Chapter 3 ®)
Theory for Thermal Wave Control: ez
Transformation Complex Thermotics

Abstract In this chapter, we develop a transformation theory for controlling wave-
like temperature fields (called thermal waves herein) in conduction and advection.
We first unify these two basic heat transfer modes by coining a complex thermal
conductivity whose real and imaginary parts are related to conduction and advec-
tion. Consequently, the conduction-advection process supporting thermal waves is
described by a complex conduction equation, thus called complex thermotics. We
then propose the principle for transforming complex thermal conductivities. We
further design three metamaterials to control thermal waves with cloaking, concen-
trating, and rotating functions. Experimental suggestions are also provided based on
porous media.

Keywords Transformation complex thermotics - Thermal waves * Porous media

3.1 Opening Remarks

Conduction and advection are ubiquitous, with crucial parameters of thermal con-
ductivities and advection velocities, respectively. Therefore, these two heat transfer
modes are generally considered independent, challenging their simultaneous manip-
ulation. Recently, transformation theories have been proposed to control conduction
and advection simultaneously, yielding practical applications such as cloaking, con-
centrating, and rotating [1-3]. These theories apply to constant-temperature bound-
ary conditions but are not necessarily appropriate for periodic boundary conditions
supporting thermal waves.

To solve the problem, we resort to a complex thermal conductivity x = o + it,
where o and t are two real numbers [4]. The « can be well understood with the com-
plex plane shown in Fig.3.1. We consider thermal waves with rightward advection
velocities. The temperature profiles in the right (o > 0) and left (o < 0) half-planes
have loss and gain of heat energy, respectively. The motion of the temperature pro-
files in the upper (z > 0) and lower (r < 0) half-planes is rightward and leftward,
respectively. Therefore, the conduction-advection process supporting thermal waves
can be described by a complex conduction equation, thus called complex thermotics
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herein. In other words, advection can be regarded as a complex form of conduction.
Transforming complex materials was also realized in wave systems with a similar
idea [5], where gain/loss leads to non-Hermitian dielectrics.

We further study the complex conduction equation and propose the theory of trans-
formation complex thermotics, linking spatial transformations and material transfor-
mations. We first prove the form-invariance of the complex conduction equation
under coordinate transformations and derive the principle for transforming complex
thermal conductivities. The present theory further allows us to cloak, concentrate, and
rotate thermal waves as three model applications. Specifically, cloaking can hide an
obstacle without distorting the thermal waves in the background; concentrating can
enhance the density of thermal waves; rotating can control the direction of thermal
waves. We further provide experimental suggestions based on porous media whose
effective parameters can be calculated by weighted average.

3.2 Theoretical Foundation
Complex thermotics can be described by a complex conduction equation,
oT
,0C¥+V-(—KVT)=O, (3.1)

where p, C, «, T, and ¢ are density, heat capacity, complex thermal conductivity,

temperature, and time, respectively. The complex thermal conductivity « can be
expressed as [4]

pCv-B

B

K=04+I1T =0 +1 (3.2)

where v is advection velocity, and B is wave vector. By applying a wavelike temper-
ature field [7, 8] described by T = Ape'BT=) 1 T, we can derive the dispersion
relation of complex thermotics,
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o8>

where Ag, r, o, and T are the amplitude, position vector, angular frequency, and
reference temperature of the wavelike temperature field, respectively. The wavelike
temperature field can also be called a thermal wave because it mathematically corre-
sponds to a plane wave. Note that thermal waves herein have a distinct mechanism
from those thermal-relaxation-related heat waves [9, 10]. Equation (3.2) is a mathe-
matical skill to unify conduction and advection. Due to the feature of thermal waves
(say, VT =iBT), we can derive it - VI = —t BT which just corresponds to an
advection term.

