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 Thermo-Metallo-Mechanical Modelling of Heat Treatment Induced 
Residual Stress in Ti-6Al-4V Alloy 

 

Residual stress fields dynamically fluctuate throughout the manufacturing process 

of metallic components and are caused by local misfit of a thermal, mechanical or 

metallurgical nature. Recent advances have been made in the area of 

microstructure and residual stress prediction; yet few have considered dual-phase 

titanium alloys. The aim of the work presented was to carry out a review of the 

existing state-of-the-art in residual stress modelling with an intended application 

to industrial heat treatment of Ti-6Al-4V alloy. Four areas were evaluated: thermal, 

mechanical and metallurgical sub-models, and model validation via residual stress 

measurement. Recommendations for future research include further investigation 

of transformation induced plasticity and stress relaxation behaviour in Ti-6Al-4V.     

Keywords: residual stress; titanium alloys; Ti-6Al-4V; phase transformation; 

numerical simulation; heat treatment; stress relaxation 

1. Introduction  

Titanium and its alloys are often within selected for use in high-value structural 

components in a number of applications due to their favourable strength-to-weight ratio, 

superior corrosion resistance and excellent mechanical properties [1]. The aerospace 

industry accounts for the majority of global titanium consumption – over 80% – which is 

used to produce a number of alloys; of which Ti-6Al-4V is the most widespread variant 

[2]. The main applications of these alloys include the airframe, landing gear, low pressure 

compressor components and fan blades within  gas turbine engines; with increasing 

numbers of critical components utilising the alloy [2]. 

The material is commonly subjected to a prescribed set of thermal and thermo-

mechanical cycles to realize a final microstructure which exhibits favourable mechanical 

properties, yet residual stress must be taken into account and adequately controlled to 



ensure optimal performance. Understanding the origin of residual stresses and their 

evolution throughout the manufacturing process is a key challenge faced by those in 

industry. The inclusion of tensile residual stress can reduce fatigue life and lead to 

cracking, and high magnitudes of residual stress can cause deviations from dimensional 

tolerances during machining operations [3]. Therefore it is important to develop an 

understanding of such stresses in order to reliably predict and control processes to achieve 

a final part with the desired operational performance without need for rework [4]. Thus, 

if accurate predictive models for evolution of microstructure and residual stress can be 

developed and adopted by industry, this could reduce the need for trial-and-error based 

approaches which may allow for improved material performance whilst minimising 

production costs [4, 5].  

Residual stresses exist in all manufactured components to some extent. They can 

be thought of as internal stresses which remain in a part when it is no longer subjected to 

any external forces. These residual stresses can be induced by plastic deformation, 

thermal fluctuations, phase transformation or any micro- and macro- mechanisms that 

results in a form of misfit within a part [6]. Therefore residual stresses are often produced 

as a result of metalworking operations as most of these mechanisms are active [3]. 

Residual stress fields act across differing length scales. These are characterised as: type I 

macro-stress which varies over large distances comparable to the dimensions of the part, 

type II intergranular stress which varies over the grain scale, and type III atomic scale 

stress [7]. For the purposes of manufacturing large scale metallic engineering 

components, type I macro-stresses are generally of most importance and are therefore the 

main concern in industrial process modelling endeavours [7]. 

 



A number of works have been conducted whereby finite element analysis has been 

employed to model the evolution of residual stress during thermo-mechanical processing 

in steel [4, 8, 9], aluminium alloys [10, 11, 12, 13] and nickel-based superalloys [14, 15]. 

Model development has been ongoing since the late 1950’s whereby Weiner and 

Huddleston [16] conducted computer-assisted simulation of residual stress in heat treated 

steel cylinders. However, there is a clear lack of published literature surrounding the 

modelling of residual stress evolution in titanium alloys; particularly involving the heat 

treatment of Ti-6Al-4V alloy [17]. The few studies which have been conducted largely 

concern additive manufacturing and welding and tend to simplify or omit the effect of 

metallurgical influences on residual stress [18, 19, 20]. Yet thermal, metallurgical and 

mechanical influences are inextricably linked to the evolution of residual stress and must 

be considered accordingly [6].     

The aim of the work presented was to carry out a review of the existing state-of-

the-art in residual stress modelling with an intended application to industrial heat 

treatment of Ti-6Al-4V alloy.  It was desired to understand the limitations of existing 

knowledge of the subject matter and identify areas for future work.  

Titanium Alloy Ti-6Al-4V 

Elemental titanium exhibits the highest strength-to-weight ratio of any metallic element, 

as well as excellent corrosion resistance and great high temperature mechanical properties 

[21]. Pure titanium displays a hexagonal close packed (hcp) crystal structure; known as α 

titanium, at low temperatures [22]. However, an allotropic phase transformation occurs 

upon heating to above 882°C. This produces a body-centred cubic (bcc) structure known 

as β titanium [22]. This transition temperature is called the β-transus temperature. The 

crystallographic orientation relationship between the α and β phase is described by the 

Burgers  relationship [23] which states that 12 distinct α variants may be developed within 



each β grain. Yet each variant is not represented proportionally, leading to distinct 

crystallographic textures due to a phenomena called variant selection [24, 25].    

