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A phenomenological theory of the magnetic and magnetoelectric properties of boracites is
developed, using the Landau-Dzialoshinskii approach. An interpretation is proposed for the main
distinctive features characterizing eleven members of this family of compounds, namely the symme-
try changes, the magnetic and magnetoelectric anomalies, the nature of the order parameter, and its
relationship with the relevant macroscopic components arising below 7,. Three subclasses of ma-
terials are distinguished corresponding to two essentially different physical situations. In Ni-I bora-
cite the simultaneous ferromagnetic-ferroelectric-ferroelastic transition is shown to result from a
nonlinear (improper) coupling of the magnetization, polarization, and strain components, to the pri-
mary order parameter identified as a “latent” antiferromagnetic ordering. The assumed monoclinic
magnetic structure is formed by antiparallel noncompensating average spins of different magnitude,
which differs from the usual ferrimagnetic order by the fact that only one type of magnetic ion is in-
volved, which is found in equivalent positions in the cubic paramagnetic phase. Accordingly, Ni-I
can be viewed as the first experimental example of a new class of magnetic materials, which should
be recognized macroscopically by an M ~ (T, — T)*/? variation law, the existence of a spontaneous
structural ordering occurring simultaneously with the magnetic ordering, and a weak value of the
magnetization despite its exchange origin. In the two other classes of trigonal and orthorhombic
boracites, the transitions are assumed to be purely magnetic, the order parameter having a one- or
two-dimensional antiferromagnetic order, bilinearly coupled to a weak magnetization of relativistic
origin. The dielectric and elastic anomalies as well as the magnetoelectric properties in these two
groups of boracites are explained by secondary couplings of the order parameter with the relevant
nonspontaneous polar tensors. The complementarity of the two traditional Landau-type approaches

of structural and magnetic transitions is illustrated.

I. INTRODUCTION

Since a series of papers' ~* pointed out the ferroelectric,
magnetic, and magnetoelectric properties of boracites, a
large number of experimental studies have attempted to
specify the structural and physical characteristics of more
than 20 members of this family of compounds. Restrict-
ing ourselves to the best-known halide boracites (i.e., to
boracites with general formula M;B,0;X, where
M=Mg,Cr,Mn,Fe,Co,Cu,Zn,Cd and X=CI|,Br,]), two
distinctive features common to a large fraction of these
compositions were initially verified:

(i) A ferroelectric-ferroelastic transition from the high-
temperature F43c (T3) phase to a low-temperature
orthorhombic Pca?2; (C3,) modification which involves a
doubling of the cubic primitive unit cell.’>~7 Only three
compounds do not undergo this structural change, namely
the Cr-Br and Cr-I boracites’® and the recently syn-
thesized Cu-I boracite, which all remain cubic down to 4
K.

(ii) Except for Cu-I, all the compounds with M=Fe,
Co, Ni, and Cu were shown to undergo transitions to
magnetically ordered states® at lower temperatures
(T, <61.5 K). Furthermore, smooth magnetic anomalies
which cannot be clearly connected with a phase transition
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were found for the series with M=Cr,? as well as for Ni-I
boracite, for the latter one around 120 K.

Although the preceding data suggested an apparently
homogeneous behavior among the boracite family, further
studies revealed a relatively complex variety of situations
within each of the two categories (structural and magnet-
ic) of transitions. Thus in four compounds (Fe-Cl, Co-Cl,
Zn-Cl, and Fe-I) the following sequence of phases was
identified:>~!! F43¢-—Pca2,—Pb—R3c. The trigonal
phase was also found in Fe-Br, whereas a monoclinic
phase (but no trigonal phase) was observed in the Cr-CL
boracite.’? In Ni-I, the crystal was shown to remain cubic
down to 61.5 K where the structural and magnetic transi-
tions occur simultaneously from the cubic phase to a
monoclinic phase.!**

Beyond the structural diversity of boracites, dielectric
and calorimetric results brought to light striking differ-
ences among their transition anomalies. Thus for Ni-I,}*
Mn-I, and Cu-CL,'>!® the dielectric constant € has a
downward jump on heating, whereas in Cu-Br,!” Mg-Cl,'$
or Co-L" the jump is upward. The temperature depen-
dence of the spontaneous polarization P(T) is appreci-
ably different in compounds such as Ni-Br (Ref. 20) and
Mg-Cl (Ref. 21) on the one hand, and Co-I (Ref. 22) or
Fe-I (Ref. 23) on the other hand. Moreover, the magni-
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tude of P, is about two orders smaller in Ni-I (7.6 10~*
Cm™?) (Ref. 14) than in Fe-I 3.9 1072 Cm~2).2* Simi-
larly, while in a large number of boracites the cubic to
orthorhombic transition has a pronounced first-order
character,? it seems to be closer to second-order in com-
pounds such as Mn-I (Ref. 26) or Cu-C1."%8

The situation appears to be equally complex for the
magnetic class of transitions. Among the eleven members
of the boracite family in which a magnetic order was con-
firmed,>? at least four different types of transitions from
paramagnetic to ferro- or antiferromagnetic phases have
been reported, namely 43m 1'—>m’ for Ni-1 boracite,'*
mm2l'—>m'm?2' for Co-Br,”> mm21'—>mm?2 for Ni-
CL® and 3m 1'—>m for Co-Cl.3!  While the existence of
only one magnetic transition is known so far for Fe-Cl,3!
Co-C1,>3! Fe-Br,! Co-Br,”’ Cu-Br,> and Fe-I,} evidence
for two successive magnetic phases close to each other in
temperature is found in Ni-C1,3%% Ni-Br,2>% and Co-1.?
A spontaneous Faraday effect showing the existence of a
weak magnetization so far has been observed in five com-
pounds (Co-Br, Co-Cl, Ni-Br, Ni-Cl, and Ni-I), the tem-
perature variations of the Faraday rotation angle and
magnetization revealing a variety of surprising behaviors
(see for instance the curves in Refs. 12, 20, 30, and 34). A
magnetoelectric effect was detected for Ni-Br,° Ni-Cl,*
Ni-L* Cu-Cl,%° Co-C1,3! Fe-Br, and Fe-Cl,*! with remark-
able shapes for the magnetoelectric coefficients. ]

On theoretical grounds, a number of phenomenological
models have attempted to explain the structural®®—3° and
magnetic®~* transitions in boracites. Although each of
these models partly clarifies some basic features of a given
subclass of compounds (see discussion in the following
sections), they fail to account successfully for the entire
set of experimental data, as they seem to have neglected
some essential peculiarities of the boracite family. It is
the aim of the present work to present a theory of bora-
cites which accounts for the variety of situations that
were briefly outlined above. As the magnetic and magne-
tostructural low-temperature transitions are, to a great ex-
tent, disconnected from the purely structural transitions
which take place at higher temperatures, the theory will
be exposed in two separate papers. The present study
deals with the set of magnetic transitions occurring from
T.=61.5 K (i.e., in Ni-I boracite) down to T, ~7—10 K
(in Ni-Cl and Cu-Cl boracites). A planned subsequent ar-
ticle will consider the structural transitions taking place in
the temperature range 7,=190 K (Co-I) to 7T,=795 K
(Cd-CD).

This paper is organized as follows. In Sec. II, a Landau
theory of magnetic and magnetostructural transitions is
developed, which explains the low-temperature sequence
of transitions as resulting from an improper or pseu-
doproper coupling of the order parameter, identified as an
antiferromagnetic ordering of the magnetic moments, to
the various macroscopic quantities*® (i.e., magnetization,
polarization, and strain). In the framework of the
aforementioned model, three subclasses of magnetic bora-
cites are distinguished. Their magnetic, dielectric, elastic,
and magnetoelectric features are examined successively in
Secs. III, IV, and V. Finally, the fundamental interac-
tions and mechanisms responsible for the magnetic prop-

erties of boracites are discussed in Sec. VI, with reference
to Dzialoshinskii theories of weak ferromagnetism*® and
latent antiferromagnetism.*’

II. LANDAU THEORY OF MAGNETIC
AND MAGNETOSTRUCTURAL TRANSITIONS
IN BORACITES '

A. Classification of the observed sequences
of symmetry changes

The symmetry modifications occurring in the boracites
in which magnetic phases have been observed, are summa-
rized in Table I [column (b)]. In this table one can see
[column (c)] that the occurrence of magnetic transitions
for all the listed materials, is firmly established by 2 num-
ber of experimental results, such as the detection of a
spontaneous Faraday effect, a magnetic hysteresis loop, or
clearcut anomalies in the magnetic susceptibility. On the
other hand, a strong connection between the magnetic
transition and the dielectric or elastic properties is in some
cases revealed by the existenced of marked variations of
the spontaneous polarization or elastic constants [column
(d)] and by a magnetoelectric signal. However it can be
noted that identification of the magnetic symmetries is
not deduced from neutron diffraction studies but from a
set of optical observations which include essentially the
ferromagnetic-ferroelectric domain pattern under the con-
jugated effect of applied magnetic and electric fields, to-
gether with the probing of the tensorial properties of the
magnetoelectric effect. Such observations allow to deter-
mine only the magnetic classes of the phases and not their
Shubnikov space groups. In this respect, the materials
listed on Table I correspond to three types of symmetry
modifications. _

(1) Nickel-iodine boracite is a unique example of bora-
cite in which a magnetic and structural transition occurs
directly from the paramagnetic F43c 1’ phase to a mono-
clinic phase of magnetic class m’. The absence of other
transitions, the consistency of the preceding symmetries
and the simultaneity of the onset of weak ferromagnetism
and ferroelectricity have been demonstrated by magnet-
ic,!* dielectric,' magnetoe]ectric,"' piezoelectric,*® and
birefringence!* measurements. It is noteworthy that the
smooth anomalies of various physical properties found
around 120 K,%*~5! or below the 61.5-K transition,3?53
have been shown recently to be associated with relaxation
mechanisms due to defects*®* and not with a structural
transition, as was claimed by some authors.*">%

(2) A second subclass of magnetic boracites is formed
by Fe-Cl, Fe-Br, Fe-1, and Co-Cl boracites. In these com-
pounds a paramagnetic-ferromagnetic transition takes
place corresponding to a 3m 1'—m symmetry change. In
the Fe-X compositions the monoclinic group requires con-
firmation, though the ferromagnetic-ferroelectric charac-
ter of the phase transition is evidenced by a magnetic hys-
teresis loop® and susceptibility’ and magnetoelectric®!
measurements. In the Co-Cl boracite the magnetic prop-
erties’! and the ferromagnetic-ferroelectric domain pat-
te1r1516 clearly identify the Shubnikov class of symmetry
m.

(3) In a third group of materials, the magnetically or-
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dielectric permittivity,’

ME dd,t

0.08 G

0.015 emu/g/=(0.078%)

magnetic torque,i%
susceptibility,’

 TABLE L (Continued).
u

8.4K
24K

F43ct & Pca2il’' «» ()

243K

369K
F43c1' < Pca2|l' & m'm'2

Cu-Cl
CuBr
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sndg “ dered phases arise below a phase of orthorhombic Pca2,1’
88888 symmetry. In Ni-Cl a sequence of two magnetic phases
SEEES has been found:*>*” an antiferromagnetic phase of Shub-
R S nikov group mm2, followed by a weak ferromagnetic
& o %94 phase of symmetry m’'m?2’. Two successive phases with
e nonzero magnetization occur in Ni-Br and Co-I boracites.
In Co-Br, a single ferromagnetic phase is observed below
G the paramagnetic Pca2,1’ phase. In this material spon-
‘é taneous Faraday rotation and the ferromagnetic domain
g pattern are consistent with the m’'m 2’ Shubnikov group.?
S, In Cu-Br, a very weak magnetic moment® attests to the
ferromagnetic nature of the phase arising at 24 K, the
A symmetry of which remains to be determined. Finally,
38888 forsgsu-CI,'two dlstlgxgct transition temperatures are report-
8 g 5 55 ed.>> Haida et al.”” propose a m’'m'2 Shubnikov group
< SEEE for the ferromagnetic phase below 8.4 K, at variance with
R the earlier supposition of an m'm 2’ symmetry.%3
It can be pointed out that the Cr-X boracites have not
been included in Table I as only smooth anomalies in the
3 magnetic susceptibilities have been reported up to now for
S this series of materials, but no clear proof for the ex-
% istence of magnetic transitions has been given. On the
o . . other hand, unpublished results on Cr-Cl (Ref. 58) suggest
F AAREER that chromium boracites could experience a fourth type of
] § “g 38 § magnetic transition with a monoclinic paramagnetic
& 85 5 g 5 phase. However, more experimental data are needed for a
‘lf[ E :48 =1 E ‘2‘ theoretical approach to this group of compounds.
SO a o g v
g B. Identification of the order-parameter symmetries
S in the boracite family
?| The first step for developing a Landau theory of mag-
2 netic boracites is to determine for each material the
o . relevant parent phase, i.e., the high-temperature paramag-
cnaTR netic phase to which belongs the irreducible corepresenta-
8888 8 tion (IC) inducing the magnetic transition(s). For Ni-I
g g E_, g & ‘boracite the parent-paramagnetic phase can be unambigu-
T G &"a S ously identified as the F43c 1’ phase, as on one hand it
P EE corresponds to the only stable phase evidenced above the
transition at T,=61.5 K, and on the other hand the
domain pattern observed below T, shows the existence of
twelve ferroelectric domains and twenty-four ferromag-
netic domains. The number and orientations of both
types of domain, schematized on Fig. 1 are consistent,
respectively, with the structural 43m 1I’—>m 1’ and mag-
oo o netic 43m 1'—>m' symmetry modifications.
e o The choice of the parent phase for the two other groups
% % % :n: % of boracites listed on Table I is less obvious, as the fer-
838 3 8 roelectric and ferromagnetic phases take place in separat-
R ed stages. Thus in Co-Br,” as a representative of the
omE group of orthorhombic boracites, six ferroelectric domains
appear first at 466 K, according to the 43m 1'—>mm 21’
point group change. Then, below 16 K, twelve ferromag-
netic domains can be observed (Fig. 2). This can be con-
nected either with a mm 21'—m'm 2’ point-group change
L. . (i.e., two ferromagnetic domains being distinguished in
<3233 each ferroelectric domain) or with an indirect
888883 43m 1'—>m’'m 2’ modification. An analogous situation is
§ § § § § encountered in Co-Cl, which is illustrative of the subclass
SRR of trigonal boracites, where twenty-four ferromagnetic
mEpEE domains are evidenced below 9 K (Ref. 59) (Fig. 3). This
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FIG. 1. Domain pattern in the monoclinic Cc' phase of Ni-I
boracite. Representation of four among the 24 possible
ferroelectric-ferroelastic-ferromagnetic domain states are shown.
Each of the four domains is represented as a ferromagnetic sin-
gle domain in agreement with a magnetic bias field H assumed
parallel to [001],. Within the m' plane (lower left-hand case)
the vectors Pg,M; and the indicatrix principal section (b axis
perpendicular), occupy three arbitrary orientations that may
change with temperature. The letters 4 and B designate the op-
posite polarity of the corners of the cubic 43m conventional ( F)
cell. The AB corners are kept immobile for all domains
represented. Electric field reversal along +[001]. does not lift
the degeneracy in layers of monoclinic domains that are distin-
guishable on (110), only (lower cases). Assuming (001), compo-
sition planes, the four ferroelectric-ferroelastic domains are in-
distinguishable on (001), cuts (upper cases) because of identical
indicatrix cross section. On (110), cuts two of the states are dis-
tinguishable owing to difference in extinction directions (lower
left-hand case) and the two other ones (lower right-hand case)
owing to opposite Faraday rotation for a magnetic bias H paral-
lel to £[001], despite identical indicatrix cross section.

may result either from a direct 3m1'—m symmetry
lowering (i.e., the crystal remains crystallographically tri-
gonal® and six inequivalent ferromagnetic domains are
found within each of the four already existing ferroelec-
tric domains) or from an indirect 43m 1’—m transition.
The preceding ambiguity on the choice of the paramag-
netic phase for the Co-Br and Co-Cl types of boracites,
can be removed through a Landau group-theoretical

analysis of the phase transitions which are liable to arise -

below each of the three paramagnetic groups Pca2,1’,
R3cl’, and F43c1’. Such as analysis also allows the
identification of the order-parameter symmetries corre-
sponding to the phase transitions reported in Table 1.

