
ROCKY MOUNTAIN 
JOURNAL OF MATHEMATICS 
Volume 3, Number 3, Summer 1973 

THEORY OF FREDHOLM OPERATORS AND VECTOR 
BUNDLES RELATIVE TO A VON NEUMANN ALGEBRA1 

MANFRED BREUER 

Introduction. Let H be a complex separable infinite dimensional 
Hilbert space. A bounded linear operator T of H is Fredholm if its 
range J?T is closed and if its null space J\fT and the orthogonal com-
plement <fiT

L of its range are finite dimensional. The index of such 
an operator T is the integer 

(0.1) Index T = Dim cNT - Dim JtT\ 

where Dim denotes the complex dimension. The properties of the 
index map (additivity, homotopy invariance etc.) were investigated by 
Atkinson [5], Gohberg-Krein [14], Cordes-Labrousse [11] a.o. from 
1950 to 1963. Let 9(H) be the monoid of Fredholm operators of H 
with the norm topology. Then one of the main results of Cordes-
Labrousse [11] is that the index map induces an isomorphism 

(0.2) TT09(H) = Z 

between the group TT0 9(H) of connected components of 9(H) and 
the additive group Z of integers. In the following various generaliza-
tions of (0.2) are discussed. 

In 1964 Atiyah [1] and Jänich [16] defined the index of a con-
tinuous map T of a compact space X into 9(H). Having deformed 
T properly, its index is the difference of the vector bundle (^VTJXGX 

of null spaces and the vector bundle ( ^ r J l G X of orthogonal com-
plements of range spaces, in the sense of K-theory. Atiyah [1] and 
Jänich [16] prove that the index induces an isomorphism 

(0.3) [X, 9(H)] = K(X), 

where [X, 9(H)] denotes the group of homotopy classes of con-
tinuous maps of X into 9(H) and K(X) is the Grothendieck group of 
the monoid of finite dimensional complex vector bundles over X. 
If X has one point only, then (0.3) specializes to (0.2). 

In 1968 Breuer ( [8] , [9]) generalized the concept of a Fredholm 

operator to wider classes of Hilbert space operators that are Fred-
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holm relative to a given von Neumann algebra of operators of a 
complex Hilbert space. Let 3K be a von Neumann subalgebra of 
X(H). Then T G W is Fredholm relative to 3K if the following hold: 
(i) there is an SB-finite projection E €= 9K such that range (1 — E) C 
range T, (ii) the orthogonal projection NT of H on the null space of 
T is an aft-finite projection. It follows from (i) that the orthogonal 
projection RT

L of Hon J?T
L is also aft-finite. Hence 

(0.4) Index T = Dim NT - Dim Rj1 

is a well-defined element of the index group 7(2ft) of äft. Equip the 
monoid 2> (3ft) of Fredholm elements of äft with the norm topology. 
In Breuer [9] it is shown that the index map (0.4) induces a group 
isomorphism 

(0.5) 7T0 8(8») = Z(Sft) 

if 3ft is properly infinite. If 3ft = JC{H), then (0.5) also specializes to 
(0.2). 

To give a common generalization of (0.3) and (0.5) a theory of 
vector bundles relative to a properly infinite von Neumann algebra 
3ft is developed in the present paper. The vector bundles in question 
have transition functions with values in the group of unitary elements 
of some finite reduced subalgebra of 3ft. Call such bundles finite 
3ft-vector bundles. There is also a dual characterization of these 
vector bundles in terms of relatively finite modules over the C*-
algebra of bounded continuous maps of the base space into the corn-
mutant 3ft ' of 2ft. The equivalence proof of the two definitions would 
then generalize Swan's theorem [24]. The basic properties of 3ft-
vector bundles are analogous to the ones of vector bundles with 
finite dimensional complex fibres. To derive these we could either 
have followed the standard texts of Atiyah [ 1], Husemoller [ 15] 
a.o. or have applied the more recent results of Karoubi on Banach 
categories (M. Karoubi, R. Gordon, P. Löffler, M. Zisman, Séminaire 
Heidelberg-Saarbrücken-Strasbourg sur la K-théorie, Lecture Notes 
in Mathematics 136, Springer-Verlag, 1970). In the present paper 
another approach is given which is based on the generalized Kuiper 
theorem (Breuer [10] ) and some general fibre bundle theory. 

The Grassmann spaces of finite projections of 3ft (with the norm 
topology) are shown to be classifying spaces of the finite 3ft-vector 
bundles of finite type over a paracompact base space. Subsequently 
this property of the Grassmannians is used in many proofs, e.g., for 
the clutching construction. The 3ft-isomorphism classes of 9W-vector 
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bundles over a space X form a commutative monoid under ©. When 
X is compact we define K^ (X) as the universal group of that monoid. 

The index of a continuous map of a compact space X into 2» (STO) is 
defined similarly as in Atiyah [1] and Jänich [15] as the dif-
ference of two finite 90?-vector bundles in Km (X). It is shown that 
the index induces a homomorphism of the group [X, 5¥(9W)] into the 
group Kg, (X). As in Atiyah [1] the contractibility of the group 
Tt$Jl of unitary elements of Wl in its norm topology is used to prove 
that this homomorphism is injective. Atiyah [1] and Jänich [16] 
used elementary operations to show that the index isomorphism is 
also surjective. In the present paper it is shown that the contractibility 
of 3f 9W can also be used to prove the surjectivity of this index map. 
It follows that the index map induces an isomorphism 

(0.6) [X,9(m)]mKm(X) 

for every compact space X. (0.6) is the common generalization of 
(0.3) and (0.5). 

Finally a proof of the periodicity theorem of Km -theory is given. 
This theorem is due to Atiyah and Singer. It does not seem to be easy 
to translate all known proofs of the periodicity theorem of K-theory 
to K^ -theory, when 9W is of type II. E.g., the proof given by Atiyah 
and Singer in [4] is not easy to generalize (see in particular the proof 
of Proposition 3.5 of [4] ). As Atiyah and Singer pointed out to me 
the proof given by Atiyah in [3] lends itself easily to generalization. 
The proof in [3] is based on (0.3). I have elaborated the von 
Neumann algebra version of this proof in the present paper by using 
(0.6) instead of (0.3) and in addition some results on tensor products of 
C*-algebras (which are presented in §3 of the first chapter and are all 
known except, I think, Proposition 5 of that chapter). As in [3] the 
periodicity theorem is stated and proved in terms of locally compact 
spaces as follows. For a locally compact space Y define Km (Y) = 
Kw (Y) where Km is the "reduced" Kn -functor and Y the one-point 
compactification of Y (with the point at infinity as base point). Then 
one has for each locally compact X a canonical isomorphism 

(0.7) Kw (X) = Km (H* X X). 

The isomorphisms (0.6) and (0.7) imply that the space W(9K) is homo-
topy periodic of period two. Thus it follows from (0.5) that the even 
homotopy groups of 8f(3TO) are isomorphic to the index group 7(99?) 
and from the simple connectedness of the Grassmann spaces of finite 
projections of Wl that the odd homotopy groups of 8> (3JÎ) are trivial. 
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I wish to thank Professor M. Atiyah for inviting me to Oxford in 
March 1969 and Professors M. Atiyah and I. Singer for many valuable 
discussions during my stay in Oxford. 

CHAPTER I. PRELIMINARIES 

1. Auxiliary lemmas of functional analysis. In the following H, 
K denote complex Hilbert spaces. AH, K) is the Banach space of all 
bounded linear maps of H into K with the usual operator norm 

(1.1) ||T|| = s u p { | | r t ; | | | t ; G H a n d | | t ; | | g l } 

for all T G AH, K). Let 

(1.2) ? AH, K)= {TŒ AH, K) | Tbijective} 

and 

(1.3) £ AH, K)= { T £ AH, K) \ T injective with closed range}. 

UAH, K) is known to be open in AH, K). One also has 

PROPOSITION 1. 3-AH, K) is open in AH, K). 

PROOF. Let T G ^ ( H , K) and L = K 0 T(H) be the orthogonal 
complement of the range of T in K. Then the map 

(1.4) V :H® L->K 

defined by 

(1.5) T'(u@v)= Tu+ v 

is in O AH © L, K). Let LH > H —» H © L be the canonical injection. 
Then the linear map 

(1.6) TT : AH © U K) -+ AH, K) 

defined by 

(1.7) 7 T ( S ) = S o t H 

is continuous and surjective. By the open mapping theorem 
(Bourbaki [7, Chapter I, §3, Theorem 1]) T T ^ ^ H © L,K) is open 
in AH, K). The relations 

(1.8) T GnUAH © U K) C £AH, K) 

are obvious. 
If H = K we write X(H) instead of X(H, H). A Hermitian idem-

potent of the involutive algebra AH) is called a projection of H or 
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of J?(H). Let T G X(H, K). The projection of H onto the null space 
of T is called the null projection of T and denoted by NT. The 
projection of K onto the closure of the range of T is called the range 
projection of T and denoted by RT. 

LEMMA 1. Let T Œ X(H, K) and let Ebe a projection ofH. If 

(1.9) range E C range T *, 

then there is a neighborhood J\l of T in X(H, K) such that for all 
S G eN one has 

(1.10) inf(E, Ns) = 0 

and 

(1.11) range (SE) is closed in K. 

PROOF. This follows from Proposition 1 and the classical "alterna-
tives" 

(1.12) NT = 1 - RT* 

and 

(1.13) range ET * closed => range TE closed 

(see Yosida [27, p. 205] ) (1.9), (1.12) and (1.13) imply that TE can 
be considered as an element of £X(E(H), K). By Proposition 1 there is 
an open neighborhood JV of T in X(H, K) such that SE can also be 
considered as an element of Q.2(E(U), K) for all S G J\f. This implies 
(1.10) and (1.11). 

PROPOSITION 2. The map S —» Rs of ££(H, K) into X(K) is continuous 
in the norm topology. 

PROOF. Let S £ ^ ( H , K ) . Then |S| = (S*S)1^2 is regular (in-
vertible) in -Z?(H), and Vs = S • | S | _ 1 is a partial isometry of H into 
K satisfying Rs = Vs Vs*- Hence Rs depends continuously on S. 

COROLLARY. For each S EL£JL(H, K) there is a neighborhood J\l of 
S such that for all T G J\l there is a unitary element U ofX(K) satisfy-
ing Rs = t/*R rt/ . 

PROOF. It follows from Proposition 2 that one can choose J\l so 
small that 

(1.14) || RT - flsll < 1 for all T G A'. 
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It follows then from Riesz-Sz.-Nagy [22, §105] that there are partial 
isometries V, V of K satisfying 

(1.15) RT = VV*, Rs = V*V, 1 - RT = W * , 1 - Rs = V*V. 

Then [ / = V + V satisfies the conditions of the corollary. 

2. On compact and Fredholm operators relative to a von Neumann 
algebra. Let H be a complex Hilbert space. The commutant 99? ' of 
a subset 9ft of 1(H) is the set of all T G 1(H) satisfying ST = TS for 
all S G 9ft. An involutive subalgebra 9ft of 1(H) is called von Neumann 
if 99? = 99?". A von Neumann algebra 99? is called a factor if its center 
consists of the scalar operators of H only. 

In the following let 9ft be a von Neumann algebra of continuous 
linear operators of H. Let P(99?) denote the complete lattice of pro-
jections of 99? with the usual order relation 

(2.1) E § F <^ EF = E 

where E, F G P(9ft). The relations - and -< in P(9ft) are defined by 

(2.2) £ ~ F ~ E = V*V, F = W * for some V G 9» 

and 

(2.3) E ^ F ^ E - G ^ F for some G G P( 9»). 