The addition of alloying elements, vanadium and aluminium, in Ti-6Al-4V lead 

to an alloy with an increased β-transus, yet stable α and β phases at room temperature. 

The ASTM standard specification for the allowable chemical composition of Ti-6Al-4V 

alloy in billet and bar form is shown in Table 1 [26]. The addition of aluminium leads to 

reduced alloy density whilst strengthening the α phase and increasing the β-transus 

temperature [27]. On the other hand, the inclusion of vanadium improves hot workability 

and reduces the β-transus whilst also promoting stability of the β phase at room 

temperature [27]. This is illustrated as binary phase diagrams in Fig. 1 [28, 29]. A β-

transus of 995±15°C is exhibited by Ti-6Al-4V [22, 30]. The onset of the α→β 

transformation has been identified at approximately 550°C [31] , whilst the β→α 

transformation begins when cooling below the β-transus and is further discussed within 

as part of the metallurgical sub-model . The fraction of retained β phase at room 

temperature is not only dependent on alloying elements, but also thermal history, and can 

range from 0 to 12 vol% [32, 33]. Elemental diffusion, predominantly of vanadium,  upon 

cooling drives the growth of the α phase and causes preferential partitioning of solutes in 

the α and β phase [34]. The effect of this has been quantified by Elmer et al. [33] who 

found 7% Al and 1% V in α, with  3% Al and 15% V in β at room temperature 1.      

A selection of typical bulk material properties exhibited by Ti-6Al-4V are 

compared against that of high purity titanium (> 99.98 wt% Ti) in Table 2. From Table 2 

it is apparent that Ti-6Al-4V exhibits a superior strength-to-density ratio in comparison 

with its unalloyed counterpart. However, the ambient properties of Ti-6Al-4V alloy are 

                                                

1 Values expressed in wt% 



also highly dependent on the microstructure which is influenced by thermo-mechanical 

processing and heat treatment [17]. For example, high cooling rates experienced during 

water quenching (~10,000°C/min) from above the β-transus can lead to a yield strength 

of 1100 MPa whereas a value of 850 MPa may be exhibited after slow furnace cooling 

(<100°C/min) [35, 36]. Similarly, ultimate tensile strength, creep resistance, fatigue 

strength and ductility are particularly influenced by process history [27, 35, 37, 38]. This 

must be taken into consideration when using literature data for process modelling and 

when evaluating magnitudes of residual stress [39].  

Figure 1: Binary phase diagrams of major alloying elements, aluminium (a), and vanadium (b),  
present in Ti-6Al-4V [28, 29]. 

 
Table 1: ASTM B348-13 Standard Specification for the composition of Ti-6Al-4V Grade 5 alloy 

[26].  

 Element Content (wt%) 
Al V Fe O C N H Ti 

5.5-6.75 3.5-4.5 < 0.4 < 0.2 < 0.08 < 0.05 < 0.00125 Bal. 

Table 2: Comparison of selected bulk properties of high purity Ti and Ti-6Al-4V [22, 40]. 

Property High Purity Ti (> 99.98 wt%) Ti-6Al-4V 
Density (g/cc) 4.51 4.43 
Young’s Modulus (GPa) 100-145 110-140 
Yield Strength (MPa) 140 800-1100 
Ultimate Tensile Strength (MPa) 235 950 
Poisson’s Ratio 0.32 0.342 
Beta Transus Temperature (°C) 882 995±15 



Heat Treatment of Ti-6Al-4V  

Ti-6Al-4V alloy is initially produced by crushing and melting titanium sponge and adding 

the necessary alloying elements to the melt [1]. The melted alloy is then cast to produce 

an ingot which is the base geometry for thermo-mechanical processing and machining. 

The ingot is usually firstly annealed within the β phase field, this process is called 

homogenization; producing a uniform globularised microstructure with good workability 

[40]. This is followed by plastic deformation at a temperature either within the α+β or β 

phase field dependant on the desired final microstructure. Bulk metalforming processes 

such as forging or rolling may be utilised in order to carry out this deformation.  

Following metalforming, a combination of successive heat treatment cycles may 

be applied to the material to achieve the desired mechanical properties. The two most 

common heat treatment processes are annealing and solution treatment and aging (STA) 

[41]. The microstructural evolution due to such heat treatment processes is heavily 

dependent on the temperature at which the heat treatment is conducted, as well as the 

‘soak duration’, and the subsequent cooling rate [27, 42, 43]. Additionally, thermo-

mechanical processing can alter the magnitude and distribution of type I, II and III 

residual stress throughout the material [6]. Typically, mechanically induced residual 

stress is considered to act across the type I scale, whilst thermal gradients act across both 

the type I and II scales, and transformation induced stress is of type II  yet may average 

to a non-zero value over the macro-scale [7]. These residual stresses may be intensified 

or mitigated, depending on the particular thermo-mechanical process conditions 

employed.  

