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Validity of the exponential expression in the theory of cyclotron resonance lineshapes for 
electron-phonon systems reported by the present group [Prog. Theor. Phys. 72 (1984), 429] is discussed. 
The expansion up to the second order in time is justified. 

§ 1. Introduction 

Quite many theories have been reported so far on cyclotron resonance lineshapes 
(CRLS) for electron-phonon systems in solids.I)-12) As pointed out in Ref. 12), the 
theories may be classified into several categories. Among them combinations of the 
Kubo formalism 15) and projection techniques, such as Mori'sI4) and Argyres and 
Sigel's/3) have called attention of the present authors. 

In 1983 Choi and Chung presented a theory of CRLS by using Argyres and Sigel's 
technique_ In deriving the lineshape formula, they introduced two calculation 
s<;hemes called EWC and MWC schemes. 

In 1984 Ryu and ChoP2) obtained the EWC scheme result by the methods of Mori 
and Kawabata. However, the theory introduced has been followed by some critiques. 
Among them is validity of the exponential expansion adopted in deriving the line
shape formula. Of course, perfect proof of the validity should be investigated via the 
well-known expression 

= 
~ (itE)n/n! =exp(itE) . 
n=O 

(1'1) 

However, only the terms corresponding to n=O and n=I were contained in Ref. 12). 
In order to check the validity of the exponential expression up to n=co in Eq. (1'1), 
the infinite amount of calculation will be required, which is actually impossible. 
Thus we will demonstrate only the terms up to n=2. Prior to examining the validity 
we will briefly summarize the work of Ryu and Choi. Here the unit system in which 
Ii = 1 is adopted. 

The power absorption delivered for a circularly polarized microwave of frequen
cy w applied along the z-axis is proportional to the conductivity tensor, which is given 
by 

(1·2) 

for the system with a static magnetic field B applied in the z-direction. Here, Q is 
volume of the system, feE) stands for the Fermi distribution function, Wo= eB/m is the 
cyclotron frequency for the electron of effective mass m, and (3=(kB T)-I for the 
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temperature T. Ea is the energy eigenvalue corresponding to the eigenstate la> 
=IN, k> in the parabolic-band approximation, where N is the Landau index and k is 
the electron wave vector. For the single electron current vector j, j±= jx± ijy, and ja + 
=j;;+1,a=<a+1Ij+la>, where la+D=IN+1, k>. (Va is the characteristic frequency of 
the system in the state la> which is reduced to (vo for materials with good 
symmetricity [see Eq. (3 '18) in Ref. 12)]. (A, B) is identical with trace (AB) and Aa 
is defined as Aa= aa t aa+l, aa t (aa) being the creation (annihilation) operator corre
sponding to the state la>. fa((V) is the Fourier-Laplace transform(FLT) of the 
phonon average of 

raCt):::= (Aa~j+) (i[V,Aa], i(l-Pa){[V,j+]+[it(ho+Hp ), [V,j+]] 

+ ~ [it(ho+ H p ), [it(ho+ H p ), [V, j+]]]}) , (1·3) 

which has been approximated to the second order in time t. Here [A, B] is the 
commutator of operators A and B. Pa is the projection operator defined by 

P B= (Aa, B) .+ 
a (Aa, j+) J 

(1'4) 

for arbitrary operator B. ho is the unperturbed single-electron Hamiltonian, and Hp 
and V are the phonon Hamiltonian and scattering potential respectively given by 

(1'5) 

(1'6) 

for the phonon with energy (Vq and momentum q, b/(b q) being the creation (annihila
tion) operator. 