Call E G P(9ft) finite if F S E and E ~ F imply E = F. P/(99?) denotes 
the lattice of finite projections of 99?. For the basic properties of 
P(9ft) and Pf(Wl) we refer to Dixmier [12]. 

Let [E] be the ~-equivalence class of E G P(99?). Let Q. be the 
free abelian group generated by the equivalence classes of finite 
projections of 99?. Let cR be the subgroup of Q. generated by all 
elements of the form [E + F] - [E] - [F] with EF = 0 and 
E, F in P/(9ft). The quotient group I(9ft) = glcR is called the index 
group of 9ft. Let 

(2.4) Dim: P,(9ft) -+ Z(SW) 

be the canonical map. Let 7+(99?) be the subsemigroup of Z(9ft) gen-
erated by the elements Dim E, E G P/(3TO). For a, ß in 7(9ft) define 
a ^ ß if a — ß is in Z+(9ft). With that order relation 7(99?) becomes a 
lattice group, and one has 

(2.5) Dim E ^ Dim F <=> E> F. 

For an alternative description of the index group see Breuer [8] and 
[9, Appendix]. 



THEORY OF FREDHOLM OPERATORS AND VECTOR BUNDLES 389 

Let T £ 3 B . Call T finite if its range projection RT is finite. Let 
m0 denote the set of all finite elements of 90?. The norm closure of 
m0, notation: m, is a two-sided *-ideal of 99?. Its elements are called 
compact (relative to 99?). 

To define Fredholm elements of 90? we first generalize the concept 
of a closed subspace of H. Let K be a linear subspace of H and the 
projection of H onto the norm closure of K be denoted by PK. Call 
K essentially closed (or closed relative to 90?), if there is a nondecreas-
ing sequence 

(2.6) E ^ E ^ E ^ ••• 

in P(99?) satisfying the following three conditions 
(i) En(H) C K for all n = 1, 2, 3, • • -, 

(ii) PK = sup{EJn= 1,2, • • • } , 
(iii) PK — E Y is finite. 

Call T G 90? a Fredholm element of 90? if the null projections NT 

and NT* are finite and if T(H) is essentially closed. 

PROPOSITION 3. Suppose 90? is properly infinite. Then T G 99? is 
Fredholm iff Tis regular (invertible) modulo m. 

PROOF. See Breuer [9, Theorem 1]. 
Let $ (99Î) denote the set of Fredholm elements of 90?. Proposition 3 

implies that $(90?) is an open subset of 9W (with respect to the norm 
topology) and that 8(90?) is an involutive monoid (i.e., 1 G S(9P?) 
and S, T in S(SW) imply S* and ST in »(STO)). The index map 

(2.7) Index: »(SW) -+ 1(9») 

is defined by 

(2.8) Index T = Dim NT - Dim NT*. 

The following additional notation will be used. G9PÎ, resp. 2C9P?, is 
the group of regular, resp. unitary, elements of 90?. If E, F G P($l), 
then 

(2.9) 2m (E, F) = {V G 99? | E = V*V, F = VV*}; 

^ denotes the set of all partial isometries of 99?. AH subsets of 90? 
are equipped with the norm topology. 

3. Some remarks on tensor products of C*-algebras. Let H, K be 
complex Hilbert spaces with positive Hermitian forms ( , )H and 
( , )K. The algebraic tensor product H ® K over C is a prehilbert 
space with respect to the form 
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(3.1) (,)=(, )„ ® < , )K. 

The completion of H ® K in the norm associated to ( , ) is a Hilbert 
space denoted by H <É> K. 

Let S G X(H), T G ^(K). Define 

(3.2) S ® T : H ® K - * H ® K 

by linearity and 

(3.3) (S ® T)(fi ® Ü) = (Su) ® (Tu). 

Then 

(3.4) ||s®r|| = ||s||-||r||. 

Hence S ® T is continuous. The unique continuous linear extension 
of S ® T to H & K is an element of ^ ( H $ K) still denoted by 
S ® T. 

Let 90?, 9t be abstract C*-algebras. A norm || ||a defined on the 
algebraic tensor product STO ® 9t is admissible if the completion of 
STO ® SI in || ||a is a C*-algebra. Let 

(3.5) p : m -» X(Hß), a : ft -* ^ ( H J 

be representations (*-homomorphisms). Let Hp(g)a = Hp $ //<,. Then 

(3.6) p ® a : 9K ® 9t ^ - A ^ W 

is defined by 

(3.7) (p ® a) ( J x, ® # ) = J (p*i) ® (ayi). 

For z G 3» ® 9t define 

(3-8) INII^ SUP{||(P ® °"HI |P> er representations of 3», 91}. 

Then || ||* is an admissible norm of SD? ® 91. 
Let 3», 91 be C*-subalgebras of X(H\ X(K). Their operator tensor 

product 3K ® o p 91 is the linear subspace of X(H $ K) generated by 
all elements S ® T, S G 33Î, T G 91. It is quite obvious that there is 
a canonical isomorphism between the operator and algebraic tensor 
product. 

(3.9) 9»® 9l = 9TO®op9l. 

Via this isomorphism and admissible norm || || * of 9K ® 91 coincides 
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with the operator norm || || of 90? ®o p 9t (Wulfson [26] ). The com-
pletion of 9» ® 91 in || ||* is denoted by 3» è 91. 

PROPOSITION 4. Let 90?, 91 be C*-algebras. 
(i) If || ||a is an admissible norm of 90?® 91, then | |* | |*= | |x| |a/o r 

allxGWl® 9t. 
(ii) If Tl or St is postliminal, then || ||* is the only admissible norm 

of are® st. 
This proposition is proved in Takesaki [25]. 

COROLLARY 1. If i is an ideal of 90? ® 91 satisfying (90? ® 91) H t 
= 0, then i = 0. 

PROOF. For x G TI ® 9Ì define ||x||a = inf ||x + t||*. Then || ||a is 
an admissible norm of 9JÎ® 9Ì. One has ||x||a = ||*J|* by definition 
and | |* | | a= ||*||* by (i) of Proposition 4. Hence (9K®9t)/t is isomor-
phic to 90? & 91 and consequently t = 0. 

COROLLARY 2. Let a be an ideal of 90? and 90?/ a foe postliminal. 
Then there is a canonical isomorphism 

(3.10) m <É> sii a $ 91 = (ätt/a) & 91. 

PROOF. There is a commutative diagram 

90?® 91 ^ ^ ^ 

(9K® 9 i ) / a ® 91 l—^(mia)® 91 

where ^?, \fß are canonically defined and K is uniquely determined by 
the commutativity of the diagram, K is an isomorphism. For 
x G 9K ® 91 define 

(3.11) ||ir?*||a = inf ||x + kernel ^>||*. 

Then || ||a is an admissible norm of 90?/a® SI. Since 9J?/a is post-
liminal, (ii) of Proposition 4 implies ||/c<^x||a = Uracil*. Hence K extends 
uniquely to an isomorphism (3.10). 

REMARK. If d, f> are ideals of 90?? 91 and 90?/a or 90?/& is postliminal, 
then 

(3.12) a» & » / t ss (SB/a) & (90Î/6) 

where t is the closed ideal of 90? $ 91 generated by 90?® b + a ® 9 l . 
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COROLLARY 3. Let 9W be commutative with unit element. Let M 
be the maximal ideal space of %ft with the Gelfand topology. Let 
£(M, 91) be the C*-algebra of continuous maps of M into 91 with the 
usual norm 

(3.13) 11/11 = sup{||/(p)|||p GM}. 

Then 

(3.14) M <g> 91 = C(M9 91) 

canonically. 

Since M is postliminal, this follows from part (ii) of Proposition 4. 
A direct proof is given in Takesaki [25]. 

Let SW, 91 be von Neumann algebras of operators of H, K. Then the 
von Neumann algebra 9K <g> 91 of operators of H & K is defined as 
the bicommutant of 3W ®o p 91, 

(3.15) m&9t = (9»® o p 9t )" . 

Let (Ei), i = 1, 2, • • ', be a sequence of pairwise orthogonal equiva-
lent projections of the von Neumann algebra 3K. Let 

(316) £ = E i > F = £Ei. 
i = l 

Let L be a separable complex Hilbert space with orthonormal base 
((fi), i = 1, 2, • • \ Let £j be the orthogonal projection of L on the 
subspace C • eit Then there is an isomorphism 

(3.17) 4> : F(H) -» E(H) & L 

inducing a spatial isomorphism 

(3.18) <D# : mF -± mE è AQ 

such that 

(3.19) * # ( £ i ) = E®eiy t = 1,2,3, • •• 

(Dixmier [12,1, §2, Proposition 5] ). In the following let 

(3.20) m = mE è AL) 

and E be finite and L be separable and infinite dimensional. 

LEMMA 2. 

(3.21) m PI (S»E <g> _Z>(L)) = 3KE ® g(L). 
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PROOF. The relation 

(3.22) m D 3 K E $ 6 ( L ) 

is quite obvious. Let ZE be the center of 99?E. Then 

(3.23) Z = ZE ® 1L 

is the center of 9W. One has 

(3.24) <L H m = {0} 

because 90? is properly infinite. Let Q be the set of all irreducible 
representations 

(3.25) ir : mE Ä -4L) -* -AH,) 

with 

(3.26) Kernel TT g m Pi (3»E d J? (L)) . 

For 7T G Q define 

(3.27) A, = TT I 3KE ® 1 L , ^ = TT|E ® ^ ( L ) . 

Then 

(3.28) Kernel A,, C Kernel TT. 

One has 

(3.29) H Kernel TT = m H (3K & £(L)) 
ITE.Q 

(Dixmier [12, 2.9.7]). The relations (3.24), (3.28) and (3.29) imply 

(3.30) y f i f i Kerne l^ = {0}. 

TTGQ 

Since 9KE ® 1L is a finite von Neumann algebra, (3.30) implies 

(3.31) f i Kernel A, = {0} 
Dixmier [12, III, §5, Proposition 2] ). Let 

(3.32) S = J T, ® TV E m fi 3KE ® AL). 
1 = 1 

Then 

(3.33) ^K(Ti) • M ' ) = 0 for all TT G Ç. 

Observe that 

(3-34) MJLTi')eKWB®lL)' 
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and that the bicommutant of ABSTOß ® 1L) is a factor. Therefore, using 
a result of Murray and von Neumann [21, Theorem III] (see also 
Dixmier [12, I, §2, exercise 6a]) there is a matrix (a»,-)u=i,---,n of 
complex numbers such that 

(3.35) S dijTi G Kernel ^ 2V - 2 ay2} ' G Kernel J V 

Observe that 

(3.36) Kernel /^ = £ ® « ( L ) . 

The relations (3.35) and (3.36) imply 

(3.37) S G Kernel A* <8> -Z'(L) + WlE ® 6(L). 

Since (3.37) holds for all TT G Ç, (3.31) implies 

(3.38) S G 3»E <g) 6(L) 

concluding the proof of the lemma. 

PROPOSITION 5. Let S3 be a postliminal C*-subalgebra of J1(L). 
Suppose that 6(L) Ç 83. Then 

(3.39) m PI (9»E Ä S3) = 9»E & @(L). 

PROOF. Let ? be the canonical map of 3WE <d S3 onto (3KE <É> S3)/3WE 

<& 6(L). Let #c be the canonical isomorphism of (3WE $ S3)/9KE 

(^ 6(L) onto 9»E $ (83/© (L)) according to Corollary 2 of Proposi-
tion 4. Let t be the image of 1 D 3)ÎE ® S3 under K ° <p. Lemma 
2 implies 

(3.40) t H (SWE ® 8VC(L)) = {0}. 

