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Thermal cooling efficacy of a solar 
water pump using Oldroyd‑B 
(aluminum alloy‑titanium alloy/
engine oil) hybrid nanofluid 
by applying new version 
for the model of Buongiorno
Faisal Shahzad1, Wasim Jamshed1, Mohamed R. Eid2,3*, Rabia Safdar4, 
Siti Suzilliana Putri Mohamed Isa5, Sayed M. El Din6, Nor Ain Azeany Mohd Nasir7 & 
Amjad Iqbal8,9

Solar radiation, which is emitted by the sun, is required to properly operate photovoltaic cells  and 
solar water pumps (SWP). A parabolic trough surface collector (PTSC) installation model was created 
to investigate the efficacy of SWP. The thermal transfer performance in SWP is evaluated thru the 
presence of warmth radiation and heat cause besides viscid dissipation. This evaluation is performed 
by measuring the thermal transmission proportion of the selected warmth transmission liquid in the 
PTSC, known as a hybrid nano-fluid. Entropy analysis of Oldroyd-B hybrid nano-fluid via modified 
Buongiorno’s model was also tested. The functions of regulating parameters are quantitatively 
observed by using the Keller-box approach in MATLAB coding. Short terms define various parameters 
for tables in velocity, shear pressure and temperature, gravity, and Nusselt numbers. In the condition 
of thermal radiation and thermal conductivity at room temperature, the competence of SWP is 
proven to be enhanced. Unlike basic nano-fluids, hybrid nano-fluids are an excellent source of heat 
transfer. Additionally, with at least 22.56% and 35.01% magnitude, the thermal efficiency of AA7075–
Ti–6Al–4 V/EO is higher than AA7075–EO.

Abbreviations
Br	� Brinkman number
Bi	� Biot number
b	� Stretching rate
Cp	� Specific heat (Jkg−1K−1)
DB	� Mass diffusion coefficient
hf 	� Heat transfer coefficient
h	� Concentration (dimensionless)
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K	� Porous medium parameter
Nr	� Radiation parameter
NG	� Entropy generation (dimensionless)
Nux	� Local nusselt number
Shx	� Local sherwood number
qr	� Radiative heat flux
qw	� Wall heat flux
Re	� Reynolds number
S	� SAuction/injection parameter
v1, v2	� Velocity component (ms−1)
Uw	� Stretching velocity
Vw	� Vertical velocity
x, y	� Dimensional space coordinates (m)
Nw	� Slip length
µ	� Dynamic viscosity ( kgm−1s−1)
ν	� Kinematic viscosity ( m2s−1)
κ	� Chemical reaction parameter
ω	� Similarity variable
θ	� Temperature (dimensionless)
ψ	� Stream function

Subscripts
f 	� Base fluid
p1, p2	� Nanoparticles
nf 	� Nano-fluid
hnf 	� Hybrid nano-fluid
s	� Particles
AA7075	� Aluminum alloy
Ti-6Al-4 V	� Titanium alloy

Greek symbols
�	� Dimensional temperature
�w	� The dimensional temperature of the surface
�∞	� Ambient temperature
φ	� Solid volume fraction
ρ	� Density (Kgm−3)
σ ∗	� Stefan Boltzmann constant
C∗	� Dimensional concentration

