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In a recent experiment [Lin et al., arXiv:2112.07841], the superconducting phase hosted by a
heterostructure of mirror-symmetric twisted trilayer graphene and WSe2 was shown to exhibit sig-
nificantly different critical currents in opposite directions in the absence of external magnetic fields.
We here develop a microscopic theory and analyze necessary conditions for this zero-field super-
conducting diode effect. Taking into account the spin-orbit coupling induced in trilayer graphene
via the proximity effect, we classify the pairing instabilities and normal-state orders and derive
which combinations are consistent with the observed diode effect, in particular, its field trainability.
We perform explicit calculations of the diode effect in several different models, including the full
continuum model for the system, and illuminate the relation between the diode effect and finite-
momentum pairing. Our theory also provides a natural explanation of the observed sign change of
the current asymmetry with doping, which can be related to an approximate chiral symmetry of
the system, and of the enhanced transverse resistance above the superconducting transition. Our
findings not only elucidate the rich physics of trilayer graphene on WSe2, but also establish a means
to distinguish between various candidate interaction-induced orders in spin-orbit-coupled graphene
moiré systems, and could therefore serve as a guide for future experiments as well.
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I. INTRODUCTION

Semiconductor diodes play an essential role in mod-
ern electronics—computation, communication and sens-
ing [1]. The diode generates a nonreciprocity, hosting low
resistance in one direction, and high resistance in the op-
posite. In a superconducting diode, the critical supercur-
rent in one direction is larger than in the opposite. This
feature has elicited fundamental theoretical and exper-
imental studies to uncover the underlying mechanisms.
To this end, recent reports of the superconducting diode
effect—induced by magnetic field [2–8], magnetic prox-
imity [8, 9], or magnetic Josephson or tunnel junctions
[10–19]—have emerged and attracted considerable atten-
tion. Having nonreciprocity in common with the semi-
conductor, yet boasting zero resistance, superconducting
diodes have potential as building blocks for future quan-
tum electronics.

A recent study [20] (companion to this work) considers
a heterostructure consisting of twisted trilayer graphene
(tTLG) [21–26] and WSe2, as depicted in Fig. 1, and
demonstrates a superconducting diode effect in the ab-
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FIG. 1: Schematic of the tTLG and WSe2 heterostrucure;
graphene layers are labelled by l = 1, 2, 3, and have
alternating twist angles such that the tTLG subsystem is
mirror symmetric.

sence of external magnetic fields, magnetic proximity or a
magnetic junction; for brevity, we here refer to this effect
as the zero-field superconducting diode effect (ZFDE).
In addition, several revealing features of the ZFDE were
reported: (i) the diode effect, i.e., the asymmetry δJc of
the current along opposite directions, can be trained by a
small out-of-plane magnetic field, (ii) δJc can be reversed
by doping, and (iii) the system exhibits an enhanced
transverse resistance in a small temperature range above
the superconducting Tc. “Untraining” the ZFDE, also
suppresses this enhancement, implying a direct connec-
tion to the diode effect.

The emergence of a ZFDE in tTLG/WSe2 implies a co-
existence between superconductivity and spontaneously
broken time-reversal and C2z symmetries. Such a co-
existence is a rare occurrence—superconducting states
are typically restricted to systems whereby pairing oc-
curs between time-reversed partners. Establishing an
understanding of the ZFDE is therefore of fundamental
concern. Moreover, understanding the manipulation of
the ZFDE—as per the observations (i–iii)—offers poten-
tial for future technological applications. The reported
phenomenology of superconductivity and possible related
instabilities in tTLG on WSe2 [20] therefore offers an ex-
citing challenge to theory, and demands examination.

The purpose of this work is to provide a theoretical
understanding of the phenomenology of the tTLG/WSe2

heterostructure, with a primary focus on the ZFDE. Our
analysis comprises general symmetry arguments as well
as explicit model calculations, which taken together il-
luminate the ZFDE, the possible superconducting and
normal-state instabilities of the system, the emergence
of vestigial orders, and the influence of spin-orbit cou-
pling (SOC) and external magnetic fields. It also pro-
vides important constraints on the possible origins of
the ZFDE in [20] which, in turn, reveal information
about the many-body physics in the tTLG/WSe2 het-
erostructure. Moreover, our analysis offers an explana-
tion of the findings (i–iii). In particular, we consider a

diode effect arising due to coexistence of superconductiv-
ity and a normal-state order, and determine the symme-
try requirements—namely, which perturbation (or com-
bination) out of SOC, strain and displacement field are
sufficient—for the ZFDE and the its field training [see
(i) above]. We find that only a small set of (four) possi-
ble normal state orders are consistent with the observed
field trainabiltiy, and which further become symmetry
equivalent in the limit of strong SOC. We provide an
explanation of the doping dependence (ii) of the diode
effect, which can be understood by invoking the approx-
imate chiral symmetry of the moiré bands. And, con-
cerning (iii), we argue how vestigial nematic order arises,
and that quite generally it is expected to remain ordered
above, yet in the vicinity of, the superconducting criti-
cal temperature—in which case offering an explanation
of the enhanced transverse resistance reported [20]. Ad-
ditionally, we show that there is one unconventional pair-
ing state that spontaneously breaks time-reversal symme-
try and allows for a ZFDE without normal-state order.
Along the way, we illuminate the relation between finite-
momentum pairing and the diode effect.

The rest of the paper is organized as follows: We be-
gin in Sec. II by providing a continuum noninteracting
model of the tTLG setup, and present the symmetries
on the model. In Sec. III we discuss the possible pairing
states in tTLG starting from zero SOC, and adiabatically
turning it on. In Sec. IV we provide a detailed symmetry
analysis of the diode effect: determining which candidate
normal-state orders can support the ZDE; finding which
orders allow for magnetic field training of the diode ef-
fect; and finally presenting a means to generate the ZDE
without normal state order. In Sec. V we turn to explicit
model calculations, presenting first the general formal-
ism to compute the critical current, and subsequently
applying it to a semi-analytic patch theory, toy models
on the full MBZ, and finally to the full continuum model
of tTLG with and without SOC. In Sec. VI we turn to
a curious and striking experimental feature—the doping
dependence of the diode effect—and present a mechanism
that explains the experimental observations thereof [20].
Conclusion and outlook are provided in Sec. VII

II. MODEL AND SYMMETRIES

To set the stage for the analysis in the subsequent sec-
tion, we will here define the models we will use for tTLG
on WSe2 throughout this work, and discuss its symme-
tries.

A. Notation and continuum model

The heterostructure studied in Ref. 20 consists of
tTLG near its magic angle and WSe2, as depicted in
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Fig. 1. To describe the three layers, l = 1, 2, 3, of
graphene with alternating twist angle, we will employ
the three-layer generalization of the commonly used con-
tinuum model of twisted-bilayer graphene [27–29], where
the magic angle occurs at around 1.58◦. The impact
of WSe2 is taken into account via the proximity-induced
spin-orbit terms [30, 31]. Starting in a real-space descrip-
tion, with c†r;ρ,l,η,s denoting the creating operator of an
electron at position r ∈ R2, on sublattice ρ, in layer l,
valley η, and of spin s, the non-interacting Hamiltonian
can be written as

H0 =

∫
dr c†r h(r,∇) cr, (2.1a)

where h is a matrix in sublattice, layer, valley, and spin
space [indices suppressed in Eq. (2.1a)] and consists of
the following terms

h =
3∑
l=1

hgl + ht + hD + hSOC. (2.1b)

Here, hgl , l = 1, 2, 3, are the Dirac Hamiltoni-
ans associated with each individual graphene layer l,
twisted by angle θl = (−1)lθ/2; it reads as hgl =

−ivF ei
θl
2 ρ3ρη∇e−i

θl
2 ρ3 , where ρη = (ηzρx, ρy) and

ρj are Pauli matrices in sublattice space. The sec-
ond term in Eq. (2.1b) captures the tunneling be-
tween adjacent graphene layers, (ht)ρ,l,η,s;ρ′,l′,η′,s′ =
δs,s′δη,η′(δl+1,l′Tηr + H.c.)ρ,ρ′ , which is modulated on
the moiré scale [28], T+,r = e−iq1r[T1 + T2e

−iG1r +
T3e
−i(G1+G2)r] = T ∗−,r. The momenta involved here

are the momentum transfer, q1 = kθ(0,−1), kθ =
2|Kg| sin(θ/2), from the K to the K′ point at the corners
of the moiré Brillouin zone (MBZ) as well as the basis
vectors, G1 = −

√
3kθ(1,

√
3)T /2 and G2 =

√
3kθ(1, 0)T ,

of the reciprocal moiré lattice (RML). In this expres-
sion, Tj are matrices in sublattice space which only ex-
hibit two independent real parameters—the intra (w0)
and intersublattice (w1) hopping—and can be written
as Tj = [w0ρ0 + w1e

i 2π3 (1−j)(ρx + iρy) + H.c.]/2. Since
ht breaks the continuous translation symmetry of the
Dirac Hamiltonians hgl but preserves translations on the
moiré scale, it reconstructs the Dirac cones into moiré
bands. The latter are derived by Fourier transformation
of cr;ρ,l,η,s, leading to the momentum-space operators
ck;ρ,l,η,s,G where k ∈ MBZ and G ∈ RML. For con-
venience, Appendix A provides the explicit form of the
continuum model Eq. (2.1) written in momentum space.

The third term in Eq. (2.1b) describes the impact of
a perpendicular electric field (displacement field) D0 and
is given by (hD)l,l′ = D0ρ0η0s0δl,l′(δl,1 − δl,3), where we
use, as above, the same symbol for Pauli matrices and the
associated index, i.e., ρj , ηj , and sj are Pauli matrices in
sublattice, valley, and spin space, respectively.

Finally, the last term in Eq. (2.1b) captures the im-
pact of the WSe2 crystal and, thus, constitutes the cru-

cial difference between tTLG and the system that has
been shown to exhibit a diode effect in Ref. 20. It is also
the part of the Hamiltonian (2.1b) that has not been dis-
cussed in previous theoretical works on tTLG [32–34].
The form of hSOC we use is motivated by the fact that
the overlap of wavefunctions of WSe2 and of the graphene
layers l = 2, 3 in Fig. 1 is negligibly small and, hence, the
proximity effect predominately affects the graphene layer
l = 1 and, in that layer, is of the same form as for a sin-
gle layer of graphene on WSe2. Furthermore, to capture
the relevant low-energy moiré bands it is sufficient to
use the single-layer model expanded around each Dirac
cone. This is not only true for hgl but also for the impact
of SOC. So we can focus on the leading, momentum-
independent, terms in hSOC which can be written as [30]

hSOC =P1

[
λIszηz + λR (ηzρxsy − ρysx)

+ λKMηzρzsz +mρz

]
,

(2.2)

where (P1)l,l′ = δl,l′δl,1 projects onto the first graphene
layer. The first three contributions in Eq. (2.2) are SOC
terms as they intertwine spin, s, with orbital degrees of
freedom, in this case valley and sublattice. These terms
are often referred to as “Ising” (λI), “Rashba” (λR), and
a “Kane-Mele” (λKM) SOC. The last term in Eq. (2.2) is
a sublattice-imbalance term that can also be induced by
the WSe2.

Recent first-principle calculations [31] show that, in
particular for the rather large twist angles between WSe2

and graphene in experiment [20], m and λKM are much
smaller than λI and λR. While our analysis can be
straightforwardly generalized to include both m and
λKM, we set m = λKM = 0 from here on, to simplify
the presentation of the results. Additionally, we note
that to partially account for relaxation effects, we take
w0/w1 = 0.875, with w1 = 110 meV, these values are
chosen to best agree with experiment [35]. Finally, for
demonstration in Section VD, we will specialize to twist
angle 1.5◦, which lies within the range of twist angles
considered experimentally [20].

B. Symmetries

Having motivated and defined the model, H0, we use,
let us next discuss its symmetries. As the symmetries of
the continuum-model description of tTLG without WSe2

have already been discussed in detail in previous theoret-
ical works [36, 37], we will here focus on the modifications
when λI and/or λR in Eq. (2.2) are non-zero.

As with any SOC term, both λI and/or λR break
the spin-rotation symmetry, SO(3)s; while λI leaves a
residual spin-rotation along the s3 axis as a symmetry,
hence, the name “Ising SOC”, λR breaks SO(3)s com-
pletely. This is summarized in the first two lines of Ta-
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TABLE I: Action of the different point symmetries S on the
microscopic field operators (ψk) of the continuum-model
description of tTLG (see Sec. IIA) and on the operators fk
in Eq. (2.3) for the Bloch states closest to the Fermi level.
The last column shows which of strain, β, Rashba, λR, and
Ising, λI, SOC break the respective symmetry. As in the
main text, we use ρj , ηj , and sj to denote Pauli matrices in
sublattice, valley, and spin space. Note that Θ and Θs are
anti-unitary operators.