Solution treatment is often used after deformation to obtain a material with high 

strength and reasonable ductility [36]. It is conducted at temperatures high in the α+β  

phase field; producing a bimodal microstructure of α in a transformed β matrix, or in the 

β phase field; producing a lamellar ‘β–annealed’ microstructure [21, 35]. Water may be 



used as a quenchant in order to minimise diffusion of atoms within the solid solution. 

However, this leads to increased differential thermal gradients in the material; associated 

with a generation of high magnitudes of residual stress. Aging may then be completed at 

low-medium temperature (425-650°C) in order to promote stress relaxation and transform 

any supersaturated β and/or brittle α′ (martensite) to the α-phase [21, 37, 44]. Bi-modal 

microstructures are often selected for use in fan and compressor blades due to their high 

cycle and low cycle fatigue resistance whereas β-annealed microstructures are more 

suited to structural components [36]. Optical micrographs of typical martensitic, bi-modal 

and β-annealed microstructures are provided in Fig. 2, with the characteristic processing 

routes outlined in Fig. 3 [36].  

Figure 2: Optical micrographs characteristic of β-annealed (a), bi-modal (b), and martensitic 
(c) microstructures. Note: β-phase is shaded in grey, with α-phase shaded in white. 

 
Figure 3: Typical processing route for β-annealed (dashed line) and bimodal (solid 

line) microstructures [36]. 

Alternatively, stress relief annealing above 550°C can be carried out directly after 

deformation to produce the so-called mill annealed microstructure. This is a very common 

condition yet the process parameters are ill defined [36]. Mill-annealed microstructures 



are often used for large forgings but the more expensive β-annealed microstructure 

provides better resistance to fatigue crack propagation so is used for critical parts such as 

bulkheads [36].  

Post weld heat treatment is an annealing treatment commonly employed to reduce 

localised residual stress distributions formed due to extreme temperature gradients during 

welding. This typically involves heating to a medium temperature (~650°C), holding for 

1-2 hours, followed by an air cool [45]. The decreased thermal gradients inherent to air 

cooling tend to have minimal adverse effect on residual stress. Similar heat treatments 

have been utilised for additively manufactured Ti-6Al-4V, with further treatments at 

increased temperatures to induce favourable microstructural changes [46, 47, 48, 49].  

Thus, heat treatment is used to produce microstructures with tailored mechanical 

properties, yet adverse residual stresses may be formed inadvertently. Annealing stages 

are commonly employed to reduce the magnitude of such stresses but quantitative 

prediction is not yet readily available [50].  

2. Thermo-Metallo-Mechanical Modelling of Residual Stress  

     In order to develop a predictive model for thermo-mechanically induced residual stress 

evolution, one must consider three interrelated physical fields, or sub-models, which 

incorporate thermal analysis, metallurgical transformation and mechanical response [50]. 

These sub-models are interrelated by couplings which can have a significant effect on 

each other and are underpinned by the underlying material properties. Additional 

interactions and sub-models such as fluid dynamics and electromagnetic influences have 

been discussed by Gür and Şimşir [51] but are not deemed essential for thermo-metallo-

mechanical (TMM) modelling of residual stress due to heat treatment [44].  

The majority of previous modelling studies follow a similar procedure that 

includes (i) identification of problem, (ii) collection of input data and development of 



physical principles, (iii) process modelling; mainly using finite-element analysis (FEA), 

and (iv) validation by experimental measurements. However, a number of differences lie 

in the model assumptions, input data collected, and the measurement methodology used 

for experimental validation [50, 52].  

Thermal gradients in a workpiece induce unequal thermal expansion and 

contraction, producing a thermal strain component, and phase transformation. Phase 

transformations can lead to changes in unit cell volume and transformation induced 

plasticity which contributes to generation of strain gradients [53]. Additionally, a 

mechanical strain component exists as a result of the thermo-mechanical material history 

[44, 53]. These strain components have a summative effect on the total strain; and 

therefore residual stress. This total strain, 𝜀 , can be expressed using infinitesimal 

strain theory as [54]: 𝑑𝜀 =  𝑑𝜀 + 𝑑𝜀 + 𝑑𝜀  

Where 𝜀  is the mechanically induced component of strain, 𝜀  is the metallurgically 

induced component of strain, and 𝜀   is the thermally induced component of strain.  

However, metallurgical changes may also lead to variations in thermo-physical 

properties, such as latent heat, which affects the temperature field; consequently affecting 

thermal strain and phase transformation [51]. Similarly, increased total strain may lead to 

stress induced transformations [55], and mechanical deformation can generate heat [51].    

