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Abstract-The thermal behavior of visible AIGaInP-GaInP 
ridge laser diodes is investigated numerically and experimen- 
tally. It is shown that various parameters critically influence 
the thermal resistance R of such devices. R is inversely propor- 
tional to the thermal conductivity of the heatsink. A substantial 
improvement in R-quite larger than in the AlGaAs system-is 
achieved for junction-side-down mounting compared to junc- 
tion-side-up. R depends strongly on the width zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw of the ridge 
and this effect is different for junction-side-up or down mount- 
ing. In the first case, R zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- log ( w )  and in the second, R - l / w .  
The thickness of the soldering material is a sensitive parameter 
which may increase the value of R by up to 15 K/W. On the 
other hand, for junction-side-up mounted devices, the top me- 
tallization layer has a very favorable effect: a 1 pm thick gold 
layer reduces R by 30%. The dynamics of thermal phenomena 
is also studied. It is shown that when a laser is switched on the 
steady state is reached in the ms time range. Finally, our ex- 
perimental results show a very good agreement with our nu- 
merical data. 

I. INTRODUCTION 

HE temperature rise during CW operation of visible T laser diodes is a very critical parameter since it 
strongly affects the device characteristics and reliability. 
For AlGaAs-GaAs lasers, special attention has already 
been paid to the thermal phenomena in order to improve 
device performance and lifetime [ 11-[8]. In the AlGaInP- 
GaInP material system, heating of the laser is an even 
more severe handicap [9], [lo]. 

First, the thermal conductivity of the quaternary clad- 
ding layers is considerably lower than for AlGaAs. Sec- 
ond, the threshold current is relatively high compared to 
AlGaAs-GaAs devices. Therefore, joule heating due to 
the series resistance causes an additional temperature rise. 
Third, the temperature sensitivity parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATo of the laser 
threshold is still rather low and is typically 100 K for de- 
vices lasing at 670 nm. Fourth, it has been reported that 
degradation mechanisms in visible lasers are also strongly 
affected by the operating temperature, e.g., operation 
above 60°C reduces the lifetime substantially [ 111. 

Therefore, it is clear that for high-power operation of 
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visible laser diodes in the transverse fundamental mode, 
such as required for optical storage, an efficient heatsink- 
ing and a good understanding of the thermal phenomena 
of the device are mandatory. However, to the best of our 
knowledge, only limited data on the thermal behavior of 
AlGaInP-GaInP devices are available today. Hatakoshi er 
al. [12] have studied the influence of the cladding layer 
on the thermal behavior of such lasers. In the present pa- 
per, we investigate other parameters such as the heatsink- 
ing and soldering materials, the active region width, the 
top metallization and we also give results on the dynamic 
behavior of thermal effects in AlGaInP-GaInP lasers. 

11. NUMERICAL MODEL 

In the model, we assume that heat is uniformly gener- 
ated within the active region and we neglect any variation 
of heat production along the laser cavity (heating of the 
mirrors, longitudinal variation of carrier density, etc.). 
Therefore, we assume that heat flow is homogeneous 

along the structure and two-dimensional at any cross sec- 
tion of the laser. We also neglect any radiation and con- 
vection losses. This approximation is valid as long as the 
surface temperature of the device remains low. 

From a theoretical point of view, our problem involves 
the solution of the heat equation 

aT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p * zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC - = V ( k .  ?T)  + Q 

p at 

over a two-dimensional cross section of the laser, where 
T is the temperature, p is the density, Cp is the specific 
heat, k is the thermal conductivity, and Q is the heat 
source density. All these physical parameters can vary 
considerably over the cross section as can be seen in Fig. 
1 .  This figure shows the cross section of an AlGaInP- 
GaInP ridge laser mounted junction-side-down on a heat- 
sink [ 101. We have also investigated junction-side-up 
mounting. In our simulations, we take advantage of the 
symmetry axis of the structure to reduce calculation time. 
The values of the thermal conductivity used in the simu- 
lations are from Adachi for GaAs [13] and Hatakoshi for 
AlGaInP [12]. For GaInP we have used the following 
empirical relation between the thermal resistance r and 
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Fig. 1 .  Schematic structure of AIGalnP-GaInP ridge laser in the “junc- 
tion-side-down’’ configuration. The thickness and thermal conductivity of 
each layer is represented. For the simulations, heat is uniformly generated 
within the hatched area (active region) which is varied between 5 and 
30 pm. 

