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A  t h e o r y  o f  f lo w  o f  s u b s t a n c e s  s h o w in g  e la s t i c  r e c o v e r y  i s  d e v e lo p e d .  I t  le a d s  t o  a  s e t  o f

d if f e r e n t ia l e q u a t io n s  w h ic h  c o n t a in  th r e e  p a r a m e te r s .  I n  t h e  c a s e  o f  d is p e r s io n s  t h e s e

p a r a m e te r s  c a n  b e  d e r iv e d  fr o m  t h e  p r o p e r t ie s  a n d  t h e  c o m p o s i t io n  o f  t h e  c o m p o n e n t s .

1. I n t r o d u c t i o n

I n  th e  m e c h a n ic s  o f  c o n tin u a  th e  th e o r ie s  o f  tw o  ty p e s  o f  s u b s ta n c e s  h a v e  b e e n  

m a in ly  c o n s id e re d , th o s e  o f  H o o k e a n  e la s tic  so lid s a n d  o f  N e w to n ia n  flu ids. I t  is  

c o m m o n  k n o w le d g e  t h a t  th e r e  a re  m a n y  s u b s ta n c e s  o f  g r e a t  im p o r ta n c e  w h ic h  

c a n n o t  b e  c lassified  u n d e r  e i th e r  h e a d in g . S om e o f  th e se  s u b s ta n c e s  e x h ib it  b o th  

e la s tic  a n d  v is co u s  p ro p e r t ie s ;  th e y  flow  u n d e r  th e  in flu en ce  o f  a p p lie d  s tre sse s , b u t  

o n  re m o v a l o f  s tre s s  p a r t  o f  th e i r  d e fo rm a tio n  is  g ra d u a lly  re c o v e re d , a  p h e n o m e n o n  

k n o w n  a s  e la s tic  re c o v e ry .

T h e  a im  o f  th e  p r e s e n t  p a p e r  is  tw o fo ld . F i r s t ,  w e sh a ll d e riv e  a  s e t  o f  f u n d a m e n ta l  

d if fe re n tia l e q u a tio n s  w h ic h  d e sc rib e  th e  p ro p e r t ie s  o f  flow  o f  s u b s ta n c e s  w h ich  

show  e la s tic  re c o v e ry . T h e se  e q u a tio n s  c o n ta in  a  n u m b e r  o f  p a ra m e te rs ,  a n d  i t  is  

th e  sec o n d  a im  o f  th is  p a p e r  to  r e la te  th e se  p a ra m e te r s  to  s t r u c tu r a l  p ro p e r tie s  o f  

su c h  m a te r ia ls . M a n y  o f  th e  s u b s ta n c e s  w h ic h  e x h ib it  e la s tic  re c o v e ry  a re  tw o -p h a se  

sy s te m s  fo rm in g  c o llo id a l sols, o r  d isp e rsio n s  c o n s is tin g  o f  in d e p e n d e n t so lid  

m icelles e m b e d d e d  in  a  v isco u s  flu id . T h e y  c a n  b e  re p re s e n te d  b y  a  sim p lif ied  p h y s ic a l 

m o d e l in  w h ic h  th e  m icelles  a re  c o n s id e re d  to  b e  e la s tic  sp h e res , w h ile  th e  f lu id  is 

t r e a te d  a c c o rd in g  to  th e  c la ss ica l th e o ry  o f  h y d ro d y n a m ic s . T h is  is a  m o d e l w h ich  

w e w ere  a b le  to  t r e a t  w ith o u t  u n d u e  m a th e m a tic a l  d ifficu lties, w h ile  o n  th e  o th e r  

h a n d  sols a re  a lso  o f  c o n s id e ra b le  e x p e r im e n ta l in te re s t .

A lth o u g h  w e sh a ll  r e s t r ic t  o u rse lv es  to  d ispe rs io n s , th e  re su ltin g  e q u a tio n s  o f  flow  

a re  o f  a  v e ry  g e n e ra l n a tu r e  i f  w e do  n o t  sp ec ify  th e  p a ra m e te rs  b y  th e  ex p re ss io n s  

w h ic h  c o n n e c t th e m  w ith  th e  s t ru c tu re  o f  th e  d isp ersio n s . W e, th e re fo re , h o p e  t h a t  

th e se  e q u a tio n s  m a y  a lso  b e  a p p lic a b le  to  o th e r  su b s ta n c e s . O n  th e  o th e r  h a n d , w e 

a re  a w a re  t h a t  th e y  c a n  b e  g e n e ra liz e d  in  v a r io u s  w ay s, b u t  in  th e  p re s e n t  p a p e r  i t  

is  o u r  in te n t io n  to  p re s e n t  th e m  in  th e i r  s im p le s t fo rm . 2

2. S t r u c t u r e  a n d  m e t h o d

F ir s t ,  th e n , co n sid e r a  su b s ta n c e  co n sis tin g  o f  e q u a l e la s tic  sp h e res  d is p e rse d  in  

a  N e w to n ia n  flu id  o f  v is c o s ity  y. T o  s im p lify  c a lc u la tio n s  a  u n i t  le n g th  is chosen  su ch  

t h a t  on  a n  a v e ra g e  th e re  is on e  so lid  sp h e re  c o n ta in e d  in  th e  v o lu m e  4rr/3, i.e . in  a

t  B a s e d  o n  R e p o r t  L /T .  1 50  o f  t h e  B r i t i s h  E le c t r ic a l  a n d  A ll ie d  I n d u s t r ie s  R e s e a r c h  

A s s o c ia t io n  (E .R .A .)*

T h e o ry  o f  th e  rh eo lo g ica l p ro p e r tie s  o f  d is p e rs io n s f

[ 415  ]
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4 1 6 H .  F r o h l ic h  a n d  R .  S a c k

s p h e re  o f  u n i t  r a d iu s .  I f  a  is  th e  r a d iu s  o f  th e  e la s t ic  s p h e re s  m e a s u re d  in  th i s  u n i t ,  

a 8 is th e ,r e la t iv e  v o lu m e  o c c u p ie d  b y  th e  d is p e r se d  p a r t ic le s  c o m p a re d  to  th e  to ta l  

v o lu m e  o f  th e  m ix tu re .  B y  d e fin itio n

Or< 1 . ( 1 )

I t  w ill b e  a s s u m e d  t h a t  th e  flu id  a d h e re s  to  th e  su rfa c e  o f  t h e  sp h e re s , w h ic h  m e a n s  

t h a t  t h e  v e lo c i ty  o f  flow  a t  s u c h  a  su rfa c e  is  th e  sa m e  fo r  th e  flu id, a s  fo r  t h e  e la s tic  

sp h e re . I t  is  e a s y  to  c o n s id e r  q u a l i ta t iv e ly  th e  rh e o lo g ic a l p ro p e r t ie s  o f  s u c h  a  s u b 

s ta n c e . C o n sid e r f ir s t  th e  s p h e re s  a s  r ig id . A s  h a s  b e e n  sh o w n  b y  E in s te in  (1 9 0 6 , 

1 9 1 1 ) su c h  a  s y s te m  b e h a v e s  lik e  a  f lu id  w ith  a n  e ffe c tiv e  v is c o s ity

V* =  7/(1 + f a 8), (2 )

p ro v id e d  a 8 «Cl. (3 )

A c tu a lly  th e  s p h e re s  a re  n o t  r ig id , w h ic h  m e a n s  t h a t  o n  a p p l ic a t io n  o f  a  s tre s s  t h e y  

a re  d e fo rm e d . I n  v ie w  o f  th e  a d h e re n c e  o f  th e  f lu id  t o  th e  s p h e re  th i s  d e fo rm a tio n  

re q u ire s  a  c e r ta in  t im e  w h ic h  d e p e n d s  o n  th e  v is c o s ity  T h u s  o n  a p p l ic a t io n  o f  a n  

e x te r n a l  s tre s s  to  o u r  s u b s ta n c e  o n e  w o u ld  e x p e c t  a  flow  w h o se  v e lo c i ty  g r a d u a l ly  

d e c re a se s , a n d  w h ic h  u l t im a te ly  re a c h e s  a  v a lu e  d e te r m in e d  b y  th e  e ffe c tiv e  v is c o s ity  

rj*. O n  re m o v a l o f  th e  e x te r n a l  s tre s s  th e  sp h e re s , in  v ie w  o f  th e i r  in te r a c t io n  w i th

0  2 0  4 0  6 0

t i m e  in  d a y s

F i g u r e  1 . E x p e r im e n t a l  s t r a in - t im e  c u r v e  o f  a  b i t u m e n  a c c o r d in g  t o  L e t h e r s ic h  ( 1942 ) .  

