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Theory of electronic transport in molecular crystals. lll. Diffusion coefficient
incorporating nonlocal linear electron-phonon coupling

R.W. Munn?®
Research School of Chemistry, Australian National University, Canberra, ACT 2601, Australia

R. Silbey
Department of Chemistry, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

(Received 3 January 1985; accepted 28 February 1985)

Electronic transport in molecular crystals is studied for simultaneous local and nonlocal linear
electron—phonon coupling using a generalized polaron Hamiltonian derived previously. Nonlocal
coupling increases the scattering, giving lower band contributions and higher hopping
contributions. It also gives a phonon-assisted term which dominates at high temperature, leading

eventually to a constant diffusion coefficient whose magnitude depends on the ratio of the
nonlocal to local coupling and is independent of transfer integral. Incorporating nonlocal
coupling thus mainly increases the magnitude of the difffusion coefficient and decreases its

temperature dependence.

I. INTRODUCTION

This series of papers seeks to develop a theory of elec-
tronic transport in molecular crystals valid for arbitrary
electronic and phonon bandwidths and for arbitrary linear
electron—phonon coupling strength. In Paper I,'® the case of
local (in site) coupling was treated and general results given.
In Paper I1,'™ the problem of nonlocal coupling was tackled;
this turns out to be more difficult in general than the local
case, which is perhaps the reason that it has not been exten-
sively treated before. In the general case, nonlocal effects
surely play a role, but these have been largely neglected. In
Paper IL,'™ a nonlocal polaron transformation of the model
Hamiltonian was given and its effects on band shapes stud-
ied. In the present paper, we study transport in this model.
Recently, the field of exciton transport and exciton-phonon
coupling has been extensively reviewed by Kenkre and Rein-
eker.?

Given that the transformation leaves only a weak resid-
ual interaction, the method for deriving the diffusion coeffi-
cient D has been established.'*~* To a good approximation,

D=a*((*/ T +Vix)) » (1.1)

where a is the nearest-neighbor distance and k/a is the wave
vector; the double angle brackets denote a thermal average
over polaron states of energy E,, and v, is V, E,. The quan-
tities I, and y,,, referred to as scattering and hopping
rates, are given by

rk'k' = Z’Wkk;k’k' » (1-2)
k

Vk'k’ ———%V; ERC
k
X(% Wkk;k'+q,k’+q - Wk,k+q;k',k’+q)|q:0 ’
(1.3)

where the primed sum excludes k = k'. Finally, the quanti-
ties W are given by
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Wk,k+q;k’,k’+q ZJ dt{<Vk’+q,k+qka'(t)>
(4]

Xexp[dEy ;, —Ex, )t]

+ Vi s g+ gt Wi ) €xp[ — HE, — E )t ]} . (1.4)
Here V,,.{t) is a coefficient in the residual interaction ex-
pressed in the Heisenberg representation with respect to the
zeroth-order phonon Hamiltonian, and the single angle
brackets denote an average over phonon states.

Thus the evaluation of D is automatic, at least in princi-
ple. In practice, each stage presents difficulties. As in Papers
I and II, we treat these difficulties by making approxima-
tions which allow results to be obtained in algebraic form. In
this way the behavior of the model is obtained in broad out-
line and can readily be explored analytically and numerical-
ly.

In Sec. II we present the Hamiltonian with some modi-
fications helpful in treating transport. In Appendix A we
evaluate the correlation functions (V¥ (¢)) and in Appendix
B we use these to obtain the scattering and hopping rates.
These results are combined in Sec. IIT where an expression
for the diffusion coefficient is derived and its behavior is
studied. Finally, Sec. IV consists of a discussion, with parti-
cular reference to the new features which arise when nonlo-
cal coupling is incorporated in electronic theory.

Il. HAMILTONIAN

The transformed Hamiltonian is

H=H, +H, +V, (2.1)
where H,, is the excitation or polaron Hamiltonian, H,, is
the phonon Hamiltonian, and ¥ is the residual interaction.
Here

1(b)

Hex = ZEkanak ’ (22)
k

E,=e+J,—N"'S a4, (2.3)
q
whereg, and g, are polaron creation and annihilation oper-
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ators, € is the bare excitation energy, J, is the renormalized
transfer integral, and 4 ¢ is a parameter of the generalized
polaron transformation; the last term in E, corresponds to
the polaron binding energy, with @, a phonon frequency.
The renormalized transfer integral is related to its bare ana-
log J, in the untransformed Hamiltonian by

Ji =2Jk'(0;‘k0k'k>’ (2'4)
T
where
O = [exp — Sl (2.5)
0 & = lexp Slin (2.6)
S =N P4 B E _ —b_y) (2.7)
The phonon Hamiltonian retains the usual form
H, = 2 wgb b, + 4), (2.8)
q

with b ;- and b, the phonon creation and annihilation opera-
tors.

The transformation parameters are chosen to be related
to the nonlocal electron-phonon coupling parameters /% in
the untransformed Hamiltonian by'®

A%, = zfq_
e
The interaction then takes the form =,,. V,,.a; a,., where
ka' = 2 1 JK TKk;Kk' __NI/2 za)Qfg
k Q
- TK+ Q.kiwk’ l/}Q] }

(2.10)

with ¢, =b, + b *, the phonon displacement operator.
The operators T are defined as

Tewas = O i O — (660 » 2.11)

their exponential form helping to ensure that matrix ele-
ments of 72 are never large, whatever the strength of the
electron-phonon coupling. In Eq. (2.10) the second and
third terms are Hermitian only when taken together, where-
as for use in this paper it proves convenient to rewrite ¥, ; so
that its terms are individually Hermitian:

Vie: = z [Jx Tk *‘N_l/zszfQ-
k Q

X[N~V34

q (9;+q,k+q0k'k> . (29)

X[2N 24 22 T, | ornkio

- %(TK+ Q.kixk " ¢Q + ¢Q TK+ Q. k;ick ]} .
(2.12)

This form corresponds to one used previously in which non-
local coupling changes the transfer integral through the dis-
placements in the polaron state.®

Evaluation of the thermal averages in J, and A¢

yields'®»7-?
Je= > (60> [exp E%) e Jier {2.13)
<
AL =3 (60 _,) [exp E®] e f1-, (2.14)
<

where

—k '+ Qkk' — Q +A ?—*kTK+Q,k+Q;Kk‘
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1
<ek>=exp(—72E2kl), 2.15)
>
Efe =N"'2n, o + 1A=k )pal* (2.16)

and n, is the thermal equilibrium number of phonons in
mode g of frequency w,:

n, =nlw,) = (e —1)71, (2.17)

with 8 = 1/ky T. In order to solve the implicit Eq. (2.14) for
the transformation parameters, approximations are made.