S Sψk;`,GS
† SfkS

† broken by
SO(3)s eiϕ·sψk;`,G eiϕ·sfk λR, λI

SO(2)s eiϕszψk;`,G eiϕszfk λR

C3z ei
2π
3
ρzηzψC3zk;`,C3zG fC3zk λR, β

Cs3z ei
2π
3

(ρzηz+sz)ψC3zk;`,C3zG ei
2π
3
szfC3zk β

C2z ηxρxψ−k;`,−G ηxf−k λR, λI

Cs2z szηxρxψ−k;`,−G szηxf−k λI

Cs
′

2z sx,yηxρxψ−k;`,−G sx,yηxf−k λR

σh (1, 1,−1)`ψk;`,G ±fk D0, λR, λI

I ηxρx(1, 1,−1)`ψ−k;`,G ±ηxf−k D0, λR, λI

Θ ηxψ−k;`,−G ηxf−k λR, λI

Θs isyηxψ−k;`,−G isyηxf−k —
U(1)v eiϕηzψk;`,G eiϕηzfk —

ble I, where we also list the action of symmetries in the
continuum model outlined in Sec. II A above. For sim-
plicity and future reference, we use ψk;ρ,`,η,s,G to define
the representation of the symmetries in Table I; these
operators are related to ck;ρ,l,η,s,G by a unitary transfor-
mation in layer space [38], cr;ρ,l,η,s = Vl,`ψr;ρ,`,η,s, such
that ` = 1, 2 correspond to the mirror-even (invariant
under σh which interchanges the top and bottom layers
of tTLG) and ` = 3 to the mirror-odd (odd under σh)
sector.

Furthermore, the SOC terms intertwine symmetries in
real space with symmetries in spin space: while spin-less
two-fold rotational symmetry, C2z, is broken by both λI
and λR, a certain combination of C2z and a rotation in
spin-space, which we denote by Cs2z (Cs

′

2z) in Table I, is
preserved if only λR (λI) is non-zero. Note that there
is no two-fold out-of-plane rotation symmetry left once
both λI and λR are non-zero. Similarly, once λR 6= 0,
spin-less C3z is not a symmetry either, while a combina-
tion with a three-fold spin-rotation, Cs3z, will remain a
symmetry for any value of λI and λR. This symmetry is
only broken if either strain is present in the samples [39–
41] or if the system develops electronic nematic order [41–
45]. We refer to [46] and [47] for a microscopic description
of strain and nematic order in graphene moiré systems
and here only use a phenomenological parameter β to de-
scribe the presence (β 6= 0) or absence (β = 0) of strain
in our analysis. Furthermore, also spin-less time-reversal
symmetry, Θ, is broken once any of the SOC terms is

non-zero, but its spin-full analogue, Θs, is always pre-
served by the non-interacting bandstructure. The same
holds for U(1)v symmetry, see last line in Table I: as h
in Eq. (2.1b) is diagonal in the valley index, the model
conserves charge in the two valleys separately.

As is clear geometrically, see Fig. 1, the mirror symme-
try σh is not only broken by a displacement field but also
by the presence of WSe2 on only one side of tTLG. This
is why both λI and λR [and any term in Eq. (2.2) for that
matter] break σh, which leads to an admixture of mirror-
odd and mirror-even bands. Since three-dimensional in-
version symmetry, I, is simply the product of a two-fold
out-of-plane rotation and σh, the same holds for I.

C. Effective low-energy descriptions

While we use the full continuum model in Eq. (2.1) to
compute the moiré bands in the vicinity of the charge
neutrality point, we focus on those bands closest to the
Fermi level when studying superconductivity and the
diode effect below. For a given value of the filling fraction
ν, let us denote the creation operator of an electron in
the band that is closest to the Fermi level at momentum
k ∈ MBZ, of spin species s, and in valley η by fk,η,s.
Focusing only on these low-energy electronic degrees of
freedom, H0 in Eq. (2.1a) can be approximated by the
effective Hamiltonian,

HLE
0 =

∑
k∈MBZ

f†k,η,s
(
hLEk;η

)
s,s′

fk,η,s′ , (2.3)

which has to be diagonal in η due to U(1)v and Θs im-
poses the constraint hLEk;η = s2(hLE−k;−η)s2. In Table I,
we list the representation of the symmetries discussed in
Sec. II B above, after appropriate gauge fixing. For in-
stance and future reference, if λR = 0, SO(2)s and Θs

imply

hLEk;η = ξη·k + ζη·k szη, (2.4)

where ξk and ζk are smooth functions of momentum [only
constrained by ξk = ξC3zk and ζk = ζC3zk if β = 0].
Note that ζk is odd under λI → −λI and thus vanishes if
λI = 0.

III. SUPERCONDUCTING ORDER
PARAMETERS

We here discuss the possible pairing states in the sys-
tem by starting from trilayer in the absence of WSe2

and adiabatically following its pairing states, in particu-
lar, the admixture of further components to them, upon
turning on the proximity-induced SOC terms λI and λR
in Eq. (2.2).
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For now, we will assume that the normal state, in par-
ticular, its symmetries, out of which superconductivity
emerges is well described by the model in Eq. (2.1) and
postpone the discussion of additional symmetry-breaking
particle-hole instabilities to Sec. IV. As such, the normal
state exhibits time-reversal symmetry Θs and it is nat-
ural to focus on pairing between electrons with opposite
momenta and opposite valley quantum numbers. Using
the low-energy description introduced in Sec. II C, the
coupling between the superconducting order parameter
∆k;η and the fermions can be written as

∆HSC =
∑

k∈MBZ

f†k,η,s(∆k;η)s,s′f
†
−k,−η,s′ + H.c., (3.1)

which we decompose into singlet, ∆s
k;η, and triplet, dk;η,

according to

∆k;η =
(
∆s

k;η + dk;η · s
)
isy. (3.2)

As mentioned above, we will start in the high-symmetry
limit λI = λR = 0 and D0 = 0, where the system be-
comes equivalent to mirror-symmetric tTLG. First note
that the low-energy Bloch states at k and in valley η will
have the same mirror-symmetry eigenvalue as the state
at −k and in valley −η. Therefore, any pairing state in
Eq. (3.1) will be even in σh, which is expected to be ener-
getically most favorable [48]. Although pairing in tTLG
in other representations is possible [49, 50], let us further
assume that the pairing state transforms trivially under
C3z, which also avoids nodes in the gap function. This
is motivated by the remarkably strong superconductivity
in tTLG and the fact that it is enhanced when screen-
ing the Coulomb interaction [26]. The SO(3)×C6h point
symmetry then leaves us with [50] only two remaining su-
perconducting states: first, there is the A1

g singlet, where

ψk,η = χk,η, dk,η = 0, (3.3a)

and, second, the B3
u triplet with

ψk,η = 0, dk,η = ηχk,ηd̂, (3.3b)

where d̂ is a three-component unit vector. In Eq. (3.3),
the momentum dependence is parametrized with χk,η

which is only required to obey χk,η = χ−k,−η and
χC3k,η = χk,η. If the interactions in the system just
couple the densities of electrons in the two valleys but
do not exhibit an intervalley Hund’s coupling, there will
be an enhanced SU(2)+×SU(2)− spin symmetry. In that
case, the A1

g and B3
u states will be exactly degenerate

with their order parameter being paramterized by the
same basis function χk,η, as in Eq. (3.3). While there
are further interesting consequences for superconductiv-
ity in the vicinity of this point [50] even without SOC,
we will here focus on what happens once λR and λI are
non-zero.

(a)

(b)

FIG. 2: Summary of superconducting states, upon (a) first
turning on λR and then λI in Eq. (2.2), and vice versa (b).
See Sec. III and Appendix B for details. Note that further
turning on m and λKM as perturbations at the end does not
change the form of the symmetry-allowed components in the
superconducting order parameter, as indicated.

Let us begin by discussing the case where λR is first
turned on and then λI, see Fig. 2(a). Finite λR reduces
the point group SO(3)×C6h to C̃6, where the tilde indi-
cates that the elements are combinations of spatial ro-
tations and appropriate spin rotations [formally, C̃6 is
defined as the group generated by Cs3zC

s
2z]. As can be

worked out by investigation of the representations, theA1
g

singlet transitions into the spin-singlet-triplet admixed A
state with

ψk,η = χk,η, dk,η = α1

Xk

Yk
0

+ α2 η

 2XkYk
X2

k − Y 2
k

0

 ,

(3.4)
where Xk and Yk are MBZ-periodic, real-valued func-
tions transforming as kx and ky under C6. Further,
αj ∈ R describe the, in general temperature dependent,
admixture of the new component [transforming under
E3

1u of SO(3)×C6h] to the pairing states induced by finite
λR.

The B3
u triplet splits into an E2 doublet, which has an

admixed E1
2g singlet component,(

ψ1
k,η

ψ2
k,η

)
= α1

(
2XkYk
X2

k − Y 2
k

)
,

(
d1
k,η

d2
k,η

)
= ηχk,η

(
ex
ey

)
,

(3.5)
and a purely spin-triplet state transforming under the
one-dimensional B representation where

ψk,η = 0, dk,η = ηχk,ηez. (3.6)

Note that Cs2z prohibits any singlet component in the B
state, despite the presence of SOC.
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Once we also turn on λI [and m, λKM in Eq. (2.2) for
that matter] we further reduce the point symmetry to
C̃3. The E2 of C̃3 doublet then simply becomes the E of
C̃3 doublet and mixes with the previous E1 state (with
both singlet and triplet components). The resulting order
parameter is of the form(

ψ1
k,η

ψ2
k,η

)
= α1

(
2XkYk
X2

k − Y 2
k

)
+ α2 η

(
Xk

Yk

)
,(

d1
k,η

d2
k,η

)
= ηχk,η

(
ex
ey

)
+ α3ez

(
Xk

Yk

)
.

(3.7)

Furthermore, the A and B states merge into the singlet-
triplet admixed A state of C̃3 with order parameter

ψk,η = χk,η,

dk,η = α1

Xk

Yk
0

+ α2 η

 2XkYk
X2

k − Y 2
k

0

+ α3η χk,ηez,

(3.8a)

if the A state is dominant at λI = 0; if instead, the B
state dominates without λI, Eq. (3.8a) becomes

ψk,η = α1χk,η,

dk,η = ηχk,ηez + α2

Xk

Yk
0

+ α3 η

 2XkYk
X2

k − Y 2
k

0

 .

(3.8b)

We thus see that there are two main classes of super-
conducting instabilities in tTLG proximity coupled to
WSe2, which are associated with the irreducible repre-
sentation (IR) A and E. More specifically, by virtue
of being one-dimensional, the IR A is only associated
with a single superconducting state, with order param-
eter given in Eq. (3.8a) or Eq. (3.8b), which preserves
both Cs3z and Θs; obeying all symmetries of the normal
state, this state can be fully gapped and is expected to
be realized if electron-phonon coupling or the fluctuation
of a time-reversal-even normal state order provides the
pairing glue [51, 52]. The IR E is two-dimensional and
associated with two distinct pairing states: expanding
the superconducting order parameter (3.2) as

∆k;η =
∑
j=1,2

cj(ψ
j
k,η + djk,η · s), (3.9)

with complex coefficients c1,2 and ψjk,η, d
j
k,η given in

Eq. (3.7), the first state is the nematic E(1,0) supercon-
ductor with c = (1, 0)T (and symmetry-related config-
urations). It breaks Cs3z but respects Θs and will have
point nodes. The second state is the chiral E(1,i) super-
conductor with c = (1, i)T (and symmetry-related config-
urations), which preserves Cs3z but breaks Θs; unless the

Fermi surface crosses the Γ, K or K’ point of the MBZ, it
will be fully gapped. Both E states can only be stabilized
by an unconventional pairing mechanism based on fluctu-
ations of a time-reversal-odd order parameter [51], such
as spin fluctuations. As long as fluctuation corrections
to mean-field [50] can be neglected in the computation of
the quartic terms in the GL expansion, the chiral state
will always be favored over the nematic superconductor
[53].

The order in which we turned on λR and λI in our anal-
ysis above has important consequences if λR is sizeable
but λR � λI. In that case, one should primarily think in
terms of the three candidate states A, B, E2 of C̃6. For
instance, if B is preferred, the order parameter has the
form of Eq. (3.8b) with α1,2,3 being small in λI. In case
of E2, the order parameter is given by Eq. (3.7) where
α1 captures an order-one singlet-triplet admixture while
α2,3 are small.

