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Abstract

Number states and thermal states form an important class of physical states in
quantum theory. A mathematical framework for studying these states is that of a
Fock space over an appropriate Hilbert space. Several generalizations of the usual
Bosonic Fock space have appeared recently due to their importance in many areas
of mathematics and other scientific domains. One of the most prominent general-
ization of Fock spaces is the Mittag-Leffler (ML) Fock space of the slitted plane.
Natural generalizations of the basic operators of quantum theory can be obtained
on ML Fock spaces. Following the construction of the creation and annihilation op-
erators in the Mittag-Leffler Fock space of the slitted plane by Rosenfeld, Russo, and
Dixon, (J. Math. Anal. Appl. 463, 2, 2018). We construct and study the number
states and thermal states on the ML Fock space of the slitted plane. Thermal states
on usual Fock space form an important subclass of the so called quantum gaussian
states, an analogous theory of more general quantum states (like squeezed states
and Bell states) on ML Fock spaces is an area open for further exploration.

AMS Classification: 33E12, 30H20, 30G30, 81P16, 81R30.
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1 Introduction

The Fock-Segal-Bargmann space or the Bosonic Fock space is a Hilbert space consisting
of entire functions that are square integrable on the complex plane with respect to the
normalized gaussian measure [1, 2]. The Fock space is the unique Hilbert space on which
the creation and annihilation operators are adjoint of each other, i.e. D∗ =Mz, where

Mzf(z) := zf(z) and Df(z) :=
d

dz
f(z)

are closed, densely defined operators that satisfy the classical commutation rule [D,Mz] =
I, where I is the identity operator. Recently, there were attempts in the literature to
the generalize the construction of Fock space in different directions. For example, the
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quaternionic Fock space and quaternionic Segal-Bargmann transform in the setting of
slice hyperholomorphic functions were introduced in [3, 4]. The authors of [5] studied
a generalized Fock space built using different measures and found a new geometric de-
scription of the Fock space based on a special weight extending the classical normalized
gaussian measure.

Another important construction of a generalized Fock space called Mittag-Leffler (ML)
Fock space was introduced and studied by Rosenfeld et al. in [6]. They proved that
classical complex monomials form an orthogonal basis of ML Fock space and computed
their norms. The authors of [6], also defined analogues of the creation and annihilation
operators on ML Fock spaces. This new class of generalized Fock spaces led to many
related works studying several classical objects in this more general setting. The asso-
ciated Bargmann transform was studied in [7, 8], fractional derivatives were studied in
[9, 10]. In [11] the authors established the Heisenberg’s uncertainty inequality associ-
ated with the Caputo fractional derivative. The associated Littlewood-Paley identity was
studied in [12], some operator properties on the Mittag-Leffler spaces were studied in [13],
and fractional oscillations were studied in [14]. In the present work, we take a quantum
theoretic approach and study the analogues of number states and thermal states on the
Mittag-Leffler space.

Number states and thermal states are central objects in quantum optics, quantum
information theory and more generally in quantum probability. Recall that by a state
on a Hilbert space we mean a positive semidefinite trace class operator with unit trace.
Number states are vector states that form an orthonormal basis of the Fock space, meaning
they are rank one projections corresponding to a sequence of orthornormal vectors. In the
formalism of quantum optics, number states form a von Neumann measurement which
counts the number of photons in a light pulse [15]. Thermal states are heavily used
in quantum optics and quantum information theory [15, 16]. The relevance of number
states and thermal states in general quantum mechanics and continuous variable quantum
information theory, can be seen in [16, 17, 18, 19]. For mathematically oriented expositions
one may refer [20, 21, 22, 23].

In this article, we generalize the number states and thermal states of the usual Fock
space to the setting of the Mittag-Leffler Fock space of the slitted plane (see Remark
2.9, Definition 3.1 and Theorem 3.6). When restricted to the usual Fock space, our
construction reduces to the number states and thermal states on the usual Fock space.
The theory of functions of a complex variable and special functions appear naturally in
our constructions. Several open problems also arise in this context.