At least for optic modes it is plausible to take (see Paper
II)

fi=g—ilde — du_,), (2.18)
where g is the local coupling parameter and the ¢, which
describe the nonlocal coupling are odd in k. The real part of
A is then just g, and its imaginary part as assumed to be
proportional to that of /4

Af=g—in(de — di_,). (2-19)
The imaginary part of Eq. (2.14)is thereby evaluated, and the
scaling parameter 7 can be obtained independent of wave
vector as assumed, after some simplifications which include
replacing the exponent in Eq. (2.15) by its average over k.
Such simplifications are not necessary in evaluating J, from
Eq. (2.13), but for the more difficult analysis in the present
paper, it proves convenient to make them nonetheless. This
will normally have only a minor effect on the band, which is,
in any case, given a simple model form.

We take J, and ¢, in the nearest-neighbor forms,

Jo=Jcosk, (2.20)
¢ = ¢sink. (2.21)

Numerical solutions'® show that 7 never rises above unity
but falls significantly with increasing ¢, g, and 7, though the
product 7¢ always increases as ¢ increases for fixed g and T.
The algebraic and numerical behavior of 7 shows that an
adequate representation well suited for present purposes is

—(2n+1)(& +7’¢ 7], (2.22)

which is exact as ¢—0 and also for g=0 and
(2n + 1) ¢ > 0. With previous assumptions, the energies
become

n~expl

E,=¢ +Jcosk —Csin’k, (2.23)
where

€ =€e—o(g+17¢%, (2.24)

J=qJ, (2.25)

C=wn’p? (2.26)

while o is the mean phonon frequency and # = n{w). The last
term in E, distorts the band and complicates its density of
states function (see Sec. IV); if C is large enough compared
with J, the band may acquire an additional extremum
between the center and the boundary of the Brillouin zone,
so becoming wider than 2J. Since the scaling parameter 7
now renormalizes J and is independent of wave vector, the
average (6 * @) has the same structure as for local coupling,
corresponding to
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(0 00) = [100c +N (1 =)0 gt 4 -
(2.27)
This correctly yields Eq. (2.25) and (2.19) from Eqgs. (2.4) and
(2.9), respectively.

lll. DIFFUSION COEFFICIENT
A. Thermal averaging

Using the results of Appendix A and B, we may evalu-
ate the thermal average over the states in Eq. (1.1). For a
function F (E) we use

<<F(E)>>=Q—‘f°° dEe PEN(EIF(E), (3.1

Q=J-j dEe PEN(E), (3.2)

where N (E) is the density of states (see Appendix B). The
scattering rate I, is given as a function of energy in Eq.
(B14), but for v; /I, and part of y,, we need the velocity as
a function of E.

The velocity is biggest in regions where the density of
states N (E ) is largest, and hence should contain two Gaus-
sians like those in N (E). From Eq. (2.23) the mean-square
velocity is 4(/ 2 + C?). Then a suitable approximate form
which gives this result is

VWEPN(E)=[J*G(E;27"*B)

+ CZG(EJ'_ % C; 2—1/2C)]/2,n_ 1/2 ,
(3.3)

where G (x;b )isdefinedin Eq. (B2). Combiningvwith N (E )in
this way gives the product required for the averaging in a
much neater form than writing a separate expression for
v(E )? yielding complications from cross terms between dif-
ferent Gaussians.

In performing the thermal averaging and simplifying
the results, products and ratios of Gaussians occur. Some
can be treated exactly, but not all. Examination of the pro-
ducts and ratios shows, however, that unless B and C are
very close in size, one Gaussian of each pair is dominant. We
therefore approximate each combination of Gaussians as the
sum of the dominant contributions for B large and for C
large. This should provide an adequate interpolation
through the region where B and C are comparable in size.

The partition function Q is found to be

Q = [Bexp(B2B*/4) + Cexp(BC/2)
X exp(B3C*/4)1/(B+C). (3.4)
The band contribution to the diffusion coefficient reduces to
D,/a® = [(B + C)/2ly(2m)' "]

2 2
[“—B%‘;m expl — B2r2BY/4(B? + 2T'Y)]
2 2
+ '——(cf;;rrz)“z expl — B2 2C*/4(C? + 20 )] } .

(3.5)

Here the exponents never exceed 8 °I" */4 in magnitude, and
since we assume 51"« 1, the exponentials can be set to unity,
leaving

B2+I'~2
4B* +2r?)"?

C*+r?
(CZ + 2r2)l/2
{3.6)

The factor 1/4 in the first term in square brackets occurs
because the maximum contribution to the velocity from the
transfer integral is J, i.e., only half the corresponding contri-
bution B to the bandwidth, whereas the maximum contribu-
tion to the velocity from the nonlocal coupling is equal to the
whole contribution C to the bandwidth.

The part of the hopping contribution independent of

the polaron velocities reduces to
1 B

D,/a*=—T, [—————

" 2 °leB*+ry?

X exp[ —B2B*/42B* + I'?)]

