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Theory of Low-Energy Electron Diffraction

I. Application of the Cellular Method to Monatomic Layers
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A method for calculating the intensities of diffracted waves in low energy electron diffraction by
crystals is proposed. The elastic multiple scattering is fully taken into account. The cellular method
of Korx and Rostoxer in the band theory of metals is applied to the integral equation of the scat-
tering by two dimensional lattices, particularly by monatomic layers. The solution is expanded in
spherical harmonics on the surface of spheres, within which the atomic potential is assumed to be

confined.

The dynamical theory of electron diffraction by
Berue! is based on the representation of electron
waves in crystals as a superposition of BLocu waves.
If it is applied to low-energy electrons, however, the
strong interaction between the electrons and the
crystal atoms causes bad convergence in the expan-
sion of the BLocu waves in plane waves.

In the band theory of metals, which is concerned
also with the motion of slow electrons in a periodic
field, the so-called cellular method (or Greex’s func-
tion method) has been developed (Korringa 2, Konx
and Rostoker®, Morse?, Ham and SecarL’), in
which the above difficulty is avoided by expanding
the Brocu waves in spherical harmonics instead of
plane waves. This can be realized conveniently by
using the so-called “muffin tin” model (Ham and
Secar?®). The crystal is divided into separate spheri-
cal regions, in each of which an atom is represented
by a spherically symmetric potential, In the space
between the spherical regions the potential is as-
sumed to be constant. The summation over the
plane-wave components is then absorbed in the cal-
culation of the Greex’s function. The difficulty of
convergence is successfully overcome by means of
Ewawp’s d-transformation method . The expansion
of the wave function in spherical harmonics has
proved to be rapidly convergent owing to the well-
known fact, that the partial-wave method for the
scattering by single atoms is rapidly convergent for
slow electrons.
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In the present theory the same technique is ap-
plied to the problems of low-energy electron dif-
fraction. If we wanted, we could follow BEtHE ! and
calculate Brocu functions by applying the above
method. However, it appears to be more reasonable
to apply the method directly to the integral equation
of scattering by crystals?. This integral equation
has a form somewhat different from that of Brocu
functions 3. The direct application appears to be
particularly advantageous if the atoms build up only
one or two layers, or if the surface is not flat but
has steps. In fact, in these cases Berue's method ?
would be hardly applicable.

The method is at first applied to flat monatomic
layers as the simplest case. It will be extended in
Part Il to multi-layers. The scattering problem by
monatomic layers has been treated by von Lave®
who has used the first Bory approximation. McRag ?
has developed a more exact calculation using the
distorted wave method. The present calculation is
the most exact one, as far as we admit the muffin
tin model. Quite recently McRax !° has developed a
theory based on the multiple-scattering approach by
Lax 1%, This theory is essentially equivalent to the
present one, although the apparent formulations are
considerably different. In fact, the two theories have
proved to render completely identical results for
s-wave scalterers,

7 K. Kaueg, Z. Naturforschg. 22a [1967]. in press; this paper
will be referred to as GL

8 M. vox Lave, Phys. Rev. 37, 33 [1931].
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11 M. Lax, Rev. Mod. Phys. 23, 287 [1951] ; Phys. Rev. 85,
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§ 1. Scattering by Monatomic Layers

The atoms are assumed to be confined in spheres
within which the spherically symmetric potential is
given. The solution of the ScurépiNGER equation 12

[V24+#2—F(r)] w(r)=0 (1)

within the sphere is assumed to be already obtained
for a given value of % by the usual method of par-
tial waves. We put

*F(f) =1}')(rs ﬁy (P} = ?; Clm R!(r] Yfm ("-l)s (P) s [2)

where Y, are spherical harmonics (Koun—Rosto-
KER 3)

Y!m (ﬁ$ 'P) =

2141 _(_f;|ﬂ|]_1jé.P£[mj(cos 9) eimw
(3)

L da (+|mh!
The radial function R;(r) should be calculated for
each kind of atom.

