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Abstract—A formul a fo r the ignition time, that Bradley obtained empirically, is derived analyticall y b y a  rigorou s 
asymptotic analysi s o f th e limi t o f larg e activatio n energy . Tw o term s in th e expansión mus t b e retained . Th e 
second ter m reveái s th e existence—jus t prio r t o ignition—o f a  reactive-diflfusive zon e a t th e surfac e o f th e solid 
and a transient-diffusive zon e in the interior. Th e analysis also exhibits a universal correction facto r fo r Bradley' s 
formula, o f order unity . 

1. INTRODUCTIO N 
Bradley (1970 ) solve d numericall y th e equation s 

describing heating of a homogeneous, semi-infinite , 
reactive soli d b y a n energ y inpu t o f constan t rat e 
at the surface. H e defined a  critical nondimensiona l 
heating time for ignition , T„ , as the nondimensiona l 
heating tim e require d fo r th e surfac e temperatur e 
to achiev e a  minimu m i n a n additiona l tim e TC 

after cessatio n o f heating . Thi s definitio n corre -
sponds mos t closel y t o th e ignitio n tim e measure d 
in "go-no-go " experiments . However , Bradle y 
found tha t ove r th e physicall y interestin g rang e o f 
parameters, thi s critica l tim e differe d b y les s tha n 
one percen t fro m ignitio n time s obtaine d fro m 
various othe r reasonabl e definition s o f ignition . 
Therefore i t seem s appropriat e t o attemp t t o cal -
cúlate T C from a  "therma l runaway " condition , 
without considering cessatio n o f heating . 

Bradley foun d empiricall y tha t ove r th e entir e 
range o f parameter s o f physica l interest , T C i s 
correlated withi n fou r percen t b y the formul a 

A = y/E'(*Tjr"*(l + 2 V / Í > ) - 1 

exp [£'/( l +  2 ^ ) ] (1 ) 

Here A i s a  nondimensiona l paramete r involvin g 
inversely, the rate of energy absorption an d directl y 
the preexponential facto r o f the Arrhenius reactio n 
rate, and £" is the nondimensional activation energy. 
Figure 1 3 of Bradley' s pape r demonstrate s clearl y 
the excellent agreemen t betwee n equatio n (1 ) an d 
the result s o f th e numerica l integrations . Th e 

purpose o f th e presen t pape r i s to deriv e equatio n 
(1) i n a  logica l an d analytica l manner , b y investi -
gating the limi t o f large activatio n energ y from th e 
viewpoint o f matche d asymptoti c expansions . 
The stud y reveái s som e ne w physica l attribute s o f 
the ignitio n proces s an d als o yield s a  smal l correc -
tion t o equatio n (1) . 

The derivatio n i n th e tex t i s intende d t o b e 
heuristic i n orde r t o emphasiz e physica l aspect s o f 
the development . Appendi x A  contain s aspect s 
of th e asymptoti c analysi s tha t ar e mor e rigorous . 
The reade r i s referre d t o Bradle y (1970 ) fo r dis -
cussions o f relate d work , fo r precis e definitio n o f 
the physica l proble m an d fo r th e basi c equations . 
The notatio n herei n i s identical t o tha t o f Bradley . 

2. INER T STAG E 

Since Bradle y (1970 ) ha s show n tha t fo r param -
eter valúes o f practica l interes t th e ignitio n tim e i s 
insensitive t o th e valu é o f th e reactio n orde r a, w e 
set a =  0  an d ignor e reactan t depletion , excep t i n 
Appendix A , wher e the effec t o f reactan t depletio n 
is assessed. Wit h a = 0 , equations (1) , (3) , (4) and 
(5) of Bradley' s pape r becom e 

0T = dH + Aexpi-E'/B) (2 ) 

0S(O, T) = - 1 , 0.(oo , j> -<0(£, 0 ) =  1  (3 ) 

where 0  is th e nondimensiona l temperature , T  the 
nondimensional tim e an d |  th e nondimensiona l 
distance norma l t o th e surface . 
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Defining th e quantit y 6X by 

A =  ex p (E'/dJ (4 ) 

we assume that Ox > 1 , since this choice corresponds 
to th e ignitio n regim e analyze d b y Bradley . Fo r 
0 <  0 j <  1 , the external heatin g rat e i s so smal l in 
comparison wit h th e initia l chemica l hea t reléas e 
rate tha t a  nearl y adiabati c an d homogeneou s 
explosión occur s (a t tim e T¡ = (AE'y1 ex p £" ) 
instead o f ignition . Fo r negativ e valúe s o f 0 1; 
the externa l heatin g rat e i s s o larg e i n compariso n 
with the máximum achievabl e chemical hea t reléas e 
rate tha t a  well-define d ignitio n phenomeno n 
cannot occur . W e shal l conside r neithe r o f thes e 
other tw o regimes . 

