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1— I n t r o d u c t io n

I f  an  electrica l field h igher th a n  a  c e rta in  c ritica l s tre n g th  F  is app lied  to 

an  ionic c ry sta l, th e  in su la tio n  b reak s dow n. I f  th e  te m p e ra tu re  is above 

a  certa in  critica l va lu e  T 0 (u sually  o f th e  o rd er 100° C decreases very  

rap id ly  w ith  te m p e ra tu re , a n d  th e  b reak d o w n  ta k e s  p lace som e seconds 

a fte r  th e  app lica tio n  o f th e  field. W ag n er (cf. Sem enoff a n d  W alth e r 1928) 

has show n th a t  in  th is  case th e  b reak d o w n  is due  to  th e  Jo u le  h e a t genera ted  

b y  ionic conduction , w hich causes local m eltin g .

F o r te m p e ra tu re s  less th a n  T0, on  th e  o th e r  h a n d , th e  b reak d o w n  tak es 

p lace in  a  tim e  o f th e  o rd er 10~8 sec. (R ogow sky  1928) an d  th e  v a ria tio n  

o f F  w ith  te m p e ra tu re  is v e ry  m uch  sm aller th a n  in  th e  case o f h e a t b re a k ­

dow n.* T he phenom enon  in  th is  case is re fe rred  to  as electrica l breakdow n , 

an y  m elting o f th e  c ry s ta l being  ru led  o u t b y  th e  sh o rt tim es invo lved.

To exp la in  th e  e lectrica l b reakdow n , v a rio u s th eo ries  have  been  proposed. 

T he m echan ica l th e o ry  (cf. Sem enoff a n d  W a lth e r  1928) assum es th a t  th e  

breakdow n is due to  m echan ica l ru p tu re  o f th e  c ry s ta l, caused by  th e  

forces w hich th e  electrica l field ex e rts  on th e  ions. A ccord ing to  th is  th eo ry  

th e  electrica l s tre n g th , like th e  m echan ica l s tre n g th , shou ld  depen d  very  

strong ly  on cracks a n d  o th e r c ry s ta l im perfec tions. E x p erim en ts  by  

v . H ippe l (1932) have  show n, how ever, t h a t  th e  b reakdow n  field is a lm ost 

th e  sam e for d ifferent specim ens an d  does n o t depend  on th e ir  source or 

m ethod  of p rep a ra tio n .

On th e  o th e r hand , Joffe has assum ed  (cf. Sem enoff a n d  W alth e r 1928) 

th a t  th e  breakdow n is due to  an  ion iza tio n  o f th e  ions b y  th e  m oving ions, 

carrying  th e  cu rren t. T h is th e o ry  does n o t allow, how ever, for th e  sh o rt 

tim e in  w hich th e  b reakdow n occurs, v. H ippe l a n d  o thers (v. H ippel 1935) 

have therefo re  suggested th e  follow ing m echan ism : A t an y  tem p era tu re  

a  few electrons will be in  th e  “ conductio n  le v e l” , i.e. free to  m ove th ro u g h  

th e  la ttice . I f  these  can gain  enough  energy from  th e  field to  ionize the

* E x a c t  m e a s u r e m e n t s  o f  F  in  a  h o m o g e n e o u s  f ie ld  h a v e  b e e n  m a d e  o n ly  a t  r o o m  

t e m p e r a t u r e  (v . H ip p e l  1 9 3 5 ).

T h e o r y  o f  E le c t r i c a l  B r e a k d o w n  in  I o n ic  C ry s ta ls
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E lectrical B reakdow n in  Io n ic  C rysta ls 231

(negative) ions o f  th e  la ttic e , th e  n u m b e r o f free  e lec tro n s w ill increase  

v e ry  rap id ly . T h is  w ill th e n  lead  to  th e  b rea k d o w n  sim ila rly  as in  gases, 

v. H ip p e l (193-5) su p p o rts  th ese  ideas b y  show ing  t h a t  th e  b reak d o w n  

alw ays occurs in  su ch  d irec tio n s in  th e  la ttic e , a lo ng  w h ich  a n  e lec tro n  h as 

to  su rm o u n t th e  low est p o te n tia l  w alls. (F o r a  N aC l la ttic e , fo r exam ple , 

th is  is th e  case in  th e  110 d irec tio n .)

I n  o rd er to  ca lcu la te  th e  en erg y  g a in ed  b y  th e  e le c tro n  from  th e  field, 

we need  to  know  th e  m ea n  free p a th  o f th e  e lec tro n  in  th e  la ttic e . I n  th is  

p a p e r, th ere fo re , wre m ak e  a  q u a n ti ta t iv e  c a lcu la tio n  o f  th e  m ea n  free p a th , 

an d  hence th e  b reak d o w n  field, on th e  a ssu m p tio n  th a t  th e  p h en o m en o n  

is due  to  electrons.*

2— T h e  Co n d i t io n  f o r  B r e a k d o w n

In  an  ionic c ry s ta l a v e ry  few  e lec tro n s w ill a lw ays be in  th e  co n d u c­

tio n  level. T heir n u m b e r increases w ith  increasin g  field s tre n g th s  b u t  

fo r sm all field s tre n g th s  a n  eq u ilib riu m  n u m b e r is reach ed  (cf. below ). 

