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NOMENCLATURE

The following symbols have been adopted for use in this thesis:

= length of plate in x-direction;
b oo o v o e e e e e e e e e length of plate in y-direction;
C15C9,Cq0sClv v v v v o o o o o & some constants defined by the
1°72°73° 74 . . .
geometrical and material properties;
C, CX, Cy ............ transverse shear rigidities of plate;
D, Dx ............ . bending and torsional rigidities of
Y plate;
E . Eo, E3 ............ Young's modulus of elasticity of
facing membrane;
Glxz’ Glyzg G2xz’ G2yz ..... shear modulus of elasticity of core;
hl’ h2 .............. thickness of core;
I e e e e e e e e e e e e e e e . index, designates ith membrane;
T o o o o o o a0 o e e e e e index, designates jth core;
T constant defined by v, C, C_ and C_;
10772 X y
MX, M._, MX e e e e e e e e e e s moment, twisting moment per
Y J unit width of plate;
N_,N_,N o e e e e e o « « « « Stress resultant per unit width of
Xy Xy
plate;
Poo v o oo o o s o o e e e e loading function normal to the plate;

Q.,.Q,. . ...+ +.4+s.s.... shear force per unit width of plate;
thickness of facing membrane;

U, o ot ot e o v e o v v e e e strain energy;
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C1: g2: C3: g4: C5:C
1, Xz, * s e
Vi, Vg, V

A , A

g*

v,V

3’ o’

6 *

-------

oooooo

complementary energy, auxiliary
functional;

Lagrangian multiplier, transverse
deflection of the plate;

work done by edge forces and
moments;

distance measured from xy-plane
to the middle plane of first, second,
third membrane, to neutral surface;

Lagrangian multiplier, slope;
Lagrangian multiplier, slope;
generalized displacement at boundary;
Lagrangian multiplier;

Poisson's ratio of membrane, equi-
valent Poisson's ratio, common
Poisson's ratio;

Cq and c

constant defined on ¢ 10 4’

02,
normal stress in ith membrane;

shearing stress in ith membrane;

Laplacian operator;

v2v2 and

v2y2g2

Additional symbols used in the example problem and in the Appendix

are defined when they appear and are not listed.
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CHAPTER I

INTRODUCTION

1,1 General

A small-deflection theory for multi-core sandwich plates is
developed by means of variational principles. A set of differential
equations governing the deflection, moments and transverse shear
forces of the plate is derived.

The sandwich constructions are characterized by the relatively
low-stiffness core materials between facing membranes with high
moduli of rigidities. In this investigation, the facing materials are
considered to be isotropic and homogeneous. However, the different
cores possess different elastic properties and, in general, are
assumed to be orthotropic. The reduction to the case of isotropic
cores is also shown. All deflections are defined on neutral surface,
and considered that the transverse deflection of the upper and lower
surfaces, at any location on the plate, are the same as that of neutral
surface.

In addition to above general description concerning the property
of this type of construction, the following assumptions are essentially
necessary for this analysis:

(2) The total thickness is still small in comparison with the

dimensions in other directions, i.e., the plates are con-
sidered to be ''thin'' plates.

1



(b) Under all kinds of loadings, all bonds between each
layer are considered strong enough so that no bond
failure may occur and stresses can be transmitted
without discontinuity.

(c) Non-homogeneity of the core cell is neglected.

(d) The transverse rigidities of the core materials are
relatively high compared to the facing materials, i.e.,
transverse shear forces are completely taken by cores.

(e) The core stiffnesses associated with plane stress com-
ponents in the plane of structure are neglected.

(f) The deformations due to temperature change are not
taken into account in this presentation.

The development of the theory falls mainly on the formulation
of the complementary energy functional, minimizing process and the
elimination of the additional unknowns of Lagrangian multipliers, This
portion of analysis forms the content of the second chapter of this
thesis. The necessary constant quantities describing the cross-sectional
property of the sandwich plate are also defined, Once the set of Euler
equations is obtained, the eliminating process can proceed to obtain
the differential equations governing the transverse shear forces,
bending and torsional moments and the transverse deflection of the
plate. Reductions to the particular case of single core sandwich
plate and to the ordinary isotropic homogeneous plate equation are
also shown in this third chapter, In the fourth chapter, a bending
problem of this type of construction with particular edge conditions

subjected to a general system of loads is solved to illustrate the application



of the developed theory. Summary and conclusions of this study, as
well as the desirable extension, are included in the final chapter.
The letter symbols adopted for use in this thesis are defined

where they first appear and are listed in the Nomenclature.

1.2 Historical Notes

The analytic study of the sandwich construction becomes in-
creasingly important with the development of new and high strength
materials and the complexity of the aeronautic structures. The vast
majority of past effort connected with this study has been confined to
a single-core construction with two either identical or different facing
plates.