To understand pairing in the opposite limit, λI � λR,
we have studied the evolution of pairing state when first
turning on λI before λR. The result is summarized graph-
ically in Fig. 2(b) and the detailed form of the order pa-
rameters can be found in Appendix B.

IV. SYMMETRY ANALYSIS OF DIODE
EFFECT

To begin our symmetry discussion of the diode effect,
let us first assume that the necessary symmetry require-
ments are due to some additional normal-state order, i.e.,
interaction-induced spontaneous symmetry breaking that
is already present in the normal state out of which super-
conductivity emerges, while no additional symmetries are
spontaneously broken at the superconducting transition.

A. Candidate normal-state orders

To perform a systematic analysis of all possible normal
state orders causing the ZFDE, we will start in the limit
without SOC, setting all terms in Eq. (2.2) to zero. Then
the system is equivalent to tTLG and we can use the set
of candidate orders derived in [48], where it was shown
that all order parameters listed in Table II constitute ex-
act ground states in the chiral-flat-decoupled limit; the
latter is defined by w0 = 0 in ht, D0 = 0, and setting the
bandwidth of the flat-bands in the mirror-even sector to
zero. Tuning away from this limit will induce a mul-
titude of different energetic contributions, removing the
degeneracy between these candidate states, as detailed in
Ref. 48.

More precisely, for each of these states, the mirror-even
sector of the theory will be a correlated, but symmetry
unbroken, semi-metal, while the mirror-odd sector with
twisted-bilayer-graphene-like bandstructure exhibits the
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TABLE II: Summary of candidate instabilities based on the analysis of [48]. For each state, we list a momentum-independent
form of its order parameter mj in the TBG-like bands, see Eq. (4.1), using σj , ηj , and sj to denote Pauli matrices in band,
valley, and spin space, respectively. We indicate how each mj transforms under the symmetries of the system, listed in Table I.
To this end, we use A (E) to denote the trivial (complex) IR of Cs3z ∼= Z3 and 1 (3) for the singlet (triplet) representation of
the SO(3)s spin rotation group. In the column “Hund’s p.” we indicate the Hund’s partner [48, 50] of each candidate order,
i.e., the state it becomes degenerate with in the absence of SOC and intervalley Hund’s interactions, leading to an enhanced
SU(2)+×SU(2)− spin symmetry. Finally, the last two columns indicate which states become symmetry-equivalent, i.e., will
start to mix, once λI or λR are non-zero. For convenience of the reader, this is also summarized graphically in Fig. 3.

type mj SO(3)s Cs2z Cs
′

2z Cs3z U(1)v Θs Hund’s p. λI 6= 0 λR 6= 0

SP⊥/SP‖ σ0η0sz/σ0η0(sx, sy) 3 +/− −/± A/E 0 − SVP VP/SSLP+
‖ SLP−/—

SVP⊥/SVP‖ σ0ηzsz/σ0ηz(sx, sy) 3 −/+ +/∓ A/E 0 + SP —/SSLP−‖ SLP+/—
VP σ0ηzs0 1 − − A 0 − — SP⊥ SSLP+

⊥

SLP− σyη0s0 1 + + A 0 − — SSLP+
⊥ SP⊥

SLP+ σyηzs0 1 − − A 0 + — SSLP−⊥ SVP⊥
SSLP−⊥/SSLP

−
‖ σyη0sz/σyη0(sx, sy) 3 +/− −/± A/E 0 + SSLP+ SLP+/SVP‖ —/—

SSLP+
⊥/SSLP

+
‖ σyηzsz/σyηz(sx, sy) 3 −/+ +/∓ A/E 0 − SSLP− SLP−/SP‖ VP/—

IVC+ σ0ηx,ys0 1 ± ± A 1 + SIVC+ SIVC−⊥ SIVC−⊥
IVC− σyηx,ys0 1 ± ± A 1 − SIVC− SIVC+

⊥ SIVC+
⊥

SIVC+
⊥/SIVC

+
‖ σ0ηx,ysz/σ0ηx,y(sx, sy) 3 ±/∓ ∓/± A/E 1 − IVC+ IVC−/— IVC−/—

SIVC−⊥/SIVC
−
‖ σyηx,ysz/σyηx,y(sx, sy) 3 ±/∓ ∓/± A/E 1 + IVC− IVC+/— IVC+/—

respective order parameters Φj , coupling to the electrons
as

∆H0 =
∑

k∈MBZ

b†kmjbk Φj . (4.1)

In Eq. (4.1), mj are matrices in valley, spin, and band-
space; the latter is spanned by the conduction (just above
the charge-neutrality point) and valence (just below it)
flat-bands of twist-bilayer graphene. The associated field
operators are b†k;p,η,s which create Bloch electrons in the
mirror-even conduction (p = +) or valence (p = −) flat
band, in valley η and spin s. The mj for each of these
candidate orders can be found in the second column of
Table II, where we denote Pauli matrices in band space
by σj (index p = ± above). Note that we use this form
of mj simply to characterize the different phases, in par-
ticular their symmetries, which can also be found in Ta-
ble II, and that the energetically most favorable version
of each phase will have a k-dependent order parameter
that mixes different bands [48].

Our main focus here will be on the impact of the SOC
terms λI and λR. Both of these terms will reduce the
symmetries of the system, see Sec. II B and Table I, with
two crucial consequence: first, all spin-polarized orders,
which at λI = λR = 0 belong to the three-dimensional
IR of SO(3)s split into two different orders, associated
with in-plane (‖) and out-of-plane spin polarizations (⊥).
This increases the number of physically distinct candi-
date phases compared to tTLG [48]. At the same time,
the reduction of symmetries reduces the number of IRs

and previously distinct orders transform identically un-
der all symmetries of the system. This means that they
can mix and should be formally viewed as the same phase,
reducing the number of distinct candidate orders. For in-
stance, out-of-plane spin polarization (SP⊥ in Table II)
and valley polarization (VP), while physically distinct for
λI = 0 due to their behavior under Cs2z, become identical
once Ising SOC is non-zero, λI 6= 0. Which states become
equivalent once λR or λR is turned on is summarized in
the last two columns in Table II.

Since the “evolution” of the candidate orders is quite
complex, we have also illustrated it graphically in Fig. 3.
Note that U(1)v symmetry is always preserved in our de-
scription which is why intervalley coherent (IVC) states
[breaking U(1)v] cannot mix with states that preserve
it. As can be seen in Fig. 3(a), we end up with only
four distinct U(1)v-preserving phases once λI and λR are
non-zero. However, the diagram contains more relevant
information if one of λI, λR is small. For instance, if
λR is small and only provides a tiny perturbation to the
energetics, while λI is large (compared to the energetic
differences between the candidate orders in Table II at
λI = λR = 0, i.e., of order of a couple of meV [48]),
Fig. 3(a) implies that one should not distinguish between
VP and SP⊥, as they will generically mix strongly. How-
ever, there is still an important distinction to be made
between VP = SP⊥ with a little bit of SSLP+

⊥ = SLP−

admixed and vice versa [primarily SSLP+
⊥ = SLP− with

a little bit of VP = SP⊥]. If also λR is large, this distinc-
tion will become irrelevant. As can be seen in Fig. 3(b),
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FIG. 3: Evolution of normal state orders in Table II upon
turning on the SOC terms λR and λI. As neither of these
terms break the valley U(1)v symmetry, we can group these
states into (a) U(1)v-preserving and (b) intervalley coherent
(IVC) phases.

only four distinct IVC order are possible if λR or λI or
both are large.

B. Zero-field diode effect

We will next discuss whether a superconducting diode
effect is possible by symmetry in the presence of any of
the different normal state orders in Table II and Fig. 3.
We will here make the natural assumption that the su-
perconductor that emerges out of this symmetry-broken
normal state does not spontaneously break additional
symmetries. The diode effect for the symmetry-breaking
superconductors in the IR E, see Sec. III, will be post-
poned to Sec. IVD below.

To formalize the discussion, let us denote the magni-
tude of the critical current density for a current along
the in-plane direction n̂ by Jc(n̂). The system exhibits
a diode effect if there is some direction n̂ for which the
current asymmetry,

δJc(n̂) := Jc(n̂)− Jc(−n̂), (4.2)

is non-zero. Inspection of the symmetries in Table I,
shows that the presence of at least one of the symmetries
Θ, Θs, C2z, Cs2z, Cs

′

2z, I, without or combined with a
U(1)v transformation, implies that Jc(n̂) = Jc(−n̂) and
no ZFDE is present.

It is straightforward to analyze for each of the 17 can-
didate orders defined in Table II whether any of these
symmetries is present as a function of whether any com-
bination of λI, λR, and β is non-zero. This allows us
to deduce whether a ZFDE is possible at all and, if yes,
which of λI, λR, β the current asymmetry δJc has to be
proportional to. For instance, SP⊥ preserves Cs2z as long
as λI vanishes. As such, the diode effect can only be
present if λI 6= 0 and δJc(n̂) ∝ λI. For VP this is differ-
ent, as it breaks all of the above-mentioned symmetries
and hence exhibits a diode effect even if λI = λR = β = 0.
For any of the IVC states in Table II, no diode effect is
possible for any value of λI, λR, and β since, in all cases,
a combination of U(1)v and Θs remains a symmetry. In
fact, out of 17 candidate orders only the six states listed
in Table III are consistent with a ZFDE, with δJc(n̂) as
indicated in the third column. We reiterate that some of
these six states further become equivalent once λI or λR
become sizeable as shown in Fig. 3. In the limit where
both λI or λR are large (of order of a few meV [48], which
might very well be the case [31, 35]), these six states de-
cay into only two distinct phases (above and below the
horizontal line in Table II).

To be able to distinguish further between the remain-
ing six microscopic candidate orders in Table II driving
the diode effect, let us analyze whether and under which
conditions they can be trained by a magnetic field. An
order parametermj can be trained linearly by an external
field B, if and only if a linear coupling, c(λI, λR, β)BΦj ,
between the associated Φj in Eq. (4.1) and B is allowed in
the free energy. Whether c can be non-zero and its behav-
ior for small λI, λR, and β can be deduced by symmetry.
For B being either in-plane or out-of-plane Zeeman or
orbital magnetic field, we list the respective c(λI, λR, β)
in the last four columns in Table III for all six states
with a diode effect. Most strikingly, if β vanishes, the
four states above the horizontal line (the two below it)
cannot be trained by an in-plane (out-of-plane) magnetic
field. As we expect β to be rather weak in the samples of
Ref. 20, where the ZFDE can be trained much more effec-
tively by an out-of-plane magnetic field, the four states
above the horizontal line are much more likely behind the
observed diode effect in tTLG on WSe2.

To learn more about the underlying mechanism of the
diode effect, we also investigate under which conditions
the n̂-dependence of the critical current Jc(n̂) is three-
fold symmetric, Jc(n̂) = Jc(C3zn̂), for all of the above
six scenarios with a diode effect. The dependence of the
associated asymmetry Jc(n̂)−Jc(C3zn̂) for small λI, λR,
β is given in the fourth column of Table III. It reveals
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TABLE III: Out of the in total 17 different states in Table II, only the following six can lead to a diode effect. However, note
that the first four of these state (the last two), above (below) the vertical line, have the same symmetries as long as λI, λR 6= 0
and, hence, mix and formally constitute the same phase, see also Fig. 3. We list not only which of λI, λR have to be non-zero
for a diode effect, Jc(n̂) 6= Jc(−n̂), but also whether the critical current is C3z symmetric. Finally, the last four columns
indicate whether the underlying normal-state order and, hence, the diode effect can be trained by an in-plane (out-of-plane)
Zeeman BZ‖ (BZ⊥) and orbital magnetic field BO‖ (BO⊥). As with the critical current, we list which of λI, λR, β the respective
coupling has to be proportional to. Here (D0, λI, λR) indicates that one of the three is sufficient.

normal state critical current trainability
type mj Jc(n̂)− Jc(−n̂) Jc(n̂)− Jc(C3zn̂) BZ⊥ BZ‖ BO⊥ BO‖

SP⊥ σ0η0sz ∝ λI ∝ β 6= 0 ∝ βλIλR ∝ λR ∝ βλI

VP σ0ηzs0 6= 0 ∝ β ∝ λI ∝ βλR ∝ λIλR ∝ (D0, λI, λR)β

SSLP+
⊥ σyηzsz ∝ λR ∝ β ∝ λI ∝ βλR ∝ λI ∝ βλR

SLP− σyη0s0 ∝ λRλI ∝ β ∝ λR ∝ βλI ∝ (D0, λI, λR) ∝ βλIλR

SP‖ σ0η0(sx, sz) ∝ λR ∝ λR ∝ βλIλR 6= 0 ∝ βλIλR ∝ λR

SSLP+
‖ σyηz(sx, sy) ∝ λRλI ∝ λR ∝ βλR ∝ λI ∝ βλR ∝ λIλR

another crucial distinction between the first four and the
last two candidate order parameters, that might be used
in future experiment to probe the underlying physics:
while Jc(n̂) will be three-fold symmetric (unless β 6= 0,
where C3z is trivially broken by the lattice or if it is bro-
ken spontaneously) for the first four states, it will not be
three-fold invariant for the last two as long as λR 6= 0. We
emphasize that this distinction has crucial consequences
for the diode effect: in the three-fold symmetric case,
the current asymmetry δJc(n̂) in Eq. (4.2) is required to
have six zeros as n̂ rotates by 2π—a property that will
not change if that rotational symmetry is only slightly
broken by finite β; without that constraint, it is only re-
quired to have two. We will see examples of both in our
explicit calculations in Sec. VC below.

