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Thermal conductivity of germanium crystals with different isotopic compositions
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We have measured the thermal conductivity of seven germanium crystals with different isotopic composi-
tions in the temperature range between 2 K and 300 K. These samples, including one made of highly enriched
70Ge~99.99%!, show intrinsic behavior at room temperature with the exception of ap-type sample with
uNd-Nau>231016 cm23. The ‘‘undoped’’ samples exhibit aT3 dependence at low temperatures, basically
determined by boundary scattering. The maximum value ofk ~which falls in the range between 13 K and 23
K! is found to be a monotonically decreasing function of the isotopic mass variance parameterg. The maxi-
mumkm measured for the most highly enriched70Ge~99.99%! sample is 10.5 kW/mK, one order of magnitude
higher than for natural germanium. The experimental data have been fitted with the full Callaway theory,
modified by treating transverse and longitudinal modes separately, using three free adjustable parameters for
each set of modes to represent anharmonic effects plus the calculated contributions from isotopic and boundary
scattering. For the isotopically purest70Ge~99.99%! sample, dislocation scattering, or a similar mechanism,
must be added in order to fit the data. We have also checked the effect of various surface treatments on the
thermal conductivity in the low temperature region. The highest values ofk are found after polish etching with
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I. INTRODUCTION

The thermal conductivity of diamondlike semiconducto
and insulators, especially of Ge, has been the object of m
experimental and theoretical studies.1–11 Early experiments
indicated the existence of a maximumkm nearT'0.05u (u:
Debye temperature! which was attributed to the increase
the thermal conductivity withT in the low temperature re
gion ~governed byT-independent boundary scattering a
the T3 dependence of the specific heat!, followed by the
decrease at higher temperatures due to phonon decay re
ing from anharmonic Umklapp processes.12 Near the maxi-
mum, the thermal conductivitykm is particularly sensitive to
sample imperfections and impurities. In the usual mode
the thermal conductivity of insulating materials, in which t
heat is carried exclusively by phonons, a Boltzmann equa
with a relaxation time approximation is used. In this case
scattering cross sections can be calculated by perturba
techniques.6,13 In such a treatment, the temperature and f
quency dependences of anharmonic three-phonon proce
are strongly affected by details of the phonon branch
anharmonicity constants: The expressions derived for the
laxation times are only valid for specific phonons in a limit
temperature range.14,15 Callaway,16–18 and later Holland,19

presented the most widely used formulation fork(T) that
should enable fitting of the data for a large number of ma
rials with a few adjustable parameters. For undoped and
topically pure Ge and Si four scattering mechanisms w
postulated: Scattering by the sample boundaries, crys
defects ~e.g., impurities!, normal three-phonon processe
560163-1829/97/56~15!/9431~17!/$10.00
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and Umklapp processes.~For very pure samples scatterin
by dislocations must also be considered.!

Since the early work of Pomeranchuk,20 demonstrating
the role of isotopes as phonon scatters with a resulting in
ence on the thermal conductivity, and the work performed
Geballe and Hull21 it has been known that the maximum
thermal conductivitykm is strongly affected by the isotopi
composition. This fact has received considerable attentio
recent years for the case of diamond: An'1% reduction of
the 13C content in natural diamond enhanceskm ~which oc-
curs near liquid nitrogen temperature! by 50%, a useful re-
sult if diamond is employed as a substrate for heat diss
tion purposes.22–24Geballe and Hull observed an increase
thekm of an enriched74Ge sample~with 95.8% of 74Ge! by
a factor of 3 with respect to natural germanium.21

Many physical properties of a solid are affected by
isotopic composition.25–28 The recent availability of macro
scopic quantities of isotopically pure Ge has enabled
growth of high purity single crystals with tailor-made isot
pic compositions.26,29 This has triggered intensive studies
the optical and vibrational properties~Raman and neutron
scattering, infrared transmission, etc.! of isotopically disor-
dered Ge.27,30–34Isotopic substitution does not only modif
the average isotopic mass but creates ‘‘perfect’’ point
fects, producing mass disorder that should drastically in
ence the phonon lifetime. Natural Ge is ideal for studyi
such disorder-induced scattering processes because it is
posed offive isotopes with sizable abundances. Mass def
scattering in an elemental crystal belongs to the rare case
which phonon scattering can be calculated analytically w
9431 © 1997 The American Physical Society
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out stringent assumptions. Klemens35 derived for such scat
tering a mean free pathLI;gT4, whereg denotes the isoto
pic mass variance:

g5
( ciM i

22S ( ciM i D 2

S ( ciM i D 2 . ~1!

In Eq. ~1!, ci and Mi represent the concentration and t
mass of the constituent isotopes, respectively.

In the past four decades, however, only few investigati
have been reported on the effect of isotopic composition
thermal conductivity. Measurements for LiF,36 Ge,21,37,38and
diamond22,23,39,40were performed in the temperature ran
between 4 K and room temperature or higher. Studies
solid 4He,41,42 LiF,36,43,44 Ne,45,46 and B4C,47 cover only a
rather limited temperature range. Effects similar to tho
caused by isotopic disorder are produced by very heavy
lated impurities in quantum crystals, e.g., Ar, Ne
parahydrogen.48,49

At low temperatures@T,(u/50)# the thermal conductiv-
ity is proportional toT3, which corresponds to scattering o
phonons at the sample surface~boundary scattering!.50 In
this range, further interesting effects that lead to a devia
from the T3 behavior have been predicted and observ
They involve the dependence ofk on sample dimension
when the length is finite,51–56 and on sample orientation be
cause of phonon focusing~a result of the elastic
anisotropy!.57–59 Also, partly specular reflection43,52–56,59–63

as obtained for high quality surfaces, and dislocat
effects,2,13,35,53,60,64can influence theT3 law.

In this paper we present a systematic investigation of
thermal conductivity for seven samples of germanium, in
temperature range between 2 K and 300 K where the isotopi
composition covers the range from highly enrich
70Ge~99.99%! to 70/76Ge, the composition which exhibits th
largest isotopic mass variance g. We show that for
70Ge~99.99%! sample (g'1.031027) km reaches values a
high as 10.5 kW/mK, whereas the most disordered comp
tion (g'1.531023) displays a 14 times lower thermal con
ductivity ~0.75 kW/mK!. We analyze our data in the frame
work of various models: Callaway’s theory,16 Holland’s
theory,19 and a modified Callaway/Holland theory where w
distinguish between scattering mechanisms for transv
and longitudinal phonons. The thermal conductivity resu
for the different samples~we also included the experiment
data for 74Ge measured by Geballe and Hull! are then de-
scribed reasonably well as a function ofg usinga single set
of six fitting parameters: Two for normal three-phonon pro
cesses~one for longitudinal, another for transverse phono!
and four for transverse and longitudinal Umklapp process
Two additional parameters which determine boundary
isotopic scattering are not adjusted but fixed by sample
and isotopic composition, respectively.

The theoretical picture shows that normal phonon scat
ing, rather than Umklapp processes, plays the critical role
the determination of the phonon mean free path for m
samples in our temperature range. The isotopic effect, e
observed near room temperature, is consistent with
theory.16,19For the highly enriched70Ge~99.99%! sample, an
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additional process, such as scattering by dislocations, m
influence the maximum of the thermal conductivity. We al
consider the effects of sample length, specularity, and p
non focusing, and study the influence of different surfa
conditions~polishing and etching! on the thermal conductiv-
ity in the lowest temperature range.

In Sec. II the experimental techniques and the samp
used are discussed. Section III presents the experimenta
sults for samples with various isotopic compositions and d
ferent surface treatments. These results are analyzed in
IV after outlining the theoretical state of the art. We al
discuss the modifications we had to introduce in the theo
of Callaway and Holland in order to improve the fits to th
experimental data. Finally, the influence of various surfa
treatments is analyzed. In Sec. V, a discussion of the res
is given and in Sec. VI the conclusions are summarized.

II. EXPERIMENTAL DETAILS

The preparation of the Ge samples has been descr
elsewhere.26,32The measured samples and their characteri
parameters are listed in Table I. With regards to dopi
sample70Ge~99.99%! is one of the most perfect Ge cryst
ever made, the concentration of electrically active impurit
being lower than 1011 cm23 ~after 33 times zone melting!.
The 70/76Ge sample has been grown for the purpose of ma
mizing isotopic disorder. None of the samples was intenti
ally doped; they had a carrier concentration of less th
1014 cm23 at room temperature, with the exception
70Ge~95.6%! which had 231016 holes/cm3. For details
about the surface treatment see Table I~standard was grind-
ing with 20 mm grit diamond powder unless otherwis
specified!.