The first analytic investigation which appeared in the literature
associated with this problem was done by E. Reissner(l) in 1947?L He
considered a plate consisting of a core layer with two facing membranes
identical both in thickness and elastic properties, and assumed that
the face-parallel stresses in the core and the variation of the face
stresses over the thickness of the face layers are negligible. The
same assumptions were also made by N. J. Hoff(z), but in a more
general form for solving the buckling problem. This Reissner-Hoff
assumption is one of the main approaches in analyzing this type of con-
struction, and will be adopted as the basic assumption of this dissertation,
For non-isotropic sandwich plates, C. Libove and S. B. Batdorf(s) con=-

sidered the sandwich plate approximately as a non-isotropic thick plate

* Numbers in parenthesises refer to references in Bibliography.



and extended the classical thin plate theory to sandwich panels by
introducing the effective bending and shearing rigidities, and taking

the shear deformation into account. In 1951, A. C. Eringen(4) extended
this theory to include the flexural rigidity of core in his investigation.
Since 1959, in a series of publications, Y. Y. Yu(5)’ (6), (7) presented

a flexural theory, for the isotropic case, to include the shear defor-
mations in the facing materials. Theoretically, his investigation has
generalized the Reissner-Hoff's 'membrane facings'' to the ''plate-
facings' theory.

In the period between E. Reissner and Y. Y. Yu, a great deal
of works had been done by many investigators. However, most of
these studies are limited to particular problems which are still based
on "'membrane facings'' theory, and also are confined in single core
sandwich constructions. Their contributions are not in the develop-
ment of the theory, but in the techniques of solving the problems.

For instance, S. Cheng(S) modified Reissner's problem for orthotropic
cores and related the solution of the sandwich plate equation tothe
solutions of the biharmonic equation of classical plate theory. In

1960, C. C. Chang and I. K. Ebicoglu(g) presented their studies on
the elastic instability of rectangular sandwich panels with orthotropic

cores and different face thicknesses and materials,



CHAPTER II

GENERAL ANALYSIS

2,1 Statement of the Problem

A rectangular sandwich plate consisting of two cores of thick-
nesses h1 and h2 and three facing membranes of thicknesses tys
ty and tg is considered (Fig. 1). Let the xy-plane be a plane parallel
to the undeformed surface of the plate with z-axis along the normal

to this plane. Also, let =z Zg and Zg be the distances measured

1:
from the xy-plane to the middle plane of each membrane respectively.
Each facing is assumed to be isotropic and homogeneous and posses-

sing different elastic properties, while the cores are both assumed

to be orthotropic.

4 t —o—
— 1
- - - - - hl Zl e, X
Z
4 tzﬂ._z
Lt
: t3u -
mat R

FIG. 1 A CROSS SECTION OF PLATE



The problem to be solved is, then, to develop a theory defining
the bending behavior of the sandwich plate due to a general type of
externally applied load which is normal to the plate,

The formulation which will be presented in the following sec-
tions is also good for a plate with many cores, However, for simpli-
city in presentation, only a plate with two cores as described above

will be considered.

2.2 Stress Resultants and Equilibrium Equations

After the assumptions made previously that the face~parallel
stresses of cores and the variations of the stresses of facing mem-
branes are negligible, the stress resultants and stress couples may

be defined as follow:

Mx = 290, F t2z262x + ‘tBZBO'BX (1)
My = tlzlgly + t2Z202y + t32303y (2)
M = tz.7 + 1,257 +t,2 (3)

Xy 171 1Ixy 272 2xy 3 373xy

| QX - hlTlxz * h272xz (4)
Qy = thlyz + h272yz | (9)
NX = tlglx t 1909, Fla05 = 0 (6)
Ny = tlgly + t202y + tSGSy =0 (7)



= t.7

ny 1 1xy - t272xy * t373xy =0 (8)

where MX (My) designates the bending moment about y(x)-axis,
Mxy (= Myx) the twisting moment about y(x)-axis, QX (Qy) the trans-
verse shear force on the face normal to x(y)-axis, NX (Ny) the normal
force on the face normal to x(y)-axis, ny(zNyX) the shear force
parallel to the plane of structure and existing on the face normal to
x(y)-direction, Gix(giy) the normal stress on ith membrane in the
direction of x(y)-axis, Tixy the shearing stress in ith membrane
parallel to xy-plane and ’TjXZ (ijz) the shearing stress on the face
normal to x(y)-axis in z-direction of jth core. For a problem of
considering bending only, the normal forces N_ and Ny and the
shear force ny are not taken into account, i.e,, the stress resul-
tants are considered to be zero,

The moments and transverse shear forces are defined on the
plane of structure, as shown in Fig, 2. Summations of moments and

transverse forces acting on a differential plane element dxdy of the

plate yield the following equilibrium equations:

X,X XY,V B Qx =0 (9)
M + M - =0 10
NERA Xy.X QY (10)
Q +Q +p=0 (11)

where p is the transverse load applied on the differential element

of plate.