W e shall assum e th ese  e lec trons to  b e h av e  as th o u g h  free  (i.e. we 

neg lect th e  effect o f th e  la tt ic e  field). W e d e n o te  th e  k in e tic  energy  

o f su ch  a n  e lec tro n  b y  E , a n d  assum e t h a t  E  is o f  th e  sam e o rd e r o f 

m ag n itu d e  b u t  less th a n  th e  en erg y  re q u ire d  to  ex c ite  o r ionize th e  

ions o f th e  c ry s ta l ( ~ 5  e -vo lts). W h en  such  a n  e le c tro n  is deflected  b y  

a  collision w ith  th e  la tt ic e  v ib ra tio n s  th e  g a in  o r loss o f  energy  is o f  th e  

o rder hv ( ~  0-02 e -vo lt), so t h a t  th e  collision is n e a r ly  e la stic  as in  th e  th e o ry  

o f m eta ls . U n d e r th ese  cond itio n s th e  c u rre n t d e n s ity  p e r  e lec tro n  is g iven  

b y  th e  u su a l fo rm u la
e2r F  

T m  5 ( 1 )

w here F  is th e  field s tre n g th , r  is th e  tim e  o f relaxation*}* a n d  V  is th e  vo lum e 

o f th e  c ry s ta l. T herefo re , th e  en erg y  A ,  tra n s fe rre d  p e r  second from  th e  

field to  th e  e lec tron , is g iven b y

A  =  I F V  =  (2)

T he calcu la tio n  o f r  in  § 4  g ives

A  =  const. F 2E%.

* v .  H i p p e l  (1 9 3 5 )  h a s  a l r e a d y  p r o p o s e d  s o m e  id e a s  f o r  t h e  i n t e r a c t i o n  o f  a n  

e l e c t r o n  w i t h  a n  io n ic  c r y s t a l .  T h e  f o l lo w in g  c a l c u l a t i o n s ,  h o w e v e r ,  l e a d  t o  a n o t h e r  

c o n c e p t i o n  o f  t h i s  i n t e r a c t i o n .

|  r  is  d e f in e d  a s  t h e  t i m e  i n  w h ic h  t h e  c o m p o n e n t  o f  t h e  m o m e n t u m  o f  t h e  

e l e c t r o n  in  a  c e r t a i n  d i r e c t i o n  is  r e d u c e d  t o  t h e  e t h  p a r t  (c f . § 4 ) .
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232 H . F r o h l i c h

T he e lectron also tran sfe rs  a  ce rta in  energy  B  p e r second to  th e  la ttice. 

In  § 5 we shall find B  = 0 0 n st_

T he ra te  o f loss o f energy  is th u s

B  — A  = const. E ~

W e see. therefo re , t h a t  for low energies th e  e lec tron  loses energy

an d  for h igh energies ( E > E ')  i t  gains energy . T he critica l energy  E \  

where* A  = Bdepends on th e  field s tre n g th  F :

E ' o c

N ow  th e  cond ition  fo r b reak d o w n  is t h a t  no s ta tio n a ry  s ta te  for the 

electron d is tr ib u tio n  can be reached , i.e. t h a t  a n  e lectron , w ith  energy  less 

th a n  7 ~ (the ion iza tion  p o ten tia l) , is capab le  o f gain in g  energy  from  the

field b u t th a t  no reverse  process ex is ts . H ence  th e  cond ition  for break- 

dow n is E , < 3 r _

I f  th is  is n o t th e  case, th e  field c an n o t cause a n y  in s ta b ility  because i t  

canno t p roduce a n y  more e lectrons capab le  o f io n ization . T h

field s tre n g th  F  w here th e  b reak d o w n  begins can  be ca lcu la ted  from  the  

condition  E ’ =

i.e. A (E , F )  =  B (E ),

F rom  th e  above  co nsidera tio ns i t  follows th a t  in  a  field, h igher th a n  the  

b reakdow n field F , th e  e lec tron  has in  genera l to  suffer q u ite  a  n u m b er of 

collisions before reach ing  th e  energy  W e shou ld  notice , how ever, th a t  

even in  a  field w eaker th a n  th e  b reak d o w n  field i t  m ig h t h ap p en  th a t  an  

electron hav in g  b y  chance a n  energy  n e a rly  eq u al to  an d  m oving in  the

d irec tion of th e  field, is accelera ted  in  th e  field in  such a  w ay  th a t  i t  reaches 

betw een two collisions th e  energy .P rocesses 

however, to  any  in s tab ility . T hey  have  only  th e  effect th a t  th e  num ber of 

electrons in  th e  conductive  levels increases w ith  increasing field stren g th  

