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Theory of Line-Shapes of the Exciton Absorption Bands
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A general theory of line-shapes of the exciton absorption bands is developed with the help of
generating function. method. When the exciton-lattice coupling is weak, and the exciton effective mass
is small, the absorption band is of a Lorentzian shape, provided that the temperature T is not too
bigh. The half-value width H is given by the level broadening of the optically produced K=0 ex-
citon due to lattice scattering, so that it is proportional to T except at low temperatures. If the
coupling is strong, or the exciton effective mass is large, or the temperature is very high, the absorp-

tion band is expected to be of a Gaussian shape, and H is proportional to V7. The mutual influence
of adjacent absorption bands is also discussed ; it causes the asymmetry and repulsion of the compo-
nents as temperature rises.

If we replace T by the density of lattice imperfections, the above statements are valid, without
substantial modifications, as regards the dependence on the degree of imperfections.

These conclusions are in qualitative agreement with experimental data. The comparison further
provides us with information on the strength of the exciton-lattice coupling and the energy band
structure of the exciton.

§ 1. Introduction

Since the “exciton” model was first introduced by Frenkel,” and was applied to
the explanation of several sharp peaks which are observed on the low energy sides of
characteristic absorption bands in typical insulating crystals, most of theoretical attention

2-8  Results of calculations can

was directed to the electronic structure of the exciton.
be compared with the experimental data, as regards peak positions,”~® oscillator strengths,®
multiplet structures™® and so on. However, the observed peak position corresponds to
the energy of the exciton with wave number K nearly equal to zero, so that it does
not directly give us the information on the energy band structure of the exciton.

On the other hand, the problem of exciton-phonon interaction has been attacked by
several authors; some dealt with the stationary state problem of the exciton phonon

9),10)

system, while others calculated the probability for the scattering of an exciton by

phonons.™  To relate these results directly with experimental data seems rather difficult,
at least in the present stage.

As for the line-shapes of the exciton absorption bands, however, it does not seem
that remarkable progress bas been made on the theoretical side since the pioneer work
by Peierls.”® It is the purpose of the present paper to develop a general theory of the
line-shape in such a way that as much information as possible is obtained through com-
parison with experiments. We also wish that it could contribute to inter-relating more
closely’ the theoretical and experimental works stated above.
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54 Y. Toyozawa

In §2 of this paper, the exciton-lattice interaction Hamiltonian H,, is derived with
Wannier’s exciton wave function, including the effective mass approximation as a special
case. A general formula for the optical absorption coeflicient of this electron (exciton)-
lattice system is derived, in § 3, as a function of the radiation frequency. The Foutier
transform of the absorption coefficient, that is, the generating function, is expanded into
an infinite power series H,;. In the two extreme cases, that is, weak and strong limits
of the coupling H,;, the series can be brought into simpler expressions. Thus, in the
limit of weak coupling (§4), the absorption band tends to a Lorentzian shape due to
the motional effect of the exciton. In the opposite limit the band takes a Gaussian
shape, which means that the “localized exciton” model is valid in this case (§5).
In the intermediate region, the absorption band may show an asymmetry, depending upon
the energy band structure of the exciton.

When two or more exciton sbsorption bands lie very close to each other, the
influence of each component on the strengths, peak positions and shape asymmetries of
other components becomes important, as is discussed in § 6.

§ 7 is devoted to the derivation of criterion for the appearance of two extreme cases
in a more explicit form, and to the arrangement of theoretical conclusions so as to be
convenient for comparison with experimental data. In §8 we carried out the analysis
of a few of experimental data available, which proves to be in satisfactory agreement
with theoretical expectations.

Further information is qbtained through this comparison : one is the strength of the
exciton-lattice coupling, and the other concerns the energy band structure of the exciton.
They will be utilized, in the next paper, for speculative investigations of the various
dynamical processes which the exciton possibly suffers.'”

§ 2. The derivation of exciton-laitice interaction Hamiltonian

Let us consider an insulating crystal consisting of N atoms and N valence electrons,
and denote the Wannier functions” for valence and conduction bands by a,(x, m) and
a,(x, n), respectively, where m and n refer to lattice sites.

In the approximation of one electron excitation, the wave function for an exciton
with inner quantum number 4 and translational wave-number K is given by"

Frx=N""3exp(iK-m) 3 Usg () A(m, m+1), (2:1)
m 2

where A(m, n) is the Slater determinant of N electrons for the configuration [4,(x, 1),
a,(x, 2), - a,(x, m—1), a,(x,n), a,(x, m+1)---, a,(x, N)]|, that is, the configuration
in which the valence electron of the m-th site is excited into the conduction band, at
the n-th site. The wave function U,;x(I) for the relative motion of the electron and
the hole is to be determined from Wannier’s difference equation, with Hamiltonian
H,,=T+V, where T is the sum of the energies of the electron and the hole, and V'
denotes Coulomb and exchange interactions between them.

If we make use of the effective mass approximation, the kinetic term T, as an

operator on Uy (I), can be replaced by -a differential opetator W (—i-9/91, K), where
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Theory of Line-Shapes of the Exciton Absorption Bands 55

Wk, K)=—W,(k—K)+W.(k), (2-2)

and W,(k), W,.(k) mean the one electron energies, with wave number k, of the valence
and conduction bands, respectively. For a fixed value of K, one can expand W (k, K)
around a minimum point k,(K):

Wk, K)=](K) + (k—k,(K)) -#/2p(K) - (bk—k,(K)) +--,  (2-3)

the coefficient ((K) being a reduced mass tensor. If we transform the wave function

by
oaxe () =~ *nEIY, 1 1), (2-4)
T is replaced by
J(K) —8/dl-5*/2/.(K) -9/91. (2-5)
The potential part 77, in this new representation, is written as
awry
= — a0 01> 51656 ([0, (x, 0) a* (5, £)
P
X/ |x—x'|-a*(x, Da,(x', p+U)dxdx
+kn0 1) 516K ([0, (3, 0)a* (¢, 0)
P
X/ |x—a|-a*(x, Da, (&, p+V)dxdx'. (2-6)

It reduces to a Coulomb attraction -— 0y, &*/|l| in the crudest approximation, as is well
known.

If we make further simplification by taking parabolic approximation for both of the
energy bands:

W, (k) =— (k—k,) -B/2m,- (k—k),

(2-7)
Wo(k) =&+ (k—k,) -#*/2m,- (k—k),
we have :
km(K} =pu- (b, +K) +p. ko, (2.8)
J(K) =&,+ K*-5°/2m* . K*,
where

m*Eme_l'mh, Iu—iEm;I'l'm;l,
pr=peom =m,-m*,  p, = pom =m, -m*,
K*EK—KQ’ KoEkc—‘k,,. (2.9)

The result is shown' in Fig. 1 schematically. Because of symmetry, of course, there are
actually equivalent branches on- the opposite: sides:
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Fig. 1. Energy level scheme in the effective mass approximation.