1.1 Discussion of the Main Result

Now we provide an outline of our constructions in this article. In the usual Bosonic
Fock space, the number states are the eigenvectors of the number operator a†a [where a†

denotes the creation operator, and a denotes the annihilation operator]. The analogues of
the number states in Mittag-Leffler Fock space is obtained by identifying an orthonormal
sequence of eigenvectors of the operator a†a in this space. In the usual Fock space the
thermal states with inverse temperature s is defined as

ρs = (1− e−s)e−sa
†a,

where the scalar (1− e−s) = 1

Tr e−sa†a
. Following the definition of a† and a in the Mittag-

Leffler Fock Space of the slitted plane, we prove that the positive semidefinite operator
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e−sa
†a is a trace class operator on the Mittag-Leffler Fock space of the slitted plane, and

thus we can define the thermal states of the ML space as

1

Tr e−sa†a
e−sa

†a,

where a† and a above are respectively, the creation and annihilation operators of the ML
Fock space of the slitted plane. Formal definitions and properties of the objects we require
are provided in Section 2.

Constructing the analogous of Weyl unitary operators and Bogoliubov Transformation
of the usual Focks space are interesting open problems for future work. More generally, the
general structure of Mittag-Leffler spaces can be further explored if we can find analogous
of Weyl representation and metaplectic representation of the slitted plane into Mittag-
Leffler Fock space

2 Preliminaries

In this section, we revise the important definitions and theorems that will be used through-
out this article. More specifically, we revise the notion of ML space, which was first
introduced in [6].

Definition 2.1. [ML space, [6, Definition 4 and Theorem 3.2]] For q > 0, the Mittag-
Leffler space (sometimes referred to as the Mittag-Leffler Fock space or MLF space),
ML2(C; q), of entire functions of order q > 0 is defined in [6] as

ML2(C; q) =

{

f(z) =

∞∑

n=0

anz
n :

1

qπ

∫

C

|f(z)|2|z| 2q−2
e
− |z|2

q dz <∞
}

,

or equivalently using the sequential characterization

ML2(C; q) =

{

f(z) =

∞∑

n=0

anz
n :

∞∑

n=0

|an|2Γ(qn+ 1) <∞
}

, .

where Γ(·) is the usual Gamma function, Γ(z) :=
∫∞

0
tz−1e−t, for all z ∈ C\{−1,−2, . . . }.

If f(z) =
∑∞

n=0 anz
n and g(z) =

∑∞
n=0 bnz

n, then

〈f |g〉ML2(C;q) =

∞∑

n=0

ānbnΓ(qn+ 1). (2.1)

It is also the RKHS of entire functions associated with the kernel functions given by

Kq(z, w) = Eq(z̄w) =

∞∑

n=0

z̄nwn

Γ(qn+ 1)
,

where Eq(·) is the Mittag-Leffler special function

Remark 2.2. It can be noted, that for q = 1, we obtain the classical geometric charac-
terization Fock space F [1]. Also, following the convention in quantum theory, our scalar
product is linear in the second variable and anti-linear in the first variable
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Lemma 2.3 ([6, Lemma 3.1]). The set of functions

{gn(z)}∞n=0 =

{

zn
√

Γ(qn+ 1)

}∞

n=0

is an orthonormal basis for ML2(C; q).

Definition 2.4. [6, Definition 7] For q > 0, the Mittag-Leffler space on the slitted plane
is defined as

ML2 (C\R−; q) :=
{
f : C\R− → C : f

(
z1/q

)
∈ML2(C; q)

}

i.e.

ML2 (C\R−; q) =

{

f : C\R− → C, f(z) =

∞∑

n=0

anz
qn :

∞∑

n=0

|an|2 Γ(qn+ 1) <∞
}

.

The Mittag-Leffler space of the slitted plane is a RKHS equipped with the scalar product

〈f(z)|g(z)〉ML2(C\R−;q) =
〈
f
(
z1/q

)∣
∣g
(
z1/q

)〉

ML2(C;q)
.

Hence if f(z) =
∑∞

n=0 anz
qn and g(z) =

∑∞
n=0 bnz

qn, then

〈f |g〉ML2(C\R−;q) =
〈
f
(
z1/q

)∣
∣g
(
z1/q

)〉

ML2(C;q)
=

∞∑

n=0

ānbnΓ(qn+ 1). (2.2)

We recall the definition of Caputo fractional derivatives denoted by Dq
∗ for q > 0 in

the ML space.