the Ga content x: I l k  = r = ro + (rl - yo) . x + B . 
(1 - x) . x, with ro = 1.35 cmK/W, rl = 1.5 cmK/W 
and B = 71.5 cmK/W. The conductivity values for Si,N,, 
heatsinking and soldering materials are found in [14]- 

1161. 
To compute a numerical solution of ( l ) ,  we discretize 

this equation over a grid with finite differences and solve 
the ensuing system of algebraic equations using the alter- 
nating direction algorithm [17]. A variable grid is used 
with a smaller mesh size in the regions of particular in- 
terest; the total number of meshes is typically 6000. Al- 
though we are interested in the steady state of the system 
( d T / d t  = 0), we maintain the time dependence in (1) and 
approximate it also with finite differences. This enables 
us to simulate the dynamic behavior of the system. At 
t = 0 the medium is initialized with uniform temperature 
(e.g., room temperature); then, as the calculation pro- 
ceeds, we can follow the heating of the laser due to the 
sources Q .  Finally, from the steady-state temperature we 
can calculate the thermal resistance R of the device. 

111. RESULTS 
A .  Influence of the Heatsinking Material 

We have considered four different heatsinking mate- 
rials: CMSH (Cu 15%-W 85%,  k = 2.4 W/Kcm), cop- 
per ( k  = 3.85 W/Kcm), diamond ( k  = 20 W/Kcm), and 
an ideal material with infinite conductivity. The thermal 
resistance of a 300 pm long laser with a 10 pm wide ridge, 
mounted on these various materials is depicted in Fig. 2. 
Both junction-side-up and junction-side-down mounting 
are investigated. 

The thermal resistance is proportional to the inverse of 
k, although there is no large increase between the ideal 
heatsink and CMSH, the poorest heatsinking material 
considered here. The difference for junction-side-down 
mounting between these extreme cases is only a factor of 
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Fig. 2. Dependence of the thermal resistance on the conductivity of the 
heatsink. The results are for a 300 pm long laser with a I O  pm wide ridge, 
bonded with Au 80%-Sn 20% solder. 

1.5, whereas for junction-side-up it is 1.1. It is interesting 
to note that diamond is an almost ideal heatsinking ma- 
terial for lasers since it increases R only by 7% of the 
ideal value in the junction-side-down configuration. For 
junction-side-up, the difference is only 2 % , indicating that 
the GaAs substrate becomes the dominant part of R in this 
configuration. The two lines in Fig. 2 represent least 
square fits of the data; they are not parallel because the 
heat flow in the heatsink is different for junction-up and 
down. Their slopes are 44 cm-’ for junction-side-up and 
59 cm-I for junction-side-down. These data are in good 
agreement with our experimental results (see Sections 
111-B and E) and with values obtained by others [ 181, [ 191. 
Experimentally, we observed only small differences in  R 
for the different heatsinks. The best results were obtained 
using diamond and Au 80%-Sn 20% solder. However, a 
copper heatsink with the same solder typically resulted in 
an increase of R of less than 15 K / W. 

B. Width of the Active Region 
The width of the ridge is an important parameter be- 

cause it determines the transverse mode of the optical 
beam. The thermal behavior of the laser also depends crit- 
ically on this parameter: for a wide ridge, the heat source 
extends over a broader area. The results of simulations 
for active region widths between 3.5 pm and 30 pm are 
compared in Fig. 3 with experimental results. The behav- 
ior of R is different when the laser is mounted junction- 
side-up than when it is junction-side-down. But in both 
configurations, narrow ridges are very adverse from a 
thermal point of view. 

For junction-side-up, R is proportional to the logarithm 
of the width [Fig. 3(a)]. This effect is independent of the 
heatsinking material which merely shifts the line toward 
higher resistances for less conductive materials. When the 
laser is mounted junction-side-down, R is proportional to 
the inverse of the width of the active region [Fig. 3(b)]. 