We now consider the change of the potential energy between electrons and lattice,
caused by an arbitrary lattice deformation: it is the sum of N equivalent one-electron
energies :

¥
BHc(xn Xy, -, xy) = > 0H, (x,). (2-10)
3=1
Making use of the relation

(A(m, n) |0H,|A(m/, n')) = — b, ja,, (%, m)OH, X a,* (x, m') dx

+ O jac* (x, n)0H,a,(x, n')dx,

and then transforming the Wannier functions into the Bloch orbitals 4,(x, k) and 5,(x,
k), we have
Fawc|OH|T 51 k1)
= —N'IE%L; Ur™® (D Unrier (V) exp {i (K+E) (I-1)}

XE,(k+K—K', k) +N~! ;;% U ) Uy ey (1)

X exp i (K— KU +ik(I—1)} 5, (k, k—K-+K'), (2-11)
where
E,(k, k)= jb,,* (x, k) OH, (%) b, (x, K) dx (2-12)

is the usual scattering matrix element of an electron-lattice system.
The lattice distortion, which causes 0H,(x), may be an instantaneous position of
thermal vibration, or a static deformation due to any kind of lattice imperfections such
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Theory of Line-Sbapes of the Exciton Absorption Bands 57

as dislocations. For the acoustic mode of vibration we can take (i) the deformable atom
approximation due to Bloch and Bethe'® or (ii) the deformation potential introduced by
Bardeen and Shockley,' as the case may be. In the case of optical mode of vibration
in ionic crystals, 0H, is nothing but the electrostatic field due to the polarization of the
lattice, and was given by (iii) Frohlich et al.'® Throughout these three cases (2-12)
depends only on (k—K'), that is, 5,(k, k')=¢,(k—k'), and (2-11) is written as

—4,(GK, ¥K')é,(K—K') +¢,(K, YK')§,(K—K). (2-13)

If one takes the effective mass approximation (2-2)~(2-9), which is tacitly assumed
also when one calculates (2-12) in the three cases (i) ~ (iii) stated above, ¢ can be
expressed as

9K, YK') = 3 Usic™ Q) Usoier (D

=2210* (D) ¢ur (D) exp{—i(K—K') - p,- 1} = ¢, (K—K'; 24'),
¢ (2-14)
7.(VK, ’K') = Zz U™ ) Uy zer (D) exp {i (K—K') - 1}

=215 D ur (D exp{+i(K—K') -p,- I} = ¢, (K—K'; 24).

We now introduce, for convenience, the creation-annihilation operators a,x*, a x
for the (4K)-exciton, whose energy we denote by &,x, and the creation-annihilation
operators b,,,*, b,,, for the (paw)-phonon with energy quantum bw,,,, where ¢ and w
refer to the mode and the wave number of the phonon. «¢ and a* satisfy approzimately
the commutation relations for bosons, but this is immaterial as far as we confine our-
selves to the electronic states in which the total number of excitons is zero or unity, as
we do in later discussions. The Hamiltonian of the electron system and that of the
lattice system are now written as

H,= ;I](euf ac* ai

(2-15)
H,, = 350 bys™® by
]

respectively, whereas the interaction between them is written, in linear approximation but
otherwise quite generally, as

H, =313 2Vi(AK|BVK) by sc-5cr—b¥ g oxcr) taxc* aymer . (2-16)
w AR N0

In the three cases (i)~ (iii) stated above, we have explicit expressions for the
matrix element (2-12), and (AK|3,|#K’) depends on K -and K’ only through K—K’
as is seen from (2-13) and (2-14). If we write (AK|B,|VK") =8, (K—K'; ), it
is given by

Bao(w 3 ) = (2b/9INMu)'* w2 {—q,(w ; M) C,~+q,(w ; 1X)C,},

Bop (w5 A) = {27hwe /Nivy- (1/16,—1/5) } P 1 fw- {—gu (a0 5 M) -, (w5 W)},
(2-17)

220z 1snbny 0z uo 1senb Aq 8zzZ/£61/€5/1/0z/e1o1e/d)d/woo dno olwepeoe//:sdyy wol pspeojumoq



58 Y. Toyozawa .

for the acoustic and optical modes, respectively. In case (i) C is nothing but the kinetic
energy of the Bloch function, whereas in case (ii) —2C/3 is the so-called deformation
potential, that is, the energy change of the band bottom (or the top) due to unit dila-
tion of lattice. M and ¢, denote the mass and the volume of a unit cell, ¥ and x, are
static and optical dielectric constants. u is an average sound velocity and w/2% is the
frequency of optical vibration, both referring to longitudinal waves. Ansel’'m and Firsov'”
used (2-17) for the calculation of the mean free path of an exciton, confining them-
selves to the case 4744/ (=1sstate), that is, to the intra band scattering, whereas Haken'”
took into account the interband term A#A’ for the calculation of the selfenergy of an
exciton. Note that we can use (2-17) with (2-14), even when k,7#%k,70.

g(w) in (2-14) is the Fourier transform of the charge distributions of the electron
or the hole in the internal motion, because p,-I, for instance, is the electron coordinate
relative to the center of mass. It represents the effectivity of the electron or hole
charge for a particular phonon w. Now, g(w, A4’) tends to unity or zero as w tends
to zero, according as A=A or A#X, while, in any case, it becomes very small when the
wave length 27/w of the phonon is smaller than the radius of the exciton, that is, the
mean distance between the electron and the hole. For example, in the case of the 1s-
state of the relative motion with decay constant @, we have

g.(w; 1s1s) = {1+ (p,w/2a)%} 2 (2-18)

(2-17) tells us that the optical mode is probably less important than the acoustic mode
for the intraband scattering of an exciton, for f3,,(w) tends to zero as » when w tends
to zero, whereas [8,,(w) tends to zero as »'*; further it is in contrast with §,,(w)ocw™
for the case of a single electron. To the interband scattering, however, both modes
would make comparable contributions, because only the phonons with finite w would play

a role in this case, due to the energy conservation.

§3. A general formula for the absorption coeflicient

The Hamiltonian for the electron-lattice system is written as
H=He+H1;+I'IeL> (3'1)

where H,, H, and H,; are given by (2-15) and (2-16). We now derive the coefficient
of the optical absorption of this system which corresponds to the creation of an exciton.

Consider a radiation field R in the crystal medium which is assumed to be isotropic
with refractive index n. Its Hamiltonian is given by

Hp="> boyg cox™ o, wrx=/ (c/n)K, (3-2)
o, K

where o(=1, 2) and K refer to the polarization (the directions being denoted by unit
vectors €,z:) and wave-number of the photon, and ¢fx and ¢, mean the creation-annihilation
operators. ¢ is the light velocity in vacuum. Strictly speaking, » is not constant in the
frequency range we are considering; on the contrary, the absorption itself contributes to
the dispersion of n. The most satisfactory way would be to determine n and absorption
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Theory of Line-Shapes of the Exciton Absorption Bands 59

ccefficient self-consistently. To avoid this rather complicated problem of dispersion rela-
tion, we take n to be constant over a range of frequency and equal to an appropriate
average value.

It is sufficient, for the present purpose, to take into account the interaction of R
with the electron system alone, H,., because in the frequency range at issue (w~10'
“sec”"), the vibration of lattice cannot follow that of the radiation field. Thus the total
Hamiltonian is written as

H,=H+H,+H,,. (3-3)

Denoting the number of (0K)-photons by mgz, the matrix element of H,, which cor-
responds to the absorption of a (0K)-photon with simultaneous creation of a (AK)-

exciton is calculated as
Farcs = mogc— 1y [Hep| T3 s moge, o)
=ieb/mc(2mbcmy g [0onK) ' (€orc - Gric) » (3-4)
where

N .
e = N2 o [ S K iy
i=1

=SWU,c* (D) j a* (%, P K4, (x, 0)du. (3-5)

Let us now assume that initially the electron system is in the ground state ¥, (no
exciton), the lattice system in state @, and the radiation field in state X,,. At the
‘time T, the wave function of the total system is given by

e—iHwtT/b v, ?,.X,
Vil
:e—i(H—f-HR)T/fi[l_,-/;5§ei(H-I-HR)h/ﬁHeke—i(H+H_R)f1/ﬁa't1+ ...... 17, 0,X,,.
0

(3-6)