The complexity of a fully coupled model which incorporates all sub-models and 

their relationships, has led to the vast majority of previous studies electing for a sequential 

model with simplifying assumptions [11, 13, 15, 56]. Some couplings can be neglected 

regardless of thermo-mechanical process conditions, whereas others are dependent on the 

process conditions and the specific material. For example, heat generation due to 



mechanical work is insignificant during heat treatment and therefore its effect on thermal 

analysis can be neglected [13]. Similarly, the influence of latent heat on temperature 

distribution  has historically been deemed insignificant and ignored for the majority of 

solid-state transformations [57], yet a recent study concerning additive manufactured Ti-

6Al-4V has observed an inflection of cooling curves at approximately 800°C which may 

be attributed to latent heat, warranting further investigation [58]. On the other hand, 

depending on the heat treatment temperature and cooling rate, phase transformations can 

induce significant strains; and vice-versa [50]. Such metallurgical couplings may be 

initially assessed based on the time-temperature-transformation (TTT) or isothermal 

transformation (IT) diagram. The relationship between the three sub-models for heat 

treatment of Ti-6Al-4V is presented in Fig. 4; with dashed arrows representing the 

couplings which can be neglected. The critical outputs of such models are commonly: 

residual stress, distortion and final microstructure. Thus, based on the aforementioned 

simplifications one may consider the overall model in order of (i) thermal, (ii) 

metallurgical and (iii) mechanical sub-models, which are explained in detail in the 

following sections [50, 51, 59, 60, 61]. 

Figure 4: Physical sub-models and couplings for simulation of thermo-mechanical processing 
of metals. Strong couplings signified by solid lines, weak couplings signified by dashed lines. 

Adapted from [50, 51, 59, 60, 61]. 



Thermal Sub-Model  

For static heat treatment, conductive heat transfer is assumed within the part, and heat 

loss can be approximated assuming convective, radiative or conductive heat transfer 

depending on the fixture conditions and cooling conditions [44].  

     The inputs of the thermal sub-model, out-with material properties, are initial 

temperature and heat transfer coefficient (HTC). The heat transfer coefficient governs the 

cooling rate throughout a part and is a function of both temperature and location in the 

part, making it difficult to estimate or find reliable pre-existing data. To that end, initial 

experiments are often conducted to provide accurate heat transfer coefficient data [14, 62, 

63, 64]. 

The inverse HTC method can be used to determine accurate HTC’s for various 

cooling conditions, as shown by Dye et al. [14], where the procedure was carried out to 

ascertain the effect of different quenching media; water, air and oil, on the HTC and 

evolution of residual stress in IN718. As expected, both experimental and simulated data 

found that air cooling led to lower heat transfer and hence residual stress throughout the 

part compared with oil and water quenching. Majorek et al. [62, 63] displayed the 

importance of location dependent HTCs for residual stress simulation of water quenched 

components. Thus, experimental HTC data pertaining to the sample geometry of interest 

is highly important to ensure accurate residual stress prediction.  

The thermal component of strain is caused by non-uniform thermal gradients in 

the part which lead to differential thermal expansion or contraction of the material. 

Therefore, thermal strain can be calculated using the coefficients of thermal expansion 

alongside knowledge of the thermal field. Bhatti et al. [65] found that temperature 

dependant thermal expansion coefficients are vital for accurate prediction of welding 



induced residual stress. This has been reinforced by additional sensitivity analyses [66, 

67].   

Temperature dependent thermal expansion coefficients are typically 

experimentally obtained using dilatometry which measures the macroscopic expansion 

due to temperature change [68]. However, this macroscopic thermal expansion is 

composed of thermal lattice induced strain as well as a transformation induced volume 

change strain component, 𝜀 ; which are dependent on phase transformation [68] . Some 

take this into account by assuming that  𝜀  is independent of initial microstructure and 

can therefore be considered as a component of  𝜀  within the thermal sub-model rather 

than the metallurgical sub-model [19, 20, 69]. Other studies have used data gathered by 

X-ray diffraction (XRD), whereby thermally induced lattice expansion of individual α 

and β phases were measured, allowing for the lattice expansion due to thermal 

fluctuations to be separated from transformation induced volume changes [33, 70].  

Careful consideration must be taken when using literature values for thermal expansion 

to ensure that one does not consider both macroscopic expansion as well as separate 

lattice expansion which may effectively consider lattice expansion twofold [5].  Both 

methodologies have advantages and disadvantages. Thermal expansion coefficients 

gathered by dilatometry are more commonly available and lead to increased simplicity 

by eliminating the need to include a separate  𝜀  component in the overall TMM model. 

On the other hand, if the model is likely to be used for a range of process conditions and 

initial microstructures; which will invariably lead to differences in transformation rates 

and therefore transformation induced volume changes, this would affect the value of 

apparent thermal expansion, and therefore the lattice parameter based method may be 

more appropriate under these circumstances. However, a quantitative comparison of how 

these methodologies affect residual stress prediction has not yet been studied for Ti-6Al-



4V. Thermal lattice expansion can be taken for each phase, forming the thermal strain 

component, 𝜀  [70]:  

𝜀 =  Δ𝑇 𝛼 (𝑇 )𝑓 (𝑇 + Δ𝑇) 

Where 𝑇  is the initial temperature, Δ𝑇 is the change in temperature,  𝛼  is the lattice 

expansion of phase i, and 𝑓  is the volume fraction of phase i; for n number of phases. 