Solar energy, radiation from the sun, can generate heat, trigger chemical responses, or reproduce electricity. The 
world’s quantity of solar energy is much superior to the contemporary and expected universal energy needs. 
Solar Photovoltaic (PV) and Solar Thermal1 are two categories of solar energy technology. PV technology con-
verts sunlight into electricity through photovoltaic semiconductors2, whereas Solar Thermal is a technology that 
directly uses solar energy to heat or generate electricity. Solar water heating systems are the technology from 
Solar Thermal that collect heat through the solar collector to heat water for domestic or commercial purposes3. 
Using non-renewable fossil fuels in the plantation is to boil water4, which can also be performed by solar ther-
mal technology. Therefore, solar energy is needed to sustain the environment and population growth5. Solar 
energy usage can be observed in any PV technologies, such as streetlights, solar water propels, profitable power 
developments, net metering ventures, and solar construction technology6. While agricultural experts question 
the legitimacy of organic and local food security, grocery shops around the country have begun to stock organic 
and local food. Organic and locally sourced products are more popular among consumers, and the desire for 
these items has increased rapidly in recent years. The integration of the natural and local cuisine movements has 
resulted in a variety of marketing options, ranging from local cuisine units in major supermarkets to farmers’ 
shops and community-based agriculture systems (CSA)7. PV technology, on the other hand, is one of the most 
common forms of solar systems accessible, and it includes a collection of PV solar panels referred to as solar cell 
systems8. CSP, or concentrated solar power, is commonly found in vast regions producing grid electricity. CSP 
solar water heating begins with black paint applied on the leg and is utilised to heat water. Because dark colours 
capture the heat of the sun, they heat the water within. Although this may appear archaic, it demonstrates that 
humankind knew the sun’s energy from the outset. The heat produced by this mechanism is comparable to the 
quantity of heat produced by the sun. As a result, countries with scorching suns and tropical climates are more 
prone to profit from this form of solar energy. This advantage includes the efficacy of such initiatives. As a result, 
in hot climates, hydropower can be expensive. As a consequence, reimbursement times for solar eclipses are 
shorter9. Fluid runs through tubes and gathers solar energy in CSP to heat water or create electricity. One issue 
with this solar power is heat transmission from the sun. Scientists and innovators tried other liquids, such as 
oil and sodium, yet molten salt proved to be an exceptionally successful alternative. This alternative is good, 
considering it is more expensive and works better with steam engines. Compared to solar PV, solar power works 
much better in space. Solar thermal can provide up to 70% efficiency in heat collection10.
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A solar water pump (SWP) system is an electric pump water system for electricity production, where one or 
more PV panels supply electricity. A standard SWP system consists of a solar panel that empowers an electric 
motor, which enables a shaft directly above the pump. H2O is usually pumped starting the ground or flowing into 
a storage reservoir that supplies gravitational force. Thus vitality conservation is not required in these systems11. 
The solar pressure regulator is driven by electricity supplied by the PV array or radiant heat created by solar light 
collected. This solar water pump works opposite to a diesel or grid compressor12. In 1983, the creator of the United 
States, Charles Fritts, documented the very first photovoltaic cells built using water pumps and live electricity in 
15 residences. Until 1993, tens of thousands of PV water submersible pumps were deployed globally13. In 1998, 
this installation had grown to about 60,000 installations14. Pumping water requires the development of a unique 
machine valve. Since 1968, solar photovoltaic generators have been used in several regions of the world, includ-
ing SWP15. The massive solar water pump was constructed in 1901 in Pasadena, California, USA16. Next, Har-
rington of New Mexico was the first to employ CSP to divert water up to 6 m highin 1920. Finally, the literature 
research demonstrated that SWP utilised PV and CSP to complete its tasks. Parabolic trough solar collection 
(PTSC) is another form of CSP in which heat transfer fluid (HTF) transports warmth from the hoarder to the 
heat exchanger to create power17. HTF in PTSC can reach 390 °C in temperature, and it also has these charac-
teristics: low viscosity, pressure, cooling, and storage cost; non-corrosive; and proven to be safe18. Nanofluids 
have recently been revealed to be particular HTFs with great insulation characteristics. The supreme common 
nano-materials in nano-fluid are metal and non-metal. Carbon nanotubes (CNT), mono carbon nanotubes 
(SWCNT), and multi-walled carbon nanotubes (MWCNT) are among the nano-fluid particles included in the 
computational model and experimental studies in PTSC19.

The Oldroyd-B model is a fundamental ideal cast-off to describe the flow of viscoelastic fluid, named after 
its creator Oldroyd20. The Oldroyd-B model was developed by Irfan et al. 21 to analyse the blood flow, and they 
recommended that the viscoelastic property in bloodshould be considered, especially when the shear values are 
low. Subsequently, the analytical and numerical models of Oldroyd-B viscoelastic fluid have been reported22–24. 
According to Sajid et al.22, using a method of regional variance, the computational complexity for the circulation 
of the Oldroyd-B aqueous flow separation in a stance phase goes beyond a stretch sheet. The effect of thermal 
radiation, Joule heating, magnetic field, and thermophoresis has been described by Hayat and Alsaedi23. The 
analytical model in the capillary under the Debye-Hückel approximation, with the effect of electro-osmotic flow, 
was solved by Zhao et al.24.

Mixed nano-fluids are novel nano-fluids prepared by forming different nanoparticles in combination or com-
posite form. The impetus for the preparation of composite nano-fluids is the continuous upgrading of warmth 
transmission with the improved thermal conductivity of these nano-fluids. Among all the hybrid nano-fluids 
tested, CNT/Fe3O4 nano-fluid are widely analysed. Baby and Sundara25 reported improvements in thermal per-
formance of 3–5% and 6.5–10% at 0.005% and concentration of 0.03% CNT/Fe3O4 hybrid nano-fluid with a 
thermal reading of 30–50 ○C. This nano-fluid reveals a non-Newtonian demeanour in more than 6% voltages, 
and its viscosity decreases as temperatures rise. At a temperature of 30–60 °C and the nanoparticles volume ratios 
of 0–1%, the ethylene glycol/MgO-MWCNT mixture nano-fluid density was reported by Soltani and Akbari23. A 
non-Newtonian composite nanofluid comprising CNT/Fe3O4 coated nanoparticles is used as a cooler in a short 
channel temperature changer, and the viscidness and thermal conductivity were measured26. In that process, to 
synthesize nano-fluid mixtures, pure ferrofluid was first produced in the manner presented by Berger et al.27. 
Then, CNT nano-fluid was prepared using the method suggested by Garg et al. It is noteworthy that TMAH and 
GA were used respectively to coagulate Fe3O4 nanoparticles and CNTs to prevent particle coagulation. In the next 
step, the hybrid nano-fluid was produced by adding the required amount of CNT nano-fluid to the ferrofluid 
produced, followed by the sonication of the mixture. Recent works can be found in27–31.