C. Field-induced diode effect

Although the main focus of this work is on the ZFDE,
we briefly comment on the Zeeman-field induced diode
effect, which has already been studied previously in two-
dimensional spin-orbit coupled systems [3–5]. Upon not-
ing that the in-plane Zeeman-field and the SP‖ order pa-
rameter in Table II transform identically under all sym-
metries of the system, we can immediately read off from
Table III that Rashba SOC coupling is required to induce
a diode effect with an in-plane Zeeman field for pairing
in the IR A and without additional normal-state order
[Φj = 0 in Eq. (4.1)].

Experimentally, it is found that the sample display-
ing the ZFDE does not exhibit a sizeable field-induced
diode effect [20] for in-plane fields. As we will demon-
strate in Sec. VD below, this might be understood as a
consequence of the additional Ising SOC. Note that the
in-plane orbital coupling—associated with Peierls phases

in the interlayer hopping—is not expected to yield a large
contribution to the diode effect either since its impact on
the current asymmetry δJc in Eq. (4.2) vanishes (approxi-
mately) when the mirror symmetry σh is (approximately)
conserved. This follows from the observation that the in-
plane orbital coupling (in-plane current) is odd (even)
under σh.

While the sample with ZFDE can be trained efficiently
with out-of-plane fields, which makes the notion of a field-
induced diode effect for this sample ill-defined for fields
perpendicular to the plane, Ref. 20 also presents data for
a sample without ZFDE. This sample shows a weak diode
effect in the presence of a small out-of-plane field. Since
an out-of-plane Zeeman field transforms as SP⊥, we see
in Table III that it will induce a diode effect as long as
λI is non-zero (while the orbital-coupling-induced diode
effect will likely be sub-leading as its impact on the diode
effect has to be proportional to λIλR). The behavior of
the critical current of this sample is therefore consistent
with a sizeable λI and indicates that superconductivity
does not coexist with any of the phases in Table III (in
particular, those where δJc 6= 0 for λR = 0).

D. Diode effect without normal-state order

So far, we have assumed that the necessary symmetry-
requirements, including broken time-reversal symmetry,
stem from the normal state while the superconductor
preserves all normal-state symmetries (pairing in IR A
in Fig. 2). However, we have seen in Sec. III that the
other pairing channel, associated with the IR E in Fig. 2,
does allow for a superconducting state, denoted by E(1,i)

above, that spontaneously breaks time-reversal symme-
try. In this case, even without any normal-state order,
Φj = 0 in Eq. (4.1), the resulting superconducting phase
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breaks all symmetries in Table I (Θ, Θs, C2z, Cs2z, Cs
′

2z,
I) which have to be broken for a ZFDE.

We first note that this state will still not lead to a
ZFDE, if the superconductor always reaches the global
energetic minimum in the current-carrying state; this is
discussed and demonstrated in Appendix C and is a di-
rect consequence of the time-reversal symmetry of the
normal state. To understand why this does not always
have to be the case, let us consider the gauge-invariant
quantity

C := i
1

V

∫
dx (c∗1c2 − c∗2c1) (4.3)

with cj introduced in Eq. (3.9) which we here also al-
low to be spatially varying; the integral in Eq. (4.3) is
over the entire system (with volume V ). Importantly, C
is odd under Θs but invariant under C3z and can thus
be thought of as a composite order parameter measur-
ing the broken time-reversal symmetry (absence thereof)
in the E(1,i) (E(1,0)) state. Note that 〈C〉 6= 0 does not
break any continuous symmetry and, in particular, does
not require superconducting phase coherence; instead, it
is an Ising-like order parameter that can develop long-
range order at a finite temperature T ∗. In particular in
the limit where T ∗ is significantly larger than Tc, we can
think of C as a magnetic order parameter, similar to mj

in Eq. (4.1), defining a “vestigial” [54] magnetic phase (for
Tc < T < T ∗) associated with the E(1,i) superconductor
at lower T < Tc. If C exhibits a fixed sign when measur-
ing the critical current, we can indeed obtain a diode ef-
fect (see Appendix C). We point out that this mechanism
of the diode effect is related to the one recently discussed
in [55] for chiral p-wave pairing, to understand the asym-
metric I-V characteristics of the 3-K phase in eutectic
samples of Sr2RuO4 [56]. A crucial difference is that,
in our case, no additional symmetry-breaking boundary
conditions are required due to the reduced symmetry of
tTLG on WSe2.

In agreement with experiment [20], the intrinsic ZFDE
of the E(1,i) state of tTLG/WSe2 can (cannot) be trained
linearly with a perpendicular (parallel) Zeeman or orbital
magnetic field if β = 0. This follows by noting that C in
Eq. (4.3) can couple linearly to out-of-plane but not to
in-plane magnetic fields (due to Cs3z). Furthermore, in
this scenario, the vestigial phase associated with non-
zero C is a possible origin of, or at least provides an
additional contribution to, the enhanced transverse re-
sistance above Tc seen in experiment [20]. Nonetheless,
the currently available experimental data is more natu-
rally consistent with pairing in the IR A together with a
time-reversal-symmetry-breaking normal-state order mj :
so far, clear experimental signatures of magnetism in var-
ious graphene moiré systems have been reported, see,
e.g., [57–59], while a superconducting order parameter
in a non-trivial IR of the spatial point group has not

been clearly identified to date. Furthermore, this un-
conventional pairing state is expected to be more fragile
against disorder on the moiré scale than the A state [52].
For these reasons, we will focus on superconducting order
parameters in the IR A in our explicit calculations in the
following sections.

V. MODEL CALCULATIONS

In this section we present the general Ginzburg-Landau
formalism which allows for the diode effect, finite q pair-
ing and nematicity, to be directly computed. To under-
stand the salient features, we begin with a patch theory.
We move onto 2D toy models which provide a descrip-
tion accounting for the entire MBZ. Finally, we perform
direct computations for the full tTLG theory (2.1).

A. General formalism

As we have argued above, valley polarization (even
without SOC), which is symmetry-equivalent to out-of-
plane spin polarization in the presence of Ising SOC, is
the most natural cause of the reduced symmetry in the
normal state that ultimately leads to the diode effect. To
capture both of these scenarios simultaneously and in a
way that identifies the key ingredients for the diode ef-
fect, we will neglect SOC for now and assume that there
is an imbalance in the occupations of the different val-
leys. Let us for concreteness also first assume that this
imbalance is not too strong such that Cooper pairs of
electrons still form between electrons of different valleys
(“intervalley pairing”). We will see that, for the purposes
of computing the current (diode effect), accounting for
“intra-valley” pairing and/or SOC, follows immediately
from the expressions provided here.

To be concrete, consider the Hamiltonian

H =
∑
k

f†k,η,sEk,ηfk,η,s

− g

2

∑
k,k′,q

f†k+q,η,sf
†
k′−q,η′,s′fk′,η′,s′fk,η,s, (5.1)

where fk,η,s and f†k,η,s are annihilation and creation op-
erators of electrons of spin s, valley η, in the low-energy
bands crossing the Fermi level in the vicinity of k. The
band energies in valley η are denoted by Ek,η; without
valley polarization, we have Ek,+ = E−k,− as follows
from time-reversal symmetry. The simplest form to de-
scribe valley polarization is to introduce two different
chemical potentials, Ek,η = εη·k − µη, but we will keep
it more general here. As there is no intervalley Hund’s
coupling, the model in Eq. (5.1) is invariant under in-
dependent spin-rotations in the two valleys forming the
group SU(2)+×SU(2)−.



11

Performing a mean-field decoupling in the intervalley
channel, we obtain

H =
∑
k

f†k,η,sEk,ηfk,η,s +
1

g

∑
q

tr
[
∆†q∆q

]
+
∑
k,q

[
f†k+q,+,s(∆q)s,s′f

†
−k,−,s′ + H.c.

]
. (5.2)

Here, the 2 × 2 matrix ∆q is the superconducting order
parameter, which can be expanded in singlet and triplet
as

∆q =
(
∆s

qs0 + dq · s
)
isy, (5.3)

similar to Eq. (3.2). By integrating out the fermions,
it is straightforward to derive the associated Ginzburg-
Landau expansion which becomes (with number of sites
N in the system)

F ∼
∑
q

aqtr
[
∆†q∆q

]
+O(∆4), aq =

1

g
− Γ(q), (5.4)

Γ(q) =
1

2N

∑
k∈MBZ

tanh

(
Ek+

q
2
,+

2T

)
+ tanh

(
E−k+

q
2
,−

2T

)
Ek+ q

2 ,+
+ E−k+ q

2 ,−
.

Since tr
[
∆†q∆q

]
= 2(|∆s

q|2 + d†qdq), we see that singlet
and triplet are degenerate, which is a consequence of the
aforementioned enhanced SU(2)+×SU(2)− spin symme-
try.

To understand the relation to the diode effect, let us
note that gauge invariance demands that a homogeneous
vector potential A enters as

F ∼
∑
q

aq−2eA tr
[
∆†q∆q

]
+

∑
q1,q2,q3,q4

δq1+q3,q2+q4

{
b1tr

[
∆†q1

∆q2

]
tr
[
∆†q3

∆q4

]
+ b2 tr

[
∆†q1

∆q2
∆†q3

∆q4

] }
, (5.5)

where e is the electron charge. Here we have also added
terms quartic in the order parameter [50], neglecting the
momentum dependence of b1 and b2.

Finding the minimum of F for A = 0 is straightfor-
ward: let q0 be the momentum of (one of) the minimum
(minima) of aq and aq0

< 0; restricting the analysis to
single-q superconducting order parameters, we then get
∆q = δq,q0

Ψ∆̂ with Ψ ∈ C and tr[∆̂†∆̂] = 1. Depend-
ing on whether b2 > 0 or b2 < 0 we get ∆̂ = σ0/

√
2 or

∆̂ = (σ0 + σz)/2, which corresponds to singlet/unitary
triplet or singlet-triplet/non-unitary triplet, respectively;
we refer to [50] for a detailed discussion of these super-
conducting states in the vicinity of the SU(2)+×SU(2)−-
symmetric point we focus on here. Furthermore, it holds
|Ψ|2 = −aq0

/(2b) with b = b1 + b2/2 for b2 > 0 and
b = b1 + b2 for b2 < 0.

In real space, the order parameter is ∆(x) =
Ψeiq0·x+iφ∆̂. For constant φ, the equilibrium conden-
sate forms at a wavevector q0 found from

∂qaq

∣∣∣
q0

= 0, and det ∂qi∂qjaq

∣∣∣
q0

> 0. (5.6)

A supercurrent is imposed by taking a finite sample and
setting a phase gradient, i.e., we generalize to spatially
varying phases, φ → φ(x), in ∆(x) and impose twisted
boundary conditions in φ. The simplest scenario is to
take φ(x) = δq · x, for some fixed δq. In this nonequili-
birum case, the condensate forms at effective wavevector
q = q0 + δq, since ∆(x) = Ψei(q0+δq)·x∆̂. The definition
of current follows from J = −∂AF

∣∣
A=0

= 2e|Ψ|2∂qaq,
with charge 2e (see [3] for a microscopic derivation of
the current). Using the saddle point solution, |Ψ|2 =
−aq/(2b), we arrive at

J(q) = −eΘ(−aq)aq∂qaq/b. (5.7)

Here Θ(...) is a step-function ensuring that the saddle
point condition |Ψ|2 = −aq/(2b) ≥ 0 is satisfied.