If the values of 4 (r) on the surface of the
sphere [in other words, the values of Cj, in (2)]
were given, then, putting r=r; (r;: radius of the
sphere), we could obtain at once the radial gradient
of ¥ on the surface as

2 1 dR;
(32)_ =S cm(®B)_ Ym@e). @
or fr=r; im dr Jr=r,
Since ¥, (¥, @) build up an ortho-normal system,
it follows

37{’ o {de'rd")r=rg
o). =& S abe) 5)

2= T
Jde” [sin® a9 Y, (¢, ) w(ri, &, ¢").
o i

Thus the solution inside the sphere determines
the relation between v and 3iy/3r on the surface.
This relation should be regarded as the boundary
condition for the solution outside the sphere, be-
cause the latter should have the same values of
and 31/3r on the surface.

The space outside the spheres is assumed to be
vacuum, the potential being zero. The ScHRGDINGER
equation reduces in this range to the HerLmnorrz
equation

Vi +xy=0. (6)

12 The symbols are, as far as possible, same as those of Kony
and Rostoxer 3, with the only exception that we use for the
reciprocal-lattice vectors the symbol By [see (21)] in-
stead of K, , since the latter is reserved for wave vectors
in vacuum,
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The spheres are considered to build up a regular
two-dimensional array which is extended to infinity
in two directions. We imagine two “surfaces” of
this monatomic layer taking two planes parallel to
the layer in such a way that they lie totally in va-
cuum (Fig.1). Then we divide the “layer”, the
space between the surfaces, in two-dimensional
“cells” putting “walls” perpendicular to the two
surfaces in such a way that they lie just half-way
between the nearest-neighbour atoms (Fig. 1). This
is done in a similar way as in the cellular method
of the band theory?, but only in two-dimensions.
We assume that each of the equivalent cells contains
only one atom.

kg, primary wave

upper surface

lower surface

A

(front view)

Z-axis

A

Fig. 1. Monatomic layer; an example of (111) surface atoms
of a cubic crystal.

We want now to calculate the scattering of a
plane wave with the wave vector Ky (| K, |=#) fal-
ling on the upper surface of the layer (Fig.1).
Thus, the problem is only a particular case of GI7,
so that we can apply the results obtained there to
our problem, The choice of our cell instead of the
usual two-dimensional unit cell in GI has no in-
fluence on the application.

According to GI 7 the solution should have a peri-
odic property

W(r+ @) =exp{i Ko @, f w(r), (7)
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where Ky is the component of K, tangential to the
surface, and @,; =n, @, +n, @, is an arbitrary two-
dimensional lattice vector, @; and @, being the basis
vectors. The form (7) indicates that the scattered
waves in the upper and lower vacuum are sets of
discrete plane waves. The solution inside the layer
must be found only in one arbitrarily chosen cell.
The solution in other cells follows then by (7).

§ 2. Integral Equation

According to GI7 the solution in the cell should
satisfy the integral equation

w(r)=pO(r) + [C(r, ) V() p(r)dd, (8)
cell

where 1% (1) is the primary wave
y@(r) =exp{i Ky 1}, (9)
and G(r, ') is Greex’s function, which satisfies
ViG(r,r) +26(r.r) =d(r—7) (10)
and the same boundary conditions as the function
w(r) —yp@(r) [not w(r)!] The explicit form of
G(r,r’) will be given in § 4.

Since we assume that ' (1) = 0 outside the sphere,
the integral range of (8) can be reduced to the vol-
ume of the sphere. If the point 7 lies outside the
sphere, we obtain, on applying (1), (10) and
Greex’s theorem (Morse—Fesusacu 13, p. 803)

ferr) Vi) pr) d

sphere

=[G(r, ) (V7 +2) p(r) d

=[G, ) Viw() —w(@) ViG(r,r)]d

—ilemrr) a:i () —p(r) 2 G |as,
(11)
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The last integral should be taken on the surface of
the sphere. We have then from (8)

v =y + [ (6 % —wF)ds a2

sphere

if the point r lies inside the cell but outside the
sphere. This equation should be satisfied also in the
limit that the point 7 approaches the surface of the
sphere, giving an inhomogeneous integral equation
in two dimensions. Strictly speaking, this is a linear
functional equation, since 3vy/3r’ is a functional of
y according to (5).