Buongiorno proposed a non-homogeneous nano-fluid model, where the random movement of nanoparticles 
and thermo-diffusion effect was found to be the most contributing factors32. The modified Buongiorno model 
for partial volume analysis is used to study the bioconvective flow of gyrotactic microorganisms33. Rawat et al.34 
applied the improved Buongiorno’s Ideal to consider the consequence of chemical and radiation reactions on 
the magnetic nano-fluid flow bounded in a cone. Rana et al.35 chose alumina and titania particles in their Buon-
giorno’s model, whereas the volatile transport of hybrid nano-fluid over long distances was examined by Ali 
et al.36. As a result, the random movement of the nanoparticles in32–36 is known as the Brownian movement37. 
The pioneer experimental study of Brownian motion observed the coal dust particles in the alcohol38  and pollen 
grains in the water39. Besides, Albert Einstein formed the mathematical model of the Brownian movement. Garg 
and Jayaraj40 recently pronounced the vaporizer atom movement and the thermophoresis effect in cylindrical 
geometry.

Thermal radiation is one type of heat transmission in the form of electromagnetic waves when the bodies 
in the same system are not in direct physical contact with each other41. The bodies with higher absolute zero 
temperatures will be able to emit thermal radiation42. The applications of thermal radiation were observed in 
ultrasound-assisted and microwave-assisted heating methods43. The presence of nanoparticles in the nanofluid, 
on the other hand, boosts the thermal conductance of the nano-fluid itself, with a minimum percentage of 12%. 
As a result, measuring variation in the fluidity of nanofluid in conceptual or observational correlations was 
discovered to be particularly essential44. The thermophysical properties of hybrid nano-fluid (more than one 
nanoparticle in the base fluid) were reported45,46, where Adriana45 solved the fluid model numerically and Afrand 
et al.46 worked on their model by experimenting.

A chemical reaction is a chemical transformation process from one chemical substance to another. The 
positions of the electrons are changed, and chemical bonds between atoms will be broken in this reaction47, 
and it can be represented by a chemical equation48. The first-order substance response in the fluid flow model 
was studied by Chambre and Young49 and Ramanamurthy and Rao50 for the case of static horizontal plates49 
and cylindrical catalyst pellets50. The thermal properties of hybrid nano-fluid beyond a tempestuous exterior 
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were described by Nadeem et al.51 and Yusuf et al.52. Nadeem et al.51 deliberate the movement of the nano-fluid 
mixture. In contrast, the radiating nano-fluid and hybrid nano-fluid by the presence of Darcy–Forchheimer 
absorbent media is studied by Yusuf et al.52. Mabood et al.53 describe the transmission of temperature and mass 
in nanofluid beyond a spinning frame. Subsequently, articles regarding the warmth transmission and the move-
ment of nano-fluid and hybrid nano-fluid have been published under the effect of velocity slip54, entropy54, 
radiation55,56, and melting process55,56. Furthermore, heat transmission in a liquid nanopore confined by a lateral 
molten surface is observed57,58.

Entropy is a measured quantity related to a state of distraction, disorder, or uncertainty. Ludwig Boltzmann, 
a well-known Austrian physicist, defined enthalpy as the evaluation of conformance amongst tiny processes 
(including individual atoms and molecules) and macroscopic systems59. The addition of nanoparticles to essential 
fluids can contribute to the entire generation of entropy60. As a result, the incorporation of nanoparticles in the 
base fluid improves the nano-fluid viscosity and reduces the pressure in the thermal system. Furthermore, the 
job of nano-fluids is to lower the temperature of the heat pipe, which minimises the amount of heat transmit-
ted to the overall amount of entropy creation. Sciacovelli et al.61 studied the applicability of entropy production 
to numerous engineering domains. At the same time, Manjunath and Kaushik62 reported second-law entropy 
generation in the operation of the heater. The model of entropy generation in pore systems is developed by Torabi 
et al.63. Subsequently, Mahian et al.64 deal with entropy generation in nano-fluid/hybrid nano-fluid flow. The 
entropy production rate has been found to upsurge in a high concentration of nanoparticles due to the presence 
of contrasting forces65.

Heat transfer analysis researchers are concentrating their efforts on coming up with a timely solution to this 
problem due to the increasing need for heat management caused by overheating heating systems for various tech-
nological and industrial operations. By taking this into account, this study investigates the thermal performance 
of a solar water pump (SWP) employing mono/hybrid nano-fluids (AA7075–EO and AA7075–Ti–6Al–4 V/EO), 
as well as a parabolic trough solar collector (PTSC) situated within an SWP. Solar radiation is considered a heat 
source. The schematic diagram is depicted in Fig. 1. Demonstrates sun-based radiation and the existence of a 
heat source in a technique to improve the efficacy of a solar water pump (SWP) using sunlight-based radiation 
and nanotechnology. The study is organized to examine the heat kinetics of the SWP using mono- and hybrid 
nanofluidic (PTSC) nanofluids located in the SWP as coolant liquid. The radiation directed at the sun is a source 
of heat. The implementation of heat exchange is examined for the effects of various parameters such as radiation, 
chemical reaction, porousness material, as well as thermal dissipation. The pump’s thermal transfer performance 
is described for various features, for example, warmth cause, thermal radiation, and viscid dissipation. Entropy 
propagation examination has been analysed for the movement of Oldroyd-B hybrid nanofluid. To handle the 
formulation, we’ve chosen the Keller box method (KBM) as our primary solution strategy. Figures and tables 
show the effects of various factors such as fluid velocity, fluid temperature, measurement of exterior drag, and 
Nusselt number.