The critical current Jc(n̂) along the direction n̂ is now
simply given by the maximum magnitude of J(q) for
q ∈ MBZ which points along n̂. From this, we conclude
that Jc(n̂) = Jc(−n̂), and therefore no diode effect, if

∃q0 : Γ(q − q0) = Γ(−q − q0). (5.8)

We emphasize that q0 does not have to be 0.
An instructive, albeit fine-tuned, example is Ek,+ =

εk+Q/2 − µ, Ek,− = ε−k−Q/2 − µ which also has broken
time-reversal and C2z symmetry since Ek,+ 6= E−k,−, as
long as Q /∈ RML. From Eq. (5.4), we get

Γ(q) =
1

2N

∑
k∈MBZ

{
tanh

(
1

2T (εk+ q+Q
2
− µ)

)
εk+ q+Q

2
+ εk− q+Q

2
− 2µ

+
tanh

(
1

2T (εk− q+Q
2
− µ)

)
εk+ q+Q

2
+ εk− q+Q

2
− 2µ

}
. (5.9)

Clearly, Γ(q) in Eq. (5.9) obeys Eq. (5.8) with q0 = Q
and, hence, cannot exhibit a diode effect. Nonetheless,
Γ̃(q′) := Γ(q′ −Q) is exactly equivalent to the Γ of the
time-reversal symmetric situation with Ek,+ = E−k,− =

εk −µ. As such, we know that Γ̃(q′) is maximal for q′ =
0 and the resulting pairing occurs at finite wavevector
q0 = Q.

Finally, to account for the cases with (i) strong SOC,
or (ii) intravalley pairing, we allow for arbitrary quan-
tum numbers α in Eq. (5.4); in case (i), the Bloch states
at the Fermi surface can be labelled uniquely by their
valley quantum number, α = η, and exhibit momentum-
dependent spin orientations, while α = {η, s} for case
(ii). The dependence on index α enters via the particle-
particle susceptibility, and in principle, the pairing in-
teraction strength, g. As we derive in Appendix E, the
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FIG. 4: Definition of patch theory. (a) Schematic Fermi
surfaces from each valley (red and blue), under a valley
polarizing perturbation. Bold, straight segments correspond
to the patches. (b) Definition of the effective band energies
about a single patch.

resulting aq in Eq. (5.4) has the same form as above,

aq =
1

g
− Γ(q), (5.10)

Γ(q) =
1

2N

∑
k∈MBZ

tanh

(
ξk+

q
2
,α

2T

)
+ tanh

(
ξ−k+

q
2
,α′

2T

)
ξk+ q

2 ,α
+ ξ−k+ q

2 ,α
′

,

with the only difference that Ek,η are replaced by the
band energies ξk,α of the appropriate quantum numbers
[cf. Eqs. (E3) and (E4)].

B. Patch theory

Having established the general formalism, we begin our
analysis with a simple patch-theory description as it al-
lows for a particularly transparent analysis. For now,
we neglect SOC, and treat singlet and triplet pairing on
equal footing. Below in Sec. VD, SOC and the Fermi
surfaces of the full continuum model (2.1) will be taken
into account.

Having in mind tTLG, we consider pairing of states
at {k, η} and {−k,−η}, whereby the Fermi surfaces at
each valley are C3z symmetric, and we account for valley
polarization. For the purpose of modelling, we consider
the schematic Fermi surfaces shown in Fig. 4(a). Due to
(approximate) nesting, the particle-particle susceptibil-
ity receives the largest contribution for momenta in the
vicinity of the three (nearly) parallel segments. Based
on this observation, we may reduce the full MBZ down
to these three patches. For the single patch shown in
Fig. 4(b), we have (with δqx = qx − δ)

Γp(q) =

∫ Λy

−Λy

dky
2π

∫ Λx

−Λx

dδkx
4π

tanh
[
ξ1
2T

]
+ tanh

[
ξ2
2T

]
ξ1 + ξ2

,

ξ1 = v(δkx + δqx/2)− α+(ky + qy/2)2,

ξ2 = v(δkx − δqx/2)− α−(ky − qy/2)2. (5.11)

In this description, valley polarization enters both as the
finite average momentum δ of the red and blue segments

as well as in form of the imbalance α+ − α− of the cur-
vature of the Fermi surfaces, see Fig. 4. Taking all three
patches, we arrive at

Γ(q) =
∑

j=−1,0,1

Γp (R(2πj/3)q) , (5.12)

where R(ϕ) rotates two-dimensional vectors by angle ϕ.
To obtain a simplified intuitive understanding for the
conditions for (i) diode effect and (ii) finite-momentum
pairing and nematic superconductivity, let us expand Γp

in Eq. (5.11) as

Γp(q) ∼ Γ0 −
4∑

n=1

an(qx − δ)n − cq2
y. (5.13)

It is deduced from Eq. (5.11), that the coefficients
a1, a3 ∝ α+ − α−. Explicit expressions for an and c
are presented in Appendix D. Consequently, to leading
order, a1, a3, and δ will vary linearly with valley polar-
ization. Using ν ∈ [−1, 1] as a dimensionless measure of
the valley polarization, we write a1 ∼ ã1ν, a3 ∼ ã3ν and
δ ∼ δ̃ν, as ν → 0, for later reference.

First, to understand the emergence of a diode effect,
we use Γ(q)− Γ(−q) 6= 0 as a necessary condition for it.
Considering the patch theory expansion in Eqs. (5.12)
and (5.13), we find

Γ(q)− Γ(−q) =
3

2
qx
(
q2
x − 3q2

y

)
(4a4δ − a3). (5.14)

This asymmetry vanishes if ν = 0 and no diode effect
is possible, in accordance with our symmetry analysis
Sec. IVB, as time-reversal (or C2z) symmetry is pre-
served at ν = 0. Generically, it holds 4ã4δ̃ 6= ã3 and
we see that the asymmetic part in Eq. (5.14) becomes
non-zero immediately when ν is turned on. As such, the
diode effect is expected to set in immediately when ν
becomes non-zero; this will be confirmed by our explicit
model calculations below.

Second, to derive a sufficient condition for finite-q pair-
ing, we expand Eq. (5.12) to quadratic order in q, yield-
ing

Γ(q) ∼ Γ(q = 0) + γq2, q → 0, (5.15a)

γ = −3

2

[
a2 + c+ (6a4δ

2 − 3δa3)
]
. (5.15b)

Recalling that a3 ∼ ã3ν and δ ∼ δ̃ν, we have γ|ν=0 =
−3(a2 + c)/2 < 0 (since q = 0 pairing must be favored
at ν = 0) and there is a critical valley polarization,

νc '
√

a2 + c

3(ã3 − 2δ̃a4)δ̃
, (5.16)

that |ν| needs to exceed to turn the maximum at q =
0 into a (local) minimum. Note that the value of νc
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in Eq. (5.16) is technically only an upper bound on the
critical valley polarization, as the global minimum can
occur at q 6= 0 before the maximum at q = 0 turns into
a local minimum. Nonetheless, the true critical |ν| must
be finite since we expect Γ to depend smoothly on ν. We
will revisit this conclusion in our treatment of full MBZ
toy models, Sec. VC.

Once |ν| is larger than this critical value, pairing at
finite momentum occurs. Intuitively, this behavior can be
understood as follows: the role of valley polarization is to
remove the degeneracy between a point at k on the blue
Fermi surface and at −k on the red one in Fig. 4(a); this
reduces the condensation energy of the superconductor.
Choosing a finite q for pairing appropriately can improve
the energetics for the superconductor in only two of the
three solid segments in Fig. 4(a) [or, equivalently, terms
in Eq. (5.12)]. If valley polarization is sufficiently large,
the energetic gain by two of the three patches or terms
can overcompensate the disfavored one, leading to finite-
momentum pairing.

C. Full MBZ toy models

We now extend the discussion from above to include
the full MBZ. Our primary focus is to demonstrate the
ZFDE, finite q paring and nematicity. To this end, we
introduce a toy model to illuminate the role of valley
polarization, and for completeness, strain.

We construct a minimal model that captures the sym-
metries and basic form of the Fermi surfaces of tTLG:
for each valley η = ±, we consider a nearest-neighbor
hopping (t) triangular-lattice model with staggered flux,
φη, that preserves translational and C3z rotational sym-
metry but breaks time-reversal and C2z in each valley.
In order to describe finite strain, β 6= 0, we replace the
hopping along two of the three nearest-neighbor bonds
by t(1− β). Explicitly, the dispersions take the form

Ek,+ = εk;φ+ − µ, Ek,− = ε−k;φ− − (µ+ δµ),

εk;φ = −t cos

(
kx −

φ

3

)
− 2t(1− β) cos

(√
3ky
2

)
cos

(
1

6
(3kx + 2φ)

)
. (5.17)

Let us start first with the time-reversal, C2z, and C3z

symmetric limit by setting δµ = 0, φ+ = φ−, and β = 0.
In that case, a state at the Fermi surface at k and one
valley η will be degenerate with a state at −k in the
other, see Fig. 5(ai). As such, we expect Γ(q) is peaked
at q = 0, consistent with Fig. 5(aii), and exhibits the
usual logarithmic divergence with temperature. By the
same token (C2z or time-reversal symmetry, leading to
Ek,+ = E−k,−), it follows from Eq. (5.4) that Γ(q) =
Γ(−q) and there is no diode effect; this can be seen in
Fig. 5(aiii).
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FIG. 5: Diode effect in the minimal model Eq. (5.17).
Columns are marked (i), (ii), (iii), which show: (i) the Fermi
surfaces of the states undergoing pairing, with valley η = +
(η = −) shown in red (blue), (ii) the susceptibility Γ(q), (iii)
the current J(n̂) as a function of the direction of
n̂ = (cosϕ, sinϕ); the critical current for a given direction n̂
is set by the boundary. For Γ and the current, we have set
T = t/10 and 1/g = maxqΓ(q)/2 to evaluate J(n̂). Each row
represents a qualitatively different scenario arising from the
model Eq. (5.17): (a) no valley polarization, no strain, (b)
weak valley polarization, no strain, (c) strong valley
polarization, no strain (d) (weak) valley polarization, with
strain, (e) intravalley pairing, no strain. Explicit parameters
are given by [60].

To obtain a diode effect, let us assume C2z and time-
reversal symmetry are broken due to finite valley polar-
ization. In our model in Eq. (5.17), we capture this by
setting δµ 6= 0 or φ+ 6= φ−. It now holds Ek,+ 6= E−k,−,
as is reflected in the Fermi surfaces of, e.g., Fig. 5(bi),
and thus Γ(q) 6= Γ(−q) supporting a diode effect, see
Fig. 5(bii) and (biii), respectively. Moreover, since C3z

is unbroken, the diode effect is seen to be three-fold ro-
tational symmetric, Fig. 5(biii). Note, however, that the
maximum of Γ(q) still occurs at q = 0, such that the
Cooper pairs still have vanishing center of mass momen-
tum. In fact, this was generically expected since C3z
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symmetry implies Γ(q) = Γ(C3zq) and thus the form
(5.15a) of the small-q expansion will still hold. We know
that γ < 0 for δµ = φ+ − φ− = 0 and, hence, γ has to
remain negative when these two quantities are turned on
smoothly. This also agrees with our patch-theory analy-
sis of Sec. VB, where the measure of valley polarization,
ν, had to surpass a critical value Eq. (5.16) to induce
finite-momentum pairing. Most importantly, this shows
that finite-momentum pairing is not only not sufficient
for a diode effect (as established above) but also not nec-
essary.

To demonstrate explicitly that the MBZ model can
support finite-momentum pairing, we repeat the analy-
sis for larger valley polarization above the critical value
(which, as we note in passing, depends on temperature).
We indeed find, see Fig. 5(c), that for sufficiently large
valley polarization, max Γ(q) = Γ(q0 6= 0) which sup-
ports finite momentum (i.e. q0) pairing, in agreement
with the patch model of Sec. VB.

Once C3z is explicitly broken in the normal state above
the superconducting transition, due to finite strain β 6= 0
or electronic nematic order, we generically expect the
critical value of valley polarization for finite-momentum-
pairing to vanish: since the constraint Γ(q) = Γ(C3zq)
is absent, linear-in-q terms are allowed in the expansion
of Γ for small q, once C2z and time-reversal are broken
by valley polarization. The maximum of Γ(q) can then
immediately occur at a non-zero momentum when valley
polarization is introduced. In Fig. 5(d) we present results
for a computation with strain β, where we apply quite
large β to make the effect and the resulting lack of C3z

symmetry in the diode effect clearly visible.
In the limit of sufficiently strong valley polarization,

or via other mechanisms, pairing may take place be-
tween states within a single valley, thereby breaking
TRS and C2z. For completeness, we also consider this
intravalley pairing scenario within the minimal model
Eq. (5.17). We indeed find, in Fig. 5(e), that it gen-
erates a ZFDE. It is also seen, from Fig. 5(eii), that
max Γ(q) = Γ(q0 6= 0); the intravalley state supports
pairing at momentum Ki + q0, where q0 ∈MBZ and Ki

are the BZ (not MBZ) corners. As such, this exotic or-
der parameter exhibits spatial (phase) modulations on
the scale of the microscopic graphene layers, producing
Kekulé-like patterns, see e.g. [61].