The specific procedure for applying the Landau theory
to transitions from a paramagnetic phase using the Shub-
nikov groups®! and their corepresentations®>® has been
explicited in a number of studies.®*~% It involves three
steps. In the first place the “active” IC’s®® of the
paramagnetic Shubnikov group, denoted Gy, are selected
on the basis of the Lifshitz symmetry criterion’® (the Lan-

FIG. 2. Domain pattern in the monoclinic Cc phase of trigo-
nal boracites (e.g., Co-Cl). Representation of four of the 24
domain states. Only four ferroelectric-ferroelastic domains are
possible, to each of which belong six different states of the spon-
taneous magnetization M;. Only one orientation of M; is indi-
cated in every ferroelectric-ferroelastic domain, in agreement
with a magnetic bias field parallel to [110], and [110],. Two of
the four ferroelectric domains are distinguishable on (110),
(lower left-hand case) owing to different extinctions. The two
other ones are only distinguishable by tilting round the refrac-
tive index n,, creating differences in n, —n, on (110), (lower
right-hand case). Electric field reversal parallel to +[001], in-
terchanges lamellar domain packages in a similar way as in the
symmetry change 43m 1I'—m’'.

dau condition” being automatically satisfied). The selec-
tion determines a few stars k* in the magnetic Brillouin
zone®® of G, and certain small corepresentations®® 7, of
the group Gy of the k-vector representative of k*. The
order-parameter expansion associated with the IC is then
constructed and its minima specified as a function of the
expansion coefficients. Finally, the symmetry change
Gy— G corresponding to each minimum is worked out.
The results of the application of the Landau theory to
the three Shubnikov groups Pca2,1’, R3cl’, and F43c1’,
are summarized in Tables IT and III. Table II gives for
each of the considered paramagnetic groups, the fer-
romagnetic and . antiferromagnetic groups [columns (c)
and (d)] induced by the IC’s fulfilling the Lifshitz condi-
tion, together with the symmetry characteristics of the
corresponding order parameters [columns (e) and (f)]. The
labeling of column (g) refers to the order-parameter ex-
pansions Fi(a,n;,B;) which are explicited up to the
fourth degree in Table III. The equilibrium values of the
order parameter in each low-symmetry phase, as well as
the corresponding range of values of the expansion coeffi-
cients are expressed in columns (c) and (d) of Table III.
For sake of completeness, the point groups induced by

“inactive” IC’s of selected high-symmetry points of the

Brillouin-zone surfaces are also indicated in Table II.
A comparison of the theoretical results given in Table
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FIG. 3. Domain pattern in the orthorbombic Pc’a2] phase
(e.g., Ni-Cl, Co-Br) of boracites. Two out of the six possible
ferroelectric-ferroelastic domains are represented. They have
opposite directions of P, (parallel to [001], and are related by
the lost symmetry operations 4. Interchange is possible by
means of an electric field E||+[001]. The spontaneous strain
tensor [shear in (001), plane], the optical indicatrix (principal
indices ng,ng,n,), and the orthorhombic a,b axes are related by
a 90° rotation. Each ferroelectric domain can split up in two
ferromagnetic domains with +M;||n,. The four ferroelectric
single domains are represented as ferromagnetic domains due to
a bias field H assumed parllel to [110]. and [170].. For the
(110), cut with M; perpendicular to the cut, spontaneous
birefringence An and Faraday rotation are superposed. The fer-
romagnetic domains will be visible only in case of a high M /An
ratio.

IT with the experimental data of Table I, leads to the fol-
lowing conclusions.

1. The paramagnetic to ferromagnetic F43cl'—>m' sym-
metry change observed in nickel-iodine boracite can be
unequivocally related to the six-dimensional IC labeled T,
at the X point of the face-centered-cubic lattice. Actually,
as it can be seen in Table II, the other IC’s of the F43c 1’
group lead either to antiferromagnetic groups or to fer-
romagnetic groups of symmetry distinct from m’. More-
over, the change in magnetic structure induced by 7, has
the remarkable property of being necessarily connected
with a structural transition,*> a feature which is verified
in Ni-I boracite. .

In Fig. 4 we have represented schematically the magne-
tostructural lattice change corresponding to the
F43c¢1'—Cc¢’ transition. It involves a quadrupling of
both the magnetic and crystallographic unit cell. In this
respect, one must keep in mind that the magnetic symme-
try of a paramagnetic crystal (the grey Shubnikov group)
embodies its structural symmetry (the Fedorov group) in
such a manner that the IC’s of the paramagnetic group
depict not only the degrees of freedom of the spin distri-
bution, but also an eventual motion of the atoms in the

6011

FIG. 4. Lattice modification at the F43c 1'—Cc’ transition
assumed for Ni-I boracite. The monoclinic cell contains four
cubic primitive cells. The magnetic and crystallographic mono-
clinic cells have the same primitive translations: t;=t;—t,+t;,
tr=t;+t—t3, ty=—t;+t+t3

crystal. This latter situation has been shown to be real-
ized only for a small minority of zone-boundary IC’s, the
larger number of IC’s inducing a purely magnetic modifi-
cation.*>%%% Thus, it can be noted from Table 1I, that
among the whole set of IC’s of the F43c1' group, only
those IC’s at the X point which correspond to a fourfold
increase of the paramagnetic cell, involve necessarily a
structural change.’* The distinctive feature of this recent-
ly identified type of magnetostructural transition,*>68
which differs in many respects from the mere magnetos-
triction,%® is discussed in Secs. III and VI, in the light of
the experimental data on Ni-I boracite.

One can also note that the Cc' ferromagnetic group
displays, on a theoretical ground, the remarkable charac-
teristic to be a nonmaximal subgroup’ of the F43c1’
paramagnetic group. This property, established in Ap-
pendix A, should make nickel-iodine boracite the first ex-
perimental counterexample of the maximal subgroup
rule’> conjectured for phase transitions involving a
group-subgroup relationship between the phases. A
theoretical counterexample was already pointed out in
Ref. 73.

The set of distinct six-dimensional matrices correspond-
ing to the 7(X) IC [i.e., the image of the IC (Ref. 74)] is
given in Appendix B. It allows to construct the order-
parameter expansion associated with the F43c1'—Cc’
transition. This expansion, labeled d in Table III, differs
from the one considered by Dvorak and Petzelt’® and by
Gufan and Sakhnenko®® for the structural transitions in
boracites, by the absence of a third-degree invariant,
which vanishes, in our model, under the effect of the
time-reversal operator. Thus the 61.5-K magnetostructur-
al transition in Ni-I boracite may occur as a second-order
transition (see discussion in Sec. III). It can be also
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TABLE II. Results of the Landau symmetry analysis for the active (Ref. 69) IC’s of the paramagnetic groups Pca2,1’, R3c1’, and
F43c1’. Column (a) paramagnetic groups. (b) High-symmetry points of the paramagnetic Brillouin zones labeled as the correspond-
ing points of the crystallographic Brillouin zones in the notations of Zak et al. (Ref. 20) and Kovalev (Ref. 109). (c) Ferromagnetic
(F) and anitferromagnetic (AF) low-symmetry groups. Each IC (in parentheses) is specified as the corresponding irreducible repre-
sentation (Ref. 109) from which it is constructed. (d) Primitive translations and antitranslations of the primitive unit cell in the low-
temperature phase, with reference to the paramagnetic primitive translations. (e) Finite groups of distinct matrices (images) forming
the IC’s, specified as in Ref. 121. (f) Order-parameter dimension. (g) Order-parameter expansion type in reference to Table III. The
point groups and type of magnetic ordering induced by some relevant inactive IC’s of the three paramagnetic groups are also report-

ed.
(a) (b) (c) d) (e) §§] (g)
Pca2,1’ IAF Pca2,(t)
Tlkrs) F Pc’a’2y(7;),Pca’2i(r3),Pc'a2i(rs) tt,t5(F) C; 1 a
Y(kz]) AF P,,ca21(71,73),ana2,(7'27'4) ) t1,2t2,t3;Rt2(2V)
X (ky),Z (kp)
T(ky),Ulkss) | AF=£Lifshitz: MoP,(m,2) 2)
'S (kas), R (k)
Ricl’ AF R3c(ry)
T(ks) F R3¢'(y) totzy (V) : G ! a
F(ICclICc’ ) 1y) t1, b +1,t3(V) Cey 2 b
AF 1P c(r1,7) {gi’;g*’““ an | 4 5 .
X(ks) AF IR 3c () _ .
> F IIR3c'(7'2)1 Lt Tty ts—ty4+1,(4V)
A(ky),Z(ks)  AFs£Lifshitz: tri.Py(1),R/(3) 2,4,6)
F33c1’ AF F&3c(71),F4'3c'(13) C; 1 a
AF (LI3c2,1113'c"2)(7s) Ce, b
Dk AF (1 13'¢2,T1R 3¢)(rs) t,t2,t3(V) o ;
F (113¢'2", 1R 3¢')(7s) } " ¢
AF 1 Pydc 21y, 7s), &b 2(73,74) [’2““”3"‘+’2"3}(2V>
‘ Rt,,Rt, iy 3 .
AF 11 P33n(75,75), PA"3n"(73,74) {i‘ftﬁ’; } @)
2 3—#é1
X (ko) ty—t1,t3,t +1—13
AF 1 P;c2,a,11C4222, RivRo, ](2V)
AF TII P32,¢,IV P2,3,VR 3¢ | (1)) NELTL |, Ly 6 d
F VIR 3¢, VII e, VIII Ce ttz+t3——t1 ]( )
cub. F; and P;(23),R;(3)ortho.1,(222)
W(ks),L(ks) AF=Lifshitz (8,12,16)

tetr.1.(42m,4),M,C.(m,2)

stressed . that our model differs strongly from the
Landau-type descriptions given in Refs. 40—44 and Ref.
75 for the magnetic transition in Ni-I. In these models,
an orthorhombic symmetry is assumed for the low-
temperature phase, the 61.5-K transition being considered
as a purely magnetic one (with a separate structural tran-
sition at 120 K) and connected to a three-dimensional ir-
reducible representation at the center of the face-centered
cubic Brillouin zone. The recent experimental data on
Ni-I boracite, as well as the above-mentioned symmetry
analysis disprove such an explanation.

2. The R3cl'->m modification evidenced in Co-
Cl—type boracites can be obtained either from a two-
dimensional IC (denoted 73 in Table II) at the center of
the trigonal Brillouin zone, or from the same IC of the
F43c 1’ group as for Ni-I boracite. However, this latter

possibility must be discarded as it would involve a
structural transition to occur simultaneously with the
magnetic ordering. This is in contrast with the observa-
tion of an essentially unchanged trigonal ferroelectric
domain structure in Co-Cl below the 9-K ferromagnetic
transition.” Thus the parent phase for the Co-Cl group
of ferromagnetic boracites should be chosen as the R 3c 1’
phase. Accordingly the ferromagnetic phase corresponds
to the Cc Shubnikov group with a unit cell containing the
same number of atoms as the trigonal cell. Let us stress
that the R3c1'—Cc transition may induce a slight
structural distortion (undetected up to now in Co-Cl)
through an interaction of the magnetostrictive type.®® A
group theoretical analysis’® shows that the crystallograph-
ic symmetry of the ferromagnetic phase should then be
lowered to a triclinic symmetry 1.
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3. The orthorhombic symmetries reported for Ni-
Climm2,m’'m2’), Ni-Br(im'm2'), Co-Br(m'm2'), and Cu-
Cl(m'm’'2) can be induced by four different one-
dimensional IC’s (r;—74) of the Pca2;1' group, at the
center of the primitive orthorhombic Brillouin zone. On
the other hand, only the antiferromagnetic group mm?2
could be connected to another IC in Table II, namely the
same 7,(X) IC of the F43c1’ group. This reasonably al-
lows us to choose Pca2,1' as corresponding to the parent
phase for this third subclass of magnetic boracites. As it
will be shown below, such a choice is consistent with the
weak-ferromagnetic character of the low-temperature
phases in Ni-Cl or Ni-Br, as well as with the magnetoelec-
tric anomalies evidenced in these compounds.

Having identified the symmetries of the irreducible de-
grees of freedom associated with the phase transitions in
the three groups of boracites listed in Table I, we are now
able to discuss the coupling of the order-parameter to
secondary physical quantities involved in the transitions.

C. General form of the Landau expansion and coupling
to the order parameter

In addition to the order-parameter expansion, the Lan-
dau free energy which accounts for the phenomenological
properties of a transition, contains terms relative to the
macroscopic quantities (x;) which couple to the order-
parameter components (77;). Two main situations are usu-
ally distinguished,”” on the basis of the relative sym-
metries of the (7;) and the (x;): (i) When the (x;) belong
to the same irreducible degree of freedom as the order pa-
rameter, the corresponding transition is labeled as prop-
er’®" if the (x;) identify the order parameter, and pseu-
doproper if the (x;) are bilinearly coupled to the order pa-
rameter. (ii) If the sets (x;) and ();) belong to different
irreducible degrees of freedom, the considered transition is
an improper one.”®”® For improper and pseudoproper
transitions the Landau free energy splits into three kinds
of terms:

F(a,ni,x.j,ﬁk:kl»am)
=F(a,1:,B)+ Fy(x;, M)+ F3(1;,%,8,,) , (1)

representing, respectively, the order-parameter expansion
(F1), the energy associated with the macroscopic tensors
x; (F3), and the mixed invariants relative to the preceding
quantities (F3). a=a(T-—T,) is the temperature-
dependent coefficient of the quadratic order-parameter in-
-variant, whereas B, A;, and 8, are temperature indepen-
dent coefficients of the other terms constituting the Lan-
dau free energy.

The concepts of improper and pseudoproper transitions
have been, up to now, almost restricted to structural tran-
sitions (i.e., to ferroelectrics and ferroelastics). However,
they can also apply to a number of magnetic transitions,
in particular to those transitions where the magnetization

results from an antiferromagnetic ordering with an in-

complete compensation of the magnetic moments. Al-
though different denominations were introduced for such
situations (i.e., weak ferromagnetism, canted and latent
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antiferromagnetism, ferrimagnetism), they can be treated,
in the framework of the Landau theory, as improper or
pseudoproper ferromagnetic transitions. Indeed, this is
what was actually done, though using a different formal-
ism (see Sec. VI), in the phenomenological theories of
Dzialoshinskii***”% and Nikitin.%!