The introduction and the mathematical formulation are positioned in Sect. “Introduction” and Sect. “Math-
ematical Formulation”, respectively. Section “Problem Solution” discussed the subsequent model equations. 
Sequentially, the solution and employment of numerical methodology are included in Sects. “Entropy Generation 
Analysis” and “Employment of Numerical Methodology: KBM”. The code validation, results, and discussion are 

Figure 1.   Schematic display of SWP.
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consecutively in Sects. “Code Validity” and “Results and Discussion”. Finally, Sect. “Final Outcomes” summarises 
the outcomes.

It is presented a theoretical investigation to improve the efficiency of SWP by utilising the benefits of a hybrid 
nanofluid’s thermal characteristics over a PTSC. The PTSC was determined to be installed in many positions in 
SWP. The following are the current research’s objectives:

•	 In this model, PVC cell sheets (as reported from the previous model of SWP) have been replaced with PTSC.
•	 The PTSC cylinder-shaped system has a broader exterior area than PVC sheets, allowing it to capture more 

solar energy.
•	 SWP has a low production and maintenance cost due to solar energy usage.
•	 According to the interpretation, the accumulation of nano-materials into the base fluid intensifies the thermal 

transmission through PTSC by generating additional energy.
•	 SWP does not contaminate the air, and it is also environmentally friendly.
•	 SWP is useful in third-world or developing nations where alternative sources of energy or water are unavail-

able.

Mathematical formulation
Equation 1 denotes the extended straight flat exterior with the speed Uw , where b is a positive constant17.

The governing equations below (Eqs. 2–5) represent the viscous hybrid nano-fluid Oldroyd-B flow near the 
penetrable surface. This model also being affected by viscous dissipation and heat sources66.

The respective boundary conditions shall be 67:

The vector of fluid velocity is expressed as ←−v =
[

v1
(

x, y, 0
)

, v2
(

x, y, 0
)

, 0
]

 . Meanwhile, these symbols: Θ, 
Nw ,Vw , and k were consistently noted as fluid temperature, slip length, stretching porousness surface, and 
material porousness. The characteristics of thermo-physical are intensified when the nano-sized particles are 
diffused in the base fluid.

The thermophysical formulation of Oldroyd-B nano-fluid, such as viscosity, density, heat capacity, and ther-
mal conductivity, is shown in the second column of Table 168. Besides, Oldroyd-B hybrid nano-fluid is displayed 
in the third column of Table 169. The combination of dual diverse nanoparticles in a standard fluid causes an 
augmentation of heat transmission for the whole fluid.

The symbols as displayed in Table 1 ( ρ , µ , κ, and Cp ) are denoted sequentially as density, hybrid nano-fluid 
dynamical viscidness, thermal conductance, and specific heat capacitance. All of these symbols have subscripts 
f  , s , nf  , hnf  , p1 and p2 . They are declared as the base fluid, solid nanoparticle, nano-fluid, hybrid nano-fluid, 

(1)Uw(x, 0) = bx.

(2)
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(6)
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}

Table 1.   Thermophysical aspects of the Oldroyd-B fluid.

Aspects Nano-fluid Hybrid nanofluid

Viscosity (µ) µnf = µf (1− φ)−2.5 µhnf = µf (1− φp1 )
−2.5(1− φp2 )

−2.5

Density (ρ) ρnf = (1− φ)ρf − φρs ρhnf =
[(

1− φp2
){(

1− φp1
)

ρf + φp1ρp1
}]

+ φp2ρp2

Heat capacity (ρCp) (ρCp)nf = (1− φ)(ρCp)f − φ(ρCp)s (ρCp)hnf = [(1− φp2 ){(1− φp1 )(ρCp)f + φp1 (ρCp)p1 }] + φp2 (ρCp)p2

Thermal conductivity (κ) κnf
κf

=

[

(κs+2κf )−2φ(κf −κs)

(κs+2κf )+φ(κf −κs)

]

κhnf
κnf

=

[

(κp2+2κnf )−2φp2 (κnf −κp2 )

(κp2+2κnf )+φp2 (κnf −κp2 )

]

, κnf
κf

=

[

(κp1+2κf )−2φp1 (κf −κp1 )

(κp1+2κf )+φp1 (κf −κp1 )

]
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first solid nanoparticle, and second solid nanoparticle, respectively. Moreover, φ defines as the concentration 
factor of nano-fluid and φh = φp1 + φp2 is expressed as the total concentration factor of hybrid nano-fluid due 
to the mixture of dual nanoparticles. The thermophysical values of the base fluid, together with their nano-sized 
particles, are presented in Table 270,71.

The Rosseland approximation72 can be written as

where qr , σ ∗ , and k∗ signifies the thermal radiative parameter, Stefan Boltzmann constant, and absorption 
coefficient.