Definition 2.5 (Caputo fractional derivative in ML spaces [6, Definition 9]). Let q > 0
and f ∈ML2(C \R; q) be given by the power series expansion f(z) =

∑∞
n=0 anz

qn, then
the Caputo fractional derivative of f of order q denoted by Dq

∗ for z ∈ C \R− is given by

Dq
∗f(z) =

∞∑

n=1

an
Γ(qn+ 1)

Γ(q(n− 1) + 1)
zq(n−1).

whenever
∞∑

n=1

|an|2
∣
∣
∣
∣

Γ(qn+ 1)

Γ(q(n− 1) + 1)

∣
∣
∣
∣

2

<∞.

Finally, we recall the analogues of creation and annihilation operators in the framework
of ML space of the slitted plane

Definition 2.6 ([6, Definition 10]). Define the following subspaces of ML2(C\R−; q),

Dom
(
a†
)
:=
{
f ∈ML2 (C\R−; q) : z

qf ∈ML2 (C\R−; q)
}
.

Dom(a) :=
{
f ∈ML2 (C\R−; q) : D

q
∗f ∈ML2 (C\R−; q)

}

Now the operators a† and a are defined on as follows

(
a†f
)
(z) :=Mzqf(z), ∀f ∈ Dom

(
a†
)

(af) (z) := Dq
∗f(z), ∀f ∈ Dom(a) .
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Proposition 2.7 ([6, Proposition 5.2]). Let q > 0. The operators a† and a are closed
densely defined operators that are adjoint to each other, i.e., (a†)∗ = a, and a∗ = a†.

Recall that the elements f of ML2(C \ R−; q) are such that f(z
1

q ) ∈ ML2(C; q).
Therefore, in the light of Lemma 2.3, it is straight forward to see that the functions
{gn(zq)}n≥0 form an orthornomal basis of ML2(C \ R−; q). Nevertheless, we provide a
proof of this fact for completion.

Proposition 2.8. Let ψn(z) := gn(z
q) = zqn√

Γ(qn+1)
∈ ML2(C \ R−; q) for n = 0, 1, 2 . . .

then the set {ψn}n≥0 is an orthonormal basis (ONB) for the space ML2(C \ R−; q).

Proof. Notice first from Definition 2.4 that ψn ∈ ML2(C \ R−; q) for every n ≥ 0. Now
we show that the set is indeed orthonormal in ML2(C \ R−; q). To this end, let m 6= n,
then from Definition 2.4, it follows that

〈ψm|ψn〉ML2(C\R−;q) =
〈
ψm(z

1/q)
∣
∣ψn(z

1/q)
〉

ML2(C\R−;q)

=

〈

zm
√

Γ(qm+ 1)

∣
∣
∣
∣
∣

zn
√

Γ(qn+ 1)

〉

ML2(C;q)

= 0,

where the last line follows from Lemma 2.3. Hence {ψn}n≥0 is indeed orthogonal in the
Hilbert space ML2(C \ R−; q). Now we will show that ‖ψn‖ML2(C\R−;q) = 1 for all n ≥ 0.
To this end, note that

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

zqn
√

Γ(qn+ 1)

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

ML2(C\R−;q)

=

〈

zqn
√

Γ(qn+ 1)

∣
∣
∣
∣
∣

zqn
√

Γ(qn+ 1)

〉

ML2(C\R−;q)

=

〈

zn
√

Γ(qn+ 1)

∣
∣
∣
∣
∣

zn
√

Γ(qn+ 1)

〉

ML2(C;q)

=

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

zn
√

Γ(qn+ 1)

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2

ML2(C;q)

= 1,

by Lemma 2.3. Hence {ψn}n≥0 is an orthonormal set. To show that it is an ONB
of ML2(C \ R−; q), we need to show that {ψn}n≥0 spans ML2(C \ R−; q). Let f ∈
ML2(C \ R−; q). By Definition 2.4, g(z) = f(z

1

q ) ∈ML2(C; q). By Lemma 2.3 we get

g(z) = f(z
1

q ) =
∞∑

n=0

angn(z),

where
∑∞

n=0 |an|2Γ(qn + 1) < ∞ and gn(z) = zn√
Γ(qn+1)

with {gn(z)}n≥0 is an ONB of

ML2(C; q). Recall from Definition 2.1 of ML2(C; q), that g(z) = f(z
1

q ) is an entire

5



function, so

f(z) = g(zq) =

∞∑

n=0

angn(z
q)

=

∞∑

n=0

an
zqn

√

Γ(qn+ 1)
︸ ︷︷ ︸

=ψn(z)

=

∞∑

n=0

anψn(z), ∀z ∈ C \R−.