We then prove that the complex conduction equation (Eq. (3.1)) is form-invariant
under the spatial transformation from a curvilinear space X to a physical space X'.
For this purpose, we rewrite Eq. (3.1) as

oT
pCE—l—V-(—aVT)—i—V-(t/}T) =0. (34
We suppose u = tf and write down the component form of Eq. (3.4) in the curvi-
linear space with a contravariant basis (gl, g% g3) and contravariant components

(xl, x2, x3),

VEPCHT +0; (— /3o ™" 0 T) + 9; (/gu/T) =0, (3.5)

where g is the determinant of the matrix g - g, with (g, g,, g3) being a covariant
basis, and j (or k) takes 1,2 or 3. Equation (3.5) is expressed in the curvilinear space,

and then we rewrite it in the physical space with Cartesian coordinates (x " x%, x3'),

ax/’ ,
fpca,T+a ( fofk—ak, ) aj,%(@ufT)=o, (3.6)
X

where dx/'/dx/ and 9dx* /3x* are the components of the Jacobian transformation
matrix J, and /g = 1/det J. We turn the spatial transformation into the transfor-
mation of materials or vectors, so Eq. (3.6) becomes

C dx’ jk Bxk c)x_”u/
0T + 0, | -2 2T [+, | 21| =0. (3.7)
det J det J det J
The transformation rule can be derived,
,  pC
(pC) = —, (3.8a)

det J
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JoJt
o' =20 (3.8b)
det J
J
u = u~, (3.8¢)
detJ
where JT represents the transpose of J.Since u = 1, Eq. (3.8¢c) becomes
J (@B
(B) = = (3.9)
det J
We do not transform the wave vector, i.e., B’ = B, so Eq. (3.9) turns into
J
o=l (3.10)
det J

Therefore, the principle for transforming complex thermal conductivities can be
summarized as

c
(pC) = 2= (3.11a)
detJ
JoJf
o =22 (3.11b)
det J
0= G.11¢)
det J

Equation (3.11) is the first key result, acting as the foundation of transformation
complex thermotics. Physically, Egs. (3.11a) and (3.11b) agree with the result given
by the theory of transformation thermotics for conduction [11, 12]. A crucial point
is to show that Eq. (3.11c) does not violate physical laws either. For this purpose, we
substitute the expression of t (Eq. (3.2)) into Eq. (3.11c), thus yielding

/ 7 Co-
pcv-p\ I (“F)
5 = —. (3.12)
B det J
With Eq. (3.11a) and 8’ = B, Eq. (3.12) can be reduced to
v = Jv, (3.13)

which also agrees with the theory of transformation thermotics for advection [1-3].
Therefore, we may briefly summarize two conclusions: (I) complex thermotics indi-
cates that the real and imaginary parts of a complex thermal conductivity (Eq. (3.2))
are related to conduction (featuring dissipation) and advection (featuring propaga-
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tion), respectively; and (II) the governing equation of complex thermotics (Eq. (3.1))
is form-invariant under coordinate transformations.

3.3 Model Application

The form-invariance of the complex conduction equation (Eq. (3.1)) allows us to
cloak, concentrate, and rotate thermal waves. A schematic diagram of cloaking is
shown in Fig. 3.2a. The left and right ends are set with periodic boundary conditions,
say, Ty = Tg. The upper and lower boundaries are insulated. We consider the case
with v//B where the imaginary part of x appears, as calculated by Eq. (3.2). We take
on the wave vector 8 = 2rm /W with m = 10, and the time period of the thermal
wave is fp = 20 s according to Eq. (3.3). We set the initial wavelike temperature field
as T = 40sin (Bx) + 323 K (Fig. 3.2b). When there is an obstacle without motion in
the center, the thermal wave is distorted (Fig. 3.2c and d). Different from the schemes
with analytical design [13—15] and topological optimization [16—19], we apply the
present theory of transformation complex thermotics to design thermal cloaking.
The coordinate transformation can be expressed as r = ar’ + b and 6 = 6’, where
(r, 6) denote cylindrical coordinates in the physical space, a = (r, — ry) /12, and
b =r;. Here, r| and r, are the inner and outer radii of the shell, respectively. The
Jacobian transformation matrix J can be calculated as J = diag[a, ar/ (r — b)].

We design the cloak according to Eq. (3.11). The initial wavelike temperature field
in the cloak turns into 7 = 40sin {8 [(r — b) x/ (ar)]} + 323 K (Fig.3.2e). Here,
the wave vector § is not transformed indeed, and only the coordinate x becomes
(r — b) x/ (ar). The obstacle does not distort the thermal wave in the background,
so the cloaking effect is achieved (Fig.3.2f and g). Since the dispersion relation
(Eq. (3.3)) indicates that the decay rate (-Im(w)) is in direct proportion to thermal
conductivity, the temperature of the obstacle (with a high thermal conductivity of
120W m~!' K~') decays quickly and becomes a constant. Meanwhile, the thermal
wave has energy loss due to the positive real part of «, and propagates rightwards
along x axis due to the positive imaginary part of x. After propagating for one period
(205), the thermal wave approximately gains a phase difference of 2, thus going
back to the initial position (Fig.3.2e and g).