In the lowest order of perturbation, let us take, out of (3:6), the term correspond-
ing to the state in which a (cK)-photon is absorbed and an exciton (with any 4) is
created :

e/mc- (2Mhcmg g /vynK) 12e—ilmok —D oK TS (e, 1+ grsc)
X

X e—iwok ty o—iH(T—t)) [ g]‘)Ke—in, tl/ﬁ@dtlx...,moK—l, 3-7)

S Cmm—y Ny

Taking the absolute square of (3-7), and averaging over the initial distribution n=
(++*5 My, +++) of vibrational states, we have, as the probability for that state to be realized,
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60 Y. Toyozawa

W (mer, T) = (e/mc)? 2abcm,g/vynK ;% (eorc* &rxc™®) (€omc” Briic)

T T—4
X jdtl j dt eivorct { IK |e—iHHB |V K) Hutl) (3-8)
V] —4
Here
{+} =T, [e_BHL{...}]/Trl‘(e_BHl,), (3-9)

Tr;, teferring to the lattice system alone, and (xf) ' being the absolite temperature.
v
When T is large enough in (3-8), most of the contributions to | d¢ come from
0

large values of ¢, and T—¢, so that we can replace the upper and lower bound of the
second integration by Z co. Dividing by Tm,z, the lifetime ¢ of (0K)-photon is
given by

1/7(cK) = (e/mc)? 2mhc® fvgn® wox zvi_l‘ % (eor* &rx™) (eoK.g“K)
X jdt eioorc t { (IK |e—iHIB |V K) HntlB) . (3-10)

The absorption coefficient is defined as the reciprocal of penetration depth for which

1

the radiation attenuates to e”'. It is given, for the frequency w=cK/n, by

A(w)y=n/c-1/2 OE i/7 (o, K), (3-11)

where average was taken for the two directions of polarization.
(3:10) is nothing but the method of generating function (or the method of Fourier
transform) which was applied to the radiative and non-radiative transitions of a trapped

electron.!”®

In the present case, however, we cannot generally use the adiabatic ap-
proximation for the electron-lattice system H, because the exciton energy levels constitute
continuous spectra due to the translational motion. We proceed in another way, and

expand the exponential in (3-10) :

t a1
e—th/5=e—f<He+Hz>t/ﬁg (i5) -"j dt, - j dt,-H'(t)--H'(£), (3:12)
0 0
where
H'(p) = ei.(Hs'l-HL)f/fiHn e~ i(HAH)HE
=i 313 3] Puaw (w) ¢ Er K00
p AN Kw
X a¥K cwdn i (bww e i0pwt — b:f,—-w eiwuwt) - (3-13)
Defining

Fau(K) =1/2 02 (eorc* Brxc™) (Corc Brx)s (3-14)
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we have an infinite series expression for the absorption coefficient :

A(w) =27be* /m*vycnw g ? %} F. (K)

+ oo
x [ dreor—ieswcts 53U, 5 415 K, (3-15)

where

tn—1

t
Uats a5 K) = (ib) -"jdtl--- jdme'(t;) CH () WK) m. (3-16)
0 0

As H'(t) of (3-13) is linear in the lattice co-ordinates b,,, and b,,*, U, vanishes
for odd n. The first two terms are given by '

Up(t; 24 ; K) =05, (3-17)

Uses 25 K) = =57 [ [, 53152 Byans (—10)

0 T

X‘B/uh v (w) éErx—enE) bb gien—ex K+u)t/b

X { (”uw—l_ 1) e—ia)p,w't'_l_nuw eiG)[L'l.l‘T} . (3 . 18)

The diagonal (A=2") term is further reduced to

Uses dds K) = =17 [ (=) de 33153 By (a0) |

X & EAK—En Khad /B {(p,, 4 1) e~ WmeT 4y, eFivuwT) (3-19)
H + o0

=~ e [ dBG—7) = F1P fc (B), (3-19)
0 . -,

where

ﬁ\K (E) = Z‘ 2 Z lﬁuhl (w) le { (”u.w"" 1) 6(6}\1K+w+bwuw_eAI(—E)

[DRP Y

+np.w6(8A1K+w_bwu.w_ell(—E)}' (3'20)

§4. The weak coupling limit

Consider a continuous function f(E), the value of which is assumed not to vary

appreciably over the range 4E, or more specifically, |f’(E) JE| <Sf(E), that is:
b/dEZ 7. (E) = bf"(E) /f(E). (4-1)

For a value of |¢| much larger than t,, we have an asymptotic formula'

b“Sdz-se_’:ET/ﬁf(E)dEf»j{:l:nB(E) —iPQENVEVE ({570, (4-2)

9
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62 . Y. Toyozawa

where + correspond to 0. Thus (3-19’) becomes

+o©

Uy(t; a2 K) = —b-zj'df j dE e=E5/# (+4i53/8E) - fuxc (E)
[}

= — | i (B) /E-dE % inflac 0) — (Dsxe/2)  —itdhsfp,  (43)

where

Tyge = (27/0) fuxe (0) = (22/5) 131 [ By ()

X { (5 1) 0 (Eaze—Exy K00 —BWpap)

+ ”Ww 6 (EAK - 8A1 K+'w+ ”-wuw)'} ’ (4 * 4)
b= =P [ (B) /E- dE= TSI |Bpaun(a0)
7 7

w1 . 4.5
X {(ﬂuw'r ) ‘SAI("”EA1I{+w_bwp.w +ﬂ,,,w SAK_6A1K+w+bwpw} ( )

are the probability (per unit time) of the scattering, and the self-energy, of the (AK)-
exciton due to lattice vibration. O0(E) is Dirac’s delta function and . means the
principal value. Owing to |¢]>>7,, the first two terms of (4-3) are small compared
with the remaining terms; we therefore neglect the former for the present.

For the ultraviolet and visible regions of radiation, the photon wave number K is

much smaller (~10° cm™") than the reciprocal lattice vector (~10° an™), so that we

can put K=0 in the above.
If we take into account only the diagonal term A=4" in (3.15), and approximate
as

Uy(t5 225 0) +Uy(£5 245 0) + -+
=1+ {_ (Pxo/Z) lti_itdlo/b} +Nexp{— (1")\0/2) |t|—itd}\o/fi}, (4-6)

we have, for the contribution of Z-exciton band to the absorption coefficient (3-15),

) AT Belg)? Gl/2) _
A, (w) 3 muow  {bo— (St dyo) At (B h/2)* (4-7)

(4-7) shows that the.absorption band is of a Lorentzian shape, with a peak at
&t 4y and a halfvalue width H=58I", (if [,y€w® as is always the case). The latter
is nothing but the broadening of (40)-level due to lattice scattering. FEach absorption
peak 4 is expected to be free from the influence of other peaks if 0, ==|E,p—&uol>
51, and if the contribution of interband terms U,(¢; 244 ; 0) is negligible. The latter
effect will be shown, in §6, to be small if 06> 1", 4.

Of course, our approximation fails if, for values of |¢| satisfying |¢|=>7,, the ex-
ponential of (4-6) already decays to values much smaller than unity. Thus our approxi-
mation is valid only when [y, is so small that the condition
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Theory of Line-Shapes of the Exciton Absorption Bands 63

Iyt /2<1 (4-8)

is satisfied, in other words, when the exciton-lattice interaction is sufficiently weak. The
more explicit form of the condition will be given in §7. In any case, at the weak
coupling limit, each of U,,(¢; 115 0) (m=0, 1, 2, :--) reduces to simpler form, leading
to*

gUm(t; 225 0) =,§{“ (Tvo/2) || —itdyo/8} ™ /m!