Hence Corollary 1 of Proposition 4 implies t = 0. Hence (3.39). 
Problem. Does 

(3.41) m n (S»E d ^(L)) = a»E d 6(L) 

hold, too? 

4. Remarks on Banach space and C*-algebra bundles. For the 
basic facts on Banach space bundles, i.e. vector bundles with Banach 
spaces as fibres one is referred to Lang [ 18]. Let X be a topological 
space. For any Banach space bundle S over X let P= be the projec-
tion of H and S x = P s

_ 1 (x) . Let H l5 S 2 be Banach space bundles 
over X. In this section we only consider morphisms 

(4.1) h:3l-^S2 

that induce the identity map on the base space, i.e., 
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(4.2) P B l = P S 2 - h . 

Let r be the section functor which associates to each Banach space 
bundle S over X the d(X, C)-module T (S ) of (continuous) sections 
of S and to each morphism (4.1) the module homomorphism 

(4.3) r(fc):r(Ei)-r(B2) 
defined by 

(4.4) (T(h)T)x = hxTx for all x G X and all T G T( S i). 

Observe that 

(4.5) Kernel T(h) = {T G T( E x) | Tx G Kernel hx for all x G X}. 

PROPOSITION 6. Let X be paracompact. Let 

(4.6) 0 - > S ' -^ E ^ £ H " - > 0 

be an exact sequence of Banach space bundles over X. Then 

(47) o -* r( H ') • J> r ( s ) v > r ( H " ) -> o 

is exact. 

PROOF. It is obvious that r(ft ') is injective and that the image of 
r ( / i ' ) is equal to the kernel of r(h"). The nontrivial part is to show 
that r(h") is surjective. For this we need a continuous selection 
theorem and the open mapping theorem to verify lower semicontinuity. 
Let (Ui,Qi9 Ei)iGH ([ / , ,*," , E / ' ) , G / be atlases of B, E". Let T G T(H"). 
For each x G C7* the set <J>i}X(/i")-1Tx is a closed affine subspace of the 
Banach space E{. Let W be open in E{. Since h" is surjective, 
(®",xh"&£x)W i s ° P e n i n E" by the open mapping theorem. 
Suppose ' that &-[xTx G ( * Î ^ " O Î ; Î ) W for some x G L .̂ Since 
t/ -*&i[yTy is a continuous map of U{ into E/' , it follows that 
<b['MTy is contained in (4> t^'*7J)W for all t/ in some neighborhood 
of x. Hence x -*®i,J<H')~l(Jx) is a lower semicontinuous map of 17* 
into the closed affine subspaces of E{. Since the closed affine sub-
spaces of Ej are convex, it follows from a continuous selection 
theorem (Michael [19] ) that there is a continuous map S; of U'i into 
Ei satisfying h"&ït&Si(x)) = Tx for all x G 17*. Let (X^ÌG/ be a par-
tition of unity subordinate to the cover (Ui)iei. Define S G T(H ) by 

(4.8) Sx = 2^(*^JMx) 

where Xiixföjßiix) = 0 if x $ 17,. Then 
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(4.9) r(Ä")S= T 

which shows that T(h" ) is surjective. 
In the following we also use the notion of a C*-algebra bundle. Let 

H be a Banach space bundle over X. Assume 
(C*B1) Each g x has been given the structure of a C*-algebra. 

Let (Ui, 4>i $li)i£i be an atlas of E satisfying the following condition. 
(C*B2) All Sii are C*-algebras. For each x G t / j the map ®ix of 

H x onto 91 i is a C*-algebra isomorphism. 
We say that an atlas (Ui9^i9Sti)iGi of S satisfying (C*B2) is a 

C*-algebra atlas of S . Two such atlases are equivalent if their union 
is again a C*-algebra atlas. The equivalence class of a C*-algebra 
atlas of the Banach space bundle H is said to define the structure of a 
C*-algebra bundle (which is still denoted by S ). 

In the following we assume that X is compact. Let H be a C*-
algebra bundle over X. For each T £ T ( H ) define 

(4.10) ||r|| = suP{||r,||,|xGX}, 
where || \\x denotes the norm of Sx . With respect to this norm and 
the obvious structure of an involutive complex algebra r ( B ) is a 
C*-algebra. Let Y be another compact space. Let £(Y, S x) be the 
C*-algebra of continuous maps of Y into 3X . Then 

(4.11) d.(Y, H)= 0 C(Y, B,), 
xGX 

where U denotes disjoint union, can naturally be equipped with the 
structure of a C*-algebra bundle. (Every atlas of H gives rise to an 
atlas of C.(Y, S).) 

LEMMA 3. There is a natural isomorphism of the C*-algebra 
r<2 • (Y, g ) onto the C*-algebra of all continuous maps 

(4.12) / : X X Y - » g 

satisfying 

(4.13) / ( * , y )es , . 

PROOF. Since X, Y are compact, there is a natural homeomorphism 

(4.14) C(X X Y, g ) = C(X9 d(Y, S )) 

(Bourbaki, Topologie générale, Chapter X, §5, Theorem 3). It is easy 
to see that this homeomorphism induces the C*-algebra isomorphism 
described in Lemma 3. 
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CHAPTER II. VECTOR BUNDLES RELATIVE TO 2rt. 

In this chapter art denotes always a properly infinite and semifinite 
von Neumann algebra of operators of a complex Hilbert space H. 

1. Definition of art-vector bundles and their morphisms. Let £ 
and X be topological spaces, and pf be a continuous map of £ onto 
X. Assume 

(VB1) For each x G. X, the fibre £x = p^~l(x) has been given the 
structure of a Hilbert space. 

Let {Ui}i^i be an open cover of X, let {E^i^i be a family in 
Part and let {<PÌ}ÌGI be a family of maps 

(1.1) mpt-WJ^UtXEkiH). 

Denote by qi the projection of Ui X E^H) onto Uit Suppose that the 
following conditions hold. 

(VB2) Each <p{ is a homeomorphism satisfying p^ = q{ ° (p{ and 
inducing an isometric isomorphism <pix of fx onto E^H) for each 
x G Ui. 

(VB3) For each x G C7< fì U) define gy(x) G .Z(H) by 

(1.2) gy(x)(t>) = ( ^ • «;i)(E,(i>)) for all v G H. 

Then x —* gij(x) is a continuous map of l^ D L̂  into art, 

(1.3) gy : e/, n u; -» a». 

It follows that the range of g y is contained in £m(Ej, Ei). We say 
that the family (Ui9 Eif<Pi)iei satisfying these conditions is an SPÎ-
atlas of £ and that each of its members is a chart. Two ärt-atlases are 
equivalent if their union is an ärt-atlas. The equivalence class of an 
2rt-atlas of f is an art-vector bundle with £ as its total space, p€ its 
projection and X as its base space. Such art-vector bundles are usually 
denoted by their total space £ An ärt-vector bundle is said to be of 
finite type if it admits an atlas with finitely many charts. If the ärt-
vector bundle £ admits an atlas (t/;, Ei? <pi)iG/ such that all E{ are 
equivalent then f is said to be ofconstant fibre dimension. 

Let £ be an ärt-vector bundle over X. 

LEMMA 1. If X is compact, then £ is of finite type. If £ is of finite 
type then there exists an Wl-atlas (Uh Eh <Pi)i=i... n such that 
EiEj^Oforifj. 

PROOF. Use Dixmier [12, Chapter III, §8, Corollary 2 of Theorem 

1]. 



398 MANFRED BREUER 

REMARK. Using Dixmier's corollary one can prove a similar lemma 
under the weaker hypothesis that f is of countable type, i.e., that f 
admits an atlas with countably many charts. But Lemma 1 is all that 
we need in the following. 

LEMMA 2. If X is connected, then € is of constant fibre dimension. 
If € is of constant fibre dimension, then there is an atlas of £ of the 
form (Ui, E,<Pi)iEI. In that case E is called the projection of this 
atlas. The equivalence class of E is uniquely determined by £ 

The proof is obvious. 
Let £ è' be äft-vector bundles over X, X'. A pair of maps (T,f): 

£ X X —> £' X X ' is a morphism if the following two conditions hold. 
(Mori) The relation p^ ° T = f°p^ holds and T induces a 

partial isometry Tx of £x into £fx for each x G X. 
(Mor2) Let (U{, Eif <Pi)iSI and ( I / / , E / , ^ / ) y e / be 3K-atlases of 

£ resp. £'. 
For each x G ^ f l f-l(U/) define Tij)X G XfJO) by 

(1.4) T y » = (<plx O TX O Kimiv)) for all v G H. 

Then x —> Tijx is a continuous map of (7; d f~l(Uj') into 9W. It 
follows that Tij maps U{ (1 f-l(U/) into ^m(Eh Ej '). 

PROPOSITION 1. Let 9W be countably decomposable. Let X be a 
topological space. Let è be an ^-vector bundle over X with an 
atlas (Ui,Ei9<pi)iei such that E{ ~ 1 for all i £ I . Then f is Wl-
isomorphic to the trivial ^-vector bundle X X H over X. Any two 
Wl-isomorphisms of è onto X X H are nomotopic. 

PROOF. It follows from E» ~ 1 and Lemma 2 that there is also an 
90?-atlas whose transition functions take their values in the unitary 
group 2f3K of aft. Since 2ft is countably decomposable, 2C3ft is con-
tracture in its norm topology (Breuer [10]). It follows from Dold 
[13] that the principal bundle (with group 2C9TO) associated to f 
admits a cross section. Hence £ is äft-equivalent to the product bundle 
X X H (Steenrod [23, Part I, §8] ). Let V, V be two ^-isomorphisms 
of £ onto XX H. Then V ° V* is an Sft-automorphism of X X H, 
i.e., a continuous map of X into 2C3ft. Hence there is a homotopy 
Wt :X-*2Cäft, O g ^ l , with W 0 = l , W 1 = V o ' V * . Then 
Vt = Wt ° V is a homotopy between V and V. 

2. The Hom-functor. Let £ TJ be äft-vector bundles over X. Let 
(Ui,<pi, Ei)iei, (Ui, tyi, Fi)i€i be 2ft-atlases off, resp. rj, with the same 
open cover (Ui)iGI. Let x G U^ Define 
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(2.1) Hom(&, 1,,) = {*,:; T<pi>x I T G TI}. 

This definition is independent of the given atlases. Hom(^I, i)x) is a 
linear subspace of £{£x, i)x). For Tx G Hom(£x, TJX) define <l>j XTX G 
FiWEi by 

(2.2) (*^r , ) (o) = ( ^ T ^ J X E i t ; ) for all D G H . 

Then 

(2.3) <&.,, :Hom(&,*,x) -> flSRE, 

is a spatial isomorphism (induced by <p; ^ i/fi>x). It follows that 
Hom(^x>r)x) is a weakly closed subspace of X((jx,r)x). In particular 
Hom(fx, %) is a Banach space. Define 

(2.4) H o m ( ^ ) = U Hom(^,î?x). 

Let 

(2.5) PHomtf,!,) •' Hom(£ Î?) ^ X 

be the canonical projection. Define 

(2-6) * 4 : PHoU,„)(üi) - * 17« X FßlEi 

to be the unique map whose restriction to Hom(£x, rjx) is Oi;jb JC G Uit 

Then (L/i?<I>i? F{!BlEï)iei is an atlas of Hom^Tj) which defines the 
structure of a Banach space bundle on Hom(£ 17) with FßlE{ as fibres. 
We call (Ui,(ph FßlEi)i£l the spatial atlas of Hom(£7j) induced by 
(U^ipi, Ei)i£l and (l/*, tfo, F^e/- . The class of spatial atlases of 
Horner}) induced by the 9W-atlases of f and 17 is said to define the 
structure of the Horn-bundle Hom(£ 17). 