FIG. 2 A DIFFERENTIAL PLATE ELEMENT

2.3 Equations of Compatibility

Considering a rectangular plate of the dimension a by b,

the strain energy stored in the system after deformation is expressed

in terms of stresses such as:

b a ¢
210 [ 1,2 2
U“’ZH T O Y91y 7 2V191x%1y
oo 1
f
t
2 2 2
* _E}-; (GZX * GZy B 2V202x02y)

2t2(1 + Vv

2t3(1 + v

2 2 2 ]
i opell S 93y 2v303x03y) * T3xy dxdy



h h h h
[—1 2 -i——l 'r? ” +——G 2 7§xz te— 2 ’Tg . :ldxdy (12)
1xz lyz y & 2yz Y

where the subscript f refers to the facing membranes and c¢ the
cores, V. the Poisson's ratio of ith facing membrane and Gixz
the shear modulus of rigidity of xz~-plane of the ith core., Let Cly

€a. €q. Cyo s and €’6 be the generalized displacements of the plate

prescribed on boundaries, the work done by the boundary forces and

moments is

b
W= j(ngl * Mxyg2 * MXCS)X:O dy
© xX=a

a
+ j(Qy€4 + MXyC5 + MyCG) _o X (13)
0 =b

<

(1)(10)

Then, the complementary energy of the system is defined as
vVF=U-W (14)

Thus, the problem becomes one of finding the conditions for extremum
of the functional V™ subjected to the constraint conditions of equations
(1), (2), (3), (4), (5), (6), (7)., (8), (9), (10) and (11).

Introducing a set of Lagrangian multipliers X , Ay, Ag, Ay,
5 )‘63 X7, )‘8’ o, B and w, the auxiliary functional can be formu-

lated as follows:

A
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t 2t (1 +Vv.)

1,2 2 1 1) 2
[E—l (O * 1y ~ 2vlalxdly) * E, Tixy

¢ 2t (1 + Vo)

2 2 . 2 2 o) 9
YE, Cax T2y T a2y T TTE; T Taxy

t 2to(1 + Vy)

3 3 3) 9
TE, e T3y T PVsTaxT3y) T TR, Taxy
I L2 P2 2 P oo ]

Glxz Ixz Gr1 lyz G2 2xz G2yz 2yz
AL - 11200, " 19Zp0y, T T32303,)

o -1,2.0

+ - -
)\Z(My t,z,0 tyzq 2y 3%3 3y)

1717 1y 2
" )‘B(Mxy h tllelxy - t2z272xy B t32373xy)
* )‘4(Qx B h17'1xz B h272xz)

+)\5(Qy-h7 - h

1'1yz 272yz)

T Aglt 01y T 1900y T 1395,)

+ )\7(t101y + t202y + tgogy)

+
Mol iy T EaToxy F 13Tayy)

* Q(Mx,x * Mxy,y ) Qx)
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+B(M. _+M -
PV, xy,y Q)

+WQ, , +Q +p)}dxdy

NEN

b
- J(ngl - Mxy€2 - Mxg3)x=o dy
o x=a

a
- f (Qy€4_ + MXyC5 + MyQG)y:o dx (15)
0 v=b
It is obvious that the Lagrangian multipliers «, f and w have impor-
tant physical meanings, i.e., o(B) the rotation of the face normal to
the x(y)-axis and w the transverse displacement of the sandwich
plate. The rest of the set of Lagrangian multipliers are not of pri-
mary interest and can be eliminated by using the constraint conditions
of equations (1) through (8).

In order to have extrema for the functional V* subjected to
those constraint conditions, the first variation of the auxiliary func-

* % .
= 0. For a system of stresses in

(10)

tional must vanish, i.e., &V
static equilibrium, it can be proven that this is a minimum of
V¥ and that the condition sV** = 0 gives the set of compatibility

conditions of deformations. Carrying out the first variation of V**,
integrating by parts and transforming the surface integrals to line
integrals by Green's theorem, the set of Euler's equations is obtained
as follow:

b

-E—-l— (Glx - Vlcfly) - tlzlk1 + tl)\6 =0 (16)



¢
1 -
E_i (Gly Vlolx) JClzl)\z + t1>\7 = 0
g
E, (92x 7 V2%2y) " 2%ty Tlate 7 O
t, |
-TZ (U2y - Vlozx) - Jszz)\2 + ’E2)\7 -0

t

3
E, Vax 7 Va%3y) T ta%ghy Tighg T O

t

1
o

3
'E_3(03y VaOg, ) = taZahy + o)y

2t vy

1}
o

El ’T]-Xy - tlzl)\s + tl)\s

2 oxy  ta%aly T tahg = 0

B, Taxy ~ '3%3*3 Tl3tg = 0

Q)
\]
—
ol
N
]
jny
>
i
o
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(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)



hy
Gz TZXZ - h2X4 =0 (27)

XZ

hy

T - hoA-. =0 (28)
G2yz 2yz 270
and

Nme, =0 (29)
A B 70 (30)
Ay - (a,y+B,x): 0 (31)
byt (@tw )=0 (32)
A T (BHw )=0 (33)

This set of eighteen Euler's equations and those eleven con-
straint conditions constitute totally a system of twenty-nine equations
with twenty-nine unknown quantities, i.e., eleven Lagrangian multi-

pliers, thirteen stresses and five stress resultants and couples.