Problem solution
The boundary values problem contains Eqs. (2–6) have been converted to ODEs (Eqs. 10–13) after implement-
ing the similarity approach (Eq. 9). The first step is to produce the velocity in the x− and y− components from 
stream function ψ , as shown in Eq. 8 (See, Ref17).

with

Here � ′
i s with 1 ≤ i ≤ 4 in Eqs. (10) and (11) indicate thermophysical properties for Oldroyd-B hybrid 

nano-fluid as Eqs. (14–16):

The notation (’) in Eqs. (10–13) indicates the derivatives concerning ξ . The parameters involved are listed as 
follows: α1 = b̺1 (Deborah number-I), α2 = b̺2 (Deborah number-II), K =

νf
bk (porous medium parameter), 
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16
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.

Table 2.   Base fluid and nano-sized particles with 293 K significant properties.

Thermophysical ρ(kg/m3) cp(J/kgK) k(W/mK)

Ti-6Al-4V (titanium alloy) 4420 0.56 7.2

Engine Oil (EO) 884 1910 0.144

AA7075 (aluminum alloy) 2810 960 173
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parameter), and Bi = hf
k0

√

νf
b  (Biot number). The physical interest quantities in this model are the local Nusselt 

number Nux andthe mass transport rate Shx:

wherein the flux with the components of heat qw and the mass qm are expressed as

The above equations (Eqs. 17–18) will be transformed as below, with the involvement of the similarity 
approach (Eq. 9):

where local Reynolds number Rex is expressed as Rex =
Uwx
νf

.

Entropy generation analysis
The entropy generation can be shown in Eq. (20)73:

The dimensionless entropy equation is formulated as 74,

However, Eq. (20) is transformed as below due to the usage of Eq. (11):

Employment of numerical methodology: KBM
The numerical solutions of Eqs. (10–12), together with the endpoint condition (13), can be recorded by utilising 
the Keller box method (KBM)75 developed in MATLAB software. The flow chart of KBM is displayed in Fig. 2.

The higher-order ODEs must be converted to the first-order ODEs, which will produce the new substitutions 
implemented in the KBM. Dependent variables ei , with with 1 ≤ i ≤ 8 are introduced as below:

(17)Nux =
xqw

kf (w−∞)
, Shx =

xqm

DB(hw − h∞)

(18)qw = −khnf

(

1+
16

3

σ∗3∞

κ∗νf (ρCp)f

)(

∂

∂y

)

y=0

, qm = −DB

(

∂C∗

∂y

)

(19)NuxRe
− 1

2
x = −

khnf

kf
(1+ Nr)θ ′(0), ShxRe

−1/2
x = −h′(0)

(20)EG =
khnf
2
∞

{

(

∂

∂y

)2

+
16

3

σ∗3∞

κ ∗ νf (ρCp)f

(

∂

∂y

)2
}

+
µhnf

∞

(

∂v1

∂y

)2

+
µhnf v

2
1

k∞
.

(21)NG =

2
∞b2EG

kf (w − T∞)2
.

(22)NG = Re

[

�d(1+ Nr)θ
′2
+

1

�a

Br

�

(

f ′′2 + Kf ′2
)

]

.

(23)e1 = F, e2 = F ′, e3 = F ′′, e4 = F ′′′, e5 = θ , e6 = θ ′, e7 = h, e8 = h′.

(24)
de1

dω
= e2,

(25)
de2

dω
= e3,

Figure 2.   Diagram of clarifying Keller box scheme.
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The domain [0, 1] has been transformed into sub-domains, with a regular mesh, together with the subsequent 
grid points (Fig. 3):

ω0 = 0,ωj = ωj−1 +�I , j = 0, 1, 2, 3..., J ,ωJ = 1 where �I is the step size (as attached in Appendix A). For 
the above calculation, a mesh size of �I = 0.01 is chosen, and the results are recognized to have an error toler-
ance by 10−6.

Code validity
The results validation has been done by making a comparison with the previously published reports 17,76–80, as 
shown in Table 3. The consistent values until six decimal places have been presented for all results proved that 
the current technique KBM is accepted, and the investigation can go further. Furthermore, the results produced 
by the recently founded Keller-Box approach correspond well with those obtained by MATLAB’s built-in solver 
bvp4c.

Results and discussion
This section includes graphical interpretations of velocity F ′(ω) (as shown in Figs. 6, 9, 12, 15, 18, 26, 29), 
temperature θ(ω) (as depicted in Figs. 7, 10, 13, 16, 21, 23, 24, 25, 27, 30) concentration h(ω) and entropy NG 
(Figs. 4, 5, 8, 11, 14, 17, 19, 20, 22, 27, 31, 32, 33). In addition to the plots, the rate of Nusselt number ( NuRe

−1
2

x  ) 

(26)
de3

dω
= e4,

(27)
de5

dω
= e6,

(28)
de7

dω
= e8,

(29)−α2e1
de4

dω
+ α2e

2
3 +�a�be1e3 −�a�be

2
2 + 2�a�bα1e1e2 −�a�bα1e

2
1e4 −

1

�a
Ke2 + e4 = 0,

(30)
de6

dω
+

1

�d
PrNr

de6

dω
+ Pr

�c

�d
e1e6 − Pr

�c

�d
e2e5 +

PrQ

�d
e5 +

PrEc

�a�d
e23 = 0,

(31)
de8

dω
+ PrSce1e8 +

Nt

Nb

de6

dω
− Scχe7 = 0,

(32)
e1(0) = S, e2(0) = 1+ γ ∗e3(0), e6(0) = −Bi(1− e5(0)), e7(0) = 1,

e2(∞) → 0, e3(∞) → 0, e5(∞) → 0, e7(∞) → 0.