The thermal conductivity measurements were made at
Max-Planck-Institute in Stuttgart~the experimental setup i
briefly described here! and at the Kurchatov Institute in Mos
cow, both using conventional equipment.65,66 A steady-state
heat flowF is created along the rod-shaped sample with
cross-sectional areaA. For this purpose, an electrical heat
~a strain gauge, 300V) is attached to one of the sample en
while the other end is in good thermal contact~screwable
clamp device with an interlayer of In foil! with a heat sink at
variable temperatures. A thermocouple~Au-0.07%Fe! de-
tects the temperature gradient along the sample~in Moscow
two calibrated carbon resistors were used instead!. The ther-
mal conductivityk(T) at an average temperature1

2 (T11T2)
is then calculated from the relation:F5k(T)A(DT/Dx),
whereDT5T12T2 is the temperature difference measur
between the two thermometers a distanceDx apart ~see
Table I! in the presence of the heat fluxF. The temperature
difference between the heater and the heat sink is meas
by a second thermocouple~also Au-0.07%Fe! that enables us
to evaluate the heat resistance between the sample an
heat sink, to determine the average temperature of the sa
~according to sample geometry and temperature of the
sink!, and to control the thermal stability of the system. In
cases, the thermometers were kept at least two sample w
away from the ends of the sample in order not to introdu
any significant anomalies in the temperature distribution o
Dx. The sample is surrounded closely by a temperature c
trolled heat-shield kept at the temperature of the heat s
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We imposed a temperature gradient along that shield wh
matches exactly the one in the sample.

The following procedure is employed:DT0 is measured in
thermal equilibrium forF50, then the heater is switched o
andDT is measured for nonzero heat flow. The temperat
differencesDT are held below 0.005T for T.10 K and 0.01
T for T,10 K. Serious errors can occur due to radiative h
loss by heat radiation in the high temperature range (T.80
K!. To avoid such systematic errors, in addition to using
carefully temperature-controlled heat shield we measurek
at selected temperatures for various heater powers applie
the sample and verified that the lawDT}F is obeyed. The
measurements have an overall absolute accuracy of 5%~the
relative error is smaller!: Errors due to geometrical factor
amount to63% ~dominant error!, while DT is known to
62%.

III. EXPERIMENTAL RESULTS

The thermal conductivities versus temperature measu
for various isotopic compositions~see Table I! are displayed
as log-log plots in Fig. 1. The data for the isotopically pur
sample70Ge~99.99%! are shown together with results for th
less pure70Ge~96.3%!, sample76Ge~86%!, natural Ge, and
the most isotopically disordered sample containing 43%
70Ge and 48% of76Ge. Both samples,70Ge~99.99%! and
natGe1, were measured with the two different experimen
setups, in Stuttgart and in Moscow~results labeledS and
M ). TheS andM data show a striking agreement~to within
'1.5%! in most of the temperature range.@Between 200 K
and 300 K, however, our values of the thermal conductiv
lie higher (< 10%! than those obtained in Moscow; becau
of the nearly perfect agreement between the Moscow d
and those in Ref. 5 we believe that our data in this region
less reliable than those taken in Moscow.# The maximum of
k(T) amounts to 10.5 kW/mK near 16.5 K fo
70Ge~99.99%!, which is the highest value ofk measured for

FIG. 1. Thermal conductivity vs temperature of five Ge samp
with different isotopic compositions:70Ge~99.99%!, 70Ge~96.3%!,
76Ge~86%!, natGe1, and70/76Ge. Two of the samples70Ge~99.99%!
and natGe1 have been measured with two different experime
setups, in Stuttgart (S) and in Moscow (M ). The dot-dashed line
represents simply aT3 law, expected for pure boundary scatterin
while the dashed line shows a 1/T dependence expected for phono
scattering at high temperatures.
h
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Ge, higher than the thermal conductivity maximum of sa
phire ~6 kW/mK near 35 K! and comparable to that of silve
~11 kW/mK near 8 K!. Comparable or higher conductivitie
have been reported for isotopically enriched diamond,22,23

sapphire,67 LiF,36,43 and also for NaF.68 The isotopically
most disordered sample shows, as expected, the lowest
mal conductivity measured for undoped germanium~0.75
kW/mK near 14.5 K!. In this sample the isotopic scattering
dominant, in contrast to the pure70Ge~99.99%! where it be-
comes negligible. Results for the70Ge~95.6%! sample,
which has a different geometrical size and a much hig
carrier concentration than the others~see Table I! is shown
later in Fig. 7. Figure 2 displays some of the thermal co
ductivities of natural Ge so far reported in the literature,6,7,21

together with our data. With the exception of samp
70Ge~95.6%!, all samples have a similar geometry~within
10% equal cross-sectional dimensions and identically p
pared surfaces!. They were cut with a diamond saw and th
surfaces lapped with a 20mm diamond powder slurry.

The overall features of thek(T) curves displayed in Figs
1 and 2 are those found for defect-free insulators: TheT3

behavior at sufficiently low temperatures, due to bound
scattering, and a maximum resulting of normal and Umkla
phonon processes which lead to a 1/T dependence above 10
K ~see Figs. 1 and 2!. We note the following typical features

~a! We observe a systematic drastic overall decrease
k(T) when the isotopic disorder is increased along the
quence 70Ge~99.99%!, 70Ge~96.3%!, 76Ge, natGe1, and
70/76Ge ~the latter has the largest isotopic mass variance p
sible for stable Ge isotopes!. The maximum thermal conduc
tivity km of 70/76Ge is 14 times smaller than that o
70Ge~99.99%!, see Table I. The value ofkm for natural Ge is
increased by a factor of;8 in the 70Ge~99.99%! sample.
The increase ofk, however, is only 30% at 300 K.km varies
monotonically with the mass varianceg, with the exception
of sample70Ge~95.6%!. This is shown in Fig. 3 as a graph o

s

l

FIG. 2. Thermal conductivity of various@100# oriented natural
Ge bars. The dashed line represents the thermal conductivity ca
lated with the full Callaway model (k11k2), where the parameter
B15B252.6310223 s/K3 are used. The continuous line represen
the heat conductivity calculated with the model of Holland~only
k1), using one single set of parameters for all sampl
BT51.5310211 1/K4, BTU54.5310218 s, BL59.0310224 s/K3,
andLE53.8 mm,g558.731025 for natGe1~see also Tables II and
III !.
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km versusg: The symbols represent the experimental da
and the solid and dot-dashed lineskm values calculated with-
out and with dislocation scattering, respectively, using
models discussed below~‘‘Model 1’’ and ‘‘Model 2’’ in
Table II!. The set of three curves shown~solid and dot-
dashed lines! displays the strong dependence ofkm on the
effective phonon mean free pathLE for T→0. Sample
70Ge~95.6%! shows a lowerkm because of the lowLE that
results from the additional electronic scattering of t
phonons and because of the@110# orientation.

~b! The maximum ofk(T) shifts slightly to higher tem-
peratures with increasing isotopic purity~as predicted by
theory!.68

~c! The strong influence of isotopic disorder onk is
clearly displayed over the entire temperature range in wh
k(T) was measured. All samples tend to reach aT3 depen-

FIG. 3. Maximum of the thermal conductivitykm for the Ge
samples with different isotopic mass compositions as a functio
the mass varianceg @defined in Eq.~1!#. The solid lines represen
km obtained from ‘‘Model 1’’ ~see Table II! for three different
values ofLE . For the dot-dashed lines, corresponding to ‘‘Mod
2,’’ dislocation scattering has been taken into consideration to
count for the smallerkm of 70Ge~99.99%!.
,

e

h

dence at the lowest temperatures~seeT3 line in Figs. 1 and
2!; however, this limit is reached only for the isotopical
pure 70Ge~99.99%! sample near and below 4 K. The oth
samples follow a temperature dependence betweenT2 and
T3, depending on the specific surface preparation techniq
which will be discussed in Sec. IV D.

~d! The present data fornatGe1 andnatGe2, displayed in
Fig. 2, join smoothly existing measurements for undoped
of high crystalline perfection.7–9 Our samples were subjecte
to different surface treatments before measuring the ther
conductivity. The results, shown below, will be discussed
Sec. V.

~e! Sample 70Ge~95.6%!, doped unintentionally with Ga
and having 231016 holes/cm3, hask values approximately
four times lower than the other samples in the bound
scattering range. Thesek values are in agreement with ex
isting data forp-type Ge6,9,10 ~e.g., with In doped Ge with
p'1016 cm23). This decrease in thermal conductivity is a
tributed to phonon scattering by electronic excitations in
dopants.