2.4 Boundary Conditions

In addition to the Euler's equations, a set of physical boundary
conditions is also obtained by considering the independent vanishing of

each term of the two line integrals in equation (15):

13
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At x =0 and x = a,

C,=w
Cy =B (34)
Cg =@

Cp=w
C5 = (35)
€ = B

2.5 Stresses, Moments and Shear Forces

Solving for the Lagrangian multipliers Xl, Xz, X3, X4 and

A. from equations (29), (30), (31), (32) and (33) in terms of the other

5

set of Lagrangian multipliers XG’ A,, @, B and w and their first

7,

partial derivatives such that

A= @y » (36)
Ag = B,y (37)
hg=a B (38)
et &
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)\5=B+Wy ' (40)

3

and substituting into equations (16) through (28), the stresses may be

expressed as follow:

Eqi7q By
o, = (¢ . +VB )-—= (Ap +V.)\,) (41)
1x 1_\)? , X 17,y 1_\)2 6 177
1
Elz1 El
o, = B . +v, o) (A, + VL) (42)
ly 7 V? sy % T2 VT e
1
E.z E
_ 272 _ 2
Tox =TT o2 (a’x+v26’y) —> (Mg + Vorn) (43)
"V Vg
EZZZ E2
Oy = (B _+va ) - (A + VoAy) (44)
2y 1__\)2 % 27,% 1_\)2 7 276
2 2
Ea23 B3
oa :—21 (a,x+\)36’y)- 5 (Ag + Vghn) (45)
—\)3 1-\)3
E323 E3
0, =—23 (B _+V,a ) - (A, + Vals) (46)
3y 1_\)2 , Y 37,% 1_\)2 7 376
3 3
Elz1 E1
Tixy T BTV (a,y+B,X)_—_—2(1+V1—) g (47)
E.z

'szy = §_(1+V2) (Q"y + B,X) - m XS (48)
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E, z

TSxyz_Z-(T:s*%gT(a,y—i'B,X)_Z +3\')3 Ag (49)
and

Tlxz - Glxz(a+ W,x)- (20)

Tyz T 1y BTV ) | (51)

Toxz = Gaxz (T W o) (52)

TZyz ) .GZyZ(B + v y) (53)

Making use of equations (41) through (49), those constraint
conditions of equations (6), (7), and (8), which characterize the

problem of bending only, may be written as follow:

cl)\6+cz>\7 =C3Q,X+C4B,y (62)
Corg tCihg = Cy + 033’ 5 (7a)
(c1 - 02))‘8 = (03 - 04)(a/,y + B,x) (8a)

where Cys Cgs Cg and cy are merely some constants of geometrical

and material properties and are defined as

Eiti

=y 11
1 1-\).2
1

¢



c, = L
2 4
=X
Cq -
=%
C4 T

Solving for XG’ A

17

7 and >‘8 from equations (6a), (7a) and (8a) such

that
g = §1a,x + §2B,y (54)
A =§2a’x+§18’y (55)
Ag = 53(a:y B ) (56)

in which 51, g

and 53 are defined as

2
e - C1€3 7 2%
1 2 2
C - C
1~ %2
g _-1°4 " “2%3
2 T _ 2
€17 %2
C - C
“;;3 - c3 - 04
17 C2
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and substituting into equations (41) through (49), the stresses in all

membranes can be obtained as follow:

LBy T 1o vif) o Bty - Vi%; ~ %) 5
1X _ 2 , X _ 2 :y
1 Vl 1 Vi
! 517 Vi%y) 5 s Ey(vyzy - V5, - gz)a
1y 1-\)? ’y 1_\)% :X
Bz 517 Vay) L EalVa?y = Voby - 52)3
2x N ,X 2 , Y
1-v, 1-v,
1 Vzgz)B By(V9%p ~ Va®1 = 59)
2y 2 > 2 ,X
1- v 1- V2
- - \) -
I 352)a L Eals73~ Va5 g2’6
3x 2 s X N
1-vg 1-vs
Bglzg =5y - v3hy) E3(v323 = V351 - 5p)
03y 2 B Y+ 2 “ %
1_\)3 1_\)3 b
E (z, - §,)
B (Ey 7 g
Tixy Vi) @y * B %)

(41a)

(42a)

(43a)

(44a)

(45a)

(46a)

(47a)

(48a)

(492)



Making substitution of these stresses into equations (1), (2),
(3), (4) and (5), thé moments and transverse shear forces can be

expressed in terms of @, 3, w and their partial derivatives(g)

M, = D(a , + V8 ) (57)
M, = b(B,y Vo ) (58)
M, = D fa 8 ) (59)
Q, = C (a+w ) (60)
Q= CylB+w ) | (61)

where D is the flexural rigidity of the sandwich plate and is defined

by the following expression:

Eitizi(zy - 51 - vi89)

D=7 5 , i=1,2, 3
1 1-vVi
1
in which
Cp oo Bityzviz -ovE -8 '
Vo_"ﬁz 5 , i=1,2,3
+ 1-'\)i

ny the torsional rigidity of the sandwich plate and is defined as

E.t.'z‘(z. -é ) :
p =3 211 3 5.4 9 3
Xy i 2(1+\)i)

19



and

C._=ZhG._ , j=1,2
X j ] Xz

C =2 h.G. , j=1,2
y i J 1z

the shear rigidities of the sandwich plate.