If one calculated thermal expansion based solely on lattice expansion data (Fig. 5 

[33]), transformation induced volume strain, 𝜀 , can also be calculated, but as this is a 

metallurgical mechanism, it is more suitably placed as a component of the metallurgical 

strain, 𝜀  , and will be discussed in the subsequent section. 

Figure 5: Temperature dependent variation of α and β phase unit cell volumes and 
accompanying transformation induced volume change strain, obtained by synchrotron X-Ray 

diffraction. (Adapted from [33]). 

The majority of thermo-physical material properties, excluding mechanical 

properties, tend to be assigned once the thermal field is known [67]. This is partially based 

on the assumption that these properties do not vary significantly between differing 

microstructures and also due to the difficulties associated with gathering phase specific 

thermo-physical properties in dual phase materials, and lack thereof experimental data 

[17, 51]. Sensitivity analyses have found that thermal conductivity, heat capacity and 



density have a minimal effect on predictive outputs, providing that temperature 

dependence is taken into account, and are presented alongside the macroscopic based 

thermal expansion coefficient in Fig. 6 [65, 66, 67, 71, 72]. It should be noted that bulk 

thermal conductivity may vary dependent on the quantity of alloying elements within the 

parent titanium matrix. Electrical resistivity was measured for a number of titanium alloys 

with varying compositions of aluminium and vanadium similar to the limits possible in 

Ti-6Al-4V, over a range of temperature [73]. This can be related to thermal conductivity 

using the relation developed by Powell and Tye [74], showing less than 10% deviation 

between alloys.  This is unlikely to significantly affect residual stress prediction based on 

the sensitivity analysis of Zhou and Chao [67].  

Figure 6: Selection of temperature dependant physical properties used in thermo-metallo-
mechanical modelling of Ti-6Al-4V [71, 72]. 

Metallurgical Sub-Model  

The metallurgical sub-model can be used to not only predict the metallurgically induced 

components of total strain, but also evolution of microstructure. As the focus of this 

review was residual stress prediction, microstructure prediction is not discussed in detail, 

however the reader is directed to the following works concerning microstructure 

modelling for further information [75, 76, 77, 78].  The metallurgical component of strain, 𝜀 , is said to be composed of [54]: 



𝜀 = 𝜀 + 𝜀  

Where 𝜀  is the transformation induced volume change component of strain, and 𝜀  is 

the transformation induced plasticity component of strain. Such strains are dependent on 

the phase transformations which occur within the material. These can be differentiated by 

the underlying mechanisms; diffusion controlled, or martensitic transformations. A 

schematic describing the major transformations in Ti-6Al-4V are provided in Fig. 7 [76].  

Figure 7: Schematic diagram showing nature and conditions for formation of major phases and 
morphologies in Ti-6Al-4V alloy. (Adapted from [76]). 

The diffusion controlled β↔α+β transformation in Ti-6Al-4V has been 

approximated using Johnson-Mehl-Avrami-Kolmogorov (JMAK) based kinetics, with a 

number of experimentally determined transformation curves to support this (see Fig. 8)  

[32, 79, 80]. However, experimental techniques such as resistivity, synchrotron XRD and 

differential scanning calorimetry (DSC) do not allow for simple discrimination of α 

morphology.  This has been addressed by JMatPro thermodynamic-based software; which 

uses separate JMAK parameters for each of two distinct morphologies; colony α 

(αC)/grain boundary α (αGB) and Widmenstätten α (αW) [81]. Kelly incorporated this into 

a thermo-metallurgical model for metal deposition of Ti-6Al-4V, showing qualitative 

accordance with microstructural and morphological observations [76]. This model was 

further developed by Charles, incorporating α lath width prediction, which can be related 

to properties such as yield strength; and has been termed the Kelly-Charles model [78, 

82, 83]. A selection of TTT curves describing the β→α+β transformation and 



morphologies are presented in Fig. 8 [27, 76, 79, 80, 83, 84, 85, 86]. Such transformation 

is usually characteristic of medium-low cooling rates below 20°C/s, typical of air and 

furnace cooling [27, 43]. This is reiterated by the findings of Ahmed and Rack [43] who 

observed β→α+β transformed microstructures for cooling rates of 1.5-20°C/s. These 

curves also compare reasonably well with the experimental based curves of Sieniawski 

et al. [27] in terms of the onset of transformation at high temperature, however 

discrepancies arise below 700°C.  