Substitution o f equatio n (4 ) int o equatio n (2 ) 
yields 

0r =  6H + ex p [(E'iej(B -  0J/0] , (5 ) 

from whic h i t is seen tha t i n a n asymptoti c analysi s 
for £'/0i-""* " °°> ^e reaction-rat e ter m wil l b e 
exponentially smal l fo r 6 <  01 an d exponentiall y 
large fo r 0  > 0 X. Thus , t o lowes t orde r i n th e 
small paramete r OJE', whe n T  is smal l enoug h t o 
assure tha t 0 <  0 j everywher e i n th e solid , the n 
equation (5 ) reduce s t o th e heat-conductio n equa -
tion 

6T = 0 M, (6 ) 

to which the boundary condition s given in equatio n 
(3) must be applied. I t may be noted from equatio n 
(5) tha t whe n (0 — 0x)/0 i s negativ e an d o f orde r 
unity, equatio n (6 ) hold s t o ever y algebrai c orde r 
in 6JE'; th e first  nonvanishin g correctio n i n th e 
inert heat-conductio n stag e i s o f exponentia l orde r 
i n - ( £ 7 0 0 ( 0 ! - 0 ) / 0 . 

The solutio n fo r 0  i n th e earl y stag e o f iner t 
heating i s wel l know n an d wil l b e denote d b y 
0j(!, T) , viz. , 

0j =  1  + 2Ví / í ex p (-Í2/4r) -  i erf c {£¡2yp). 

(7) 
Equation (7 ) show s tha t 9¡ i s a  monotonicall y 
increasing functio n o f T  an d a  monotonicall y 
decreasing functio n o f f . Therefor e th e conditio n 
for breakdown of the inert heat-conduction approxi -
mation, viz . 0¡ = 6X, occurs earlies t a t th e surfac e 
of the solid , f  =  0 . Sinc e equation (5 ) shows tha t 
for 0 7(O, T ) > 0 ! the reactio n rat e i s exponentiall y 
large, i t i s clea r tha t t o lowes t orde r i n BJE', 
the quantit y 0 X represents a n ignitio n temperature , 
such tha t therma l runawa y occur s whe n th e non -
dimensional surfac e temperatur e reache s 6V B y 
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setting 0¡ = 0 2 an d £  =  0  i n equatio n (7) , on e I 
obtains a n expressio n fo r th e ignitio n tim e ry in f 
lowest order , viz. , 

0! =  1  +  2-JTJÍT. (8 ) 

Equations (4 ) and (8 ) give 

A =  ex p [E'l(l + 2sJ7p)], (9 ) 

which reproduce s th e majo r par t o f equatio n (1 ) 
if we identify TX as T C to lowes t order . 

3. TRANSITIO N STAG E 

3.1. Establishment of the problem ¡ 
Having obtaine d th e majo r par t o f equatio n (1 ) ' 

from analysi s o f th e lowes t order , w e can attemp t 
to deriv e th e remainin g factor s i n equatio n (1 ) E 
by proceeding to the next higher order. On e logical i 
approach t o th e higher-orde r analysi s i s t o trea t [ 
A a s a  specifie d constan t an d t o calcúlat e a  corree- l 

tion to rt fo r th e ignition time . W e remark without 
proof tha t throug h a  developmen t closel y resemb-
ling tha t give n below , thi s approac h lead s directly 
to th e formul a 

rc = r1 + V^ (6¡lE')[b + ln {(01
2/£')/V^}1/2], 

(10) | 
where t o lowes t orde r i n l/£" , b i s a  universa l 
constant o f orde r unity . Althoug h equatio n (10 ) 
with b — 0 is asymptotically equivalen t to equation 
(1), i t i s tediou s t o demónstrat e th e equivalenc e 
explicitly. Sinc e equation (1 ) i s an explici t expres-
sion fo r A i n term s o f T C, a  mor e direc t approac h i 
to th e derivatio n o f equatio n (1 ) i s t o trea t th e j 
ignition time as a specified constan t and to calcúlate \ 
the corresponding valu é of A. Suc h an approach is f 
adopted herein . ' 

Thus, w e specif y tha t th e nondimensiona l igni -
tion tim e wil l be T C, and w e define a  correspondin g 
inert ignitio n temperatur e b y 

6C = 1  + 2 / r > , (11 ) 

as give n b y equatio n (7) . Writin g equatio n (2 ) in 
the for m 

6T = 6H + A exp ( -F /0 C ) ex p {(£'/0e)(0 -  0 e)/fl}, 
(12) 

we must solve equation (12 ) subject to the boundary 
conditions given i n equation (3) . Imposin g o n this 
solution th e ignition conditio n o f thermal runawa y 
at T  = T C will then determin e A. 
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Anticipating tha t A exp (—E'/6C) wil l b e o f 
algebraic orde r i n ou r smal l paramete r dc¡E', w e 
obtain th e iner t heatin g proble m o f th e previou s 
section for 0 < 6C. T o analyz e th e transitio n fro m 
inert heating to vigorous reaction, w e introduce th e 
deviation o f the temperatur e fro m tha t correspon -
ding to inert heatin g a s a  ne w dependen t variable , 
viz. 