Since {|ψn〉}n≥0 is orthonormal in ML2(C \ R−; q), we have

f =
∞∑

n=0

an |ψn〉 ,

in the norm of ML2(C \ R−; q), which completes the proof.

Remark 2.9. Following the notation |n〉 used to denote n-particle Fock state (number
state) in the usual Fock space; for q > 0, we use the notation |nq〉 to denote the function
ψn in the previous lemma, i.e.,

|nq〉 :=
∣
∣
∣
∣

zqn

Γ(qn+ 1)

〉

, n ∈ N. (2.3)

and for n = 0, |0q〉 ≡ 1. In particular, for q = 1, |n1〉 = |n〉 in the usual Fock space. Thus
the states {|nq〉} are a natural generalization of usual number states in the setting of ML
Fock spaces.

Proposition 2.10. The orthonormal basis {|nq〉}∞n=0 is contained in the domain of a†a
and

a†a |nq〉 =
{

Γ(qn+1)
Γ(q(n−1)+1)

|nq〉 n ≥ 1

0 n = 0
. (2.4)

In particular, the operator a†a initially defined on the span of the orthonormal basis {|nq〉}
extends as a positive selfadjoint operator, again denoted by a†a on its maximal domain.
Furthermore, if f ∈ ML2(C \ R−; q) is such that f(z) =

∑∞
n=0 anz

qn, and f ∈ Dom(a†a)
then,

(
a†af

)
(z) =

∞∑

n=1

an
Γ(qn+ 1)

Γ(q(n− 1) + 1)
zqn.

Proof. First we show that |nq〉 is in the domain of a, to this, note that by Definition 2.6

D(a) = {f ∈ML2(C \ R−; q) | Dq
∗(f) ∈ML2(C \ R−; q)}

We will compute Dq
∗ |nq〉 and show that Dq

∗ |nq〉 ∈ ML2(C \ R−; q). By Definition 2.5 for
z ∈ C \ R− we have

Dq
∗ |nq〉 (z) =

{

|(n− 1)q〉 (z), n ≥ 1

0, n = 0
.

6



Hence

a |nq〉 =
{

|(n− 1)q〉 , n ≥ 1

0, n = 0
∈ML2(C \ R−; q).

Now we prove that a |nq〉 ∈ Dom(a†), to this end note that

a |nq〉 (z) =
z(n−1)q

Γ(q(n− 1) + 1)
, z ∈ C \R−,

so

zqa |nq〉 (z) =
zqn

Γ(q(n− 1) + 1)
∈ML2(C \ R−; q).

Therefore, by Definition 2.6 a |nq〉 is in the domain of a†. Now

a†a |nq〉 (z) = zq(a |nq〉)(z) =
zqn

Γ(q(n− 1) + 1)
=

Γ(qn+ 1)

Γ(q(n− 1) + 1)

(

zqn
√

Γ(qn+ 1)

)

︸ ︷︷ ︸

|nq〉

.

Therefore, the expression for a†a |nq〉 is given by

a†a |nq〉 =
Γ(qn+ 1)

Γ(q(n− 1) + 1)
|nq〉, n ∈ N ∪ {0}

proving (2.4). Since {|nq〉} forms an orthonormal basis of eigenvectors for a†a, we see that
the operator a†a initially defined on this orthonormal basis using the eigenvalue relation
above extends to a closed positive operator on a maximal domain.

To get the general form for a†af where f(z) =
∑∞

n=0 anz
qn ∈ Dom(a†a), note that

f(z) =

∞∑

n=0

anz
qn =

∞∑

n=0

anΓ(qn+ 1)
zqn

Γ(qn+ 1)
,

i.e.,

|f〉 =
∞∑

n=0

anΓ(qn+ 1) |nq〉 .

Now by the closedness of the operator a†a,

a†a |f〉 =
∞∑

n=0

anΓ(qn+ 1)a†a |nq〉

=

∞∑

n=1

an
Γ(qn + 1)2

Γ(q(n− 1) + 1)
|nq〉 .

This last expression is same as the one given in the statement of the present proposition.