IV. ANALYSIS OF THERMAL CONDUCTIVITY
VERSUS TEMPERATURE

In view of the high purity (uNd-Nau,1014 cm23)—with
the exception of sample70Ge~95.6%!—and crystalline per-
fection of our samples, we consider only four scatteri
mechanisms: Normal three-phonon scattering (N), three-
phonon Umklapp processes (U), boundary scattering (B),
and isotopic mass fluctuations~point defects! (I ). The pa-
rameters for the two latter mechanisms are taken to be fi
by theory and are thereforenot adjustable. Dislocation scat-
tering will also be considered.

Point defect scattering from isolated atoms of differe
mass, either different isotopes or different elements w
very similar force constants, is one of the rare cases wh
for phonons can be calculated analytically without adjusta
parameters. Klemens35 obtained a scattering rate~similar to
the familiar Rayleigh scattering of photons!

of

l
c-
attering
TABLE II. Overview of thermal conductivity models used in this work and expressions for the scattering rates of the various sc
processes taken into account and the corresponding integration ranges.

Resistive processes

Theory k Phonon Boundary Isotope Umklapp Dislocation Normal
Integr.
range

branch tB
21 t I

21 tU
21 tD

21 tN
21 ~K!

Callaway’s model k11k2 vBLE Av4 B1v2T3 B2v2T3 0–375

Holland’s model k1 TO vBLE Av4 BTvT4 0–101
TU vBLE Av4 BTUv2/sinh(x) 101–118
L vBLE Av4 BLv2T3 0–333

‘‘Model 1’’ a k11k2 T vBLE Av4 BTUv2Te2CT /T BTvT4 0–118
L vBLE Av4 BLUv2Te2CL /T BLv2T3 0–333

‘‘Model 2’’ b k11k2 T vBLE Av4 BTUv2Te2CT /T BTDv BTvT4 0–118
L vBLE Av4 BLUv2Te2CL /T BLDv BLv2T3 0–333

aFit to all samples with the same parameters, without including dislocation scattering.
bLike footnote ‘‘a’’ but including dislocation scattering.
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t I
215Av4, A5

gV

4pvB
3

, ~2!

with the constantA containing the mass varianceg, the vol-
ume per atomV, and an averaged sound velocityvB . Equa-
tion ~2! corresponds to a Debye-like phonon density of sta
D(v);v2 which, although only approximate,69 will be
shown to suffice to account for the global experimental
sults.

Boundary scattering leads at low temperatures to aT3

dependence ofk, the prefactor being determined by the ge
metrical size of the sample and the details of the surface.
scattering rate can be written:

tB
215

vB

LE
, ~3!

whereLE represents aneffective phonon mean free path, of
the order of the cross-sectional dimensions, that includes
fects resulting from sample size, geometry, aspect ratio, p
non focusing, specular/diffuse reflection at the surface, et
is important to determine the value ofLE as precisely as
possible from the low temperature data for two reasons:~a!
LE is later introduced in the theories as a fixed, nonadjusta
length, which influences thek(T) curves in the entire tem
perature range,~b! in order to detect and interpret effects
specularity and phonon focusing.

In the following we analyze the experimental data in t
framework of the widely used scattering theory ofk(T) for-
mulated by Callaway16 and the modifications introduced b
Holland.19 We found it necessary to develop a modificati
of Callaway’s formulation in order to represent thek(T)
curves bya single set of fitting parameters valid for a
samples, independent of their isotopic composition. We al
describe the theoretical background used for the analys
k(T) in surface-treated samples. We have determined th
parametersBi by a nonlinear regression procedure for ea
sample. Then a single optimized parameter set, the sam
all samples, was found by systematic variation of theBi ’s in
order to achieve the best representation of the experime
values for all samples over the entire temperature range
the given theory, whereby preference was given to a goo
in the region nearkm .

A. Data analysis with Callaway’s model

This model assumes16 ~a! a Debye-like phonon
spectrum,70 with no anisotropies or particular structures
the phonon density of states, i.e., no distinction of polari
tion ~between longitudinal and transverse phonons!; ~b! one
averaged sound velocityvB ; ~c! diffuse scattering at the sur
face of the sample@see Eq.~3!#; ~d! normal three-phonon
processes, included with a relaxation ratetN

215B2v2T3,
which should only be valid for low-frequency longitudin
phonons;14 ~e! three-phonon Umklapp processes assume
have a relaxation rate like that ofN processes
tU

215B1v2T3;15 ~f! that all phonon scattering processes c
be represented by relaxation times depending on freque
and temperature; and~g! the additivity of the reciprocal re
laxation times for independent scattering processes. The
thermal conductivityk can then be written as16,36,53
s
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k5k11k2 , ~4!

wherek1 andk2 are defined by

k15CT3E
0

u/T

tC~x!J~x!dx, ~5!

k25CT3
F E

0

u/TtC~x!

tN~x!
J~x!dxG2

E
0

u/T tC~x!

tN~x!tR~x!
J~x!dx

5CT3~bI !, ~6!

with

b5

E
0

u/TtC~x!

tN~x!
J~x!dx

E
0

u/T tC~x!

tN~x!tR~x!
J~x!dx

, I 5E
0

u/TtC~x!

tN~x!
J~x!dx,

and

J~x!5
x4ex

~ex21!2
,

1

tC~x!
5

1

tN~x!
1

1

tR~x!
,

x5
\v

kBT
, m5

kB

\
, C5

kBm3

2p2vB

~7!

@see also Eqs.~19! to ~21! in Ref. 16#.
In Eq. ~7! kB is Boltzmann’s constant,\ is Planck’s con-

stant, andtN(tR) denotes the relaxation time of N process
~resistive processes!. The corresponding combined relaxatio
ratetC

21 can be written as the sum of the normal, nonres
tive rate (N) and the resistive rate (R):
(1/tC)5(1/tN)1(1/tR). In the Callaway formulation, in
contrast to the earlier models of Klemens15 and Ziman,61 all
resistive scattering probabilities are taken to be addit
(1/tR)5( i(1/t i) @here t i represents the isotopic (t I), the
boundary (tB), and the Umklapp (tU) scattering times#, i.e.,
the corresponding scattering mechanisms are assumed
independent. AlthoughN processes do not contribute d
rectly to the thermal resistance, they are crucial in spread
out the influence of the other resistive processes to the e
phonon spectrum.

Thek2 term is not only a correction term tok1 ~as some-
times stated in the literature16,17! but is essential to counterac
the effect of treatingN processes intC as if they were en-
tirely resistive. Consequently,k2 is a non-negligible part of
Callaway’s theory. Our calculations reveal that the contrib
tion of k2 remains below 1% for the samples studied, w
the exception of the pure70Ge~99.99%! crystal for whichk2
increases to 20% of the total thermal conductivity. The m
nitude ofk2 is essentially controlled by the concentration
point defects. In the majority of cases of physical inter
resistive scattering dominates (tN@tR⇒tC'tR⇒k2!k1)
and onlyk1 is important. Therefore, in the literature, usual
only thek1 term is included.~This is also the case in Calla
way’s original calculations;16,17 after having introducedk1
and k2 , k2 was assumed to be small and therefore
glected and onlyk1 was kept.! However, whenN processes
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become comparable to the resistive processes (tN'tR), e.g.,
in very pure, defect-free~i.e., isotopically pure! samples, the
k2 integrals contribute significantly to the total therm
conductivity.22,23,36,40,53A remarkable feature in the contex
of isotopic scattering is the strong dependence ofk2 on even
small concentrations of different isotopes~see Ref. 36 for
LiF!. Thus, in isotopically pure samples, normal thre
phonon scattering rather than Umklapp processes deter
the phonon mean free path.

Using the Callaway model in its original form, i.e., kee
ing both k1 and k2, we adjustedtwo free parameters
(B1 ,B2) in the combination of the four scattering mech
nisms considered, with the scattering rates for isotopic
boundary scattering fixed to the values given in Eqs.~2! and
~3! (V522.6310230 m3, vB53500 m/s,g and LE taken
from Table I!. In this manner, an acceptable representation
all the data was achieved butonly below about 30K. More-
over, the adjustable coefficients obtained were not the s
for the various samples. As a typical example, the fit to
data for natural Ge with Callaway’s theory is shown in Fig
~dashed line!, calculated forB15B252.6310223 s/K3. The
convexity of the calculated thermal conductivity above t
maximum, describing a steeper decrease ofk(T) with in-
creasing temperature than found experimentally, canno
removed by changing the parameters. The reason ca
traced to an underestimation of theU processes in tha
model. Instead of using an exponential function for the U
klapp scattering probability, as proposed in t
literature,12,14,15,71,72the N processes, as well as theU pro-
cesses, are represented by the same temperature an
quency dependencesB1/2v

2T3. The prefactorsB1 andB2 are
thus indistinguishable in Callaway’s theory.