(b u t th e re  exists a  s ta tio n a ry  s ta te )  a n d  th a t  th erefo re  also th e  con­

d u c tiv ity  increases. F o r field s tre n g th s  n e a r to  th e  b reakdow n field th is 

increase of th e  cond u ctiv ity  has been observed . B u t as v. H ippel (1935) 

has show n, a t  th e  b reakdow n field th e  c u rre n t d en sity  increases alm ost 

d iscon tinuously . T hus th e  b reakdow n can n o t be considered as a  con­

tin uous increase of th e  o rd in a ry  cu rren t.

* A n  e le c t r o n  w i t h  t h e  e n e r g y  E '  is  i n  a n  u n s t a b l e  e q u i l ib r iu m .
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E lectrical B reakdow n in  Io n ic  C rysta ls 233

3— I n t e r a c t io n  b e t w e e n  t h e  L a t t ic e  Vib r a t io n s  

a n d  t h e  E l e c t r o n

T he in v e s tig a tio n s  o f B o rn  a n d  v . K a rm a n  (B o rn  a n d  G o p p ert-M ay er 

1933) on th e  e la stic  v ib ra tio n s  o f  a  d ia to m ic  p o la r  la tt ic e  show  t h a t  th e  

n o rm al m odes can  be d iv id e d  u p  in to  tw o  b ran ch es , th e  a co u stic  a n d  th e  

o p tic a l b ran ch . T he  n u m b e r o f n o rm a l m odes in  each  b ra n c h  is 3 (i.e. th e

to ta l  n u m b e r is 6W), w here  2 N is th e  n u m b e r o f  ions.

E ac h  e la stic  d e fo rm a tio n  o f th e  la t t ic e  is c o n n ec ted  w ith  a  c e r ta in  

p o la riza tio n . E a c h  e la stic  w ave , th e re fo re , co rresponds to  a  c e r ta in  

“ p o la riza tio n  w a v e ” . T he  osc illa tions o f  th e  o p tic a l b ra n c h  a re  th o se  in  

w hich tw o  ne ig h b o u rin g  ions o f  op p o site  sign  v ib ra te  in  o p p o site  d irec tio n s. 

T hese w aves co rrespond  th e re fo re  to  long  p o la r iz a tio n  w aves. O n th e  o th e r  

h a n d , in  th e  acoustic  b ra n c h , n e ig h b o u rin g  ions o f  o p p o site  sign  h a v e  

a lm o st th e  sam e d isp lacem en t. T hese  w aves co rrespond , th e re fo re , to  

p o la riza tio n  w av e-len g th , n e a r ly  e q u a l to  th e  la t t ic e  c o n s ta n t .f

A ccord ing to  B o rn  a n d  v . K a rm a n  (B orn  a n d  G o p p ert-M ay er 1933) th e  

osc illations o f th e  o p tic a l b ra n c h  h a v e  a ll n e a r ly  th e  sam e freq u e n cy  v 

(the  R e s ts tra h le n  freq u en cy ). S ince th e  o p tic a l b ra n c h  gives m u c h  th e  

g re a te r  p o la riz a tio n  o f th e  la ttic e , i t  g ives a  m u ch  s tro n g e r  in te ra c tio n  w ith  

th e  e lec tron . T h u s  i t  w ill inv o lv e  o n ly  a  sm all e rro r  i f  we give th e  R e s ts tra h le n  

freq u en cy  v to  all w aves.

F o r a  long  p o la riza tio n  w ave  (w ave n u m b e r w) th e  p o la riz a tio n  Pw p e r 

u n it  vo lum e m a y  be o b ta in e d  as fo llow s: L e t u +, u_  d e n o te  th e  d isp lace ­

m en ts  o f th e  ions o f  th e  tw o  signs in  th e  n e ig h b o u rh o o d  o f a  g iven  p o in t, 

a n d  le t 0,

T h en  c learly

u + + u_. 

euw/2a3, (4 )

w here 2a3 is th e  vo lum e o f th e  u n i t  cell, i.e. a  th e  d is tan c e  be tw een  n e ig h ­

bouring  ions.