=exp{— (['0/2) |t] —itdy/B}. (4-9)

Thus the approximation (4-6) proves to be exact in this limit.
Next we investigate the effect of the first two terms of (4-3). In the first ap-
proximation, we have, instead of (4-6),

Upt Uy~ (1= Z |7 (B) [E -4E} {1 % inf (0)}

Xexp{— (I/2) |t]| —itd,,/b}. (4-10)
Correspondingly, the Lorentzian function (the last factor of (4-7)) is replaced by
(B10/2) +2.F {bw— (Ex0+4r0) }

(147 o— Gt do) 1k G1o/2)° (4-11)

where
n=—2|f &) /E -aE, (4-12)
= (%/2)f'(0). (4-13)

The line shape of (4-11) is asymmetric: the peak position is given by By, =
(Ero+dio) +3 S4B, the halfvalue position on the high energy side by bw.:p= (€
+4y) + G+ 94)8,, and that on the low energy side by bw_= (Ex+ i) — (3 —
4)bI,. The degree of asymmetry is thus given by

{ (bew 1o F-bw_19) — 2b0mpi} /B 0= 4. (4-14)

In the first approximation as regards f(E), the halfvalue width is not altered**
whereas the peak height suffers the fractional change 7,. As the total area of the 4
peak conserves so far as we neglect the non-diagonal U(t; 24') (X74), the compensat-
ing change must occur in the tail part of the absorption band.

§5. The sirong coupling limit

If one takes the approxzimation of narrow exciton energy bands, whose exact meaning

« As for the proof of this theorem, see, for example, a work by van Hove:20

** Strictly speaking, I'3o in the exponential function of (4:10) suffers the fractional change .of. the
first order in f(E), when one takes U, into account. However, so far as the product of the peak-height
ang the half-value width is concerned, as will be in §7, y, alone is effective for the change.

Zz0z 1snbny oz uo 1senb Aq 82z /€6 L/€S/1/0Z/81one/d1d/woo dno-olwepeoe//:sdny wouy papeojumoq



64 Y. Toyozawa

will be explained later, it is appropriate to expand exp{i(Exxc—&x wrw F D0ue) T/b} of
(3-19) in a power series of T when 4,=4, though it is not the case for 4,71. Thus

we have
Up (25 225 K)
13
= —p2 Zg (t—7) @R —enm)t/hgr
e
X[ Bran+ Z (ic/B)"/n!- Bk, (5-1)
where

Byﬁ;\mc = ; %;1 ;8:/\1 2 (w) ngp.h (W)

X { (nuw+ 1) (EhK—"Sh K+w_bwpw):n

+ By (E}q KE—EnKrwt bwy.u) ”} = B)q ATAK s

(5-2)

By o =Bk (independent of K.

The ratios of successive coefficients, B**"/B™, are of the order.of (5/2) where b is the
breadth of each exciton energy band (phonon energies #w,,, being neglected).
Consider the term 4, =2 in (5-1) :

—Bran oy S Bk (e
28 a=1 (n42)! ’

(5-3)
and define

D;*=B, ;- (5-4)

For values of |¢|, for which the first term of (5-3) is of the order of unity, the n-th
term is of the order of (b/2D)""/(n-+1)!. Assuming b/2 <D, which méans that the
exciton energy bands are narrow enough, or that the exciton-lattice interaction is strong
enough (see (5-4) and (5-2)), let us approximate

Uy (25 225 K) + Uy (£5 225 K) 5y magmy + -

2
=1-— Dy 2. .,\,exp(—— 2;2 (5-5)

b—?

4

After Fourier transformation, we get the absorption coefficient for the A-th band :

47 BPe|g,? 1 ’ { (bew—E,,) 2 }
A, (0) =22 0 — o= | 5.6
»(@) 3 miy,onw VT D,\eXP 2D,? ‘ (5-6)

which is of a Gaussian shape with a peak at &,, and a half-value width H= 2v2 (ln 2)D,.
(We have replaced &5 in (3-15) by &,,, because D>5/2.)

T Here we do not take K=0, because, for the X- “ray exciton which is one of the tygmal cases. of
strong coupling, K is not small.
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The effects of 4,72 terms in (5-1), as well as those of non-diagonal U,(¢; 34 ;
K) (A7#1"), will be shown, in §6, to be of secondary importance if we further assume
that 0> D, that is, the exciton energy bands are well separated from each other.

That we have taken out only the first term in (5-3) means that we have replaced
H'(#) in (3-16) by H’(0). In this approximation, that is, in the limit

b/2<D<J, (5-7)

we can calculate all U,,(¢; 44; K) (m=0, 1, 2, ---) explicitly, with the result

B850 =505 (5 gy 1o

m 2"m!

2 \,
=exp<—'——1§;‘}2—t2 , (5-8)
as is easily confirmed by considering the possible combinations of intermediate states in
evaluating (3-16). Thus (5-5) proves to be exact in this limit.

That the generating function is written in a closed form (5-8) can be understood
from another “view-point. When the energy band is very narrow, the ¢ localized exciton ”
is a sufficiently good eigenstate, and one can consider an adiabatic potential of lattice
vibration for this localized exciton state. We can repeat the same mathematical manipu-
lation as was done in the case of a trapped electron.'® Thus, H=H,+H,+H,, is
essentially the Hamiltonian for a harmonic oscillator system with equilibrium point dis-
placed .due to H,,, the motion of the electronic system being practically freezed. Thus
exp ( —ith/b) in (3-10) can be calculated explicitly, leading to the same result as (5-
8), provided phonon energies hw are neglected against D, as was done in deriving (5-
8). The width D, of the absorption band is due to the difference in equilibrium posi-

tions of lattice bzfore and after excitation.

§ 6. The effect of interband interaction

In the previous two sections we have neglected non-diagonal terms U, (¢; i1 ; K)
(A#£4), and further, in th= strong coupling case, the terms A4 in diagonal U, (¢; i;
K). We now consider the effect of these terms on each absorption band 4.

In the weak coupling case, we proceed in the same way as in § 4. Making use of
the formula (4-2), we have

Uz(” Mlb; 0) =ib (8)\0“81/0) - [ei(‘?“_ell‘))t/ﬁ{ + (PATAO/Z) +i(42*uo/b)}
—{ £ (Dan/2) +i(daan/b) ], (6-1)
where + depends on the sign of ¢, and ['yx, duux are defined as in (4:4) and
(4:5), |Bun 2 (w) |? being replaced by B, , (W) Bux » (w). Multiplied with exp (—i6,,t/5)

apearing in (3-15), it is easy to see that the first term in (6-1) contributes to the
A-peak, whereas the second to the A-peak. Thus the contribution from
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Fy,(0) e 708U, (5 377 5 0) +Far,, (0) eExtlPU, (¢ 5 /2 5-0)
of (3-15) to the A-peak becomes
—ib(Ex—Ey,) - {£Re(Fpu ) + (Zi/b) Re (FAAI'AAAI) } e—is,\t/b, (6-2)

where the suffix K=0 has been omitted for brevity.
Adding (6-2) to (4-6) as a correction term, we repeat the same procedure as
used in the end of §4. Finally we get the change of the peak height

VAZZ%IRe(F)‘AI AAAI)/FAA (Ex—&n}, (6-3)

and the degree of asymmetry (the definition bzing given by (4-14))
H=(1/2) >;:Re(FAA:bFAAI)/{FM(SA_SAI)}, (6-4)

which . are caused by the influence of other bands.

The effect of interband interaction represented by 7 and &7 is small if 0y, > 4y,
5155, that is, if each energy band is well separated and the exciton-phonon interaction
is sufficiently weak. '

Let us now consider the strong coupling case. As in §5, we calculate (3-18) or
(3:19) by expanding exp{i(&,, x — &y 51wt bwy,) T/B} in power series, and take out
the contribution to the A-peak in the same way as is described in the above. The
calculation being rather tedious, we only mention the result in the. following.