Let $', 17 ' be another pair of SK-vector bundles over X. Let 

(2.7) V : f - > £ ' , W I T J ^ V 

be morphisms (as defined in §1). Define 

(2.8) (V, W ) / : Hom(&,i,x) -» Hom(Éx ' , , , . ') 

by 

(2.9) (V, W ) / Tx = WXTXVX* for all Tx G Hom(4, %). 

Define 

(2.10) (V, W)# : Hom(£îj) -+ Hom(£ ' ,V) 

to be the map whose restriction to Hom(fx, i)x) is (V, W ) / . The maps 
(V, W)# induced by pairs V, W of morphisns are called the mor-
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phisms of the Horn-bundles of pairs of 9K-vector bundles. 
We are mainly interested in the case £ = rf. Then we write 

(2.11) e n d £ = Hom(££). 

It is clear that the above considerations can be repeated by choosing 
£ = v and in addition (Uh <ph E{) = (Uiy \\ih F{) and V = W. We thus 
can define spatial atlases of end £, the structure of the endomorphism 
bundle end f and morphisms 

(2.12) V # = (V, V)# : end f -H> end £' 

of endomorphism bundles induced by morphisms V : f —> f '. The 
fibre end £x of end £ at x G X is a von Neumann algebra which is 
spatially isomorphic to a reduced algebra of 9K. In particular, end £ 
is always a C*-algebra bundle. 

In addition to the general hypotheses of this chapter let 9W in the 
following also be countably decomposable. Let £ be an 9K-vector 
bundle over X with an atlas (UÌ9 <pi9 £)*e / and finite dimensional fibre, 
£ G P/(9K). Let c(E) be the central cover of E, i.e., 

(2.13) c(E) = inf {F | F ^ E and F G F(^)} 

where _Z = 3TO Pi 9W ' is the center of 9W. Then there is an infinite 
sequence (£,•)./=1,2,3,-•• satisfying £ = £x ~ £j? EjEk = 0 for all j and 
fc ^ j and c(E) = j ) j=i ^ r Therefore, according to §4 of Chapter I, 
there is a separable infinite dimensional Hilbert space L and an 
isomorphism 

(2.14) E(H) & L = c(£)(#) 

inducing an isomorphism 

(2.15) mE è ^ (L) = aroc(E). 
Let £<£> L be the disjoint union of all £x $ L. Then (Uh<Pi® 1L, 
c(£)),-G/ is an 5D?-atlas of £ $ L defining the structure of an 9K-vector 
bundle on £ & L. 

PROPOSITION 2. end(£ $ L) is spatially isomorphic to the trivial 
bundle X X 2J?C(£). Am/ two spatial isomorphisms of end(£ (Ê) L) 
onto X X 3J?c(E) are homotopic. 

PROOF. Since c(E) is properly infinite, it follows from Proposition 1 
that there is an SK-isomorphism V of f $ L onto the trivial bundle 
X X c(E)(H). Then V # is an isomorphism of end £ onto X X SKC(£). 
If Vt, 0 g £ g 1, is a homotopy of V, then V,t 0 ^ t^ 1, is a homotopy 
ofV # . 



THEORY OF FREDHOLM OPERATORS AND VECTOR BUNDLES 4 0 1 

3. Finite 90?-vector bundles and classifying spaces. Let £ be an 
90?-vector bundle over X with an atlas ([/*, Eiy <pi)i e /. If all projections 
Ei are finite relative to 90? then £ is said to be finite relative to 90? (or 
briefly: finite). In that case define the fibre demension by 

(3.1) Dim & = Dim E{ G 7(3«) for x G Ui9 

where 7(90?) is the index group of 90? as defined in §2 of Chapter I. 
The definition of Dim £x is independent of the given atlas. The 
function x -» Dim £x of X into 1(90?) is locally constant. 

LEMMA 3. Let X be paracompact. Let £ be an Wl-vector bundle of 
finite type over X. Then there is a projection E of 90? and an injective 
morphism of£ into the trivial Tt-vector bundle X X E(H). Ifi; is finite, 
then E can be chosen to be finite. 

PROOF. Let (Ui9 Ei? ^ ) i = 1 ...n be an atlas of £ satisfying EiEj = 0 
for i j£ j . Let E = 5)<=i ^* anc^ ^et K'X-* [0,1] be continuous 
functions satisfying 

(1) support ki C Ui, 
( 2 ) 2 i " = i * i = 1 -

For each x G X and vx G £x define 

(3.2) Txvx = S Vk^)<Pi(vx) 

where VXj(x)vj(t)]t) = 0 if x (£ C/4. Then Tx is an isometry of £x into 
E(H). For each xE.Ut define 

(3.3) r < » = (T I o^ i ) (E j (ü ) ) for all c £ H, 

Then Tix G 90?. Obviously x —> Tix is a continuous map of 17* into 90?. 
Thus the map 

(3.4) T : ^ X X E(H) 

defined by T(vx) = (x, Txvx) for vx G Çx is an injective morphism. If 
all Eif i = 1, • • -, n, are finite, then their supremum E is known to be 
finite (Dixmier [12, III, §2, Proposition 5] ). 

Let E be a finite projection of 90?. The equivalence class 

(3.5) ME= { F G P 9 W | F - E} 

of E equipped with the norm topology is called the Grassmannian of 
E. Equip 

(3.6) BE = {(F, v) G <ME X H | Fv = v} 



402 MANFRED BREUER 

with the topology induced by JHE X H and let 

(3.7) F : S E - > ^ ( E 

be the canonical projection onto J\Z[E> For each F G JWE define 

(3.8) */VF= {Ff GJHE \\\F- F ' | | < 1 } . 

Let 

(3.9) FF' = VFfF,\FF'\ 

be the polar decomposition. Define 

(3.10) $ F : P~l(cAfF) -+JVFX F(H) 

by 

(3.11) W,v)=(F',VFJr,(v)). 

Observe that F ' G J\IF implies 

(3.12) F = VFfFiV£F», F ' = VF*F,VF,F, 

(Riesz-Sz.-Nagy [22, §105]) and that F' —• VFFt is a continuous 
map of ^VF into 90?. Moreover, for F ' G ^VE fi ^VF and v G E(H) 

(3.13) (<DFo<DFi)(F',t)) = ( F ' , V £ ) F V l , F ^ ) ) . 

Hence the family (J\fF, F, OF)FG.ME is a n STO-atlas of !BE. The 
equivalence class of this atlas is called the Grassmann vector bundle 
of E. If £ ~ F, then the Grassmann vector bundles of E and F are 
equal. 

PROPOSITION 3. Let X be paracompact. Let £ be a finite Wl-vector 
bundle of finite type over X. Suppose that the fibre dimension of è 
is constant and equal to Dim F for some finite F G P9TO. Then there is 
a continuous map f : X -» JHF such that f is M-isomorphic to the 
induced bundle f*($BF). 

PROOF. Use all the notation of the proof of Lemma 3 and define 
f(x) = RTX (range projection of Tx). One has RTx = RTix and 
TiyX G Wl for all x Œ U{ which implies f(x) G JHF for x G L .̂ 
Proposition 2 of Chapter I and the continuity of x —> Tix on L̂  imply 
that / is continuous on U{. Since (t/j)i=i,...,„ is an open cover of X, 
/ is a continuous map of X into ^MF. The pair (T,f) can canonically 
be considered as a map f X X —»i3F X ̂ MF. To show that £ is 3K-
isomorphic to /*(S F ) it suffices to show that (T9f) is an injective 
morphism. The injectivity and axiom (Mor 1) are trivial. To verify 
axiom (Mor 2) consider the atlas (l/i? Ei? <^f)i=1 ..r n of f used in the 
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proof of Lemma 3 and the atlas (JME, E,^E)E^wF of $BF defined 
above. Let x G [/< and y G U{ fi f-l{*Nnx)). Then 

(3-14) (* / („ • T • <p^){v) = ( & Vf („ . / ( „T ,» ) for v G ^ ( H ) . 

Thus y-* Vfix)j{y)° Ti>y is a continuous map of UiC\ f~l(J\lfx) 
into 3W which implies (Mor 2). 

PROPOSITION 4. Let X be compact, F a finite projection of 3ft, 
ft : X -» ^ F ( O ^ f ^ l ) a homotopy. Then the induced bundles 
f0*(!BF) and / i*(SF) are Wl-isomorphic Wl-vector bundles over X. 

PROOF. Let t0 G [0,1] . Since X is compact, there is a 8 > 0 such 
that for all x G X and all t G X and all t G [*0 - 8, t0 + 8] (1 [0,1] 
the relation 

(3.15) HA(*)-/i(*)||<l 

holds. Let 

(3.16) /,(*)/*(*) = V t ,J*) • \ft(x)fk(x)\ 

be the polar decomposition. It follows from (3.15) and the continuity 
of the polar decomposition that (Vttto(x))x G x *s a continuous family of 
partial isometries in 90? satisfying 

(3.17) Vt,Jx)V*,o(*) = /,(*), V,*J*)VMo(*) = fto(x) 

for all x G X. Hence this family induces an ^-isomorphism 

(3.18) V t > ^ : / * ( S F ) - ^ / f * ( S F ) . 

The connectedness of [0,1] then implies that f0*(ßF) is SK-isomor-
p h i c t o / ^ B p ) . 

COROLLARY 1. Let X be compact, Y paracompact, ft : X -» Y 
(0 ^ t ^ 1) a homotopy and rj a finite %Jl-vector bundle of finite type 
over Y. 77ien fo*(y) is $l-isomorphic to fi*(r)). 

PROOF. Without loss of generality we can assume that the fibre 
dimension of 17 is constant. Then it follows from Proposition 3 that 
there is a finite projection F G 9TO and a continuous map g : Y -» ^4(F 

such that 7) = g*03F). Define the homotopy ht : X—> JHF by fct = 
g °/f. Thus Proposition 4 implies 

(3.19) /„•(,,) s f0*g*(SF) = ^*(iSF) = V ( S F ) = /x*g*(SF) = /!*(!,). 
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COROLLARY 2. Every Wl-vector bundle over the one-sphere S1 is 
Wl-isomorphic to a trivial Wl-vector bundle. 

PROOF. For each E G Pïïl the Grassmannian JHE is simply con-
nected (Breuer [ 10] ). Hence the corollary follows from Propositions 
3 and 4. 

PROPOSITION 5. Let 3ft be countably decomposable. Let X be a 
topological space. Let E Œ. F9W be finite and fi g be continuous 
maps of X into JAE. If f*^E and g*^E are ^-isomorphic, then f 
and g are homotopic. 

PROOF. Since f^E — g*^E> there is a continuous map x —» Vx 

ofX into 3» such that 

(3.20) f(x) = VX*VX, g{x) = VXVX*. 

Define the maps f, g of X into Jtti-E by f(x) = 1 - fix), g(x) = 
1 — g(x). Since E is finite, 1 — E is equivalent to 1. Proposition 1 of 
§1 implies that there are ^-isomorphisms 

(3.21) * : /*Bi_ E -» X X H, ^ : g*Sx_F -* X X H. 

Define 

(3.22) T : X -> 2C9W 

by 

(3.23) T(x)= Vx + *x-io<Dx . 

Then T is continuous and satisfies 

(3.24) g(x) = T(x)f(x)T*(x). 

(It is well known that two equivalent finite projections of SD? are 
unitarily equivalent (Dixmier [12, III, §2, Proposition 6]). Formula 
(3.23) is a generalization of that proposition to continuous families of 
finite projections of 9PÎ.) Since ItWl is contractible (Breuer [10]), 
there is a homotopy 

(3.25) Tt : X -» TIM, O^t^l, 

satisfying T0 = 1 (constant map of X on the unit element) and 7\ = T. 
Then 

(3.26) fi(x) = Tt(x)f(x)T*(x), 0 g ^ l , x G X , 

defines a homotopy fi, 0 ^ t ^ 1, between / and g. 