A  c o n s t a n t  l o a d  i s  a p p l i e d  a t  t h e  t im e  =  0  a n d  r e m o v e d  a t  =  t'. 1

th e  s u r ro u n d in g  flu id , w ill a g a in  r e q u ire  so m e  t im e  to  go  b a c k  to  th e i r  u n d e fo rm e d  

sh a p e . T h is  g iv e s  r ise  to  a n  e la s t ic  re c o v e ry . A  b e h a v io u r  o f  th e  ty p e  d e sc r ib e d  j u s t  

n o w  is  d is p la y e d  b y  m a n y  s u b s ta n c e s . A s a n  e x a m p le  fig u re  1 sh o w s  th e  e x p e r i

m e n ta l  s t r a in - tu n e  r e la t io n  o f  a  b i tu m e n  o f  th e  so l ty p e .

T h e  n e x t  t a s k  is  t o  d e v e lo p  th e  a b o v e  c o n s id e ra t io n  in to  a  q u a n t i t a t iv e  th e o ry .  

T h is  wall b e  d o n e  fo r  th o s e  s u b s ta n c e s  fo r  w h ic h  th e  v o lu m e  occu p ied , b y  a ll  t h e  

s p h e re s  is  s m a ll  c o m p a re d  w ith  th e  t o t a l  v o lu m e  o f  th e  s u b s ta n c e , i.e . fo r  w h ic h
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c o n d itio n  (8 ) is  v a lid .  T h e  s p h e re s  a s  w e ll  a s  th e  f lu id  w ill b e  a s s u m e d  to  b e  in c o m 

p re ss ib le  a n d  is o tro p ic , a n d  t h a t  th e i r  in e r t ia  c a n  b e  n e g le c te d , i.e . o s c illa tio n s  w ill 

n o t  b e  c o n s id e re d . T h e  e la s t ic  b e h a v io u r  o f  th e  s p h e re s  c a n  th u s  b e  d e sc r ib e d  b y  a  

sing le  e la s t ic  c o n s ta n t ,  e .g . th e  m o d u lu s  o f  r ig id i ty  k, w h ic h  m e a n s  t h a t  a  s h e a r  s tre s s  

8 ik p ro d u c e s  a  s h e a r  s t r a in  dik g iv e n  b y

S iJc — (4 )

T h e  f lu id  o b e y s  th e  fo llo w in g  e q u a t io n s  (cf. te x t-b o o k s  o n  h y d ro d y n a m ic s ) . L e t  u  

b e  th e  v e lo c i ty  o f  flow  w i th  t h e  c o m p o n e n ts  wi (i =  1 , 2 , 3 ) in  r e c ta n g u la r  c o -o rd in a te s . 

T h e n  th e  c o n d it io n  fo r  in c o m p re s s ib il i ty  is

d iv u  =  0. (5)

F u r th e r m o re ,  i f  S ik ( i , k — 1 ,2 ,3 )  a re  th e  s tre s s  c o m p o n e n ts  in  r e c ta

o rd in a te s ,

S i t  =  - A  +  f ? ( ^ + ^ ) .  ( i . i -  1 ,2 ,3 ) ,  (6 )

w h e re  p  is  th e  h y d r o s ta t ic  p re s su re  w h ile

dik =  0 , i f  *

1 , i f

C le a rly , u s in g  (5) a n d  (6 ), $ n  +  $22 +  $33 =  — (7)

A ssu m in g  t h a t  th e r e  a re  n o  e x te r n a l  v o lu m e  fo rces , g e n e ra l p r in c ip le s  o f  m e c h a n ic s  

i f  a p p lie d  to  (6 ) le a d  t o  th e  w e ll-k n o w n  d iffe re n tia l e q u a tio n s

1 ,2 ,3 ) .  (8 )

A  m e th o d  m u s t  n o w  b e  fo u n d  to  d e r iv e  th e  m a c ro sc o p ic  rh e o lo g ic a l p ro p e r t ie s  

o f  o u r  s u b s ta n c e  fro m  th e  b e h a v io u r  o f  i t s  c o m p o n e n ts . F o r  th is  p u rp o se  a  m e th o d  

h a s  b e e n  g e n e ra liz e d  w h ic h  h a s  b e e n  u s e d  to  c a lc u la te  fro m  th e  b e h a v io u r  o f  a  sing le  

d ip o le  th e  m a c ro sc o p ic  d ie le c tr ic  p o la r iz a t io n  o f  a  d ip o la r  su b s ta n c e  in  a n  e x te r n a l  

e le c tr ic  fie ld. A  ‘u n i t  c e l l ’ is  c h o se n  c o n s is tin g  o f  o n e  sp h e re  a n d  so m e  f lu id  a n d  th e  

w h o le  m e d iu m  t r e a t e d  o u ts id e  th e  u n i t  cell a s  a  m a cro sc o p ic  c o n tin u u m . T h e n  i t  is  

d e m a n d e d  t h a t  th e  m a c ro sc o p ic  flow  re m a in s  u n c h a n g e d  i f  th e  u n i t  cell to o  b e  r e 

p la c e d  b y  th e  m a c ro sc o p ic  m e d iu m . T h is  w ill le a d  to  th e  c o n d itio n s  fro m  w h ich  th e  

m a cro sc o p ic  p ro p e r t ie s  o f  flow  c a n  b e  d e d u c e d .

E in s te in  ( 1906 , 1911 ) u s e d  a  d if fe re n t m e th o d  fo r  h is  case  o f  r ig id  sp h e res  w h ich  

c a n  a lso  b e  g e n e ra liz e d  a n d  a p p lie d  to  th e  case  o f  e la s tic  sph eres . I n  v iew  o f  (3 ) b o th  

m e th o d s  c o n s id e r th e  in flu en ce  o f  th e  sp h e re s  a s  a  p e r tu rb a t io n  o f  th e  v isco us  flow  

o f  th e  flu id  a n d  sh o u ld , th e re fo re , le a d  to  th e  sam e  re su lt . W e  h a v e  sa tis f ie d  o u rse lv es  

t h a t  th is  is a c tu a lly  th e  case , a l th o u g h  th e  m a th e m a tic a l  t r e a tm e n t  is d ifferen t. I n  

th e  fo llow ing  w e sh a ll p re s e n t  th e  c a lc u la tio n s  a cco rd in g  to  o u r  m e th o d  w h ich  w e 

th in k ,  in  th e  p re s e n t  case , le ad s  in  a  m o re  d ire c t w a y  to  th e  m acro sc op ic  rh eo lo g ica l 

p ro p e r tie s .

Theory o f the rheological properties of dispersions  

V ol. 185. A . 27
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4 1 8 H . F r o h lic h  a n d  R . S a c k

T o b rin g  th e  p re se n t m e th o d  in to  a  m a th e m a tic a lly  c o n v e n ie n t fo rm  i t  w ill b e  

n o tic e d  t h a t  th e  e q u a tio n s  (4)—(8 ) fo r  th e  c o m p o n en ts  o f  o u r  su b s ta n c e  co n n ec t 

stresses in  a  l in e a r w a y  w ith  d e fo rm a tio n s  a n d  th e ir  t im e  d e riv a tiv e s . T h e re fo re , in  

v iew  o f  th e  in co m p re ss ib ili ty  a n d  o f  th e  is o tro p y  o f  o u r  su b s ta n c e , a n y  su ita b le  

sy ste m  o f  e x te rn a l stre sse s a n d  a n y  s u ita b le  m acro sco p ic  sh a p e  o f  th e  su b s ta n c e  m a y  

be  chosen  in  o rd e r to  c a lc u la te  i ts  flow . I t s  b e h a v io u r  u n d e r  a n o th e r  sy s te m  o f  

s tre sse s o r  w hen  i ts  m acro sco p ic  sh a p e  is d ifferen t w ill th e n  follow  fro m  sy m m e try .