B. Data analysis with Holland’s model„k250…

In the next step, we apply Holland’s theory,19 who ex-
tended the Callaway theory to include explicitly the therm
conductivity by both transverse and longitudinal phono
under the assumptionk250:

~a! Since the variation of the phonon relaxation times w
frequency and temperature strongly depend on the ac
phonon branch and its dispersion, the contributions to
thermal conductivity by the two kinds of differently pola
ized phonons~transverse and longitudinal!, are considered
separately while normal processes are taken into accoun
the class of crystal at hand, as suggested by Herring.14 For an
overview of the frequency and temperature dependence
the different scattering processes we refer to Table II~and to
Table I in Ref. 19!.

~b! A more realistic representation of the very dispers
transverse acoustic modes of Ge is used73 ~see below!. It
involves splitting the range of integration in two parts, a lo
and a high frequency range with different temperature
frequency dependences.~The complex behavior of the den
sity of phonon states of Ge is shown in Figs. 2 and 3 of R
73.! Notice that the frequency spectrum of the T1 phono
the lowest TA branch, has a very high peak at 2.4 TH
whereas the longitudinal acoustic modes become impor
only at frequencies higher than about 3.7 THz.

The four scattering mechanisms assumed for the ana
with Holland’s model are chosen to have the following te
perature and frequency dependence~see also Table II!:
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t I
215Av4, ~8!

tB
215

vB

LE
, ~9!

tTO
215BTvT4 for 0<v,v1 , ~10!

tL
215BLv2T3 for 0<v<v3 , ~11!

tTU
215

BTUv2

sinh~x!
for v1<v<v2 , ~12!

tTU
2150 for v,v1 ,

wherex5(\v/kBT) andT(L) represent transverse~longitu-
dinal! acoustic phonons. We redefined an average of
transverse (vT53550 m/s! and longitudinal (vT52460 m/s!
velocities:

vB5F1

3S 2

vT
1

1

vL
D G21

53900 m/s. ~13!

Isotopic (point defect) scattering@Eqs. ~2!,~8!# gives rise
to a temperature independent relaxation time with anv4 de-
pendence. We useA5g3.03310241 s3, as obtained for
vB53900 m/s and the values ofg listed in Table I. At higher
frequencies, where the acoustic dispersion becomes ap
ciable, the scattering rate is expected to increase with
quency faster thanv4, because the density of states grow
more rapidly69 thanv2. However, we have not found it nec
essary to include this effect within the accuracy of our ana
sis.

Boundary scattering@Eqs.~3!,~9!# should be dominant for
our Ge samples below 8 K. The values ofLE used for the
calculations are given in Table I. We have again us
vB53900 m/s and implicitly included inLE all effects
which, in addition to the sample size, may influencek(T) in
the boundary scattering region, such as the shape of the c
section and the aspect ratio of the sample, specular pho
reflection, phonon focusing, etc. The use of an average so
velocity vB instead of the velocitiesvT and vL , which de-
pend on crystallographic direction, may be an oversimpl
cation. We have checked, however, that this simplificat
does not appreciably change our results. A justification
using the averagevB in the boundary and isotopic relaxatio
rates is given in Ref. 19.

Normal phonon scattering~three-phonon processes! has
been discussed by Herring,14 Klemens,35 and Ziman.61 Her-
ring gave the most comprehensive treatment for complica
dispersion relations. Here, we use his expressions for
corresponding low temperature transverse and longitud
relaxation rates@see Eqs.~10!,~11!#. The discrimination be-
tweenT and L modes is indispensable in order to impro
data fitting. At high temperatures theN-scattering rates are
negligible because of the dominantU processes.19

Umklapp processes@Eq. ~12!# are taken into account fo
phonon frequencies betweenv151.34 THz andv251.57
THz, corresponding to Debye temperatures of 101 K and
K, the range of the highest TA frequencies of Ge.73 We
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TABLE III. Single parameter set~valid for all samples studied! based on Holland’s model and on all other models used to represen
temperature dependence of the thermal conductivityk.

Normal Umklapp Dislocation

Theory k
BT S 1

K4D BL S s

K3D BTU ~s! BLU ~s! CT ~K! CL ~K! BTD BLD

Holland’s modela k1 1.0310211 6.9310224 5.0310218

Holland’s modelb k1 1.5310211 9.0310224 4.5310218

‘‘Model 1’’ c k11k2 2310213 2310221 1310219 5310219 55 180
‘‘Model 2’’ d k11k2 2310213 2310221 1310219 5310219 55 180 131028 331027

aFit, performed by Holland~Ref. 19!, includes onlyk1 for the data ofnatGe given in Refs. 4,83.
bLike footnote a but our fit, leading to slightly different parameters than those given by Holland~Ref. 19!, because of having fitted all ou
samples.

cFit to all samples with the same parameters, but without including dislocation scattering.
dLike footnote c but including dislocation scattering.
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actually approximate the acoustic branch of Ge by a lin
range below v1 and a frequency independent ran
v1,v,v2.

The thermal conductivity is calculated using only the C
laway integralk1 which, following Holland@Eqs. ~9!–~13!
in Ref. 19#, has been separated into TA and LA contributio
kT andkL . The termkT splits up into the contribution ofN
processeskTO and that ofU processeskTU ~note the limits of
integration!:

k5kT1kL5kTO1kTU1kL , ~14!

with

kTO5
2

3
HTOT3E

0

u1 /T

tC
TO~x!J~x!dx, ~15!

kTU5
2

3
HTUT3E

u1 /T

u2 /T

tC
TU~x!J~x!dx, ~16!

kL5
1

3
HLT3E

0

u3 /T

tC
L ~x!J~x!dx, ~17!

where

tC
TO~x!5S vB

LE
1Am4x4T41BTmxT5D 21

,

tC
TU~x!5S vB

LE
1Am4x4T41

BTUm2x2T2

sinh~x! D 21

,

tC
L ~x!5S vB

LE
1Am4x4T41BLm2x2T5D 21

,

and

Hi5
kBm3

2p2v i

, m5
kB

\
. ~18!

In each of the three integrals the constantsHi contain the
corresponding sound velocityv i : vTO53550 m/s~in HTO),
vL54920 m/s, andvTU51300 m/s, respectively. We emph
size thatU processes are neglected in Eq.~15! because they
r

-

s

should not contribute belowv1 (u15101 K!. The term forN
processes was omitted from Eq.~16! since it should be rela-
tively small abovev1. Both assumptions have been check
to be quantitatively justified.19 Nevertheless, the integral for
mulation causes each of the scattering mechanisms to be
erative over a large temperature interval. Thus, the effec
varying one of the coefficients always induces modificatio
in the influence of the other coefficients on the thermal c
ductivity.

The three free adjustable coefficients—BT , BL , and
BTU—have been obtained by linear regression, as outli
before. The isotopic and boundary scattering rates were fi
by Eqs.~2! and ~3!, the corresponding mass varianceg, the
effective mean free pathLE , and the sound velocityvB ,
respectively. With this model we have been able to obtai
good representation of thethermal conductivity of all
samplesstudied using aunique set of parametersin the tem-
perature range 2 K to 200 K. Theagreement between exper
mental data and fitted curves is rather good (65%!, as ex-
emplified by the solid line in Fig. 2 for natural Ge. Th
unique set of parameters obtained from our fits is listed
Table III together with Holland’s original set of paramete
for natural Ge. Obviously, our set of unique fit paramete
valid for all samples, does not represent the best possibl
for an individual sample. For each sample, a better fit can
found with parameters specific to it. However, no physi
meaning can be attributed to these parameters.

C. Data analysis with the modified Callaway/Holland model
for k2Þ0

As outlined above, it is unreasonable to suppress thek2
term in Callaway’s theory when normal scattering proces
are included. This makes questionable the otherwise g
fits obtained in Sec. IV B fork250. In thek1 term N pro-
cesses are implicitly treated as entirely resistive. Theref
wheneverN processes are important, one should perform
calculation of k(T) with the ‘‘full’’ Callaway form
k5k11k2 in order to account for the nonresistive nature
the N processes. The suppression of thek2 term is only
acceptable if resistive scattering processes dominate, w
is usually not the case for isotopically pure and defect-f
samples. Curve fitting withk11k2, however, is numerically
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much more difficult~in view of poor convergence of th
integrals involved! than treating onlyk1.