4. Direct sums, orthogonal complements, definition of Km (X). 
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LEMMA 4. Let £ 17 be Wl-vector bundles over X. Let (Uh Eh <PÌ)ÌGI 
and (Ujf,Ej',<Pjf)jej be Wl-atlases of £ let (Uh Fi? 1/̂ ) iG / and 
( 17/, Fj ', 0/)j GJbe Wl-atlases of 17. Suppose that 

(4.1) EiFi = 0 for all i G /, Ej ' F / = 0 for allj G /. 

Then ( £4E i+ F<,?,+ *,)<E/> ( t / / , £ / + F / , *>/ + * / ) , G / are TO-
equivalent atlases of 

(4.2) £ 0 i j = U {x}X (&©ifc). 
xEX 

The proof is obvious. 
Since atlases of the 90?-vector bundles £ 17 satisfying the conditions 

of Lemma 4 always exist, the direct sum £ © 17 can canonically be 
equipped with the structure of an 9K-vector bundle. This structure 
will simply be denoted by £ © rj. 

LEMMA 5. Let E be a finite projection ofWl. Let f be a continuous 
map of X into ^ E and let | = f*(!BE) be the induced bundle. Let 
17 be an W-vector subbundle of£. Let 

(4.3) ( * e i i ) « = & e i j , 

be the orthogonal complement of£x in r\x. Then 

(4.4) f é , - U {x}X(€Qv)x 
xGX 

can canonically be equipped with the structure of an Wl-vector 
bundle over X satisfying 

(4.5) f s i , e ( f e i » ) 

where = means $l-isomorphic. 

PROOF. Without loss of generality we can assume that the fibre 
dimension of 17 is constant and equal to Dim F for some F ^ £. Since 
we have 17 Ç £ and f C X X H we also have 17 Ç X X H and this 
inclusion is a morphism. It follows that the projection / ' (x) of H onto 
7)x is in JAF and that / ' : X —• JHF is continuous. Define the con-
tinuous map / " : X - * ^ E _ F by /"(*) = /(*) - / ' ( * ) . Then 
the fibre of f"*(ßE-F) at x is equal to (f©T7)x. Thus £©17 can 
be given the 9K-vector bundle structure of f'*(!BE_F). The relation 
(4.5) is trivial. 

LEMMA 6 (UNIQUENESS OF SW-VECTOR SUBBUNDLES). Let £TJ be 

ffll-vector bundles over X. Let f', 17' be Wl-vector subbundles of Ç, 17. 
Let T be an ^-isomorphism of £ onto 17 which induces a bijection of 
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£' onto 7) '. Then the restriction T'ofTtoÇ'isan ^-isomorphism of 
f ' ontoi)'. 

PROOF. This is quite trivial and therefore omitted (see N. Bourbaki, 
Théorie des ensembles, Chapitre 4, §2, CST 8 and CST 12). 

PROPOSITION 6. Let X be paracompact. Let £ be a finite Tl-vector 
bundle of finite type over X. Let 7) be an Wl-vector subbundle of £ 
Then f © 7) admits one and only one structure of an ^Si-vector 
bundle which makes it an Wl-vector subbundle of £ (via the natural 
inclusion). If we equip £ © 17 with this structure, then £ is 90?-
isomorphic to the direct sum 17 © (f © 17). 

PROOF. The existence of an 9K-vector bundle structure on £ © i) 
which makes it an 3K-vector subbundle satisfying f = V © (€ © y) 
follows from Proposition 3 and Lemma 5. The uniqueness follows 
from Lemma 6. 

PROPOSITION 7. Let X be paracompact. Let £ be a finite W-vector 
bundle of finite type over X. Then there are a finite $l-vector bundle 
7) over X and a finite projection E of 90? such that £ (Br) is 9W-
isomorphic to the trivial bundle XX E(H). 

PROOF. This is an easy consequence of Lemma 3 and Proposition 6. 
It is easy to see that the direct sum © of 9D?-vector bundles has 

the following properties, where = means 9P?-isomorphic. 
(i) €®(v®Q=(€®ri)®& 
(ii) f e ^ s ^ e £ 

(iii) f © 0 = £ 
(iv) f = T?and£' =7)' implies^ © f = T 7 © V > 
(v) f and 7) SDì-infìnite implies f ffi 17 90?fmite. 

It follows that © induces the structure of a commutative monoid on 
the set of isomorphism classes of 9K-finite vector bundles over X. 
Denote thi? monoid by Vect^(X). Observe that Vect^ is a contra-
variant functor of the category of topological spaces and continuous 
maps in the category of commutative monoids. 

DEFINITION 1. Let X be compact. Km (X) denotes the Grothendieck 
group of Vect^ (X). Let è be a finite 9K-vector bundle over X. 
[%]m denotes the class of f in Km (X). 

Let E G P9K be finite. The class of the trivial 99?-vector bundle 
X X E(H) is uniquely determined by Dim E G I(3W). The map 
Dim E ^ [XX E(H)]m of Z+(9K) into Km (X) extends to an injec-
tive isomorphism Z(9K) Q K^ (X). Therefore the class of X X E(H) 
in Km (X) will usually be denoted by Dim E. 

Observe that K^ is a contravariant functor of the category of 
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compact spaces and continuous maps in the category of commutative 
groups. Let X, Y be compact. Let / , g be homotopic maps of X into 
Y. Proposition 4 implies that Kn(f) = Km (g). If X is con-
tracture then Km (X) = I(Wt). 

Let x0 be a point of X and i: {x0} —> X be the inclusion. Then K^ (i) 
is a homomorphism of K& (X) onto I(STO) inducing the identity iso-
morphism on I(Wl) C Km (X). It follows that 

(4.6) Km (X) = k e r n e l ^ (i)) 0 Z(SW). 

5. Clutching data of 93?-vector bundles over S2 X X. In this section 
93? is also assumed to be countably decomposable. Let X be a compact 
space. Let S2 = C U {<» } be the Riemann sphere, and one point 
compactification of C. Let 

(5.1) D0 = { s G S 2 | | s | g l } , D„= {zGS*\\z\^l}. 

Then S2 = D0 U D x and S1 = D0 H D«. 

PROPOSITION 8. Let £0, resp. ij«,, be finite ^-vector bundles over 
D0 X X, resp. D „ X X . Let 

(5.2) <p:€o\SlXX^>€-\SlXX 

be an ^-isomorphism. Then there are an Wl-vector bundle £ over 
S2 X X and ^-isomorphisms 

(5.3) . U0:t\D0X X->t0, U„:Ç\D„X X^Ç„ 

such that 

(5.4) <p = Um o [/-1 (restricted to Ç0\S
l X X). 

Moreover, f is unique up to isomorphism. 

PROOF. Without loss of generality we can assume that the fibre 
dimensions of £0

 a n ( i £» are constant. Choose a (necessarily finite) 
projection E G 90? such that Dim E is the common fibre dimension 
of £0

 a n d £«>• According to Proposition 3 there are continuous maps 

(5.5) / 0 : D 0 X X ^ J £ , f. : Doc X X - ^ 

and 9P?-isomorphisms 

(5.6) V0 : €o - /O*(BE) , V . : f. - * /»*(S £ ) . 

Then 

(5.7) * = V ^ V o " 1 : / „ " W I S 1 X X - » . /.*(BE)|S» X X 
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is an ^-isomorphism. Define 

(5.8) / 0 : S1 X X — J^!_E, / . : S ' X X ^ JKX_Z 

by 

(5.9) f0(z, x)=l- f0(z, x), / . ( z , i) = 1 - /„(z, *). 

Since 1 — E is properly infinite, there is an SW-isomorphsim 

(5.10) * : ^ * ( B 1 _ E ) - > £ * ( B 1 _ E ) . 

Both i/r and t/j can canonically be viewed as continuous maps of 
S1 X X into the space of partial isometries of 3K (equipped with the 
norm topology) satisfying 

(5.11) _ _ 

jb(z, x) = ^ (z, x)ilß(z, x), / . ( z , x) = ^(z, x)ijr (z, x) 

for all (z, x) G S1 X X. Define 

(5.12) T:SlX X^> 11WI 

by 

(5.13) T ( z , x ) = * ( z , x ) + 0 ( z , x ) . 

Then T induces the isomorphism ^ and we have 

(5.14) / . ( z , x) = ?(z, x)/o(z, x)f *(z, x) 
for all (z, x) G S1 X X. Using the contractibility of ItWl (Breuer [10] ) 
we can define a homotopy 

(5.15) Î , : S1 X X - > 3C3K, O^t^l, 

satisfying 

(5.16) T0 = 1 , Ti = f. 

define the extension 

(5.17) T : D 0 X X - » XW 

of f by 

(5.18) T(z, x) = p W ( e x P ( f ' a r § z)> *) for 0 < |z| ^ 1, 

Define 

(5.19) / : S 2 X X->9WE 
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by 

, x)T*(z, x) for (2, *) E D0 X X, 

(/-(*»*) 
(5.20) / f c , . , „ , _ , forfexJGD.XX. 

It follows from (5.14) that / is well defined and continuous. Define 

(5.21) £ = / * ( B E ) . 

Then T induces an SK-isomorphism 

(5.22) W0:i\D0XX-+f0*(BE). 

Let 

(5.23) Wo» : f | Doo X X -> /•*(BE) 

be the identity isomorphism. Then 

(5.24) ^ = Woo o Wo"1 (restricted to /0*(BE) | S1 X X). 

Define the SDî-isomorphisms (5.3) by 

(5.25) U0 = V0~
lW0, C7. = Voo"1 o Wo.. 

Then (5.4) follows from (5.7) and (5.25). 
Suppose that £' is another 99î-veetor bundle over S2 X X with 

^-isomorphisms 

(5.26) l / 0 ' : £ ' | E > o X X - » f0, f / . ' : f | D . X X - > f . 

satisfying 

(5.27) v? = 17. ' « (C70 ' ) _ 1 (restricted to f0 | S1 X X). 

Then the 90?-isomorphisms 

Uo-Wo'if'lDoX X - + f | D 0 X X , 
(5.28) 

Um-lUJiS'\D*X X-+€\D„X X, 

coincide on f ' IS1 X X and consequently give rise to an 3D?-isomorphism 
o f f onto £ 

DEFINITION 1. The bundle £ of Proposition 8 is denoted by | 0 U ^ loo. 

PROPOSITION 9. The %Jl4somorphism class of £0 U^ ^ depends on 
the homotopy class of the $l-isomorphism ip only. 

PROPOSITION 10. Let TT0 resp. TT», be the natural projection of 
D0 X X, resp. Doo X X, on X. Let £ be a finite Wl-vector bundle over 
S2 X X. Then there are a finite Wl-vector bundle f over X and an 
Wl-au tomorphism 
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(5.29) <p:no*(€)\Sl x X -*7T„*(Ç)\S1 X X 

such that the following hold: 
(i) the restriction of <p to 7r0*(f) \ {1} X X is homotopic to the 

identity automorphism, 
(ii) £ is yjl-isomorphic to n0*(Ç) U ^ IT **(£), 

(iii) the homotopy class of<p is uniquely determined by (i) and (ii). 

The proofs of Propositions 9 and 10 are similar to the proofs of the 
corresponding propositions on complex finite dimensional vector 
bundles in Husemoller [15, 9(7.6) and 10(2.3)]. One has to replace 
Husemoller's Proposition 9(7.1) by the above Proposition 8. 