A  cube o f  o u r  su b s ta n c e  w ill b e  chosen  w hose  c e n tre  co incides w ith  th e  o rig in  o f  

th e  co -o rd in a te  sy ste m , a n d  w hose  su rfa ce s  a re  p e rp e n d ic u la r  to  th e  c o -o rd in a te  

ax es  x t .A t th e  su rfaces  p e rp e n d ic u la r  to  x x a  u n ia x ia l s tre s s  3 is a p p lie d . In s te a d , 

in  v iew  o f  th e  in co m p re ss ib ility  a t  th e  cube , th e  fo llow ing e q u iv a le n t sy s te m  o f  te n sile  

s tre sse s m a y  b e  a p p lie d :

8n  *  2 T , S 22 =

w hich  differs from  th e  u n ia x ia l s tre ss  o n ly  b y  a d d in g  th e  h y d ro s ta t ic  p re ssu re  T .  

A lth o u g h  th e  p ro p e rtie s  o f  flow o f  o u r  su b s ta n c e  a re  n o t  k n o w n , i ts  in c o m p re ss ib ility  

a n d  is o tro p y  in  c o n ju n c tio n  w ith  th e  l in e a r ity  o f  e q u a tio n s  (4 ) - ( 8 ) re q u ire  th e  

follow ing  sp ac ia l d is tr ib u tio n  o f  flow :

%  =  2Yx i > w2 =  -  7X2> %  =  ( 1 0 )

w here  y  d ep en d s  o n  th e  s tre ss , T ,  b u t  is  in d e p e n d e n t o f  th e  c o -o rd in a te s  x t . F o r  th e  

sam e  reaso ns  th e  stre sses  in s ide  th e  s u b s ta n c e  a re  a lso  g iv e n  b y  (9), i.e . th e y  a re  

in d e p e n d e n t o f  th e  co -o rd in a te s  xx. y  m a y , a n d  in  g e n e ra l w ill, h o w ev er, d e p e n d  on 

tim e , a n d  th e  c a lc u la tio n  o f  th is  t im e  d e p en d e n c e  is  o u r  m a in  ta s k .

T h e  su b se q u e n t c o n s id e ra tio n  o f  th e  m a cro sco p ic  s t ru c tu re  w ill g ive  rise  to  a x ia l 

sy m m e try . W e sh a ll  con side r w ith in  o u r  s u b s ta n c e  a  m acroscop ic  sp h e re  o f  ra d iu s  

R>  1 . I f  p o la r  c o -o rd in a te s  (r, d, <j>) w ith  th e  1 -d irec tio n  a s a x is  be  chosen , th e  s tre ss  

sy s te m  (9) is g iv en  b y

8„  =  2 P P 2(co s0 ), 8 ^  =  P

w hile th e  c om p on en ts  o f  th e  flow  ( 10) a re  now

ur = 2 yrP2,ue =  y rP 2, =  

w here  P2 is th e  second  L ege n dre  p o ly n o m ia l, i.e.

P 2(cos 6) = f  cos2 d  — J , P 2(cos =  

T h e  suffixes r , 6, <f>o f  8an d  u  re fe r to  th e  r, 6  a n d  <f> c o m p on

U n d e r  th e  in fluence  o f  s tre sse s o f  th e  ty p e  (11), such  a  m acroscop ic  sph ere  w ill be  

tra n s fo rm e d  in to  a  sph ero id . I t  w ill be  con sid ered  as long as i t  c a n  be  a p p ro x im a te d  

by  th e  o r ig in ^ s p h e re ,  a n d  th e  flow c o m p ared  a t  i ts  su rface  w ith  t h a t  o f  a n d th e r

sphere  w hich h a s  th e  sam e  ra d iu s  R  b u t  in  w h ich  a  * u n i t  cell * o f  th e  su b s ta n c e  n e a r  th e  

c en tre  h a s  be en  re p la ce d  b y  i ts  m icroscopic  s tru c tu re . T h is  second  re p re se n ta tio n  o f  

o u r su b s ta n c e  (cf. figure 2 ) consists  o f  th re e  co ncen tric  sp heres o f  ra d iu s  1, 1, a n d  

P >  1. T h e  in n e r sph ere  c o n ta in s  th e  e la s tic  m a te r ia l  desc rib ed  b y  th e  m odu lus o f
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4 1 9

rig id ity  k, th e  shell b e tw ee n  r =  a and. r 

w hile th e  shell o u ts id e  r = 1 co n ta in s  th e  c o n tin u u m  w ith  th e  m acroscop ic  p r

w hich  is to  be c a lc u la te d . F o r  b o th  in n e r su rfaces  r = a  a n d  =  1 c o n tin u ity  o f  

s tre ss a n d  flow w ill b e  d e m an d e d . A t th e  o u te r  su rface  =  th e  s tre ss  sy s te m  ( 11 ) 

w ill be  a p p lie d  a n d  th e  flow a t  th is  su rface  m u s t be  c a lc u la te d  considering  th e  

con d ition  (3 ). T h is  flow w ill th e n  b e  e q u a te d  to  th e  flow a t  th e  su rface  o f  th e  firs t 

(hom ogeneous) sp h ere  o f  ra d iu s  B  w h ich  is g iven  b y  e q u a tio n  (12 ) i

I t  m a y  be  e x p e c te d  t h a t  th is  is possib le  o n ly  i f  1 . I n  th is  case  th e  tw o  m a c ro 

scopic spheres, i.e . th e  hom ogeneous one  a n d  th e  one  c o n ta in in g  th e  u n i t  cell, a re  

e q u a l e x c e p t fo r th e  p a r ts  w ith in  th e  ra d iu s  =  1 . T h e  influence  o f  th e  su b s ta n c e  

inside  th is  ra d iu s  u p o n  th e  flow a t  th e  e x te rn a l  su rface  m u s t be  o f  th e  o rd e r

o f th e  ra tio  o f  th e  vo lum es, i.e. ~  1/BZ. I t  w ill, th e re fo re , be  d e m a n d e d  t h a t  th e  

ra tio  o f  th e  flow a t  th e  su rfaces r =  

u p  to  th e  th i r d  pow er in  1 /Bare  considered ,

flow o f  sp here  w ith  s t ru c tu re  o f  figure 2 _  j  +  y  cons^- a t  (14)

flow o f hom ogeneous sp here  n > 3 B n

T h is  w ill a llow  th e  c a lcu la tio n  o f  y .

Theory of the rheological properties of dispersions

F i g u r e  2 . S t r u c tu r e  o f  a  s p h e r e  c o n s i s t in g  o f  a n  e l a s t i c  b o d y  ( a  N e w t o n ia n  f lu id

( o < r < l ) ,  a n d  a  c o n t in u u m  W ith  t h e  m a c r o s c o p ic  p r o p e r t i e s  o f  o u r  s u b s t a n c e  ( l < r < i ? ,

R>1).

3. Ca l c u l a t i o n s

T he follow ing ca lcu la tions w ill be  g re a tly  sim plified i f  th e  case in  w h ich th e  

spheres o f  ra d iu s  a  a re  rig id  is considered  first. T his w ill n o t  le ad  to  a n y  re su lt 

beyond  (2 ). T he  ca lcu la tions will, how ever, be  g iv en  in  som e d e ta il,  because  th e y  

w ill be re q u ired  fo r th e  case o f  e las tic  spheres w hich  is th e  m a in  in te re s t. I n  view  

o f (3) th e  h igh er pow ers in  a th a n  o3 w ill be  neg lec ted  th ro u g h o u t.
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4 2 0 H . F r o h lic h  a n d  R . S a c k

A. Rigid spheres

In  th is  case th e  m acroscopic  su b sta n c e  can  be  assum ed  to  b e  & flu id  w ith  th e  

unknow n v iscosity  rj*. T h e  v a lu e  o f  y* m u s t follow  as a  re su lt o f  th e  ca lcu la tions. 

O ne requ ires:

(i) T he flow o f th e  hom ogeneous m acroscop ic  sph ere  consisting  o f flu id  o f  th e

v iscosity  ij*. W ith  th e  s tre ss sy stem  (11) (or (9)) i t  is w ell kn ow n  to  be  g iv en  b y  ( 12) 

(or (10)), w here m

y = w  <18>

(ii) T he flow o f th e  second  b ig  sp here  w h ich  is m a d e  u p  as show n  in  figure 2 . 