<D =  0 - 0 7 , (13 ) 

where 6r i s give n b y equatio n (7) . Th e proble m 
to be solved for <I > the n take s the for m 

0r = d>u + A exp (-E'/ej 

x ex p [(E'ldc)(dI -6C + Q)I(QZ + O)] , (14 ) 

<D{(0, T) = 0(00 , T ) = 0>(f , 0 ) =  0 . (15 ) 

3.2. The reactive-diffusive zone 
Since E'I0C is large, departures from iner t heating 

(0 = 0 ) occu r first  a t time s an d position s suc h 
that 6C — dj i s ciós e t o zero . Thes e time s wil l b e 
near r c, an d th e temperatur e gradien t i n th e soli d 
during iner t heatin g wil l caus e th e position s t o 
correspond t o smal l valúe s o f f . Therefor e t o 
investígate transitio n t o ignition , i n equatio n (14 ) 
we can expan d d¡ abou t T  = TC, f  =  0 . Fro m 
equation (7) , this expansión i s found t o b e 

Oj ~ ec - i  +  ( T -  T e)/v/í^. (16 ) 

Substitution o f thi s expressio n int o equatio n (14) , 
and retentio n o f onl y th e first  nonvanishin g ter m 
in the exponent, yield s 

O, = O {S + y lexp( -£70 e ) _ 
X exp {(E'/d2

c)[® -  f  +  ( T - r c ) / V ^ ] } . > 
(17) 

In the reaction zone near the surface o f the solid , 
it is physically clear that during the transition stage , 
both space and tim e variations o f the iner t temper -
ature field must b e included . Therefore , i n equa -
tion (17 ) we wis h t o introduc e stretche d variable s 
such that the f  ter m an d th e T  term ar e of the sam e 
order in the exponent . Fo r an y suc h stretching , i t 
is seen tha t i n equatio n (17) , í> r i s necessaril y o f 
higher orde r tha n <1>̂ . Therefore , i n th e firs t 
approximation w e neglec t <1> 7 i n equatio n (17) . 
This cause s equatio n (17 ) t o describ e a  reactive -
diffusive regim e i n whic h transien t effect s ar e 
negligible. Requirin g furthe r tha t th e d > ter m 
remains in the exponent, a  condition tha t i s needed 
to achiev e therma l runawa y a t a  finite  time , w e 
find tha t a suitable small translation of the stretched 

time coordínate remove s al l parameters fro m equa -
tion (17) . 

Explicitly, with 
y, = (E'ieiyd>, x  = (£'/e«) i (18 ) 

and 
t = (E'/elXr - r c ) / V ^ c +  l n (6HE') 

+ ln[Aexp(-E'iee)], (19 ) 
to lowes t orde r i n Q\]E' equation (17 ) become s 

y>xx = -  ex p (xp - x + t), (20 ) 

with boundar y an d initia l condition s 

ipx(0,t) = xp(cc,t) = 0, w(x, — oo) =  0 , (21 ) 

as obtaine d fro m equatio n (15) . Sinc e t appear s 
only parametricall y i n equatio n (20) , n o initia l 
conditions ma y b e impose d o n it ; however , sinc e 
/ ma y b e absorbe d int o x b y introducin g th e ne w 
variable x — t, i t i s clea r tha t th e initia l conditio n 
will b e satisfie d automaticall y i f th e boundar y 
condition a t x = c o is satisfied . 

In term s o f th e variabl e F = xp — x, equatio n 
(20) i s Fxx = —eF+t, whos e first  integra l i s Fx = 
c — 2eF+t, wher e c i s a n arbitrar y constant . 
The boundar y conditio n o n ipx a t x — 0 the n 
requires c = 1  + 2  exp (y>0 +  t), wher e y0 i s th e 
time-dependent valu é o f y> a t x = 0 . However , 
the boundar y condition s a t x =  o o canno t b e 
satisfied, becaus e equation (20 ) has xpxx < 0 , which 
requires tha t fo r x >  0 , y>x mus t b e les s tha n it s 
valué a t x =  0 , whic h i s zero. Thi s resul t demon -
strates th e necessit y o f introducin g a n additiona l 
spatial regió n durin g th e transitio n stage , fo r larg e 
valúes o f x, wher e equatio n (20 ) i s inapplicable . 
The surfac e boundar y condition s fo r thi s regió n o f 
large x i s th e relationshi p betwee n y an d it s x 
derivative obtaine d b y evaluatin g th e reactive -
diffusive solutio n a t x = oo , viz., 

Vx» =  1  - [ 1 +  2  exp (y 0 + / ) ] 1 / 2 , (22 ) 
where th e negativ e sig n ha s bee n selecte d fo r th e 
square roo t t o satisf y th e requirement tha t y>x <  0 . 