}

Figure 3.   Standard grid structure for the difference approximations method.

Table 3.   The comparison of −θ
′

(0) values with the increasing Prandtl Number, φ = 0 , φh = 0 , Q = 0 , γ ∗ = 0 , 
Ec = 0,Nr = 0 , Q = 0 , Ec = 0 , S = 0 , and Bi = 0.

Pr Ref. 17 Ref. 76 Ref. 77 Ref. 78 Ref. 79 Ref. 80 Present

0.72 0.80876181 0.8086 0.8086 0.80863135 0.80876122 0.80876181 0.80876181

1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

3.0 1.92357420 1.9237 1.9236 1.92368259 1.92357431 1.92357420 1.92357420

7.0 3.07314651 3.0723 3.0722 3.07225021 3.07314679 3.07314651 3.07314651

10 3.72055429 3.7207 3.7006 3.72067390 3.72055436 3.72055429 3.72055429
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are depicted in Fig. 32 as well as Table 4. Numerical computations are done for controlling factors, which 
include both components of Deborah’s number α1 and α2 , slip velocity γ ∗ , a factor of porous media K , volume 
friction of nanoparticles φ , viscous dissipation Ec , Biot number Bi, radiation factor Nr , heat source Q , suction 
( S > 0 ), Reynolds number Re , injection ( S < 0 ), chemical reaction χ as well as Brinkman number Br . Comparison 
between mono nano-fluid (AA7075/EO) with hybrid nano-fluid (AA7075–Ti–6Al–4 V/EO) has been shown 
with numerical outcomes about temperature, velocity, entropy as well as Nusselt number. A solid line represents 
mono nano-fluid and hybrid nano-fluid by dashed lines.

As shown in Fig. 4, increasing the value of the chemical reaction parameter causes a rapid suppression in 
h(ω) . When a chemical reaction is improved, many molecules are used, and a low chance of involvement in the 
mass transfer is provided. Mass dispersion is decreased as a result of this restriction.

As shown in Fig. 5, a sudden increase in Schmidt number caused a decrement in nano-fluid concentration. 
As a result, the rate of molecular diffusion is reduced. Furthermore, a decrease in nano-fluid concentration 
reduced mass transfer in the system. Physically, the mass transference boundary layer and the hydrodynamic 
layer’s relative thickening are connected to a decrease in concentricity.

Deborah number β is a dimensionless number that is used to measure the physical property of the fluid. 
Influence of β1 regarding changes in F ′(ω) , θ(ω) , and NG are represented in Figs. 6, 7, 8, respectively. Effects 
concerning β2 regarding changes in F ′(ω) , θ(ω) , and NG are depicted in Figs. 9, 10, 11. A deceleration in velocity 
is observed regarding β1 while the increment is a result of β2 . But the opposite reaction to velocity is obtained 
when it comes to temperature, regarding the same Deborah parameters β1 and β2 . However, entropy is decreased 
components of Deborah’s number are increased, as shown in Figs. 8 and 11. The model of non-linear Oldroyd-B 
fluid is appropriately depicted as simple "Boger" fluid. This fluid contains a mixture of a dilute suspended of high 
molecular weight polymers and a high viscosity solvent. While it captures elastic responses, it does not capture 
the shear-thinning effect of the polymer.

When the increment is done in values of K  , the fields of F ′(ω) , θ(ω) , and NG are depicted in Figs. 12, 13, 
14. When the porosity parameter enhances, the thermal boundary layer is enlarged. Consequently, θ(ω) and 
NG become risen. However, the fluid velocity declined due to the same parameter. A consequence of φ on these 

Table 4.   Calculation of Nusselt Number = NuRe
−1
2

x  for Pr = 6450.