I n  th e  p re se n t case i t  consists  o f  a  shell b e tw ee n  =  a n d  =  1, co n ta in in g  fluid 

w ith  a  v iscosity  1] w hich h a s  to  sa tis fy  e q u a tio n s  (5 )-(8), a n d  o f  a  shell b e tw een  =  1 

a n d  r — R  con ta in in g  flu id  w ith  a  v iscos ity  rj* w h ich  h a s  also  to  sa tis fy  (5)-(8), i f  

rj be  rep laced  by  rj*. M oreover, th e  follow ing b o u n d a ry  co nd ition s h a v e  to  b

0II5$IIv.
5$ a t  r = a, (16)

ur a n d  ue co n tinu ous a t  r = 1, (17)

8„  a n d  8r0 co n tinu ou s a t  r = 1, (18)

w hile a t  r = R,8„. a n d  m u s t be  g iven  b y  e q u a tio n  (11).

(iii) T h en  th e  co nd ition  (14) m u s t be  fulfilled  w h ich w ill le ad  to  a  d e te rm in a tio n  o f  

I n  v iew  o f th e  sy m m e try  o f  th e  p ro b lem  th e  ^ -c o m p o n e n t o f  th e  flow, u^. w ill be  

ex pe c ted  to  v a n ish  w hile th e  a n g u la r  dependence  o f  ur a n d p  sh ou ld  be  g iven  b y  P 2, 

a n d  th a t  o f  ue b y  P 2. T his leads  a c tu a lly  to  a  so lu tion . T o  o b ta in  i t ,  i t  is necessary  to  

tra n s fo rm  (5)-(8) in to  p o la r  co -o rd inates  a n d  ta k e  — 0 . I n  e q u a tio n s  (16)-(18), 

th is  la t te r  cond ition  h a s  a lre a d y  b een  used. O ne th u s  o b ta in s  from  (5)

l l 9 )

f r o m  <8 > + ^ l [ 8 i n ^ _ * * ) ] - £ - $ = 0 >  ( 2 0 )

a n d  from  (6 ) S„ = - p  + 2 ^ - ,  ^  =  ^ ( ^  +  ̂ - 7 ) .  ^  =  0 . (22 )

T he m os t gen era l so lu tion  o f  (19)-(21) w ith  a  P 2 sy m m e try  con ta ins  fou r c o ns tan ts  

A , B , C, Da n d  has th e  form ,

/A r3 B  a _ 3D \ _
ur - [  —  + —  + 2 C r— ^ j P 2, (23)

/5  A r3„ D \

« • - (  42 + Cr + * ) P »
(24)

p  = t (25)
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Theo ry  o f  the rheological p rop er tie s  o f  d isp ers io n s  

In se rtin g  th ese  so lu tions in to  (22) one finds

Sr6

/  A r2

' ( - T ~

/8A r2 B

3 B  24

^ -  +  4 0  +  ̂ - )
A ,

21 ^ 2r 3
+ 4 k  + 2 G

a d \ 

1*)
p 'r i-

42 1

(26)

(27)

These  so lu tions re fe r to  a< r<  1. T he  so lu tio ns  in  1 a re  th e  sam e  i f  r} 

rep laced  b y  r/* a n d  th e  fo u r c o n s ta n ts  A , B , C, D  b y  fo u r 'o th e r  c o n s ta n ts  

Cv D v  A ssum ing th a t  rj a n d  rj* a re  g iven , th e  so lu tio n  th u s  c o n ta in s  e ig h t c o n s ta n ts . 

To determ ine  th e m  one h a s  six  hom ogeneous e q u a tio n s  fro m  th e  b o u n d a ry  co n d itio ns  

(16), (17), (18) to g e th e r  w ith  th e  tw o  inhom ogeneous e q u a tio n s  a t  =  re q u ire d  

to  give 8„an d  Sr6 th e  v a lu es ( 11). T hese  a re  ju s t  suffic ien t e q u a tio n s  to  d e te rm in e  a ll 

th e  e ig h t co n sta n ts . I t  is th u s  seen  th a t  th e  flow o f a  sph ere  w ith  th e  s t ru c tu re  o f  

figure 2 c an  be  c a lc u la te d  fo r a n y  v a lu e  o f  rj a n d  rj* in  te rm s  o f th e  e x te rn a l stre ss. 

T o  d e te rm in e  r/* i t  is necessary , in  a d d itio n , to  fulfil e q u a tio n  (14), i.e . one  m u s t 

e q u a te  th e  flow a t  th e  su rfa ce  r =  Rof  th e  

are  rep lace d  b y  A x, B v  Cx, D x) to  th e  flow a t  th e  su rface

sphere  o f  flu id  w ith  th e  v isco s ity  rj* w h ich is  g iv en  b y  ( 12) a n d  (15). F o r  1 , th is

cond ition  m u s t b e  fu lfilled  in d e p e n d e n tly  o f  R. I t  th e re fo re  in c lud es  th e  con- 

d itio ij acco rd ing  to  w h ich  th e  s tre ss  a t  r  =  

th u s  m eans fo r ur

ur(R)

a n d  fo r u„

2 yRP2 

Ug(R)

t 4C1J P  20 , J P

, ^  co nst.

1 + n> 3 ^

yB P ',

I t  follows th a t

a n d  A x — 0 , B x

S olu tions in  1 <  r < Rth u s  becom e

, con st.

1 + J 3 ^

( 2y r - 3̂ j ) p 2, ue _  (y r  +  ̂ j  P'2,

(28)

(29)

(30)

p  =  0, +  .5r8 = 2 , » ( ? - ^ ) p ; .  (31)

T here  re m a in  th e  five c o n s ta n ts  A , B , C,D, D x a n d  th e  six  b o

(16),, (17) a n d  (18). Since y  is kn o w n  from  e q u a tio n  (15) th e y  le a d  to  six  in h o m o 

geneous eq ua tion s. T hese can  b e  so lv ed  on ly  i f  th e  coefficients o f  th e  e q u a tio n s  fulfil 

a  c e rta in  condition . T h is leads  to  th e  d e te rm in a tio n  o f  rj*. O ne o b ta in s  fro m  (16), 

using (23) a n d  (24), A(jfiR D  ,

0 ,]
7 '  +  2^ + 2< 7a '

ZD 

' a 4

5 A a 3 ~ D  
+  Ca-|— ^

* 0,

( 3 2 )

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



H . F r o h lic h  a n d  R . S a c k4 2 2

fro m  (17), u s ing  (23), (24) a n d  (30),

— +  ̂  +  2 — 3 = — 3

—  + C  + D  — y  + D v

( 3 3 )

a n d  from  (18), u s in g  (26), (27) a n d  (31),

- y - 3 R  +  4C  +  24D

tA  + 2 C - 8 2 )

( r + « / ) , ) , '

( y - 4 D i).

(34)

T h e  so lu tio n  c a n  easily  b e  fo u n d  b y  a n tic ip a tin g

A  =  0 . (35)

I n  th e  fin a l re s u lt  fo r t j* te rm s  o f  a  h ig h e r o rd e r  in  a  th a n  a 3 w ill be  n e g le c te d  (cf. (3)). 

K eep in g  th is  in  m in d , th e n

=  y a 3, B - — 10y a 3, 

a n d  th e  v a lu e  (2 ) forty* .

I t  is o f  in te re s t  to  c a lc u la te  th e  stre sses  a t  th e  su rfa ce  =  o f  th e  r ig id  sp h ere . 

In s e r tin g  (36) a n d  (15) in to  (26) a n d  (27) th e n  in  zero  o rd e r in  a

Srr = 5TPZ, Srg =  %TP'2. (37)

T h is  s tre ss  sy s te m  h a s  th e  sam e  s y m m e try  a s  th e  e x te rn a l  s tre ss  sy s te m  ( 11), b u t  

i t  h a s  f  tim e s  i ts  m a g n itu d e .