3.3. The transient-diffusive zone 

To analyz e th e oute r regió n o f larg e x, w e mus t 
return t o equatio n (14 ) an d retai n th e transien t 
term. T o b e abl e t o satisf y boundar y conditions , 
the diffusiv e ter m shoul d b e retaine d i n th e oute r 
región. Sinc e tim e scalin g mus t b e th e sam e fo r 
both inner and oute r regions in the transition stage , 
we emplo y t a s th e tim e variabl e an d scal e f  t o 
assure tha t í> r an d <& í5 will b e o f th e sam e order . 
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It follow s tha t th e appropriat e spatia l variabl e í s 2 . 

r] = fVí'/e ; ( ^ r1 / 4 = xyle\iE' (7TTCrm. (23 ) 
Equation (14 ) then become s simpl y 

V>t =  Y W . " ( 24) 

since th e reactio n rat e i s exponentiall y small , a s 
can b e seen , fo r example , fro m equatio n (17) , i n 
which th e transformation s produc e th e facto r 
exp ( — r¡y/E'IB2

c) i n th e heat-productio n term . 
The initia l an d boundar y condition s fo r equatio n 
(24) becom e 

y>(r¡, —  co) =  y>(oo, / ) =  0  (25 ) 
and 

X { 1 -  [ 1 +  2exp{y(0 , í ) +  í}] 1/a}, 
(26) 

the las t o f which i s the matchin g conditio n implie d 
by equatio n (22) . Thes e result s sho w tha t i n th e 
transition stage , the regime of large x i s a transient-
diffusive zone . 

For early times, the exponential ter m in equation 
(26) is small compare d wit h unity , an d a  two-ter m 
expansión o f th e squar e roo t ca n b e employed . 
After thi s expansió n i s made , a n additiona l smal l 
translation i n time removes all parameters from th e 
outer problem. Thus , we defin e 

ff=í +  ln[V£70J(7TT e)1/4] (27 ) 

and obtai n th e proble m 

Va = W  f(V- -  co ) =  y>(co, a) =  0, ) 
(28) 

V,(0, a) = - ex p [y(0 , a) + a]. ) 

In th e solutio n t o thi s well-define d problem , 
shown i n Figur e 1 , ip(0, a) goe s t o infinity , i.e. , 
thermal runawa y occurs , a t a  finite  valu é o f a o f 
order unity . Le t u s denot e thi s valu é o f a b y b. 
Then, fo r a ^  b, 

2 exp {yj(0 , t) + t} 

< 2^61¡E' (TTT C)-1/4 exp {v(0 , a) + b}, 

from whic h i t i s seen tha t fo r smal l valúe s o f 6\¡E', 
the assumptio n tha t th e squar e roo t i n equatio n 
(26) ca n b e expanded , i s indee d justifie d a s a n 
asymptotic paramete r expansió n i n 61/E'. Thi s 
completes th e analysi s o f th e transition stage . 

Fio. ] . Result s of the numérica! integration for the 
reactant consumptio n a t th e surfac e an d fo r th e 
surface temperatur e durin g th e transitio n stage . 
Also, illustratio n o f th e composit e expansió n fo r 
the histor y o f th e surfac e temperatur e an d th e 
surface reactan t depletion , i n a typical case. 

3.4. History of surface temperature 

Results o f th e analysi s ca n b e illustrate d con -
veniently by the typical surfac e temperatur e histor y 
sketched i n th e inser t i n Figur e 1 . Th e surfac e 
temperature obtained from the composite expansión 
is seen fro m equation s (7) , (13 ) and (18 ) to b e 

6(0, T) = 1  + l^Vfr + (OtlE'MO, a) 

in whic h a i s relate d t o T  through equation s (19 ) 
and (27) . Fo r T  < rc, equatio n (19 ) show s tha t 
a i s negativ e an d larg e i n magnitud e unles s T 
is very ciós e t o rc. Fo r larg e negativ e a, th e solu -
tion to equation (28),y(0 , a) =  e" + eía\s¡2 H  , 
shows tha t \p is ver y smal l an d tha t therefor e 0 is 
very ciós e t o th e inert-heatin g solution . A s T 
approaches T C, roughly whe n (TC — T)/TC becomes 
of orde r 6JE', the n a becomes o f orde r unity , and 
the surfac e temperatur e increase s abov e th e inert -
heating result , throug h a  ter m o r orde r 0jj/£' , 
due t o th e onse t o f an appreciabl e rate o f chemical 
heat reléase . Whe n T  reaches TC, rp(0, a) an d th e 
surface temperatur e ar e predicte d t o b e infinit e i n 
the presen t asymptoti c analysis , thereb y definin g 
thermal runaway . 