F o r those  w aves in  w hich th e  p o la riz a tio n  v a ries  v e ry  ra p id ly  from  

p o in t to  p o in t (sh o rt p o la riza tio n  w aves, long e la stic  w aves) we sha ll a d o p t 

th e  sam e device as th a t  u sed  b y  D ebye  in  h is th e o ry  o f  specific h e a ts  a n d  

t r e a t  th e  c ry s ta l as a  co n tin u o u s m ed ium . W e sh a ll t r e a t  th e  e la stic  w aves 

as g iving rise to  a  p o la riza tio n  w ave

u j x , y , z )  =  ^ p { 6^ ei(w,r) +  6* e_<(w,r)}’ (4 a )

w here bw =  const. e2nivt.

t  T h e  w a v e  n u m b e r  o f  a n  e l a s t i c  w a v e  d i f f e r s  f r o m  t h a t  o f  a  p o l a r i z a t i o n  w a v e  

b y  a  v e c t o r  i n  t h e  r e c i p r o c a l  l a t t i c e .
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234 H . F ro h lic h

Since for each w ave n u m b er w  th e re  a re  tw o  tran sv e rse  w aves an d  one 

long itud inal one, w will have  all va lu es be tw een  0 a n d  w0, g iven  by

i.e.

6 N  =  

w0 =

2a3N47T „

•(tops-** '

a a * (5 )

T he va lue  w = 0 corresponds to  a n  in fin ite  w ave len g th , i.e. to  a  c

po lariza tion.

F o r ou r fu r th e r  co nsidera tions i t  w ill be  n ecessary  to  know  th e  to ta l 

energy of a  po lariza tio n  w ave. L e t M + a n d  M ~  d en o te  th e  m asses of the  

ions of th e  tw o signs. I n  ou r c o n tin u u m  th e o ry , we sha ll have  to  assum e 

th e  m asses an d  charges o f each  so rt o f ion to  be  u n ifo rm ly  d is trib u ted . 

I f  th e re  is no d isp lacem en t th e  d e n s ity  o f positiv e  a n d  n eg ativ e  charges is 

th e  sam e all over th e  co n tin u u m . Since th e  force a c tin g  on positiv e  charges 

is opposite to  th a t  a c tin g  on n e g a tiv e  charges, a n d  since b o th  u + an d  u_ 

have  th e  sam e dependence  on tim e , i t  follows th a t

M + u+ =  M ~ u _ .

U sing th is  re la tio n , i t  is possible to  ca lcu la te  th e  to ta l  energy in  th e  same 

w ay as has been  done for th e  v ib ra tio n s  o f a  m o n ato m ic  la t t ic e .f  One th u s 

finds th a t  th e  to ta l  en ergy  is rep re se n te d  b y  th e  energy  o f a n  harm onic  

oscillator w ith  a  frequency  v, am p litu d e

T  — h 4~ /)*uw ‘ uw> (6)

m om entum Yw = —2m vM (bw — b*), (7)

and  m ass M , w here
1 1 1

M ~  M+ + M z '
(8)

In  order to  consider th e  in te ra c tio n  o f a n  e lec tron  w ith  th e  dielectric, 

i t  is convenient to  express th e  to ta l  energy  in  a  H am ilto n ia n  form . The 

H am ilto n ian  is com posed o f th re e  te rm s

H  = H oac, + H el + W.

Hose, is th e  sum  of th e  H am ilto n ian s o f all th e  osc illators J

f l °sc- =  | @ + 2 , r W Z » ) -

t  (C f. P e ie r l s  1 9 2 9 .)  I n  o u r  c a s e  t h e  k i n e t i c  e n e r g y  is  t h e  s u m  o f  t h e  k in e t ic  

e n e rg ie s  o f  t h e  p o s i t i v e  a n d  n e g a t i v e  io n s .  T h e  t o t a l  e n e r g y  is  tw ic e  t h e  k in e t i c  e n e rg y  

a s  f o r  a n y  k i n d  o f  h a r m o n ic  o s c i l l a t io n .

t  T h e  i n t e r a c t i o n  e n e r g y  b e tw e e n  t h e  w a v e s  is  z e ro ,  i f  t h e y  a r e  a s s u m e d  to  b e  

e x a c t l y  h a r m o n ic  (c f. P e ie r l s  1 9 2 9 ).
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E lectrical B reakdow n in  Io n ic  C rysta ls 235

H el is th e  H a m ilto n ia n  o f  th e  e lec tron , m ov in g  in  th e  field o f th e  la ttic e  

if  all ions a re  e x a c tly  in  th e ir  eq u ilib riu m  positio ns. Since we h a v e  a ssum ed  

th e  e lec tron  to  b e h a v e  like a  free  e lec tron , H el is g iven  b y

H ei. =

w here p  is th e  m o m e n tu m  o f th e  e lec tron .