In the boracite compounds under consideration, a num-
ber of experimental facts strongly suggest that the pri-
mary order parameter of the whole set of magnetic transi-
tions is an antiferromagnetic ordering of the magnetic
moments. . These facts are (i) the typical negative asymp-
totic Curie-Weiss temperature determined from the mag-
netic susceptibilities;® (ii) the weak values of the measured
magnetization (see the values in Table I) compared to the
hypothetical values corresponding to the sum of the effec-
tive moments, deduced from susceptibility measure-
ments;? (iii) the neutron-diffraction evidence of antifer-
romagnetic sublattices in Ni-I (Refs. 82 and 83) and Co-
L% (iv) the identification of antiferromagnetic intermedi-
ate phases in Ni-Cl (Ref. 32) and Co-1.%

The spontaneous magnetization M, polarization P, and
strain e; are thus in our model, secondary order parame-
ters resulting from an improper or pseudoproper coupling
to the (primary) antiferromagnetic ordering. Such an in-
terpretation is consistent with that given for Ni-I boracite
in Refs. 40—44 and Ref. 85, but disagrees with the propo-
sal of Newnham et al.®¢ who claimed the spontaneous po-
larization to be the primary order parameter in this ma-
terial. It is worth mentioning that symmetry arguments
forbid the existence of a transition from a paramagnetic-
paraelectric phase to a ferromagnetic-ferroelectric phase,
in which the magnetization is induced by the polarization,
considered as the primary order parameter.®’

To complete the construction of the Landau free energy
for each subclass of magnetic boracites, we must deter-
mine the F, and F; terms in (1). Various authors’?®
have emphasized that it is sufficient to expand the F,
contribution up to the quadratic terms only. Thus F, will
coincide with the sum of the magnetic, dielectric and elas-
tic energies, limited to the terms depending on the spon-
taneous components of M, P, and e;;. The coupling of
the preceding components (x;) with the (7;) will be
represented in F3 by terms of the form é(#;)¢(x;), where
¢ and ¥ have identical symmetries and where ¢(n;)=0 in
the high-symmetry phase. In this respect, it has been es-
tablished,” that the lowest degree invariants in F; are
necessarily linear functions of the x; components. When-
ever these components below to several IC’s (7,,) of the
paramagnetic group, each IC will give rise to an invariant
of the form 8, 3, x;¢,(7;), where the ¢; are homogene-
ous polynomials of degree g obtained by projecting the IC
inducing the transition upon 7,,. In the vicinity of the
transition point it is sufficient to consider the set of ¢;
functions having the smallest degree g =v. The degree v
has been called the faintness index?® relative to the ferroic
property (i.e., ferromagnetic, ferroelectric, ferroelastic).

The F, and F; contributions have been worked out for
the relevant IC’s of the F43c1’, R3cl’, and Pca2;l’
Shubnikov groups. They are given, respectively, in Tables
IV, VI,and VII. We shall now discuss the physical conse-
quences of such contributions in relationship with the ob-
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served anomalies in each of the corresponding subclass of
boracites.

IIL. APPLICATION TO Ni-I BORACITE

Table IV contains the mixed invariants which couple to
the six-dimensional order parameter, respectively: the
spontaneous magnetization components (M,,M,,M,), the
spontaneous polarization components ( Py, P,,P, ) and the
spontaneous strain components (e;—eg). The couplings
between the M,,P, (u =x,y,z) and ¢; ({=1,6) have been
also worked out, in order to account for the magnetoelec-
tric, piezoelectric, and magnetoelastic effects.

A. Magnetic properties

Let us first discuss the magnetic properties of Ni-L
Expression for the equilibrium values of the spontaneous
magnetization components at zero magnetic field, are
found by - minimizing the Landau free energy
F =F|+F, 4 F; with respect to the p;, ¥; (i=1,2,3), and
M, (u =x,y,z). However, as taking into account the cou-
pling terms Fj, Fyg, and Foyg is tantamount to intro-
ducing at least six-degree terms in the p;, we can assume
in a first approximation that the equilibrium values for
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the order-parameter components in the low-temperature
phase are those obtained by the sole minimization of Fy,
namely (see Table III)

o 1172 11/2
e _x e 3 |_ &
Pi A, » P2=pP3 [ A ,
2)
Yi=0, ¢2— '/’3_3_

Thus for T < T,, the p; have the usual (T, —T)!/? varia-

tion, a result which is to be compared with the tempera-

ture variation of the antiferromagnetic sublattice magneti-
zation as determined by von Wartburg®® from neutron in-
tensities. The curve shown in Ref. 83 indeed corresponds
to the expected variation. It also reveals a clear-cut
second-order characteristic for the T,=61.5 K transition.
Accordingly, in the vicinity of T, it is sufficient to retain
only the lower-degree coupling terms in Fy(H=0), in or-
der to find the equilibrium values for the M,,. One attains

Mu =Xglpip;p§f‘u(81782x¢'§,¢§y¢§) > (3)

the f, functions (u =x,y,z) are defined in Table V(a). In-
troducing in (3) the equilibrium values (2) yields

TABLE 1V. Coupling terms for the F43c1'—Cc’ transition in Ni-I boracite, between the six-component order parameter (p;, ;)

(i =1-3) and the (a) magnetization, (b) polarization, and (c) strain components, respectively.

Fy, Fg, and Fg also contain the

relevant magnetic, dielectric and elastic energies. (d) Magnetoelectric Fyg, magnetoelastic Fys, and piezoelectric Frg coupling terms.

FouE relates all p; My, and P, components (u =Xx,y,z).

P
(a)

(c)

Fyr =81 p1 p2 p3(M | cosyy cosy, cosys -+ M, sinyy cosy, siny;
— M, cosyly siny, sin; — M, sing; siny, costs)
+8, p1 p2 p3( — M siny sin, sinys — M, cosif; siny, cosys
-+ M sint, cosy, costs + M, cosy cosip, sing;)

(M2+M2+M2)+ (M,%

% 3+ M; pi+M; p3)

[MZ(P1+P3) M (p3+p3) +MZ(pt+p3)]
“3 B2 M2+ MR M? (p1+p2+p3) H-M

(M, M+My+M,,M2—M —M,
MA‘Mx+My_Mz)

Mz:M3 -'M M +Mz’

®

Fg=5,(e4 p? cos2i +es p3 cos2i,)
+8,(eq p5 cO821ps + €6 p3 OS2t )
+83(es pk cos2ih; +eg pl cos2ay)
+8ale1(pt sin24; —p3 sin243)

+ ex(p} sin24s — p3 sin2ef)
+ e3(p3 sin2yp, —pi sin2¢ )]
+85(eq p3 cosepy + e5 pf cos2ep;
+ egp}cos2ys) +8le; pi+er pitespd)
+81[e1(pt +p3) +e2(p3+p3) +e3(pt +p3)]

+%C?1(€%+e%+€§)+C(1)2(31€2+€1€3 +eze3)

0 2 2 2
sCulei+es+es)— 3 oyey
5]

(d)

Fg=8,(P, p} cos2iy + P, p} cos24hy) + 82( P, p} cos2ys + P, p cos2,)
+83(P, pi cos2ihy + P, pt cos2hy) +84( P, p3 cos2ypy + P, pf cos2ihy
+P, p} cos2i;)

<P2+P2+P >+ L(P2p3+Plpi+P2p})

+T[Pf(p%+p§)+Pf(p%+p§)—+—P;2(p%+p§)]—E-P

Fp =0o(PaM,M, +P,MyM, + P,MM,)
Fus =a1(e4MyMz +esM, M, +€6MxMy )

e (M} +M7)+ey(ME+M2) +Ey(M2+M?)
+a3(€]M3+€2M3+63M22)

Fgs=v{P,es—Pyes+P,eq)
Fome =y (M;M,P, + M,M,P, + M, M,P,)p}+p3+p3)
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TABLE V. Ni-I boracite: (a) functions expressing the ¥; dependence of the magnetization components M, (u =Xx,y,z) in the
monoclinic phase. (b) Linear relationships between the components of the dielectric susceptibility tensor. (c) Magnetoelectric equa-
tions relating the magnetization and polarization components, under application of an electric or magnetic field.

(a)

[ =81(cosy, cosil, cosths +siny; cosy, sing; —cosy siny, sinthy —sing siny, cosis)

+ 8, — siny, sini, singh; — cosh siny, cosy; + siny cosy, cosys +cosyhy cosy, siny)
Sy =81(cosy; cosy, cosy; —siny; cosy, siny; +costhy simp, singh; —siny, sing, cosifs)

+ 8,( —siny, siny, siny; + cosy; siny, cosyhs — sinyy cosh, cosPs -+ cosyhy cosi, sinys)
[ =81(cosi cosy cosy; —siny; cosyh, sins — cosi, siny, sinyps + sinyf, sing, cosyhs)

+ 8,( — siny, sing, siny; 4 cosy, siny, cosy; +sinyy cosy, coss —cosiy cosy, sinys)

(b)
X“_—__ﬂ(ﬁl) 1+""A (83X 13+84X12) |, Xa= 7(60) +‘—A (8, X12+83X33)
x& 28, 2X58
Xfa—ﬁ(ﬁo“) 1+'_"A4(51Xf2+‘53x§3) ——A’ﬂ? L (8¢5 +85)
2xEs 2xE8
h=a ?8:)(83X33+84X23) Xo=— ?83)(51)(124-543(23)
g8 A;
1r(5)=1/1—2x0-&-, A=ﬂ1+32+2(33+ﬁs)‘£‘
8

(©

Px=-x§[A(p,->M M, +8,p1—E.}, Py=—Xx1A4(p))MM,+8:p{—E,]
_XO[A (Pi)Mx y+53P1—‘E ]9 L Z“XO [A(pa‘)(PzMy +PyMz)“(82“6l)Plp2p3_Hx]
M,= —~XY[A(p P M, +P,M,)—H,1, M,=—X[A4(p:)(P,My+PM,)—(8;+8))p1p>p3—H,]

A(p)=ao+7(pi+p3+p3)

M (E,)=aoX5(X} (8, —8,)p1 p2p3 E, —84p})
My(E,)=aoX§(X5" (8, —82)p1 p2 p3L E; — (8, +8,+83)pi]

M,(E, )=aoXE(XY Pp; pr o3l — (81 + 8, Ey + (87 +8,8,— 8,834 8,83 )p1]

M (E,)=aoX5(X5)p1p2p3( — Ey + 84 p1)

M, =(8,+8,)A(T), M,=0, M,=(8,—8,)A(T)

where A(T)=XaA7 '?Ag [a (T, —T)]*/%. The zero value
obtained for the M, component indicates that the spon-
taneous magnetization which lies below 7, in the Tsy
plane (o, when referring to the F cubic cell), is perpen-
" dicular to the [011] direction. However, such a property
is valid only in the considered approximation which as-
sumes the equilibrium values (2) for the order-parameter
components, i.e., in the Vlcmlty of T,. Let us also note
that the critical exponent 7 found for the temperature
dependence of M, and M,, which corresponds to a faint-
ness index v=23, was pointed out by Dzialoshinskii and
Man’ko*’ as characterizing latent antiferromagnetic ma-
terials (see Sec. VI).
Far from T,, for large values of the p;, one cannot
neglect the higher degree terms in F);. Expressions for

the components M, and M, are
(81+8,)p5p503 . (8;—8,)pip5p3
WO g )’ T DT g (g

x=

with g(u,,p,)—mpz 205 05 +uslps 405 +p3 Y.
Thus, M, and M, vary asymptotlcally as (T,—T)!2

The curve M, (T) (u =x,y) is drawn schematically in
Figs. 5(a). One can find some resemblance with an un-
published experimental curve for the sublattice magneti-
zation, measured by Fischer® from neutron intensities,
and reproduced in Fig. 5(b). On this curve, however, the
(T, —T)"? regime appears to be limited to a narrow re-
gion close to T, where it is difficult to distinguish from
the diffuse behavior commonly found in the critical re-
gion for continuous transitions.

Similarly the schematic character of the magnetization
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FIG. 5. Ni-I boracite. Temperature dependence of the magnetization: (a) theoretical curve; (b) experimental curve deduced from
the intensity I of the magnetic (111) neutron reflection (Ref. 89). (c) Temperature dependence of the total magnetic susceptibility
XM=xXe+x¥. (d) Predicted variation for the magnetic field dependence of the magnetization for certain directions of H.

curve M,(T) found by Baturov et al.3* by the Faraday
method, does not allow comparison with the theoretical
variation shown on Fig. 5(a) in the vicinity of T,. How-
ever, the curve given in Ref. 34 displays a remarkable
feature below 50 K, namely a sharp drop of about one-
half of its maximal value. Such an unusual behavior may
be attributed to a rotation of the magnetization vector in
the m’ plane, with a decreasing of the M, projection. It
implies however a rather large rotation of M, while the
spontaneous Faraday rotation versus temperature perpen-
dicular to the (001) cut face does not show any decrease
along z at low temperature.!* The decrease of M, (T) may
also be due to the depoling of the sample occurring on
cooling down which, in the absence of an electric field,
brings along a depolarization of the resultant of the mag-
netic moment. Such an effect was already observed in
some boracites.®

The magnetic susceptibility X should represent the
dual nature of the transition in Ni-I as assumed in our
model. Thus X™ must be written as the sum of two con-
tributions: XM =X +x¥, where X% accounts for the

antiferromagnetic ordering, and has the usual temperature
variation for the susceptibility in antiferromagnetic com-
pounds [dotted line on Fig. 5(c)]. Obtained for X is

am X5’
3H |p=0 1—A(8;,B8,XYp1p:ps

[A(Sbﬁi ) > 0] ’
which accounts for the improper ferromagnetic character
of the transition [solid line on Fig. 5(c)]. The theoretical
variation shown on Fig. 5(c) for the total susceptibility
XM(T) is partly verified by the experimental curves given
in Refs. 4 and 91. Thus, the susceptibility measured on
powders by Ascher et al.* shows a sharp decrease on cool-
ing to about 30 K, where it starts increasing again down
to 4 K. The same nonmonotonic variation is found in the
single-crystal measurement of Zheludev et al.’! However,
for T>T, the two experimental curves display features
which are not observed on Fig. 5(c), namely (i) an upward
jump at T, which is found on cooling in Ref. 4, and on
heating in Ref. 79. In our model such a jump can be ob-

X¥=lim
H--0
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tained only if we assume the transition to be first order.
(ii) There is an increase* or a constant value®! of X™(T)
for T > T,. Let us note that this latter contradiction be-
tween the experimental data confirms the nonintrinsic
character®®>* of the broad maximum at 120 K found in
Ref. 4.

Finally, let us consider the magnetic field dependence
of the magnetization in the low-temperature phase. This
dependence was evidenced experimentally by an hysteresis
loop of Faraday rotation along the [110] direction®® and
by magnetization curves M,(H) for H]||[110] and
H||[1T1].° The hysteresis loop reveals a strong asym-
metry of the rotation .angle.®> On the other hand, while
for H||[110] the curve M (H) increases linearly for large
fields, it decreases for H||[111] above 3 kOe and changes
sign above 20 kOe.”> This experimental behavior can be
foreseen using the simplified one-component free energy:
B_4

= 22
F Fot o+ '+

M?*4+87°M —MH ,

which, according to our model, contains a v=3 faintness
index coupling term. From the equilibrium equations,
one obtains

M
_7‘{“877%,2 »
0
with 4)
_3dMm (982M2—4aﬁ)‘/2
N1,2= 28 + 28 .

Thus the M(H) curve intersects the H==0 axis at the
two asymmetric values: M, = —Xﬁ’éniz. On the other
hand, one can deduce from (4),

H(M)=AM —BM3+j(B,8,M,a) , (5)

with
38%a 2782
A4 =¥t , B= 0
0 + 2B2 - 4B3 >
and
2a02
j(B,S,M,a): %MTB;-‘ZE (982M2—4a[3)1/2>0.