Note that once Γ(q) is maximal at a non-zero q = q0,
as in Fig. 5(cii), the superconductor will spontaneously
break the rotational symmetry Cs3z, in gauge-invariant
observables. This can be most easily seen by defining the
following composite order parameter

Nj =
1

V

∫
dx tr

[
∆†(x)(−i∂j − 2eAj)∆(x)

]
, (5.18)

j = x, y, where the integral is over the volume of the sys-
tem, ∆(x) is the Fourier transform of the superconduct-
ing order parameter ∆q in Eq. (5.3), and Aj the vector

potential. Note that Nj in Eq. (5.18) is invariant un-
der spin-rotations SO(3)s [in fact, even invariant under
the full SU(2)+×SU(2)− symmetry], under U(1) gauge
transformations, and under U(1)v, but transforms as the
vector (x, y) under C3z. As such, it can couple to physi-
cal observables such as the local density of states or the
excitation spectrum of the Bogoliubov quasi-particles of
the superconductor that will, in turn, exhibit broken C3z

symmetry. In addition, by virtue of not breaking any
continuous symmetry, Nj in Eq. (5.18) can have long-
range order at finite temperature in two dimensions (via
a three-state Potts transition). It is possible that Nj con-
denses before the system exhibits significant quasi-long-
range order in the superconducting phase. This “vesti-
gial” nematic phase [54] can provide a possible explana-
tion of the observed nematic transport properties above
but in the vicinity of the superconducting critical tem-
perature [20]. We note that the critical current Jc(n̂) in
Fig. 5(ciii) of this nematic state is still C3z symmetric.
This is a consequence of the assumption in our calculation
that the superconductor will always be able to minimize
the free energy of the system (cf. discussion of the E(1,i)

in Sec. IVD).

D. Continuum model results

We now work directly with the continuum model for
tTLG in Eq. (2.1), both with and without SOC cou-
pling, Eq. (2.2), which arises due to proximity coupling
to the WSe2 layer. As above, our primary focus is spon-
taneous valley polarization as the source of TRS and C2z

breaking. To account for valley polarization within the
tTLG model, we add to h in Eq. (2.1b) the perturbation
hV = V0σ0ηzs0, which acts simply as a valley-dependent
shift of the chemical potential.

To understand the salient features, Fig. 6(a) and (b)
present the Fermi surfaces, Γ(q), and critical current,
showing the ZFDE, (a) without SOC and (b) with strong
SOC, λI = λR = 10 meV. In both cases, valley polariza-
tion is set to V0 = 1 meV. Inclusion of SOC indeed has an
effect on the critical current, compare Fig. 6(a)(iii) and
(b)(iii); however, it is seen not to be a necessary ingredi-
ent for the ZFDE, in agreement with our toy model calcu-
lations of Sec. VC and Table III, showing that VP order
will induce a ZFDE without SOC. The results presented
in Fig. 6 are obtained using the formalism of Sec. VA.
Moreover, the following assumptions are made: First, as
discussed in Sec. III, intervalley pairing is likely domi-
nant, and is therefore assumed. Second, the chemical
potential is selected to maintain an approximately equal
area of the larger Fermi surface for all different parame-
ter sets presented in Fig. 6. Third, noting that the free
energy expansion, which leads to expression for Γ(q, T )
(5.4), is valid for T . Tc, we compute at T = 0.1 meV
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. TC ; the scale for Tc follows from Ref. 20. Finally,
for demonstration, we compute the current assuming an
interaction coupling strength g−1 = 0.8 maxq Γ(q).

As discussed in [3–5], having a non-zero Rashba SOC
and in-plane field breaks C2z, generates a finite momen-
tum, helical pairing state, and is therefore expected to
generate a diode effect. Experimentally, it was found,
however, that the field-induced diode effect is very weak
in the tTLG on WSe2 [20]. To demonstrate that this can
be understood as a consequence of the different form of
the SOC terms in the tTLG/WSe2 heterostructure, we
here consider the case where TRS breaking comes from
an applied in-plane magnetic field, instead of valley po-
larization. To account for the in-plane field, we add to
(2.1b) the Zeeman coupling hB = σ0η0B‖ · s. It has
a more subtle impact on the bandstructure than valley
polarization, which also crucially depends on λR, λI.

Fig. 6(c) and (d) present results for tTLG with SOC
and a large in-plane Zeeman field, B‖ = Bx̂, with
B = 10 T. To demonstrate that, in accordance with our
symmetry-analysis in Sec. IVC, Rashba SOC is a nec-
essary perturbation for the in-plane Zeeman-field diode
mechanism, we consider two limits: In Fig. 6(c) a mod-
erate Rashba coupling λR = 1 meV, while in Fig. 6(d),
a large Rashba coupling λR = 10 meV are assumed. In
both cases we fix λI = 10 meV, which is motivated by
the analysis in Ref. 35. Comparison of Fig. 6(d)(iii) and
(e)(iii) demonstrates the role played by Rashba SOC, and
further that Ising SOC alone is insufficient to generate a
diode effect. In particular, the diode effect in Fig. 6(ciii)
is rather weak, despite the large magnetic field. This
might explain why the untrained sample with ZFDE of
Ref. 20 does not show any significant δJc(n̂) when in-
plane fields are applied.

VI. DOPING DEPENDENCE OF THE DIODE
EFFECT

One particularly striking observation of Ref. 20 is that
the sign of the diode effect, i.e., the sign of δJc(n̂) in
Eq. (4.2) for fixed direction n̂, changes once the filling
fraction νtTLG is tuned from electron, νtTLG > 0, to
hole, νtTLG < 0, doping or vice versa. In this section,
we will present a theoretical explanation for why this be-
havior might be expected and discuss implications for the
doping dependence of the order parameter of the normal-
state instability inducing the diode effect.

As argued in Sec. IVB, the diode effect can be induced
by one of the six normal-state orders in Table III. The
magnetic-field training behavior in experiment [20] points
towards one of the first four states, SP⊥, VP, SSLP+

⊥ or
SLP−, which start to mix once both λI and λR are non-
zero. Therefore, to keep the discussion simple, we will
focus on VP here and first neglect SOC altogether.
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FIG. 6: Diode effect in the tTLG model Eq. (2.1). Columns
are marked (i), (ii), (iii), which show: (i) the Fermi surfaces
of the states undergoing pairing, with valley η = + (η = −)
shown in red (blue), (ii) the susceptibility Γ(q), (iii) the
current J(n̂) as a function of the direction of
n̂ = (cosϕ, sinϕ); the critical current for a given direction n̂
is set by the boundary. Row (a) tTLG, no SOC, µ = 8.5
meV, and valley polarization V0 = 1 meV, (b) tTLG + WSe2
with SOC λR = λI = 10 meV, µ = 12.3 meV, and valley
polarization V0 = 1 meV. (c) tTLG + WSe2, λR = 1,
λI = 10 meV, µ = 12.7 meV, and an in-plane field Bx = 10
T, (d) tTLG + WSe2, λR = λI = 10 meV, µ = 12.7 meV,
and an in-plane field Bx = 10 T. Everywhere, T = 0.1 meV
and θ = 1.5 degrees.

An effective mean-field model for electron doping,
νtTLG > 0, in the presence of VP then reads as

HLE
eff =

∑
k

f†k,η,sEk,ηfk,η,s, Ek,± = ξ±k + Vzgk,±, (6.1)

where f†k,η,s (fk,η,s) are the creation (annihilation) op-
erators, already introduced in Eq. (2.3), for electrons
with spin quantum number s, in valley η, in the band
that is closest to the Fermi level at momentum k. As in
Eq. (2.4), ξk parametrizes the associated bandstructure
in the absence of VP, Vz = 0, and gk,η is the form factor
of the valley order; we will not further have to specify gk,η
and only use that it has to be odd under time-reversal
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and, thus, obey

gk,η = −g−k,−η, η = ±, ∀k. (6.2)

To establish a relation between the bandstructure for
electron and hole doping, let us denote the twisted-
bilayer-graphene-like flat bands [48] above (p = +) and
below (p = −) the charge neutrality point in valley
η by εk,p,η. As shown in [48], a finite displacement
field strongly violates the “particle-hole-like” symmetry
εk,p,η = −ε−k,−p,η in tTLG (in contrast to the contin-
uum model of twisted-bilayer graphene where it becomes
exact in the limit of small twist angles). Instead, the
“chiral symmetry”,

εk,p,η = −εk,−p,η, (6.3)

turns out to be approximately obeyed for realistic pa-
rameters [becomes exact in the limit where the inter-
layer tunneling between same sublattices, w0 in ht in
Eq. (2.1b), is set to zero].

If we assume that both the strength and sign of the
VP Vz and the functional form of gk,± are invariant un-
der νtTLG → −νtTLG, we conclude from Eq. (6.3) that
the effective model for the hole-doped region is given by
Eq. (6.1) with

Ek,± −→ Ēk,± = −ξ±k + Vzgk,± = −E−k,∓, (6.4)

where we have used Eq. (6.2) in the last equality. Inspec-
tion of Eq. (5.4) yields that Γ(q) for electrons (Γe) and
for holes (Γh) are, thus, related by

Γe(q) = Γh(−q). (6.5)

From Eq. (5.7), we immediately get the relation Je(q) =
−Jh(−q) and thus Jec (n̂) = Jhc (−n̂); this, in turn, di-
rectly implies

δJec (n̂) = −δJhc (n̂). (6.6)

This shows that the sign reversal of the diode effect be-
tween electron and hole doping can be readily understood
from the approximate chiral symmetry, Eq. (6.3), of the
bandstructure. Within this picture, it also follows that
the sign of the order parameter, Vz, of valley-polarization
does not change in experiment [20] when sweeping νtTLG
between electron and hole doping. The mechanism fixing
the effective sign of Vz when changing the electron density
at zero external field might be related to the interpreta-
tion of recent observations on twisted monolayer-bilayer
graphene [62, 63].

Of course, in the realistic system neither Eq. (6.3) is
obeyed exactly nor will Vz and gk,± be exactly the same
for particle and hole doping (and SOC represents another
perturbation), which would explain the reason why the
measured magnitude of δJec (n̂) and δJhc (n̂) are not ex-
actly the same [20].

VII. CONCLUSION AND OUTLOOK

We presented a microscopic theory, and detailed anal-
ysis of the necessary conditions, for the ZFDE observed
[20] in the tTLG-WSe2 heterostructure in Fig. 1. We use
a combination of general symmetry arguments and ex-
plicit model computations, determine the possible super-
conducting (summarized in Fig. 2) and normal-state in-
stabilities (see summary in Fig. 3 and Table II) of the sys-
tem, study the emergence of vestigial orders [cf. Eqs. (4.3)
and (5.18)], and the influence of SOC and external mag-
netic fields on the ZFDE. Taken together, our results offer
an explanation of several key findings reported in [20]—in
particular, the field trainability and doping dependence
of the ZFDE, as well as the enhanced transverse resis-
tance above the superconducting transition.

We discussed two different microscopic origins of the
ZFDE: either (a) time-reversal symmetry is preserved in
the normal state but broken spontaneously by the su-
perconducting phase (see Sec. IVD) or (b) it is already
broken in the normal state as a result of one of the candi-
date particle-hole instabilities summarized in Table II. In
case of the latter, we showed that only the states listed
in Table III can yield a ZFDE, where the first four (last
two) states become symmetry-equivalent in the presence
of strong SOC. We also derived the field trainability of
these candidate states, showing that the first set of four
states in Table III is more consistent with experiment
[20]. Motivated by the fact that all of these states ex-
hibit valley polarization in the presence of SOC, it would
be interesting to explicitly control valley polarization in
future experiments through the use of combined strain-
induced artificial magnetic fields and real magnetic fields,
as demonstrated in single-layer graphene [64].

Invoking the approximate chiral symmetry of the sys-
tem, we have provided in Sec. VI an explanation of the
observed sign change of the current asymmetry δJc in
Eq. (4.2) with doping—from electron to hole filling. Since
moiré systems host ultralow carrier density and narrow
bandwidths, electrostatic gating is able to in situ control
the doping and therefore the diode effect. Hence, the
ZFDE in moiré systems is both generated and manipu-
lated without recourse to external magnetic fields, and
thereby offers an interesting platform for future techno-
logical applications.