Remark 2.11. By Proposition 2.10, we see that the operator a†a on the ML-space of
the slitted plane, ML2(C; q), is a diagonal operator with respect to the orthonormal basis
{|nq〉}.
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3 Thermal States on ML-space of the Slitted Plane

Following the theory of thermal states on a classical Fock space [20, 17, 23, 22] we define
the thermal states of the ML2(C \ R−; q) space as follows.

Definition 3.1. Let s > 0, a thermal state with parameter s of ML2(C\R−; q) is defined
as the operator

ρs =
e−sa

†a

Tr e−sa†a
.

Note that our definition of thermal states assumes that the operator e−sa
†a defined on

ML2(C \ R−; q) is trace class. We will devote the rest of this section to prove that this
is indeed the case. Once we prove that the operator e−sa

†a defined on ML2(C \ R−; q)
is trace class, we get a one parameter generalization of the usual thermal states on Fock
spaces (i.e., the case q = 1).

Remark 3.2. We use the notation

nq :=
Γ(qn+ 1)

Γ(q(n− 1) + 1)
, n ∈ N.

It is a fact that Γ(x) > 0, for x > 0 [24, Page 273], hence nq > 0 for all n. With this
notation and Proposition 2.10 we have

a†a |nq〉 = nq |nq〉 , ∀n ∈ N ∪ {0}.

Therefore, to prove that the operator e−sa
†a is trace class, we need to show that the series

∞∑

n=0

e−snq <∞.

Indeed, we prove this and it is the main technical result of our article and we achieve this
in Theorem 3.6. Before that we discuss some tools from analysis we need to prove our
main theorem.

Remark 3.3. In what follows we need to use the Digamma function. We summarize
the properties important to us in this remark. The Digamma function is the logarithmic
derivative of the Gamma function, given by

ψ(z) =
Γ′(z)

Γ(z)
=

d

dz
ln Γ(z)

It is a strictly increasing and concave function on the interval (0,∞) [25, Section 6.3].
Furthermore, the asymptotic behavior is given by

ψ(z) ∼ ln z − 1

2z
+O(|z|−2)

for large values of z in the sector | arg z| < π− ε, where ε is a small positive constant [25,
Page 259, Equation 6.3.18] .
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Lemma 3.4. For q > 0, define fq : [1,∞) → R by

fq(x) = xq :=
Γ(qx+ 1)

Γ(q(x− 1) + 1)
, x > 1.

Then we have

1. fq(n) = nq, where nq is as in Remark 3.2;

2. fq is a positive increasing function on [1,∞);

3. fq satisfies
lim
x→∞

fq(x) = ∞

Proof. Note that 1 is a trivial remark.
2. Recall that the Gamma function is strictly positive and differentiable on the positive

real axis (See [24, Appendix A.1.2]). Hence fq(x) > 0 for all x ∈ [1,∞). Now we show
that the function fq is monotonically increasing by showing that the derivative of fq is

positive. Using the Digamma function ψ(x) = Γ′(x)
Γ(x)

defined in Remark 3.3, we have,

d

dx
fq(x) =

d

dx

(
Γ(qx+ 1)

Γ(q(x− 1) + 1)

)

=
qΓ′(qx+ 1)Γ(q(x− 1) + 1)− qΓ′(q(x− 1) + 1)Γ(qx+ 1)

(Γ(q(x− 1) + 1))2

= q

Γ′(qx+1)
Γ(qx+1)

Γ(qx+ 1)Γ(q(x− 1) + 1)− Γ′(q(x−1)+1)
Γ(q(x−1)+1)

Γ(q(x− 1) + 1)Γ(qx+ 1)

(Γ(q(x− 1) + 1))2

=
qΓ(qx+ 1)(ψ(qx+ 1)− ψ(q(x− 1) + 1))

Γ(q(x− 1) + 1)

= qxq
︸︷︷︸
>0

· (ψ(qx+ 1)− ψ(qx+ 1− q))
︸ ︷︷ ︸

>0

(3.1)

> 0,

where we used the positivity of the Gamma function on (0,∞) and the fact that Digamma
function is increasing on (0,∞) as stated in Remark 3.3. Hence we indeed have a strictly
increasing sequence.