The zeroth and first order terms of the numerator in Eq. (1'3) can be calculated 
in four parts. After averaging over the phonon distribution by considering <b q t bq>p 
= n q, nq being the Planck distribution function, we have 

(1· 7) 

which is identical with the expression preceding Eq. (4'2) in Ref. 12). The other parts 
can be obtained in a similar manner: 

(1'8) 
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+ nq(Y q t)a+l,p(Y q)p,a+l{l + it(Ep- Ea- ([)q)}] , 

<Part (IV»p= -(Aa)a,a+l 
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(1·9) 

(1'10) 

These terms are of zeroth and first order in time. So far we have summarized the 
work of Ryu and Choi. In the next section, we will calculate the second order terms 
to see whether the exponential expression may be used. 

§ 2.. Validity of the exponential expression revisited 

The second order terms of the numerator in Eq. (1'3) is expanded as 

- ~ (it)2[([ V, Aa], [ho+ H p, [ho+ H p, [V, j+]]]) 

-([ V, Aa], Pa[ho+ H p, [ho+ H p, [V, j+]]])] (2-1) 

=- ~ (it)2[(VAa, hoho Vj+)-(VAa, hohoj+V)+(VAa, hoHp Vj+) 

-(VAa, hoHpj+V)-(VAa, ho Vrho)-(VAa, ho Vj+Hp)+(VAa, hoj+Vho) 

+ (VAa, hoj+ VHp) + ( VAa, Hpho Vj+) - ( VAa, Hphoj+ V) + (VAa, HpHp Vj+) 

-(VAa, HpHpj+ V)-( VAa, Hp Vj+ho)-( VAa, Hp lij+ Hp)+(VAa, Hpj+ Vho) 

+ (VAa, Hpj+ VHp) - (VAa, ho Vj+ ho) + ( VAa, hoj+ Vho) - (VAa, Hp Vj+ ho) 

+ ( V A a, Hpj+ Vho) + ( V A a, Vj+ hoho) + ( V A a, Vj+ Hpho) - ( V A a, j+ Vhoho) 

-( VAa, j+ VHpho)-( VAa, ho Vj+Hp)+(VAa, hoj+VHp)-( VAa, HpVj+ Hp) 

+(VAa, Hpj+VHp)+(VAa, Vj+hoHp)+(VAa, Vj+HpHp)-(VAa,j+VhoHp) 

-( VAa, j+ VHpHp)-( VAa, Pahoho Vj+)+( VAa, Pahohoj+ V) 

-( VAa, PahoHp Vj+)+( VAa, PahoHpj+ V)+( VAa, Paho Vj+ho) 

+(VAa, Paho Vj+Hp)-(VAa, Pahoj+Vho)-(VAa, Pahoj+VHp) 

-( VAa, P~Hpho Vj+)+(VAa, PaHphoj+ V)-(VAa, PaHpHp Vj+) 

+( VAa, PaHpHpj+ V)+(VAa, PaHp Vj+ho)+( VAa, PaHp Vj+Hp) 

- (VAa, PaHpj+ Vho) - (VAa, PaHpj+ VHp) + (VAa, Paho Vj+ ho) 
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-( VAa, Pahoj+ Vho)+( VAa, PaHp Vj+ho)-(VAa, PaHpj+ Vho) 

- ( VAa, Pa Vj+ hoho) - ( V A a, Pa Vj+ Hpho) + ( VAa, P d+ Vhoho) 

+( VAa, Paj+ VHpho)+( VAa, Paho Vj+ Hp)-( VAa, Pahoj+ VHp) 

+( VAa, PaHp Vj+ Hp)-( VAa, PaHpj+ VHp)-( VAa, Pa Vj+hoHp) 

- ( VAa, Pa Vj+ HpHp) + (VAa, Paj+ VhoHp) + (VAa, Paj+ VHpHp) 

-(Aa V, hoho Vj+)+(Aa V, hohoj+ V)-(Aa V, hoHp Vj+)+(Aa V, hoHpj+ V) 

+ (Aa V, ho Vj+ ho) + (Aa V, ho Vj+ Hp) - (Aa V, hoj+ Vho) - (Aa V, hoj+ VHp) 