W  is th e  in te ra c tio n  en erg y  be tw een  th e  e lec tro n  a n d  th e  p o la riz a tio n  

w aves. T h u s
W  =  eZ<f>w,

w here (j)w is th e  p o te n tia l  o f a  single w ave  w ith  w ave  n u m b e r w  a t  th e  
p o sitio n  o f th e  e lec tron . (j)w is d e te rm in e d  b y

V ^  =  47r d i v P M,. (9)

F ro m  th is  e q u a tio n  i t  follows th a t  on ly  lo n g itu d in a l w aves h a v e  a n  in te r ­

ac tio n  w ith  th e  e lec tron . U sing  e q u a tio n  (4 ), we find fo r th e  so lu tio n  o f  (9) 

acco rd ing  to  (4  a),(6) a n d  (7 )

=  a 3w ( 2N ) i  | A ”  Sm  (W ’ +  2n v M  cos ('w > r ) | • C O )

F ro m  th e  H a m ilto n ia n  H , we m ay , fo r in s tan c e , ca lcu la te  th e  classical 

p o la riza tio n  P  o f th e  d ie lec tric  due  to  a n  e lec tron . W e find P  oc e/r fo r 

d istances r^>a. F o r  r - » 0 ,  P  te n d s  to  a  c e rta in  fin ite  v a lu e  in  c o n tra s t 

to  th e  classical p ic tu re  w here  e f is considered  a  c o n s ta n t a n d  P - >  oo as 0.

4— T im e  o f  R e l a x a t io n

A ccording to  th e  q u a n tu m  th e o ry , th e  m o m e n ta  p  a n d  Yw h av e  to  be 

rep laced  in  th e  u su a l w ay  b y  o p e ra to rs . T he  energy  o f each  p o la riza tio n  

w ave consists th e n  o f a  n u m b e r o f q u a n ta  hv.

F o r th e  ca lcu la tion  o f th e  tim e  o f re la x a tio n , we m a y  t r e a t  IT as a  p e r ­

tu rb a tio n . T hen , th e  zero o rd er a p p ro x im a tio n  o f th e  w ave fu n c tio n  o f 

th e  to ta l  sy stem  is g iven  b y  a  p ro d u c t

V  = T l x ( X w>nw )ft(r ’k )>
W

and  th e  to ta l  energy  b y

U  — 2 ( 
w

f  e is  t h e  d ie l e c t r i c  c o n s t a n t .

Vol. CLX—A. R
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236 H . F ro h lic h

H ere, k  is th e  w ave n u m b er a n d  th e  w ave fu n c tio n  o f th e  e lectron

ijf =  ei(k’r)/ F i ,

E k is its  energy: E k — fi2k

nw is th e  n u m b er o f q u a n ta  hv o f th e  osc illa to r w , a n d  is its  wave

function .

W e now calcu la te  th e  p ro b a b ility  &w p e r second th a t  th e  e lectron  m akes 

a  tra n s itio n  to  th e  s ta te  k ',  coupled w ith  a  tra n s it io n  o f th e  osc illator w  

from  nw to  n'w. B y  D irac ’s p e r tu rb a tio n  th eo ry , &w is g iven b y f

f l . - S i l * !kk'w
2 3 s in 2 

dt ’

w here fig = E k, - E k + (n'w -  hv

an d  Mkk,w = ~  jx * (X w,K>) e~i(kr’r) e<j)wx

In tro d u c in g  <j>w from  e q u a tio n  (10) a n d  using  th e  w ell-know n m atrix  

elem ents for a n  oscilla to r, we find th a t  th e  e lec tron  m ay  e ith e r absorb 

(oc <2>“ ) or em it (oc &ew) a  q u a n tu m  hv (as in  th e  th e o ry  o f m etals). T he m atrix  

elem ents can easily  be w orked o u t. I n  th e  case o f em ission, M kk,v. is different 

from  zero only  if  k ' is d e te rm in ed  b y

k ' =  k  — w .
T he m a trix  e lem ent is th e n

2ne2

kk'wa?w{2N f-\_  4ttM v J

(11)

and  hence &e =  /1
' 2 ne2\ 2 l + n w d s in 2££ 

^azw )  2M hvdt g2
(11a)

In  th e  case o f ab so rp tio n , we find sim ila rly

k ' =  k  +  w (12)

an d 0 a =
/ 27re2\ 2 nw 3 sin 2££ 

\ a 2w )  2M hvdt g2
(12a)

k \  therefore, is com pletely  d e te rm ined  by conservatio n  of m om entum  

[(11) and  (12)]. 0 W is big only  if  g = 0 (cons

t  B y  t a k i n g  t h e  a v e r a g e  o v e r  a  s m a l l  e n e r g y  i n t e r v a l ,  i t  c a n  e a s i ly  b e  s e e n  t h a t  

0 W is  i n d e p e n d e n t  o f  t h e  t im e .
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Electrical B reakdow n Io n ic  C rysta ls 237

conserva tio n  o f  en erg y  a n d  m o m en tu m , i t  fo llo w sf t h a t  th e  ang le  <x b e tw een  

k  a n d  w  is g iven  b y

w  2m hv
COS (X =  — —r

2k k 2 2kw
( +  fo r a b so rp tio n , — fo re m iss io n ) . ( 13 )

F o r m o st o sc illa to rs w, th e  second  te rm  in  ( 13 ), is sm all.