D,/a* = B+ C [
4 22m)V/2r,

+(2?‘+C72)17€xpl —B2CH/42C? +r2)]] ,

(3.7)
and the other part reduces to
B?/(B*+4+TI?
43B* 4 232

1o, 2(232+F2>]
X ex —_——— B —_——
p[ P8\

C*/(C*+T? [ 1 ,, 2(2C2+F2>]
4 CAC AT | - Lpace (2 FL ] .
43C2 42312 P 4ﬁ 3C?42r?
{3.8)
The velocity dependence of D ; again leads to a factor 1/4 in
the term depending on B.

D;,/azz—;—l"o(B-i-C) {

B. Algebraic behavior

The contributions [Egs. (3.6)- (3.8)] to the diffusion co-
efficient each consist of B and C. These terms have essential-
ly the forms obtained for local coupling in Paper I except
that D ; was not derived there. Compared with D,, D, is
negligible if I" is much greater than B and C, and has no
important qualitative effect if I is much less than B and C.
Minor differences from Paper I occur in numerical factors
arising from the corrected form of 7, and the more carefully
derived form of v(E ) constrained to give the correct mean-
square velocity.

Nonlocal coupling affects the diffusion coefficient first
by modifying the transfer integral, which is changed by the
displacements on polaron formation.® It is this feature which
affects the energies, density of states, and velocities. It also
leads to the pairs of terms in the contributions to the diffu-
sion coefficient, cross terms being zero in our treatment, al-
though nonlocal coupling does affect B and I'. These effects
from modifying the transfer integral are largely quantitative,
producing no new types of behavior.

The other way in which nonlocal coupling affects the
diffusion coefficient is by introducing a new type of term in
the interaction V. This term involving U represents phonon-
induced fluctuations in the transfer integral. The mean-
square fluctuations are nonzero, giving rise to the term pro-
portional to I,( y) in Iy, Eq. (B13). This corresponds to the

J. Chem. Phys., Vol. 83, No. 4, 15 August 1985
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phonon-assisted current.'®'! By increasing the scattering, it
decreases D, and increases D, and D ;.

At sufficiently high temperatures, both I y) and I ( y)
tend to the same asymptotic value e” (27p)'/?, and the term in
[n(n + 1)]'/2 dominates I'y. In this limit I" = y'/24 is much
greater than B and C, so that D ; can be neglected compared
with D,, which reduces to

D,/a* =B+ C\Iy2r. (3.9)
Substituting for I', and I', we find
D,/a* = [wC /8'?A (g + n*¢?)]e”. (3.10)

If further g = O (or g< ¢ and the temperature is not too high:
see below) so that nonlocal coupling dominates, substitution
for C, n, and y yields

D,/a* = (0*/8'°4 ) exp(2n*¢ */sinh | Bw) , (3.11)
which for fw> 1 becomes
D, /a* = (0*/8'/%A ) exp(dn’d >/ Bw) . (3.12)

The high-temperature hopping diffusion coefficient for pure
local coupling' follows similarly as

D, /a* = (J *Bw/128"24 ) exp( — } g *Bw) . (3.13)

Comparing Eqgs. (3.12) and (3.13) we see that for pure
nonlocal coupling D, lacks the factor S compared with
pure local coupling, because nonlocal coupling introduces
the extra factor [n(n + 1)]'/2 in I, which cancels that in y.
Nonlocal coupling therefore gives a constant preexponential
factor rather than one which decreases with increasing tem-
perature as for local coupling. Since in this limit Sw <1, non-
local coupling will also tend to give a larger preexponential
factor. This tendency may be enhanced by the dependence
on ” rather than J ? and by the lack of dependence on cou-
pling strength compared with the inverse dependence for
local coupling.

The exponentials differ markedly in form, though both
increase with increasing temperature. For local coupling the
renormalization factor #? from J ? in the transfer rate com-
bines with e”, leaving an exponential which becomes con-
stant at high temperature so that D, eventually decreases
through the preexponential factor Sw. For pure nonlocal
coupling the renormalization factor 5? from «C in the trans-
fer rate cancels with a corresponding factor in the scattering
rate, leaving the factor e” intact. Here the decrease in 7” with
increasing temperature offsets the increase in 1/ 3 until at
the highest temperatures this exponential also becomes con-
stant, and D, with it.

In practice, local and nonlocal coupling must occur si-
multaneously: there is no general mechanism or symmetry
constraint which can force either to be zero, whether for
excess charge carriers or for singlet or triplet excitons. Then
at high temperatures the nonzero g will always reduce 7 until
eventually g >>7°¢ 2. This yields a hopping diffusion coeffi-
cient from Eq. (3.10) which has features of both Egs. (3.12)
and (3.13), with nonlocal coupling determining the transfer
rate but local coupling the scattering rate and the exponen-
tial:

D,/a* = (¢ /8"’ *A ) exp( — 1 g *Pw) . (3.14)

Hence, this limit yields simple activated behavior. The con-

1857

stant preexponential factor displays the competitive effects
of nonlocal coupling in promoting and of local coupling in
hindering transport, while the activation energy } g *w is half
the local polaron binding energy. Equations (3.13) and (3.14)
correspond to the expressions for the mobility contributions
i, and y, given by Sumi'? for a Gaussian density of states,
except that his preexponential factors each differ from those
here because they refer to the most strongly coupled limit® of
small polaron theory."'?

C. Numerical behavior

Numerical calculations of the total diffusion coefficient
D =D, + D, + D} obtained from Egs. (3.6)—(3.8) are pre-
sented in Figs. 1-6. Each figure shows D as a function of T
for various values of ¢ * and a fixed value of g 2, which in-
creases in successive figures. All these figures refer to the
same values of 4 = 0.1 w and J = 0.5 w. This value of J is the
largest compatible with our neglect of multiphonon contri-
butions to Win Egs. (B2) and (B3) at all temperatures, so that
the figures actually give the smallest relative contributions
from nonlocal coupling. Temperatures below 1/ Sw = 0.2
are excluded by our approximations and those above 1/
P = 5 are likely to exceed typical crystal melting tempera-
tures for plausible optical mode frequencies w.

