Alexandre Ern Jean-Luc Guermond

Theory and Practice of
Finite Elements

With 89 Figures

© Springer




Contenté

Part I Theoretical Foundations

1

Finite Element Interpolation............................... 3
1.1 One-Dimensional Interpolation ............................ 3
1.2 Finite Elements: Definitions and Examples.................. 19
1.3 Meshes: Basic Concepts ..........ouniiiiiiiin. .. 31
1.4 Approximation Spaces and Interpolation Operators .......... 38
1.5 Interpolation of Smooth Functions . ........................ 58
1.6 Interpolation of Non-Smooth Functions. .................... 68
1.7 Inverse Inequalities ......... .. ... .. i 75
1.8 EXercises .. ovvvite it it e e e 77
Approximation in Banach Spaces by Galerkin Methods .... 81
2.1 The Banach-Netas—Babuska (BNB) Theorem . .............. 81
2.2 Galerkin Methods ........ ... ... i 88
2.3 Error Analysis ....... ... 93
2.4 - Saddle-Point Problems . ....... ... .. .. . . i i 99
2.5 EXEICISES . oottt e e 106

Part II Approximation of PDEs

3

Coercive Problems.............. ... ... .. ... ... L 111
3.1 Scalar Elliptic PDEs: Theory ............ ... .. ........... 111
3.2 Scalar Elliptic PDEs: Approximation....................... 120
3.3 Spectral Problems ......... ... ... . i 141
3.4 Continuum Mechanics. ........ ... i, 150
3.5 Coercivity LOSS .. oot 164

3.6

BXercises .. ov v e 170



xii Contents
4 Mixed Problems ......... .. ... ... .. ... 175
4.1 Mathematical Study of the Stokes Problem ................. 175
4.2 Mixed Finite Element Approximation ...................... 183
4.3 Galerkin/Least-Squares (Gal.S) Approximation ............. 201
4.4 Linear Algebra ........ .. i e 208
4.5 BXEICISeS oot e e e e 214
5 PFirst-Order PDEs ...... .. ... ... ... ... ... ... 219
5.1 Standard Galerkin Approximation in One Dimension......... 219
52 First-Order PDEsin L2 ... ... ... .. ... . ... 225
5.3 Least-Squares Formulation and Variants.................... 234
5.4 Galerkin/Least-Squares (GaLS) Approximation ............. 242
5.5 Subgrid Viscosity Approximation .......... ... ... ... ....... 251
5.6 Discontinuous Galerkin (DG) Approximation ............... 265
5.7 Non-Standard Galerkin Approximation..................... 271
5.8 EXEICISes .. oo ittt e 275
6 Time-Dependent Problems ................................ 279
6.1 ParabolicProblems......... ... ... ... .. i .. 279
6.2 Time-Dependent Mixed Problems ......................... 300
6.3 Evolution Equations Without Coercivity ................... 312
6.4 EXErcises .. ... ... 332
Part IIT Implementation
7 Data Structuring and Mesh Generation.................... 337
7.1 Data Structuring . ....... .. 337
7.2 Mesh Generators . ......... i 340
7.3 Example: Delaunay Triangulations......................... 346
T4 EXEICISEs ... ..o e 354
8 Quadratures, Assembling, and Storage..................... 357
8.1 Quadratures: Theory and Implementation .................. 357
8.2 Assembling ......... .. 368
8.3 Storage of Sparse Matrices............. ... . . 372
8.4 Non-Homogeneous Dirichlet Boundary Conditions ........... 376
8.0 EXercises ........coiiii 380
9 Linear Algebra ......... ... ... .., 383
9.1 Conditioning........ ... i 383
9.2 Reordering ...........ooiiiiniiin 393
9.3 TIterative Solution Methods ........... ... .. ... ... ... ... 401
9.4 Introduction to Parallel Implementation .................... 413

0.5 EXerCiSes ... ovi it 417



Contents xiii

10 A Posteriori Error Estimates and Adaptive Meshes........ 421
10.1 Residual-Based Error Estimates .. .......... ... ... ...... 421
10.2 Hierarchical Error Estimates ... ........ ... .. ... ...... 435
10.3 Duality-Based Error Estimates . ........................... 445
10.4 Adaptive Mesh Generation ............ ... .. 453
105 EXOICISES « o v vttt e e e e e 457

Part IV Appendices

A Banach and Hilbert Spaces ............. ... ... ... ... ... 463
A.1 Basic Definitions and Results .......... ... ... ... ... .. ... 463
A.2 Bijective Banach Operators......... ... ... ... ... ... 468
B Functional Analysis........ ... .. ... .. .. .. i 477
B.1 Lebesgue and Lipschitz Spaces ................ ... ... .. ... 477
B.2 Distributions. ... 480
B.3 Sobolev Spaces . .........iiii i e 482
Nomenclature ....... .. ... .. .. . . 493
References....... ... . . i 497
Author Index . ... ... . . 513

Subject Index ........ ... . 517