With the similar method for cloaking, we can also design concentrating and
rotating. The transformation of concentrating is r = cr’ forO < r’ < rp, r =dr’ +
f forr, <r' <r,and 6 =60'. Here, c=r1/rp, d = (2 —1r1) ) (ra —rp), f =
(r1 — rm) ra/ (ry — rw), and r,, is an intermediate radius between r; and r,. The con-
centrating effect is determined by the parameter 1 /¢ = r,, /r;, whose maximum value
is rp /1. Therefore, increasing the value of r,, can enhance the thermal gradient inside
the concentrator. We can derive the Jacobian matrix J in the core as J = diag [c, c],
and that for the shell as J = diag[d, dr/ (r — f)]. The initial wavelike tempera-
ture field in the core turns into 7 = 40sin [ (x/c)] + 323 K, and that in the shell
becomes T = 40sin{B [(r — f) x/ (dr)]} + 323 K (Fig.3.3a). The thermal waves
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Fig. 3.2 a Schematic diagram of cloaking. b—d Simulations with an obstacle in the center. e-g
Simulations with an obstacle coated by a cloak. Background parameters: W = 20 cm, H = 10 cm,
o = 1000 kg/m?®, C =4200 T kg™ ' K~!, 0 =0.6 Wm~! K~!, and v = 0.1 cm/s. The obstacle
is without motion, and has only a different parameter of & = 120 W m~! K~! from background
parameters. Cloaking parameters: the product of density and heat capacity is pC (r — b) / (aZr); the
real part of the complex thermal conductivity is diag [(r — b) o/r, ra/ (r — b)]; and the velocity is
vl[acosf, —arsin@/ (r — b)]Jr withr; =2.5cm,rp =3.5cm,a = 2/7,and b = 2.5 cm. Adapted
from Ref. [6]

att = 10sand r = 20 s are shown in Fig. 3.3b and c, respectively. The thermal wave
in the center is concentrated indeed.

The transformation of rotating is r =1/, 0 =0+ 6y for 0 < r’ < ry, and 6 =
0+ h(r —rp) for ry <r’ <ry. Here, h = 6y/ (r; — r2), and 6 is rotating angle.
We can derive the Jacobian matrix in the core as J = diag[1, 1], and that in the
shell as J = [(1, 0), (hr, 1)]. The initial wavelike temperature field in the core
turns into 7 = 40sin[B (x cos by + y sinby)] + 323 K, and that in the shell turns
into T = 40sin {S {x cos [k (r — ry)] 4+ ysin[h (r — rp)]}} + 323 K (Fig.3.3d). The
thermal waves at = 10 s and r = 20 s are shown in Fig. 3.3e and f, respectively. We
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Fig. 3.3 Simulations of a—c concentrating and d—f rotating. The system sizes (W, H, ry,
and rp) and background parameters (p, C, o, and v) are the same as those for Fig.3.2.
Core parameters in a—c: pC/c?, o, and cv. Shell parameters in a—c: pC (r — f)/(dzr),
diag[(r — f)o/r, ra/(r — f)], and v[dcosO, —drsin8/ (r — f)]Jr with r, =3.2 cm, ¢ =
25/32,d =10/3, and f = —49/6 cm. Core parameters in d—f: pC, o, and v [cosfp, sin GO]JF.
Shell parameters in d—f: pC, o ((1, hr), (hr, h2r? 4+ 1); and v [cos O, hrcosf — sinH]Jf with
0p = m/6rad and h = —x /6 rad/cm. Adapted from Ref. [6]

can observe that the direction of thermal wave in the center is rotated by 6y = 7 /6
anticlockwise.

Here, we only apply a single coordinate transformation to realize a single func-
tion. If one combines different coordinate transformations, it is possible to design
devices with functions of cloaking-rotating [20] or concentrating-rotating [21]. Cer-
tainly, model applications are not limited to the above three devices, and many other
applications can also be expected, such as thermal camouflage.