Figure 1 shows the results for pure nonlocal coupling.
Stronger coupling means stronger scattering and hence low-
er band mobilities and higher hopping mobilities, these con-
tributions dominating at low and high temperatures, respec-
tively. Thus we see that increasing the coupling strength
decreases D at low temperatures and increases it at high tem-
peratures, so that the curves for different coupling strengths
cross at intermediate temperatures. (The crossings for
#?=3 and 10 are omitted for clarity.) The curves go
through a minimum and for the stronger couplings show a
point of inflection before increasing again. This feature is
associated with the hopping contribution D ;. As the tem-
perature increases, I increases through the factor y'/2 and
D} falls relative to D, until eventually D increases through

2.51 g* = 0.0
1.0
2.0 r—_’
~ 3.0
3 /",,/
1.5+
O
~ 1.0
]
v
o 1.0 0.3
@]
——t
1
0.5 0
0.0 T T T T T T
0 1 2 3 4

kT/w

FIG. 1. The reduced diffusion coefficient D /wa* as a function of the reduced
temperature 1/8w for different values of the nonlocal electron-phonon cou-
pling. The local electron—~phonon coupling is given by g 2 = 0 (i.e., the cou-
pling is entirely nonlocal), the transfer integral by J /o = 0.1. Each curve is
marked with the value of ¢ * determining the nonlocal electron—phonon
coupling.
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3 g =01
24 10.0
)
o B 3.0
O
~ 1.C
a 1
A
. 0.
o 0.1
0 -
B 0.0
-1 T T T T T T T 1
0 1 2 3 4
kT/w

FIG. 2. Same as Fig. 1, but with g > = 0.1. Since g is nonzero, ¢ can now be
Zero.

the phonon-assisted contribution.

Once the local coupling is nonzero, we can compare
diffusion coefficients with and without nonlocal coupling.
Figures 2-6 show this for successively stronger local cou-
pling, with most crossings omitted for clarity. The stronger
the local coupling, the more similar the curves in general
shape, though this comparison is complicated by the change
in the shape of the curves with g % for pure local coupling. At
high temperatures the curves for large g ? are well described
by Eq. (3.14), with D « ¢ ? except for the lowest values of ¢ 2
including zero.

Calculations for lower values of J show more marked
effects of nonlocal coupling, because the band and hopping
contributions depending on B are reduced compared with
those depending on C. The curves therefore show deeper
minima, which for ¢ > = 0 may disappear completely. All
diffusion coefficients are reduced by similar amounts, so that
proportionately larger changes are seen for smaller values of
& 2. The subsidiary maxima seen at intermediate tempera-
tures for the larger values of ¢ ? and smaller values of g ? are
weakened or eliminated. Finally the curves incorporating
nonlocal coupling diverge more rapidly from those with
¢ ? = 0 at high temperatures, in accordance with the factor
@ 2/J % in the ratio of Eqgs. (3.14) and (3.13).

Reducing the phonon bandwidth 4 increases the diffu-

3A g2 = 0.3
21 10.0
Na /\—_/
5 /____,_______,.’—3.0
~
=) 14 /_'_._’___,/,—1.0
~
(9]

g . 0.3
™ pA ~— 0
0.0

—1 T T L T T T T 1

0 1 2 3 4

kT/w

FIG. 3. Same as Fig. 1, but with g2 =0.3.

2. 57
g2 = 1.0
1.5 10.0
~N
3 ] f-__//’_—_'
Y] 3.0
o
B 0.5 A / 1.0
v/
ap) //____’——
@] 7 0.3
—
-0. 54 0.1
0.0
~-1.5 T T T | R— T
0 1 2 3 4
kT/w

FIG. 4. Same as Fig. 1, but with g > = 1.

sion coefficient at most temperatures of interest. For narrow
bands, weak coupling, and intermediate temperatures the
increase comes mainly through D, ~1/I'*~1/4 ?, but at
higher coupling strengths and temperatures D, dominates
and the increase varies as 1/4, from Egs. (3.13) and (3.14).
Thus D may go through a quite marked maximum as 7 in-
creases, as Fig. 7 shows.

IV. DISCUSSION
A. Review of results

The results in the present paper constitute a theory of
electronic transport in molecular crystals more general than
hitherto available. Although only linear electron—phonon
coupling is treated, it may comprise local or nonlocal inter-
actions or both, and neither type of interaction is restricted
in magnitude. The transfer integral is not restricted in mag-
nitude, either, although for simplicity of presentation we
have taken B < w as in Paper I and C < w. Polaron band nar-
rowing ensures that these conditions are readily fulfilled ex-

= 3.0
IDW 3 10.0
0.5 3.0
0.0+
~ 1.0
NEI
g -0.54
~ 0.3
e -1.0+
o . 0.1
(@]

-1 1 T 1
0 1 2 3 4
kKT/w

FIG. 5. Same as Fig. 1, but withg 2 = 3.
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- g? = 10 10.0

log (D/a%w)
| ! |
( w o
wn 19)] wn

KT/ w

FIG. 6. Same as Fig. 1, but with g > = 10.

cept for wide bands, weak coupling, and low temperatures,
conditions when our treatment is least suitable and least nec-
essary. We have assumed Gaussian densities of states for the
polaron and phonon bands; these analytically convenient
forms provide reasonable representations of densities of
states in three dimensions. A number of approximations
have also been made for convenience, as indicated at various
points in the text. None is expected to have major qualitative
effects, and all could be avoided in numerical work.

As expected, nonlocal coupling has the biggest effect on
the diffusion coefficient when it is largest compared with the
local coupling. The additional nonlocal coupling tends to
decrease the diffusion coefficient at low temperatures and
increase it at high temperatures, until eventually the
phonon-assisted term [Eq. (3.14)] dominates. Qualitatively
speaking, the strength of the nonlocal coupling affects the
magnitude of the diffusion coefficient for given values of the
other parameters, but not the temperature dependence. The
shapes of the curves change more between different Figs. 1-7
than within a given figure.