α1 α2 φ/φh S Q Nr Bi Ec γ ∗ K NuRe
−1

2

x  mono NuRe
−1

2

x  hybrid Relative Nuhybrid−Nunano
Nuhybrid

× 1 00

0.1 0.1 0.02 0.1 0.1 0.1 0.1 1.0 0.1 0.1 0.08041 0.10582 24.21%

0.2 0.08078 0.11885 32.12%

0.3 0.08139 0.12706 35.21%

0.1 0.08041 0.10582 24.21%

0.2 0.08095 0.11632 30.31%

0.3 0.08106 0.12372 34.37%

0.02 0.08041 0.10582 24.21%

0.06 0.08048 0.10799 25.48%

0.1 0.08084 0.10994 26.37%

0.1 0.08041 0.10582 24.21%

0.3 0.08060 0.10699 24.66%

0.5 0.08080 0.10809 25.14%

0.1 0.08041 0.10582 24.21%

0.3 0.08080 0.10699 24.47%

0.5 0.08139 0.10978 25.75%

0.1 0.08041 0.10582 24.21%

0.2 0.08133 0.10796 24.48%

0.3 0.08244 0.10999 25.15%

0.1 0.08041 0.10582 24.21%

0.2 0.08080 0.10799 25.17%

0.3 0.08085 0.10891 25.76%

1 0.08041 0.10582 24.21%

3 0.08050 0.10691 24.70%

5 0.08066 0.10777 25.15%

0.1 0.08041 0.10582 24.21%

0.3 0.08040 0.10482 23.29%

0.5 0.08039 0.10382 22.56%

0.1 0.08041 0.10582 24.21%

0.2 0.08047 0.10784 25.28%

0.3 0.08052 0.10892 26.25%
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profiles can also be observed in Figs. 15, 16, 17. Parameters K and φ resulted in the increment of temperature 
and entropy profiles. Simultaneously, parameters K and φ cause the velocity to reduce. The presence of porous 
media K is to restrict the fluid motion. Hence the speed will be diminished. In addition, the increase of nano-
particles volume φ produces frictional force in fluid, which resists fluid movement. Due to the growth in ther-
mal conducting, the width of the temperature boundary layer increased as a result of the increasing volume of 
nanomolecules. This is justified by the fact that the fluids’ thermal characteristics are enhanced by the rise in 
nanomolecules concentration. Additionally, the conventional fluid and nanomolecule combination enhances 
heat conduction across the entire liquid, raising the temperature outline.

The slip effect γ ∗ on the plate decelerates the velocity of the fluid, causing the speed to become diminished. At 
the same time, the thickness of the entropy component for the boundary layer becomes thinner by increasing γ ∗ . 
The diminution of the velocity and entropy profiles are subjected to the increment of γ ∗ , as shown consecutively 
in Figs. 18 and 19. The thermal boundary layer becomes broad with the effect of γ ∗ (Fig. 20).

Variations in θ(ω) and NG for various values of Bi , Q , Ec, and Nr are shown in Figs. 21, 22, 23, 24, 25. Accord-
ing to plots, increasing values of all these parameters resulted in enhancing temperature and entropy variations. 
The higher temperature can be obtained with the augmentation of Bi , Q , and Nr . Parameter Bi upsurge the 
thermal boundary layer thickness by inducing the convective heat exchange on the exterior. Meanwhile, the 
higher heat energy supply is contributed by Q and Nr , causing the enhancement in the temperature. Physically, 
higher Nr values have a more substantial influence on conduction. The radiation causes a sizable amount of heat 
to be emitted into the stream, which raises the temperature. Ec helps to raise the temperature while improving 
thermal conductance in liquid movement. The heat produced by viscous dissipation outweighs the heat being 

Figure 4.   Graph of concentration with increasing χ.

Figure 5.   Graph of concentration with increasing Sc.
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transferred, resulting in thermal buildup inside the channel. The viscous dissipation increases the convection 
current near the pipeline, which influences the fluid temperature.

The graphical results of the suction parameter can be seen in Figs. 26, 27, 28 (velocity, temperature, and 
entropy). Besides, Figs. 29, 30, 31 display the injection parameter for the same profiles ( F ′(ω), θ(ω) , and NG ). 
From Figs. 26, 27, it can be observed that the increasing S > 0 decreases F ′(ω) and θ(ω) . However, NG is increased 
(Fig. 28). In the event of suction, the fluid under ambient conditions is drawn near the surface, reducing the 
thermal boundary layer thickness. The injection parameter shows an opposite effect on F ′(ω) (Fig. 29), θ(ω) 
(Fig. 30), and NG (Fig. 31), compared to the suction parameter. Impact of S < 0 (Fig. 29) is described in the fol-
lowing way, the injection produces a pushing force that acts on the fluid directed far from the plate, and buoyancy 
forces induce the fluid acceleration with minimum dependence on viscosity. Consequently, velocity is increased 
due to injection (Fig. 29). The same principle is applicable for suction in the opposite way as fluid is decelerated 
(Fig. 26). But the higher rate in the temperature profile is shown by increasing S < 0 (Fig. 30). This happens as 
fluid is moved far from the plate, acted by the pushing force. Meanwhile, the declination of the thermal boundary 
layer is observed for increasing S > 0 (Fig. 27).

The Reynolds number is a dimensionless number for the fluid, defined as a ratio of inertial and viscous 
forces. It affects the fluid flowing pattern for streamlining or laminar, steady flowing, medium-level, unstable 
flow (turbulent). Viscous forces serve as a resistor even though inertial forces are the most important factor in a 
fluid motion. Hence, fluid exhibits turbulent flowing when inertial force has the greatest impact ( Re > 1 ). When 
viscous forces become a distinguishing factor of inertial troops in the pattern of fluid flow, then the laminar flow 

Figure 6.   Graph of velocity with increasing α1.