THEORY OF IGNITION OF A REACTIVE SOLID BY CONSTANT ENERGY FLUX 95 

Of course, infinite temperature s wil l not occur a t 
finite time s i n th e exac t solutio n t o equation s (2 ) 
and (3) . Th e infinit y i s a  consequenc e o f th e 
linearization o f th e exponential , viz . replacin g 
exp(-£'/0) b y exp{-(£ ' /0 e)[ l -  ( 0 -  6C)I6C]}, 
which i s require d b y th e presen t transition-stag e 
analysis. Th e fac t tha t th e linearizatio n mus t b e 
performed abou t 6C is no t essentia l t o thi s result ; 
linearization abou t an y temperatur e produce s a n 
infinite surface temperature at a finite time, although 
such a linearization ca n b e justified fro m th e view-
point o f asymptoti c theor y onl y fo r temperature s 
sufficiently lowe r tha n th e activatio n temperatur e 
£'. I n the exact solutio n t o equation s (2 ) and (3) , 
the surface temperatur e grow s ver y rapidl y i n th e 
vicinity o f T  = T {, until i t reache s a  valu é o f th e 
order o f £" , a t whic h poin t i t begin s t o increas e 
much more slowly , eventuall y achievin g a  roughl y 
linear growth with T , as r —>- oo . Thes e late r stage s 
are of no physical interest , sinc e reactant depletio n 
will caus e equation s (2 ) an d (3 ) t o brea k dow n 
before the y ar e reached . T o predic t th e ignitio n 
time it i s unnecessary t o g o beyon d th e transitio n 
stage, because the rate of increase of surface temper -
ature become s s o larg e i n thi s stag e tha t ignitio n 
will occur, b y an y reasonabl e definition , withi n a 
very narrow range o f T  about TC. 

4. IGNITIO N TIM E 

Since we have show n tha t therma l runaway , i.e . 
ignition, occur s a t a  =  fe,  w e ca n trac e bac k th e 
definitions, throug h equation s (11) , (19 ) an d (27) , 
to obtain a n explici t expressio n fo r A i n term s o f 
TC. B y definition, i n equatio n (19) , T  = r c a t igni -
tion. Straightforwar d substitutio n yield s 

X exp [E'l(l +  2 V ; > ) ] . (29 ) 

Except fo r th e additiona l correctio n facto r e" , 
equation (29 ) is identical wit h equation (1) . Equa -
tion (28 ) ha s bee n integrate d numericall y b y th e 
method outlined in Appendix B . Fro m this integra-
tion it was found tha t eb =  0.65 . O n th e lo g scal e 
shown i n Bradley' s Figur e 13 , thi s produce s a 
shift of the curves to the right by an amount 0.188 , 
which is less than twic e the thickness of the lines in 
the figure.  Therefor e th e correlatio n formul a 
obtained by Bradley is justified rathe r wel l from th e 
viewpoint of asymptotic analysis . 

5. CONCLUDIN G COMMENT S 

The concept s o f asymptoti c analysis , employe d 
herein, enable one to see quickly ho w t o extend th e 
analysis t o more complicated system s and wha t th e 
nature o f the results will be. Fo r example, suppos e 
that tw o independen t reaction s wer e t o occu r i n 
the solid . I t i s obviou s immediately , fro m th e 
analysis, tha t i f both reaction s are exothermic, then 
the reaction with the lower ignition time will control 
the ignitio n process , an d th e reactio n wit h th e 
higher ignition time will be entirely negligible in the 
pre-ignition stage s o f iner t conductio n an d transi -
tion. I f a  reactio n i s endothermic , the n i t alon e 
cannot produc e ignition , bu t i t doe s exhibi t a 
definite tim e o f onse t fo r hig h activatio n energies , 
which i s give n approximatel y b y equatio n (1) . 
If thi s onse t tim e exceed s th e ignitio n tim e o f a 
second, exothermi c reaction , the n th e endothermi c 
reaction i s entirel y negligibl e prio r t o ignition . 
If the onset time for the endothermic reaction i s the 
shorter, the n i t ca n produc e a n asymptoti c stat e 
in whic h a  wid e regió n o f constan t temperatur e 
(given approximatel y b y the solutio n t o Ae~E/e = 
E'f02) an d o f eve r increasin g widt h exist s a t th e 
surface o f the solid , an d thi s stat e wil l persis t unti l 
reactant depletio n diminishe s th e effec t o f th e 
endothermic reaction . I n thi s case , i f th e rat e o f 
the exothermi c reactio n i s hig h enoug h t o caus e 
it to enter a  transition stag e before th e endothermi c 
reactant i s appreciabl y depleted , the n ignitio n wil l 
occur i n a  mechanis m whereb y th e exothermi c 
reaction undergoe s a  proces s aki n t o a  classica l 
homogeneous therma l explosión , a t the asymptoti c 
temperature o f th e endothermi c reaction . Variou s 
other limit s ca n b e discussed ; i n al l case s therma l 
runaway occur s first  i n a  regió n tha t extend s t o 
the surfac e o f the solid . 