We thus attempted several modifications, involvi
changes of the scattering processes in the models desc
by Callaway and Holland, suggested by scrutinizing th
basic assumptions. Table II lists the temperature and
quency dependences of the various scattering mechan
used in the different models. The mechanisms finally
plied, which led to an improved description ofk(T) for all
samples, are indicated in Table II as ‘‘Model 1’’ and ‘‘Mode
2.’’

The present study and the corresponding results
diamond22,23,39,40,74show thatthe separation of the phono
modes into transverse and longitudinalresults in improved
fits with a single set of parameters for the whole series
isotopically different samples available. This fact is su
ported by the suggestion that, up to room temperature,
transverse phonon branches yield the dominant contribu
to k(T). The separation intoT and L modes can be per
formed in different ways:

~a! Original Holland model:19 The k1 term is split into
transverse (2T) and longitudinal (1L) modes, whereas th
transverse mode is again split in 2TO and 2TU and there
three free adjustable parameters (BT , BTU , and BL) are
used. This model yields reasonable results, but is unacc
able on physical grounds since it assumesk250.

~b! Modified original Holland model: The splitting of the
original Holland model in transverse~2TO, 2TU! and longi-
tudinal (1L) branches was used while keeping Callawa
k2 term. Disappointingly, no reasonable fits could be fou
The calculated thermal conductivity leads to unreasona
high values ofk ~above 8 K–10 K! that exceed the experi
mental values above 100 K by orders of magnitude. The r
of the integrals@theb term ink2, see Eq.~6!# is responsible
for this ‘‘mishap.’’ Even the addition of longitudina
(0<v,v1) or transverse (0<v<v3) Umklapp processes
does not remedy this problem.

~c! Modified Callaway/Holland model: Both termsk1 and
k2 are kept and the distinction into transverse (2T) and lon-
gitudinal (1L) modes is used in analogy to Holland’s calc
lations. This procedure introduces, in contrast to model~a!,
one more free-adjustable prefactorBLU representing longitu-
dinal Umklapp processes. In this model longitudinalU pro-
cesses are decisive for ensuring the decrease ofk(T) at
higher temperatures and it is essential for the fits to the d
as pointed out earlier.69,75,76In conclusion,N processes and
also U processes involving transverse and also longitud
phonons are needed for the calculation of the total ther
conductivityk11k2.

Some of the arguments given by Holland to justify n
glecting longitudinalU processes are not expected to hold
higher temperatures (T.100 K!; all fitting attempts we
made indicate thatlongitudinal Umklapp processes are in
dispensable. The splitting of the transverse acoustic bran
in two frequency ranges, however, seems to be unneces
Moreover, better results12,14,15 were found using the expo
nential function (BiUexp2Ci /T, with i 5T,L) for all Umklapp
scattering processes instead of the sinh(x) dependence, pro
posed by Holland.19

We also tried an approach suggested by Berman53 for
calculating thek(T) of pure samples, in cases whenN pro-
ed
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cesses are dominant and resistive processes are present
tC is mainly determined bytN , this meanstC'tN , conse-
quently,k2@k1 and thereforek2 alone should describe th
total thermal conductivity. This procedure works for th
70Ge~99.99%! sample, although in the region ofkm the
agreement between the calculations and the measured d
not as good as achieved with Holland’s model~the calculated
values are too large!. The deviation between measureme
and calculations increases with increasingg. With this as-
sumptions also Olsonet al.22 tried to fit their data of natura
and enriched diamond, but this led to an incorrect tempe
ture dependence for one or the other specimens.

The final form chosen to fit the experimentalk(T) data
~‘‘Model 1’’ ! is very similar to the formalism applied by We
et al.23 to describe the thermal conductivity of isotopical
modified diamond. We start with the Callaway integra
k5k11k2, Eq. ~4!, using two transverse (2T) and one lon-
gitudinal (L) branch and integrate up to 118 K for the tran
verse and up to 333 K for the longitudinal modes, withN and
U processes for each mode. The relevant temperature
frequency dependences are listed in Table II~‘‘Model 1’’ !.
The resulting values of the six fitting coefficients,BT , BL
(N processes!, BTU , CT , BLU , and CL (U processes! are
given in Table III and constitutea single set of parameter
which describes reasonably well the thermal conductivity
all isotopically modified Ge samples~including also data
from the literature! in the temperature range between 2 K and
300 K. The experimental data for all investigated G
samples, and thek(T) curves calculated with this paramet
set are shown in Fig. 4. This figure probably contains
most comprehensive description of thermal conductivity a
function of isotopic composition ever obtained. The agre
ment between the experiments and the model calculation
good. Deviations between calculated and experime
curves occur above 200 K for all samples, and nearkm es-
pecially for the isotopically pure70Ge~99.99%! @Fig. 4~a!#.
The discrepancies above 200 K may be either due to sys
atic experimental errors~e.g., insufficient temperature con
trol of the heat shield! or to shortcomings of the theoretica
model ~it may be that the use of different temperature a
frequency dependences for the considered scattering me
nisms can solve this problem!.

The disagreement for the70Ge~99.99%! curve @Fig. 4~a!#
in the region of the maximum, however, must be explain
by introducing other scattering mechanisms. A plausi
mechanism active in the range below 50 K is scattering
dislocations~it is hard to pinpoint other scattering process
acting in this temperature range!. Theories for phonon scat
tering from single dislocations predict a linear frequency d
pendence (tD

21;v).2,13,35,53We therefore added to ‘‘Mode
1,’’ used to perform the curve fitting shown in Fig. 4, term
for the scattering of the transverse and longitudinal phon
by dislocations:tD

215BiDv, i 5T,L. The fitted values of
the two new coefficientsBTD andBLD , are listed in Table III
as ‘‘Model 2’’ ~the other six parameters were left the same
in ‘‘Model 1’’ !.

A comparison of the fitted curves,with and without dis-
location scattering, is given in Fig. 5 for70Ge~99.99%! ~a!
and 70/76Ge ~b!. The thermal conductivity of the isotopicall
very pure sample70Ge~99.99%! is much better represente
with @dot-dashed line in Fig. 5~a!, ‘‘Model 2’’ # than without
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dislocation scattering@solid line in Fig. 5~a!, ‘‘Model 1’’ #,
whereas the differences between ‘‘Model 1’’ and ‘‘Model 2’
are indistinguishable for the case of sample70/76Ge @Fig.
5~b!# and for all other isotopic compositions. The possib
presence of a small amount of dislocations, comparable
that seen in70Ge~99.99%!, affects the calculatedk(T) only
when the sample is isotopically pure~see discussion in Sec.
V!.

In conclusion, the modified Callaway/Holland integral
seem to provide a physically sound and accurate formulat
for the representation of the temperature and isotopic dep
dences of the thermal conductivity of germanium and di
mond. We note that for diamond23,40 tN

21;vT3 has been
applied instead oftN

21;vT4 ~transverse! and tN
21;v2T3

~longitudinal! as suggested by Herring.14 In view of the ratio
of the Debye temperatures of germanium and diamo
(uT

Ge5118 K anduL
Ge5333 K,uT

C'2150 K anduL
C'2940 K!

and the position ofkm on the temperature scale (km
Ge'15 K,

km
C'100 K!, the normalized fitting range for our Ge sample

is about six times larger than that for diamond.

D. Thermal conductivity in the boundary scattering region

1. Surface treatment

Crystallographic orientation and surface treatment, t
gether with geometrical dimensions, determine the therm

FIG. 4. Thermal conductivityk(T) measured for all Ge crystals
under consideration, with mass variancesg between 1.031027

~a! and 1.531023 ~h!, together with the calculated thermal conduc
tivity curves based on ‘‘Model 1’’~Tables II and III! with the
parameter set BT52310213 1/K4, BL52310221s/K3, BTU

51310219 s, CT555 K, BLU55310219 s, CL5180 K, and
LE andg taken from Table I.
to

n
n-
-

d

-
al

conductivity in the low temperature range. Three samp
were subjected to surface treatments before measuring a
their thermal conductivity: The isotopically very pur
70Ge~99.99%!, 70Ge~95.6%!, and natGe1. The corresponding
experimental results are shown in Figs. 6 and 7. The ther
conductivity of natGe1 is successively improved below 30
when the sample, initially ground with 20mm diamond pow-
der, is then ground with 3mm diamond powder and, in a las
step, is polish etched with SYTON.77 We observe a very
small increase ink(T) detectable only at the lowest temper
tures, when a sample ground with 20mm diamond powder is
ground with 3mm diamond powder~see Fig. 6!. However, a
significant increase ink(T) ~a factor of 2.5 at 3 K! takes
place, after polishing with SYTON. Polish etching with CP
~Ref. 78! after the SYTON treatment reducesk(T) at 3 K by
about 30%. This can be taken as a signature of surface d
rioration.