Nonlocal coupling has been treated previously in a
number of ways.>'%-!214-18 These treatments do not use the

log (D/a’w)

N -
w
S

KT/w

FIG. 7. Same as Fig. 1, but withg > =0.3but A /& = 0.01 and J /& = 0.1.

nonlocal polaron transformation as done here, but this omis-
sion is less serious than it might seem, provided the local
transformation or some equivalent technique® is used. This
reduces the nonlocal term in the residual interaction V by a
factor exp[ — (2n + 1) g ?]. Provided the temperature is high
enough and g ? is large enough, the nonlocal term is small
enough for a perturbative treatment to apply.

B. Temperature-independent mobilities

Recent interest in nonlocal coupling has been stimulat-
ed by the possibility that it might explain the almost tem-
perature-independent charge-carrie drift mobilities ob-
served in some crystallographic directions for certain
crystals.' Since the mobility u is related to the diffusion
coefficient by the Einstein relation 4 = e¢SD, any contribu-
tion to D which is proportional to T at high temperatures
will eventually yield a constant mobility. Contributions
varying like #, [n(n + 1)]'/3, etc., will have this effect. How-
ever, most theories yield contributions which ultimately be-
come constant or decreases with increasing 7, so that
u~T ~"withn> 1.° Such is the case with the present treat-
ment, which yields mobilities independent of temperatures
over significant ranges of temperature only for special sets of
parameter values, Ultimately the present results yield u ~ 1/
T, while in the extreme strong coupling limit®
&n(n + 1)]"*»0/4 > 1 the method of steepest descents'?
yields p ~ 1/T V2, as noted by Sumi.'?

In fact, temperature-independent mobilities are not
commonly observed, as far as the rather limited data avail-
able are concerned. Where they are observed, a layer-like
structure perpendicular to the transport direction appears to
be a necessary concomitant, and this structural feature
ought, therefore, to play an essential role in explaining such
mobilities. It would imply weak transfer interactions
between layers, greatly enhanced by vibrations changing the
distance between layers, vibrations which would tend to be
of low frequency. This implies an important contribution
from nonlocal coupling, with its tendency to increase the
magnitude of D and reduce its rate of fall with temperature.
The other important qualitative effect of a layer structure
would be to make the polaron density of states rectangular
rather than the Gaussian assumed here. It is this effect which
produces a constant mobility in Sumi’s theory,'? whereas a
Gaussian form gives results consistent with those here, as we
have seen. We also note that the mobilities within the layers
tend to decrease more rapidly than in the present theory
(except for special parameter sets), so that the average tem-
perature dependence resembles that here.

It has been suggested”! that constant mobilities may be
common because hopping rates are generally proportional to
n. This is true, but only for weak coupling (both local and
nonlocal), and then hopping will not predominant. Once
coupling becomes strong, polaron effects complicate the
temperature dependence, including that of the phonon-as-
sisted part with its additional factor [n(n + 1)]'/2 It then
requires some special feature such as wide phonon and nar-
row carrier bands, or the rectangular density of states in two
dimensions to yield a constant mobility.® Temperature-inde-
pendent mobilities are striking precisely because they are
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unusual, and as such they require special explanation rather
than the general theory presented here.

C. Comparison of local and nonlocal coupling

Asalready argued, both types of coupling must occur in
general, although their relative strengths will depend on the
phonon modes concerned. For example, molecular modes
may be expected to have much more effect on the local site
energy than on the transfer integrals. The strength of the
nonlocal coupling will also correlate with the size of the
transfer integrals to some extent. When these are accidently
zero by cancellation of terms, vibrations can only make them
larger, but as the transfer integrals become larger through
strong overlap, vibrations will have relatively less effect, un-
til the Frenkel exciton or tight-binding limit is superseded by
the Wannier exciton or delocalized limit and nonlocal cou-
pling becomes zero.

Nonlocal coupling can be anisotropic whereas local
coupling cannot. This property was implicitly invoked above
in explaining the constant mobility in layer structures. An
analogous property could explain the anisotropy in charge-
carrier trap depths for transport within and between layers
in anthracene,”” if one accepts the idea? that static disorder
in imperfect crystals (rather than dynamic disorder due to
phonons in perfect crystals) can cause trapping through
changes in transfer integrals as well as through changes in
site energies.

Although both nonlocal and local coupling conserve
crystal momentum, strong local coupling and polaron for-
mation can be regarded as symmetry breaking.?* One could
perhaps view this as the reason why local coupling ultimate-
ly leads to a decreasing diffusion coefficient at high tempera-
tures whereas nonlocal coupling leads to a constant diffusion
coefficient. This in turn is why the nonlocal coupling even-
tually dominates.

Only linear coupling has been treated here. Quadratic
local coupling associated with frequency changes in lattice
or molecular phonon modes is known to be significant in
some cases. If weak, it can be treated by methods like those
here,” but if strong it is difficult to treat because bound
states can form. For nonlocal coupling, the roughly expo-
nential dependence of molecular overlap on molecular sepa-
ration and perhaps orientation implies an important role for
quadratic and higher terms.'”'® However, bound-state for-
mation is not a problem, and it has proved possible to treat
transport for an exponential dependence of transter integral
on the phonon displacement operator.'®

It may also be remarked that the approximate form [Eq.
(2.18)] for the electron—phonon coupling coefficients yields
zero nonlocal coupling at the zone center ¢ = 0. This form
might thus seem more suited to acoustic modes. However,
our treatment implies only one molecule per unit cell. In this
case, the optic modes at ¢ = 0 correspond to all molecules
rotating in phase, and the /inear electron~phonon coupling
vanishes. The effects of having more than one molecule in
the unit cell have been little explored in the context of trans-
port theory, except in band structure calculations.

D. CONCLUSIONS

Nonlocal electron—phonon coupling decreases diffu-
sion coefficients at low temperatures and increases them at
high enough temperatures through a phonon-assisted con-
tribution which becomes constant. The present results com-
plement and extend previous work on nonlocal coupling. By
not yielding a constant mobility at high temperatures, they
support the idea that such behavior requires special explana-
tion associated with a layer-like structure in which nonlocal
coupling is important.