If we have found the solution of (12) on the
sphere, the same equation gives the values of # in
the whole cell outside the sphere. From these values
we can easily find the amplitudes of scattered waves
going out from the layer.

§ 3. Expansion in Spherical Harmonics

Since the integral in Eq. (12) is taken on the
sphere, it is advantageous to expand (12) in spheri-
cal harmonics. The origin of polar coordinates is
taken at the center of the sphere and the polar axis
(z-axis) is taken downwards perpendicular to the
surfaces (Fig. 1).

From (9) and the well-known expansion formula
of plane waves [Koux—Rostoker? Eq. (A 2.b)] we
have

1{)(0) (r) =4dn ,.\_- i{ Y&”rfa (0.50 ] r?'—"Kn) J;t'(‘v‘ r) Yhn (’91 rfn) ]
Im
(13)

where j(#r) are spherical Besser functions and
#(=|K,|), O%,» @k, are the polar coordinates of
the vector K.

Following the same procedure as in Kon~ and Rostoker ? we find also in our case that G(r, ") should

have the form (note that v’ <r)

G(r: r’} = .!.\_‘ z)[éi.ﬁ' amm‘ “z ni(z f'] }T!(X T’) 4 Atmi'm' j!(z T) .il’(x F!}_] Y.fm (ﬁa ‘}”) Yf"nl" (ﬁ!v rp’} ] (14')

m I'm

where Ay, are “structure constants’ which will be calculated in § 4. n; are spherical Nevmasy functions.
Inserting (2), (13), and (14) into (12), and putting r=r;, we obtain

=1
ﬁfﬂ’i = Xa’m + i;,aa’m-!’m' Xirm‘ ’
ki3

where

Xim = Ct’m R;[T;} ’ ﬂ{m =4 i? Y;m {!?f\-u ] r/')f\'n) jf(x ri] 3

(15)

(16), (17)

13 P, M. Morse and H. Fesusacn, Methods of Theoretical Physics, 2 Vols., McGraw-Hill, New York 1953.



THEORY OF LOW-ENERGY ELECTRON DIFFRACTION 325

and G t'm =T 00 Ot 2y (e 13) Ji( 1) + Ay Ji (e 70) Jy (2275) ]
1 djp 1 (dsz ) 18
A [ jlf(?" fi] ( dr ,Jr=n Ry (F'I] dr T=r ’ ( ]
We can write, introducing the phase shift 3, (Koun—Rosroker ?, Morse—Fesusacu 13, p. 1068),
o > t ’ ) ;
XUm'm’ = [a.{.!' amm' n; [’3 ri) +# 4 Alm I'm" Jt (:"f ri) ] s =l (19) 150

Jie (% ri) —np (2 1) tan np '

Eq. (15) is an infinite system. However, the function (dR,/dr)/R; should approach (dj;/dr)/j; rapidly,
in other words, 7j; should decrease rapidly to zero with increasing [, if the energy of the incident electron
is not very large and the atoms are not very heavy. Accordingly the quantity a;, ., should approach zero
rapidly with the increase of I'. We expect then that the system (15) can be solved sufficiently accurately
by taking only a limited number of unknowns X}, into account.

§ 4. Calculation of the Structure Constants

To obtain the structure constants Ay, ., according to (14) we should known the explicit form of
Green’s function. We find in GI7 the expression

Gry=123Y 1 explil,|z-2|+iK, - (r,—1))} (20)
A o ZE Pp
where 7. (1) and z(z") are the tangential and normal components of T(1) with respect to the surfaces,
and

K, =Ky +B, where B, =p;Bi+p:Bs, (21), (22)
p representing a pair of integers p; and p,. Bj; and Bs; are the reciprocal basis vectors which satisfy
Bia;=2ad;(i,j=1,2). (23)

I, is given by
Ty= V2= |EuP if 2>|Knlfy, Tp= +iV|Kuff—o® if 2<|Kult. (24)

We assume that 1", &= 0 for all values of p (cf. GI7). 4 is the area of the two-dimensional unit cell and
equal to the area of the cross-section of our cell.