The surface of sample70Ge~99.99%! was also polished
with SYTON and measured in Stuttgart (S) as well as in
Moscow (M ): Nearly identicalk(T) curves were obtained
The enhancement at 3 K after the SYTON treatment als
amounts to a factor of 2~see Fig. 7!. It can be attributed to
increasing specular reflection as a result of improved surf
quality. The SYTON treatment thus seems to yield the b
Ge surfaces, as revealed by the high values ofk. Although
CP4 also improves the quality of ground surfaces, it is l
effective than SYTON. This is supported by measureme
of sample70Ge~95.6%! ~see Fig. 7! which was first measured

FIG. 5. Thermal conductivity calculated with ‘‘Model 1’’ and
‘‘Model 2’’ ~Table II!, for 70Ge~99.99%! ~a! and 70/76Ge ~b!. The
solid lines show the results obtained without dislocation scatter
whereas for the dot-dashed lines dislocations were taken into
count. For 70/76Ge the full and the dot-dashed lines are nearly
same.
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after grinding with 20mm diamond powder and remeasur
after polish etching with CP4. This procedure increasedk by
a factor of 1.5 at 3 K, i.e., less than the enhancement
pected for SYTON polishing. The same result is obtain
when natGe1 was polish etched with CP4 after the SYTO
treatment~Fig. 6!.

2. Determination of LE

A precise determination ofLE is crucial for correctly de-
scribing thek(T) curve in our full temperature range. Ther
fore two methods have been used to extractLE from the
experimental data. The first one36 consists of plotting
k(T)/T3 versusT so as to accentuate the behavior ofk(T) in
the region of pure boundary scattering. This procedure
exemplified in the inset of Fig. 7 where such plots are sho

FIG. 6. Influence of surface preparation~diamond powder
slurry, SYTON and CP4! on the thermal conductivity of sampl
natGe1 in the low temperature range. The heat conductivities for
different surface treatments~20 mm diamond and SYTON! are
shown in the inset together with calculations for various values
LE , taking into account only boundary and isotope scattering.

FIG. 7. Thermal conductivity of isotopically pure Ge, sampl
70Ge~99.99%! and 70Ge~95.6%!, with surfaces ground with 20mm
diamond powder, and after polish etching with either SYTON
CP4. The inset shows the measuredk/T3 vs T for 70Ge~99.99%!
and for natGe1, used for the determination of the phonon mean
pathLE in the low temperature, boundary scattering regime.
x-
d

is
n

for two samples, 70Ge~99.99%! and natGe1. For
70Ge~99.99%! a value ofLE5(3.060.2)mm is found from
the flat portion of thek(T)/T3 curve. This method is not a
accurate for all the other samples, as shown fornatGe1 in the
same inset: The range of pure boundary scattering is
approached forT→0 but a flat region is not reached in th
investigated temperature range, a fact which increases
error in the determination ofLE . Therefore we used a sec
ond, more reliable method, where the parameterLE is deter-
mined from the measured thermal conductivity data below
K using a sequence of curves calculated for various value
LE , taking into account two mechanisms, boundaryand iso-
topic scattering~the other mechanisms are negligible belo
10 K!. The implementations of this method is illustrated
the inset of Fig. 6 fornatGe1 with differently prepared sur
faces. We deduce for the as-ground sampleLE5(3.860.4)
mm, a value slightly larger than that evaluated with the fi
method~inset, Fig. 7!. For each sample, the value ofLE was
determined from the data below 8 K according to these two
procedures. The effective phonon mean free paths obta
from calculations ofk(T) including boundary and isotopic
scattering are given in Tables I and IV.

Boundary-limited thermal conductivity, as found in pu
dielectric crystals in the range of liquid helium, results fro
scattering of phonons at the crystal surface.50 The thermal
conductivity is then proportional toT3 and depends linearly
on the sample dimensions when the surface scatterin
strictly diffuse.50,53In such cases, the expression for the th
mal conductivity approaches

k5
1

3
CVvBLC , ~19!

whereCV represents the heat capacity,vB the average sound
velocity, andLC the so-called ‘‘Casimir length.’’ For a cir-
cular cylinder with radiusR, this length is equal toLC52R
while for a square or rectangular cross section with s
lengthsa andb, LC51.12LG, andLG5(ab)0.5. The relevant
relaxation rate as a function of geometrical sample size t
becomes@in analogy to Eq.~3!#:

1

tB
5

v i

LC
5

v i

1.12LG
, ~20!

where i indicates the transverse and longitudinal mod
Table IV lists the parametersLC and LG for the samples
under study, as well as the values of the sample widthsa and
b, length l , and cross sectionab. Deviations from theT3

behavior are likely to occur for several reasons.
~a! The effect offinite sample length, resulting in a de-

crease ofk, can be approximated by defining an effecti
mean free path (1/LE)5(1/LC)1(1/l ), wherel denotes the
length of the sample in the direction of the heat flow.39,51–56

In this case the relaxation rate for boundary scatteringtB
21

can be written in the general form, including the size corr
tion discussed before:

1

tB
~ l !5

v i

LE
5v i S 1

LC
1

1

l D . ~21!
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TABLE IV. Sample parameters relevant for the determination of the low temperature limited mean free pathLE and the specular
reflection parameterP. hSC is calculated likeh ~Ref. 59!, but including the size correction Eq.~22! with ~24!. Some of the samples had bee
subjected to different surface treatments.

Geometry Char. lengths

Sample g O a b l ab LG LC LE hE hSC h P Sample
~1025) ~mm! ~mm! ~mm! ~mm2) ~mm! ~mm! ~mm! ~Å! ~Å! ~Å! treatment

70Ge~99.99%! 0.01 100 2.20 2.50 44.5 5.50 2.35 2.63 3.6 15 45 160 0.19 20mm
2.13 2.40 44.5 5.11 2.26 2.53 7.5 8 20 80 0.50 SYTON

74Ge 3.6 100 1.57 1.57 12.0 2.46 1.57 1.76 2.4 12 30 130 0.18

70Ge~95.6%! 4.0 110 1.25 1.49 14.0 1.86 1.36 1.53 0.70

70Ge~96.3%! 7.57 2.50 2.50 28.0 6.25 2.50 2.80 4.0 22 45 150 0.20

76Ge 8.7 100 1.27 2.54 35.0 3.23 1.80 2.01 3.2 18 45 120 0.15

natGe1 58.7 100 2.46 2.50 29.4 6.15 2.48 2.78 3.8 23 65 150 0.13 20mm
2.41 2.44 29.2 5.88 2.42 2.72 4.0 23 65 130 0.15 3mm
2.35 2.40 29.0 5.64 2.37 2.66 11 10 20,70 0.68 SYTON
2.30 2.33 29.0 5.36 2.31 2.59 7.0 12 25 65 0.55 CP4

natGe2 58.7 100 1.30 1.30 15.0 1.69 1.30 1.46 3.0 13 30 80 0.28

natGeI 100 1.26 1.26 39.5 1.59 1.26 1.41 2.2 35 90 170 0.18 sandbl
natGeII 58.7 100 1.32 1.32 40.0 1.74 1.32 1.48 4.2 20 45 90 0.48 1mm
natGeIII 100 1.17 1.17 40.6 1.37 1.17 1.31 7.5 13 28 60 0.75 LUSTRO

70/76Ge 153 110 2.02 2.00 23.0 4.04 2.01 2.25 2.4 30 90 200 0.06
th
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Note that we neglected the small effect of details of
sample thermometer arrangement~e.g., the position of the
thermocouples, see also Sec. II!, which is discussed in Ref
79.

~b! Partial specularity of the phonon scattering at th
sample surfaces can decrease the effect of boundary sc
ing. The sample then appears to have larger dimensions
it actually has.39,43,52–56,59–62The relaxation rate is then re
written in the form

1

tB
~ l ,P!5v i S 1

LC

~12P!

~11P!
1

1

l D . ~22!

The expression for the ‘‘effective’’ mean free pathLE ~or the
relaxation ratetB

21), used for the description of thek(T)
curves, may encompass various effects and has the form

LE~ l ,P!5S 1

LC

~12P!

~11P!
1

1

l D
21

. ~23!