We considered composite order parameters, defined in
Eqs. (4.3) and (5.18), that capture, respectively, the bro-
ken time-reversal and rotational symmetry of the super-
conducting phases in scenario (a) and (b) above. More-
over, their condensation above the resistive supercon-
ducting transition defines vestigial phases that provide
an appealing interpretation for the enhanced transverse
resistance measurements in the vicinity of the critical
temperature T & Tc [20]. Relatedly, considering the re-
gion T & Tc there have been earlier works reporting non-
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reciprocal paraconductivity for Rashba superconductors
in a magnetic field [65–67]. It would be interesting to ex-
tend the theory presented here to include superconduct-
ing fluctuations to examine the possibility of zero-field,
paraconducting, non-reciprocal charge transport.

We point out an extreme diode effect was observed
for certain electron fillings in [20], whereby a current is
needed to stabilize superconductivity. Within our the-
ory, this might be most naturally understood by noting
that the underlying magnetic order inducing the ZFDE
also weakens superconductivity at the same time; if an
applied current acts to weaken the magnetic order, this
will, in turn, promote superconductivity that was previ-
ously destabilized by the magnetic order parameter. For
the case of valley polarization, this is certainly plausible
since current switching of valley polarization in twisted
bilayer graphene was demonstrated recently [58, 68, 69].

The interplay of topology and the phenomena consid-
ered here is worthy of further investigation, as both inter-
and intra-valley pairing in related systems have been
shown to host first and higher-order topology [70, 71],

including in the presence of spin-orbit coupling [72]. Fur-
thermore, depending on the precise form of the Fermi
surfaces in the magnetically ordered phase of the system,
it would also be interesting to generalize the analysis to
multiple-q superconducting order parameters.

Our results straightforwardly apply to other twisted
graphene systems, yet in light of the recent observation
of spin-polarized superconductivity in rhombohedral tri-
layer graphene [73], it would be interesting to extend our
analysis to establish the conditions for zero-field diode
effect in that system.
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Appendix A: Continuum model

The continuum Hamiltonian is described in detail in Section IIA. For clarity, here we additionally provide the
explicit momentum space representation.

To establish the Hamiltonian in momentum space, we denote by ck;ρ,l,η,s,G the electron annihilation operator
with the following quantum numbers: crystalline momentum k within the moiré Brillouin zone (MBZ); spin s =↑, ↓;
sublattice ρ = A,B; valley η = ± of the graphene layer ` = 1, 2, 3; and reciprocal lattice (RL) vectorG =

∑
j=1,2 njGj ,

nj ∈ Z of the effective moiré lattice.
The unitary transformation in layer space,

ck;ρ,l,η,s,G = Vl,`ψk;ρ,`,η,s,G, V =
1√
2

1 0 −1

0
√

2 0

1 0 1

 , (A1)

conveniently decomposes the system into mirror-even (` = 1, 2) and mirror-odd (` = 3) subspaces, which become
mixed at nonzero D0 or SOC. Working in this mirror basis, the full continuum model described in the main text is

H0 =
∑

k∈MBZ

∑
ρ,ρ′=A,B

∑
`,`′=1,2,3

∑
η=±

∑
s=↑,↓

∑
G,G′∈RL

ψ†k;ρ,`,η,s,G (hk,η)ρ,`,G;ρ′,`′,G′ ψk;ρ′,`′,η,s,G′ ,

hk,η = h
(g)
k,η + h

(t)
k,η + h

(D)
k + h

(SOC)
k,η . (A2)

The corresponding components are given by,(
h

(g)
k,+

)
ρ,`,G;ρ′,`′,G′

= δ`,`′δG,G′vF (ρθ`)ρ,ρ′
(
k +G− (−1)`q1/2

)
, (A3a)(

h
(g)
k,−

)
ρ,`,G;ρ′,`′,G′

=
(
h

(g)
−k,+

)∗
ρ,`,−G;ρ′,`′,−G′

, (A3b)

(
h

(t)
k,+

)
ρ,`,G;ρ′,`′,G′

=
√

2

 0 (TG−G′)ρ,ρ′ 0

(T ∗G′−G)ρ′,ρ 0 0

0 0 0


`,`′

, (A3c)

(
h

(t)
k,−

)
ρ,`,G;ρ′,`′,G′

=
(
h

(t)
−k,+

)∗
ρ,`,−G;ρ′,`′,−G′

, (A3d)

(
h

(D)
k

)
ρ,`,G;ρ′,`′,G′

= −D0δρ,ρ′δG,G′

0 0 1

0 0 0

1 0 0


`,`′

, (A3e)

(
h

(SOC)
k,η

)
ρ,`,G;ρ′,`′,G′

=
δG,G′

2

(hSOC,l=1
η )ρ,ρ′ 0 (hSOC,l=1

η )ρ,ρ′

0 0 0

(hSOC,l=1
η )ρ,ρ′ 0 (hSOC,l=1

η )ρ,ρ′

 . (A3f)

Here ρθ = eiθρ3/2ρe−iθρ3/2, and q1 connects the K and K’ points in the MBZ; the tunneling matrices are

TδG =
∑

j=−1,0,1

δδG+Aj ,0

[
w0ρ0 + w1

(
0 ωj

ω−j 0

)]
,

ω = ei
2π
3 , A0 = 0, A1 = G1, A2 = G1 +G2, (A4)

with the property T †δG = TδG and ρxTδGρx = T ∗δG; and the spin-orbit components are,

hSOC,l=1
η = λIszη + λR (ηρxsy − ρysx) + λKMηρzsz +mρz. (A5)

This completes the continuum model in momentum space.
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Appendix B: Pairing states in the opposite limit

In this appendix, we complement the discussion of Sec. III of the main text and present the details of the evolution
of pairing states when first turning on λI, before λR, which is illustrated schematically in Fig. 2(b). This provides
important insights into the form of the pairing state in the limit λR � λI.

As follows readily by inspection of Table I, the set of point symmetries (apart from time-reversal) for λR = 0, λI 6= 0
is generated by C3z, SO(2)s, and Cs

′

2z. Upon noting that the first of these symmetry operations commutes with the
latter two, it is readily seen that they form the point group C3×D∞, where D∞ is generated by SO(2)s and Cs

′

2z and,
thus, can be thought of as Dn in the limit n→∞.

As in the main text, we start from the A1
g singlet and the B3

u triplet defined in Eq. (3.3) as the two parent pairing
states in the limit without SOC, λR = λI = 0. Transforming trivially under C3z, SO(2)s, and Cs

′

2z, the A1
g singlet

transitions into the pairing state of IR ΣA+ of C3 ×D∞ (here the superscript indicates the IR A of C3 and Σ+ labels
the trivial IR D∞); since SO(3)s and C2z are broken, an additional triplet component (from B3

u) along the z direction
is admixed and the order parameter can be written as

ψk,η = χk,η, dk,η = α1ηχk,ηez, (B1)

where α1 is proportional to λI for small λI. No triplet component in the xy-plane can be admixed due to SO(2)s. This
includes the remaining two triplet components of B3

u, which belong to the IR ΠA of C3×D∞ (as above, the superscript
A indicates the fact that the state transforms trivially under C3z and Π is defined as the two-dimensional IR of D∞
with components transforming as (x, y) under it). These symmetries do not allow for singlet-triplet admixture in this
state and the two basis functions of the order parameter simply read as(

ψ1
k,η

ψ2
k,η

)
= 0,

(
d1
k,η

d2
k,η

)
= ηχk,η

(
ex
ey

)
. (B2)

If we eventually also turn on λR, we have to arrive at the same IRs and associated pairing states as discussed in
Sec. III. However, as long as λR � λI, the relative strength of the different admixed components can differ. For the
ΣA+ state in Eq. (B1), breaking SO(2)s and Cs

′

2z will add in-plane triplet components,

ψk,η = χk,η, dk,η = α1η χk,ηez + α2

Xk

Yk
0

+ α3 η

 2XkYk
X2

k − Y 2
k

0

 . (B3)

As required, it is of the same form as Eq. (3.8a) [or Eq. (3.8b) for that matter], but the relative weights are different
since α2,3 � α1 in Eq. (B3) for λR � λI [as compared to α1,2 � α3 in Eq. (3.8a) for λI � λR].

Finally, the ΠA state in Eq. (B2) becomes the E state of C̃3. Its order parameter is again of the form of Eq. (3.7),
but with the crucial difference that, this time, all three coefficients α1,2,3 are small in λR.

Appendix C: Diode effect of the E state

In this appendix, we discuss the free energy expansion and associated critical current for pairing in the E represen-
tation, introduced in Sec. III of the main text.

1. Free energy

As opposed to Eq. (3.9), we here use the “chiral basis”, c± = (c1∓ ic2)/2, as it will be more convenient. Generalizing
to finite momentum pairing, c± → c±(q), the symmetries of the system act as

Cs3z : (c+(q), c−(q)) −→ (ωc+(C3zq), ω∗c−(C3zq)) , ω = ei
2π
3 , (C1a)

Θs : (c+(q), c−(q)) −→
(
c∗−(−q), c∗+(−q)

)
. (C1b)
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Neglecting the momentum dependence of the quartic terms, b1 and b2, the free energy reads

F [{c±(q)}] ∼
∑
q

[
aq−2eA

(
|c+(q)|2 + |c−(q)|2

)
+ δaq−2eA

(
|c+(q)|2 − |c−(q)|2

)
+
(
αq−2eAc

∗
+(q)c−(q) + c.c.

)]
+

∑
q1,q2,q3,q4

δq1+q3,q2+q4

[
b1

(∑
µ=±

c∗µ(q1)cµ(q2)

)(∑
µ=±

c∗µ(q3)cµ(q4)

)
+ b2 c

∗
+(q1)c+(q2)c∗−(q3)c−(q4)

]
(C2)

where aq, δaq ∈ R, α(q) ∈ C obeying

aq = aC3zq, δaq = δaC3zq, αq = ω∗αC3zq and aq = a−q, δaq = −δa−q, αq = α−q (C3)

as follows from Eqs. (C1a) and (C1b), respectively. Consequently, both δaq and αq have to vanish at q = 0,
reproducing the form of the free energy in [50]. Note that α will also have to vanish at finite q, if we only have Ising
SOC (λR = 0): in this case, the order parameter will be the ΠA state in Eq. (B2) [see also Fig. 2(b)] and the SO(2)s
rotation symmetry in Table I prohibits finite αq in Eq. (C2).

To illustrate these statements and the microscopic origin of the terms in the free energy (C2), consider the following
minimal low-energy, mean-field model for pairing in the E representation,

HE =
∑

k,η,s,s′

f†k,η,s
(
hLEk;η

)
s,s′

fk,η,s′ +
∑

k,q,s,s′

[
f†k+q,+,s

∑
µ=±

cµ(q) (sµ)s,s′ f
†
−k,−,s′ + H.c.