The influence of the heatsinking material is different as 
well: a poorly conductive material not only shifts the line 
but also increases its slope slightly. This difference in be- 
havior can be understood by comparing the heat flows in 
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Fig. 3 .  Dependence of the thermal resistance on the active region width 
for two heatsinking materials: (a) junction-side-up and (b) junction-side- 
down. The difference in behavior can be explained by the difference of heat 
flow in the two configurations. A scheme of the corresponding heat flow 
within the laser is depicted in the insets. The data are calculated for a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA300 
pm long laser. 

the laser obtained from the simulations [see insets in Fig. 
3(a) and (b)]. 

1) Forjunction-side-up the heat generated in the active 
region spreads laterally over the entire width of the laser 
as it flows to the heatsink, leading to a two-dimensional 
flow in the upper part of the structure, whereas in the 
heatsink, the flow is vertical and extends over the whole 
width of the cross section. The association of these two 
types of heat flows produces the behavior observed in Fig. 
3(a): 

i) The two-dimensional flow in the upper part of the 
structure accounts for the logarithmical dependence of R 
on the width of the active region. Indeed, one can show 
that in this case, for a homogeneous material of thermal 
conductivity k ,  the thermal resistance becomes [20] 

1 16 * t 
R =  R - k L In (=)* 

This result is valid when the width w of the active region 
is smaller than the distance t between the active region 

and the top of the heatsink, which is the case here. L is 
the length of the laser. 

ii) The one-dimensional flow in the heatsink explains 
that different heatsinking materials simply shift the curves 
in Fig. 3(a) without affecting their slope. This indicates 
that the heatsinking material influences the intensity of the 
heat flow without changing its shape. Therefore the heat 
flow in the heatsink remains uniform and one-dimen- 
sional. This assumption can be verified by writing the 
thermal resistance as R = Rhs + Rlaser, Rlaser being the 
thermal resistance due to the laser and Rhs the contribution 
of the heatsink. Rlaser depends on the width of the active 
region but is independent of the heatsink material. Thus 
the difference of thermal resistance for the two heatsink- 
ing materials becomes 

(3) 

If the heat flow is homogeneous and unidirectional in the 
heatsink, one can write: 

(4) 

where t ,  1, w,  and k are the thickness, length, width, and 
thermal conductivity of the heatsink, respectively. 

For our configuration, (3) and (4) yield A R  = 16.3 
K/W. The corresponding value obtained from the shift of 
the curves in Fig. 3(a) is A R  = 17.8 K/W. The good 
agreement of these two values proves a posteriori our hy- 
pothesis of homogeneous unidimensional heat flow in the 
heatsink. 

2) When the laser is mounted junction-side-down, the 
proximity of the active region to the top of the heatsink 
strongly influences the heat flow. Owing to the good con- 
ductivity of the heatsink material, the heat produced in 
the active region is rapidly distributed over the whole 
heatsink width. This leads to a one-dimensional vertical 
flow in most of the heatsink, which accounts for the be- 
havior of R over the width of the active region. 

The expansion of the heat flow in the upper part of the 
heatsink depends on the heatsinking material. This ex- 
plains why the slope of the lines in Fig. 3(b) depends on 
the heatsink material. Although the heat flow is not ho- 
mogeneous nor unidirectional over the whole heatsink (as 
it was in the junction-side-up case), the disturbance from 
such a flow is not very great: the shift between the lines 
in Fig. 3(b) (19.6 K/W) remains close to the value cal- 

culated with (4) for a homogeneous heat flow (16.3 K/W) 
and the variation of the slope is less than 5 % . 