The expression (20) is valid only for z=2z". It can be modified, in order to include the case z =2z, to
the form

cR) - -, L (3] ;exp{axm-;:}wfigi}éexp |+ (ree- 2| &
@
~ i (7)) et Racw) ] e [ g (Reaite= 7)o
ko5 frree -3 s 2]
Vw
where R=r-7, R=|R|, Ri=r-r/, Z=z-:. (26)

The integrals are contour integrals. @ is an arbitrary complex number satisfying the condition Jte(w) >0,
le|< 0. We choose here @ to be real (w>0). ¢, is given by

pp=m—2arg I, (27)

and equal to 7 or 0 according as I',>>0 or I',;2< 0 according to (24).

132 We assume, for all I, By (ri) =const (jz (% r;) —ni (2 ) tan y) == 0.
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It is advantageous to expand the Greex’s function in the form (Konx—Rostoker 3)

G(R) = — "R & X Dy ji(#R) Yiu(6, 9), (28)

where R, 6. @ are the polar coordinates of R. The structure constants 4;,,, can be derived from Dy as

Amrtm=4= e i e Dy, it Cr,m —m s lmlm s (29)
L

where Coststmiym = | dp [sin® dd Yry(9, @) ¥ i (9, 9) Yoo (9, ), (30)
] 0

and |l | 2 LB 14T, (31)

The two series appearing in (25) are uniformly convergent with respect to R so that they can be term-
wise integrated when we calculate D“; from [Ham and Secart ?, Egs. (7.7) — (7.10) ]

4

Dru=T cos(x R)
pu=lim m(/m ‘a@ [bm@d@yw (6,9) [¢(R)+ 3% ] (32)
Following Ham and SkcaLL ® we write D=0 + 850 + D3 850 (33)
b i . (I ivl 1 74 ;
whers D 2,1,4(2 ) < 2T TRy TP &), el
2 1 [ \B leml$0 : : 1 :
Dite=— s (;) 2 exp{—iKu @ lim - o I, (R),  (35)
and
D3 — 1 _ﬂ;g__[cos(x R 1 fa= )& F—% ex [ 1. 2:_5‘*’)1 _}-l
W T | Ani B (2 [ P T (R 5] 9 |- (36)
1w
Here we have introduced the expressions
2 Fd o exp {igy) -
I8, (R) = [0 [ <in @ dO Y5y (6, D) exp {i KRy} J:—éexp |f 1 (r;: . ‘)} & (37)
A - .
and
I (R) = [ 4 [4n© 46 ¥y (6, frrew (=) (Reaule- ). o)
l}. 1]' e et

In (37) and (38) the exponential decrease of the integrand for the integration over [ guarantees that
the order of integration can be inverted.
In the Appendix 1 it is shown that if L—|M | is odd

D(l} _ (39)
and if L—!M| is even
£ ) W ! Ll 1 [MD! (L—|MNN3
Dy =~ 5 [(QL+D)(L+|MD! (L-|M])!]
(L= * n—
x NMexp(—iMqg,) b (Kptf) E—2n (Tp/) 201 (40)

= nlBL—|M|—2n)] [(L+|M|—2n)]!
xf({l—2n [2, em®al,2x®),
where K, and g, are the polar coordinates of K,;, which is always perpendicular to the z-axis, and
a=x>w/2. (41)
Examples of DY} given by (40) for L=0, 1, 2 are tabulated at the end of the paper.
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The incomplete gamma functions I'((1 — 2n)/2,e~ " a I",2/#*) can be derived successively for n=1,2,...
by the recurrence formula (ErpErvi' Vol. 2, p. 134)

bI'(b,x) =I'(b+1,2) —2b e = (42)
from the value for n=0,
%
ko) = (Vn—2je_"dt) if argz=0 (43)
0
- V-z
or I'd,a)= (Va+2i[ef i) if argr=—x. (44)
i