3.4 Experimental Suggestion

The transformation of t (Eq. (3.11c¢)) is related to the transformation of v (Eq. (3.13)),
which is mathematically easy but experimentally difficult. Meanwhile, we should
transform the density and heat capacity of moving media, which is also experimen-



26 3 Theory for Thermal Wave Control: Transformation Complex Thermotics

363

T (K)

283

P (10° Pa)

Fig. 3.4 a Schematic diagram of cloaking in porous media. b—d Temperature profiles and e pres-
sure distribution with an obstacle located in the center. f—h Temperature profiles and i pressure
distribution with the same obstacle coated by a cloak. White arrows in e and i denote advec-
tion velocities. P = 2 x 10° Pa and Pg = 0 Pa. The fluid is still water with pr = 1000 kg/m3,
C;=4200Tkg ' K, 0y =0.6 Wm~! K~!, and & = 103 Pa s. The background solid is stone
with parameters p; = 4000 kg/m3, C, = 840Jkg_1 K1, o5 = 2Wm 1K1, n= 10712 m2, and
¢ = 0.8. The obstacle has only different parameters of o = 400 Wm™! K=l and 5 = 2 x 10710 m?
from the background solid. The parameters in the shell are transformed as Eq. (3.17). Adapted
from Ref. [6]
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tally difficult. Fortunately, many fluid models can help [22-31]. Here, we utilize
porous media [22] to proceed. Then, we should extend transformation complex ther-
motics from pure materials to composite materials. The porous medium is composed
of solid and fluid with solid porosity of ¢. We denote the density and heat capacity of
the solid (or fluid) as p; (or pr) and C (or Cy), respectively. The effective density (o)
and heat capacity (C) of the porous medium can be derived from the weighted aver-
age of the solid and fluid, say, pC = ¢p;Cy + (1 — ¢) p;C,. Similar to Eq. (3.2),
the complex thermal conductivities of the solid and fluid can be expressed as

YCY st
Ky = G, +iT, = 0, + ip“ﬂ—vzﬂ, (3.142)
Crvp-
kf =05+ i‘L’f =07+ lpf;—zfﬂ, (3.14b)

where v; and v ¢ are the velocities of the solid and fluid, respectively. The imaginary
partof Eq. (3.14a) generally vanishes (t, = 0) when the solid does not move (v, = 0).
It is reasonable to handle the real parts of Eq. (3.14) with the method of weighted
average, thus yielding the real part of the effective complex thermal conductivity as
0 = ¢oy + (1 — ¢) o, [32]. The next question is how to handle the imaginary parts
of Eq. (3.14). We know that the imaginary part T of the effective complex thermal
conductivity is related to propagation, which has vector property to some extent.
Therefore, it is also physical to use the method of weighted average to derive the
effective imaginary part,say, 7 = ¢ 1, + (1 — ¢) 7,. Therefore, the effective complex
thermal conductivity « of the porous medium can be expressed as

K =0 +it =¢o;+ (1 —¢)o, +i[¢>zf+(1 —¢)rs] = ¢ic; + (1 — ¢) ks
(3.15)
Equation (3.15) is the second key result, describing the effective complex thermal
conductivity of composite materials. By substituting Eq. (3.15) into Eq. (3.1), we
can obtain the dispersion relation in porous media,

C
o= by /o
pC

(1 =) psCs .0132
p—C‘US'ﬂ—lp—C. (316)

rB+
When ¢ = 1, the porous medium becomes pure fluid, and Eq. (3.16) is reduced to
Eq. (3.3) naturally.

With the understanding of Eq. (3.15), we can still use the result of Eq. (3.11),
but it is not enough. We should consider the Darcy law and mass conservation. The
Darcy law indicates that the origin of advection velocity is pressure difference, say,
v = — (n/€) VP where n is permeability, £ is dynamic viscosity, and P denotes
pressure. Since the pressure field is stable, density does not change with time and
mass conservation is satisfied naturally. With these two physical conditions, we can
obtain the transformation rule in porous media,
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’
(prCr) = psCy. (3.17a)
o) = oy, (3.17b)
CY — ¢pC
(peCyy = L PPrCy (3.17¢)
1-¢
ol = ﬂ7 (3.17d)
1-¢
nJi
n = (3.17¢)
det J

where (pC)’ and o' are given by Egs. (3.11a) and (3.11b), respectively. Equa-
tion (3.17) is the third key result, revealing the theory of transformation complex
thermotics in porous media. We only transform the parameters of solids and avoid
transforming advection velocities and moving fluids directly. Therefore, the physi-
cal problems for experiments have been solved, and the remaining problems are to
find practical materials with anisotropic and inhomogeneous thermal conductivities
and permeabilities, which have been widely studied based on multilayered struc-
tures [33-42].