We have used the Paoli method [21] to measure the 
thermal resistance of our lasers. The values obtained for 
300 pm long devices with various ridge widths mounted 
junction-side-up on CMSH heatsinks are shown in Fig. 
3(a). The measurements are accurate within 15% but the 
error bars have been omitted for clarity. The agreement 
between experimental and numerical results is excellent. 
The logarithmical dependence of R on the width of the 
ridge is clearly observed in the experiments. 
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For junction-side-down mounting, we present experi- 
mental results for 300 pm long devices with ridge widths 
relevant for high-power, single-mode operation as re- 
quired for optical storage applications [Fig. 3(b)]. Two 
different heatsinking materials are investigated experi- 
mentally for this configuration. The agreement between 
experimental and numerical data is excellent and the de- 
pendence of R on the inverse of the width of the ridge is 
also obtained experimentally. We used Au 80 % -Sn 20 % 
solder for mounting all the lasers presented in this section 
on their heatsink. 

C. Soldering Material 
We have investigated three different soldering mate- 

rials: Au 80%-Sn 20% ( k  = 0.57 W/Kcm), Pb 40%-Sn 
60% ( k  = 0.42 W/Kcm), and In ( k  = 0.62 W/Kcm). 
Only the junction-side-down configuration was consid- 
ered, because the effect of the solder is dominant for this 
configuration. R as a function of the solder thickness is 
shown in Fig. 4. For clarity, the results for In are not 
shown, they are indistinguishable from the Au-Sn values. 

The solder layer increases the thermal resistance of the 
laser. But this rise is not simply proportional to the thick- 
ness of the solder: it saturates for thick layers. This is due 
to the influence of the solder layer on the heat flow near 
the active region. For a thick solder layer (>  3 pm) the 
spreading of heat within the layer tends to lower the ther- 
mal resistance. Of course this effect is greater with a 
poorly conducting heatsink (CMSH) than with a good one 
(diamond). This is also visible in Fig. 4: the saturation of 
R for a thick solder is more important for CMSH than for 

the diamond heatsink. Similar results have been reported 
for AlGaAs lasers [l]. The spreading of heat near the ac- 
tive region may be favored by an additional metal layer 
between the ridge and the soldering layer. However, this 
effect is small: we have computed that an additional 3 pm 
thick gold layer decreases R by only 3 % . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
D. Heat Spreader 

It is well known that the top metallization on a laser 
mounted junction-side-up influences its thermal behavior. 
Therefore, we have studied the effect of a gold layer on 
top of the laser. Fig. 5 gives the thermal resistance as a 
function of gold thickness when the laser is mounted on 
two different heatsinks. 

The top metallization strongly reduces the thermal re- 
sistance. Most of the improvement is achieved with the 
first pm of gold: 0.2 pm of metal decreases R by 17% and 
0.9 pm by 29%. Furthermore a 5 pm thick gold spreader 
reduces R to a value only about 60% higher than for the 
junction-side-down configuration. 

The gold layer acts like a saturable heat absorber which 
extracts the heat from the active region and distributes it 
over the entire width of the laser. It does not affect the 
heat flow within the heatsink. Therefore the improvement 
is independent of the heatsinking material and the two 
curves in Fig. 5 are merely shifted by 17 K/W.  
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It is interesting to point out that the improvement ob- 
tained with a top metallization is particularly important 
for this kind of lasers. This is due to the very poor con- 
ductivity of the AlGaInP cladding layers ( k  = 0.06 
W/Kcm). For example a 0.9 pm gold metallization re- 
duces R by only 12 % for an AlGaAs laser [ 11 and by 19 % 
for an InP laser [22]. 

E. Length of the Laser 
The underlying assumption of our two-dimensional 

model is that the laser cavity extends infinitely. Conse- 
quently our model does not take into account thermal ef- 
fects which might occur at the mirror. In order to evaluate 
the influence of this drawback on the accuracy of our re- 
sults, we compare in this section numerical and experi- 
mental results for various laser lengths. As a matter of 
fact, the relative importance of the mirror is larger for 
short devices than for long ones. Therefore the agreement 
between numerical and experimental data should be better 
for long devices. 

The values obtained with the Paoli method [2 11 for var- 
ious device lengths are presented in Fig. 6 .  The lasers are 
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mounted junction-side-down on diamond heatsihks and 
have a 5 pm wide ridge. In our numerical model, R is 
proportional to the inverse of the device length. This is 
represented by the dashed curve in Fig. 6. 