For small values of H (i.e., H <<3 kOe) a linear M ~AM
variation should be observed for any direction of H, while
for large values of the H components parallel to the
monoclinic plane o, containing the spontaneous magneti-
zation, the M (H) curve should start decreasing for M,
given by

8

3BM3+
4= oM

M=M,

sign for H,
—4aB)'? [Fig. 5(d)].

and reverse

corresponding  to
Hy=—(a/28)

B. Dielectric and elastic properties

The dielectric properties of Ni-I in the vicinity of T,
clearly denote the improper character of the ferroelectric
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transition. In this respect the value of P; at 45 K
(P;~0.078 ;LC/cmz) (Ref. 14) is about two.orders of mag-
nitude smaller than the corresponding value for
Gdy(Mo0,); (Ref. 93) which is the textbook example of
an improper ferroelectric. Minimization of F 1+F £
(E =0) with respect to P, (u =x,y,z) yields

8. X6pt

1+ X Pl st pD]
8.X5p1

1 4+XE i i D]

X

Py

and

83X5p
L+ X5 1P+ ualpt+93)]
Thus near below T, (i.e., for ,u,,-,ojg << 1/xE) one should ob-
serve a linear temperature variation for the P,:
8;XEa
Aq

'y = —

P~— (T,—-T), (6)
a behavior which corresponds to a faintness index v=2.
At lower temperatures for larger values of the p;, the tem-
perature dependence of, for example P, , should follow the
law

__A(T-T,)
*1—-B(T-T,)
with
Y 71
4 = Ok
Ay
and ,
Hy 1 1
B= Raas e
aXg | Ha |+,

The theoretical variation of P,(T) is shown on Fig. 6(a).
In Fig. 6(b) the pyroelectric coefficient p =dP,/dT is
represented and undergoes a jump at T, corresponding to
SlXoEa

Ap =
4 A,

p remains constant in the interval of velocity of the linear
law (6), then decreases as

A
[1-B(T-T,))

p:

The experimental curves given in Ref. 14 for P(T) and
p(T) are in substantial agreement with the preceding
theoretical variations. However the comparison reveals
that a linear variation for P, can be assumed only in the
close vicinity of T,. Besides, the pyroelectric coefficient
p, deduced from an independent pyroelectric measure-
ment, shows a sharp peak at 7. It may be attributed to
the effect of fluctuations in the critical region, which have
not been taken into account in our model. Indeed, fluc-
tuations will determine a concave variation of P, rather
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than the mean-field linear one.

Using the Fz (E5£0) terms given in Table IV allows us
to obtain algebraic expressions for the six components X 5
(i,j=1,2,3) of the dielectric susceptibility tensor. The
linear equations providing the detailed form of the com-
ponents are given in Table V(b). However, in order to ob-

PS (a)

A(T,-T)
|"B(Tc"T)

~(Te=T)
0] T, T
_dR
P=3 o
A
8Xa bo-ee P
A,
Tc T
E
X
’ AN (c)
o
Tc T

FIG. 6. Ni-I boracite. Theoretical curves for the temperature
dependence of (a) the spontaneous polarization, (b) the pyroelec-
tric coefficient, (c) the dielectric susceptibility.
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tain a qualitative behavior of the X g as a function of tem-
perature, one may use a one-component order-parameter
model containing the characteristic 7P coupling term in-
troduced in our model. The simplified free energy,

—rp Ly Boal PP sop pp
F_Fo+217+417+2X0E+17 ,

yields

opP

E_ 1
X*=lim 3E

E—0

Xg: in the paraelectric phase,

———F o in the ferroelectric phase .
1—-2(Xo/B)d

Accordingly X%(T) undergoes an upward jump on cooling
and remains constant on both sides of the transition [solid
curve in Fig. 6(c)]. Such a temperature dependence is well
illustrated by the experimental curves of Refs. 4 and 14
(in particular by the 1-MHz curve in Ref. 14), although
one has to introduce, as usual, a linear dependence on
temperature for the X& coefficient, in order to account for
the thermal expansion [dotted curve in Fig. 6(c)].

The asymmetry of the dielectric hysteresis loop in the
low-temperature phase, reported for Ni-I by Ascher
et al.,* has been described by Chupis’® as being an intrin-
sic property of the material. However, it is much more
likely to be due to internal bias fields induced by growth
defects as was frequently verified in most boracites™ and
in many other ferroelectrics.””> Such a conclusion is also
suggested by the experimental data of Miyashita and Mu-
rakami®®> who obtain either symmetric or asymmetric
dielectric hysteresis loops, depending on the quality of the
sample. From our model, asymmetric loops can only be
obtained when taking into account coupling terms of
unusually high degree between the spontaneous polariza-
tion and the order parameter.

Elastic data ascertaining the elastic properties of the
transition in Ni-I are scarce. However, the anomaly ob-
served for the Cs; elastic constant*®* displays a typical
drop as the temperature increases,”® which is consistent
with the improper character (with a v=2 faintness index)
of the ferroelastic transition, as predicted by our model.
On the other hand, the temperature dependence of the
spontaneous birefringence An given in Ref. 14 should be
proportional to some combination of the spontaneous -
strain tensor. It is worthwhile noting that An undergoes a
discontinuity at. 7, which contradicts the second-order
character of the transition revealed by the other macro-
scopic quantities. Such a discontinuity may be due to
parasitic birefringences® or to the optical tilting compen-
sator method used.”’

C. Magnetoelectric properties

The straight coupling between magnetic and electric
properties in Ni-I boracite below T, is one of the most
distinctive features of this material. It was evidenced ex-
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perimentally by the switching of electric and magnetic
domains under conjugated fields*® and by a set of mea-
surements which clearly show a spontaneous magnetoelec-
tric effect.*%13%% In our model such effects are accounted
by the coupling terms denoted Fyg and Fpvg in Table
IV(d). Thus minimization with respect to P, of the free
energy F=F,+F,(E+#0)+Fyg yields the equation of
state

— —E,~—ayM})*sind cosf , N
Xo :
where the spontaneous magnetization M, is located in the
xy plane, 0 is the angle between M, and the x axis [Fig.
7(a)]. From (7) one can see that a change of sign of the
polarization under application of a suitable electric field
(E,—~—E,, P,—>—P,) should result in a 90° rotation of
M; in the xy plane (6—0+m/2). This effect was ob-
tained by Ascher et al.* by application of a ~5 kV/cm
field at 56 K. The inverse effect, i.e., the reversal of P,
when an external magnetic field is applied perpendicular
to the magnetization, evidenced by the same authors near
T.,*®is expressed by the equation

-He He

FIG. 7. Magnetoelectric properties of Ni-I boracite. (a) Ro-
tation of the spontaneous magnetization component lying in the
xy plane (M;') when the polarization parallel to z changes sign
under suitably applied electric field E. (b) Reversal of the polar-
ization P}l when M. is turned in the xy plane under applied
magnetic field H;. (c) Butterfly loop showing the dependence of
the induced polarization AP, under application of a magnetic
field H,.
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[~ 'M; — H, Isinf~—aoM; P,cosf , )

obtained by minimization of F=F+Fy +Fyg with
respect to M,. Here, one can see [Fig. 7(b)] that when
turning the magnetization by 90° from the initial position
0=1/4, under application of the corresponding magnetic
fields (6—6-+/2), one has to reverse the sign of P, for
Eq. (8) to remain unchanged. Equations providing the
general relationships between the polarization and mag-
netization components, are given in Table V(c).

Introducing in (7) the equilibrium values for
M, =M}cos6 and My=Mslsin9, one attains in the ab-
sence of applied electric field,

8;+6,
AP, z)(gao 'M—_zplp2p3Hy , 9
(Xo)

where AP, is the variation of polarization induced by ap-
plication of a magnetic field. The dependence of AP, as a
function of H, at given temperature T < T, is shown on
Fig. 7(c). Starting from a negative value of H,, one
should observe a linear increase of AP, with increasing
H,, up to some coercive field H; where the initial value of
the p; (i.e., the antiferromagnetic sublattice magnetization)
becomes unstable and reverses sign (p;— —p;), the corre-
sponding value of AP, falling abruptly to —AP,. Such a
typical magnetoelectric butterfly loop was reported for
Ni-I boracite in Refs. 4 and 6, for H||{[110]. As can be
deduced from the equations given in Table V(c), a similar
loop should also be observed for P||[100] and H||[011].
By contrast, it should differ for P||[010] and H]|{101] as
at zero magnetic field one should measure a nonvanishing
spontaneous polarization (i.e., the loop should not be cen-
tered at the origin of the axes). It can be pointed out that
the vanishing of P, at zero magnetic field in the magne-
toelectric hysteresis loop measured in Ref. 4, confirms in-
directly the prediction deduced from our model, of a
spontaneous magnetization M} perpendicular to the y
axis. Let us also stress that the order-parameter depen-
dence AP,(p;), expressed by Eq. (9), is corroborated by the
optically determined switching-field—versus—temperature
curve H (T) given in Ref. 4. This curve shows an in-
crease of the critical coercive field as the temperature is
lowered (i.e., as p; increases) with H,(T,)=0.

From Eq. (9) one can deduce the magnetoelectric coeffi-
cient

AP,
Az = |77 E=0 y
Hy Hx=Hz=0
(10)
X5ao
Qgy~=——3r—>(81+82)p1p2p3 -
(Xo)

Replacing the p; by their equilibrium values (see Table
I11), one obtains a,, =0 for T > T, and a,y~A (T, —T)*?
for T < T, with
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_ X5ao(8;+8;)
- (X(J;l)_ZA-ly/zAg

The experimental curve found by Ascher et al.* for
a(T)=AP,/H,, [Fig. 7(d)] displays two features which
are not accounted for by Eq. (10), namely a two-step re-
gime as the temperature is lowered, and a negative peak in
the close vicinity of T,.. The almost linear increasing of
a(T) observed in Ref. 4 below 55 K may be connected
with the asymptotic value reached by the sublattice mag-
netization (i.e., the p;) in this interval.®* In our calcula-
tion it could be accounted for by considering the higher-
degree mixed coupling term, denoted F,up in Table IV.
On the other hand, the sign reversal of a near 7T, may be
interpreted by the fact that the magnetization of a few
percent of the sample assumes the direction of the applied
field only close to the Curie point, resultmg in a change of
polarization—due to the 180° reversal of P, |—oppos1te to
the magnetoelectric effect. This latter explanation is sup-
ported by the observation that the negative peak becomes
smaller when applying a strong magnetic field bias.

The consistency of the preceding arguments can be
checked by examining the experimental data obtained by
Baturov et al.'>° who measured the reverse magnetoelec-
tric effect, i.e., the magnetization component M, induced
by an applied electric field. From Table V(c), one can
deduce the equations expressing the electric field depen-
dence of the magnetization components. In particular,
one has

5,+8, \
AM,=X§oo—i—>pippsE; - (1)

(x3)—2

A linear dependence AM, =f(E,) at fixed temperature
T < T, was verified experimentally in Ref. 99 for T <50
K and for an alternative electric field E; <0.4 keV/cm.
However, for larger fields, or close to the transition
(T ~60 K) the experimental curves AM,,(E,) show a non-
linear behavior which cannot be deduced from our model.
It may be explained by the fact that, within the experi-
mental conditions (i.e.; a relatively strong field at low fre-
quency of 1.5 kHz), the volume percent polarization fol-
lowing the electric field is not negligible and may increase
nonlinearly with increasing field and temperature, as the
electric coercive field is not an intrinsic property of the
crystal. Such an effect can be compared with analogous
phenomena evidenced in some ferroelectrics close to the
transition point, e.g., to extrinsic peaks of the dielectric
constant which are observed at low frequencies (see, for
instance, Schmid and Peterman!®). Let us note that close
to the Curie point, Baturov et al.°® find negative values
for AM,(E,)—and thus for a,,—in conformity with the
precedmg]y mentioned variation of AP,(E, ).

The electric field dependence of the magnetlzatlon com-

ponents is given in Table V(d). One can see that a linear

relationship between the magnetization and electric field
components can be verified only for M,(E,), M,(E,),
My (E,), and M,(E,). No electric field dependence is
found for M,(E,,E,), My(E,), and M,(E,,E,). Accord-
ingly, the only nonvanishing magnetoelectric coefficients
are
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LA . N 12
Qgy = aEy - aE, =y, = (onu)_z 1+ 2)P1P2P3

E
ay)(:_—‘:__-:axy:-%(Sl_az)p#)?p:; *
oE, JE (Xo)

(13)

It must be pointed out that the equations listed in Tables
V{(c) and V(d) refer to cubic coordinates. In orthorhombic
axes (i.e.,, with the x and y axes turned by 45° in their
plane), one should also detect nonzero values for the a,
and a,, coefficients, as found in Ref. 13. Besides, the
vanishing of «, which is predicted by our model—
although it is not an intrinsic property of the magne-
toelectric tensor for the m’ symmetry'?!—was verified ex-
perimentally by Baturov and Al'shin.'”® By contrast the
a,, =0 value measured by these authors is not allowed by
the monoclinic symmetry and may be explained by the ex-
istence of antiparallel domains along the z axis. No pre-
cise verification of the (T, —T)3/2? behavior expressed by
Eqgs. (12) and (13) can be performed by comparison with
the experimental curves shown in Ref. 13 for the magne-
toelectric coefficients, because of the schematic character
of these curves, and especially to the lack of experimental
points in the vicinity of T,.

D. Applicability of the model

In summary, a large number of the distinctive macro-
scopic features of the transition in Ni-I boracite are ex-
plained in the framework of the six-component order-
parameter model developed in Sec. II. The essential im-
proper character assumed for the magnetization and polar-
ization components is fairly well illustrated by the magni-
tude and temperature (or field) dependence of the preced-
ing quantities, as well as by the form of the corresponding
susceptibilities. Some typical magnetic properties of the
material (i.e., the asymmetry of the hysteresis loops and
the change in sign of the magnetization under suitably
oriented magnetic field) appear to be connected to the
peculiar v=3 faintness index which characterizes the cou-
pling between the magnetization and the order parameter.
Similarly, the remarkable magnetoelectric properties of
Ni-I can be deduced from both the direct and indirect
(i.e., through the order parameter) couplings between the
magnetization and polarization components.

However, a number of crucial measurements are still
needed in order to check more completely the validity of
the model and to clarify some unexplalned experimental
data: (i) More careful verification of the critical index
predicted for the magnetization and the magnetoelectric
coefficients in the vicinity of T, is needed.

(ii) Calorimetric measurements confirming the continu-
ous character of the transition suggested by most of the
experimental data, but infirmed by the birefringence and
magnetic susceptibility curves are needed. In this respect,
a reinvestigation of the preceding quantities in single
monodomain crystal is desirable.

(iii) A neutron diffraction experiment verifying the
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monoclinic symmetry and fourfold increase of the mag-
netic and chemical cell below T, as well as the type of
antiferromagnetic ordering predicted in our model is
needed (see Sec. VIA).

1IV. TRIGONAL BORACITES

In contrast to the case of Ni-I boracite, the transitions
evidenced at low temperatures in Co-Cl and Fe-X (X=Cl,
Br, I) boracites are assumed to be purely magnetic ones
(see Sec. II). As shown in Table II, it is a two-dimensional
Brillouin-zone center IC (denoted 73) of the paramagnetic
group R3cl’, which induces the monoclinic low-
temperature phase of magnetic symmetry m, the fer-
roelectric R 3¢ structure remaining essentially trigonal
below T,.%%% Accordingly, the corresponding Landau ex-
pansion (denoted b in Table III) is expressed as a function
of a two-component order parameter (17,,7,) which identi-
fies with an antiferromagnetic sublattice ordering. The
linear relationship between these components and the
mean spin distribution will be discussed in Sec. VIB in
connection with the magnetic structure assumed for the
monoclinic phase.

As in Dzialoshinskii’s theory,
character of the magnetic phases can be described
phenomenologically by a bilinear coupling of the magneti-
zation components (M,,M,) to the order parameter.
Such a coupling, which is written 6(nM, —n,M,)
expresses the fact that (7,7,) and (M,,—M,) both
transform as the same IC 73. The set of lower-degree cou-
pling terms between the M, (u =x,y,z) and the 7; are
given in Table VI(a). They will allow us to describe the
magnetic anomalies observed in the group of boracites
under consideration.