Figure 8: Time-Temperature-Transformation Diagram for Ti-6Al-4V with comparison of 
selected transformation curves used in previous studies. [27, 76, 79, 80, 83, 84, 85, 86] 

On the other hand, the diffusionless martensitic transformation which occurs 

during the β→α′ transition is typically described by a Koistinen-Marburger (KM) type 

equation [87]. This is more often associated with high cooling rates, observed during 

water quenching operations. A separate morphology, termed massive α (αm) has been 

observed between cooling rates typical of the β→α+β and β→α′ transformation [43]. This 

is also typically described by a KM-based equation [70]. The displacive nature of the 

martensitic transformation can lead to transformation induced plasticity (TRIP) [88]. This 

is created as a result of type II strains produced by transformation induced volume 

changes which interact with external and type I residual stress to generate a plastic strain 

upon completion of phase transformation [55]. It is further defined as significantly 

increased plasticity during phase transformation, which may allow for the 



accommodation of thermal strains without accumulation of elastic strain and has been 

studied extensively in steels, yet there are few investigations regarding titanium alloys 

[89, 90]. Transformation induced plasticity is typically described by two mechanisms, the 

Greenwood-Johnson mechanism and the Magee mechanism [91, 92]. The transformation 

induced plasticity component of strain is primarily due to the Greenwood-Johnson 

mechanism and is described by [51]: 𝜀 =   𝐾 Δ𝑓 𝑠   
Where 𝐾  is a material specific constant,  Δ𝑓  is the change in martensite volume 

fraction and 𝑠  is the deviatoric component of stress. A number of expressions exist for 𝐾 , as discussed by Dalgic and Lowisch [93], with the following used by Teixeira et al. 

[53] for Ti17: 

𝐾 =  56 1


ΔV𝑉  

Where   is the yield strength of the weaker phase, β; ΔV is the change in unit cell volume 

and 𝑉  is the original unit cell volume. These equations were formulated based on 

experimental data for steels and may therefore lead to inaccuracies when applied to 

titanium alloys due to the presence of the hcp crystal structure [50, 88]. It is therefore 

recommended that further fundamental studies are conducted to understand the 

transformation induced plasticity behaviour in Ti-6Al-4V. Additionally, the martensitic 

transformation in Ti-6Al-4V is often a point of contention between authors insofar as the 

onset temperature of the martensitic transformation varies drastically throughout the 

literature. An Ms of 575°C was used in the work of Ahmed and Rack [43], whereas Crespo 

et al. [94] assumed 650°C, and 850°C was stated by Sieniawski et al. [27], based on 

experimental observations.  Elmer et al. [85] observed an apparent Ms below 600°C when 

carrying out in-situ time resolved XRD. Such differences are significant and whilst this 



may be partially due to differences in local phase chemistry, predominantly α- and β-

stabiliser composition, it could also be due to additional kinetic factors which are not yet 

fully understood. Although sensitivity analyses have been performed by both Charles [83] 

and Ahn [54], showing that variation in Ms has little effect on the computed martensite 

fraction in microstructure models, such discrepancies may have a profound effect on the 

development of residual stress. For example, if the assumed martensitic start temperature 

was lower than the true Ms, associated transformation induced plasticity strains would 

lead to false prediction of accommodation of thermal strains accumulated upon cooling. 

Thus, leading to under-prediction of the final residual stress state.  

Following the elucidation of phase transformations, the aforementioned 

transformation induced volume change strain, 𝜀 , can be calculated based on the 

difference in unit cell volume associated with the phase transformation:  

𝜀 → =  ΔV𝑉  

Where 𝜀 →  is the transformation specific volume change strain, ΔV is the change in unit 

cell volume and 𝑉  is the original unit cell volume. The total transformation induced 

volume change strain can then be computed for n phases: 

𝜀 = 𝜀 → Δ𝑓  

Fig. 5 shows the variation of 𝜀 →  below the β-transus temperature, experimentally 

obtained by Elmer et al. [33] using synchrotron XRD. Local composition has also been 

found to influence unit cell dimensions, which may introduce type II stress [95].  

However, the macroscopic thermal expansion is often used rather than that based on 

lattice parameters in TMM modelling (see Table 4), effectively making a separate 

expression for 𝜀  redundant. 



Mechanical Sub-Model  

The constitutive behaviour of α+β titanium alloys is complex during heat treatment. 

Mechanical properties are dependent on temperature, microstructure, deformation and 

strain rate to varying degrees and are therefore sensitive to the thermal and metallurgical 

sub-models [96, 97]. Traditionally, experimental data has been used with linear 

interpolation between temperatures, however this is cost intensive and the relationship is 

not always directly proportional, leading to the preference for mathematical models to 

describe the behaviour. 

A number of constitutive models have been developed to calculate the strain 

associated with elastic (εe), visco-plastic (εvp), and creep (εcr) phenomena in Ti-6Al-4V 

alloy. The summative total of these strain components can be taken as the mechanical 

contribution towards strain (εmech) [70]:   𝑑𝜀 =   𝑑𝜀 + 𝑑𝜀 + 𝑑𝜀    
The elastic component of strain is commonly calculated according to Hooke’s Law, 

however visco-plastic and creep behaviour have been described by a number of different 

models [98].  Constitutive models are often based on one of two principles including 

empirical models, and physically based models. Empirical models are synthesised by 

fitting equations to experimental data with little consideration for the underlying physical 

processes which cause the mechanical behaviour, whereas physically based models 

attempt to address the underlying physical mechanisms. The benefits of empirical models 

include ease of implementation due to the relative simplicity and requirement of fewer 

input parameters, however such models have limited predictive power and are therefore 

not recommended for use outside the range of process conditions and initial 

microstructures to which they were originally calibrated. On the other hand, despite their 

complexity, physically based models take a more comprehensive range of underlying 



phenomena into account, leading to improved ranges of validity in addition to the 

opportunity to integrate metallurgical parameters within the model.   