The finding,  i n Sectio n 3 , that durin g th e transi -
tion stag e a  reactive-diffusiv e zon e develop s nea r 
the surface of the solid and a transient-diffusive zon e 
in th e interior , i s remarkabl e becaus e o f th e simil-
arity t o th e behavio r o f othe r premixe d reactin g 
systems for larg e activation energies . Fo r example, 
in stead y propagatio n o f premixe d lamina r flames, 
reactive-diffusive an d convective-diffusiv e zone s 
occur, i n lowes t orde r o f a  hig h activation-energ y 
expansión. Th e convective-diffusiv e zon e o f th e 
steady-state proble m i s entirel y analogou s t o th e 
transient-diffusive zon e o f th e transien t problem . 
The presen t resul t suggest s tha t thi s kin d o f split -
ting may be quite universal in premixed combustión . 

It i s noteworth y tha t fo r thi s ignitio n problem , 
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the asymptoti c analysi s yield s accurat e result s ove r 
the entir e rang e o f parameter s o f physica l interest . 
This suggest s tha t asymptoti c analysi s ma y yiel d 
good results , withou t to o grea t a n expenditur e 
of effort, fo r problem s of greater complexity, whic h 
currently ta x the calculational abilitie s of electroni c 
computers whe n numerica l method s ar e employed . 
For example , asymptoti c method s migh t wel l 
produce analytica l result s for th e complete ignitio n 
history, includin g transitio n t o a  steadil y propa -
gating deflagration, i f reactant depletion and surface 
regression ar e include d i n the ignitio n analysis . 
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APPENDIX A 
The purpos e o f thi s Appendi x i s to improv e th e 

rigor o f th e analysis , an d als o t o investígat e th e 
effect o f reactan t consumption . W e begi n wit h 
the equation s describin g th e temperatur e an d con -
centraron fields,  a s given b y Bradley, viz. , 

6r = 6H +  A{\ - ef ex p (-E'/O) (Al ) 
and 

sT =  {A¡B){\ - ef ex p (-E'/O), (A2 ) 

with the boundar y condition s 

05(O, T ) = - 1 , 6(oo , T ) =  0  (A3 ) 

and initia l condition s 

0 ( f , O ) = l , e(£,0 ) =  0 . (A4 ) 
We seek th e asymptoti c solutio n o f thi s syste m fo r 
large valúe s o f E', wit h th e reactio n orde r a, th e 
nondimensional hea t o f reactio n B an d th e non -
dimensional iner t temperatur e a t ignitio n Oc o f 
order unity . W e allo w th e solutio n t o defin e th e 
valué o f A whic h produce s therma l runawa y a t a 
given tim e T C, assumed t o b e o f orde r unity . Fo r 
brevity o f notation , w e use as ou r smal l paramete r 

ó = 6JJW. (A5 ) 

Working with the function O , defined in equation 
(13), i n plac e o f 6, w e nee d t o conside r onl y the 
transition stage . Wit h th e inne r an d oute r spatia l i 
variables x an d r¡, defined i n equation s (18 ) an d • 
(23), we anticípate th e expansion s 

<D =  dhp0(x, a) + á> x(x, a) +  <5> 2(x, a) + •  •  • 
(A6) | 

and I 

<D =  a*O 0(jj, a) +  d3®^, a) + dA<bz(rh a) + • •• I 
(A7) 

for th e inner , diffusive-reactive , an d outer , trans -
ient-diffusive, layers . Her e a i s define d b y ¡he 
combination o f equations (19 ) and (22) , viz. , 

a = (E'ldl)(r - rc)l^c + b0 (A8 ) 

where b0, whic h w e assum e t o b e o f orde r unity , • 
is the first  term o f a n expansió n | 

b = b0 + db1 + --- , (A9 ) 
of 

b = l n [{A exp (-E'IOc)}(ellE'f'\^cf'% (A10 ) 