The fact that no structural transition (and therefore no
spontaneous components of the polarization and strain)
takes place at T, does not exclude that anomalous tem-
perature dependences may possibly be observed for some

the weak ferromagnetic
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dielectric and elastic properties of the materials.* Such
anomalies, which reflect the influence of the magnetic
transition on the structure, are governed by couplings be-
tween the order-parameter or the magnetization com-
ponents on one hand, and the nonspontaneous com-
ponents of polarization and strain, on the other hand (.e.,
the components which already exist in the high-
temperature phase). These couplings are listed in Table
VI

. A. Magnetic properties

Let us first discuss, in the framework of our model, the
magnetic properties of Co-Cl and Fe-X boracites. Such
properties were evidenced experimentally by susceptibili-
ty,>3! hysteresis loop® and Faraday rotation®® measure-
ments. Minimization of F;+ Fy(H=0) with respect to
M, and M, yield

Mx =8X84772
and (14)
M, =—8X3y, .

In Table III one can see that the equilibrium values, for
7, and 77, in the monoclinic phase, are 7,50 and 77,=0.
Accordingly the spontaneous magnetization below T, lies
along the y axis, i.e., perpendicular to the polarization P,
which is parallel to the C3 axis of the trigonal cell. The
respective orientations of P, and M, were verified experi-
mentally in Co-Cl boracite through the observation of the
ferroelectric-ferromagnetic domain structure.® In the
same material a recently performed Faraday rotation mea-
surement>’ reveals a (T, — T)!/? asymptotic variation law
for the magnetization, in agreement with Eq. (14), al-
though one can verify a slight discontinuity of the angle
of rotation at the 11.5-K transition. The first-order char-

‘acter of the magnetic transition is confirmed for Co-Cl

TABLE VI. Coupling terms for the R 3¢ 1’ — Cc transition in trigonal boracites. The terms are labeled as in Table IV.

Fa=8(m: My, — 1M )+ (17 +13)

Fe=(n}+nd) |8,P, +—(P2+P2)+——2-Pz2

Brovtz+mp+ B a0 |+

'l 4P} +P})—

o (M2 M;+ M) —H-M
2xo

PoP,—E-P

F,=(n}+1)[8(e, +e,)+8,e;]+(trigonal elastic energy) —eSe; —ele, —efe; —ae

FME_‘(M2+M2) ap P, + (P2+P2)

+ P, ME+ M M, [ o3P, +0605(P2+P2)]

Fys =(MZ+ M) are3 +ale; +e3)] +azesMI M M,[azes+asle;+e2)]

Fps=P,[Aes+Ayle;+e;)]+(PE+P)) Ases+Aaler +e3)]

Fone = (M, —M)[7 1P+ P+ P})]




and Fe-Cl, by the temperature dependence of the magnetic
susceptibility measured by Baturov et al.’! (see below) as
well as by the unusually large vahies obtained by Quezel
and Schmid® for the ferromagnetic moments at 4.2 K. In
this respect, we show in Sec. III that while the ratio
| M, /7, | is expected from the theory*® to be in the range
10~2—1073, it is actually about 10~1—10~2 for Co-Cl and
iron boracites, i.e., of the order of magnitude of the larger
values experimentally observed for weak ferromagnets
[e.g., in C,F; (Ref. 102)].

“The magnetic susceptibility Xf,‘,’, is obtained by minimi-
zation of F;+Fy(H=0) with respect to 77; and M,. It
yields R

sl
1—82XM /(a+3BnD) +uX¥n}

Xy (15)

so that X} ~X}a/(a—8&X}) in the paramagnetic phase
(m1=0). Assuming the transition to be of first order (i.e.,
B <0, ¥1+72>0 for the b expansion written in Table III)
one obtains for sufficiently negative values of u;, the
behavior represented by the solid line in Fig. 8. Accord-
ingly, at ~the transition temperature T|=T,
+[3B%/16a(y,+72)], the susceptibility undergoes an up-
ward jump on cooling, then increases again as the tem-
perature is lowered. The experimental curves obtained by
Baturov et al.’! for the inverse susceptibility in Co-Cl and
Fe-Cl boracites clearly illustrate the temperature depen-
dence shown on Fig. 8 for X¥(T). It should be noted that
a second-order transition in these materials would corre-
spond to a drop of XM(T) at T, and a decreasing of the
susceptibility when the temperature is lowered (dotted line
in Fig. 8).

Under application of a magnetic field parallel to the y
axis the corresponding Eq. (14) for M, must be written as

ny

AXI

T T

FIG. 8. Temperature dependence of the magnetic susceptibil-
ity predicted in trigonal boracites, assuming the transition is
first order (solid line) or second order (dotted curve).
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M, =x¥H, —8x¥y, .

Accordingly, below 7, the magnetic hysteresis should
display symmetric values for the spontaneous magnetiza-
tion M, at zero field (i.e., M;=+X} |7, |). This is veri-
fied by the experimental curves found by Quezel and
Schmid? for the Fe boracites. Large differences in magni-
tude are observed for the coercive field H, (4.2 K) for
Fe-I (9500 Oe); Fe-Br (1500 Oe), and Fe-1 (170 Oe), thus
revealing a strong dissimilarity in the magnetocrystalline
anisotropy of these compounds.

B. Magnetoelectric properties

Weak dielectric or elastic anomalies are reported for the
class of trigonal boracites, in the region of the magnetic
transition. From the form of the coupling terms labeled
Fg and F; in Table VI, one can foresee that only secon-
dary structural anomalies should be observed. For, say
P,, one can write below T,

P,=Py—X§(8mi+7:18mM,) . . (16)
The two terms on the right side of Eq. (16) represent,

‘respectively, the polarization already existing above T,

and the order parameter and magnetization-induced po-
larization.  This latter contribution should only modify
the slope of the total polarization as a function of the
temperature, below 7,.. Such weak anomalies are indica-
tive of the purely magnetic character of the transition, as-
sumed in our model, whereas a magnetostructural transi-
tion® would be accompanied by qualitatively different sit-
uations (e.g., the onset of new components of the polariza-
tion perpendicular to the C% axis) which have not been ob-
served up to now.

Taking into account the terms Fy, Fg, Fyg, and Fyue
in Table VI, yields the magnetoelectric relationships:

(AP,)g o= —XoX3'y v Hy =XX0 ctosymH,
(AMy)g —o=—X§X5'v 1 mE; ,

and ‘ ; (17)
(AM,)g _o=XX3'ap:dnE, . '

Thus, conformably to the symmetry of the magnetoelec-
tric tensor for the monoclinic symmetry m,°! one obtains
the sole nonvanishing magnetoelectric coefficients,

JAP, AAM,
(Zzyz — b4 =ayz=-——-Xng{'y157“,
aHy E=0 aEz H—0
(18)
AP, 3AM, .
== l aHJ‘ E=0 aE, lH:O*axz _xOXO a()387]1 .

The variation of induced polarization AP, at fixed tem-
perature T=11 K under application of a magnetic field
H, was measured by Schmid>® for Co-Cl boracite. It con-
firms the linear relationship AP,(H, ) given by Eq. (17).
The proportionality of a,, to the order parameter 1, [Eq.
(18)] is also well illustrated by the temperature dependence
of a,, given in Ref. 56, provided the “tail” observed above
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T, is attributed to a diffuse behavior possibly connected
with defects.!®® Similarly, the humps and negative signs
obtained by Baturov et al.?! for the magnetoelectric coef-
ficients (e, or a,;) on ferroelectric polydomain samples
of Co-Cl, Fe-Br, and Fe-Cl boracites, should not be intrin-
sic properties of the corresponding single domains. These
features may be explained by orientational effects of the
magnetic domains, or by demagnetization processes.

Thus, the two-component order-parameter model, as-
suming a purely magnetic pseudoproper transition of the
first order in trigonal boracites, is verified in its more
essential features by the magnetic and magnetoelectric
data available for Co-Cl boracite. More experimental in-
formation is needed for the group of iron boracites, and
especially for Fe-I, in order to check our theoretical pre-
dictions. An essential test would be given by a neutron
diffraction experiment verifying the monoclinic magnetic
symmetry and the corresponding two-dimensional antifer-
romagnetic canted ordering (see Sec. VIB).

V. ORTHORHOMBIC BORACITES

Assuming that the paramagnetic phase in this third
class of boracites is the orthorhombic phase Pca2il’ (see
Sec. I A), one can easily relate the variety of magnetic
phases evidenced at low temperatures, to the degrees of
freedom of the orthorhombic group at the center of the
Brillouin zone. From Tables I and II it can be foreseen
that the ferromagnetic symmetry group m’'m?2’ (or
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mm'2’), observed in Ni-CL* Ni-Br,~% and Co-Br,?
with the magnetization along the y (or x) axis (i.e., per-
pendicular to the polarization which lies along the z axis),
is induced by the IC 74 (or 73) of Pca2,1’ at the T point.
On the other hand, the ferromagnetic phase of symmetry
m'm'2 observed below 8.4 K in Cu-Cl,*>%® and the anti-
ferromagnetic intermediate phase of symmetry mm?2 evi-
denced in Ni-CI*®3%57 are respectively related to the IC’s
77 and 7;. There remains some uncertainty pertaining to
the symmetry of the phase ordered between 16.8 and 30 K
in Ni-Br.?®* The symmetries of the ferromagnetic
phases which were shown to exist in Co-I (Refs. 33 and
44) and Cu-Br,!” are entirely unknown so far.

As is the case of trigonal boracites, the weak ferromag-
netic character of the m’'m'2 and m’'m 2’ phases®? results
from a bilinear coupling between the magnetization com-
ponents M,, M,, and M, to the order parameter 77 which
corresponds to an antiferromagnetic ordering. In Sec.
VIB it is shown that  can be written as linear combina-
tions of the antiferromagnetic couples of components
(LyzLyy), (LygL3,), and (Lyy,L,,), which transform,
respectively, as, M,,M,, and M,. However, 7 is not a
magnetization component, although it has the same sym-
metry. By contrast, for the mm2 phase found in Ni-Cl,
the corresponding antiferromagnetic ordering, which is
identified with the order parameter 7, is the symmetry
breaking quantity. Besides, as the transitions are assumed
to be purely magnetic ones,® there will only be nonlinear
couplings between the order parameter and the nonspon-

"taneous components of polarization and strain: The two

latter quantities transform as the identity irreducible rep-

TABLE VII. Coupling terms for the Pca2,1'—(Pca2i,Pca’2},Pc'a’2,,Pc'a 2}) transitions in
orthorhombic boracites. Same notation as in Table IV.

F T2 S'I']Mz 1
M=
2X

T4 87]My

1
2xE

FE(T]—>T4)=8')’]2PZ+

2 2 2y_H.
oM, | T g (Ma+ M+ M) —H-M

(P} +P}+P})—E-P—P,P,

Fs(ri—>74)=n*Ae; +Are; + Ases) + (orthorhombic elastic energy)—ae —(ele; +e%e, +eles)

Ty Tt Pr(her+Azer+Aze;
Ty aoM2P, Ty

Fue= 1. aomip, F5= |7 Ape,
T4 aO,Msz T4 APres

FMS(TI—>T4)=M3(0£1€1 +oe; +asze;) (u =x,p,z)

Ty
T YiNMP,

Fone = Ty: Y1MMxP, +y mPcM,
T4 ViMyP, +y MM, P,
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resentation of the crystallographic group Pca 2.

Using the single components order parameter F (1) (la-
beled a in Table III), and the coupling terms worked out
in Table VII, between n and M,,P, (u =x,p,z) or e
(i=1,6), enables us to discuss the physical anomalies ob-
served at the transitions. As the phenomenological ap-
proach of this class of compounds is very similar to the
one performed for trigonal boracites, we shall restrict our-
selves to discuss the predictions of the theoretical model,
without giving details of the mathematical procedure.

A. Ni-Cl, Ni-Br

Although there are no direct neutron diffraction data
on the structures of the two low-temperature magnetic
phases of Ni-Cl, there exist sufficient measurements to
deduce their characteristics. Thus, the weak ferromagnet-
ic nature of the phase stable below 8—10 K is concluded
from: (i) The observation of ferromagnetic domains®® in
the interior of the ferroelectric-ferroelastic domains (Fig.
3) showing a spontaneous magnetization M, ||y perpendic-
ular to the polarization P;||z, according to the ferromag-
netlc sroup m 'm2’. (u) Faraday rotation,® magnetiza-
tion,” coercive field,> and susceptibility>®>’ measure-
ments which reveal typical weak-ferromagnetic behavior
with weak magnetization (19 G at 4.5 K) and coercive
field (600 Oe at 8.5 K).® (iii) A complete set of magne-
toelectric data®? confirms the symmetry m’m2’, as only
the two-components a3, and a,; of the magnetoelectric
tensor'®! are found to be nonvanishing.

The antiferromagnetic character of the intermediate
10—25 K phase in Ni-Cl, can also be strongly conjectured
on the basis of (i) magnetic susceptibility data®®>’ which
reveal an antiferromagnetic coupling; (ii) the disappear-
ance of the coercive field on increasing temperature at
about 10 K; (iii) magnetic torque curves®’ suggesting a
collinear antiferromagnetic order, with the sublattice mo-
ment directed along the z direction. The preceding results
suggest an mm2 magnetic point group, which is con-
firmed by the observed linearity up to 6 kOe of the mag-
netoelectric effect in the range 9—25 K*2 (i.e., the magne-
toelectric tensor has the same nonvanishing components
for the mm?2 and m’'m 2’ symmetries), as well as from the
symmetry analysis (see Table IT). /

For Ni-Br, there are apparently contradictory data con-
cerning the magnetic ordering taking place below 30 K.
From the earlier results®?®?" the lower-temperature phase
stable below 16.8 K appeared to be isomorphic with the
weak ferromagnetic phase of Ni-Cl. In this respect, the
disappearance of the coercive field at 16.8 K (Ref. 20)
suggested, as for Ni-Cl, an antiferromagnetic intermediate
phase between 16.8 and 30 K. This conclusion is however
inconsistent with the nonvanishing of Faraday rotation
observed in this temperature range’”°® as well as with the
two steps variation appearing in the a3, magnetoelectric
coefficient as a function of temperature.?’ More recent
measurements on a sample cut differently®® reveal a
nonzero coercive field up to 30 K, with also a two stage
decreasing on heating, whereas the magnetoelectric coeffi-
cient a,3 seems to increase continuously from 30 to 4 K.
The preceding behavior suggests a competition between a
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number of phases displaying close regions of stability,
namely two weak-ferromagnetic phases of symmetry
m'm2’ and an antiferromagnetic phase of symmetry
mm?2.

The temperature dependence of the antiferromagnetic
sublattice magnetization which identifies to 7 corresponds
in our model to a standard (T,—T)'/? variation law.
When the antiferromagnetic phase is the first to take
place the subsequent transition toward a weak-
ferromagnetic phase (e.g., at 7. ~9 K in Ni-Cl) may still
be associated with the continuous onset of a spontaneous
magnetization M, as the sublattice magnetization, and
hence the order parameter 1 to which M, is coupled, is
distinct from the one which has taken place in the antifer-
romagnetic phase (i.e., the antiferromagnetic sublattices in
the mm2 and m’m 2’ phases transform as different IC’s of
the Pca2,1’ group (7, and 7, respectively). Such a
feature is apparently verified in Ni-Cl, both by the tem-
perature dependence of M, deduced from magnetic
torque,”’ and by the Faraday rotatlon curve shown in Ref.
30. Accordingly, standard antiferromagnetic behavior!%
should be expected for the magnetic susceptibility XM at
the paramagnetic-antiferromagnetic transition, while at
T,, one should have a weak-ferromagnetic susceptibility
following a law of the type given by Eq. (15). Although
the paramagnetic susceptibility measured for Ni-Cl (Ref.
3) indeed shows a Curie-Weiss—type behavior, the absence
of susceptibility data across the sequence of magnetic
transitions does not allow to verify the preceding theoreti-
cal prediction.