Extensions of the present work to include different
phonon branches with different couplings in a realistic struc-
ture are possible. The problem is that such extensions would
be very complicated without some indication of the domi-
nant interactions. This argues the need for further funda-
mental work on electron—phonon coupling now that there
are theories to incorporate it. Further systematic study of
exciton diffusion coefficients and charge-carrier mobilities
would also define better the range of behavior theory must
explain.
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APPENDIX A: CORRELATION FUNCTIONS
1. Structure

The correlation functions depend on thermal averages
involving T defined by Eq. (2.11) and u defined by

u=4YTy+¢T) (A1)
asin Eq. (2.12). We write T = F — (F'), where

F=0% 0=expAb™* +ub)=exp Z, (A2)
and similarly

G =YFy + ¢F). (A3)
The required averages are then

(T\To) = (F\F) — (FI)(F) , (Ad)

(Tan) = (F,G,) — (Fiih,) (F,) — (F){G,), (AS5)
(u,T,) = (G\F,) — <F1>(1//1 Fy) —(G)(F,), (A6)
(uuy) = (G,\G,) — (F)) ($,G,)

— (G ) (Fy) + (F){F){¥) (¢h) , (A7)

where (1) = 0 has been used.
We use the result’ that for exponents Z, and Z, which
commute with their commutator:

ezlezz o ezl + ZZeU/Z)[Z., Z,] . (A8)
We also have”3

(F) =exp| 2n + u], (A9)
which with Eq. (A8) yields

(F1F2> = exp[%(Zn + )A, + A1 + 1)

+ apy — A )] (A10)
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The averages involving ¢ are obtained by applying Eq. (3.8)
to Eq. (3.2) to show that

OF/OA=(b*"+ Ip)F=F(b* —ipu), (A1)

OF/du=(b— YA)F=F(b + }1) (A12)
so that in particular

G=3dF /A + dF /du . (A13)

Then differentiation of Egs. (A9) and (A10) gives the
results

(G)=(UZY + YZ)(F)=(R)(F), (Al4)
(F, !1’2) =(Z, ¢2><F1> ’ (A15)
<F1G2> = [(Zl l/’2) + <R2>]<F1 Fz) s (A16)
() = (1 Z)(F,) , (A17)
(G, F,) = [(R)) + (¥, Z,)])F, F,) , (A18)

<F1G2) = {[(Zl ¢2) + <R2>](R1) + < ¢1 Zz)]

+ () I(FL Fy) (A19)

Substitution in Eqgs. (A4)-(A7) yields the various thermal

averages. Now the form of ¥V in Sec. II uses the result that

because Z is anti-Hermitian, the contribution of (G ) is zero,

as it must be to make (¥} zero. Then the thermal averages
simplify to

(Tuy) =(Z, V) (T,T,), (A20)

(u, Tp) =, Z)(T,T,), (A21)

(uiuy) = ((Z, Y (¥, Zo) + (9,02) IKTLT,) . (A22)

2. Detailed evaluation of averages

We now take account of the matrix nature of Z and the
time dependence of F, and , obtained by replacing b * by
b * e everywhere. The average of the phonon displacement
operators is thus

(o Yo (1)) = [nge ™% + (ng + 1)€“* 185, _,

EPQ(t )5Q', _o>

(A23)
(A24)

so that P,(0) = 2n, + 1.

The remaining average (F, F,) is evaluated from Eq.
(A10) using the techniques developed in Paper II (but with a
slightly different notation). The exponent S which appears in
each factor 8 * or @is writteninturnas 7+ — 7, U ™ — U,
Xt—-X,andY*—~Y,sothat Z,=T*+ U+t —-T-U
andZ,=X"* 4+ Y* — X — Y. The different symbols allow
different matrix elements to be assigned. The terms in 4, i,
and A, u, from Eq. (A10) contribute factors (6 6 ) which
form matrix products with other contributions arising from
the cross terms between Z, and Z,:

<9 k+.kz 0k3 k, 0 qqu (t )eqm (t )>

= Z <9ka29k3p2)[eXp —AT*X + TX+>]p.p3;q2p4

Py Py

>< [exp<T+Y+ TY+>]P3 ki3qs ps
X [CXP(U+X+ UX+>]P2P5;P4P7

X [exp — (U+Y + UY )] 8. 8

q: Py Px‘h> "

(A25)

Po K43 Ps Ps

The exponentials are given by, for example,
[exp — (T X+ TX ) L k.0,

=lexp —E*2(0)] _, _ 0Bkt askatan s
where

Ef,6)=N""P _,(t)Ad-g)*i ",

which reduces to E§ , of Eq. (2.16) for t = 0.

Exponents containing factors P (¢ ) are characteristic of
correlation functions for linear electron—phonon cou-
pling."® Substitution of Eq. (A26) in Eq. (A25), making use of
the momentum conservation required by Eq. (2.27) for
(0 78), yields

<9 k-:-kz 9k3k4 0 q‘t"h (t )0q3q4 (t ))

= 2 <6 kt‘*’ r,,k29k3,k3 —n )<9q_:+ 72492 0‘]3»‘1; - "z>

rirals

(A26)

(A27)

X [exp — Ef H ot nmamar)],
X [exp Ex 77 95(¢)] e rur—

X [exp EX— 7 =n(t)] gkt — g — ke — 1,
X[exp —EM=%=ne)]_, . _.

stn—q—ki—r,—q—nr,

X5k. + g+ koA gk, + g+ kg (A28)

In Paper 11, an expression was derived relating (8 *8)
to exp E?. With the simplified form [Eq. (2.27)] for (6 *8),
this expression yields

lexpE?) _, o, =8, + N ™' = 1). {A29)
The corresponding expression for exp E¢ ) is derived by re-
placing 2n, + 1 = Py (0) in 77 by Py(t), while exp E9(f) is
obtained by matrix inversion. For proper decaying correla-
tions, previous results'® show that N =' =, P, (¢) should be
replacedby P (z)A (¢ ), where P (¢ ) refers to the mean frequency

@ and 4 (¢ ) is the Fourier transform of the phonon density of
states. Then it is found that

lexp + Et)] kb, =8, + N 7'H =1 1), (A30)
where

H=exp[(g+7n’¢°)P(t)4(1)] . (A31)
Ast— 0, A (t)—>0and H—1, so that the exponentials in Eq.
(A28) reduce to Kronecker deltas. The average then breaks
up into the product of the separate averages (6, 6, ,,)

and (0 6, ), making (T, T,) zero as required at long
times for irreversibility.