2.6 Specialization for Constant Poisson's Ratio

The theory developed so far is of a general case of non-equal
Poisson's ratio for each facing membrane. It has made the problem
complicated not only in defining those plate constants but also in
locating the so-called ''neutral surface' of the deformed structure.

In many instances, the values of Poisson's ratio may be very
closely constant for materials with appreciably different moduli of
elasticity. Assuming this to be the case, then, starting with the sim-

plification of constants 51, 52 and €3 in such a manner that

52 =0
;Eitizi
_ _ i L _
g1 - €3 %0 TTEL 0 ¢ 1, 2,3
el R
i
and
D= 1 L E.t -z )
o2 5 Fit T %
vD _ . . .
\)O =5 = vV , the common value of Poisson's ratio,

20



the stresses of membranes may be written as

E(z, - z)
. - 1M1 o} ( +vB8 )
l_v JX !y

E.(z, - z.)

I 0
Tlxy 2(1+V) (a,y+B,x)
_ E2(22 -z

)
(o]
Toxy - ooy (@5 TR )

E3(zg - 2,)

Tsey T THTEY Gy TP

21

(41b)

(42b)

(43b)

(44b)

(45b)

(46Db)

(47b)

(48b)

(49b)
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where (zi - zo) can be defined as the distance measured from the
neutral surface to the middle plane of ith membrane. The bending

and twisting moments are written as

MX = D(Q,X + vB’ ) (57a)
M =D  +Ve ) (58a)
M, =3(1-V)D(a +B ) (59)

The system of twenty-nine equations with twenty-nine unknowns
is reduced to that of three equations, i.e., equations (9), (10) and (11),
with three unknowns «, B and w. Further reduction for finding the
governing differential equations defining the bending behavior of the

structure will be performed in the following chapter of this thesis.



CHAPTER III

DERIVATION OF GOVERNING DIFFERENTIAL EQUATIONS

3.1 Shear Forces

After the specialization for constant Poisson's ratio, the cross-
sectional elements, moments and shear forces, are expressed in
fairly simple forms, which have been shown by S. Cheng(g) for a
special case of sandwich plate construction with a single core and
two identical facing membranes. It is understood that this is a rea-
sonable assumption in practical purpose. Thus, in the following deri-
vation, the Poisson's ratios of all membranes are specified to be con-
stant, although the modulus of elasticity of each membrane may not
be the same, |

From equations (60) and (61), the Lagrangian multipliers o«
and B may be found in terms of the transverse shear forces Qx and

such that
QY

QX
“TTT T Vox (62)
X
Q
S A :
Bt~y (83)

Then, making use of these two expressions, equations (57), (58) and

(99) can be written as follow:

23



24

1 0 ~
M =D|(= Q Q. ) - (w +vw ) (64)
X [CX X, X Cy Y,y , XX o ,ny
1 Yo
My B D[(C—y Qy,y +'(—3; Qx,x) ) (W,yy - vow,xx)] (65)
- 1 1 -
Mxy - ny[(c_y Qx,y +'(T}: Qy,x) 2W,xy] (66)

Utilizing equations (64), (65) and (66), equations (9) and (10) of moment

equilibrium become

. Qx - flj'x' (DQx,xx * nyQx, yy) +€1; (voD * ny)Qy,xy
h [Dw,.xxx-*_ (voD 2 ny)w,xyy] (67)
Q =A (DQ. . +D Q. _)+=(vD+D_)Q
y Cy VY, VY XYy ¥, XX C,"o xy’' VX, Xy
- ]:DW, vyy + (\)OD + 2 ny)w,xxy] (68)

For the case of specifying constant Poisson's ratio, these two expres-

sions may be written as follow:

D 1+V 2 i

D 1 -V
QX_F}('[QX,XX+( 2 )Qx,yy]

) 1-v D ,1+v 2 |
QY'C;[Qy,yy” 2 )Qy,xx}r@;( 2 U, xy ™ DYV, (682)
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Differentiating equation (67a) with respect to y and equation (68a)

with respect to x, and subtracting yield

-

=D 1-v 1+V
QX, y QY,X h _C—; [Qx,xxy + ('T)Qx,yyy_ +_ (—T)Qy, Xyy

D 1-v ] 1+V
B _C—y' I:Qy,xyy * ('T)Qy, xxx| C. (—T)Qx XXy (69)

Differentiating equation {69) with respect to y, then,

D 1-v D 1+v
- = + (e + o (e
Qx,yy Qy, xy G [Qx,xxyy C29%, yyyy Cy( 2 )Qy, Xyyy
D 1-v 7 1+v
) -C;[Q‘y,xyyy Ty )Qy, XXXy C’— (—=— )Qx xxyy(70)

Let equation (11) of the force equilibrium be written in a form such

that

Qo=@ , *P) (11a)

then, by substitution, equation (70) becomes

KzQ - VzQ

K,Q + (K, +K,)Q N N

+
X, XXXX X, XXYy

3

2
=pX"'K1V p,X (71)

where Kl and K2 are some constants defined by the following

expressions:
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k17w (72)
Y
_(1-V)D
Ky = Lz—c‘:*;‘ (73)