A number of authors have assumed that plastic strain is independent of strain rate 

at a given temperature [19, 70, 99]. However this is not the case for Ti-6Al-4V; which 

has high strain rate sensitivity at low strain rates and elevated temperatures [100]. A 

quantitative comparison of independent and strain rate dependent flow stress by Navalho 

et al. [13] showed that the assumption of the former has a strong influence on the 

predicted magnitude of residual stress.  Therefore, the deformation behaviour should be 

considered visco-plastic, or strain rate dependent when modelling heat treatment.  

The Johnson-Cook (JC) model is one of the most widely used empirically based 

flow stress prediction models [101, 102, 103]. The model has been found to provide 

reasonable agreement with experimental data for Ti-6Al-4V over a range of temperatures, 

at both low and high strain rates, as shown by [104] and [105], respectively. However, 

the multiplicative nature of the relation has been said to limit the range over which it is 

applicable which is undesirable when considering heat treatment applications [106]. This 

can be shown for the JC model employed by Seo et al. [107]  (see Fig. 9) as it appears to 

lose validity above 600°C. Other empirical relations have been applied to Ti-6Al-4V 

including the Fields-Backhofen and Khan-Huang-Liang models but physically based 

models were preferred as they tend to consider microstructure dynamics more accurately 

[104, 108].   

Semiatin et al. [109] developed a semi-empirical model which considered a 

summative yield stress based on separately calculated α and β phase components for an 

equiaxed starting microstructure. The model provided some insight into strain 

partitioning in Ti-6Al-4V which has been further investigated. The constitutive model 

has been applied by Crespo et al. [94] for the modelling of residual stress. However, the 



original model was calibrated for use in forging simulations over the range of 815-1000°C 

and loses accuracy outside these bounds; this is particularly exemplified in Fig. 9.  

A number of physically based models have been developed [98, 106, 110, 111, 

112] based on the work of Conrad [113] who stated that the dominant deformation 

mechanism of plastic flow in titanium is dislocation movement by glide and climb, which 

is aided by diffusion. At low temperatures, plastic flow is determined by the concentration 

of interstitial solutes, whereas at high temperatures the concentration of interstitial 

impurities has a more significant effect. The flow stress can therefore be expressed using 

the Mecking-Kocks formalism [114] as so-called athermal and thermally activated stress 

components, respectfully: 

 =  µ(µ, 𝜀, 𝐷, 𝐶 ) + ∗(𝑇, 𝜀̇, 𝐶 ) 

This model was first applied to Ti-6Al-4V by Follansbee and Gray [115], and has been 

further developed by others. The Picu-Majorell [106] model addressed a lack of previous 

constitutive models which took the heterogeneity of α and β-phases into account. The 

model was calibrated using compression data over a range of strain rates (10-3 s-1 to 10 s-

1) and temperatures (-196-1127°C) [106]. However, as this work focussed on applications 

for forging of equiaxed initial microstructures where globularization is not a major 

mechanism, such a model may have limited applicability to heat treatment of lamellar 

and bimodal microstructures; where globularization can have a major effect at 

temperatures of 800-975°C and strain rates below 10-2 s-1 which is typical of heat 

treatment conditions [116]. This was addressed by Babu for a bimodal initial 

microstructure, and by Gao for a lamellar microstructure; yet with added complexity 

[117]. The Babu model has also been coupled with the metallurgical model developed by 

Charles which accounts for non-isothermal phase transformation [69]. These models were 

calibrated over a similar range of temperatures and strain rates to that of Picu and Majorell 



[106, 118]. The Picu-Majorell model compares well with experimental data from 

numerous sources, considering strain rates as low as 10-4 s-1, in the temperature range of 

20-1000°C. This model is shown to accurately predict flow stress over this range of 

temperatures in Fig. 9, with good agreement with experimental data as well as the JC and 

Semiatin models below and above 600°C, respectively [106, 107, 109, 115, 118, 119, 

120, 121, 122]. This highlights the ability of such physically based models to predict over 

a wide range of temperatures where opposing mechanisms dominate [123].  However, 

based on the findings of Semiatin et al. [109], these models do not adequately take strain 

partitioning into account, yet this aspect has been accounted for in a similar model [112]. 