Using Eq. (A30) in Eq. (A28) with Eq. (2.27) leads eventually
to
<Tk|k2;k3k4 T?l‘h;‘hqa (t )>
=N [(H— 17Dy, 4,
+ (H - 1)Dk| + 4k + g, ]
+ N(H - 1)(Dk| k2 D?s'h + Dkzka D‘Ilqz )

+ N(H - 1)(Dk| kzD‘IxQZ + Dk: kaDq,an)]

k:+qs

(A32)

Xakl+‘I|+k4+quz+‘h+k3+‘13 4
where
— —1
Dy =84 — N\ (A33)

This expression for the correlation function agrees with that
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for local coupling in Paper I, with H > — 1 corresponding to
yvH—1toy,, H ' —1toys,and H 2 — 1 toy,.
As before, we take for A4 (t) the Gaussian form

A(t)=exp(— 4 %%/4), (A34)

where 4 is the phonon bandwidth, assumed much less than
. Then by analogy with Paper I we obtain

H' —lzexp("T%%4) 3

m= — oo

X el/2mBugimet [T (L ry) — 0] » (A35)
where
y=4g>+7°¢7)nn +1)]' (A36)
and
r=A4 (ijrjy<1) (A37)
= [4A Yl »*"?] Glrly>1) (A38)

with [, (Z ) the modified Bessel function of order m. Except
for small y (low temperature and both local and nonlocal
coupling weak), ¥, and y; with r = + 1 are much smaller
than y, and y, with r = + 2, and will be neglected as pre-
viously.

3. Evaluation of sums

The interaction ¥ consists of three types of term, in JT,
ofT and wfu. These give rise to six types of cross term in
(Vi & kg Vir-(2)). We consider these in turn.

First we get
N_Z[YI ij jx~q + 742'7;\' jr—x

=Ny, cosq+ y,cosr), (A39)

where r = k + k' + ¢ recurs frequently. This term is as for
local coupling except that the renormalization now depends
on¢ as well as g.

Next we get

_N_ssznzjx[(h Q—‘k _hQ—k')(Vth—«+q +Y4hg—r)
«Q

F L g =R h% . +7eh2 )] (A40)

where h 2= f2 — g. The real parts g are removed by the
term — N ~'in D, , and by the occurrence of differences
such as 4 ¢ — 4 2", Performing the summations yields

— VN =UC {(y, + v4)lcos k + cos k’
+ cos(k + ¢) + cos{k ' + )]
+ 2y, sin g + 7, sin A[sin(k + ) + sin(k" + g)]
+ 2(y;sing — y,sinr)[sink 4+ sink'],

where from Eq. (2.26) C = on¢ °.
The remaining term not involving u is

(A41)

N 3 oquonth .y —h% b s —h oY)
®QQ’
X(7/1h Q_Kh g’,ﬁ-q + Y4h Q_,‘hKQ;r), (A42)

where terms involving g cancel as before. This leads to

INTIC¥(yy + 74){1 + costk — k') + (sin k + sin k ')?
+ [sin(k + g) + sin{k ' + ¢)]%4 }
+ 2(y, cos g — ¥, cos r)(sin k + sin k')
X [sin(k 4 g) + sin(k ' + g)]) .
The term in (Yy(z)) is

(A43)

N _3602772 Z PQ(t )h Q—K(Ylh Q—*x~q + }/4}1 x——Qr
«Q

=N _za)CZ Py(t)(1 —cos @)y, cos g + y,cos 7).
° (Ada)

To be consistent with the earlier derivation of H, we should
take N ~' 2, P,(t)asP (t)A (¢ ).However,including 4 (¢ }here
is no longer physically necessary to ensure decaying correla-
tions, these being already ensured by its inclusion in ¥, and
¥4 and is mathematically inconvenient as it yields terms de-
caying at arate I" /2'/? in addition to those decaying at a rate
I' /2. We therefore set Py ()=~ P () to obtain this term as

(A45)

The terms involving combinations of T with « all de-
pend on the quantity

N 'wCP(t)(y,cosq + yscosr).

—iwgt

Dy(t)=(ng + 1) — nye , (A46)

while those involving  combined with « depend on D, (¢)
Dy (t). Although these terms are nonzero, their contribu-
tion to W vanishes as we explain later, and they will not be
treated in detail.

APPENDIX B: SCATTERING AND HOPPING RATES
1. Calculation of W

Only the real part of Eq. (1.4) for Wis required, and this
can be calculated essentially as in Paper I. The contributions
of Egs. (A39), (A41), and (A43) to (VV(t)) are of the form
PY1 + o¥4 where the prefactors p and o do not depend on ¢.
These yield contributions to W of the form

0o

77_1/2 z

Lo+ (=1 0le™2[1,(y) ~8,0]

X [GEx ,, — Exrq+ma;T)

+GE, —E +ma; )], (B1)
where

Gx;b)=b""'exp(—x*/b?. (B2)

The contribution (A45) to (VV(t)) is of the form
{py1 + ov4)P(t), and yields a contribution to W of the form

o0

77.1/2 2

S Lo+ (= 17ole (1, (5) = b,0]

X{(n+ V(G [Eyy — Eiyy +(m+ NosT" ]
+G[E, —E,+(m+ lw; I']}

+n{G[E, ,,—E;,,+(m—lwl]

+G[E, —E,+(m— 1wl 1}}. (B3)
Since I" ~ 4 €w, the dominant contributions to the sums

in (B1) and (B3) occur when the energy numerators in the
Gaussian exponents are small compared with @. For narrow
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polaron bands where 27 and C fall well below o, the domi-
nant contributions occur when the energy numerators con-
tain zero multiples of w. Then the dominant contribution
from py, + oy, is

% p + o) Lo(y) — 1]

X{GEy ig —Erygsl')+ GE, —E;T)] (B4)
and that from ( py, + oy, )P(t)is
7/ p — o2[n(n + 1)1'214( )

X{G(Ey g —Ex, ;) +GE, —E;T)}.  (BS)

Other contributions will henceforth be neglected.