Out of the summation

E ZFAIAII (K) eTHEMI t/ﬁUz(ti ;‘,)‘//3 K),
A AT

we take the terms which have exp(—if,£/b) -as a principal factor ; -the contribution to

the coefficients from the non-diagonal part (4'#72”) is given by

®

%}’ Z;, (En—E)) "D 2 Re[Fyn {BGhx— (—1)" B} ]

m=

* Ziul:l:%, 26] (& —E) D[ (&5 —E1) T2Re (Fapra B%00)
+ (—=1)" (& —Ex) 7' 2Re (Fruras BSSiin) ]
+ 3V 0 @/B)"/nl- 33 (— 1) (Ey—&,) T 2Re (Fiyy BT ™
Al n=1 m=0
+ SV SY S (/b /a3 (— )"
AfArr n=1 m=0
X (E)J _EA) - (E)J _6,\1:) - 2Re (F,\u)u B&’f;}r{,—\'? » (6 . 5)

while the contribution from the diagonal part is written as

)\Z’ Fin 20 (—1)™(m+1) (& —E) "B
1 m=
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@

= 3V Fu 3 (1) (6 —8) " B

m=1

+ ;Z,I Fan Git/B) 25 (—1)™(m+1) (€4 —65) TR B

®

+ ;’ Fy, (it/) E_O (& —E) "D B
+ 3V Fane 23 Ge/6)"/nl: 33 (= 1) (m+-1) (&, — &) 7" B,

+F“}'_]2 (it/B)"/n!- BUR. (6-6)

Here the primed summation means that /=4 or /=1 is to be omitted.

The last term of (6-6) has been discussed in §5. All the other terms of (6-6)
and (6-5) represent the influence of other exciton bands. It is easy to see that these
terms are small compared with the last term of (6-6) for values of +<X5/D, (see (5-
8)), if the condition (5-7) is satisfied. For instance, a typical term of the last line
of (6-5) are smaller than the last term of (6-6) by the order of

(D/0)™*' (b/2D)™+ =D (m=>0, n=>1).

Thus it is reasonable to regard (5-7) as a sufficient condition for the absorption band
to be: Gaussian and for the influence of other bands to be negligible, althcugh a com-
plete ptoof would require the considerations of U, (t; 1’ K) with n=>4.

The constant terms in (6-5) and (6:-6) give the change of the strength (area)
‘of the J-peak, the terms proportional to (it/h) give the shift, and the terms with (i¢/5)?
are related with the change of the width, due to the influence of other exciton bands.

§ 7. Further discussions of the theoretical conclusions

In this section we rewrite the conclusions of the previous three sections more ex-
plicitly, by making use of appropriate models or approximations in calculating relevant
quantities.

(i) Cdlculation of '\ in the effective mass approximation

This quantity, given by (4-4), is not only related to the width of the absorption
band in the weak coupling case, but it is also important in discussing the dynamical
behavior of excitons in the vibrating lattice field. It consists of the intraband and inter-
band transitions, of which we here confine ourselves to the former.

Let us take the effective mass approximation (2-2) ~(2-9), m, and m, being assum-
ed to be isotropic. We take the lowest exciton band, and assume that the wave function
for the relative motion is of a hydrogenic 1stype: ¢,,(I) = (a®/m)'"exp(—al).
Putting (2-16) (2-17) and (2-18) into (4-4), we get, as the contribution of the
acoustical mode to the 1s->1s scattering (see also ref. 11),
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Lo s (ac) =20 (o )y

9nh? Mu?
2w, (K*<w,,—region I), (7-1)
{<K*2 ) JKF (9op < K* < a1, wy— region 1), -1

=4m*’UOICT a? < { <1+ p,fK*2 >"5}
97h® Mu? 3p

o ()

e BEY (o 5

BB g [ L (PR 1))

Ph,Q_Pe2 1 + (PG2K*2/a2)
(Woae K* —region III), (7-1")
where
Woe = m*u/b Lwy, (7-2)

the former being of the order of 10°cm™ while the latter, the Debye cut-off wave-

number, of the order of 10°em™. (7-1)~(7-1”) are plotted, as a function of

X
L
g
&
o

optical

/ !

N W.u.-( ) (~ ——K*
100

(@) (b)

Fig. 2. The scatteting probabilities Iy of an exciton with wave number K=K;,+K*, due to
acoustical and optical modes, as functions of K*. -

K*(=K—K,), in Fig. 2. They are valid at high temperatures T 2> 6,(K*), while at
very low temperatures T <6,(K*), T should be replaced by 6,(K*) in these formulae,
Here the characteristic temperature 6,(K*) is given by .
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v+ K*?) /w,, (Region I), 7-
6, (K*) = (2bu/3x) X {(3w +K/ (Region 1) 7:3)
(K*+w,,)2/ (K*¥*+w,”) (Region II), (7-3)

the expression for the region III being omitted as it is rather complicated. It is plotted
in Fig. 3 for a typical case. It is of the order of (@/w,)#,=bhua/k when K*~wn,.
In the case of the optical mode we get

1 1 1 m*
P]s,K—ﬂs (QP-) :(t)e2<70—-__“:_>T (Ph2 _P62)2 52 a4

i (2K* 4w,V K¥ 4w, (0<K*<w,—region I'), (7-4)
:{[ﬁ (2K* 49,0V K¥fw,t + (4 1) (2K —w,,) v K —3,,7]
(Wop < K* L &, wy—region II'), (7-4")
where
Wop = (2m* w/5)'? L w,, (7-5)

the former being of the order of 10" em™. The
expression for the region III’: K*>w,, has been
omitted for brevity (see also ref. 11). These l

6, (K*)

are plotted in Fig. 2 for a typical case.

It is to be .not?ql that for all values of
K* the . contribution of the optical mode is
relatively unimportant, as is already stated in § 2.
Especially, for small values of K*, the contribu-
tion is quite negligible compared with that of the

acoustical mod(:é (see Fig. 2a). Thus, a thermal ol : -
4 W,

exciton with “K*~ (3m* kT /B%)'? is scattered by * —Kr

acoustical vibrations alone. The mean free path Fig. 3. The characteristic temperature

| is given by 6, (K*) for I'ysurys(ac).

4 m*PyT

[= = P (6K* fm*) ~' =
PR m) = e

(C,—C% (7-6)
for values of K* which are >w,, and <a, w,, being independent of K*. It is valid
at all temperatures, except at very low temperatures of a few degree (see (7-3)).
Moreover, it does not depend on the wave function of the internal motion of the exciton.

In the same way, we can calculate d,x and D,, which are related to the peak
shift in the weak coupling case and to the halfvalue width in the strong coupling case,
respectively ; however the result is rather complicated, and will not be written here.

(ii) A simplified approximation for the overall structure of f(E)

The effective mass approximation used in the above has two drawbacks ; firstly, it
is valid only for the excitons near the extremum of the energy band; secondly it is
presumably not a good apptoximatioﬁ for the internal motion of the exciton which has
a binding energy as large as 1~2 eV, as is the case for alkali-halide crystals.
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As regards the latter situation, it would be more practical, at least in the present
stage, to take into account the effect of internal motion by assuming, in (2:17), that

1 when w<w»,,

ge(w3 22) =q,(w; 12) = { 7-7)

0 when »,9 <w<w,,

where (#,)™" is of the order of exciton radius. Then the calculation of D) defined
by (5-4) and (5-2) becomes quite simple, the result is written as*

pr=t < <’”(e) )3x {”T T2, (7-8)
9 M#Z\ w, A T<6,,
where
A= (3/8) buw'® /i, (7-9)
and C=C,—C,.