B . Elastic spheres

I f  th e  sph eres o f  ra d iu s  a a re  co ns id e red  to  b e  e la s tic  acco rd in g  to  (4), a  s tre ss  o f  

th e  ty p e  (37) w ill te n d  to  d e fo rm  th e m  in to  sph ero id s. I n  e q u ilib riu m  th e  com 

p o n e n ts  dr a n d  d ‘e o f  th e  d isp la c e m e n t o f  th e  su rface  a re  th u s  g iv en  b y

5T  5
dr = ~ ^ a P 2, de =  —^ a-Pg. (38)

I n  v iew  o f th e  v is co s ity  o f  th e  flu id  w h ich  a d h e res  to  th e  su rfa ce  — th is  d e fo rm a 

tio n  c a n n o t be  e s ta b lish e d  a t  once on  a p p lic a tio n  o f  th e  e x te rn a l stress. In s te a d , a  

d e fo rm a tio n  o f  th e  fo rm

dr — EaP2,de = ^ a P 2, (39)

m a y  be  e x p e c te d  w here  E  d ep en ds  on  tim e . T h ro u g h o u t, th e  stresses  w ill be  assum ed  

to  be  w eak  enou gh  to  m a k e

^ 1 , (4 0 )

 D
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so t h a t  th e  defo rm ed  su rface  o f  th e  e la s tic  b o d y  c an  be  a p p ro x im a te d  b y  th e  u n 

deform ed sphere  r -  a. O ne th u s  o b ta in s  a t  th is  su rface  fo r th e  stre ss, u s ing  (4),

Theory of the rheological properties of dispersions 4 2 3

=  2

a n d  fo r th e  ve lo city  o f  flow

ur =  EaP2>

Srf =  kEP '2, r = a, (41)

%  -  r = a (42)

w here  th e  d o t m ean s  d ifferen tia tio n  w ith  re sp e c t to  tim e .

I t  m u s t be  m e n tio n e d  he re  t h a t  th e  m o s t g e n e ra l d e fo rm a tio n  w ith  a  P 2 s y m m e try  

is  n o t  g iven  b y  e q u a tio n  (39) b u t  c o n ta in s  a d d itio n a l te rm s  w ith  one  fu r th e r  c o n s ta n t  

F . B y  p u tt in g  F  — Owe a n tic ip a te  a lre a d y  p a r t  o f  th e  so lu tio n . S u b seq u en tly , w h en  

th e  c o n s ta n ts  from  th e  b o u n d a ry  co n d itio ns  a re  d e riv ed , th is  w ill le a d  to  one  s u p e r

n u m e ra ry  eq u a tio n . T h e  fa c t  t h a t  th is  e q u a tio n  w ill b e  a  consequence  o f  th e  o th e r  

eq ua tio ns , i.e. t h a t  i t  does n o t  le a d  to  a  new  in c o m p a tib le  c o n d itio n , is  a  p ro o f  t h a t  

a ssu m p tio n  (39) fo r th e  d e fo rm a tio n  is co rrec t.

I n  v iew  o f (40) th e  so lu tio n  o f  e q u a tio n s  (19)—(22) in  th e  shell 1 is s till

g iven  b y  (23)-(27), b u t  th e  coefficients A , B , m a y  no w  d e p

T he o u te r  shell 1 <  r < Ris now  filled w ith  a  m ed iu m  w ith  u n k n o w n  p ro p e rti

I n  v iew  o f  (40) a n d  (3) i t  is kno w n , ho w ev er, t h a t  th e  m a th e m a tic a l  express ion s 

describ ing  th e se  p ro p e rtie s  c a n  b e  d evelop ed  in to  po w er series in  a , a n d  t h a t  th e  

e las tic  te rm s  (co n ta in in g  E  o r E)  will n o t  a p p e a r  in  th e  zer6 -o rder t

th e  ge n era l sh ap e  o f  th e  express ions  fo r th e  flow  o f  th is  su b s ta n c e  m a y  b e  d e riv ed . 

C onsider first th e  hom ogeneous sp h ere  o f  ra d iu s  R  w h ich  con sists  e n tire ly  o f  th is  

su bs tan ce . A s d iscussed  in  § 2 i ts  flow is g iv en  b y  e q u a tio n  (12 ), b u t  y  is no  lon ge r 

co nn ected  w ith  th e  stre ss  b y  e q u a tio n  (15) w h ich  re fe rre d  to  a  v iscou s flu id  w h ere  th e  

s tre ss is e n tire ly  due  to  in te rn a l  fr ic tion . F o r  o u r su b s ta n c e  th is  sh o u ld  b e  Only so 

w hen  th e  de fo rm a tio n  o f  th e  e la s tic  sph eres h a s  becom e s ta t io n a ry . O therw ise  a n  

a d d itio n a l te rm  p ro p o r tio n a l to  E  w ou ld  b e  e x p e c te d  w h ich  m e a n s  t h a t  th e  to ta l  

ve locity  o f  flow c o n ta in s  one  te rm  w h ich  is p ro p o r tio n a l to  th e  v e lo c ity  o f  d e fo rm a 

tio n  o f  th e  e la s tic  spheres. T hu s , in s te a d  o f  (15),

r < 4 3 >

w here £ is a  c o n s ta n t w hich is e x p e c te d  to  v a n ish  i f  0 . I n  v iew  o f  (43), th e  con 

nex ion  be tw een  stre ss a n d  flow is no  longe r g iven  b y

$rr =  2 TP2 =  4 V*yP2,Sr0 =  P P 2 =  2? /* yP ',

b u t  b y  4 ,  =  4 Sre = 2V* (y -£ E )P '2. (44)

T he follow ing ca lcu la tio ns  h a v e  now  to  show  t h a t  a  v a lu e  fo r £ ex is ts  fo r w h ich  

hypo thesis  (43) a c tu a lly  lead s to  a  se lf-con sis ten t so lu tio n , i.e. t h a t  th e  tw o  b ig  

spheres o f  ra d iu s  R  w ill ac tu a lly  show  th e  sam e  flow a t  th e  su rfa ce  (in th e  sense o f  
e q u a tio n  (14)).

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



4 2 4 H . F r o h lic h  a n d  R . S a c k

N ow  r e tu rn  to  th e  flow in  th e  o u te r  sh ell 1 <  o f  th e  sp h e re  d e sc rib e d  in  

figure 2 . I n  th e  case  A  th is  flow w a s  g iv e n  b y  e q u a tio n  (30), i.e . i t  w a s  com posed  o f  

a  hom ogeneous flow  ur =  2 yrP2,ue =  y rP 2, a n d  a  n o n -h o m og e

w hich  re p re se n ts  th e  in fluence  o f  th e  in n e r  sh ell a n d  w h ic h  is  o f  th e  f ir s t o rd e r  in  

(cf. (36)). T h e  influence  o f  th e  e la s tic ity  o f  th e  sp h e res  w h ic h  is  no w  c o ns id e re d  is to  

chan ge  th e  flow  co n sid ered  in  § A  b y  a d d in g  te rm s  o f  th e  f ir s t o rd e r  in  T h e re fo re ,

a n y  c o rrec tio n  o f  th e  D x te rm s  in  e q u a t io n  (30) w o u ld  le a d  to  s

w h ich  a re  n e g le c te d  h ere . O n  th e  o th e r  h a n d , y - te rm s  w ill b e  in flu en ced  so t h a t  e x 

p re ssio n  (16) is  re p la c e d  b y  (43). C on siderin g  th is , (30) s ti l l  re p re se n ts  th e  flow  in  

th e  o u te r  shell, a n d  co n d itio n  (14) is th u s  fu lfilled  in  th e  sa m e  w a y  a s  in  § A . E q u a t io n  

(31) does, how ev er, n o  lo n ge r re p re se n t th e  s tre sses  b u t  h a s  to  b e  su p p le m e n te d  in  

th e  sam e  w a y  a s  (44). T h u s

A ga in  th e  D x te rm s  n e e d  n o t  b e  im p ro v e d  a s  th e y  a re  a lre a d y  o f  th e  f ir s t  o rd e r.