By the same procedure, the differential equation of Qy can be obtained

as follows:

2
KlQ + (K1 +K2)Q + KZQy’ YYVY < ¥ Qy

¥, XXXX ¥, XXyy

} } 2
=Py KV g (74}

LY

Equation (71) and (74) may also be written in more compact forms

such that
K.v3Q + (K, - K,)7°Q -vQ =p_ -K 71
oV Q + (K, 2) X, XX x  Px 1V P x (71a)
K v4Q + (K, - K )sz - sz = - Ko,v p (74e)
17 =y 2 17V ¥y, yy y Py T2V Py '

where v4 is the biharmonic operator defined as

for cartesian cocordinates.

3.2 Deflection Surface

A governing differential equation defining the deflection surface

w(x,y) may be obtained by eliminating the shear forces from the force
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equilibrium equation. Differentiating equation (68a) with respect to

y and making use of equation (11la) yield

_i{ D D 1+v D ,1-vV
Qx,x_[C_y__Cz( 2 )]Qx,xyy_i-c_y( 2 )Qx,xxx

1-v 2

Differentiating equation {(67a) and also making use of equation (11a)

give

_ D 1-v
QX,X—F};( 2 )QX,XYY+[F}; -q( 2 )]Qx,xxx

D 1+V 2 '
_.C__(—_2 )p,XX-Dv W oxx (76)
Yy
Subtracting equation {76) from equation (75) and making use of equations
(72) and (73), a differential equation of shear force Qx may be obtained
as follows:

K1 2

4
(V W“%)"‘q_—ﬁ—lv P (77)

2 . D(1-V)
VQy g T TR, K )

By the same way, the differential equation of Qy may be obtained

as follows:

K
2 _ _D(1-V) , 4 _D Ko 2
v Qg “_§_72(K1-K2 (VW opltr=x, VP (78)
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Differentiating equation (71a) and making use of equation (77), a dif-

ferential equation defining the transverse deflection of the plate is

obtained;
6 4 4
sz w + (Kl Kz)v W,XX Vw
1 2K K 9
= [ 1_ VP+(K T K)Vp
1+v o _ }
* 1-v (K2 Kl)p,xx P (79)

where VG is a differential operator defined as

This equation may also be written in a form as follows:

K. v'w + K V4W “V4W
1 » XX 2 A

1 2KK
[ vp+(K+ K)Vp

14V
+1—v(K2"'K1)p,xx"’pJ (80)

or in a form, which can be compared with the homogeneous plate

equation, such. that

2 2 9K. .2
9 9 4 2 .9
(1-K 2s -K _)VW:l:l-(K+_)
18x2 28y2 » 1 1-V 8x2
9K.K
1.0 182 4
Ky ) 1y V]% (81)



This is a sixth-order linear partial differential equation defining the
transverse deflection of the sandwich plate for the case of specializing

the Poisson's ratios of all membranes to.-be constant.

3.3 Reduction to the Case of Isotropic Cores

For the case that all core materials are isotropic, the con-

stants K1 and K2 are identical, and are defined as

K. =K, =K=d D (82)

1 2 2C
where

C=2h.G.__=Zh G, 83
j o4z oy iy (89)

in which j designates the number of core. The differential equations

(71a) and (74a) of shears become

v'Q, =-p (84)

vVQ_=-p (85}

. The sixth-order differential equation (81) defining the transverse
deflection w reduces to a fourth-order linear differential equation

as follows:

v p (86)

Ql—
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For those loading conditions which make the second term of the right-
hand side of equation (86) vanish, the equation becomes exactly

the one of homogeneous plate. This result has been shown previously
by E. Reissner(ll) and S. Cheng(s) for a particular case of plate

with a single core and two identical facing membranes.



CHAPTER IV

A SIMPLY SUPPORTED RECTANGULAR PLATE
WITH ORTHOTROPIC CORES

The problem of bending of a simply supported rectangular
sandwich plate with orthotropic cores subjected to a system of uni-
formly distributed loads is considered (Fig. 3). The plate is assumed
to be constructed in such a manner that all the membranes are of the
same material and cores are arbitrary. Thus, those constants D,

CX and Cy can be calculated by those equations defined in this thesis.
Since the load is constant over the entire strﬁcture, the differential

equation (81) defining the transverse deflection becomes

2 2
0 ) 4 p
(1-K, —5 -K, —5)7v w =% {(87)
1 o2 2 g2 D
Q

|

i
jL_______________'_l 1
l

FIG., 3 A SIMPLY SUPPORTED RECTANGULAR PLATE

31
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For a Navier's type of solution, the deflection surface may be assumed

in such a form that

. mmx . ntr
w=2% ¥ W__ sin sin —¥ | =1,2,3, ..., o 88
mn mn a b =1,2, 3, ..., © (%)