Figure 7.   Graph of temperature with increasing α1.
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is generated. The value of Re this paper shows the case of turbulent flow. Figure 32 depicts the entropy profile NG 
against Re , where Re causes the entropy to increase. Increment in Re induces the frictional force in fluid motion, 
and heat is transferred in the boundary layer fluid. Therefore, entropy enhances whenever Re increases.

The ratio of thermal dissipative to molecule thermal transference is known as the Brinkman quantity. Because 
heat is generated via viscous dissipative inside the liquid, the liquid’s temperature will rise. However, this heat 
must be higher than the heat that the fluid movement causes to be lost. Entropy is another byproduct of the 
generation of heat. Figure 33 shows Br caused enhancement in the entropy profile of moving liquid. The explana-
tion for this is straightforward: The Brinkman number rolled as a heat source in a fluid flow, and heat is created 
inside the layers of fluid particles. When the heat is transferred from the heated wall, the heat is created, and 
entropy is produced inside the flow channel. As a result, the Brinkman number must be kept under control to 
decrease entropy.

Figure 34 represents the three-dimensional bar chart of heat transmission rates for diverseφ. Yellow colour 
represents nano-fluid (AA7075–EO), whereas green indicates hybrid nano-fluid (AA7075–Ti–6Al–4 V/EO). 
According to a bar chart, hybrid nano-fluid (AA7075–Ti–6Al–4 V/EO) gains a higher heat transport rate than 
nano-fluid (AA7075–EO).

The values of the Nusselt number NuRe
−1
2

x  are indicated in Table 4, with increasing β1 , β2 , φ/φh , S , Q , Nr , Bi , 
Ec , γ ∗ and K . Heat transfer is induced in the fluid flow due to all of these parameters. Additionally, with at least 
22.44% and 35.01% magnitude, the thermal efficiency of AA7075–Ti–6Al–4 V/EO is higher than AA7075-EO.

Figure 8.   Graph of entropy with increasing α1.

Figure 9.   Graph of velocity with increasing α2.
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Final outcomes
In this paper, the numerical model of the solar water pump (SWP) has been developed, where the principal 
component in SWP is a parabolic trough surface collector (PTSC). The Oldroyd-B fluid in this model consists 
of mono nano-fluid (AA7075–EO) and hybrid nano-fluid (AA7075–Ti–6Al–4 V/EO). The controlling factors 
that are involved in this model are the Biot number, Brinkman number, Deborah number, Reynolds number, 
heat source, nanoparticle volume fraction, perforated media, radiation parameter, speed slip, viscous dissipation, 
suction, and injection. Changes in speed, temperature, entropy, concentration, and temperature are depicted, 
together with the tabulation of the Nusselt number. Therefore, the conclusion is listed below:

Speed differences tend to be due to improvements in β2 and S < 0.

Increases in β1 , K , φ , γ ∗ , Bi, Q , Ec , Nr , and S < 0 increase temperature differences.
The development of entropy diversity is affected by K,φ,Bi,Q,Ec,Nr,S > 0 , Re , and Br.
The heat transfer rate is improved under the range of β1 , β2 , φ/φh , S , Q , Nr , Bi , Ec , γ ∗.
Furthermore, at least 22.56% and a maximum of 35.01%, AA7075–Ti–6Al–4 V/EO temperature efficiency 
is higher than AA7075–EO.

Figure 10.   Graph of temperature with increasing α2.

Figure 11.   Graph of entropy with increasing α2.
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Future study recommendations include the addition of regulating variables in this current model, replacing 
existing factors with the right ones, and using new working fluid in PTSC.

The KBM approach could be applied to a variety of physical and technical challenges in the future81–87.

Figure 12.   Graph of velocity with increasing K.

Figure 13.   Graph of temperature with increasing K.
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Figure 14.   Graph of entropy with increasing K.

Figure 15.   Graph of velocity with increasing φ.
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Figure 16.   Graph of temperature with increasing φ.

Figure 17.   Graph of entropy with increasing φ.
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Figure 18.   Graph of velocity with increasing γ ∗.

Figure 19.   Graph of entropy with increasing γ ∗.
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Figure 20.   Graph of temperature with increasing γ ∗.

Figure 21.   Graph of temperature with increasing Bi.
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Figure 22.   Graph of entropy with increasing Bi.

Figure 23.   Graph of temperature with increasing Q.
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Figure 24.   Graph of entropy with increasing Nr.

Figure 25.   Graph of entropy with increasing Ec.
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Figure 26.   Graph of velocity with increasing S > 0.

Figure 27.   Graph of temperature with increasing S > 0.
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Figure 28.   Graph of entropy with increasing S > 0.

Figure 29.   Graph of velocity with increasing S < 0.
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Figure 30.   Graph of temperature with increasing S < 0.

Figure 31.   Graph of entropy with increasing S < 0.



24

Vol:.(1234567890)

Scientific Reports |        (2022) 12:19817  | https://doi.org/10.1038/s41598-022-24294-3

www.nature.com/scientificreports/

Figure 32.   Graph of entropy with increasing Re.

Figure 33.   Graph of entropy with increasing Br.

Figure 34.   Impact of φ on NuRe
− 1

2
x  for mono and hybrid fluids.
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The results of this study are available only within the paper to support the data.
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