N ow  pro ceed  in  a  s im ila r  w a y  a s  in  § A . T h e  b o u n d a ry  c o n d itio n s  (17) a n d  (18) 

a t  r  — 1 m u s t  b e  fu lfilled , w h ile  (16) m u s t  n o w  b e  re p la c e d  b y

T h is  le ad s  to  th e  fo llow ing e q u a tio n s . F ro m  (46) u s in g  (23 )-(27 ) a n d  (41) a n d  (42)

ur, u e, 8„, Srd c o n tin u o u s  a t (46)

follow s

5A a3 „ D  tla
(47)

(48)

F ro m  (17) one  o b ta in s  a s  in  (3 3 ),

(49)

a n d  fro m  (18), u sing  (45) a n d  th e  le f t-h a n d  side  o f  (34)

(5 0 )
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I t  w ill be  n o tic e d  t h a t  fo r $  =  0  e q u a tio n s  (47), (49) a n d  (50) a re  id e n tic a l  w ith  

(32 )-(34), w hile  b o th  e q u a tio n s  (48) beco m e  e q u iv a le n t  a n d  c a n  b e  u se d  to  c a lc u la te  

E . T h is  re p re se n ts  one  so lu tio n  o f  th e  sy s te m  o f  e q u a tio n s . I t  le a d s  to  th e  v a lu e  (2 ) 

fo r 7j*. H a v in g  th u s  d e te rm in e d  ?}* n ow  fin d  th e  in flu en ce  o f  th e  e la s t ic i ty  o f  th e  

sph eres o f  ra d iu s  a  on  th e  flow , i.e . on e  is n ow  in te re s te d  in  so lu tio n s  fo r  w h ich  $  +  0 . 

N ow  (47)-(50 ) is a  sy s te m  o f  e ig h t inh o m o g en eo u s  e q u a tio n s  fo r  th e  sev e n  u n k n o w n s  

A , B , C ,D , D v  E  a n d  $ .  A s d iscu ssed  ab o v e  one  o f  th e  e q u a tio n s  (48) m u s t  b e  co n 

s id ered  as  a  co nseque nce  o f  th e  o th e r  e q u a tio n s  b e ca u se  th e  v a lu e  o f  one  f u r th e r  

u n k n o w n  F  h a s  b e e n  a n tic ip a te d  b y  w ritin g  th e  d e fo rm a tio n  o f  th e  e la s tic  sp h e res  

in  th e  spe c ia l fo rm  (39) w h ich  re q u ire s  o n ly  on e  c o n s ta n t .  T h is  le av e s  sev e n  e q u a tio n s  

fo r sev en  u n k n o w n s. T h e y  h a v e  on e  so lu tio n  e x p re ss in g  th e m  in  te rm s  o f  th e  coeffi

c ien ts  o f  th e  e q u a tio n s . T h is  is  th e  so lu tio n  m e n tio n e d  ab o v e  in  w h ic h  $  =  0 . O th e r  

so lu tio ns  fo r  w h ich  $ 4= 0  w ill ex p re ss  th e  s ix  u n k n o w n s  A , B , C, D , D v  E  n o t  o n ly  

in  te rm s  o f  th e  coefficien ts b u t  a lso  in  te rm s  o f  $ .  T h e y  e x is t  o n ly  i f  th e  coeffic ien ts 

fu lfil a  c e r ta in  c o n d itio n  w h ich  w ill b e  u se d  to  d e te rm in e  £.

T h e  a c tu a l  so lu tio n  c a n  b e  fo u n d  q u ic k ly  i f  a g a in , a s  in  (35),

A  =  0  (51)

is a n tic ip a te d . In s e r t in g  th is  in to  (47), th e n

=  ( |  — o )  o ',  B  — l o ( |  -  C \ a \  (52)

w hich , in tro d u c e d  in to  th e  f ir s t e q u a tio n  (48), y ie ld s

O Tf
10(7—3 $  (53)

V

T h e  second  e q u a tio n  (48) is  th e n  fu lf illed  w ith o u t  le a d in g  to  a n y  in c o n s is te n c y  w h ich  

m e an s  t h a t  (39) w a s  a n t ic ip a te d  c o rre c tly .

In se r tin g  (51) a n d  (52) in to  (49), th e n

C  =  y ( l  + a 3) - ^ a 3, D x = y a 3 - = V ,  (54)
A A

so t h a t  neg lec tin g  h ig h e r  o rd e r  te rm s  in  a, (52) a n d  (5 3 ) beco m e

D  — ~ y )  ®6> B  =  1 0 ^ - y j  a3, E  = ~  [1 0 y ( l +  a3) -  (3 +  5 a3) $ ] .  (55)

E q u a tio n s  (51), (54) a n d  (55) re p re se n t th e  six  q u a n ti t ie s  A , B , C, D , D t  a n d  E  in  

te rm s  o f  y  a n d  $ ,  a s  re q u ire d . In s e r t in g  th e m  in to  th e  f ir s t e q u a tio n  (50) a n d  

n eg lec tin g  te rm s  o f  a  h ig h e r o rd e r t h a n  a3, th e n

£ =  f a 3. (56)

W ith  (51), (54)—(56) th e  sec o nd  e q u a tio n  (50) is  fu lf illed  w h ic h  show s t h a t  0

w as a n tic ip a te d  c o rre c tly . T h u s  a ll  e q u a tio n s  (47)—(50) h a v e  b e e n  sa tis fied  a n d  th e  

so lu tion s o f  th e  re q u ire d  ty p e  fo u n d .

Theory of the rheological properties of dispersions 4 2 5
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4 2 6 H . F r o h lic h  a n d  R . S a ck

N ow  in ser t th e  va lue  (56) in to  th e  re la tio n  (43), i.e.

T  =  

To o b ta in  th e  req u ired  connexion  be tw een  s tre ss a n d  flow o f th e  m acroscopic  su b 

stan ce  i t  is necessary  to  e lim ina te  E  from  th is  re la tio n . T h is c a n  be  done by  in tro 

ducing th e  tim e  de riv a tiv es T  a n d  y. Using  E  from  e q

te rm s o f a  h igher o rde r in  a th a n  a 3,

T + t xT  =  2 9 /* (y + r2y), 

w here Tl =  | | ( i + | a 3), t 2 =  | | ( 1  - f « 3)- (59)

E q u a tio n s  (2 ), (58) a n d  (59) re p re se n t th e  m a in  re su lt o f  th e  ca lcu la tion s.

T he in tro d u c tio n  o f  T  req u ires  a  fu r th e r  con d ition  becau se  a t  c e r ta in  tim es, e.g. 

on ap p lica tio n  o r re m o va l o f  stress, T  w ill be  a llow ed to  be  a  d iscon tinuo us  fu n c tio n  

o f  tim e. I n  th is  case a n  a d d itio n a l con d itio n  is re q u ire d  fo r th e  so lu tion  o f  th e  

d ifferentia l e q u a tio n  (58). To o b ta in  i t  (57) is u sed  to  e lim in a te  y  from  e q u a tio n  (55) 

a n d  yields, w ith  th e  use o f  (2 ) a n d  (3 ),

2 IcE +  3 ^ ( 1  - 1 a3) =  5T (1 -  f a 3).

T he so lu tion  o f th is  e q u a tio n  can  be  w r itte n  in  th e  fo rm

E  =  T(t)dt,

w here a  a n d  /? are  c o n s ta n ts  eas ily  d eriv ed  from  th e  p reced ing  eq u a tio n . T his show s 

th a t  E  rem a ins  co n tinuous  w hen  T  h a s  a  d isco n tin u ity . T hus, u sing a g a in  (55) a n d  

(57)-(59), i t  is fou nd  th a t

—f  a*T)E = t xT —2rj*T2y  =  con tinu ou s. (6

T h is is th e  cond ition  w h ich  T  a n d  yha v e  to  fulfil w hen  T  is

4. R e s u l t s  a n d  d i s c u s s i o n

F ro m  th e  discussion in  § 2 i t  w as seen t h a t  th e  m a in  ta s k  w as to  ca lcu la te  th e  

q u a n tity  y  expressing  th e  flow b y  e q u a tio n  ( 10) in  te rm s  o f th e  stress. T his ha s  now  

been done (equations (58)—(60)). H ence  i t  m a y  be  concluded  th a t  th e  connexion 

betw een  th e  stress system  (9) a n d  th e  com ponen ts o f  flow %  is g iven  b y

Su + Ti&u -2 (Ui + UUt)>(* >  1 ,2

T h is e q u atio n  can  easily be genera lized  to  com prise a n  a rb itra ry  stress system . 