In Eq. (B5) the factor [n(n + 1)]'/?is the value common
to the quantities ne#2 and (n + 1)e ~ "/?#°_This is why the
contribution from D, (¢) vanishes: it leads to the difference
between these quantities. The same reasoning applies to the
contribution from Dy, (¢ )D,,. (¢ ), except for Q = Q' when it is
nonzero but a factor N ~ ' smaller than the others and hence
negligible. It also happens that the ¢ dependence of terms
depending on D (¢ ) would ultimately give zero contribution to
I, and y,, anyway.

The factors denoted p and o above are complicated fac-
tors of k, k', and q. They can be carried farther through the
analysis which follows, at the cost of much algebra and com-
plexity, but eventually approximations prove necessary. It is
therefore convenient to make at this stage the simplifying
assumption that the prefactors can be replaced by their aver-
ages over k and k ’. This is in the spirit of the approximations
previously used® in deriving 77, and yields results which re-
duce to those in Paper I for C = 0. With this assumption we
obtain

Wk,k+q;k’.k'+q
= (m""2/N){[ 1T cos g + } C*4 + cos’ g)]
X [y y) — 11 + 20C cos g[n(n + 1)]'*1,( y)}
X{G(Ey o, —Ex, ;) + G(Ey —Ei;T)} . (B6)

2. Sum over states

We now have to sum (B6) over states k. This is done by
transforming to an integral over the density of states, as in
Paper I. Because of the nonlocal coupling, the energies now
contain two k-dependent terms. We therefore represent the
density of states V(E') at energy € + E by the sum of two
Gaussians, one for each term:

N(E)=[BG(E:B)+ CG(E+ yC,C)l/m"¥B+C).
(B7)

Here B is that part of the bandwidth due to the transfer
integral, which can be taken as 2J (this corresponds to B in
Paper I). The second term in NV (E'), centeredat E= — 1 C,
represents the increased density of states at the bottom of the
band and the eventual increase in bandwidth above B as C
increases for fixed J. Although our formalism is essentially
one dimensional, the use of Gaussians in the density of states
simulates the form expected in a three-dimensional crystal
without marked anisotropy.
Using Eq. (B7) with (B6), we obtain

2 Wiksakk +q= [77'1/2/(B+ C)]
x

X {[4J%cosq+ § C*(4 + cos® g)] [Io(y) — 1]

+ 2wC cos g[n(n + 1)]'21,(y)}

X {BG [E, 3B+ I'%"?]

+ BG [Ek.+q;(Bz+F2)l/2]

+CG [Ey +4 C(C?+T?)'7?)

+CG [E,. ., +1C(C*+ Y]} . (B8)
For the scattering rate I'..., the term k =k’ is to be ex-

cluded from the sum over k [see Eq. (1.2)] butis of order 1/N
and hence negligible.

3. Scattering and hopping rates
The scattering rate is obtained by setting ¢ = 0 in (B8):

Liw = (U7 +5CHUo(y) — 1] + 4C [n(n + 1)]*1)( )}
X [7'*/(B+ C)1{BG [E, ;(B*+ I'?}'?]

+CG [E. +1C(C> + T'Y)2]}. (B9)

From Eq. (1.3), the first part of the hopping rate can be
obtained by differentiating I',.,. twice with respect to k',
and the second part can be obtained by differentiating Eq.
(B8) twice with respect to ¢ and setting g—0. Now the first
derivative of G (x;b ) with respect tox is proportional tox, and
the second derivative consists of terms proportional to x?
and x plus a term independent of x. Since G (x;b ) is largest
where x is zero, the terms in x and x> can be neglected to a
first approximation; their contribution was similarly ne-
glected in Paper 1. Hence we take

V,Gxb)=0, (B10)

ViG(x;b)x= — (2/b%)dx/dg)*G (x;b) . (B11)

The hopping rate is then found to be

Viw = {[J*(1 4+ 2) + C*2 4 52)] [ Lo y) — 1]
+40C (1 4 2)[n(n + V'L )} [72/2(B + C)]
X {BG [Ek:;(Bz +F2)1/2]
+ CG [E,. +1GC(C*+ Y71},

wherez =v}./(B*+ I?).

As in Paper I we find that y, ... is roughly proportional
to I, the part proportional to z being exactly § zI; ...
because of the approximations (B10) and {B11). {Note that
compared with Paper I we have extracted a factor a” to give
each rate the same dimensions and have inserted a factor 1/2
previously omitted). Since the numerical coefficients depend

on our previous approximations, it is convenient to force
total proportionality by taking

Vi =31 +2) Ty . (B13)
The only factors not so related are the coefficients of C > mul-

tiplying I,( y) — 1, which we replace by the value 4 interme-
diate between the 5in I, ... and the 2 in ¥, ,.:

(B12)
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Fiw =To{BG [Ey (B + T'%)'?]
+CG [Ey. +1G(C*+ T3]}
Lo=m'"{(J2+4C?)[I(y) — 1]
+ 4wC [n(n + 1)]‘/211(y)}/(B+C). (B14)

A factor smaller than 5 in I, ... is also compatible with the
results obtained if the prefactors p and o are not averaged as
in Eq. (B6), though the rate remains positive as expected.
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