DEFINITION 2. The STO-vector bundle 7r0*(£) U^ÎT «,*(£) of Proposi-
tion 10 is denoted by [ £ <p]. The 3K-automorphism <p is called a 
clutching function of f. 

PROPOSITION 11. The clutching functions of the Wl-vector bundle £ 
over X are in natural 1-1 correspondence with the unitary elements 
of the C*-algebra T C . (S1, end £). Moreover, the homotopies of 
clutching functions of £ correspond to the continuous paths of the 
unitary group o /T £ . (S *, end £). 

PROOF. The maps (5.29) can canonically be viewed as maps 

(5.30) <p:SlX X-*end£ 

satisfying 

(5.31) <p(z, x) G end & for all (z, x) G S1 X X. 

The first part then follows from Lemma 3 of Chapter I. The second 
part is proved similarly using in addition the canonical C*-algebra 
isomorphism 

(5.32) rc.([0,l],£ .(S\endt)) = rc.([0,l] X S \ e n d f ) . 

REMARK. The methods of this section can also be used to obtain 
clutching data of 90?-vector bundles over CW-triads. However, this 
more general construction has been omitted, since it is not used in the 
following. 

CHAPTER III. THE INDEX OF A COMPACT FAMILY OF 

9K-FREDHOLM OPERATORS 

In this chapter SPÎ is a semifinite and properly infinite von Neumann 
algebra of operators of a complex Hilbert space H. X is a compact 
space. If £ G P9W, then &EX denotes the trivial 9W-vector bundle 
X X E(H). The projection 1 - £ is denoted by £ 1 . 



THEORY OF FREDHOLM OPERATORS AND VECTOR BUNDLES 411 

1. Definition of the index of a mapX —> S(9K). Let 

(1.1) r : X - * $ ( 3 K ) 

be a continuous map. Call a projection E of 9W a choice for T if the 
following hold: 

(i) E L is finite, 
(ii) the range of TXE is closed for all x G X, 

(iii) inf(N7x, E) = 0 for all x £ X . 

LEMMA 1. For eacft continuous map T of the compact space X into 
# (3») there is a choice E G P(3K). 

PROOF. Lemma 1 of Chapter I and the definition of 3>(9ft) imply that 
the following holds: For each x G X there is a projection E* G 9K 
and a neighborhood Ux of x satisfying 

(i ') Ex-Lisfinite, 
(ii ' ) the range of TyEx is closed for all y G Ux, 

(iii ' ) inf(Nry, Ex) = 0 for all y G C7. 
Let C/Xl, • • -, UXn be a finite subcover of (Ux)xGx. Then (i')—(iii') 
imply that 

(1-2) E = in f l^ , , • • • EXa) 

is a choice for T. 
Let E be a choice for the continuous map T of X into W (9TC). We 

want to define an 9TO-vector bundle p^E o v e r X whose fibre over x G X 
is the orthogonal complement of the range of TE, i.e., 

(1.3) (pïE)x = H G TXE(H) = R^ (H). 

Any bundle over X is well determined if its portion over each con-
nected component of X is known. Therefore we can, without loss of 
generality, assume that X is connected. Proposition 2 of Chapter I 
implies that the map 

(1.4) r$E : X -> Pm 

defined by 

(1.5) rT
l
E(c) = RÏxE 

is continuous. Observe that RTXE *S finite for all x G X. Since the 
Grassmannian J\KG of a finite G G P3W is the connected component of 
G in PSW (Breuer [10]) and since X is connected, there is a finite 
F G P9W such that the range of TJE is contained in JHF. Define 

(1.6) PTE = (rr-£)*(EF). 
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In view of (1.5), p^E satisfies (1.3). 

LEMMA 2. Let E ' , Ebe choices of T such that E' == E. Then 

(1.7) PTE=PTE>®®X,E>-E 

and 

(1.8) pïE © ©x>£,i = p$E, © e X f E l . 

PROOF. (1.7) implies (1.8) so it suffices to prove (1.7). E' ^ E 
implies that p^Ef is an 9W-vector subbundle of p?E. Proposition 6 of 
Chapter II implies 

(1.9) pTE = pTE' © (PTE © PTE')> 

Let TX(E' - E) = VX|TX(E' - E)\ be the polar decomposition. Then 
the continuous family (Vx)xEX of partial isometries of 9K induces an 
isomorphism 

(1.10) ®XyE'-E = pTE © PTE> . 

(1.10) and (1.9) imply (1.7). 

LEMMA 3. Let E,E' be choices of T. Then 

(1.11) Dim E 1 - [p^EÌm = Drm E ' 1 - [p£E,] R , 

PROOF. This follows from (1.8) and the fact that E" = inf(E ', E) is a 
choice. 

DEFINITION 1. If T : X -> 2> (9J?) is continuous and E a choice of 
T, then 

(1.12) Index T = dim E 1 - [p£E]m • 

In view of Lemma 3 this definition of the index of T is independent of 
the choice of E. 

2. Homotopy invariance and additivity of the index. 

PROPOSITION 1. Let X be compact and Tt : X —> 8f(9K), 0 ^ £ ^ 1, 
foe a homotopy. Then 

(2.1) Index T0 = Index Tv 

PROOF. Without loss of generality we assume that X is connected. 
Define T : X X [0,1] -> S(ä») by T(x, f) = 2>. Since X X [0,1] is 
compact, there is a choice E of T. Then E is also a choice of each 
Tt,0^ t ^ l . Define 
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(2.2) rà : X X [0,1] - • PWl, r £ £ : X - • P3K 

by frE(^ *) == RT<*,OE> ^ E M = R WE- S i n c e x x [°> 1] i s connected, 
the range of rTE is contained in the connected component of a finite 
projection F G P9W which is the Grassmannian JHF. Obviously 

(2.3) rhix, t) = rfiE(x). 

Hence fjE : X —>«^F, 0 ^ f = l , is a homotopy. It follows from 
Proposition 4 of Chapter II that 

(2.4) p £ E = (4oE)*!BF = (r£E)*BF = p£ E . 

Hence 

Index T0 = Dim E1 - [p r o E ] Ä 

(2.5) 

= Dim E 1 - [PT.EÌWI - I n d e x DI-

LEMMA 3. Let 3)1+ be the space of positive Hermitian elements of 

m. Then 8(8W) fi Wl+is contractible. 

PROOF. A deformation of the identity map of 8f(3tt) H 9K+ onto 
itself into the constant map of 9(3») fi 9K+ on 1 G 8(S») H 9PÎ+ is 
given by ft(T) = * • 1 + (1 - t)T for t G [0,1] and T G ff (8tt) fi 9TO+. 

PROPOSITION 2. Le£ X foe compact. Let S, T foe continuous maps of 
X into ff(3W). Then S* and TS are continuous maps of X into 8f(3K) 
sa£is/t/ing 

(2.6) Index S* = - Index S 

and 

(2.7) Index TS = Index T + Index S. 

PROOF. The first part follows from the fact that 9(3Jl) is a monoid 
closed under involution (Chapter I, §2). Let S = V|S| be the polar 
decomposition. Then |S| maps X continuously into $90? D 9K+. 
Proposition 1 and Lemma 3 imply 

(2.8) Index S = Index V = - Index V* = - Index S*. 

Let E be a choice of T. Then TE is homotopic to T and Proposition 
1 implies 

(2.9) Index TS = Index (TE)(ES). 

Let TE = U\TE\ be the polar decomposition. Proposition 1 and 
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Lemma 3 imply 

(2.10) Index (TE)(ES) = Index I7(£S). 

Let F be a choice of ES, then F is also a choice of U(ES) because E 
is a choice of U. Observe that 

(2.11) H G (UXESXF)(H) =(HO UXE(H)) + (UX[E(H) 0 ESXF(H)] ). 

Hence 

(2.12) pijESF = PÒE e (par e &xß i ) 
and consequently 

Index (UES) = Dim F 1 - [par]® + Dim E 1 - [p£E]Ä 

= Index (ES) + Index 17. 

Since ES, U are homotopic to S, resp. T, (via straight lines), (2.13) and 
Proposition 1 imply 

(2.14) Index (UES) = Index T + Index S. 

The equations (2.9), (2.10) and (2.14) imply (2.7). 

3. Isomorphism between [X, S?3W]and Km (X). Let C{X, $3K) be 
the topological monoid of continuous maps of X into 3>9K with the 
topology of uniform convergence. Let [X, %M\ be the monoid of 
homotopy classes of continuous maps of X into S90Î. If S G C(X9 $9K), 
then [S] denotes the homotopy class of S. Lemma 3 implies that 
[S*] is a two-sided inverse of [S]. Hence [X, S39Î] is a group. The 
results of §2 can be reformulated by saying that there is a group 
homomorphism 

(3.1) index : [X, 8äR] -> Km (X) 

such that the diagram 

c(x,t9wiy 

(3.2) 

is commutative. 

THEOREM 1. For any compact space X the map index is an isomor-
phism of [X, »STO] onto Km (X). 

PROOF. Injectivity. Let T G £(X, $9K) have index zero. Then we 
have 
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(3.3) D i m E 1 = [phim • 

In terms of TO-vector bundles this means that there is a finite TO-
vector bundle 17 over X such that 

(3.4) O x ^ 1 0T7 = PrE©T7. 

Proposition 7 of Chapter II and (3.4) imply that there is a finite 
projection F ' G K such that 

(3.5) @XßL © @X,F' — PTE © ©X,F' • 

Because of E — 1 we can choose F ' ^ E. Then F = E — F ' is still 
a choice of T. Lemma 2 of §1 (relation (1.7)) implies that there is an 
TO-isomorphism 

(3.6) V:@x,Fi ^ p ^ F . 

Hence x —» Vx + T^F is a continuous map of X into the group GTO 
of regular elements of TO. This map is homotopic within »TO to the 
given map x -» Tx (by the straight line tV + TF, 0 ^ t^ 1, since all 
V* are of finite rank). On the other hand it is also homotopic within 
GTO to the constant map x —> 1 G GTO because GTO is contractible 
(Breuer [10]). 

Surjectivity. Let f be an TO-finite vector bundle over X. Since the 
index is additive and Kn (X) is generated by the elements of the form 
[ Ç], it suffices to show that there is a map T : X —» »TO such that 

(3.7) Index T = [Qm. 

In view of Lemma 3 of Chapter II we can also assume that £ is an 
TO-subbundle of ®x,i = X X H, Proposition 1 of Chapter II implies 
that there is an isomorphism 

(3.8) V:@x,i - * © x , i © £ 

Then x —> Vx is a continuous map of X into » TO. Define T = V*. 
Using Proposition 2 and the fact that the unit element 1 of TO is a 
choice of V we get 

(3.9) I n d e x T = - Index V = - (Dim 0 - [ f | ) = [ f J Ä . 

COROLLARY 1. TTie intfet map induces an isomorphism 

(3.10) 7T0 »(TO) s 7(TO). 

PROOF. In Theorem 1 choose for X a one point space {p\ and ob-
serve that Km ({p}) = /(TO). 
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COROLLARY 2. The fundamental group of S(ätt) is trivial, 

(3.11) ^ » ( 3 » ) = {0}. 

PROOF. In Theorem 1 choose X = S1 and apply Corollary 2 of 
Proposition 4 of Chapter II. 

CHAPTER IV. THE PERIODICITY THEOREM FOR Km . 

In this chapter S8Î is a countably decomposable semifinite and 
properly infinite von Neumann algebra of operators of a complex 
Hilbert space H. 

1. Some elementary properties of the Km -functor. In this section 
we state some lemmas on K^ whose proofs are elementary and do 
not require the periodicity theorem. The proofs will only be indicated. 
In Chapter II, §4, K^ has been defined as a contravariant functor from 
the category of compact spaces and continuous maps into the category 
of abelian groups and homomorphisms. We define the reduced 
Km -functor by extending Kn to the locally compact spaces as 
follows. 