The agreement between numerical and experimental re- 
sults is excellent for devices shorter than 300 pm. This is 
not always the case for longer lasers where we observe 
large variations from one device to another. Before ana- 
lyzing this discrepancy, it is important to point out that 
physical parameters such as specific heat and thermal con- 
ductivity are sensitive to stoichiometry and are not known 
very accurately. Thus differences between the "ideal" 
numerical model and the real experimental laser are un- 
avoidable. 

The differences between numerical and experimental 
results can have various sources. Owing to the ridge 
structure, the bonding of a laser junction-side-down on a 
heatsink is a difficult process. Nonuniformity in the sol- 
dering layer can give rise to voids which lead to hot spots 
and therefore increase the thermal resistance [3], and the 
longer the laser, the more important this effect is. We be- 
lieve that this is the most important source of disagree- 
ment between experimental and numerical results. It also 
explains why we observe substantial variations of R be- 
tween similar devices. This is not the case in the junction- 
side-up configuration where our results are very homo- 
geneous [Fig. 3(a)]. 

Another source of discrepancy is the spontaneous emis- 
sion. This radiation is isotropic and most of it is absorbed 
at the interface between cladding and substrate. Therefore 
this region acts as a second heat source. For junction-side- 
down mounting, this heat source is more distant from the 
heatsink than the active region is and it increases the ther- 
mal resistance, although in this case the spreading of the 

heat flow within the GaAs substrate could partially limit 
this effect [4]. The light absorbed at the GaAs contact 
layer also acts as an additional heat source. However, its 
influence is effectively dumped into the close heatsinking 
material. In addition, part of the isotropic spontaneous 
emission could be absorbed at the nitride layer and act as 
a heat source as well. But due to the thin Si3N4 layer, most 

of this light is reflected at the subsequent metallization 
layer. So the main additional contribution to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR due to ab- 

sorption of the spontaneous emission remains the GaAs 
substrate interface. 

Other types of heat sources could have been consid- 
ered, for example joule heating at the p cladding. The 
electrical resistance of our lasers is typically 3 Q for a 5 
x 500 pm2 ridge laser and its effect should be small in 
the junction-side-down configuration because of the prox- 
imity of the p cladding with the heatsink. 

F. Transient Temperature 
One of the great advantages of our numerical approach 

is that it predicts the dynamic behavior of the system. 
Therefore, it is possible to calculate not only the steady 
state of the device but also its transient temperature. 
Hence one can simulate what happens thermally when a 
laser is switched on. 

Time-resolved measurement of the temperature rise in 
the laser is a difficult experiment which requires a com- 
plex setup. It can be achieved, for example, by using a 
monochromator and a streak camera to measure the wave- 
length shift as a function of time. It is also possible to get 
a very good insight into this phenomena by simply pulsing 
the laser and measuring the wavelength shift as a function 
of the pulse length. This shift corresponds to the average 
of the temperature rise over the pulse length. As the mea- 
surement time is longer than one single pulse, the rise of 
temperature is effectively averaged over many successive 
pulses. To limit the parasitic heating of the device due to 
the successive pulses, we have used a very low duty cycle 
of 1 : 100. 

Pulsed operation of the laser can easily be simulated 
with out method by switching the heat sources on and off 
as the calculation proceeds. We have computed the av- 
erage of the temperature rise in the active region over 50 
pulses with a duty cycle of 1 : 100. The results of simu- 
lations for pulse lengths between 0.1 ps and 20 p s  are 
compared in Fig. 7 with the corresponding experimental 
results. When the laser starts to operate, the temperature 
rises very rapidly (on the nanosecond time scale) until it 
reaches the steady state, i.e., a constant temperature. For 
the junction-side-down configuration, it takes 0.6 ms to 
reach steady state and 3 ms for the junction-side-up con- 
figuration. The agreement between our experimental and 
numerical results is excellent as can be seen in Fig. 7. 
This emphasizes the versatility of our numerical method. 