The coupling between 7 and the polarization and strain
components [ P,, and e; (i=1,3)] are shown from Table
VII to be described by equations of the type (16), where
the variations AP, and Ae; induced by the magnetic tran-
sitions, are proportional to the square of the order param-
eter 7. Thus, as for trigonal boracites, one should detect
only weak dielectric and elastic anomalies at the magnetic
transition temperatures. Actually, one observes a clearcut
drop of the birefringence curve, around 9 K in Ni-C1.%
In Ni-Br, two distinct kinks are detected around 17 and
28 K, on the slope of the spontaneous polarization.® It
can be noted that in both cases the magnetostructural
anomaly results in a drop on the curve representing the
temperature dependence of the nonspontaneous tensors
(i.e., polarization or strain), which is indicative of a posi-
tive value for the coupling coefficient in Eq. (16).

The magnetoelectric properties evidenced in Ni-Cl and
Ni-Br can be expressed in the weak ferromagnetic phase
by the equations

AP, = —X{X§ymH, (19)

and

AP, = —X3'X5(y 1 +aoXs ) H, (20)

deduced from the Fyg and F,ugp terms in Table VII.
The preceding equations yield as nonvanishing linear
magnetoelectric coefficients
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ay= -8_1-.;; E=O=—X31X€7’277 2n
and
oP
— z — _ yMyE
Q3p= aHy peo X()Xo‘)/l?']. (22)

The linearity of the magnetoelectric effect expressed by
Eq. (19) has been verified®? at any T < T,. Furthermore,
the temperature dependence of a,; measured in Ref. 32
follows closely the (T, —T)'/? law given by Eq. (21). The
continuous vanishing of a,; at 9 K, and its zero value in
the antiferromagnetic phase, confirms our assumption
that the two magnetic phases are associated with distinct
antiferromagnetic orderings. Actually, as can be seen in
Table VII, there is no linear magnetoelectric coupling
Fyg and Fpgg, corresponding to the IC 74, which is re-
lated to the mm?2 phase.

Equation (20) predicts that the polarization AP, should
vary nonlinearly under strong magnetic field applied in
the y direction. The experimental curves AP,(H,) mea-
sured at 4.5 and 8.4 K (i.e., in the m'm 2’ phase) as well as
at 16.5 K (in the mm2 phase), show, on the contrary, a
linear variation up to H,=6 kOe.*? This would suggest
that the ag; coefficient is small with respect to y;, or in
other words, that the “direct” magnetoelectric effect
(Psz ) is small in comparison to the “indirect” one
(nM,,P;). Besides, the change of sign of the slope
AP,/H, from 8.4 to 16.5 K, is consistent with the as-
sumption of a distinct sublattice ordering in the two
phases. On the other hand, the temperature dependence
of a3, shown in Ref. 32 differs strongly from the theoreti-
cal law given by Eq. (22). It reveals a peak around 9 K
and small negative values for AP, between 10 and 25 K.»
Such a behavior may be indicative of the fact that a mag-
netic field applied along the y axis induces a magnetoelec-
tric contribution of the antiferromagnetic sublattice exist-
ing in the mm2 phase, whereas this contribution is absent
when the field is applied along the z direction. Hence, the
apparently contradictory shapes of a,3(T) and a;,(T) may
be reconciled by assuming that the sublattice magnetiza-
tion in the antiferromagnetic phase, lies along the z direc-
tion, as was proposed by Haida et al.,”’ so that it would
be mainly affected by magnetic field applied in the per-
pendicular direction.

The preceding assumption, which is discussed in Sec.
III, would also allow to interpret the magnetoelectric mea-
surement obtained for Ni-Br.2>%® In this material, appli-
cation of a magnetic field along the y direction induces a
magnetoelectric contribution of the antiferromagnetic
sublattice in the range 16.8—30 K, which appears in the
as, coefficient.’® By contrast a magnetic field applied
along z would favor the stability below 30 K, of the non-
compensated antiferromagnetic sublattice which give rise
to the weak-ferromagnetic component M. Accordingly,
the magnetoelectric coefficient ¢,; should follow a con-
tinuous variation given by Eq. (20), as is observed experi-
mentally.>
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B. Co-Br, Cu-Cl

A single magnetic phase is reported for each of these
two compounds.”®*  In Co-Br boracite, the
ferromagnetic-ferroelectric domain pattern®® shows a
magnetization perpendicular to the polarization; the phase
thus is of symmetry m'm2’ or mm’'2’. The weak fer-
romagnetic character of the T,=16 K transition is con-
firmed by magnetic moment,? coercive field® and Faraday
rotation?” measurements. The latter reveals a continuous
increase of the rotation angle from T,. Such a smooth
onset of the magnetization may explain the failure to ob-
serve any anomaly in the birefringence curve.?

The magnetic phase evidenced below about 8 K in Cu-
Cl, is interpreted by Haida et al.* as corresponding to the
symmetry m’m’2, which is induced by the 7, IC of the
Pca2(1’ group. Following these authors the magnetic
moment should be aligned along the z direction, i.e.,
parallel to the polarization. This result is deduced from
magnetic torque curves.’> Unpublished data from Haida
and Kohn®® also reveal a magnetization curve with a typi-
cal second-order (7T, —T)'/? variation. More recent un-
published magnetoelectric measurements by Rivera and
Schmid®® confirm the existence of a spontaneous magneti-
zation component along the z axis. More experimental
data are needed for further interpretation.

C. Co-I, Cu-Br

The weak ferromagnetic character of the phases evi-
denced below 38 and 24 K, respectively, in Co-I and Cu-
Br boracites, is attested to by magnetic. moment and coer-
cive field measurements.® However, the data are still
overly incomplete for definite conclusions to be drawn on
the symmetry of these phases. The dielectric measure-
ments reporting marked anomalies of the permittivity and
polarization around 24 K suggest thereby a strong magne-
toelectric effect for the corresponding magnetic transition
in Cu-Br. In Co-1, a spontaneous magnetization curve’?
shows two distinct phases in the range 38—29 K, and
below 29 K. Magnetoelectric anomalies,* dielectric per-
mittivity curves,!”33 and neutron diffraction data®® con-
firm a two-step phase sequence. However, the preceding
results have been obtained from polydomain samples, so
that the detection of magnetization components along z
and x (or y), as well as the nonzero values found for most
of the magnetoelectric tensor components (in agreement
with a triclinic symmetry) require confirmation by single
domain crystals.

In this third group of boracites the variety of theoreti-
cal situations predicted in our model, related to the fact
that four possible irreducible degrees of freedom may be
involved, is illustrated by an apparent complexity of the
experimental data. In two members of the group, namely
Ni-Cl and Co-Br, for which the experimental situation is
presently the more firmly established, the magnetic and
magnetoelectric measurements confirm fairly well the
theoretical model of a single-component order parameter,
coupling linearly to the magnetization and to the non-
spontaneous polarization. In the other compounds the
discrepancy between some magnetic and magnetoelectric
data of different origins, can be understood by the fact
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that magnetic phases connected to different degrees of
freedom are observed. These phases which seem to have
close regions of stability, appear to be very sensitive to the
experimental conditions and, in particular, to the orienta-
tion of the applied magnetic field and to the existence of
domains. In these materials, magnetic and magnetoelec-
tric experiments have thus to be performed with a particu-
lar care as regarding the preceding ‘‘perturbations.” A
better knowledge of the antiferromagnetic sublattices in-
volved in each orthorhombic magnetic phase, which is
discussed in Sec. VIC, should also help to work in “un

perturbed” conditions.

VI. MICROSCOPIC NATURE OF THE ORDER
PARAMETER IN MAGNETIC BORACITES:
LATENT ANTIFERROMAGNETISM AND WEAK
FERROMAGNETISM

The Landau theory of boracites developed in the previ-
ous sections differs in many respects from the usual
phenomenological approaches to magnetic phase transi-
tions. For example, in the works of Dzialoshinskii,*®47-10°
the Landau expansion F is constructed from invariant
combinations of the magnetic moments, the distribution
of which is known a priori. In the Kovalev method,!% al-
though F is composed of invariants of the functions mak-
ing up the irreducible representations of the crystallo-
graphic group under consideration, one has to know the
location and orientation of the magnetic moments. In
both cases, the knowledge of the detailed magnetic struc-
ture is a necessary preliminary in order to deduce the na-
ture (exchange or relativistic) of the forces which are
mainly responsible for the magnetic ordering. On the oth-
er hand, statistical mechanics models!?” start from as-
sumptions on the form of the fundamental interactions
between the neighboring moments, which lead in turn to
predictions of the macroscopic features of the system.

Our approach, in contrast, is adapted to the description
of magnetic transitions in systems where a number of
macroscopic properties are known (e.g., the symmetries of
the phases, the temperature dependence and magnitude of
the spontaneous tensors), but where the average spin dis-
tribution is still unknown. Starting from the observed
modifications, a group theoretical and thermodynamic
analysis enables us to determine the symmetry of the ir-
reducible degree of freedom governing the transition.
Then, on the basis of the available experimental data, we
postulate the physical mechanism representing the order
parameter and deduce its coupling with the other (secon-
dary) degrees of freedom involved in the transition. As
shown in Secs. III, IV, and V, it allows us to account for
most of the macroscopic anomalies characterizing the
transition, and accordingly to verify our initial assump-
tion on the nature of the order parameter.

In this section we show that it is possible to specify, to
a certain extent, the magnetic ordering which takes place
at low temperature in boracites, starting only from the
crystallographic structure of the paramagnetic phase, and
thus to deduce the type of interactions responsible for the
transition. In this respect, it appears from the previous
sections that, on a phenomenological basis, two main situ-
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ations have been found among magnetic boracites. On
one hand, the transition in Ni-I boracite was described as
an improper magnetostructural transition associated to a
Brillouin-zone boundary IC. On the other hand, the two
remaining classes of transitions were treated as pseudo-
proper magnetic transitions, induced by zone-center insta-
bilities. We now examine the bastc physical implications
of such a distinction.

A. Latent antiferromagnetism in Ni-I boracite

In the paramagnetic phase, the cubic primitive cell of
Ni-I boracite is a rhombohedron of volume V (Fig. 4) con-
taining two formula units. Thus the conventional cell”!
F43c1’ contains eight formula units with 24 magnetic
ions Ni?*. At T.=61.5 K the structure becomes mono-
clinic (Cc'’), the primitive monoclinic cell having the same
volume as the conventional cubic cell. We can assume,
without loss of generality, that the lowering of symmetry
taking place at T, is entirely connected with the displace-
ment of the nickel ions. The 24 metallic ions will thus be
distributed among 12 independent monoclinic sublattices.
The positions of the ions forming each sublattice are given
in Table VIII. In Figs. 9(a) and 9(b), the magnetic ions
are represented in projection on the pseudocubic plane
(001), and within the monoclinic cell, respectively. Hav-
ing regard to their structural environment, the 12 indepen-
dent nickel ions form three groups, denoted (1,2,3,4),
(5,6,7,8), and (9,10,11,12) in Fig. 9, located inside mixed
oxygen halogen octahedra, the axes of which are parallel
or at 45° to the monoclinic plane. The three groups of
atoms lie, respectively, in planes perpendicular to the cu-
bic z direction, and to the x direction (x =0 and x = )

The magnetic structure of the crystal in the low-
temperature phase is completely determined if the spins of

TABLE VIII. Coordinates of the nickel ions associated with
the 24 average spins s; (i =1—24) in the monoclinic Cc (CH
cell of Ni-I boracite. The coordinates are given with respect to
the cubic axes x,y,z. -

51t 0 S13 T
s20 050 S14t T
s3>0 Sist T
se: 52550 S16 TraT
Ss: 0,%,% Syt -},0,-;3;
Sgt O,%,% S1g: %,0,'1—
873 0,%,% S19t %,O,-i—
MY 0,%,-2- Sa0: %,0,%
S9: %,%,% Sait fl‘»%"i‘
S10° %’%,% 522° %,%:%
St %,%,%‘ $23: %’%"i’
S12t %:%’% S24: %»%»%
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the ions belonging to each sublattice are given. Following

the method used by Dzialoshinskii in a number of pa-
46,47,105

pers

and denote by 53,514, ..,524 the spins of the ions,

respectively, obtained by reflection in the monoclinic
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(b)

FIG. 9. Position of the 24 nickel ions in the monoclinic Cc
(C#) phase of Ni-I boracite, neglecting the monoclinic deforma-
tion with respect to the cubic phase. (a) Projection on the xy cu-
bic plane. Numbers below or above the metals indicate whether

they are located (i) at z=+ or z=3 for metals 5—12 and

17—24, and (i) at z =0 or z = 5 for metals 1—4 and 13—16. (b)
Positions of the metals within the volume of the monoclinic cell.

In the two figures the cubic (x%y%z°) and monoclinic
(x'™ y'™ z'™) axes have the same origin (Oy) as in Ref. 5.
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we shall symbolize the spins by 5,55, ...,512

plane oy,. Assuming that the s; are small close to T, the
Landau free energy F can be expanded as power series of
the s; components s;, (#=x,y,z). Let us introduce the
auxiliary vectors M* and L (j,a=1,2,3) defined by the
equations

1
Ly=s1+S13+52+514—83—515—54—516 »

1
Ly=s5+513—52—S14+53+515—54—516 »

1
L3i=s5,4513—52—S14—53—515+52+516 »

. . (23)
Lj =Lj (Si+4), L] =LJ (si+8)

(j=1,2,3) (i=1—4 and 12—16) ,

M'=5s;+513+5,+514+53+S15+54+516
M =M\(s; 4), M3=M'(s;,5) (i=1—4 and 12—16) .

It is obvious that the vector M=M!'4+M?*+M>
represents the total magnetization moment of the moni-
clinic unit cell below T,. It transforms as the three-
dimensional vector corepresentation of the F43c1’ group,
at the Brillouin-zone center, labelled 75 in Table II. On
the other hand, it can easily be found that the reducible
corepresentation given by the antiferromagnetic vectors
L j' decomposes into fwo IC’s of the F43c1’ group at the
X (kyg) point of the face-centered Brillouin zone. More
precisely, (L%,L3,L5,) transform as the three-
dimensional IC denoted 73 in Table II, whereas the six-
dimensional IC 7, describes the transformation properties
of the components (LS,,L{,,L5,,L5,,L5,LS,). As al-
ready noted in Ref. 108, each of the sets of L}’ projec-
tions are distributed over the three arms of the star®® ki,
namely klo=(0,0,7/a), k},=(0,7/a,0), kjp=(7/a,0,0)
in the Kovalev notation.!®®

As 7, was found to induce the phase transition in Ni-I
boracite (Sec. II B), we can thus work out the linear rela-
tionships between the L projections and the abstract
order-parameter components 7; (i=1,6) used in Secs. II
and III. Identifying the basis of the six-dimensional IC 7,
spanned, respectively, by the 7; and the Ly (u=x,y,z)
yields

7’1=L§lx +L131y, 773:Lllzz""LL11y’ ningz_Lgx ’
(24)
nZ:L?x ""Lgty: 774:L‘11y+L‘112’ Ne= _L(le *LIZZZ ’

where a=1,2,3.