DEFINITION 1. Let X be locally compact and X = X U {<» } be its 
one point compactification. Let i» be the inclusion map of the point 
oo into X. Define 

(1.1) Km (X) = kernel [Km (i„) : Kn (X) -* 1(3»)] . 

It is easy to see that this definition extends Km to a. contravariant 
functor from the category of locally compact spaces and proper maps 
into the category of abelian groups and homomorphisms. One always 
has 

(1.2) KM (X) = Km (X) e I(SW). 

Thus Km (X) is the part of Km (X) depending on the topology of X. 
The other part I(Wl) depends on the von Neumann algebra only. 
If X = Rn, then X is the n-sphere Sn. (1.2) specializes to 

(1.3) K B ( S » ) s K w ( R » ) © I ( S » ) . 

If 99Î = J1(H), then we use the more common notation 

(1.4) K = Kxm, Vect = Vect ^ H ) , 

Let X be a paracompact space. Let a be a complex finite dimensional 
vector bundle and £ be a finite SW-vector bundle over X. Without loss 
of generality we assume in the following construction that the fibre 
dimensions of a and £ are constant and equal to n £ Z + , resp. 
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Dim E G Z(5DÎ)+. Choose an atlas (Up <pp Cn)jEjo{ a whose transition 
functions map into the unitary group U(n) of C n (such a reduction 
of the structure group is possible because X is paracompact; any two 
such reductions are C7(n)-equivalent (see Steenrod [23, Part I, 12.9 
and 12.13] )). Choose an 9W-atlas (Up \fßp E)jejof £ (whose transition 
functions map by definition into the unitary group 7tWlE of 9TOE). 
Let F be a projection of 90? such that 

(1.5) Dim F= n - Dim E and F ̂  E. 

This is possible because 9TO is properly infinite. Choose an iso-
morphism 

(1.6) y : C n ® E(H) -> F(H) 

that induces a von Neumann algebra isomorphism 

(1.7) y# : X(Cn) ® mE - • SWF. 

Then (Upy# ° ( ^ ® ty), F)JGj is an 3K-atlas of the tensor product 
a ® £ of the vector bundles a, f. Its equivalence class depends on the 
vector bundle structure of a and the 9K-vector bundle structure of £ 
only. Thus a ® £ can canonically be equipped with the structure of 
an ätf-vector bundle. This construction can also be made if the fibre 
dimensions of a, f are not constant. One always has 

(1.8) Dim(a ® £)x = Dim ax • Dim & for all x G I 

Let a,b, • • • be complex finite dimensional vector bundles over X; 
let {,%''' be finite 90?-vector bundles over X. Let = , resp. =m, 
denote isomorphic, resp. SK-isomorphic. Then we have 

(i) a = b and £ = m rj imply a ® £ = ^ b ® TJ? 

(ii) a ® (f 4- T?) = ^ (a ® £) e (a ® n)9 

(iii) (a 0 fe) ® f s Ä (a ® f) e (6 ® f), 
(iv) (a ® b) ® £ = R a ® (b ® £). 

In the following we assume that X is locally compact. Let 

(1.9) [ ] : Vect (X) -* K(X), [ ]„ : Vect^ (X) -* K^ (X) 

be the canonical homomorphisms. Define 

(1.10) 8 : Vect(X) X Vectw (X) - • Km (X) 

by 

(1.11) ô(aj)= [a®(\m. 

In the following a,b, • • -, resp. £ TJ, • • •, also denote isomorphism 
classes of vector bundles, resp. 5D?-vector bundles. 
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LEMMA 1. There is a unique map 

(1.12) 8 : K(X) X Km (X) -> Km (X) 

that defines the structure of a K(X)-module on Km (X) and satisfies 

(1.13) 8 ( [ a ] , [ f l « ) = [a®?]m-

Condition (1.13) can also conveniently be expressed by saying that 
the diagram 

K(X)X K ^ ( X ) ^ . 

\[]X[]m y - ^ ^ 

Vect(X) X Vect^ (X) - ^Km (X) 

is commutative. 

One proves Lemma 1 by using the above properties of ®, the 
commutativity of the ring K(X) and the universal properties of the 
ring K(X) (with respect to the semiring Vect(X)) and of the group 
Km (X) (with respect to the monoid Vect^ (X)). This is very similar 
to the proof that K(X) is a ring given in Milnor [20]. In the present 
paper the details are omitted. 

In the following we write 

(1-15) 8 ( [ o ] , [ f ] « ) = M ' [ « I « 

as is more usual in the theory of modules. 

LEMMA 2. K^(X) is a submodule of Km(X). 

PROOF. Note that K(i«>), resp. K^ (&«,), associates to [a] G K(X), 
resp. [Ç]m G Km (X), the dimension of the fibre of a, resp. £ at o°. 
Similarly as in K-theory one shows 

(1.16) Km (X) = {[Ç]m - Dim f. | f G Vect^ (X)}. 

(This also follows from the surjectivity of the index map (Theorem 
1 of Chapter II).) Using the distributive laws and (1.8) one easily 
verifies 

(1.17) Km(i.)([a] - [b])([€\K - D i m f „ ) = 0. 

Hence Kn (X) is a K(X)-module. 
Lemmas 1 and 2 generalize the fact that K(X) is a commutative ring 

and K(X) an ideal of K(X). Some other properties of the K-functor 
generalize verbally to the Kn -functor. In particular one can 
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generalize the exact cohomology sequence of Atiyah [1, Proposition 
2.4.4]. A formal consequence of it is the following 

LEMMA 3. Let X, Y be locally compact. Then there is a natural 
exact sequence 

(1.18) 0 - Kw (X X Y) - Kœ (X X Y) -* Km (X) 0 Km (Y). 

Using this lemma one can easily prove the following generalization 
of (1.3). 

LEMMA 4. Let X be locally compact. Then 

(1.19) K& (Sn X X) = K& (Rn X X) 0 Kw (X). 

Finally we want to generalize the external multiplication. Let 
X, Y be locally compact. Let 

(1.20) P* : X X Y ^ X, P y : X X Y - » Y 

be the natural projections. Then a Z-linear map 

(1.21) X i ^ ^ K ^ Y l ^ K ^ Y X X ) 

is defined by the relation 

(1.22) \ ( [a ] <8> [ S M ) = (K(Pt)[a\) • (Km(Pf)[Qm) 

for all a G Vect(X) and f G Vect^ (X). It follows from Lemma 3 that 
X induces a map 

(1.23) X : K(X) ® z Km (Y) - ^ K , ( X X Y). 

The image of [a] ® [f| m G K(X) ® K^ (Y) under X is denoted by 
[a] ' [f] an • I n a similar way one can define a Z-linear map 

(1.24) X ' : Kn (Y) <8> z K(X) - ^ ^ ( t x X) 

that induces a map 

(1.25) k':Km (Y) ® z K(X) ^Km(YX X). 

The image of [f| ^ ® [a] G K^ (Y) X K(X) under X' is denoted by 
[€] m ' [a]' Observe that we consider [a] • [Ç] m and [f] m • [a] 
as elements of different K(X)-modules. If we define 

(1.26) i : X X Y - ^ Y X X 

by i(x, y) = (y, x), then one obviously has 

(1.27) «•,(*)([*]« • [ « ] ) = [«] • [ « « • 

2. On Fredholm sections of endomorphism bundles. Let F be a 
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projection of äft. The inclusion map of the reduced algebra 99îF = 
FWIF into STO does not induce a homomorphism of the group of 
unitary (or regular) elements of 99?F into the group of unitary (or 
regular) elements of 90Î, unless F = 1, nor does the inclusion induce 
a map of 8(9KF) into 3» (3ft), unless F 1 is finite. When dealing with 
these multiplicative structures the appropriate map t F of 9ftF into 90? 
is given by 

(2.1) LF(T)= T + F 1 . 

It is obvious that <- F induces an injective homomorphism 
of 2C(3WF), G(ättF), resp. 8(3»F),into Ä(Stt), G(3K), resp. 8(3»). 

Let X be a compact space. Let I be a finite 90?-vector bundle over 
Xwith 

(2.2) Dim Çx = Dim E 

for all x G X. Let L be a separable infinite dimensional complex 
Hilbert space. Choose a trivialization 

(2.3) V : ^ L - ^ X X c(E)(H). 

A section 

(2.4) T : X - • end(f & L) 

is called a Fredholm section if 

(2.5) V ' T , = V.T.V,* G *(3WC(E)) 

for all x G X , This definition is independent of the choice of V 
because 8(3WC(E)) is invariant under inner automorphisms of 9KC(F). 

We want to describe certain subalgebras of the C*-algebra 
r end(f (§) L) and their Fredholm sections. 

First observe that end(£x ® L) and endf* ê> £(L) are both iso-
morphic to 3KC(E). It is easy to see that the canonical homomorphism 

(2.6) end è è £(L) -* end(f <£> L) 

is an isomorphism. Let h be a closed *-subalgebra of X(L). Define 

(2.7) end£<g>& = U (end &<$&). 
.vGX 

The tensor product of a spatial atlas of end f (see §2 of Chapter II) 
with the trivial atlas of the trivial C*-algebra bundle XX 6 is an 
atlas of end £ <£> b which gives end £ & 6 the structure of a C*-
algebra subbundle of the C*-algebra bundle end £ ® £(L). 
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It follows that r ( e n d f <£>()) is a C*-subalgebra of the C*-algebra 
r(end{ è AL)). 

Let ft be a postliminal C*-subalgebra of X(L) containing the ideal 
6(L) of compact operators of L. Let ft = ft /6(L) be the quotient 
C*-algebra and 

(2.7) p . h ^ l 

be the canonical projection. Let ttt x be the ideal of compact elements 
of end ix è £(L). Then Proposition 5 of Chapter I says that 

(2.8) m x fi end fx <É> ft = end fx <g> @<L). 

Let 

(2.9) TT^ : end & <$ ft - • end & $ ft 

be the canoncial map (tensor product of the identity map of end €x 

with px). The collection of all maps TT^X, x G X, gives rise to a C*-
algebra bundle morphism 

(2.10) „t : end f <É> ft -* end £ <É> ft. 

Applying the section functor we obtain a C*-algebra homomorphism 

(2.11) r f a ) : r(end f $ ft ) - • T(end f Ä ft). 

PROPOSITION 1. TTie homomorphism r(irç) is surjective. The element 
T of r(end f d ft ) is a Fredholm section if and only if r (^)(T) is 
a regular element of T(end f <$ ft ). 

PROOF. The first statement follows immediately from Proposition 6 
of Chapter I. The second statement follows easily from (2.8) and 
Proposition 3 of Chapter I. 

In the following we assume in addition to the above that ft is 
commutative and that ft contains the identity operator of L. Let M& 
be the maximal ideal space of ft equipped with the Gelfand topology. 
Then there is a canonical C*-algebra isomorphism 

(2.12) /«,,,: end f Ä F - * £(Mi, end £,) 

for all x G X (Chapter I, Corollary 3 of Proposition 4). The collection 
of all these maps gives rise to a C*-algebra bundle isomorphism 

(2.13) K : end £ Ä &-> C . (Mj , end Ç) 

(see Chapter I, §4). Define the <r-symbol of end £ <£> h by 

(2.14) <r( = fi; ° Vf. 
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Obviously 

(2.15) r(<7f) = r w » r ( 4 
Proposition 1 can be reformulated in terms of the a-symbol as 
follows. 