W e can  now  ca lcu la te  th e  tim e  o f re la x a tio n  r .  L e t th e  field F  be in  

th e  x  d irec tio n , so th a t  th e  change  o f th e  x  co m p o n en t kx o f  th e  w ave  n u m b e r 

o f th e  e lec tro n  b y  th e  field is

eF

field ftm

L e t A k jy v )  be th e  m ea n  change  o f kx b y  one collision w ith  th e  o sc illa to r w .

T hen , r  is defined as (F roh lich  1936, § 14)

- r  =  - I  d k x(w){&“ + ( 1 4 )

T h is  de fin ition  leads im m e d ia te ly  to  e q u a tio n  (1), since th e  r ig h t-h a n d  side 

is th e  m ean  change o f  kxp e r second, due  to  collisions, i.e.

'"X

T
(dK\
U / « collision

E q u a tio n  (1) th e n  follow s from  th e  co n d itio n  fo r a  s ta tio n a ry  s ta te ,%

(it)  + (it)  =  °-\  J field \ v t J collision

L e t us in tro d u c e  p o la r  co -o rd in a tes  {w ,6 ,(j)) in  w  space, w ith  th e  axes 

pa ra lle l to  k , i.e. w ith  0 =  a . Since th e  &w’s do  n o t d ep en d  on 0

ta k e  th e  av erag e  o f A k x(w ) in  e q u a tio n  (1 4 ) over th e  a z im u th  0 . T he re su lt 

is (F roh lich  1936, § 13)

A kx{w)
w a 7

_ 2 P ^ '

R ep lacing  th e  su m  in  ( 14 ) b y  a n  in te g ra l, we find  fo r r  (cf. e q u a tio n  (5 )) 

1 2a?N  f 27r , ,  Cv. „ ,  ̂ Cw° w2

T (2 t t)'-

[ * 2 7 1  C  T T  C

t ) d(f>\ s in d d d \sin  6 d6 |  ̂ ^  (0 % + 0 ew)w 2dw.

T he in te g ra tio n  ov er (j) g ives 2t t . T he  s im p lest w ay  to  c a rry  o u t th e  in te g ra tio n  

over 6 is (cf. B loch  1928, p . 589) to  in tro d u c e  £ as v a riab le  in s te a d  o f 6 .

f  C f., f o r  e x a m p le ,  F r o h l i c h  (1 9 3 6 , § 1 3 ), c o n s id e r in g  t h a t  a l l  o s c i l l a t o r s  h a v e  t h e  

s a m e  e n e r g y .

i  I n  f a c t ,  t h e  s t a t e  is  n o t  s t a t i o n a r y ,  b u t  q u a s i - s t a t i o n a r y ,  b e c a u s e  o f  t h e  e x c h a n g e  

o f  e n e r g y  o f  t h e  e l e c t r o n  w i t h  l a t t i c e  a n d  f ie ld  (c f . § 2 ) .
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238 H . F ro h lic h

U sing th e  fac t t h a t  nw is th e  sam e for all osc illato rs, nam ely ,

1
nw — ehvlkT _  1 ’

1 1 / 2 \
we finally  o b ta in 5” ~ — T 11 +  — l j  ’ (15)

1 2br2 exh .f  2% 2 h2

w here t ~o~ ™,*Ma6vE** 1 > 8
(16)

1 e4m t _  2 7̂t2 h2

and  t 0 ~  2ih M a*vE i’ 11 < 8 m a2'
( 16a)

T he tim e o f re la x a tio n  r 0 a t  th e  ab so lu te  zero o f te m p e ra tu re  is entirely  

due to  the  zero -po in t oscillations. I n  B lo ch ’s e lec tron  th eo ry  of m etals 

(Bloch 1928), owing to  th e  P a u li p rincip le , a n  e lec tron  canno t loose energy,

and  so th e re  are  no collisions o f th e  conductiv e  electrons w ith  th e  zero 

p o in t oscillations. T h is is n o t th e  case here. A n e lectron, w ith  an  energy 

higher th a n  th e  en ergy  o f th e  co nductio n  e lectrons, suffers collisions with 

th e  la ttice  vibrations*}- even  a t  T  =  0.

5— T r a n s f e r  o f  E n e r g y  t o  t h e  L a t t ic e

A t each collision, th e  energy  hv is tra n s

p ro b ab ility  &ew, or ab so rbed  by  th e  e lec tron  w ith  a  p ro b ab ility  0 %. The 

energy B, tran s fe rred  per second to  th e  la ttic e , th erefo re , is g iven b y

B  = h vJ t{0 ew-
W

Since (cf. equ atio n s (11a) an d  (12a))

®wl®aw =  (1

B  is in dependen t o f th e  te m p era tu re .