In principle, Eq. ~23! enables us to calculateP from the
sample geometry~Casimir length! and from the effective
mean free pathLE , determined from the low temperatur
range in whichk(T);T3. P varies from zero to one. When
ever P.0, partial specular reflection occurs~e.g., P50.5
corresponds to a phonon mean free path of three times
geometrical Casimir length with an average of two bound
reflections;P50.75 yields;sevenfold length and sixfold
reflexions!. The determination ofP using Eq.~23! is ham-
pered by the following:~a! the temperature range of validit
of the T3 law is rather limited in most samples studied,~b!
the influence of isotopic scattering extends down to the lo
e

ter-
an

he
y

-

est temperatures. Hence, the parametersP, hE , h, andhSC

have been determined by a variational method accounting
boundary and isotopic scattering: For this purpose we re
place (1/tB)5(vB /LE) in the integrals@Eqs. ~15!–~17!# by
Eq. ~22!, where nowtB is a function ofP andl . The thermal
conductivity is then calculated for different values ofP be-
low 10 K and finally the value ofP which yields the best fit
is chosen for each sample.

Figure 8 displays the results for the sampl
70Ge~99.99%! ~a! and natGe1 ~b! which were subjected to
different surface treatments. FornatGe1 the treatment wa
grinding with 20mm diamond powder slurry, subsequent
with 3 mm diamond, then polish etching with SYTON an
finally with CP4. These steps yieldedP values of 0.13, 0.15,
0.68, and 0.55. The fitted curves~solid lines in Fig. 8! de-
scribe the experimental data well from 2 K to 8 K for the
diamond ground surfaces but equally well for CP4 a
SYTON treated surfaces in a smaller temperature range~be-
low 4 K!. This analysis was performed for all our sample
and in addition, for three Ge samples reported in Ref.
Table IV contains the deduced values ofP which range from
0.13~1.5LG) to 0.68~5LG) for natGe1, and from 0.13 to 0.75
for all other samples, with the exception of70/76Ge and
70Ge~95.6%! ~Table IV!. P has been taken to be independe
of phonon frequency and scattering angle in this simplifi
evaluation.

Ziman60 and Soffer62 considered the problem of phono
diffraction by surface irregularities and showed that t
specularity depends on the frequency and the angle of p
non incidence. Soffer defined a frequency-depend
probability62
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P~k!5exp@2~2khcosF!2#,

wherehcosF5hE ; k denotes the phonon wave vector,h is
the rms height deviation in the surface, andF the angle of
incidence. Since the temperature gradient is along the sam
length F5(p/2)2Q, we obtain thev dependence of the
specularity.

P~v!5expF2S 2hvsinQ

v i
D 2G , ~24!

wherei 5T,L, andv is the phonon frequency andQ repre-
sents the angle between the temperature gradient and
phonon wave vector. The parameterP in Eq. ~22! was re-
placed byP(v) and with the integrals@Eqs.~15!–~17!#, we
computed the thermal conductivity for various values ofhE .
For all samples, including those of Ref. 52, this proced
describesk(T) much better than assuming thatP is indepen-
dent of v. The fittedhE values are given in Table IV an
range from 23 Å~20 mm diamond! to 10 Å ~polished with
SYTON! for natGe1 and from 35 Å to 8 Å for all samples
This indicates a three times smoother surface for the SYT
treated sample. We remark thathE is not identical to the
geometrical surface roughness but it represents an ave
value of hcosF, which is smaller than the real geometric
roughness.

FIG. 8. Model calculations of the effects of specularity on t
thermal conductivity below 8 K for Ge samples with different sur
face treatments~see also Fig. 6 and Fig. 7!. The symbols represen
the experimental data of70Ge~99.99%! in ~a! and of natGe1 in ~b!.
The solid lines result from the calculations according to Eq.~23!
and the dot-dashed lines from the theory of Ziman~Ref. 60! and
Soffer~Ref. 62!, including frequency and angle dependence, as w
as the size correction of phonon boundary scattering.
ple

the

e

N

ge

Frankl and Campisi52 applied the expression for th
specularity factor given by Soffer62 and determinedhE for
natGe samples and Si with differently prepared surfaces
the agreement between their theoretical and experime
data was not very good. Singh and Foshi59 suggested, that
the main reason for the rather poor agreement results f
the averaging of the angular dependence of the specul
factor P. In order to solve this problem, they used the ex
expression as given by Soffer and the thermal conducti
can be written as:59

k5(
i 51

3
kBm3

4p2v i

T3E
0

u i /T x4ex

~ex21!2
dx

3E
0

p

tC
i ~x,Q!cos2QsinQdQ, ~25!

where the polarization is longitudinal (i 51) and transversa
( i 52,3), tC

i (x,Q) is the combined relaxation time for dif
ferent phonon modes. Singh and Foshi59 used this expres-
sion to determine the values ofh and to explain the therma
conductivity of some polished samples of germanium52 and
silicon.54 However, they didnot include isotopic scattering
and the size correction in their calculations. They found
quite good agreement between their calculations and t
experimental data for Ge samples with different treated s
faces below 3 K; for higher temperatures isotopic scatter
cannot be neglected. We now performed, for all our samp
and those of Ref. 52, calculations ofk(T) @using Eq.~25!#
by varying h. This procedure includes~a! the integration
over the frequencyv and the scattering angleQ of the inci-
dent phonons~b! the size correction@Eq. ~21!#, and finally
~c! the consideration of boundaryand isotopic scattering pro-
cesses. Figure 8~b! gives the result fornatGe1: The calculated
k(T) curves~dot-dashed lines! fit well the experimental data
below 6 K. The fitted values ofhSC ~including the size cor-
rection! are listed in Table IV. They indicate a rms surfa
roughness varying from 90 Å to 20 Å. For comparison theh
values obtained without size correction~as done in Ref. 59!
are also listed in Table IV; they range between 200 Å and
Å. Similar analyses for70Ge~99.99%! and for three samples
of natGe with different surface treatments~data taken from
Ref. 52 and denoted asnatGeI, II, and III in Table IV!, yield
comparable results.

~c! Anisotropy effects observed in the thermal conduct
ity originate from the elastic anisotropy and the resulti
phonon focusing.54,57,58 Experimental evidence of these e
fects has been reported for Si.57 It amounts to a decrease i
LE of 28% for @100# samples and 22% for@110# samples of
dimensions similar to those of our samples. Based on
nearly perfect scaling of the dispersions curves,80 we expect
this effect to be similar in Ge.57

V. DISCUSSION

This work probably constitutes the most comprehens
study of the effect of isotopic composition on thermal co
ductivity ever made. We have found that it is possible
represent accurately thek(T) measured for a given sampl
using different theories and/or various frequency and te
perature dependences of the scattering probabilities. In o

ll
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to describek(T) for extremely pure crystals, both termsk1

andk2 must be taken into account because of the nonre
tive nature of normal processes. This requirement restr
the choice of scattering mechanisms, not only for phys
but presumably also for mathematical reasons, i.e., so a
avoid the divergence of some of the integrals involve
Physical considerations led us to look for a unique set
coefficients to represent the seven samples studied and
k(T) curves found in the literature.21 For this purpose nei-
ther the model of Callaway16 nor Holland’s modification19

were successful. We are thus led to a separate treatme
transverse and longitudinal modes~this was also found to be
necessary for diamond22,23,40! and to take longitudinal Um-
klapp processes into consideration.

The simultaneous presence ofN- andU-type scattering is
thus crucial for successful curve fitting. Both,N andU pro-
cesses are needed so that the thermal conductivity inte
give meaningful results when the full form of the Callaw
theory is used. The longitudinal Umklapp processes are
dispensable to obtain the strong decrease ofk(T) with T
observed at higher temperatures. We find that the exponen
of the temperature dependence for the Umklapp scatte
rate (BiUv2Tnexp2Ci /T, i5T,L) strongly influencesk(T)
above the maximum. From theoretical models, values
tween n521 and n56 have been reported, we only fin
n51 acceptable for fitting our data, in agreement with t
results in Refs. 23,71,72,74. This conclusion suppo
suggestions14,36,43,75,38that while the heat flow above th
maximum ofk(T) is primarily due to transverse phonon
longitudinal Umklapp processes also play a role. Using
parameters of Table III we find thattN

21 is much larger
(; three orders of magnitude! thantU

21 . Similar conclusions
have been reached for diamond.23

BLU and BTU were fitted independently since there is
reason why they should be equal, although they may be
pected to be of the same order of magnitude.CT and CL
~appearing in the exponential factor of the Umklapp p
cesses! were taken to be different, scaling like the Deb
temperatures for the correspondingT and L branches,
uT5118 K anduL5333 K. Usually the exponentCi is de-
noted asCi5u/x with 2,x,6, depending on the power o
the temperature, taken from the literature.53 Our fits yield an
x value of about 3, the value ofx most frequently found in
the literature. Isotope effects are clearly detected at low
at high temperatures~300 K!. The measured variation ofkm
with the mass varianceg ~Fig. 3! clearly confirms, over a
large range of isotopic compositions, that the isotopic sc
tering is well represented by the point defect theory
Klemens.35 At low temperatures the measured curves sho
T2 to T3 dependence fork(T); the deviation fromT3 ex-
pected for boundary scattering originates from isotopic s
tering alone. A higher value of the mass varianceg shifts the
overall k(T) curve towards lower thermal conductivitie
while km occurs at slightly lower temperatures and, con
quently, the range ofT3 dependence begins at lower tem
peratures~Figs. 1 and 3!.