The error integrals can be taken from tables or evaluated directly by numerical quadrature (cf. Appendix 2).
In (38) we apply the expansions formula of plana waves [cf. Eq. (13)]

exp{—{a, R} —exp{i(i{a,) R} =4n§f jr(iCawR) Yiy (Fanes Pan) Yiu(O, P),  (45)

where a,;, 7, (=a/2), @a, are the polar coordinates of @,; .
We obtain from (38) and (35), if L—|M| is odd,

D(Lz{f :05 (463)
and if L — | M| is even
Y, =— 2% _CNEENEIR 2L4+1) (L—|M])I(L+| M|}
A )![( ) (L= M) UL+ M1
. 8 2
ap 40 _ T T
X >_. exp{_l(Kﬂt'ant‘i‘fM [Funt)} {x“ut} ) J L T exp |IL— II" '_J dh‘.. (4‘6 h)
n

i
The integral can be evaluated without difficulty by numerical quadrature (cf. Appendix 2).

To calculate DY we expand the integral of (36) in a series of incomplete gamma functions as (A 1).
These can be expressed as a sum of a gamma function and a power series of their argument [ErpELvi
et al. " Vol. 2, p. 135, Eq. (5)]. We find that the first gamma function cancels —cos(*R)/(4aR) in
(36). The first terms of the power series are independent of R and give (cf. Morse * and Ham and SecaLw %)

# Q—oa an—%

D=~ o Bl s
This can be modified to the form (ErpErvi et al. 14, Vol. 2, p. 133 ff.)
Va
DR =~ Zir(~},eva)=— % [2 je" di— = (48)
0

(cf. Appendix 2).
§ 5. Amplitudes of Scattered Waves

To obtain the amplitudes of the waves coming out from the layer we need the values of the solution on
the surfaces. These are given by (12) where the point r lies either on the upper surface or on the lower
surface. Since always |z —z" =0 in these cases, the expression (20) becomes significant (cf. GI 7). It can
be put in (12) and termwise integrated. We obtain on the upper surface z =z

0) 1 1 : ;
p(ry, 2z = ?.‘"'“'q(rls z1) + 4 ;E, 2i T, exp { —1 Fp ZI‘{‘le’rt}
P J exp{il,z —iK, 1’} 21:) _— ;‘;f exp{il, z'—in,,,'r,_'}st’, (49)

14 A ErpEvyi et al., Higher Transcendental Functions, 3 Vols., McGraw-Hill, New York 1953.
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and on the lower surface z=zp

‘o . 1 y
p(rgzn) =, zg) + v 4 S
7 »

It follows obviously that, if I', is real,

1 5 P ot
Rﬁ_'stpA,YFxP{tf}~-'me 'y

exp{t Iz +i Ky 1)

.

ar

’

;t'fj — 1 e exp {F Fp Z’ — i Kﬁt i ft’} ] d.':"
7

=
or

are the amplitudes of the “reflected” waves coming out from the upper surface, and

1 = ’ a P ) 3 % ’ p ¢
Tp=0,+ 2iT, 4 Hexp{-—zfpz —i K H 2 A exp{ —ilys —i K, 1}

or

% ”exp{ i s i Kp ¥} - —wp acr exp{—il'ﬂz’—iKM'rL'}}ds'. (50)

(51)

ds” (52)

are the amplitudes of the “transmitted”” waves coming out from the lower surface. On expanding again

the plane waves in spherical harmonics we obtain

exp { iirﬂz’_iKﬁt'rt’} =4 ?_‘. [ i')ij{x .i",) Y!m( + ﬁf\'p . q—'f\'p) YF-:H. (1(}’1 q"’)‘.‘
Im

(53)

where =(=|K,|), ?x,, ¥k, are the polar coordinates of the vector K, , which has the tangential com-
ponent K,; and the normal component I', . From (24) K, has always the magnitude ». Putting (53) into

(51) and (52) we get

dR;

Qar VU - g 1
Ry= 2L 2 (=) jileer; [ £
= i HET

and

2ard N % 1
To=8ui g St Mo —3 (xr; [
bl 0 frp 49 ) ,’.f. i) Rf

dzi,:
dr Jiodr

djr N . |
] 1 = Yhu( e *‘J!\'ps (rh-p] -Xi'm

jiodr lr=ri 'm

_ L di

N i
i l’hﬂ{’?ﬁp s I;pf\'p} h!m .

r=r; M

(54)

(55)

We note that the exact positions of the surfaces and the walls do not influence these results at all. We note
also that we need here, as for (15), only those X;,,’s for which the difference between (dR,/dr)/R; and

(dj;/dr)/j; is appreciable.