We shal l determin e b0 fro m th e conditio n tha t in 
the first  approximatio n fo r í> , therma l runawa y 
occurs a t a = b0; th e followin g terms , bx etc. , 
will b e determine d s o a s t o minimiz e th e singular -
ities appearin g a t a = b0 i n th e higher-orde r 
approximations o f O. I n the inner zone, the expan-
sión o f e  is taken a s 

s =  d£l(x, a) + ó%(x, a) + ••• (All ) . 

while in the outer zone e  is anticipate d t o b e expo-
nentially small . Fo r future use , we take note of the 
expansions 

dj = dc + d2(a - x - b0) + 0{ó 4} ( A 12) 
and 

Oj = Oc - ÓÍTTT^I^ + 0{ó 2}, ( A 13) 

which follo w fro m equation s (7) , (18) , (23 ) and 
(AS). ; 

Use o f equation s (18) , (A6 ) an d (A8 ) throug h 
(A 12) i n equation s (Al ) an d (A2 ) produce s th e 
inner equation s 
Woxx + fylxx +  S2V>2xx - ¿ V O - 1 7 2 ^ +  0{<5 3} =  R 

= -<$(irT e)-i"[l -  dSl + 0{S2}]a 

X exp [a - x + tp0 + 6xpí + dbx + 0{<5 2}] ( A 14) 
and 

e„ +  óe2a + 0{ó 2} =  -B-^TTTcY'ZRld (A15 ) 
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The initial conditions for these equations ar e foun d 
from equation (A4 ) to be 

f.(x, - oo ) = 0 , /  = 0 , 1 , 2, . . . 
e¡(x, —  co) = 0 , j = 1 , 2, 3, . . . 

Equation (A3 ) produces the boundary conditio n 

0=Vj»(0,ff), y  = 0 , 1 , 2 • • • ( A 17 ) 

When equation s (23) , (A7), (A8), (A9), (A 10) 
and (A13 ) ar e used i n equation s (Al ) and (A2) , 
one obtains as the outer equatio n 

K ~ «V, + H®i, -  ®im) +  0{ó*} = 
(TTT,) 1^- 1 exp {-(TTT.y^d-h] +  0(1) } ( A 18) 

with boundary an d initial condition s 

0,(00, o)  = <S> f{rj, -  co ) = 0 , 7  = 0 , 1 , 2 , . . . 
(A 19) 

as implied by equations (A3 ) and (A4). Th e equa -
tion an d initia l conditio n obtaine d fo r e i n the 
outer zone verif y tha t e is exponentially smal l fo r 
any valué of r¡ of order unit y o r greater . 

Expressed i n th e oute r variable , th e matchin g 
conditions, obtaine d fro m equation s (18) , (23), 
(A6) and (A7) , are 

lim { O ^, a) + áOifo , » ) + ••• } 
n->o 

~lim [wÁ(^cf'^-\ 0} + &yl{1,Trr$ll9r\ a} 
1-*co 

+ ó> 2{(^c)1/4<5-V 0} + • • •] (A20 ) 

which should , i n fact , b e rewritten i n term s o f a 
parametric limi t proces s performe d i n a n inter -
mediate variabl e t o se e mos t clearl y th e prope r 
ordering. 

In th e inne r zone , t o lowes t order , equatio n 
(A14) implie s y>0xx = 0 , whos e solutio n consisten t 
with equation ( A 17 ) i s 

Wo = Vo(<*) > (A21 ) 

where y>0(o) i s a  functio n o f a t o b e determine d 
from th e matchin g conditions . Equatio n ( A 15) 
then yields 

£l =  Br\irrcf'*e-X \ ex p [a + y>0(a)] da (A22 ) 

in vie w o f equatio n (Aló) . T o th e nex t order , 
equation ( A 14 ) reduce s to 

Vixx = -  (TT- C)_1/4 exp [o r - x +  vo(o-) ] (A23 ) 

whose solutio n satisfyin g equatio n ( A 17) i s 

Wi = -(*TtY
m[x + e- + / i (o) ] ex p [a + Vo (a)] 

(A24) 

where/iío-) is a function o f a to be determined fro m 
the matchin g conditions . Higher-orde r inne r 
equations ar e see n t o b e qualitativel y simila r t o 
equations (A22) , (A23 ) an d (A24) , althoug h 
somewhat mor e complicate d algebraically . 

