are de-
coupled from the remainder. The external quality factor may
be characterized by

(17)

where and are the resonant frequency and the 3-
dB bandwidth of the input or output resonator when it alone
is externally excited. Because the split resonant frequencies
of coupled resonators and the 3-dB bandwidth of the input
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(a)

(b)

Fig. 7. (a) Typical frequency responses simulated for extracting the coupling
coefficient. (b) Typical frequency responses simulated for extracting the
external quality factor.

or output resonator are quite easily identified in full-wave
EM simulation, we used the full-wave EM simulator [7] to
model the coupling coefficients and external. Shown in
Fig. 7(a) and (b) are the typical frequency responses obtained
from the EM simulation for extracting coupling coefficient
and external , respectively. Fig. 8(a) depicts the extracted
coupling coefficient against different overlapped length d for a
fixed coupling gap , where the size of the resonator is 16 mm
by 6.5 mm on a substrate with a relative dielectric constant of
10.8 and a thickness of 1.27 mm. One can see that the coupling
almost increases linearly with the overlapped length. It can also
be shown that for a fixed reducing or increasing coupling
gap increases or decreases the coupling. From the filter
configuration of Fig. 5(c), one might expect the cross coupling
between nonadjacent resonators. We investigated this issue and
found that the cross coupling between nonadjacent resonators
is quite small when the separation between them is larger than
2 mm as Fig. 8(b) shows. This, however, suggests that the filter
configuration of Fig. 5(b) would be more suitable for very
narrow-band realization which requires very weak coupling
between resonators. Having characterized the couplings we
designed the filter with the aid of the EM simulator. The
filter was then fabricated on a RT/Duroid substrate. Fig. 9
shows a photograph of the fabricated filter. The size of this
five-pole filter is about 0.70 by 0.15 , where is
the guided wavelength of a 50- line on the substrate at
the midband frequency. Fig. 10 shows experimental results,

(a)

(b)

Fig. 8. Modeled coupling coefficients of (a) overlapped coupled and (b)
end-coupled slow-wave open-loop resonators.

Fig. 9. A photograph of the fabricated five-pole bandpass filter using mi-
crostrip slow-wave open-loop resonators.

which represent the first design iteration. Fig. 10(a) gives the
details of the passband while Fig. 10(b) shows the wide-band
response. Except for a slight deviation in the center frequency
and bandwidth, the filter had a midband loss less than 3 dB
and exhibited the excellent stopband rejection. It can be seen
that more than 50-dB rejection at 2has been achieved.

V. FOUR-POLE CROSS-COUPLED FILTER

The second trial microstrip slow-wave open-loop resonator
filter is that of four-pole cross-coupled filter that is a basic
unit of CQ [10] filter of Fig. 5(e). It should be noticed that in
this case the CQ filter structure is the same as the canonical
one of Fig. 5(d). Shown in Fig. 11(a) is an equivalent circuit
of the filter, where denotes the cross coupling between
the input and output resonators. This bandpass filter could
be synthesized with the aid of a low-pass prototype filter of
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(a)

(b)

Fig. 10. Measured filter performance for the five-pole slow-wave open-loop
resonator filter. (a) The details of passband response and (b) the wide-band
response.

Fig. 11(b), whose element values may be obtained using a
method described in [11]. Once the element values are found,
the external quality factor and the coupling coefficients of
the filter can be calculated by

FBW
FBW

FBW

FBW
(18)

The calculated design parameters of the four-pole cross-
coupled bandpass filter are listed below

(19)

(a)

(b)

Fig. 11. (a) An equivalent circuit of the four-pole cross-coupled bandpass
filter and (b) an associated low-pass prototype filter.