§ 6. s-Wave Scatterers

As a particular case we consider s-wave scatterers.
This case has been investigated in detail by Mc
Rag 1% 15, For s-wave scatterers all phase shifts #;
vanish except %, . This can be realized if the atom
potential is a delta function. The choice of the atom
radius r; is then quite arbitrary so long as the atom-
ic spheres do not overlap.

The coefficients ay, ;" given by (18) reduce to

Limi'm = ra'g 51'0 5:»‘0 [(SIU 5»10 “ny );l] + Ai‘m‘)ﬂ );t' f{l] €0,

(56)

where for brevity the argument xr; of spherical
Bessern functions is omitted, and

1 dj, 1 an) =
e = : ’ 7)
fo (j,, a7 B g by (5%]

15 We appreciate very much that Dr. E. G. McRag (Bell Tele-
phone Lab.) has given us an insight into this work before
publication.

or in accordance with Eq. (19)

1 tan ¥,

£ = =
07 w2, jo— g tan 7

The relation (56) gives particularly

el : .
o000 = Ti" Jo €0 (% ng + Aggao Jo) -

We obtain from Eqgs. (29) — (31)
Agogo = V47 Doy ,

f 1|- X — B ﬁDU :
o 15 . 1+agg00
from (17) Boa= V4 jg,

and from (54) and (55)

Ry= — VI8 o o Kou
» s 0Jo Yoo
Tomiblyg— YA 5 Koo
p p0 ild 0Jo oo
We find easily that
- 2x tan #,
=

ilpA x+ydaDygtang,’

Tﬂ = (5_,_,.[] + R,, "

(58)

(59)

(60)
(61)

(62)

(63)

(64)

(65)
(66)
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We see that these quantities are independent of the
choice of the atom radius r;. The equality of R, and
T, for p=0 follows from the isotropy of s-wave
scattering.

A comparison of the above formulae with Mc
Rae’s ones 'Y shows that both are completely identi-
cal. The quantity S’(0,0) in his theory corresponds
to — (i #+ V4@ Dy,) in our expression.

§ 7. Discussion

We see that most part of the numerical work will
be required for the calculation of the structure con-
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stants. We expect however that the series (40) and
(46) can be made satisfactorily rapidly convergent
by choosing a suitable value of a, and that only a
small number of constants a,;, ' needs to be cal-
culated owing to the rapid approach of (dR,/dr)/R;
to (dj,/dr)/j; as mentioned in § 3.

It is to be noted that the system (15) is inhomo-
geneous, so that solution of this system causes no
essential difficulty once we have the values of K;(r;),
(dR;ﬁdF) r=rys and Alm I'm' =

The author wishes to thank Prof. Dr.
for his encouragement to this work.

K. Mouikre

Appendix 1. Calculation of the Integral (37)

The (-integration in (37) can be expanded into a power series of Z2 as

0 expligp)

J..*éexp{ (anfu-—‘ 2:2)}(1': :,nl' (—

..)n (E—:u' I;ps )n—% T(; R f; sz)_ (A1)

We put (A1) into (37) and express R; and Z by the polar coordinates. Then integration by @ gives

(Morse—Fesusacu 1, Vol. 2, p. 1371)

24

[dD exp{ —iM D +i K, R sin O cos (g,
0

Integration by @ has then the form

fsin O dO P M (cos O) Iy (
0

where the factor (cos @)2"
is odd. Thus

19, (R) =
It L-

— D)} =2aiMexp{—iMaeg,} (-

for all p if L

K, Rsin®). (A2)