Matching requirement s betwee n th e two-ter m 
inner expansión and the one-term oute r expansión , 
derived fro m equatio n (A20) , give 

O0(0, a) = Vo(a) (A25 ) 
and 

^0,(0, a) = - ex p {o - +  n(a)} (A26 ) 

where us e has been mad e o f equations (A21 ) and 
(A24). A s often occur s in matching procedures , a 
number o f higher-order matchin g requirement s are 
satisfied automatically . 

When f0(
a) i s eliminated from equatio n (A26 ) by 

use o f equation (A25) , one obtains fro m th e term 
of lowes t orde r i n equatio n ( A 18), supplemente d 
by equatio n (A19 ) for /  = 0 , precisel y th e sam e 
problem fo r O0(»?, a) that wa s define d i n equation 
(28). Thi s justifies , t o lowes t order , th e heuristi c 
approach adopte d i n the main text . I t also reveái s 
that t o thi s orde r reactan t depletio n doe s no t 
aflect th e ignition time . Th e time histor y o f the 
fraction o f the reaction complete d a t the surface , 
normalized throug h multiplicatio n b y th e larg e 
parameter Ó-1B(TTTC)~1,Í, a s predicted b y equation 
(A22), is shown in Figure 1 , from whic h i t can b e 
seen tha t e± approaches a  finite  limi t a t therma l 
runaway, a result which can also be deduced analyt -
ically fro m a n asymptoti c analysi s fo r larg e 
<1>0(0, a), by usin g equatio n (B4) . Th e extent o f 
reactant consumptio n a t th e moment o f ignition , 
calculated fro m th e limi t o f eu fo r th e rang e o f 
parameters considere d b y Bradle y (1970) , agree s 
within ± 4 0 % with Bradley' s equatio n (9) , which 
he state s correlate s hi s numerical result s fo r react -
ant depletio n withi n 10% ; ou r resul t differ s 
somewhat functionall y fro m tha t o f Bradley' s 
correlation formula , th e ratio o f our depletion t o 

his bein g 2.60 CT71 / 4 /V /£". A S migh t b e inferre d 
from th e s curve in the insert in Fig. 1, the extent 
of reactan t consumptio n a t ignition i s much mor e 
strongly dependent on the choice of ignition criterion 
than i s th e ignitio n time . Equation s (A14 ) an d 
(A22) show that our reactant depletion will influence 
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y)2, through a  term proportional t o aB~x; i t follow s 
that lo w reactio n orde r an d hig h hea t o f reactio n 
both tend t o minimize the effects o f reactant deple -
tion. 

APPENDIX B 

To intégrat e equatio n (28 ) numerically , w e first 
convert th e problem t o a n integra l equatio n i n on e 
variable. B y transfor m method s o r Green' s func -
tions, i t ca n b e show n fro m equatio n (28 ) tha t 
ip(0, a) obeys the integra l equatio n 

V<0, a) = (2/V^) f V ^ 7 ^ { 1 + Vr(0 , T)} 
J—ao 

X exp {y>(0, T ) +  T } dr (Bl ) 

In equatio n (Bl ) th e integra l fro m —  oo to a  larg e 
negative valué a0 can b e evaluated analytically , an d 
equation (Bl ) the n become s 

</<0, a) = e"{(2l^)^a - a0 exp {-(a- er 0)2} 

+ erf c (Ja - <r 0)} 

+ (2/V" ) í V f f ~ T ex P ÍV(0, T) + T } 

X {dr + dip(0, T)} (B2 ) 

A suitabl e finite-difference  versió n o f equatio n 

(B2) is 

Y>; = ex p (<T3.){(2/V^)v
/ffí -  o0 exp {-(a¡ - a0f} 

+ erf c (yJoj -  a0)} 

j_ 2  v 7 íi±^í±l\ 1/2 
+ S?l( a'—T-) 
x ex p {i(V i +  y>i+i + OÍ + ff¿+i)} 
X (v¿+i -  Vi + <*Í+I - o i) (B3 ) 

ln equatio n (B3 ) a  serie s o f valúe s fo r f¡ wa s 
selected, an d th e resultin g algebrai c equation s 
for 0¡ wer e solve d sequentiall y b y a  Newton -
Raphson iterativ e procedure , thu s generatin g th e 
function ^(0 , a). Thi s functio n wa s use d fo r 
performing th e integratio n i n equatio n (A22 ) 
numerically t o obtai n £j(0 , a). 

The numerica l integratio n yielde d b0 = —0.431 . 
For larg e valúe s o f ip(0, cr) , the numerica l result s 
agree wel l wit h a n asymptoti c expressio n tha t ca n 
be derive d analyticall y fro m equatio n (28 ) b y 
treating ex p {—y>(0, cr)} as the dependen t variable . 
The asymptoti c expressio n i s 

y>(0, a) ~ - i l n (be - a) - b0 - \ l n 2 (B4 ) 
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