G. Heat Propagation Delay 
We have observed that the heatsinking material had no 

influence on the active region temperature during the first 
600 ns of operation. This is easily understood from its 
analogy with the problem of diffusion. The diffusion of 
particles within a medium and the conduction of heat are 
identical phenomena, governed by the same equation. 
When particles are produced in a certain point, their dif- 
fusion is first determined by the properties of the medium 
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Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7. Average temperature rise in the active region when the laser is 
pulsed, as a function of the pulse length, at a 1 : 100 duty cycle. 

Fig. 8. Evolution of the temperature as a function of time at the laser/ 
heatsink interface (point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA01 in Fig. 1) and 12.5 pm below point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa, i.e., in 

the heatsink (point f l  in Fig. 1). Two different heatsinking materials are 
investigated. 

close to the source. The surrounding medium becomes 
important later, when the particles diffuse further. This is 
analogous for heat conduction, and it takes some time un- 
til heat reaches the heatsink. A few of these "round trip 
times" are necessary until the temperature in the active 
region is influenced by the heatsinking material. 

The fact that the diffusion of heat is not instantaneous 
is clearly visible in Fig. 8. It presents the evolution of the 
temperature in the center of the structure at the laser/heat- 
sink interface (point CY in Fig. 1) and 12.5 pm below point 
CY, i.e., in the heatsink (point P in Fig. 1). The tempera- 
ture at the interface starts to rise only 140 ns after the laser 
is switched on. This delay corresponds to the time needed 
by the heat to diffuse from the source to the top of the 
heatsink. It is independent of the heatsinking material. 

To get a good understanding of the heat flow in a laser, 
it is useful to calculate the time needed by the heat to 
reach a given point. This heat propagation delay can be 
derived from numerical simulations like ours. But it can 
also be obtained from a simple formula. Using an instan- 
taneous source (i.e., a finite quantity of heat instanta- 
neously liberated at a given point) one can show that for 
a homogeneous medium, the average distance ( d )  of the 
heat from the source is given by [23] 

where heat is liberated at time t = 0. 
In our case, the medium between heat source and in- 

terface lasedheatsink (point a) is not homogeneous: the 
heat has to flow successively through 1 pm AlGaInP, 0.2 
pm GaAs and 2.5 pm of solder (Fig. 1). Nevertheless, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( 5 )  gives a very good approximation of the time necessary 
to diffuse through these layers if one adds the successive 
values obtained for each material. This yields a delay of 
132 ns whereas the value obtained from the simulations 

is 140 ns (Fig. 8). 
An additional delay is needed for the heat to reach a 

point 12.5 pm below the interface (point 0). This delay 
now depends on the heatsinking material (Fig. 8). 

From our data, one measures a delay of 30 ns for dia- 

mond and 300 ns for CMSH. This difference stems from 
the difference of thermal diffusivity for these two mate- 

rials. Indeed, ( 5 )  gives the following values for the time 
necessary to diffuse through 12.5 pm of the corresponding 
material: 23 ns for diamond and 288 ns for CMHS. Again 

the agreement between this simple theoretical model and 
our simulations is excellent. 

IV.  CONCLUSION 

Our results show that various parameters influence the 
thermal resistance R of visible light AlGaInP-GaInP las- 
ers. R is inversely proportional to the heatsink conductiv- 
ity, both for junction-side-up and junction-side-down 
mounting. Junction-side-down mounting of red emitting 
laser diodes results in a marked improvement of R .  

The behavior of R versus the active region width de- 
pends on the mounting configuration. For junction- 
side-up, it is proportional to the logarithm of the width 
while for junction-side-down it is proportional to the in- 
verse of the width. But in both configurations, narrow 

ridges are very adverse from a thermal point of view. 
The soldering material has a weak influence on R and 

its thickness is a more critical parameter than its conduc- 
tivity. On the other hand, the effect of a heat spreading 
gold layer on top of the laser is very favorable. 

Studying the dynamic behavior of the system, we have 
shown that local heating phenomena occur on a nano- 
second time scale while the steady state of the device is 
reached in the millisecond range. A simple formula has 
been proposed to calculate the speed of the heat flow in a 
laser. Finally, our experimental results have shown a very 
good agreement with our numerical data. 
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