— K, R sin O) (cos @) 2" (A 3)

comes from Z* of (A1). We find at once that the integral vanishes if L —| M |

—|M| is odd. (A4)

|M| is even we expand the Besser function in (A 3) into a power series of its argument and find,

after termwise integration, that the lowest power of R is R*~*". Hence the lowest power of R in I}Q;,(R)
is RZ. The summation over n coming from (A 1) must be taken only from O to (L —|M|)/2 because the
higher terms give higher powers of R than RL. Observing that (Morse-Fesueacu?, Vol. 2, p. 1573)

(%R SLHL(L41)! o pri E
ju(z ]}fjﬂ TYEEY (#R)E, (A5)
we find that, for L —| M | even,
o B 1 [a\d b (2L+2)! M| =
Diy = — 2‘{;{—1'4'(-2') < SLF(LF1) ! #E RE Niy2ai™exp{—iMopg,}
b (L—Iif.‘.'-’? ] '(— Be—‘n(e""" Ei'?-)ﬂ_‘g T(—]— —n, e Lot w)
=y ol 2 ) 2 2 ’ 2 (A6)
8 | (_ Kot R\L—2n 1L~ M| —2n)
. 2 L 2Ena—lmphr )7 :
2Ny’

i ( —|'|a1r —Zn) (L+|'H"
2

) (2L)!
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where Ny is the normalizing factor of spherical harmonics (3)

= [2EAL (L | MDY 7
"IVL.-\{_ 47 (L"||M|)T] s (Af)

It follows then (40).

Appendix 2. Evaluation of the Integrals

The integrals in Eqs. (43), (44), (46b) and (48) can be derived from the complex error function
with a complex argument

() —exp L —2V L @iV dFexp {2y di] (A8)

which is tabulated 16,
We find at once from Eqs. (43) and (44)

I'(1/2,2) =Va e *w(V|z|exp{i(argz+a)/2}), (A9)
and from (48)
DR == file—w(Va)] - -] (A10)

The integral in Eq. (46 b),

In=Jut exp{u—[#a,(4u)]} du (A11)
i

satisfies a recurrence formula
(#au/2)? I 1=[(2L+1) /2] I -1 _1+a """ exp{a— [ an?/(42) ]} (A12)
which can be derived easily by partial integration. One starts from L =0, where [/, and /_; can be ex-

pressed by means of w(z) as
Iy= V«‘T(x:”t) ! expia—[2a,2(42)]} Re{w(Va+i[2au/(2V2)])} (A13)

and

I =Vaexp{a— [ an/ (42)]} 3m {w(Va+ilxan/ 2 Va) ] }. (A14)

We can derive these formulae from Eq. (A11) following Ewarp’s analysis (EwaLp %, Anhang) and using
the properties of w(z) 6

Dy =— | XiZI@ealy
t P n
DY =0
o _ 1 6Kﬂt 2.2
D-l.-].—_' Az EXP{"'”fﬁp}V F[i‘ £ “afpfx)
: 7
1 N ],"‘_ Kptg (1 ! Fpg i 1”?9 o 1 . F-pe\
Bl e, L - P Sl v Ui -7 B! R (I P SN I T
oW == g &¥5 [x}_},‘p 2 ’“““zﬁ)' p 1(_ 2 '° ”zz,]
DL, =0
o 1 o il P " I.r'J]_S_ Kpl.2 1 a3 F‘ﬂz'
Dyl =— P .F.CXP{"‘MQ-’AP}(—; 1 2)221,1)!“ g © wig L2 )

Table. Structure constants DY} for L=0, 1, 2

16 V. N. Faooeeva and N, M. Terest'ev, Tables of Values of the Function 1w (z) =exp { —2z2}[14+ (2 i/ Va) fbexp {e2} de] for
]

Complex Argument, Pergamon Press, New York 1961. — B. D). Frien and 8 D. Contg, The Plasma Dispersion Function,
Academic Press, New York 1961. — M. Asramowrrz and I. E. Stecvx, Handbook of Mathematical Functions, Dover Publi-
cation, New York 1965.