B  can be e v a lu a ted  by a m eth o d  sim ilar to  th a t  used in  th e  calculation 

of t . W e th u s  find
^  hv 41c2, f  dwhv 4:1c2 f  ( 

t 0 ™o

* F o r  2 k < w 0,w0 h a s  t o  b e  r e p l a c e d  b y  b e c a u s e  o f  m o m e n t u m  a n d  e n e

th e o r e m .  T h i s  l e a d s  t o  e q u a t i o n  ( 1 6 a ) .

f  I f ,  h o w e v e r ,  E < h v ,  t h e  e l e c t r o n  c a n n o t  e m i t  t h e  e n e r g y  hv,  a n d  ( 1 5 ) h a s  to  b e  
r e p la c e d  b y

1 1  1

T T0 e h v l k T  i  *

I n  t h i s  c a s e ,  t h e r e f o r e ,  1/ r  v a n i s h e s  f o r  T — 0 .
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Electrical B reakdow n in  Io n ic  C rystals 239

As th is  in te g ra l d iverges fo r w — 0, we m u s t find th e  low er 

T h is can  be o b ta in e d  from  e q u a tio n  ( 13 ), u sing  th e  fa c t t h a t  a lw ays

| cos a | <  1.

Since fo r sm all w  th e  first te rm  in  e q u a tio n  (1 3 ) is sm all, w' is g iven  by*

W e th e n  o b ta in  

w here

h v 4Jc2
B  = ----- ^-logy

Tft Wf,

2% e4m 4_

M d ^ W log7 ,

w0 k k  (2E )i  

w' 2 %mva2 % d ra  ’

(1 7 )

6— B r e a k d o w n  F i e l d

W e calcu la te  now  th e  b rea k d o w n  field F  from  e q u a tio n  (3 ). U sin g  

eq u a tio n s  (2 ), (15 ), (16 ), (17 ) a n d  (5 ), we o b ta in

eF
2%  e4 /m h lo g y Y  

4  cd-TM  \  v
1

As r  is p ro p o rtio n a l to  th e  m ea n  free  p a th  l (l0 

we n o tice  th a t
1

g h v /kT _  i

= m ea n  free p a th  fo r T

eF  oc
w

(18 )

= 0 ),

( 19 )

7— D i s c u s s io n

E q u a tio n  (18 ) c o n ta in s  no a rb i t r a ry  c o n s ta n ts  so th a t  we m a y  ca lcu la te  

th eo re tic a lly  th e  a b so lu te  v a lu e  o f F . T he  en erg y  w ill be ta k e n  from  

th e  first m ax im u m  o f th e  u ltra -v io le t a b so rp tio n  b a n d . F o r  th e  a lk a li 

ha lides, th e  la t te r  h as been  m easu red  b y  H ilsch  a n d  P o h l (1930). I f  A is 

th e  w ave-leng th  o f  th is  first m ax im u m , IT  is g iven  b y

= hc/x.

W e shall in se rt th is  exp ress io n  in to  e q u a tio n  (1 8 ). F in a lly  we shall exp ress  

F  in V /cm ., A a n d  a in  A ngstrom s, hv in  10_2V a n d  

u n its  o f th e  h y d ro g en  m ass. W e th e n  o b ta in

F  =  l-6 (log r )‘ x 105 +  5 6 W n ) * 'W o m .

* A s  w ' <^w0 ,it w a s  c o r r e c t  t o  p u t  w '  =  0  in  t h e  i n t e g r a l  f o r  1 / r .
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240 H . F ro h lic h

H ere, A is th e  w ave-leng th  o f th e  u ltra -v io le t ab so rp tio n , v is th e  R est- 

s tra h le n  frequency , a  is th e  d is tan ce  be tw een  tw o ne ighbouring  ions of 

opposite  sign, an d  M  is g iven  b y  e q u a tio n  (8) in  te rm s o f th e  a tom ic  w eight 

M+ and  M ~  o f th e  ions. F o r  E  = 3F, (logy)*

all alkali halides, nam ely , 2-6.

W e shall now  com pare  for th e  alka li ha lides th e  th eo re tica l va lue  of F  

a t  3 0 0° K . w ith  th e  ex p erim en ts  o f v . H ip p e l (1935) carried  o u t a t  room 

tem p era tu re , v. H ip p e l’s va lu es differ considerab ly  from  fo rm er m easu re­

m en ts. F o r N aC l, for exam ple , h is va lu e  is 15 x 105 V /cm ., w hereas Semenoff 

an d  W alth e r (1928) give 5 x 105 V /cm . As m en tio n ed  in  th e  in troductio n , 

v. H ippel has show n th a t  th e  b reakdow n  occurs a lw ays in  th e  110 direction 

w h a tev er d irec tion  th e  field m ay  have  a n d  th a t ,  th erefo re , th e  pro jection 

of th e  b reakdow n field on th e  110 d irec tio n  is a lw ays th e  sam e. In  our 

m odel w hich does n o t acco u n t for an y  an iso tro p ic  effects, th e  breakdow n 

occurs in th e  d irec tion  o f th e  field. O ur fo rm ula  fo r F , there fo re , corresponds 

to  th e  ex p erim en ta l valu e  o f  th e  field in th e  110 d irec tion . To o b ta in  the  

va lue  in  th e  100 d irec tion  (F100), for w hich ex p erim en ta l values usually  are 

given, we have to  m u ltip ly  F  by  J2, as a lre

th u s  F100 =  F j2 .