Then, the loading function p(x,y) rhay be represented by the shape of

deflection surface such that

x,y)=x - P sin 20X gin BT , m=1,2 3, ..., ©(89
p(x.y) &= Pon = _5_2 - oo()
where Pmn can be evaluated as follows:
ab
_4 JJ . MmMTX . DTy
Pmn s p{x,y) sin o sin — dxdy (90)
00
which becomes
P_ = P m=1,35 ..., (91)
mnrr n=1, 3, 5, s

for constant p over the entire region. Making substitution of equa-
tion (88) into equation (87), the coefficient Wmn may be solved in

terms of the known coefficient of loading function Pmn -such that

P
mn

2

W=
C ooy’ e e oxen ]

N (92)

or, in a symbolic form:
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PR mn .
Wmn = Wmn D) (92a)
where
3* 1
w = :
e mTT 2 nt 2 ’ mT 2 ntm 2 )
&L 8 ][k ED rKED ]
Thus, the deflection surface becomes
we=k I T W P gin BIX gy BTY (94)
Dmn mn mn a b

which may be written in a form that can be compared with the Navier's

solution of the homogeneous plate subjected to uniformly distributed

loads:
. MTTX . nT
Sin sSin
w=28P 5 5 2 b (94a)

2
ma @)+ @ | [k, @D < 1,8 |

where m and n are positive odd integers.
Using equations (77), (78) and (88), the shear forces Qx and

Qy may be assumed to have forms as follow:

Qx = ?n % Amn cos mgx sin n‘gj (95)
Qy = T B sin mgx cos E%Y , m (96)
) n

o
—
8 8

“
-
v w
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Substituting equations {88) and (95) into equation (77), and equations

(88) and (96) into equation (78), the series coefficients Amn and
B are obtained:
mn
A = 65 k7] Yoan P (97)
mn ‘mTl .Z(K2 - Kl) mn - mn
SR LE ) NS
an (m'r) 2(K2 - Kl) Ymann (98)
where
mT 2 2
K =) + K65
. 1 1V'a 2
Y = (99)
™" mn? o 1+K m”2+K N
) * ) 1657 Ky
Rewriting equations (62) and (63) in terms of constants K1 and Ky:
2K,, '
@ By % TV x (62a)
2K1
B @y " Y.y | (632)
and making use of equations (88), (95) and (96), the Lagrangian
multipliers o and B are obtained:
a=2 ¥ o* cosZIX gin 2V (100)
m n mn a b
-3 7 p* . INTTX nmy
B sk an sin —= cos — (101)
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3% . . . .
where a;;m and B;nn are determined by those known coefficients

Amn’ an and Wmrl by the equations as follow:

#* 2KZ mT
“mn "~ DI -V Apn " &) Win (102)

g¥ C B _-(E)w 103
mn D{I-V) “mn 5 Win (103)

or, in terms of P such that
mn

K2 mT #* Pmn
- Kl)Ymn N e v (102a)

R R
amn [‘\mﬂ) (Kz

P
-Gz, |- (o3

3* b K1
PBon = “’[(‘fl—ﬂ') (T{;—;—K—l) Ymn
In these expressions, the constants K1 and K2 cannot be the same,
that is due to the fact that the differential equations for orthotropic
case and isotropic case are distinct. These solutions do satisfy the
boundary conditions of a simply supported plate, i.e., w = o,

MX:O and B =0 attheedges x=0 and x=a and w =0, My:o

and o = o0 atthe edges y =0 and y = b,



CHAPTER V

SUMMARY AND CONCLUSIONS

The purpose of this thesis is to develop a theory defining the
bending behavior of the multi-layer sandwich plates, which are con-
structed in such a manner that those assumptions stated previously
are satisfied, due to a general type of externally applied load normal
to thg plane of structures. The development of the theory falls mainly
upon the formulation of the functional of complementary energy of the
system, minimizing process and the elimination of some additional
Lagrangian multipliers introduced for the consiraint conditions. The
problem is formulated in a complete Lagrange form with all stresses
as dependent variables, which are functions of two independent vari-
ables locating the position on the plane of structure. This type of
formulation has not been shown previously.

It is found in this investigation that a ''neutral surface' cannot
be properly defined for the case that the facing membranes have com-
pletely different elastic properties. However, it is understood that
the difference of values of Poission's ratio for different materials
with appreciably different moduli of elasticity is small. Thus, an
additional assumption specifying the constant Poisson's ratio is made
in this investigation.

After the specialization for the constant Poisson's ratio, a
sixth-order partial differential equation governing the transverse

deflection and two supplementary equations governing the transverse
36
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shear forces are obtained. This result has generalized the "'membrane
facings' theory of sandwich construction which was originated by
E. Reissner(l)’ (11), (12).

A simple example of a sandwich plate with simply supported
edges is solved by the Navier's approach to illustrate the application
of the presented theory.