F ir s t  by  a  su itab le  ro ta tio n  o f th e  co -o rd inate  system , th e  system  o f tensile  stresses 

can  be tra ns fo rm ed  in to  a  system  o f sh ea r stresses, w hile th e  corresponding  t r a n s 

fo rm atio n  o f  th e  com ponen ts o f  flow follows from  th e  iso tro p y  o f o u r su bstance .
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S eco nd ly , in  v iew  o f  th e  in c o m p re ss ib ili ty  o f  o u r  s u b s ta n c e  th e  a d d i t io n  o f  a  h y d r o 

s ta t ic  p re ssu re  p  c a n n o t  h a v e  a n y  in flu en ce  o n  i t s  flow . T h u s  e q u a tio n s  (61) w h ic h  

re fe r  to  p  =  0  c a n  b e  e x te n d e d  to  th e  c ase  4 = 0  b y  a d d in g  th e  te rm  — (p  + r ip )  to  

th e  r ig h t -h a n d  s id e  o f  th e  th re e  e q u a tio n s  (61), w h ic h  in  v ie w  o f  (7) j u s t  can c e ls  th e  

h y d ro s ta t ic  te rm s  a t  th e  le f t -h a n d  s id es . T h e  g e n e ra liz e d  e q u a tio n s  (61) c a n  th u s  

b e  w r i t te n  a s

(62)

i f  one  in tro d u c e s  th e  th r e e  q u a n t i t ie s

@ik =  8 ik + Ti&ik> rr = P + T1p, vt =  « i  +  T2w{, (63)

d e r iv e d  fro m  s tre s s  8 ik, p re s su re  p  — — 

h a v e  to  b e  s u p p le m e n te d  b y  c o n d itio n  (60) w h ic h , a f te r  b e in g  t r e a t e d  in  a  s im ila r  

w a y  a s  (58), le a d s  to

Ti(Sik+ pS ik) -  r 29 / * ( ^  + | ^ )  =  c o n tin u o u s . 

I n  g e n e ra l th e  s tre sse s  m a y  n o w  b e  a llo w e d  to  d e p e n d  o n  th e  c o -o rd in a te s  x t i f  

o n ly  th e y  c a n  b e  c o n s id e re d  a s  a p p ro x im a te ly  c o n s ta n t  w i th in  a  re g io n  w h ic h  c o n 

ta in s  m a n y  o f  o u r  e la s t ic  sp h e re s . T h e  e q u ilib r iu m  o f  fo rce s  th e n  d e m a n d s

=  0 ( 4 =  1 ,2 ,3 ) ,
i uXf

i f  a c c e le ra tio n  te rm s  a n d  e x te r n a l  v o lu m e  fo rce  (e .g . g ra v i ta t io n )  a re  n e g le c te d . 

D if fe re n tia tin g  th e se  e q u a tio n s  w ith  re s p e c t  to  t im e , a n d  m a k in g  u se  o f  (62) a n d  

(63) th e n

7)*Avi— ~  =  0 . 
OXi

Theory of the rheological properties of dispersions  4 2 7

T h e  c o n d itio n  o f  in c o m p re ss ib ili ty  re q u ire s  d i v u  =  0  a n d  h e n c e

w hile  (64) le a d s  to

T ^ A U i - T ^

d i v v  =  0 ,

c o n tin u o u s  o n  a p p l ic a t io n  o r  re le a se  o f  s tre s s .

( 6 6 )

(67)

E q u a tio n s  (62 )-(67 ) to g e th e r  w ith  (2 ) a n d  (59) r e p re s e n t  th e  re s u l ts  o f  th e  th e o ry .  

T h e y  c a n  b e  d iv id e d  in to  tw o  p a r t s ,  (i) a  m a c ro sc o p ic  th e o r y  o f  flow  w h ic h  c o n ta in s  

th e  th re e  p a ra m e te r s  r l5 r 2, a n d  ?/*, (ii) th e  c a lc u la t io n  o f  th e s e  p a ra m e te r s  f ro m  th e  

p ro p e r tie s  a n d  th e  c o n c e n tra t io n  o f  th e  tw o  c o m p o n e n ts .

F ro m  th e  m a th e m a tic a l  p o in t  o f  v ie w  th e  e q u a tio n s  o f  flow  h a v e  a  g r e a t  s im ila r i ty  

to  th e  h y d ro d y n a m ic  e q u a tio n s . I n  fa c t ,  th e  f u n d a m e n ta l  h y d ro d y n a m ic  e q u a t io n s  

(5), (6 ) a n d  (8 ) a re  id e n tic a l  w ith  e q u a tio n s  (6 6 ), (62) a n d  (65) i f  th e  th r e e  q u a n t i t ie s  

®ik’n  a n d  v  a re  re p la c e d  b y  S ik, p  a n d  u  re sp e c tiv e ly . T h is  m e a n s  t h a t  to  e a c h  h y d ro -  

d y n a m ic a l p ro b le m  th e re  e x is ts  a  p ro b le m  fo r  o u r  s u b s ta n c e s  w h o se  so lu tio n  is
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4 2 8 H . F r o h lic h  a n d  R . S a c k

o b ta in e d  from  th e  h y d ro d y n a m ic  so lu tion s b y  m a k in g  th e  su b s titu tio n s  j u s t  m e n 

tioned . T o o b ta in  th e n  th e  v e lo city  o f  flow a n d  th e  stresses, e q u a tio n s  (63) h a v e  to  be  

so lved  (in w h ich  0 ik, n, a n d  vt a re  now  kn ow n) us ing  th e  co n d itio n s (64) o r  (67). 

T his m a th e m a tic a l s im ila rity  le ad s  to  a  s im ila r p h y s ic a l b e h a v io u r o n ly  i f  8{k a n d  u t 

a re  in d e p en d e n t o f  tim e , becau se  on ly  th e n  a re  th e y  e q u a l to  0 ik a n d  vi . O therw ise , 

th e  p h y s ica l b e h a v io u r o f  o u r su b s ta n c e  m a y  be  v e ry  d iffe ren t from  t h a t  o f  a  v iscous 

fluid.

As. a  sim ple e xa m p le  consider th e  case  o f  a  hom ogeneous flow. S uppose  a  te ns ile  

stre ss 8U a c ts  p a ra lle l to  th e  ax is  o f  a  p rism  w hich is a ssu m e d  to  be  th e  a^-ax is. 

T h is w ill le a d  to  a  hom ogeneous flow  a n d  its  a^-c om p one n t u x w ill be  c a lc u la te d . 

L e t <ru  b e  th e  tensile  s tra in  in  th e  Z-direction. T h e n  c lea rly

u i — & nx v  (68 )

S uppose  t h a t  th e  stre ss  is a p p lie d  a t  th e  tim e  0 , h a v in g  th e  m a g n itu d e  k , a n d  t h a t

i t  is rem o ve d  a t  Z =  Z'. T h u s  since  S22 — S23 — 0 ,

( ° , 0 , t< 0 ,

AT, p  = < - X ,  a t  * 
3 ’

0  < Z < Z ' ,

l o , ,0 , z > z \

In se r tin g  th e se  ex pressions fo r  ut a n d  p  in to  (62) one  

§ ( £ i i + r t S n ) =  2  +  T2&n ), (7 0 )

i.e . a  d iffe ren tia l e q u a tio n  fo r <rn .

A ssum ing  k  = 0, (70) w ith  th e  use  o f  (69) becom es

W a + r ^ u ) - ^  0 < ( < ( , (71)

Since 8Uis d isco n tin u ou s, use  m u s t  b e  m a d e  o f  co n d itio n  (64) a t  Z =  0 a n d  Z =  Z'. 

In se r tin g  (68 ) a n d  (69) th is  co n d itio n  becom es

%t 1S11 —2t 2t}*&11 — co n tin uo u s. (72)

Since <rn  =  0  fo r Z < 0 , th e n , m a k in g  use  o f  (69),

a t (  =  0

&U(H +  0 ) - d - u ( l ' - 0 ) - - ~ ^  a t  t =  e ,
6V ' 2

w here d 11(Z' + 0) refers to  th e  v a lu e  o f  &n  ju s t  befo re  (Z' — 0) o r a f te r  (Z' +  0) th e  tim e  
t *» Z'.

W ith  th ese  co nd itions a n d  w ith  cru  =  0 a t  Z =  0 th e  so lu tio n  o f  (71) becom es

w here

® "ll ° e l .  +  ®Vis.»