-(Aa V, Hpho Vj+)+(Aa V, Hphoj+ V)-(Aa V, HpHp Vj+) 

+(Aa V, HpHpj+ V)+(Aa V, Hp Vj+ ho)+(Aa V, Hp Vj+ Hp)-(Aa V, Hpj+ Vho) 

- (Aa V, Hpj+ VHp) + (Aa V, ho Vj+ ho) - (Aa V, hoj+ Vho) + (Aa V, Hp Vj+ ho) 

-(Aa V, Hpj+ Vho)-(Aa V, Vj+ hoho)-(Aa V, Vj+ Hpho)+(Aa V, j+ Vhoho) 

+(Aa V, j+ VHpho)+(Aa V, ho Vj+ Hp)-(Aa V, hoj+ VHp)+(Aa V, Hp Vj+ Hp) 

-(Aa V, Hpj+ VHp)-(Aa V, Vj+hoHp)-(Aa V, Vj+HpHp)+(Aa V, j+ VhoHp) 

+(Aa V,j+ VHpHp)+(Aa V, Pahoho Vj+)-(Aa V, Pahohoj+ V) 

+(Aa V, PahoHp Vj+)-(Aa V, PahoHpj+ V)-(Aa V, Paho Vj+ ho) 

-(Aa V, Paho Vj+ Hp)+(Aa V, Pahoj+ Vho)+(Aa V, Pahoj+ VHp) 

+(Aa V, PaHpho Vj+)-(Aa V, PaHphoj+ V)+(Aa V, PaHpHp Vj+) 

- (Aa V, P«HpHpj+ V) - (Aa V, PaHp Vj+ ho) - (Aa V, PaHp Vj+ Hp) 

+(Aa V, PaHpj+ Vho)+(Aa V, PaHpj+ VHp)-(Aa V, Paho Vj+ho) 

+ (Aa V, Pahoj+ Vho) - (Aa V, PaHp Vj+ ho) + (Aa V, PaHpj+ Vho) 

+(Aa V, Pa Vj+ hoho)+(Aa V, Pa VY Hpho)-(Aa V, Paj+ Vhoho) 

-(Aa V, Paj+ VHpho)-(Aa V, Paho Vj+ Hp)+(Aa V, Pahoj+ VHp) 

-(Aa V, PaHp Vj+Hp)+(Aa V, PaHpj+ VHp)+(Aa V, Pa Vj+hoHp) 

+(Aa V, Pa Vj+ HpHp)-(Aa V, Paj+ VhoHp)-(Aa V, Paj+ VHpHp)] . (2·2) 

Thus we have 128 terms in total. For the same reason as that in Ref. 12), we divide 
all the terms into four parts. The parts to be matched with Eq. (1, 7) through Eq. 
(1,10) will be called the companions of part one through four and will be denoted by 
Part(IC), Part(IIC), Part(IIIC) and Part(IVC) respectively. After performing the 
trace calculations based on the EWC scheme as (B, AaC)= tr(BAaC) 
=(Aa)a,a+l~pBpaCa+l,p, we have 

Part(IC) = (1st + 33rd) + {(3rd + 9th + 35th + 41st) + (6th + 25th + 38th + 57th)} 
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+ {(11th +43rd)+ (30th + 62nd) + (14th + 27th + 46th + 59th)} 

+(21st+53rd)+{(22nd + 29th + 54th + 61st) 

+ (13th + 19th+45th + 51st)} 

+ (5th + 17th + 37th + 49th) 

+ {~i/l +2Ea+1 VpaHp Va+1,p+1 - j a +2Ea+1 VaaHp Va+1,a+1} 
P 

+{ - ~jp +2Ea+1 Vpa Va+1,P+1Hp+ ja +2Ea+1 Vaa Va+1,a+1Hp} 
P 

895 

(2·3) 

where the ordinal numbers refer to the terms in Eq. (2·2). Here we see that the terms 
corresponding to (:3=(1 are excluded in the summations. Carrying out the phonon 
averaging, we obtain 