As for the first problem, we note that not the local (the neighborhood of the
bottom or the top) but rather overall structure of the exciton energy band is important
in calculating f; (E), which was defined by (3-20) and characterizes the main feature
of the line shape.

If we confine ourselves to intraband effect, and moreover neglect phonon energies in
(3:20), fo(E) is different from zero in the interval (&,,—&,y, E,—&,), where &, and
€, means the energies of the bottom and the top of the energy band. Further, it is
easily confirmed that at the both ends of the interval f(E) tends to zero as {E—.(&,
—&) ' or {(Ey,—&)) —E}'®.  If most part of the Aenergy band lies on the high
energy side of &,,, it is rather plausible to suppose that the peak shift 4 is negative
according to (4-5), and that the asymmetry & is positive due to (4-13).

In order to take into account these situations in .a simplest way we assume. the
following functional form for f(E) :

e b, \? b 2 12
AE=2{(B)-(B=bp )" (-1gp=+n, @10
T 2 2

where b, is the breadth of the /J-energy band, and p, is a parameter representing the
position of &, in the whole energy band.. p=+1(—1) corresponds to the case that
K=0 is at the bottom (top) of the band. The normalization constant s, is determined
by considering that the integral of f;(E) is equal to. D,? according to .(3-20) and (5-
2) ; that is:

5A=8DA2/6A2- (7‘11)

Note that a large s corresponds to a large coupling constant, to high temperatures or to
a narrow energy band, as is easily seen from (7-8) and (7-11). In the following, we
shall omit the suffix 4 so far as the infraband -effect is concerned.

Making use of (7-10) we can calculate the quantities given by- (4-4), (4-5),
(4-12) and (4-13) ; the results are as follows :
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H=tl=s51"1—p%b,
d=—(sp/2)8,

= (sp/2) V1P,
p=s.

(iii)  Criterion for the classification into Lorentzian- and Gaussian cases

(7-12)
(7-13)
(7-14)
(7-15)

‘The power series (5-1) is calculated, with the use of (7-10) and (7-.11), as

=3 o e e

If s> 1, we can neglect all but the first term in (7:.16), as well as in U, U, -

Fig. 4. The classification into Gaussian;, Lorentzian, Asymmetric and
Intermediate cases according to values of p and 5.

(7-16)

71
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and therefore get (5-8), which leads to a Gaussian line shape.
Next we introduce the ratio of the halfvalue width formula for the Lorentzian case
to that for the Gaussian case :

r= — = V1—p Vs, 7-17
2v/2(n2)D, In2 F (7-17)
According as 7> 1 or r<1, .the dynamical region (5-5) or the stachastic region (4-6)
becomes more important than the other. In order that the Lorentzian case is realized,
not only the relation r<1, but also (4-8) should be satisfied. In the present approxi-
mation, 7,(0) defined by (4:1) is calculated as*

7(0) = {2lpl/ (1 —p") } /b, (7-18)
and (4-8) is rewritten as follows :
sipl V1= =2|.7| <1. (7-19)
In Fig. 4 we divide the (|p|, s)

plane into several regions according to
the above discussions. The region G
(Gaussian) is defined by s> 1, where-
as L (Lorentzian) is determined by
r<1 and | [<1/2. We denote by
A (asymmetric) the region where
s<1and | % |>1/2, and the remain-
ing region will be called I (inter-
mediate) .

(iv) Temperature dependence and
the effect of lattice imperfections.

In the above discussions we have
considered the dynamical vibrations of
the lattice. When there are any types
of lattice imperfections such as dis-

locations, vacancies, interstitial atoms

or impurities, a static displacement of ¥
. - 0
the lattice is brought about. The

T —

Fig. 5. A typical temperature dependence of the half.

. % T
expectation  values bP’-") ’ bFW' are value width H expected from theory.

generally not equal to zero. If, how-

ever, the imperfections are distributed at random, as is presumably the case in actual
crystals, the linear effect of b almost cancels out, and we have only to replace n,,=
buw* bueCT (T Z 6,) by a suitable quantity which is proportional to the density of
imperfections. Thus the effect of increasing imperfections are qualitatively the same as

* We use ©,(0) instead of t,(E), because the value near E=0 is the most important in using the
d-function approximation (4-2). )
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that of raising temperatures. In the following statements, which concern the temperature
dependence of the line-shape, the word * absolute temperature” can be replaced, when
one deals with the dependence on imperfection, by “‘ the density of imperfections”” with
a suitable proportionality constant, without any other substantial modifications.

As we have seen in (iii), the exciton absorption band is of a Gaussian shape when
the exciton-lattice coupling is strong or the exciton energy band is narrow (corresponding
to large effective mass), while it is Lorentzian in the opposite limit. If these quantities
are in suitable ranges, s increases from a value s<1 at T=0°K to values >1 at high
temperatures (see (7-11) and (7:8)); that is, the line shape is Lorentzian -at low
temperatures and tends to Gaussian as the temperature is raised. If &,, is near the
bottom or the top of the energy band (1—|[p|<1), the line shape is strongly asymmetric
in a rather wide-spread intermediate range of s (see Fig. 4).

In the region L, the half-value width H is proportional to T except at low tempera-
tures (T X6, see (7-12), (7-11) and (7-8)), while it is proportional to VT in
G (see Fig. 5).

The' inferband interaction becomes important when other exciton energy bands lie
close to the band we are considering. For example, the peak shift (being proportional
to T) due to'the intraband effect is given by (7-13), and it is negative or positive
according as &,, is near the bottom or the top of the band, while the contribution of
the interband effect is given by

2
Ay~ Sy _Paaa By O<D > (7-20)

X Ep—Exn

according to (4-5), which is negative for the lowest exciton band. In the region G,
the contribution of intraband effect to the shift is small, whereas the interband transition
causes a shift given by

2/ {BN AT Baara) Re(F)JJ\BA ara) } O< D2> (7-21)

xr EAO_E}JO Fu

if we take the terms with the lowest order in (6/0), out of the coefficients of (—it/h)
in (6-5) and (6-6). In the same approximation the dispersion in the region G is
given by

— 4,2 (7-22)

The first term of (7-22) is proportional to T while the second is to T2 It is possible
that as temperature rises the half-value width tends to saturate or even to decrease,
although in such regions, the peak separation becomes very poor due to D~9.

As for the asymmetry in the region L, there is a contribution from the interband
effect given by (6-4), besides the intraband effect (7-14). It is to be noted that both
are proportional to T. If two exciton bands lie very close to each other, and if the
interband contribution is dominant as regards .97, both absorption peaks are expected to
have slower decents towards the outside (Fig. 6a) or the inside (Fig. 6b) according as
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(@) Re(FaxrIaar)>0 (b) Re(Fxar Iaar)<0

Fig. 6. The interband effect on the asymmetries of adjacent peaks.

Re(F;: ") = 0, the smaller peak being distorted more strikingly than the larger one.

In the region L, the product of the peak height and the half-value width varies
as 1+4%, where  is proportional to T (at T = 6,). The contribution from the intra-
band transition is given by (7-15) and is positive,* whereas the interband effect is given
by (6-3). In the region G, 7 is mainly due to the interband effect. 1In the lowest
order of (b/9), it is given by

=SV Byiaa _ —Fu+Fus
AT (Ex9—Exr0) B
+ 3V 2 : Re {Fy73 (By,arn—Baan) } (7-23)
A7 (Exg—Exrpo) F;,

(see (6-5) and (6:6)), and is propottional to T.