3. Now we show that xq → ∞ as x→ ∞. We have

Γ(z + α)

Γ(z + β)
= zα−β

[

1 +
(α− β)(α+ β − 1)

2z
+O

(
|z|−2

)
]

,

for arbitrary constants α and β, and z ∈ C with | arg z| 6 π− δ for a some positive δ (see
[24, Appendix A.1.8] or [26, Chapter 1, Exercise 9]). Now the lemma follows by taking
z = qn, α = q and β = 0.

Remark 3.5. We need to use the abscissa of convergence of a general Dirichlet series
in our next theorem. We provide the basics of this notion in this remark. The general
Dirichlet series is an infinite series of the form

∞∑

n=1

ane
−λns

9



where an, s are complex numbers and {λn}n∈N is a strictly increasing sequence of nonneg-
ative real numbers that goes to infinity. The abscissa of convergence of a Dirichlet series
is given by

σc = inf

{

σ ∈ R :

∞∑

n=1

ane
−λns converges for every s for which Re(s) > σ

}

.

From [27, Theorem 8], σc is given by

σc = lim sup
n→∞

log(|a1|+ |a2|+ · · ·+ |an|)
λn

.

Meaning that the Dirichlet series converges for every s such that Re(s) > σc.

Now we prove the main theorem of this article which shows that the operator e−sa
†a

is a trace class operator on ML2(C \ R−; q). Combining our next theorem with Remark
3.2 completes the construction of thermal states on ML Fock space of the slitted plane.

Theorem 3.6. For q > 0 and s > 0, the series
∑∞

n=0 e
−snq converges, i.e.,

∞∑

n=0

e−snq <∞, (3.2)

where nq =
Γ(nq+1)

Γ((n−1)q+1)
.

Proof. By Lemma 3.4 the sequence {nq} is increasing, so the series
∑∞

n=0 e
−snq has the

form of a general Dirichlet series as in Remark 3.5, with an = 1, λn = nq, n ∈ N. Therefore,
the abscissa of convergence for this series is given by

σc = lim sup
n→∞

log n

nq
(3.3)

We will show that for q > 0, σc = 0 so that the series is convergent for all s > 0 . In fact,
we will show that limn→∞

logn
nq

= 0. To this end, note that by Lemma 3.4, nq → ∞ as

n → ∞, and since logn → ∞ as n → ∞, we can apply l’Hôpital rule, and show instead
that

lim
x→∞

d
dx

log x
d
dx
fq(x)

= 0,

where fq is as in Lemma 3.4. Now by using the formula for the derivative of fq given in
equation (3.1), we have

lim
x→∞

d
dx

log x
d
dx
fq(x)

= lim
x→∞

1
x

qxq (ψ(qx+ 1)− ψ(q(x− 1) + 1))

= lim
x→∞

1

qxqx (ψ(qx+ 1)− ψ(q(x− 1) + 1))
. (3.4)

Using the asymptotic behavior of ψ given in Remark 3.3, we have

lim
x→∞

x (ψ(qx+ 1)− ψ(q(x− 1) + 1)))

= lim
x→∞

x

(

log

(

1− q

qx+ 1

)

+
1

2(qx+ 1)
− 1

2(qx+ 1)− 2q

)

= −1
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Therefore, we have the limit in (3.4) equal to 0 because xq → ∞ as x→ ∞ by Lemma 3.4.
Thus we have shown that the abscissa of convergence given by (3.3) is 0 which completes
the proof.

Remark 3.7. Theorem 3.1 states that the operator e−sa
†a is a trace class operator for all

s > 0. Thus Definition 3.1 of thermal states makes sense.

4 Conclusion and Discussion

Following the construction of the creation and annihilation operators on the Mittag-Leffler
(ML) Fock space of the slitted plane by Rosenfeld, Russo and Dixon [6], it is natural to
look for an analogous quantum theory on ML spaces. As described in the introduction
of this article we can already see such attempts in the literature. In this article, we
construct ML counter parts of the thermal states (Definition 3.1 and Theorem 3.6) and
number states (Remark 2.9) of quantum theory. The theory of thermal states and number
states of usual Fock space and their generalizations are very important in quantum optics
and quantum information theory. Therefore, further investigations and generalizations
of our work is interesting. For example, one can investigate ML analogues of coherent
states and ask whether there is a symmetry group associated with the thermal states and
coherent states of ML spaces [28]. Furthermore, studying quantum stochastic calculus on
ML spaces can reveal deeper understanding of the subject.
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