+ nq( r /)pa(r q)a+1,p+1 ~ (it)2(Ea+1- E p- W q)2J . (2·4) 

We now combine this with Eq. (1· 7). Then we feel freer to adopt the exponential 
expression than in Ref. 12). Using 1+itE+(itE)2/2!=exp(itE), we obtain 

<Part(I)+ Part(IC»p= -(Aa)a,a+1 

+ nir /)pa(r q)a+1,p+1exp{it(Ea+1- E p- wq)}] . (2·5) 

In the same manner, for Part(IIC) we have 
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<Part(IIC»p=«2nd + 34th) + {(4th + 10th + 36th +42nd) 

+ (8th + 26th +40th + 50th)} + {(12th + 44th) + (32nd + 64th) 

+ (16th + 28th +48th + 60th)} +(23rd + 55th) 

+ {(24th +31st+56th + 63rd) + (15th +20th + 47th + 52nd)} 

+ (7th + 18th + 39th +50th»p 

+ nq(y /)pa(Y q)ap~ (it)2(Ea+l- E p- wq)z] . 

Combining this with Eq. (1-8) we obtain 

<Part(II) + Part(IIC»p=(Aa)a,a+da + 

For Part(IIIC) we have 

<Part(IIIC»p 

(2-6) 

=«65th + 97th) + {(67th +73rd+99th+ 105th) + (70th+89th + 102nd+ 121st)} 

+ {(75th + 107th)+(94th+ 126th) + (78th +91st+ 110th + 123rd)} 

+ (85th + 117th) + {(86th+ 93rd + 118th + 125th) 

+ (77th + 83rd+ 109th+ 115th)} + (69th + 81st+ 101st+ 113th»p 

(2-8) 

<Part(III) + Part(IIIC»p 

+ nq(y q t)a+l,.sCy q)p,a+lexp{it(Ep- Ea- wq)}] . (2-9) 

For Part (IV C) we have 
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<Part(Ive»p 

= «66th + 98th) + {(68th + 74th + 100th+ 106th) + (72nd +90th+ 104th+ 122nd)} 

+ {(76th + 119th) + (96th + 128th) + (80th +92nd+ 112th+ 124th)} 

+ (87th + 119th) + {(88th + 95th + 120th + 127th) 

+ (79th +84th + 11lth+ 116th)} + (71st+ 82nd + 103rd+ 114th»p 

(2·10) 

<Part(IV) + Part(IVe»p 

(2·11) 

Now collecting all the parts and dividing them by (Aa, j+)=(Aa)a,a+da+, we can 
obtain the lineshape function which is the FLT of the phonon average of Fa(t) given 
in Eq. (1·3). The result is as follows: . 

(2·12) 

+ ~ (y q)pa{(Y q t)ap- jp + fja +(y /)a+l,P+I}] 

P<*a) 'uF-Ea+1+Ep-w q 

+ ~ (y/)pa{(Yq)ap-jp+fja+(Yq)a+l,P+l}] 
p<*a) W--Ea+l+Ep+w q , 

(2·13) 

where W-=W- i7J(7J~O+). This expression is just Eq. (4·6) in Ref. 12). 

§ 3. Conclusion 

So far we have proved that the exponential expression in the lineshape formula 
in the EWe scheme is valid up to second order in time. If all the higher order 
perturbative terms are included, the expression will be more precisely justified. 
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Accepting that, we conclude that the lineshape function derived in the EWC scheme 
on the basis of Mori and Kawabata's method is the same as that obtained by using 
Argyres and Sigel's technique. 

The same technique may be applied to the MWC scheme formula derived by Ryu, 
Chung and Choi in 1985. The only difference is that the MWC scheme calculation is 
based on 

[For details, see Ref. 16).] The detailed work on this scheme will be reported 
elsewhere. 
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