Next, the coupling coefficients of three basic coupling
structures encountered in this filter were modeled using the
similar approach as described in the last section. The results
are depicted in Fig. 12. Notice that the mixed and magnetic
couplings are used to realize and , respec-
tively. While the electric coupling is used to achieve the cross
coupling . The tapped line input or output was used in
this case and the associated externalcould be characterized
by the method mentioned before. The filter was designed
and fabricated on a RT/Duroid 6010 substrate with a relative
dielectric constant of 10.8 and a thickness of 1.27 mm. Fig. 13
shows a photograph of the fabricated four-pole cross-coupled
filter. In this case, the size of the filter amounts only to 0.18

by 0.36 . The measured filter performance is illustrated
in Fig. 14. The measured 3 dB bandwidth is about 4% at 1.3
GHz. The minimum passband loss was approximately 2.7 dB.
The filter exhibited a wide upper stopband with a rejection
better than 40 dB up to about 3.4 GHz. The two transmission
zeros that are the typical elliptic function response can also
clearly be observed. However, the locations of transmission
zeros are asymmetric. It would seem that this is mainly resulted
from a frequency-dependent cross coupling.

To investigate this issue, we have simulated the field dis-
tributions of resonators 1 and 4 against frequencies using
the full-wave EM simulation. It turns out that the charge
or the electric field density at the upper rejection frequency
is higher than that at the lower rejection frequency. This
would mean that the electric coupling is stronger at the
upper rejection frequency than that at the lower one. As the
cross coupling is resulted from the electric coupling between
resonators 1 and 4, the stronger the cross coupling, the closer
is the transmission zero approaching to the passband edge.
This could account for the asymmetric frequency response
of Fig. 14. We have then assumed a frequency-dependent
cross coupling in a circuit mode of the filter, and obtained
a theoretical prediction in Fig. 15, showing an asymmetric
frequency response being consistent with the experimental
one. Having found the possible cause for the asymmetry
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(a) (b) (c)

Fig. 12. Modeled coupling coefficients of coupled microstrip slow-wave open-loop resonators. (a) Magnetic coupling, (b) mixed coupling, and (c)
electric coupling.

Fig. 13. A photograph of the fabricated four-pole bandpass filter using
microstrip slow-wave open-loop resonators.

of transmission zeros, we have experimentally attempted to
compensate for the frequency-dependent cross coupling. This
was done by inserting a tuning element between the coupling
gap of resonators 1 and 4. This approach was justifiable
on a fact that the charge distributions of coupled resonators
are different at the upper and lower rejection frequencies as
observed from the full-wave EM simulation. Hence, depending
on the tuning element position, the coupling at the upper and
lower rejection frequencies could somewhat be balanced. The
feasibility of this approach was confirmed by the experiment
and the final experimental result is shown in Fig. 16, where a
significant improvement in symmetric response is evident.

VI. CONCLUSION

We have presented both the theory and experiment of a new
class of planar microwave bandpass filters using microstrip
slow-wave open-loop resonators. The theoretical treatment
of capacitively loaded transmission line resonator has not
only led to the invention of microstrip slow-wave open-loop
resonators, but also given an insight into the properties of
this type of resonators. We have performed the full-wave

(a)

(b)

Fig. 14. Measured filter performance for the four-pole slow-wave open-loop
resonator filter exhibiting elliptic function response. (a) The details of pass-
band response and (b) the spurious response.

EM simulation to confirm the circuit theory. It has been
demonstrated that the use of the microstrip slow-wave open-
loop resonators allows various filter configurations including
those of elliptic or quasi-elliptic function response to be
realized that are not only compact size due to the slow-wave
effect, but that also have a wider upper stopband resulted from
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Fig. 15. Theoretical prediction of asymmetric frequency response resulted
from a frequency-dependent cross coupling.

Fig. 16. Measured filter performance of the four-pole slow-wave open-loop
resonator filter using the tuning element to compensate for the fre-
quency-dependent cross coupling.

the dispersion effect. We have described in detail the two filter
designs using microstrip slow-wave open-loop resonators. It
has been shown that the design parameters can be obtained
based on the prototype circuits, and the coupling coefficients
and external quality factor associated with the microstrip
slow-wave open-loop resonators can be characterized in the
light of the full-wave simulation. We have discussed the
experimental results of the filters and investigated in particular
the asymmetric response of cross-coupled filter. It has been
found that the asymmetric locations of transmission zeros
would attribute to the frequency-dependent cross coupling,
and a practical approach using the tuning element has been
sought for the compensation. The further experimental result of
four-pole cross-coupled filter has verified the feasibility of the
approach. It can be seen that the microstrip slow-wave open-
loop resonator filters hold promise for mobile communications,
HTS, and other applications.
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