(v)  Physical meanings of the criterion

Let us consider the meaning of 7,(0) defined by (4-1). According to (4-2) and
(4-3), the probability that an exciton has suffered a collision by a phonon is propot-
tional to ¢ only if |¢|> . 7, is considered to be a minimum daration time of collision :
if we imagine a wave packet of an exciton which collides with a wave packet of a
phonon and is then scattered, the collisicn duration time is of the order of 7, in the
most favorable cases (that is, for a.ppropriate forms of the initial wave packets). Thus
the condition (4-8) for the Lorentzian case means that the time between successive
collisions is large compared with the collision duration. This is the well-known cendition
for the validity of the usual transport equations, and was discussed by Peierls’™ for the
case of metallic conductivity, by Seitz™® for the case of semiconductors, and has recently
been extended to general case by van Hove.™

It is instructive to compare the division in Fig. 4 with the “polaron” problem.'”
The region L corresponds to the weak-coupling case, where the usual perturbation theoretical
calculation is valid, while the region G corresponds to the strong coupling case where

* That it is positive seems to be very probable, irrespective of the approzimation (7-10). For, in
(4-12), f/(E) is positive (negative) neat the bottom (the top) of the band, where E is negative (positive).
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the so-called self-trapped electron is a good approximation. The region A4 corresponds to
a slow electron (note that 1—[p|<1) in the intermediate coupling case whose exact
treatment is rather difficult. In our case, too, it would be necessary to take into account
the cloud effect suitably, in order to discuss the line shape for the region A4 more elabo-
rately.

The situation in the Lotentzian case is analogous to the motional or exchange

?  Thus, excitation energy (&,), kinetic energy

narrowing effects of magnetic resonances.”
of an exciton (E,x—¢&),) and exciton-lattice interaction H,, of our case cotrespend to

Zeeman energy, exchange coupling and dipolar interaction, respectively, of the magnetic case.

§ 8. Comparison with experimental results

We now compare the theoretical conclusions stated in the previous section with
several expetimental data available at present.

(i) Analysis of Fesefeldt’s™ and Martienssen’s™ data shows that at low and room
temperatures, the first exciton absorption bands of KI and RbBr crystals are Lorentzian
in' the main, while it approaches the.Gaussian shape at high temperatures, as is expected
from theory (see §7 (iv)). Other alkali-halides seem to show the same tendency,
though not so cleatly as in KI and RbBr.

According to Tutihasi’s™ data on ~AgCl crystal, the absorption cutve on the low
energy side of the first peak, at T=—184°C, is in excellent agreement with a Lorentzian
curve, with halfvalue width H=0.177 ¢V. On the high energy side, overlaps with

other bands prevent the analysis.

o specimen (f)

X specimen (e)

specimen (b),

Lorentzian

Gaussian

(o]
+6 45 +4 43

-— (E—Ep) /H

Fig. 7. The absorption curves for the first- peak of KI (containing 10 mol % of KF) measured by
Fischer. The peak height and the half-value width are teduced to unity for each specimen,
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Table 1. The results of analysis of Fischer’s data on the first absorption peak of KI crystals
‘containing 10 mol % of KF.
specimen | peak position | peak height hat_g-value line shape | asymmetry ¢ area
width H

(f) 5.844 eV 2.16 0.067 eV L very small 0.178
(e) 5.840 1.40 0.115 L —0.08 0.198
(d) 5795 0.674 0.37 ((B)] —0.30 0.305
(c) 5.63
(b) 5.51 0.467 0.42 G 0.196
(a) 5.48 0.434 0.40 G 0.174

Fischer™ measured, at T==20°K, the absorption coefficients of a number of KI

(containing 10 mol 9% of KF*) films with different preliminary heat treatments.

The

higher the temperature is maintained or the longer the treatment is continued, the less

will be the crystal imperfections.

In his specimens (f) and (e), which are considered

to be the most perfect ones, the first peak is of a Lorentzian shape with relatively small

width, while the specimen

(b) and (a) which must
have high densities of im-

show neatly T

petfections
Gaussian shapes with large
widths, as is shown in g
Fig. 7 and Tab. 1. These
results again confirm the
theoretical expectation (see

§7 ().

In Fig. 8, we plot the
halFvalue widths of the
first peaks of KI and RbBr,
as measured by Fesefeldt,
Fischer and Martienssen at o

The o

temperature dependences are

various temperatures.

in qualitative agreement with 7

0.2eV

_O.4eV

0.3eV

X RbBr (Fesefeldt)
® KI (Fesefeldt)
© KI (Martienssen)

the curve of Fig. 5, show-
ing a tendency of bending
downward from the linear
curves HocT (extrapolated

1
100°K

1
200°K

300°K

1 1
400°K 500°K

T —

Fig. 8. The observed half-value widths H of the first peaks of Rb
Br and KI at various temperatures (after Fesefeldt and Martienssen).

* Fischer carried out the experiments on KI containing varions amounts of KF. Here we confine our-
selves to his specimens containing 10 mole % KEF, because his date are most detailed for these, and in addl—
tion, the absorption curves seem to be almost the same as in pure KI specimens.
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from room temperature values), at high temperatures- where the absorption bands are,
in fact, Gaussian. The reason for the discrepancy between Fesefeldt’s and Martienssen’s
data is not clear, but it might be due to some kinds of crystal imperfections contained
in the former experiment.

(i) We now proceed to somewhat detailed analysis of Fischer’s data on KI. The
tesults of analysis of the first absorption peak ate shown in Tab. 1 and Fig. 9. In the
first column of Tab. 1, the specimens are arranged in the order of increasing imperfec-
tions. We can take the peak shift as a measure for the imperfection density because
of (7:13), (7-20) and (7-21) (all of these quantities are proportional to T in the
case of temperature variation), though the proportionality constant in the region L is
different from that in the region G. In the last column the area defined by const.X
(peak height) X (half-value width) are shown. In the L region, the constant is taken
to be /7w In2 times of that in the G region (compare (4-7) and (5:6)).

In the Lorentzian region, H, .97, » and shift are expected to be proportional to
each other according to (iv) of §7. This relation is approximately satisfied for the
specimens (f), (e) and (d), as is seen from Fig. 9. Making use of the values of H
for (f) and (e), the area for the ideal crystal (which means that H=0, and is physical-
ly not attainable because of zero-point vibration) is extrapolated to be 0.150. For the
specimen (e), therefore, we have -
7= (0.198 — 0.150) /0.150 = 03|
0.32, while o= —0.08. Sub-
stituting these in (7-14) and

(7-15) we have p=—0.45, 02r X
and further comparing (7-12) /
X

] area
2t
~0.4

with the experimental value
for (e), we get b=0.40 eV. 0.1r
The peak shift between (f)

and (e) is estimated, by (7- 0.1V 02eV 03¢V 04eV

13), to be d=-+0.012 ev 8V —===x ‘ JTa
whereas the observed value is 5.8¢V I \T ’
4= —0.004 eV. This discte-

pancy ‘would be mainly due to ‘ o specimen (f)

N4
-0.2 4

/ 1-
/—r —-0.3 4 I

—-0.1 4

the interband effect (7-20), 57eVi| Peak  x » (€

which is certainly negative for ' t » (@)

the first exciton band. a L)
In the Gaussian region,  95-6eV | ’

A y @

the peak separation is rather .
poor, and we have analysed
the absorption curve only on  55eV[

the low energy side ; the values

of H for (b) an-d (2) were Fig. 9 The area, the asymmetry ¥ and the peak position
obtained by assuming the sym- as functions of the half-value width H (see Table 1).
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metry of the curve, though this is rather doubtful. The saturating or decreasing tendency
of H, as the imperfection increases, is, however, well established from this data, and this
is in accordance with the theoretical result (7-22). The second exciton peak of KI is
separatzd from the first peak by 6~0.5 eV. We can write the shift of the first peak
as 4'=—vD?/0 in view of (7-21) and (5-4), where ¥(>0) is a dimensionless quantity
of the order unity. Consequently we get H~2(D*—4"%)'P=2{— (8/v)4' —4* ' and
the maximum of H is to be realized at 4'(m)=—0J/2v with H(m)=0/v. From Fig.
9 we estimate H(m)~0.47 eV and 4'(m) ~—0.20 eV, though with some ambiguity.
The relation H(m) = —24'(m) is approximately satisfied. On the other hand we have
D(m) =H(m)/}/2 ~0.33 eV, and according to (7-11), s(m)~>5, the result which is
consistent with our assumption that this neighbourhood is well in the region G.