The governing differential equation defining the transverse
vibration, without rotatory effect, can be directly obtained by intro-
ducing the inertia force to replace the static transverse load p. The

presented formulation may also be extended to develop the theory

defining the buckling of the multi-layer sandwich plates.
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APPENDIX

AN APPROXIMATE THEORY

A-1 Derivation

By the principle of superposition for small deformations, it is
possible to separate the transverse deflection into two parts: one is
due to the bending and the other due to the shear deformation. Observ-
ing equations (57), (58) and (59), the deflection due to bending may be

introduced in such a manner that

o= -wy (A1)
B=-wy g (A2)

where W designates the flexural part of the transverse deflection.
Then, equations (57), (58), (59), (60) and (61) can be written in the

following forms:

M, = - D(Wb,xx + v W yy) (A3)
My = - D(Wb,yy + v, Wb,xx) (A4)
Mxy = - ZnyWb,xy : (A5)
QU = CX(W,X B Wb,x) (A6)
Q= Cyw = w, ) (A

39



40

Substitution of equations (A6) and (A7) into equation (11) of the force

equilibrium yields

(A8)

where K1 and K2 are defined by equations (72) and (73), and W

is the part of deflection due to shear and is defined as follows:

Wy T W S Wy (A9)

Making use of equations (A3), (A4) and (A5), equations (9) and (10) of

the moment equilibrium may be written as

C. w =-D(
X

s x )- 2D__w (A10)

Wb, xxx'+ Vowb, Xyy Xy b, Xyy

) - 2D

xywb,- XXy (A11)

Cyws, v ==-D (Wb’ vyy + vowb’ XXy

Differentiating equations (A10) with respect to x and (All) with respect

to y and adding together yield

DW, s + 2@D,y T VD)W oo+ DWy o

) (A12)

Replacing CX and Cy by K. and K2 and using equation (A8),

1
equation (A12) becomes

Dw +2(2D,  + v D)w +Dw p (A13)

b, xxxx b, yyyy

b, xxyy

which may be written as
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4 -
vow, =

L= (A14)

for the case of specifying the constant Poisson's ratio for all mem-
branes. For the case that all core materials are isotropic, equation

(A8) is reduced to a Poisson's equation:
viw = - E:E (A15)

where C is the constant defined by equation (83). Making operation
on equation (A15) by the Laplacian operator and adding to equation

(A14) yield

V4w=% -évzp (A16)
which has been shown previously in-Chapter III as equation (86) of
this thesis.

For the case with orthotropic cores, the sixth-order equation
governing the transverse deflection now is approximated by equations
(A8) and (Al4). It is also shown that, for the case with isotropic
cores, this approximate theory becomes exact in the sense of previous

derivation.

A-2 Comparison of Solutions

The problem considered previously in Chapter IV of a simply
supported rectangular sandwich plate is solved by the approximate
theory derived in this appendix. The solutions for the Wy, and W

are assumed to have the forms as follow:
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.3 . mmux _. nmy

W, =2 IZI Wy p Sin—— sin — (A17)
-y % e MTX . ATy

W oo WSmn sin —= sin — (A18)

The loading function p(x,y) is also represented by the shape of the

deflection surface that

px,y) = I I P_ sin BX sin I0Y (A19)
n

where Pmn is evaluated by the same way described previously
in Chapter IV. Making substitutions of equation (A17) into (A14)

and (A18) into (A8) respectively, yield

_ mn )
Wbmn - o 2 nrr2 2 (A20)
D[‘?’ +(T)]
2K, K,
W - 1-v ,Pmn A21
smn 5 7 o) (A21)

K G50+ Ky

Thus, the solution of the total deflection is

W= % Wit P ginXRTX g DY (A22)
D mn mn mn a b

where W;;l";l is defined as follows:

Wi * = 1 + i-v
mn mTI 2 1’1'I'|'2 mTm 2 nm
ED @D ] R ED Ky ED

(A23)



Designating the ratio between the constants K. and ,K2 such that

1
N"*g, °T (A24)
1 X
4
then, Wmn becomes
2nK1
WHE = L + 1=y (A25)

mn mT 2 1’1‘['1‘2 2 mT 2 nt 2
[ED) +&H ] &D +alh
The Lagrangian multipliers used to calculate the moments and the
shear forces are obtained by substituting equations (A17) and (A18)

into equations (Al), (A2), (A6) and (A7):

1 (rzﬂ) Pmn mimx nmy
= -= 4 X cos sin A26
=) &)
(l’l'l'l') P
1 D’ "mn . MmTX nm
= ex &3 | | A27
B Dmn .2 n1_r22sm a _COSTI ( )
[y
Q =% % K cos 21X gin BIY (A28)
X mn _ oo 2 nm 2 a b
Ki) +RK 00
and
nTt
(%) K
CHEHS> b 2 5 sin =% cos 7g¥ (A29)

2
K10 Ky
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Solutions of these forms do satisfy the boundary conditions described
in Chapter IV.

Comparison between the solutions of the approximate theory
and the ''exact' theory shows that the approximate theory is valid
only for the case of isotropic.cores or in case the deformations due
to shear are negligibly small. This conclusion proves that the

assumptions made by T. E. Falgout* are not true, in general.

*T7. B, Falgout, ''A Differential Equation of Free Transverse
Vibrations of Isotropic Sandwich Plates, " Developments in Mechanics,
Vol. 1, Proceedings of the Seventh Midwestern Mechanics Conference,
1961.
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