Figure 3.4a shows the schematic diagram of our experimental suggestion. We use
two modules: the heat transfer in porous media and the Darcy law. The left and right
boundaries are also set at high pressure (P;) and low pressure (Pg). We take the
wave vector 8 = 2mrm/W with m = 10, and the time period of the thermal wave
is o = 24 s according to Eq. (3.16) with v; = 0. The initial wavelike temperature
field (Fig. 3.4b and f) are the same as those in Fig. 3.2b and e. If there does not exist
a cloak coating the obstacle, the thermal wave (Fig.3.4c and d) and the pressure
field (Fig.3.4e) are strongly distorted. In contrast, a cloak can avoid the distortion
of the thermal wave (Fig.3.4g and h) and the pressure field (Fig. 3.4i). The thermal
wave in Fig. 3.4h also has energy loss because of the positive real part of «. After
propagating for one period (24 s), the thermal wave in Fig. 3.4h approximately gains
a phase difference of 277, thus being at the same position as Fig. 3.4f. We also pro-
vide experimental suggestions for concentrating and rotating, whose parameters are
designed according to Eq. (3.17). The simulation results are shown in Fig.3.5a—-d
and e-h, respectively. The concentrating and rotating effects are achieved indeed
with a porous media. Therefore, the predictions of Egs. (3.15)—(3.17) are physical,
confirming the validity of transformation complex thermotics in composite materials.

3.5 Conclusion

We have coined a complex thermal conductivity « and acomplex conduction equation
(say, complex thermotics) to unify conduction and advection. The real and imagi-
nary parts of « correspond to conduction and advection, respectively. We have also
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Fig. 3.5 Simulations of a—d concentrating and e—g rotating in porous media. The system sizes
and background parameters are the same as those for Fig. 3.4. Other parameters are designed with
Eq. (3.17). Adapted from Ref. [6]

proved the form-invariance of the complex conduction equation under coordinate
transformations and derived the principle for transforming complex thermal conduc-
tivities. The current theory allows us to control thermal waves flexibly. Three practi-
cal devices have been designed with cloaking, concentrating, and rotating functions.
Experimental suggestions are also provided, with the method of weighted average
to derive the effective complex thermal conductivities of composite materials such
as porous media.
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3.6 Exercise and Solution

Exercise

1. Prove that a complex conduction equation can also describe the conduction-
advection process in porous media.

Solution

1. The conductive energy density E is

E,=—-0oVT. (3.18)
The advection energy density induced by moving fluids E; is
E;, =¢psCro,T, (3.19)
and that induced by moving solids E3 is
E; =(1—¢)psCsv,T. (3.20)

Therefore, the total energy E that flows into the closed surface ¥ from time #; to 1,
is

15} 15}
E:—f#n~(E1+E2+E3)det:—fS©gg V. (E, + E>+ E3)dVdt,
Q
1 z n

(3.21)
where €2 is the region enclosed by the surface X, n is unit normal vector, d S is the
surface element, and dV is the volume element.

On the other hand, the absorbed energy E’ can also be derived from the thermo-
dynamic formula

E = ﬁ@g[pcnh) — oCT (t)]dV = fﬁ@gpc(aa—f)dvm. (3.22)
Q 1 Q

According to the law of energy conservation, there mustbe E = E’, and we can derive
the energy equation of the conduction-convection process in a porous medium as

aT
pCo-+ V- [~ VT + 6o CrvsT + (1= ¢) pCov,T| = 0. (3.23)

With the effective complex thermal conductivity of the porous media (Eq. (3.15)),
Eq. (3.23) can be reduced to

aT
pC—+V - (—kVT) = 0. (3.24)
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Therefore, the conduction-advection process in porous media can be still described
by a complex conduction equation where pC and « are the weighted average of
solids and fluids.
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