(iii). Let us now compare the observed and calculated half-value widths. According
to Martienssen’s data, the first peak of KI shifts to low energy side by 0.10 eV and
the halfvalue width increases by 0.10 eV as the temperature is raised from 155°K to
293°K. According to Fischer’s experimént (Tab. 1), th= ratio of the peak shift to the
increment of H is 1/12 for (f) —(e) and 1/6 for (f) —(d). Thus the most part
(~0.09 eV) of the temperature shift of the peak is consideted to be due to thermal
expansion, the remaining part (~0.01 eV) being due to the dynamical lattice vibrations
(self-energy). Making use of thermal expansion coefficient (linear) 0.4-107* deg™, we
estimate the deformation potential: E;=—0.09 eV/(3X0.4X 107X 138) =—5.4 eV,
C=—(3/2) XE,=8.1 eV. If we take the effective mass approximation, this C cot-
responds to C,—C,, bzcause the exciton energy band shifts by E,,J—E, 4 when the
conduction band shifts by E .4 as a whole and the valence band by E,d (Here 4
means the dilation).

In this connection it is to be noted that Kawamura™ has calculated the deformation
potential for the conduction band of KCl crystal by the cellular method with result
E,=—5.4 V. It would presumably be smaller for KI crystal. On the other hand,
E,v would be of the order of +Me*/3a=2.4 eV for KI (M: Madelung constant, a:
lattice constant) because each of valence band electrons is considered to be fairly localized
on a halogen ion. Thus the value E;=—5.4 eV can be reasonably explained.

Comparing (7-12), (7-11) and (7-8) with Martienssen’s data H=0.20eV at
T=293°K, and inserting C=8.1 eV, Mu’/v,=c;=0.25-10" dyne cm?® (we follow the
procedure due to Bardeen and Shockley' in evaluating ¢, ; as for the elastic constants
see ref. (29)), 6=0.40 eV and p= —0.45, we get »/w,=0.62. This means that the
radius of the exciton is slightly larger than the lattice constant, which seems plausible
in the case of alkali-halides.

According to (7-8), the low temperature value of H should be (6#,/T) times the
value at a high temperature T (still in the L region). Comparing Fischer’s data H=
0.067 eV (the specimen (f) at 20°K) with Martienssen’s data at T=293°K stated
above, we get 6,=99°K. On the other hand, the Debye temperature &,=hbuw,/x is
estimatzd to be 190°K. Now, 6, must be smaller than #,/2 according to the general
theory. If we use (7-9) 6, is estimated to be 40°K.  Although this estimation has
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only qualitative meaning, the observed H at 20°K seems too large to be explained by
the zero-point lattice vibration alone. This. discrepancy is presumably due to a small
amount of imperfections frozen in, in an inevitable way, on cooling the crystal, the
fractional contribution of which is larger for lower temperatures. 'We must also add that,
of Fischer’s data, we are analysing only those specimens which contains 10 mol 2 of
KF.

(iv) In the above, we have neglected the interband effect (except in the Gaussian

case). This effect is presumably not small, as is pointed out in (ii) in connection with

.gthe peak shift, and cons:quantly the estimated values of b and p are of only qualitative
meaning. Moreover, the true width of the energy band might be larger than b, because
the latter is the width of that part of the energy band which is connected with the
point K=0 through the transition coefficient 3(K) of appreciable magnitude. 5 may
be much smaller than the true width of the energy band if the exciton radius is large,
while they do not differ very much for the case of alkali-halides.

On the other hand, the band bottom &, is estimated; according to (ii), to lie
(1—p)6/2=0.29 eV below &,. This is consistent with the obsetrved value 0.32 eV
for the energy difference between the first peak and the B-absorption peak.’® The latter
corresponds to the creation of an exciton which is trapped in the neighbourhood of the
F-center, and the required energy must be smaller than &, by a trapping energy.

Here we should like to refer also to Howland’s™ calculation on the energy band
structure of KCl, according to which the valence band is fairly narrow (~1 eV) and
the uppermost branch has a maximum on a (011) direction nearly midway between the
center and ths edge of the first Brillouin zone. Making usz of his result, and assuming
that the bottom of the conduction band is at K=0 with effective mass equal to the
truz electron mass, the procedure described in (2-2) ~(2-9) leads to an exciton energy
band which is fairly narrow and whose bottom is coincident with the top of the valence
band in K-space. The situation would be qualitatively the same for KI (apart from the
large spin-orbit splitting of the valence band®). This rather speculative consideration is
consistent with the result of the above analysis.

(v) According to Martienssen,”™ the first exciton peak of CsI is followed by the
second and third peaks with  rather small gaps, and shows, at the same time, a strong
asymmetry (-%=—0.23 even at 20°K; compare with the specimen (f) of KI in Tab.
(1). It is very probable that this strong asymmetry is largely due to the interband
effect. In the data of Philipp and Taft,™ the temperature dependence of the separation
between the first peak and the other two peaks is well expressed by the formula a+7T
where @=10.21 ¢V and y=6.4-10"" eV/K°. These values of % and 7 are reasonably
explained by (6-6) and (7-20) if we assume that the inferband exciton-lattice coupling
constant is as large as the intraband one.

(vi) In Cu,O crystal, three hydrogenlike series of absorption lines are observed,™ *
which are interpreted by Gross and Nikitine to be due to excitons. BEach line has a
very small width H, of the order of 10~ eV at most.”™® This might be partly due to
the large radius™ of the exciton which makes (#®/w,)® of (7-8) faitly small, and partly
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due to the smallness of C itself (note that Hoc C?). In fact, the temperature shifts
of the series limits™ are as small as one tenth of that of the first peak in KI, thus
leading to a small deformation potential.

(vii) In the case of an X-ray exciton, the hole corresponds to the innermost shell
of an atom, and the effective mass m, is very large. In this case, the dipole-dipole
interaction of the Heller-Marcus®™ type might be more important in determining the
effective mass m* of the exciton; nevertheless m* would be large unless the oscillator
strength for the transition is as latge as ~1. Thus we expect that the absorption peak
corresponding to an X-ray exciton is of a Gaussian type for any temperature.

The experimental data for KCl due to Kiyono,™ as well as that due to Trischka™
seem to support this conclusion, as has also been noted by Parratt and Jossem,’” although
a quantitative analysis of the line shape is rather difficult in the present stage of X-ray
spectroscopy. The observed half-value widths (2~3 eV), on the other hand, seem to
be too large to be explained by the exciton lattice interaction alone.

In conclusion, the author would like to express his sincete thanks to Profs. T.
Matsubara, K. Tomita and R. Kubo for stimulating discussions, and to Prof. S. Kiyono
for various information on the experimental works. He is also greatly indebted to Dr.
F. Fischer, the University of Gottingen, for kindly sending him detailed experimental
data which have bezen quite stimulus and useful.
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