Using (24), we can express the expansion
F(n;,M,,M,,M,) (see Tables III and IV) in terms of the
LM “,Mf,L};, separating its exchange and anisotropic
parts. We find F=3 (F&+Fg,). For a=1,2,3, one
has, omitting the superscript a,
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E
+D[(ML1)L2L3+(ML2)L1L3+(ML3)L1L2]+—2—I—(M)2

E
—2 S (ML;?, (25)

+
2 5

S(L;)?
j

where the B;,C,D,E; are constant coefficients and a ~(T —T,). We write

Fan=30a(LY, +L}, +L3+Ly + L3, + L)+ 8Ly, + LY, + L3, + LS, + L4, +L%)
+3BoL Y, LY, + L5 L, + Ly L)+ s ALY, + LI LS + LG, + LY, + L)+ (L3, +L3 L3 +LY)]
+ 7 Bl(L3 — LWLy, — L3, + L3, —L3)+ (L, —L}, (L3 —L3,)]
+3Bsl(L5—L3 —LL, +LY,NL, + LY, —L3 —L3,)+ (L3, —L3 L3, + L}, — L}, —L1)]
+8 [ MALY, L, LY+ L L3 L) +(LE, + L3 WL L3 M2 — L3, L3, MD)]
+8[MALY, LY, L}, — L} LS L3+ ML, L3, (LG +L) + MXL3,L3,L3, —L3,L3,LY)] . (26)

F contains only terms which do not depend on the
orientation of the vectors L® and M9, i.e., of the orienta-
tion of the spins with respect to the crystal axes. They
represent exchange interactions. The terms in F,, arise
from relativistic spin-lattice interaction and magnetic di-
pole interaction, and determine the magnetic anisotropy
of the crystal.!'® As a/a, which approximates the ratio of
the magnetic anisotropy energy to the exchange energy, is
proportional'!! to v2/c? (i.e., the ratio of the speed of the
electrons to the speed of the light), the discussion of F
must distinguish two intervals of temperature below T, :*’
one, close to T, in which the relativistic interactions can-
not be neglected, and another one, not too close to T,,
where the relativistic terms are negligible. Let us summa-
rize the main results obtained from the minimization of
(25) and (26) in connection with the interpretation of the
transition in Ni-I boracite.

(i) At T,=61.5 K, where a vanishes, the components
of L{ become nonzero. The L7 vary as L& ~(T,—T)/2,
Since Fg, contains an invariant linear in M%, a nonzero
spontaneous magnetic moment will arise simultaneously
with the appearance of the L/, that will be of exchange
origin. The expression for M“ is

M= 2L+ LHLILH +LELIL],

which is proportional to (T,—T)*2 The absolute
minimum of F,, associated with this nonzero magnetiza-
tion corresponds to

$=+L%=+L%. 27
Introducing (27) into (23) leads to
Si+Si p1p="5(M*+3L%)
and (28)
Sj+8j p12=3(M*+L§) (j#i),

where the number i is determined by the signs in Eq. (27)
(e.g., for L{=L§=L%, i=1, j=2,3,4). From Egs. (28)

it can be seen that the average spins of the ions can be di-
vided into two groups, the absolute magnitude of the spins
differing from one group to the other. Such a property is
usual for ferrimagnets. However, here the spins are asso-
ciated with one identical type of magnetic ions, which is
found in equivalent crystallographic positions in the
paramagnetic phase. This is in contrast with the situation
found in standard ferrimagnets such as ferrites or garnets
(see, for instance, Ref. 107). Dzaloshinskii and Man’ko®’
suggested to denominate this new type of uncompensated
antiferromagnetism, latent antiferromagnetism. As noted
by these authors, no confusion should be made with ferri-
magnetism because of the peculiar temperature variation
of the magnetization in the vicinity of 7T,. However,
from the experimental data on Ni-I (Sec. III A), it appears
that the interval in which the (7, —7)3/? law holds, is
very narrow, and may escape detection. Another distinc-
tive feature of latent antiferromagnetic materials that was
partly overlooked by the authors of Ref. 47, is that,
despite its exchange origin the magnetization must be ex-
pected to assume very weak values at any temperature
below T,. This is connected with the improper character
of the transition, i.e., to the fact that M results from a
coupling to the third power of the antiferromagnetic sub-
lattices.

In Ni-I boracite (see Table IX) the magnetization at 4.2
K is found to be about 0.9 G,”*!2 which represents 1%
of the nominal value (i.e., the value of the saturation mag-
netization with all the magnetic moments parallel). In the
ferromagnets Fe;O,4 (Ref. 113) and Y;FesOy,,!'* the nu-
merical values found for M are, respectively, about 5 103
and 2X 10° G. No other experimental example of latent
antiferromagnetic material, displaying a spontaneous
magnetization, is known, that would allow to check if the
weak value found for M in Ni-I boracite corresponds to
some standard order of magnitude. In UO,, a potential
example of a latent antiferromagnet*”!1>116 no magneti-
zation was found. It is worthwhile mentioning that a
nominal value of 10~? corresponds to what is expected in
weak ferromagnets.*® Nevertheless, one should be able to
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TABLE IX. Magnetic data for the three subclasses of boracites [column (a)]. Effective magnetic
moment: (b) theoretical value ps=2V's(s +1); (c) per deduced from low-temperature susceptibility
measurements (Ref. 8). (d) and (e) Measured magnetization at 4.2 K in emu/g, respectively and G. (f)
Ratio of the measured magnetization to the saturation magnetization (Ref. 104).

(a) (b) (© (d) (e) @
Ni-1 2.83 4.15 0.016 0.9 1.0x 1072
Fe-Cl 5.52 5.8 258 4.2x10™2
Fe-Br 4.9 5.60 8.5 414 6.7 1072
Fe-1 5.70 26 - 137 2.3 1072
Co-Cl 3.87 5.15 8.8 419 8.7x 1072
Co-Br ] 1.87 5.49 9.5 482 1.0x 10!
Co-1 ) 5.94 1.7 94 2.0x 102
Ni-Cl 2.83 3.69 0.4 .19 6.0x1073
Ni-Br ] ) 3.63 2.15 111 3.4x1073
Cu-Cl ' 535 0.015 0.08 5.0x107*

1.73 ’ i (0.07)
Cu-Br 2.22 0.08 4.06 3.0x 1073

distinguish latent antiferromagnets from weak ferromag-
nets by neutron diffraction data, as in the latter class of
materials the magnetization results from a canting of anti-
ferromagnetic sublattices having the same magnitude.
Moreover, a systematic analysis® shows that latent anti-
ferromagnetic transitions should always be accompanied

by a structural transition. This transition may lower the

point group of the crystal (as in Ni-I boracite), or be asso-
ciated only to a breaking of the translational symmetry.
(if) The orientation of the vectors L; below T, is deter-
mined by the relativistic invariants LS in (26). We know
from Sec. II (see Table III) that the monoclinic phase in
Ni-I boracite corresponds to the equilibrium values 17,70,
J

slx+sl3x= {Mxl‘f"L%x"'L;x}’

1 1
4 T
1 1 1 1 1
32x+sl4x=T{Mx+L1x'_L3x}’ Sy+Suy=7

and the same relationships for the average moments s; 4
and s;,.g (i=1—4,12—16) with =2 and a=3, respec-
tively.

Equations (31), and the similar equations for a=2,3,
provide some information about the magnetic structure of
the monoclinic phase in Ni-I boracite. Thus, the noncom-
pensation of the antiferromagnetic sublattices appear on
the x and z projections, whereas the average spin order-
ings compensate along the y direction. Furthermore, pro-
jections of unequal magnitude (e, M7+L5 and
MZt _2L%, —L$%,) are found along the z direction, as
well as between the x, y, and z directions.

M2=0, M3=n4=—nN5=76+£0, 1,7%7; (i=3-6).
In terms of the L;,, one attains from (24),
‘lzy =0, Lgx =0, Lgx =Lgy’ Ltllz = "'Lab_ s
(29)
Lgx#(Ltlzx:Lgyy 1]12’ (le;ng) .

On the other hand, one finds as in Sec. II B,
ME#M]+£0, MJ=0. (30)

Substituting (29) and (30) in Egs. (23) yields the follow-
ing relationships among the sublattices corresponding to
a=1:

Sly+sl3y= {Liy'f‘L;x}’ Slz+sl3z=%{le+L;z} >
{—Léy*L;x}: slz+sl4z=%{le+2L%z_L§z} ’

(31

1 1 1 _ 1 1 1 1
53y+sl5y"‘ 4 {LZy '"“L3x}’ s3z+5152"‘ 4 {Mz"’Zle‘”LBZ} ’
1
4

S4y+316y: {*Léy'*'L%x}: S4z+3162=%{Mz}+L;z} ’

T

Such results contradict the three-sublattice arrangement
proposed by von Wartburg from neutron diffraction
data.’3 The magnetic structure suggested by this author
consists of three antiferromagnetic orthorhombic sublat-.
tices: Only one, parallel to the y direction, is ferromag-
netically ordered and responsible for the total magnetiza-
tion, the two others being strictly antiferromagnetic and
lying in the xy plane. An essential difference with our
model is that, in Ref. 83, the same magnitude is assumed
for all the spins which are distributed within an
orthorhombic cell. A neutron diffraction experiment rein-
vestigating the low temperature phase of Ni-I boracite
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would be suitable in order to verify the monoclinicity of
the magnetic structure and the corresponding ordering
which satisfies Egs. (31).

B. One-dimensional weak ferromagnetism
in trigonal boracites

The trigonal cell in Fe-X and Co-Cl boracites was re-
ported to be equitranslational with the cubic phase.’ It
thus contains two formula units, i.e., six metal ions, the
coordinates of which are given in Table X. As the mag-
netic transition occurs without a multiplication of the
paramagnetic cell (see Sec. II), the magnetic structure will
be determined by assigning the mean spins s; (i =1—6) of
each of the six magnetic ions (e.g., Fe’* or Co**). The
location of the metallic ions, denoted 1 to 6, is shown on
Fig. 10.

The transformation properties of the s; under the effect
of the paramagnetic group R3c1’ operations allow to in-
troduce the vectors M and L; (i=1-3), defined by the
equalities :

: Ll=—*‘;‘(251—S2—53)+(\/§/2)(2S4—S5——S6) >

L,=(V3/2)(2s; —5,—53)— +(254—55—5¢) ,
(32)
Ly=s1+53+53—54—55—S5¢ ,

M=S1+S2+S3+S4+S5+S6 N

where M is the mean magnetic moment of the unit cell,
and the L; antiferromagnetic vectors. The components of
these vectors span a reducible corepresentation of the
R3c1’ group, which decomposes into the three IC’s of the
same group at the Brillouin-zone center I'(k;=0) (see
Table II). The one-dimensional IC’s, 7| and 75, transform
according to the components L3, and M,, respectively,
whereas the two-dimensional IC, labeled 75 in Table II, is
spanned by L,L; (i=1,2) as well as by M,,—M,.
Thus, the order parameter (7,,m,) associated to the
R3cl'—m transition identifies with the antiferromagnet-
ic projections (Liy,Ly,). Let us write the corresponding
Landau expansion as a function of M and L;, (u=x,y,z):

F'=§(L%+L§)+§(L‘}+Lg)+%L?+Lg>+ —gMZ

a2y

+DM?L* 4 5 MxMy+%Mzz (L}+L%)

[« =) b a ‘
+5Lh M+ S L)+ Bt 1 ny)

+ L LG+ L) +8(L 1M, —LoyM,) . (33)

In (33) we have written, in the following order, the
terms representing exchange interactions, mixed
exchange-relativistic terms (i.e., the y; invariants), and rel-
ativistic terms corresponding to the magnetic anisotropy
of the crystal. As noted in Sec. IV, it is the presence of
the 8 coupling term of relativistic origin which determines
the existence of the spontaneous magnetization below T,
and thus the weak ferromagnetic character of the transi-
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TABLE X. Coordinates of the metallic ions associated with
the six average spins s; (i =1—6) in the trigonal R 3¢ phase of
boracites. Hexagonal coordinates are used.

S11X,0,2
S2: Y, X —y,z
$3: Y —X,X,z
S48 F,J?,%—+z
S5 X,X —y,—;—+z

St Y —X,p, 5 +z2

tion. On the other hand, it is the “twice relativistic” y
term*® which is responsible for the symmetry breaking
below T,.
The equilibrium equations for the low-temperature
phases are
) 8
Ly,=0, M,=0, M,=-—L,,, My=——Ly,. (34)
C C
The monoclinic phase of symmetry Cc found in trigonal
boracites corresponds to L,5<0,L,,=0. Accordingly,
the magnetization vector lies along the y axis, the propor-
tionality coefficient 8/C being of - the order of
1072—107°. In Table IX it can be seen that the experi-
mental values found for the weak magnetization as per-
centages of the maximum magnetization, when all the
magnetic moments are parallel in the compounds, extend
from 3102 for Fe-1 boracite, to 8.7X 10™2% for Co-Cl

FIG. 10. Position in space for the six metallic ions in the trig-
onal boracite cell, with respect to the symmetry operations of
the R 3c unit cell.
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boracite. This order of magnitude is larger than the

theoretical prediction,*® and also than the values reported

for standard weak ferromagnets, namely ~ 10~3 for

a-Fe,0;, ~7x1073 for MnCO;, and ~1x10~?% for

C,F;.19 The first-order character assumed for the transi-

" tions (see Sec. IV), as well as a possible influence of the

coupling to the polarization may explain such large values

found for the magnetization in the trigonal boracite series.
Introducing Eqgs. (34) in (32) yields

S1z+82+53,=S4;+55;+56,=0,
V§(2sIy—‘szy,VS3y)—(2s4y~s5y—séy)=0 s (35)
"‘(zslx"—SZx‘S3x)+‘/§(2s4x_35x“s6x)7é0 .

Equations (35) express that the mean spins s; do not
compensate in the x direction, but are turned with respect
to each other by a small canting angle, of about 10™2, giv-
ing rise to a weak ferromagnetic moment along the per-
pendicular direction y. As in Ref. 46, more detailed in-
formations could be obtained from the model, by taking
into account the influence of the higher degree invariants
in (33). However, such predictions are of little interest in
the absence of more detailed experimental data on the
magnetic structure of the monoclinic phase.

C. One- or two-dimensional antiferromagnetism
and weak ferromagnetism in orthorhombic boracites

In the orthorhombic Pca2, cell of boracites, the 12 me-

tallic ions split into three independent sublattices.” In

each sublattice the symmetry elements of the group
transform the four atoms into each other (Fig. 11).
Denoting 51,52,53,84; §; =$; 145 8 =5; g (i=1—4), the
mean spins of the 12 ions (Table XI), one can define the
four vectors

Li=(s;+s5)+s1)— (53455 +55)+(s3+55 +53)
—(sq4+s4+54),
Ly=(sy+s]+51)+(sy+53 +57 )~ (53455 +53)

—(s4+s4+54),
(36)
Ly=(s;+s)+5{)—(s3+55 457 )—(s3+55 +53)
+(sg+s5+54),

M= 2 (Si +Si’ +Si") .
i

TABLE XI. Coordinates of the metallic ions associated with
the 12 average spins s;,s;,s;" (i=1—4) in the orthorhombic
Pca 2, phase of boracites, with reference to the cubic axes.

St %,%1% S'l: %;%)"}T SIH: 07%’%
52t %,%,0 S5t %,%,%— 55 0,1:—,%—
3 TET 3 0,3, % st T
Sat %,%,0 sS4t O,%,% sS4 %,%,%
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FIG. 11. Position of the 12 metallic ions in the orthorhombic
Pca2, boracite cell. The orthorhombic (x°y°z° and cubic
axes have the same origin (O;) as in Ref. 5.