Our modified Callaway/Holland formalism describes t
effect of isotopic disorder at any temperature below 200
~This becomes obvious from Fig. 3 which shows thekm
values vs the varianceg and the influence of the effectiv
s-
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phonon mean free pathLE and dislocations.! Within the ex-
perimental errors, the influence of dislocations onkm is neg-
ligible wheng.1024, the general case for the samples stu
ied. Sample 70/76Ge has a lowerkm ~a! for geometrical
reasons~with LE50.7 mm! since cross section and length a
much smaller than those of the other samples studied~see
Table I! and ~b! due to its@110# orientation.

Thek(T) curves fitted as described above give around
maximum values somewhat higher than the experime
ones. The largest deviation is observed for70Ge~99.99%!
where the calculatedkm exceeds the experimental data by
factor of two @Fig. 4~a! and Fig. 5~a!#. We interpret this as
the effect of additional scattering mechanisms, in particu
the presence of dislocations.

The fitted curves obtained, using the model of Holla
with k(T)5k1 (k250) also surpass the measured data w
the exception of the isotopically pure70Ge~99.99%! sample
for which the opposite was observed. In order to improve
fits we had to assume a variation of the prefactor of
normal processes withg: This prefactor (BT) for
70Ge~99.99%! turned out to be half the value of that foun
for other isotopic compositions. This dependence ofBT dis-
appeared when using ‘‘Model 1’’ at the expense of dev
tions. Dislocation scattering is the most reasonable am
the possible mechanisms which can be invoked to elimin
these deviations~see Fig. 3 and Fig. 5!. The calculated ther-
mal conductivities are barely changed by weak dislocat
scattering, with the exception of70Ge~99.99%!. The differ-
ence between the curves calculated with and without di
cations disappears quickly with increasingg. It is not detect-
able for 70/76Ge, as displayed in Fig. 5~b! and also not for all
other samples.

Similar procedure has been used to calculate thekm as a
function of g for dislocation-free crystals. The results a
shown as a continuous line in Fig. 3 for different values
LE . We deducekm'12 kW/mK for g51026, andkm'20
kW/mK for g51027 under the assumption, that there are
dislocations. AssumingLE53.6 mm and a dislocation-free
sample of 70Ge~99.99%!, then the thermal conductivity is
about 20 kW/mK near 20 K, instead of the 10.5 kW/m
found experimentally.

The results given in Figs. 6 to 8 and listed in Table
underscore the importance of surface preparation on
magnitude ofk(T) near and belowkm for samples with
sufficient isotopic purity. The theory of the Ziman60 and
Soffer62 enables us to describe the influence of the vario
degrees of surface polishing on the temperature depend
of k(T) for all samples with a given geometry and ma
variance. A single parameter, the specularity factorP, is suf-
ficient to account for effects resulting from the surfa
roughness.

The enhancement ofk due to specular reflection is con
siderably larger at the lower temperatures than at hig
ones. An interesting feature is the observation that the hig
the boundary-limited thermal conductivity, the lower th
temperature below which theT3 law is valid ~Fig. 1!.

Inspection of the samples with@100# orientation in Table
IV gives 0.13<P<0.28 as typical values for samples whic
have been sand blasted or ground with 3mm to 20 mm
diamond powder slurry. Samples treated with 1mm diamond
or CP4 (natGeII,natGe1! yield P.0.5, and the samples po
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ished with SYTON or LUSTROX~Ref. 81! show the best
surface performance withP>0.7 (natGe1,natGeII!. Sample
70Ge~99.99%!, also polished with SYTON, does not fit int
this scheme sinceP50.5. This can be explained by the in
fluence of dislocation scattering which is very pronounced
this sample. There is overall agreement between our data
the earlier reports in Refs. 6,7,52,55. The improvement
k(T,10 K) between sand-blasted and best-polish
samples of Ge along the@100# direction amounts to a facto
of three.

With regards to the effect of sample orientation on t
thermal conductivity the data ofLE in Table IV seems to
confirm the results reported by Frankl and Campisi52 that
germanium, with an orientation in either the@110# ~or the
@111#! direction, possesses near 2 K a k(T) which is only
75% or~50%! of that for a sample oriented along@100# @see
also k(3 K) in Table I#. Our samples70Ge~95.6%! and
70/76Ge are oriented along@110# and fit into this scheme.
Recently, it was observed that for Ge with natural isotop
composition the thermal conductivity in@100# direction is
50% higher than in the@111# direction belowTm .82 For all
samples studied~Table IV! LC<LE with the exception of
70Ge~95.6%!. For this sample we could not find suitable va
ues for the surface characterization, to fit the low tempera
data, because of the influence of electronic carrier scatte
(p'1016 cm23). Unfortunately, the number of sample
presently available to us is insufficient to make any mo
precise statements on the orientational anisotropy ofk(T).
For this purpose isotopically pure samples of various ori
tations would be required.

VI. CONCLUSIONS

The present analysis of the thermal conductivity of G
samples with several isotopic compositions, using a modi
Callaway/Holland formalism, works well below 200 K. A
single set of parameters describes the interplay of the dif
ent scattering mechanisms even when individual contri
tions vary over a wide range, e.g., isotopical disorder, geo
etry, etc. The modified Callaway/Holland model enables
to predictk(T) for a Ge sample with defined geometry an
isotopic composition, and leads to the following conclusio

~a! The full form of the Callaway integrals (k11k2) must
be computed in the case of isotopically pure samples~normal
scattering processes are not entirely resistive! in order to ob-
tain meaningful results fork(T). The separation into trans
verse and longitudinal modes is necessary.

~b! Normal processes and longitudinal Umklapp proces
cannot be neglected.

~c! The detailed structure of the phonon density of sta
does not play a significant role in the representation ofk(T).
The use of a more realistic phonon dispersion, instead of
Debye spectrum~as done by Holland!, does not improve the
agreement between measured and calculated data.
-
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~d! The temperature and frequency dependences for
individual scattering mechanisms proposed by Klemen15

and Herring14 are supported by this study.
~e! Isotopic scattering cannot be neglected in the analy

of the low temperature thermal conductivity of germanium
~f! The effects of sample geometry, surface treatm

~roughness!, dislocation density, and orientation are strong
enhanced with increasing isotopic purity since these para
eters govern the effective phonon mean free path, and th
fore k(T), near and belowTm . Specular reflection can be
treated by the theory of Ziman60 and Soffer.62

~g! The improvement ofk(T) by optimized surface treat-
ment, e.g., polish etching with SYTON, does barely excee
factor of two; the geometrical parameters are dominant.

~h! The Callaway method is not adequate for higher e
ergy phonons: It overestimates scattering rates and thus
derestimatesk(T). Any extra scattering mechanism, e.g
multiple phonon scattering, would tend to reducek(T) even
further. A description ofk(T) over a wider range ofT would
require a much more structured dependence of the scatte
parameters over thatT range and the whole Brillouin zone
The complexity of the scattering processes involved a
their interplay~by the integrals! makes it unlikely at presen
to find any better procedure of comparable simplicity.

In summary, we have presented measurements of the t
mal conductivityk(T) of high purity germanium single crys
tals with several isotopic concentrations covering the ran
from maximum mass variance (70/76Ge! to high isotopic pu-
rity „

70Ge(99.99%)…. The latter sample has been shown
exhibits an increase inkm ~found at 16.5 K! by a factor of
'8 with respect to natural germanium, while for the70/76Ge
samplekm is 1.8 times lower. The results have been fitted
a modified Callaway/Holland theory with three adjustab
parameters for each phonon branch to describe anharm
phonon scattering. A detailed investigation of the low te
perature region has allowed us to obtain values of the eff
tive sample cross section which is enhanced compared to
geometrical one by effects of focusing plus finite samp
length. This cross section increases when coarse gro
sample surfaces are polish etched with SYTON. The res
have been compared with other available data for natu
Ge52 and with early results for an isotopically enriched74Ge
sample.21
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