_  K  jt0< Z < Z ' ,1  

<TvlB ~ 3 r j* \t’ t> t ',  j

( 7 3 )

(74)
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Theory of the rheological properties of dispersions 4 2 9

a n d (75)

I t  is seen  t h a t  th e  t o ta l  d e fo rm a tio n  c a n  b e  s p lit  in to  (i) a  v isco u s p a r t  <rvls w h ic h  

inc reases p ro p o r tio n a l to  t d u rin g  th e  a p p lic a tio n  o f  s tre ss  a n d  re m a in s  c o n s ta n t  

w hen  th e  s tre ss  is rem ov ed , a n d  (ii) a n  e la s tic  p a r t  <rel w h ic h  o n  a p p lic a tio n  o f  s tre s s  

becom es tim e  in d e p e n d e n t i f  *> t 2, a n d  o n  re m o v a l o f  s tre ss  is  re c o v e re d  fo llow ing 

a n  e x p o n e n tia l law .

F ro m  th is  sim ple  e x a m p le  i t  is seen  t h a t  fo r a  h o m og en eo u s  s tre s s  th e  th e o ry  le a d s  

to  a  s tra in - tim e  d e p en d enc e  o f  th e  sa m e  ty p e  a s  t h a t  fo u n d  e x p e r im e n ta lly  o n  

c e r ta in  b itu m e n s  (figure 1 ). I n  p a r t ic u la r ,  i t  show s a n  e la s tic  re c o v e ry  d e sc rib e d  

b y  avtim e o f  r e la x a tio n  r 2. S u pp ose  t h a t  a  s u b s ta n c e  h a s  b e e n  fo u n d  w h ic h  ob ey s  

th e  e q u a tio n s  g iven . T h e n  in  a n  e x p e r im e n t o f  th is  ty p e  (figure  1) a ll  th e  th re e  

p a ra m e te rs  t x, r 2 a n d  rj* c a n  b e  d e te rm in e d , rj* is  o b ta in e d  fro m  th e  slope  o f  th e  

s tra in - tim e  c u rv e  fo r  a  t im e  f > r 2 (i.e. th e  d o t te d  c u rv e  in  figu re  1), b e ca u se  

acco rd ing  to  (73 )-(75 )

t 2 is  o b ta in e d  a s  th e  tim e  o f  r e la x a tio n  o f  th e  e la s tic  re c o v e ry , w h ile  (t j —t 2)/?/* a n d  

hence  t x c a n  b e  d e te rm in e d  fro m  th e  to ta l  s t r a in  re c o v e ry , since  a cc o rd in g  to  (73 )-(7 5 )

H a v in g  th u s  d e te rm in e d  th e  th re e  p a ra m e te rs  i t  is  p o ssib le  to  c h ec k  th e  re s u lts  

b y  a n  in d e p e n d e n t e x p e r im e n t. S u p po sin g  t h a t  a t  th e  t im e  t', in s te a d  o f  re m o v in g  

th e  stre ss, th e  s t r a in  is k e p t  c o n s ta n t  so t h a t  =  <ru  =  0 . I t  th e n  fo llow s fro m  

e q u a tio n s  (68 ) a n d  (72) t h a t  S X1 d e ca y s  e x p o n e n tia lly

w ith  th e  re la x a tio n  tim e  r t .

So fa r  e q u a tio n s  (62 )-(67 ) h a v e  b e en  d iscu ssed  a s  m a cro sc o p ic  e q u a tio n s  co n 

ta in in g  th re e  p a ra m e te rs , r x, t 2 a n d  rj*. A cco rd in g  to  th e  p re s e n t  th e o ry  th e se  q u a n t i 

tie s  a re  c o n ne c ted  b y  e q u a tio n s  (2) a n d  (59) w ith  th e  th re e  m ic roscop ic  q u a n ti t ie s  

a 3, k  a n d  17, i.e . w ith  th e  re la tiv e  v o lu m e  o f  th e  e la s tic  sph eres , th e i r  m o d u lu s  o f  

r ig id ity , a n d  th e  v isco s ity  o f  th e  flu id  in  w h ic h  th e y  a re  d isp erse d . I t  sh o u ld  b e  

possib le  to  check  th e se  fo rm u la e  b y  v a ry in g  a3, a n d  b y  u s in g  v a r io u s  m a te r ia ls  

w hbse  k  a n d  17 v a lu es  a re  k no w n . A  v a r ia t io n  o f  a3, fo r  in s ta n c e , c h an ge s  a ll th re e  

q u a n titie s  rj*, t x a n d  r 2. I t  is  c o n n ec te d  in  a  v e ry  d ire c t w a y  w ith  th e  t o ta l  e la s tic  

recovery  w h ich  c a n  b e  easily  m e a su re d  a n d  w hich  a cc o rd in g  to  (76), u s in g  (2 ), (5 9 ) 

a n d  (3), is g iv en  b y

*11 =  3^*  i f

Act  =  <ru ($') -  <ru (co) =  ^  ( r x -  r 2) i f  r 2. (76)

S xx — —— — ,

K
. . .  (a3^ l ) .
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H . F r o h lic h  a n d  R . S a c k

T here  are , a t  p re se n t, no  e x p e rim e n ts  a v a ila b le  w h ich  allow  a  q u a n t i ta t iv e  ch eck  

o f  o u r th e o ry . S uch  e x p e rim e n ts  w o u ld  re q u ire  sols o r  d isp ersio n s o f  a  k n o w n  

s tru c tu re . W e h a v e  tr ie d  to  co m p are  o u r  re su lts  w ith  e x p e rim e n ts  o n  b itu m e n s , 

som e o f  w hich, acco rd ing  to  Pfe iffer & S a a l ( 1940 ), fo rm  sols. W e c o m p a re d  th e  

e las tic  re cov ery  cu rv e  o f  a  b itu m e n  m e a su re d  b y  L e th e rs ic h  (1942 ) w ith  o u r  results^ 

acco rd ing  to  w h ich  i t  sh o u ld  b e  a n  e x p o n e n tia l  fu n c tio n  o f  tim e . F ig u re  3 show s t h a t  

th is  is th e  case  fo r m o s t o f  th e  re c o v e ry  c u rv e , b u t  fo r  (re la tiv e ly ) s h o r t tim e s  th e re  

is a n  a d d itio n a l reco ve ry . I t  seem s e v id e n t t h a t  th e  s tru c tu re  o f  b itu m e n s  is  m o re  

c om plica ted  th a n  w as  a ssu m e d  in  o u r  m odel, a n d  th e re  a re  a  n u m b e r  o f  su g ges tio ns  

one  can  m a k e  to  a c c o u n t fo r th e  a d d itio n a l re c o v e ry  (e.g. a n  in te ra c t io n  b e tw e e n  th e  

e la s tic  spheres, o r  a n  e la s tic ity  o f  th e  flu id  in  w h ich  th e y  a re  d isp ersed ). I t  is n o t  th e  

o b je c t o f  th is  p a p e r  to  s tu d y  b itu m e n s , b u t  i t  seem s in te re s t in g  to  n o tic e  t h a t  su ch  

a  sim ple  an a ly s is  in  th e  l ig h t o f  o u r th e o ry  le ad s  a t  once  to  su g g es tio ns  co nce rn ing  

th e ir  s tru c tu re .

4 3 0

t im e  in  d a y s

F i g u r e  3 . E x p e r im e n ta l  v a lu e s  o f  t h e  e la s t ic  r e c o v e r y  o f  a  b i tu m e n  a c c o r d in g  t o  

L e th e r s ic h  ( 1 9 4 2 ) c o m p a r e d  w i t h  a n  e x p o n e n t ia l  f u n c t io n .

B efore going in to  a  d e ta ile d  s tu d y  o f  su ch  co m p lic a te d  su b s ta n c e s  i t  seem s d e s ir

ab le  to  h a v e  e x p e rim en ts  on  m a te r ia ls  w h ich  ag ree  as  close ly  a s  possib le w ith  o u r 

m odel. W e do n o t  d o u b t, how ever, t h a t  i t  w ill be  possib le  to  genera lize  o u r th e o ry  

so as  to  com prise m ore  co m p lic a te d  s tru c tu re s .

T h e  a u th o rs  a re  in d e b te d  to  th e  B ritish  E le c tr ic a l a n d  A llied  In d u s tr ie s  R ese a rch  

A ssocia tion  fo r p erm ission  to  p u b lish  th is  p a p e r .
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