M, L, L,, and L; form a basis of the four one-
dimensional IC’s, labeled r; to 74, in Table II, of the
Pca2,1’ group, at the center of the primitive orthorhom-
bic Brillouin zone. From the transformation properties of
the s;,s/ ,s;", one can find that the preceding IC’s have the
symmetry properties of the components (L ,L,y,L3,) for
T (MZ,L lerZx) for T2y (MX’LD’L3y) for T3 and
(My,L;,L5,) for 74, The Landau expansion associated
with the four-dimensional reducible  corepresentation
T\+7+73+74 can be written as a function of
M,L; M, Ly, (i=1-3, u=x,y,z):

F=3(3a,L{+3BL)+5CM*
i
+5 > au L +8L1Ly+8,L 1xliaz+083L49,L3,

iu

+84L lyLZx +85L2zL 3y +66L lzL 3x +8'1MXL22
+85M Ly, +85M, Ly, +6,M,L;,

+8'5MZL 1y +8,6M2L2x . (37)

For the sake of brevity, higher-degree relativistic terms,
as well as mixed exchange-relativistic terms have been
omitted from (37). The relativistic 5; and §; ‘terms ac-
count for the coupling of the L;, with the M, and L, _,,
respectively. In particular, it is the 8; coupling terms
which lead to the appearance of the weak magnetization
components of relativistic nature.

In the paramagnetic phase Pca2,1’, every a;, B >0, and
the minimum of F corresponds to the state in which all
the L; and M are equal to zero. A transition takes place
when one of the aq; or B becomes zero. Minimization of F
shows that a variety of antiferromagnetic, ferromagnetic,
or weak ferromagnetic phases may occur depending on
the values of the coefficients in (37). For example, let us
assume that a; becomes zero at T, with a;, a,, and
B > 0. Neglecting the relativistic terms in (37) yields
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L3#0, Li=L,=M=0. ' (38)

Introducing (38) into (36) yields
(5141451 )=(s4+54+54)=—(s55+53+55)
=—(s3+53+53) . (39)

Consequently, an antiferromagnetic spin distribution of
purely exchange origin, described by the vector Lj, takes
place below 7,.. However, in reality one has to take into
account the relativistic terms in (37). One finds then that
depending on the respective magnitude of the coefficients
a3y, A3y, and as;, the low-temperature phase will display
the symmetries Pca’2), Pc'a2, or Pca2,. The magnetic
group Pca'2} allows the existence of a weak magnetic mo-
ment M, = —(a3/83)L3,, which results from a canting of
the spins aligned along the x direction. A similar situa-
tion corresponds to the symmetry Pc’a2), with a nonzero
magnetic moment M, = —(a3/83)L3, due to a small an-
gle between the spins pointing along the y direction. By
contrast, the Pca2, group is associated with a strictly
compensated antiferromagnetic structure.

Similarly, one can discuss the different situations aris-
ing when a;, a,, or B vanish first. In particular, in the
case B=0, a;>0, one should observe normal exchange
ferromagnetism. Below we shall restrict ourselves to
enumerate briefly the situations of interest for the present
study, i.e., which have been observed in orthorhombic
boracites. .

(i) The antiferromagnetic phase of symmetry Pca2, ob-
served in Ni-Cl boracite may correspond a priori to one of
the three possibilities: L;520. However, the experimental
data, which suggest an antiferromagnetic ordering along
the z direction (see Sec. V), speak in favor of L3540,
L,=L,=0. Thus the spin distribution should verify Egs.
(39) with a strictly compensating exchange antifer-
romagnetism. L3 reduces to its component L3,
=4(sy, +s’lz +s i'z ).

(ii) In the weak ferromagnetic phase of symmetry
Pc'a’2; reported for Cu-Cl, the weak magnetization of
relativistic ~origin is equal to M,=(a(/85)Ly,
—(a,/8;)L,x. Here one has L3;=0, L;y=L3,=L,,
=L;,=0. Thus, from (36) one obtains

(s1+814+s)=—(s4+54+54),
(s24+s5+55)=—(s3+53+s53),
Lyy=2s1y+5s1y,+51y) =259, +55 +53,) ,

L2x=2(s1x+sllx +s {;)“2(s3x+s'3x +S3,>;c) .

Accordingly, the noncompensation of the components L,
and L,, results from a canting angle with respect to the
xy plane.

(iii) If one assumes M, to be the weak magnetization
component observed in Ni-Cl, Ni-Br, and Co-Br (the case
where M, 0, M, =0 is treated equivalently), one finds
the antiferromagnetic sublattices to lie in the xz plane.
M, is a linear combination of (a;/83)L;, and (a3 /83)L 3.
Introducing in (36) the equalities M =0, L, =0 yields
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(s1+s81+s{)=—(s5+s5+5;),
(s3+s3+53)=—(s4+55+54),
le=2(s3z+s§z+sé'z)“2(s2z+5’22+sé’z) s
L3x=2(s4x+sl4x +s£x)_2(s2x+s’2x +Sé'x) )

The s; are thus canted with respect to the xz plane.
Finally, let us note that the experimental values found
for the weak magnetization in orthorhombic boracites ex-
tend from 0.08 G in Cu-Cl, to 482 G in Co-Br (Table IX).
With the exception of Co-Br, it corresponds to a ratio of
the magnetization to the nominal saturation moment,
which is in the range of the numbers expected for weak
ferromagnets: from 5Xx10~* for Cu-Cl, to 2X10~2 for
Co-I boracite. In Co-Br this ratio is 107, i.e., the largest
found in boracites. Actually a large canting angle appears
from Table IX to be an intrinsic property of all cobalt
boracites. The neutron-diffraction data available for Co-I
boracite® do not give any information in this respect.

VII. CONCLUDING REMARKS

In this paper a phenomenological theory of the magnet-
ic and magnetoelectric properties of boracites has been
developed. An interpretation has been proposed for the
main distinctive features characterizing the transitions in
this family of compounds, namely the symmetry changes,
the magnetic and magnetoelectric anomalies, the nature of
the order parameter and its relationship with the relevant
macroscopic components arising below 7,. Two situa-
tions, differing in an essential manner on a physical basis,
have been distinguished. They occur respectively in Ni-I
boracite, and in the other ten members of the boracite
family considered in this study.

Ni-I boracite displays exceptional features which make
it unique not only among boracities, but more generally
among all known materials undergoing a magnetic or
structural transition. It was already known to be the only
system in which ferromagnetic, ferroelectric, and ferro-
elastic properties appear simultaneously and directly cou-
pled. Our analysis has revealed that this material concre-
tizes a number of special peculiarities which can be
predicted on a theoretical basis. (i) The simultaneity of its
magnetic and structural modifications is not accidental
but can be foreseen from the symmetry of its order pa-
rameter. Thus, the onset of spontaneous components of
the magnetization, polarization, and strain tensors ori-
ginate in a nonlinear coupling to the order parameter, in
such a way that the magnetic properties cannot establish
if the structural modifications do not take place. (ii) The
symmetry group of the low-temperature phase is a non-
maximal subgroup of the paramagnetic cubic group. Ac-
cordingly, Ni-I boracite is the first experimental example
contradicting the maximal subgroup rule, usually admit-
ted for phase transitions described by an order parameter.
(iii) The weak magnetization component found in Ni-I
boracite, results from a noncompensation of the antifer-
romagnetic ordering, identified as the primary transition
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order parameter, through a mechanism involving ex-
change forces. The corresponding “latent” antiferromag-
netic structure is formed by antiparallel average spins of
different magnitude, associated with only one type of
identical magnetic ions, which is found in equivalent crys-
tallographic positions in the paramagnetic phase. Such a
magnetic ordering has distinctive macroscopic features,
namely a M ~(T,—T)3/? temperature variation for the
magnetization in the vicinity of T, a weak value for M,
and the existence of a simultaneous structural ordering.

An interesting theoretical property of Ni-I boracite
could be added to the preceding enumeration. The
Landau-Wilson Hamiltonian associated with its six-
dimensional order-parameter expansion was shown, in
another framework,!1%117:118 15 have no stable fixed point
of the renormalization group recursion relations. Several
authors'® 1" have hypothesized that the lack of stable
fixed points for a given system, was a sufficient condition
for a transition taking place in this system to be first or-
der. The discussion of the observed anomalies in Ni-I
boracite have shown that most of the features in this com-
pound suggest a continuous character for its 61.5-K tran-
sition. If this fact receives confirmation, Ni-I boracite
would provide a counterexample to the above-mentioned
conjecture.

The transitions in the other magnetic boracites have
been treated as essentially magnetic modifications, their
magnetoelectric and magnetoelastic properties being due
to secondary couplings between the spontaneous magnetic
quantities and the corresponding nonspontaneous polar
tensors. A symmetry analysis of the phase sequences, has
shown that two subclasses of compounds could be dis-
tinguished owing, respectively, to their trigonal or
orthorhombic “parent” phase. The transitions in trigonal
boracites appear to follow a single scheme with the same
two-component order-parameter symmetry. By contrast,
the variety of phases evidenced in orthorhombic boracites,
can be related to four different one component order pa-
rameters. In the two groups of compounds, it is a bilinear
coupling between the order parameter and the magnetiza-
tion which gives rise to a weak ferromagnetic component
of relativistic origin.

The present theory of magnetic boracites has allowed to
illustrate the link existing between two, formally different,
Landau-type approaches of phase transitions. On one
hand, the phenomenological description of the symmetry
changes and transition anomalies, usually performed for
structural transitions,*®3%3% and based on the concepts of
improper or pseudoproper transitions, and on the other
hand, the semimicroscopic approach, introduced by Dzi-
aloshinskii*®*7:1% for magnetic systems, which allows to
deduce the fundamental forces responsible for a magnetic
ordering.

In the Introduction, the variety of situations found in
the magnetic properties of boracites was stressed. Al-
though a number of questions remain to be settled experi-
mentally as well as theoretically, our analysis has brought
some coherency to the observed behaviors. It has also il-
lustrated the capability of the Landau method, to clarify
the macroscopic behavior of systems possessing strong an-
isotropies and a large number of degrees of freedom.
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APPENDIX A

In the Landau theory of magnetic transitions, the sym-
metry change which takes place at a continuous transi-
tion, is determined by the symmetry properties of the
transition order parameter, whose n components span an
n-dimensional irreducible corepresentation of the high-
symmetry group G,. More precisely, the space group G
of the low-symmetry phase coincides with the complete
set of symmetry operations belonging to G, and leaving
invariant the vector

n
dp=3 ni¥i »
i=1
where the v; constitute a basis of the abstract vector space
€ of the corepresentation. The 7} coefficients are particu-
lar values of the order-parameter components 7; corre-
sponding to the absolute minimum of the order-parameter
expansion F(7;,a,B;) where a~(T—T,) is the coeffi-
cient of the quadratic term, and the 3 are the coefficients
of the independent homogeneous polynomials of higher
degrees. For n >2 depending on the relative algebraic
values of the B; the absolute minimum of F, below the
transition can correspond to various vector directions
8p; Ee, generally associated with distinct low-symmetry
groups G;. To enumerate the set of possible G; groups
compatible with the considered order parameter, one has
therefore to locate, for the whole range of the f3; values
all the directions 8p; making F; to be an absolute
minimum, and for each such direction to identify its in-
variance group G, subgroup of G,. The possible low-
symmetry groups are therefore the entire set {G;} of in-
variance groups of all the directions 8p; Ee. Several au-

. thors”>"™ have attempted to avoid the minimization of F,

and have conjectured that the preceding 8p; directions
could be selected on the basis of symmetry considerations.
Thus, it was stated by Ascher’” that the directions 8p; E€
corresponding to the absolute minimum of F were the
ones having an invariance group G{" constituting a maxi-
mal subgroup of G,. If we consider the set { G;} specified
above, the maximal subgroups are defined by the follow-
ing conditions:

GimC{Gi} and G,mQGJE{Gt} .
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In other terms, if G, and G, are, respectively, the invari-
ance groups of 8p; and 8p,E€¢, with G,C G, CG,, then
the direction 8p, cannot correspond to the absolute
minimum of F, for any set of values of the B coeffi-
cients.

The Landau expansion d( p;,¥;,B)) associated with the
six-dimensional IC 7{(X) of the F43cl’, possesses eight
absolute minima for a <0. For each of the corresponding
stable phases, the equilibrium values for the p;, ¢;, and
range of values for the By, are given in Table IIl. The in-
variance groups G; associated with the directions 8p; la-
beled I to VI are maximal subgroups of F43cl’. Thus,
one can verify: (i) that each G; corresponds to the maxi-
mal number of matrices of 7, leaving invariant the direc-
tion 8p;; (i) that the G;={Pc2;a(2v),C,222,(2V),
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P42,c(4V),P2,3(4V),R3c(4V),R3c'(4V)} are not related
to one another by any group subgroup relationship.

By contrast, the G; corresponding to the direction
denoted VII and VIII in Table III are nonmaximal sub-
groups of F43cl’. This can easily be foreseen as
Cc'(4V)CR3c'(4V) (direction VII) and Cc(4¥V)
CR3c(4V) (direction VIII). It can be noted that the
range of values for the B, coefficients for the VII and
VIII directions are included in the ranges of values of the
Br corresponding, respectively, to the directions VI
(R3c’) and V (R3c). In these restricted intervals the
monoclinic phases are more stable than the corresponding
rhombohedral phases (i.e., they are associated with an ab-
solute minimum of the free energy F).

APPENDIX B

In this appendix, we give for each of the IC’s which have been shown (Sec. II) to be connected with the magnetic tran-
sitions in boracites: (a) the coordinates of the k vectors belonging to the relevant star k*; (b) the corresponding group of

109

the k vector; (c) the generative matrices of the IC. The notation of the Kovalev tables'” is used.
(1) For F43c1', ) (X =kyp):
(a) k;=(0,0,7/a), k,=(0,7/a,0), k3=(7/a,0,0);
(b) Gk1=I_Zc21’;
(c) (U, | 000) (U, | 000) (S51001a) (C¥* | 000)
—1 o 0 —1 0 —1 10
0 -1 0 0 -1 0 0 0 1 0 0 0 0 45 O
o 0o -1 01 1 0 10
S 9 10 0 o 0 o —1| |2 2 01
. o 1] 0 , “L o0 0 1 10
0 U 0 0 o 0 10 9 | o1 @ 0
173 I3 RE Iy
-1 0 10 —1 0 -1 0
o -1 ¢ ¢ 1o O© g o -1 98 0 o -1 9 0
10 -1 0 -1 0 -1 0
0 0 1 0 0 o _3 0 0 0 -1 0 0 o -1 @
-1 0 ~1 0 -1 0 10
0 0 o —1f | @ 0 0 -1 0 0 0 -1 Q 2 01

(2) For R3cl', 13 (F=ky):
(a) k=(0,0,0);

(b) Gp.=R3cl';
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(c) (C5 | 000) (g |00 30) RE t1ta,ts

Ti 1 —1 —1 1

72 1 —1 —1 1
—172 —=V3/ 0 1 -1 1 0

T3 V32  —1/2 1 0 0 0 1

(3) For Pca2,l', 7y—74 (T=Kkyo):

(a) k=(0,0,0) ;

(b) Gy=Pca2,l’;

(c) (E | 000) (U, | 00+¢) (o | Ta0+c) (0, | 7@ 00) RE t,ta,ts

2 1 1 1 1 -1 1

2 1 1 —1 —1 -1 1

3 1 —1 1 —1 -1 1

s 1 —1 —1 1 —1 1

*On leave from the University of Picardie 33 rue St. Leu, 80.000
Anmiens, France. )
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