]
+

1

gE

∑
µ=±
|cµ(q)|2, (C4)

using the low-energy fermions fk,η,s introduced in Sec. II C and s± = sx ± isy. This is equivalent to setting αj = 0
and χk,η = 1 in Eq. (3.7). It is easy to check that applying the representations of the symmetries Cs3z and Θs in
Table I to the fermions in Eq. (C4) reproduces Eq. (C1). We parametrize the normal-state Hamiltonian in Eq. (C4)
as

hLEk;+ = εks0 + gk · s, hLEk;− = sy(hLE−k;+)∗sy, (C5)

i.e., explicitly restrict the analysis to time-reversal symmetric normal states. As such, any diode effect must come from
the pairing-induced time-reversal-symmetry breaking. Unless further symmetries are imposed (if λR or λI vanishes),
the only additional constraints on the normal-state Hamiltonian come from C3z and read as

εk = εC3zk, gk = C3zgC3zk. (C6)

Integrating out the fermions in an action description of Eq. (C4) and expanding the resultant effective action in terms
of cµ, one can readily derive all prefactors in the free-energy expansion (C2). Defining the functional

I[X(iωn,k, q)] := T
∑
ωn

4

N

∑
k∈MBZ

X(iωn,k, q)[
(iωn − εk+q/2)2 − g2

k+q/2

] [
(iωn + εk−q/2)2 − g2

k−q/2

] , (C7)

where ωn denote fermionic Matsubara frequencies, we have

aq =
1

gE
+ I

[
(iωn + εk− q

2
)(iωn − εk+ q

2
) + gzk+ q

2
gzk− q

2

]
, (C8)

δaq = I
[
iωn(gzk+ q

2
+ gzk− q

2
) + gzk+ q

2
εk+ q

2
− gzk− q

2
εk− q

2

]
, (C9)

αq = −I
[
(gxk+ q

2
− igy

k+ q
2
)(gxk− q

2
− igy

k− q
2
)
]
. (C10)

While it is straightforward to evaluate all involved Matsubara sums, we can already see immediately, using Eq. (C6),
that all properties in Eq. (C3) are obeyed—as required by symmetry. Furthermore, in accordance with Eq. (2.4), it
holds gx,y = 0 if we only have Ising SOC, λR = 0, leading to αq = 0 in Eq. (C10); this, in turn, agrees with our
statement above that the SO(2)s symmetry forces α to vanish in the free energy (C2).
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2. Critical current

We next discuss the resulting critical current and diode effect. To simplify the presentation, let us first set α = 0.
As discussed in Sec. VA, the critical current is computed by setting cµ(q) = Ψµ(q0)δq,q0 , with Ψµ(q0) chosen to
minimize F (at A = 0), and studying the maximum value of

Jq0
= −∂AF [{Ψµ(q0)δq,q0

}]|A=0 = 2e
[
(|Ψ+(q0)|2 + |Ψ−(q0)|2)∂q0

aq0
+ (|Ψ+(q0)|2 − |Ψ−(q0)|2)∂q0

δaq0

]
(C11)

along a given direction n̂.
If b2 > 0, which is the sign that one obtains within mean-field theory [53], and we use the global minimum of the

free energy for Ψµ(q0), we will have Ψ sign(δaq0 )(q0) = 0 and Ψ− sign(δaq0 )(q0) =
√

(|δaq0 | − aq0)/(2b1). Inserting this
into the expression for the current in Eq. (C11) yields

Jq = e(|δaq| − aq)(∂qaq − sign(δaq)∂qδaq)/b1. (C12)

Recalling Eq. (C3), we see that it holds Jq = −J−q, implying Jc(n̂) = Jc(−n̂) and, hence, ruling out a diode effect.
It can be shown by explicit calculation that this is also the case when finite α are taken into account (or when

b2 < 0). In fact, this can be understood more generally, without having to neglect the momentum dependence of
higher-order terms in F or even without resorting to an expansion of the free energy—it is just a manifestation of the
fact that the normal state above the superconducting phase has time-reversal symmetry. To see this formally in our
current description, let us define

f(ψµ, q0) := F [{cµ(q) = ψµδq,q0
}]. (C13)

Time-reversal symmetry implies that the free-energy F is invariant under Eq. (C1b) which leads to the constraint

f(ψµ, q) = f(ψ∗−µ,−q) (C14)

on the function defined in Eq. (C13). Denoting the minimum of f(ψµ, q) at fixed q by Ψµ(q) (note that for generic
q this is expected to be unique), Eq. (C14) then implies

Ψµ(−q) = Ψ∗−µ(q). (C15)

With this, we are in position to relate Jq = 2e(∂qf(ψµ, q))|ψµ=Ψµ(q) and J−q:

J−q = 2e (∂q′f(ψµ, q
′)) |q′=−q;ψµ=Ψµ(−q) (C16)

= −2e (∂q′f(ψµ,−q′)) |q′=q;ψµ=Ψµ(−q) (C17)
(C14)

= −2e
(
∂q′f(ψ∗−µ, q

′)
)
|q′=q;ψµ=Ψµ(−q) (C18)

(C15)
= −2e (∂q′f(ψµ, q

′)) |q′=q;ψµ=Ψµ(q) (C19)

= −Jq. (C20)

Form this immediately follows that there will be no diode effect.
However, as mentioned in Sec. IVD, the situation is different if the system remains in the local minimum of F which

is smoothly connected to the configuration of the superconductor without external current. This is expected to be
particularly relevant when the time-reversal-symmetry-breaking order parameter in Eq. (4.3) orders at temperatures
well above the resistive superconducting transition.

As before, we illustrate this situation in the particularly simple case where α = 0 in Eq. (C2). Let us assume that
b1, b2 > 0, a < 0 and the superconductor, without current, has c+ 6= 0, c− = 0. Then the Ising-like order parameter
in Eq. (4.3) is positive, C > 0, and

Ψ+(q) =
√

(|δaq| − aq)/(2b1), Ψ−(q) = 0, as long as δaq >
aqb2

2b1 + b2
(C21)

at the associated local minimum in the presence of a current-induced finite-momentum order parameter (if δaq is
smaller than the indicated lower bound, the minimum becomes locally unstable). We see that, irrespective of the
direction of q, the Ising-like order parameter C now varies smoothly and remains positive when turning on q. Assuming
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that the inequality in Eq. (C21) is valid for all q relevant to determine the critical current, we can determine the
latter by inserting this into Eq. (C12), yielding

Jq = e(|δaq| − aq)(∂qaq + ∂qδaq)/b1. (C22)

Since δaq is an odd function of q, see Eq. (C3), we generally have Jq 6= −J−q and a diode effect becomes possible.
Note that this is different for the nematic state: if b2 < 0, we obtain a nematic superconducting state, which—

in analogy to the time-reversal-odd composite order parameter in Eq. (4.3)—can be characterized by the nematic
composite order parameter

NE
j :=

∑
q

(
Re
[
c∗+(q)c−(q)

]
Im
[
c∗+(q)c−(q)

])
j

. (C23)

Note that c∗+c− = NE
1 +iNE

2 → ωc∗+c− under C3z while remaining invariant under Θs. Breaking a discrete symmetry,
NE
j can order at a non-zero temperature T ∗. Just as in case of the chiral state, let us assume that T ∗ is significantly

larger than the resistive superconducting transition and that, when applying a current, the superconducting order
parameter adiabatically follows the local minimum that has already been chosen spontaneously at T ∗ (note that sixth
order terms need to be added to Eq. (C2) to break the artificial continuous rotational symmetry of the quartic free-
energy expansion without current, see [50]). Writing as before cµ(q) = Ψµ(q0)δq,q0 , it holds under these assumptions

φ(q) = φ(−q), |Ψ+(q)| = |Ψ−(−q)|, (C24)

where φ is defined via Ψ∗+(q)Ψ−(q) = |Ψ∗+(q)||Ψ−(q)|eiφ(q). It is a smooth function of momentum such that NE
j

varies smoothly when applying a current. The properties in Eq. (C24) follow from aq = a−q, δaq = −δa−q, αq = α−q
in Eq. (C3) and that |Ψ+(q = 0)| = |Ψ−(q = 0)|. From this we get

Jq = 2e

[
∂qaq

∑
µ

|Ψµ(q)|2 + ∂qδaq
∑
µ

µ|Ψµ(q)|2 + 2|Ψ+(q)||Ψ−(q)|Re
(
∂qαqe

iφ(q)
)]

. (C25)

We, thus, see that Jq = −J−q and no diode effect is possible as expected since neither the normal nor the supercon-
ducting state breaks time-reversal symmetry (in the absence of an applied current).

Appendix D: Patch theory expansion

To obtain analytic expressions from (5.11), we consider T ∼ Tc, with Tc ∼ vΛxe
−1/(νg) set by the energy cut-off of

the patch, which is approximately set by the energy cut-off in the direction perpendicular to the patched Fermi surface,
i.e. kx direction. Assuming large density of states times the Cooper channel interaction strength, νg, we arrive at
T ∼ vΛx. With this we may expand the hyperbolic tangents in the kernel of Γ(q), tanh(x) ' x−x3/3+2x5/15+O(x7),
i.e.

Γp(q) '
∫ Λy

−Λy

dky
2π

∫ Λx

−Λx

dδkx
4π

1

ξ1 + ξ2

[
ξ1
2T

+
ξ2
2T
− 1

3

(
ξ1
2T

)3

− 1

3

(
ξ2
2T

)3

+
2

15

(
ξ1
2T

)5

+
2

15

(
ξ2
2T

)5
]
,

ξ1 = v(δkx + δqx/2)− α+(ky + qy/2)2,

ξ2 = v(δkx − δqx/2)− α−(ky − qy/2)2. (D1)

Based on the above reasoning, ξi/(2T ) . 1/2, therefore justifying the order of the expansion. The expression (D1)
affords an analytic integration; performing such integration and extracting the leading coefficients, as per the expansion
given in Eq. (5.13), gives

a1 =
(α+ − α−) vΛxΛ3

y

(
−126T 2 + 14v2Λ2

x + 9
(
α2
− + α2

+

)
Λ4
y

)
3024T 5

, (D2)

a2 =
v2ΛxΛy

(
45T 2 − 5v2Λ2

x − 3
(
α2

+ − α−α+ + α2
−
)

Λ4
y

)
360T 5(8π2)

, (D3)

a3 =
(α+ − α−) v3ΛxΛ3

y

144T 5(8π2)
,
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a4 = − v4ΛxΛy
192T 5(8π2)

,

c =
ΛxΛ3

y

(
105

(
3α2

+ + α−α+ + 3α2
−
)
T 2 − 7

(
6α2

+ + α−α+ + 6α2
−
)
v2Λ2

x + 9
(
−7α4

1 + α−α
3
+ + α2

−α
2
+ + α3

−α1 − 7α4
−
)

Λ4
y

)
3780T 5(8π2)

.

In particular, we see that a1 and a2 vanish as α+−α− → 0, which we stated and used in Sec. VB. We emphasize that
this also holds when no additional approximations are made in the evaluation of Eq. (5.11). Since Γ in Eq. (5.11) is
invariant under δqx → −δqx and simultaneous exchange α+ ↔ α−, we immediately conclude that

a1,3(α+, α−) = −a1,3(α−, α+), a2,4(α+, α−) = a2,4(α−, α+) (D4)

and, hence, a1,3(α, α) = 0.

Appendix E: LG theory in the presence of strong spin-orbit coupling or intravalley pairing

1. Strong spin-orbit coupling

We look now at strong SOC, such that bands are non-degenerate. Explicitly, we work with the low energy bands
that cross the Fermi level in the vicinity of k; the band energies in valley η are denoted by ξk,η. These states are
obtain by diagonalising the full tTLG noninteracting Hamiltonian (2.1b), in the presence of either valley polarization
or applied magnetic field, which are captured by adding the perturbations

δh1 = Vzηz, δh2 = B · s (E1)

to h. In the absence of these perturbations, time-reversal symmetry is preserved, and the band energies satisfy
ξk,+ = ξ−k,−.

To describe pairing between states at opposite valleys, we consider the effective interacting Hamiltonian

H =
∑
k,η

f̃†k,ηξk,η f̃k,η −
g̃

2

∑
k,k′,q

f̃†k+q,η f̃
†
k′−q,η′ f̃k′,η′ f̃k,η,

where f̃k,η and f̃†k,η are annihilation and creation operators of electrons of valley η, in the low-energy bands crossing
the Fermi level in the vicinity of k. Due to strong SOC, this Hamiltonian is effectively spinless. It is important to
keep in mind that, as a consequence of the underlying SOC, the electronic states created by f̃†k,η exhibit a momentum-
dependent spin quantum number.

Performing a mean-field decoupling in the intervalley channel, we obtain

H =
∑
k,η

f̃†k,ηξk,η f̃k,η +
1

2g̃

∑
q

∆†q∆q +
1

2

∑
k,q

[
f̃†k+q,+∆q f̃

†
−k,− + H.c.

]
(E2)

where the complex scalar ∆q is the superconducting order parameter. As a result of the aforementioned momentum-
dependent spin quantum number of the low-energy fermions, this single complex number describes a, in general,
singlet-triplet mixed state; for q = 0 pairing, the structure of the order parameter in terms of the physical spin basis
is discussed in Sec. III of the main text. The associated Ginzburg-Landau expansion is analogous to the expression
presented in the main text (5.4),

F ∼ 1

2

∑
q

aq∆†q∆q +O(∆4), aq =
1

g̃
− Γ(q),

Γ(q) =
1

2N

∑
k∈MBZ

tanh

(
ξk+

q
2
,+

2T

)
+ tanh

(
ξ−k+

q
2
,−

2T

)
ξk+ q

2 ,+
+ ξ−k+ q

2 ,−
. (E3)

From which the expression for the current follows via Eq. (5.7).
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2. Intravalley pairing

Finally, we state, without derivation, that for the case of intravalley, spin-singlet pairing with spin-degenerate
bands—considered in the context of the toy-models of Sec. VC—the corresponding expression for Γ(q) is

Γ(q) =
1

2N

∑
k∈MBZ

tanh

(
ξk+

q
2
,+,↑

2T

)
+ tanh

(
ξ−k+

q
2
,+,↓

2T

)
ξk+ q

2 ,+,↑ + ξ−k+ q
2 ,+,↓

. (E4)
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