COROLLARY 1. T((T^ is a C*-algebra homomorphism of 
r(end è <É> f> ) onto YC . (M-&, end £). The section T of end £ <ê> h is 
a Fredholm section iff (T((T^T(X, m)) is a regular element of end £x 

for all (x, m ) £ X X M^. 

Examples of algebras t> satisfying the above assumptions arise from 
the theory of singular integral operators. Because of this one can 
view such algebras ft as abstract algebras of singular integral 
operators. For the proof of the periodicity theorem we need a very 
special and well-known algebra of singular integral operators which 
is defined in the following. 

Let L2(S1) be the Hilbert space of complex Lebesgue square inte-
grable functions of the 1-sphere S1 = {z G C| \z\ = 1}. For 
/ G ^(S1, C) define Mf G -/(L^S1)) as usual by 

(2.16) M/(g) = / ' g for all g G L^). 

Let fn(z) = znl2ir, n G Z. Then {fn)n^z *s a complete o.n.s. of 
L2(Sl). Let L be the closure of the span of (/n)nGzr., Let Q be the 
projection of L2(SX) onto L. Define 

(2.17) W: C(S\C)-+£(L) 

by Wf(g) = QMfg for all g G L. Then W is a linear isometry of 
C(Sl,C) into £(L), but not an algebra homomorphism. The com-
mutators 

(2.18) [Wf, Wg] = WfWe - WgWf, f, g G *(S», C), 

are always compact. One has 

(2.19) @(L) H Range W = {0}. 

Let 0 be the *-subalgebra of Jß(L) generated by 6(L) and Range W. 
Then 

(2.20) a = g ( L ) + Range W. 

Let d = d/G(L). The canonical map W of ^(S1, C) into a com-
posed with the projection p of a onto G is a C*-algebra isomorphism 

(2.21) p° W:C(Sl,C) = a. 
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It follows that S1 is the maximal ideal space of a and that fi = 
(p ° W)~l is the Gelfand isomorphism. Observe that the map 

(2.22) e = W o y, o p 

is idempotent. Its kernel is 6(L) and its range is Range(W). Hence 
the algebraic direct sum (2.20) is also topologically direct. Hence <t 
is closed! 

PROPOSITION 2. Wf is Fredholm ifff is regular. IfWf is Fredholm, 
then the index ofWfis the negative winding number off, 

(2.23) Index Wf = - » ( / ) . 

PROOF. The first part is trivial. The map co which associates to each 
regular f E: C(Sl, C) its winding number o)(f) induces an iso-
morphism of TTOGC(S1, C) onto Z. Hence there is a k G Z such that 

Index Wf = k<o(f) 

for all fEGd(S\C). Choosing for / the identity map of S1, 
i.e. f(z) = z, one sees that k = — 1. 

3. The periodicity theorem. Let X be a locally compact space and 
X = X U {oo } be its one point compactification. Using the index iso-
morphism 

(3.1) index : [X, 3SR] -> Kn (X) 

of Chapter III and the results of §1 — §2 of this chapter we will con-
struct a homomorphism 

(3.2) a:Km(R*XX)-+Km(X). 

This will be the analogue of the corresponding construction in K-
theory given by Atiyah [3]. 

The elements of Vect^ (S2 X X) are by Proposition 10 of Chapter 
II of the form [£, <p], where f is a finite 9W-vector bundle over X and 
<p is a clutching function of f. We can consider ^ a s a unitary element 
of the C*-algebra TC.(S\enàÇ) (see Proposition 11 of Chapter II). 
Let Ä be the algebra of singular integral operators defined in §2. 
Let 

(3.3) a : end £ d <*-• ^.(S1, end f) 

be the a-symbol of the C*-algebra bundle end £ $ Q . Then 

(3.4) I » : r(end f $ a ) -> ^ . ( S 1 , end f ) 
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is a surjective C*-algebra homomorphism (Corollary 1 of Proposition 
1). Let 

(3.5) ye : TC.(S\ end f ) -» T(end | $ a ) 

be a global continuous section of T((T). Such sections exist according 
to Bartle-Graves [6], and any two such sections are homotopic 
(via a straight line because the kernel of T(a) is a linear space). 

In the following we assume first that X is connected. Then the fibre 
dimension of £ is constant. Choose a projection E of 9ft such that 
Dim E is the fibre dimension of £ Let F = c(E) be the central cover 
of £. Let L be a separable infinite dimensional complex Hilbert 
space. Let 

(3.6) V : £ $ L - > X X F(H) 

be an ^-isomorphism (Chapter II, Proposition 1). Observe that any 
two such trivializations of £ ® L are homotopic. 

The trivialization V of £ <É> L induces a trivialization 

(3.7) V # : e n d ^ ê ^ ( L ) - • X X 3WF 

(see Chapter II, Proposition 2). Applying the section functor r one 
arrives at a C*-algebra isomorphism 

(3.8) r ( V # ) : r(end £ è £(L)) - • C(X9 8MF). 

Let 

(3.9) * F : mF -+ m 

be the map defined by (2.1). 
Since <p is a unitary element of T^^S1 , end£) it follows from the 

corollary of Proposition 1 that ( 1 F ° T(V#) ° y ^ is an element of 
£(X, 3* 9P?). The homotopy class of the map 

(3.10) (t F o r (V #) o yj<p : X -» $9» 

depends on the homotopy class of <p only. Hence it depends on the 
element [€,<p] of Vect^ (S2 X X) only. We denote the homotopy 
class of (3.10) by A ̂  ^ 

If X is not connected, then the restriction of £ to each connected 
component of X and <p give rise to a continuous map of that com-
ponent into S?9K whose homotopy class again depends on [£,<p] 
only. Thus [ £ <p] also gives rise to a homotopy class of continuous 
maps of X into S 3K which is denoted by A [̂  ^ 

Define 
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(3.11) A : Vect^ (S2 X X) -» [X, $3»] 

by [£<p] - * Afc„]. 

PROPOSITION 3. A is a monoid homomorphism. 

PROOF. Choose 9W-embeddings 

(3.12) { Ç X X E(H), Î ] C X X F(H) 

with 

(3.13) EF = 0, E ~ F, E + F = 1. 

f, resp. 7), are also 2WE-, resp. 9DÎF-, vector bundles over X. Applying 
the above definition of A to £ <p, 2#E, resp. TJ, i/f, 90îF, we get homotopy 
classes 

(3.14) A f ^ E [X, »HttE], A f ^ G [X, » K F ] . 

Let 

(3.15) fc : X -» 3fäW£, fc : X - • #9»F 

be maps whose homotopy classes are A^ ^ , resp. A ^ ^ . Then 
h+ F, resp. E -h fc, represents A[^ ] , resp. A [ ^ . Hence 
(h + F)(E + /c) represents A[fv3] + A [^] (Chapter III, Proposition 
2). On the other hand h + k represents A [^v^©^ . But h + k = 
(h + F)(E + k). Hence 

(3.16) A 
iter,,*®*] — A ^ j + A [7?^] . 

One has a canonical 30î-isomorphism 

(3.17) [ fe i? ,*e*] = [£v>] e fo,*]. 
The last two relations imply Proposition 3. 

Composing A with the index map we obtain a monoid homomor-
phism 

(3.18) index A : Vect^ (S2 X X) ^ Km (X). 

Since Km (S2 X X) is universal with respect to Vect^ (S2 X X) there 
is a unique group homomorphism 

(3.19) à:Km(S*xX)->Km(X) 

satisfying 

(3.20) à([Ì,<p]m) = mdex(AUM) 

foral\[£<p]m G K M ( S 2 X X ) . 
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LEMMA 5. The restriction of ix to the subgroup Km (R2 X X) of 
Km (S2 X X) is a group homomorphism 

(3.21) a x : Km (R2 X X J ^ K , (X). 

If Y is another locally compact space, then we have commutative 
diagrams 

K(R2 X Y ) ® K S (X) » K a (R2 X Y X X) 

I «x ® 1 Uxxy 
K(Y) <3 Kw (X) - K , (Y X X) 

P i ) 

and 

(D2) I ax <8> 1 

KK (R2 X X ) ® K(Y) •Kg, (R2 X X X Y) 

a xx r 

KM (X) ® K(Y) H C , (X X Y) 

where the horizontal maps are defined by external multiplication. 

This lemma is a simple consequence of the lemmas of §1. 
Let <pn(z) = zn for all complex numbers z. Let f be the trivial com-

plex line bundle over the one point space {x}. Then [£, <pn] is a com-
plex line bundle over S2 denoted by £n. Define the Bott class b in 
K(S2) by 

(3.22) b= [ { . J - [fo]. 

It is obvious that b is contained in the subgroup K(R2) of K(S2). The 
definition of ax in Lemma 5 gives rise to a map 

(3.23) a,,» : K(R2) - * Z. 

LEMMA 6. a w is an isomorphism satisfying 

(3.24) «w([£n])= - n , n E Z , 

and consequently 

(3.25) a,„(fc) = 1. 

PROOF. This is an obvious consequence of the definition of a{x] and 
Proposition 2. 

Returning to the general case we define 

(3.26) j 8 x : K „ ( X ) - K B ( R 2 X X ) 

by taking the external product of any [£]m ~~ [v]m ^ ^ » C O with b, 
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(3.27) ßx([€\m - [„]„ ) = b • ([*]„ - [ , ] , ). 

PERIODICITY THEOREM. For any locally compact space X the maps 
ax, ßx aw inverse to each other. Thus we have an isomorphism 

(3.28) Km (X) = K& (R2 X X). 

PROOF. Substituting in (Dj) of Lemma 5 the space Y by the one 
point space {x} one obtains a commutative diagram 

K(R2) ® Kw (X) KM (R2 X X) 

(D/ ) | « t o ® l | «x 

Z <g> KM (X) - K . (X) 

Together with Lemma 6 this implies 

(3.29) «x/Mlflg, ) = «w(&) ' [€\m = [ f l , 

for all £ G Vectj, (X). Hence ax is a left inverse of ßx- Substituting 
Y by R2 in (D2) of Lemma 5 one obtains a commutative diagram 

Kw (R2 XX)® K(R2) *-Km (R2 X X X R2) 

0V) J | 
Km (X) (8) K(R2) •• Kj» (X X R2) 

Hence 

(3.30) axx „2 (ub) = (axu)b for all u G KM (X X R2). 

Define 

(3.31) j : R2 X X X R2 - • R2 X X X R2 

by 

(3.32) j(r, x, s) = (s, x, r). 

It is easy to see that j is homotopic within the homeomorphisms of 
R2 X X X R2to the identity map of R2 X X X R2. Hence 

(3.33) Km(j) : Kw (R2 X X X R2) -* Kw (R2 X X X R2) 

is the identity map. Define 

(3.34) i : X X R2 -> R2 X X 

by 

(3.35) i(x,r)=(r,x). 
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The maps i, j satisfy the following obvious relations 

(3.36) Km(j)(u-b)=b-Km(i)(u) for all u G K^ (R2 X X) 

and 

(3.37) Kn(i)(v •&)= b 'V foralluEKtt(X). 

Using (3.36) and the already proved fact that aXXR* is a left 
inverse of ßxxR* one obtains for every u G K^ (R2 X X) 

/o OCX a X X R 2 (U ' b ) = "XXRzKm (j)(U ' h) 
(3.3o) 

= «xxR2 (b • Km (i)u) = Km (i)(u). 

Together with (3.30) this implies 

(3.39) Kw (i)(tt) = (axu) • b. 

The relations (3.37) and (3.39) imply 

ßx<*x(u) = bax(u) = K& (i)(ax(u) • h) 

= KM (i)Km («)(«) = u. 

Hence <xx is a right inverse of ßx> This concludes the proof of the 
Periodicity Theorem. 
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