T a b l e  I — F100 i n  105 V/c m .

N a C l N a B r N a l K C 1 K B r K I R b C l R b B r R b l

T h e o r y :

T  =  0 ° K . 6-9 6-1 4-9 3-8 3 0 2-5 2-7 2-0 1-4

T  =  3 0 0 ° K . 10-7 10-6 9-3 6-6 5-6 5 1 4-8 4-2 3 1

E x p e r i m e n t a l :

T oc 3 0 0 ° K . 15 10 8 8 7 6 7 6 5

20 0-9 0-7 1-5 1-6 1-4 21 2-0 2-6

Considering th e  sim plifications m ade  in  th e  th eo ry , th e  agreem ent is 

sa tis fac to ry . T he difference be tw een  th eo re tic a l an d  experim en ta l values 

m ay  be due to  th e  “ effective m a s s ” m* for a n  e lec tron  in  th e  la ttice  field 

being generally  g rea te r th a n  th e  m ass o f a free electron .

A n im p o rta n t consequence of th e  th e o ry  is th e  dependence o f F  on 

tem p era tu re . F o r sufficiently h igh te m p e ra tu re s  ( ), F  should  be

p ropo rtio na l to  J T ,  p ro v ided  th a t  th e  te m p e ra tu re  T0, w here th e  heat 

breakdow n begins, is n o t y e t reached. (Fo r T > T 0, cf. § 1.) As we have 

a lready  s ta te d , experim en ts in  a hom ogeneous field have  a t  p resen t been 

carried  ou t a t  room  te m p e ra tu re  only.

T he increase of F  w ith  te m p e ra tu re  is due to  th e  decrease o f the  m ean 

free p a th  w ith  tem p era tu re  (cf. equatio n s (19 ) an d  (15)). A p art from  an
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Electrical B reakdow n in  Io n ic  C rystals 241

increase o f  te m p e ra tu re , th e re  a re  tw o  o th e r  m ean s o f d ecreasing  th e  m ean  

free p a th  l. T he first is to  in tro d u c e  foreign  ions in to  th e  la ttic e ,*  th e  second 

is to  ta k e  v e ry  th in  lay e rs  o f th ick n ess  sm alle r th a n  l. A n  increase  o f F  

in  th e  first case h as been  fo u n d  b y  v . H ip p e l (1935). E x p e rim e n ts  on th in  

layers hav e  been  ca rried  o u t b y  JofFe a n d  co-w orkers (Jo ffe  a n d  A lex an d raw  

1933). T h ey  d id  n o t find a n  in crease  in  F  fo r th ick n esses  dow n to  0- 7 x 10~4 c m . 

T he m ean  free p a th , how ever, is on ly  o f th e  o rd e r 10~5-  10- 6 cm ., so t h a t  

a n  increase  o f F  is n o t y e t  to  be  ex p ec ted .

I  shou ld  like  to  express m y  th a n k s  to  P ro fesso rs T y n d a ll a n d  M o tt fo r 

th e ir  k in d  h o sp ita lity  in  th e ir  la b o ra to ry , a n d  to  P ro fesso r M o tt fo r help  

in  th e  p re p a ra tio n  o f  th e  m a n u sc rip t.

Su m m a r y

T he tim e  o f re la x a tio n  o f a n  e lec tro n  in  a n  ion ic la tt ic e  h as been  c a lcu la ted . 

H ence  th e  c ritica l field F  fo r e lec trica l b rea k d o w n  h as  been  ca lcu la te d  

q u a n tita tiv e ly . S a tis fa c to ry  a g re em e n t w ith  th e  e x p e rim e n ts  o f  v . H ip p e l 

is o b ta in ed .

F  increases: (1) w ith  in creas in g  te m p e ra tu re  (for h ig h  te m p e ra tu re  

F  cc J T ,  i f  T  < T 0, T0 is th e  te m p e ra tu re  w here  h e a t  b rea k d o w n  beg ins);

(2) i f  foreign ions a re  in tro d u c e d  in to  th e  la tt ic e  (ex p e rim en ts  b y  v . H ip p e l);

(3 ) fo r layers o f a b o u t 10~6cm . th ick n ess .
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