Strain partitioning is of particular importance during high temperature deformation within 

the α+β phase field as elastic strain is disproportionally accommodated within the harder 

α phase whilst the β phase is more susceptible to plastic deformation, leading to the 

introduction of type II residual stress on release of external load [124]. An additional 

physically based model has been developed by Alabort et al. [100] for flow stress in the 

superplastic region; 850-950°C and 10-3-10-5 s-1, however the accuracy of this model at 

temperatures below 700°C is not known.  

Figure 9: Comparison of temperature dependent 0.2% yield strength computed using Johnson-
Cook, Semiatin and Picu-Majorell models against experimental data for a constant strain rate 

of 10-3 s-1 in the region of 20-1030C. [106, 107, 109, 115, 118, 119, 120, 121, 122] 



     Comparatively fewer works have attempted to develop models describing the creep 

strain component, which is often based on observed stress relaxation behaviour alongside 

the deformation mechanism maps such as that presented by Prasad and Sasidhara [98, 

125, 126]. A number of previous studies have assumed that the creep strain component is 

negligible [70] or have applied simplified stress relaxation models [99]. This was applied 

to additive manufacturing and welding cases but is unlikely to adequately account for the 

phenomena during heat treatment, which is generally over a longer timescale, as this been 

seen to have a significant effect on residual stress relaxation above temperatures of 477°C 

[40]. Babu et al. [110] adapted their plasticity model to predict stress relaxation 

behaviour, which was able to compute stress decay, albeit at a much slower rate than that 

exhibited by experimental data. Kim et al. [127] produced a physically based stress 

relaxation model established on the internal variable theory of inelastic deformation and 

experimental observations. Grain matrix deformation (i.e. dislocation glide and climb) 

and grain boundary sliding relaxation mechanisms were considered. It was noted that 

grain matrix deformation was the dominant high-temperature (720-900°C) mechanism 

for α lath widths ranging from 1-8 µm. This was the case for low levels of pre-strain 

(ε=0.05), however grain boundary sliding was found to be operating for heavily pre-

deformed (ε=1.2) samples, particularly 1 µm lath width, at temperatures of 815-900°C 

[127]. This is supported by additional observations of the emergence of grain boundary 

sliding as a dominant mechanism at elevated temperatures (>750°C) for creep rates below 

10-3 s-1 in equiaxed and bimodal microstructures [126, 128]. However, Wang et al. [47] 

found that grain matrix deformation was dominant in the region of 600-700°C for both 

equiaxed and Widmenstätten starting microstructures. More recently, the effect of 

microstructural differences on stress relaxation response was further exemplified for 

differing α grain sizes in equiaxed microstructures between 700-900°C [129]. Yan et al. 



[130] noted that previous experimental data [125, 126] followed a power law based trend 

and produced a simplified Arrhenius model for an equiaxed starting microstructure which 

was validated from 550-700°C. However, this power law based model does not take grain 

boundary sliding into account and a mechanistic model, as used by Kim et al. [127, 128, 

131], may be more accurate at elevated temperatures.  Even so, when one compares the 

stress relaxation data obtained by Lee et al. [129] to that of Alabort et al. [132] (Fig 10), 

for similar initial microstructures, good agreement is found at 600°C, however there is a 

significant deviation in response above this temperature. The reason for this deviation is 

unclear and merits further investigation into stress relaxation behaviour of Ti-6Al-4V.     

Figure 10: Comparison of experimental stress relaxation response obtained by Alabort et al. 
[132] and Lee et al. [129] for Ti-6Al-4V under load relaxation conditions. 

The apparent strong dependence of initial microstructure on stress relaxation 

response in Ti-6Al-4V, and the various achievable microstructural variants, suggests that 

sufficient material specific experimental data must be gathered prior to the adoption or 

development of an accurate constitutive relation for creep strain.  

Model Validation   

It is imperative to validate computer simulated TMM models against experimental data 

to ensure model accuracy and inform future research [52, 133, 134]. This can be done by 



comparing the output parameters of residual stress, microstructure or distortion (Fig. 4) 

for a material that has been exposed to controlled thermal cycling against that which has 

been measured experimentally.  

Microstructure and distortion analysis is relatively straightforward but each 

residual stress measurement technique has specific attributes which must be considered 

for each application. For example, compressive surface and near surface residual stress 

can reduce fatigue crack propagation rate, whereas bulk residual stresses have a 

significant effect on overall structural integrity [135]. A non-exhaustive summary of 

selected measurement techniques is presented in Table 3. Detailed discussion of the 

numerous available techniques can be found elsewhere [7, 136, 137, 138, 139, 140, 141, 

142]. Of particular note are the reviews presented by Withers and Bhadeshia [6, 7], and 

that of Rossini et al.[138] which presents a visual summary of penetration depth and 

spatial resolution for nine residual stress measurement techniques. The most popular 

validation techniques used are XRD and hole drilling. These techniques were among the 

first developed and constituted over 50% of residual stress measurements in 2001 [137].  

This is evident in their application for validation in early predictive studies [7, 143].  



Table 3: Comparison of selected residual stress measurement techniques. 

Method Material 
Removal 

Penetration 
Depth in Ti-

Alloys 

Spatial 
Resolution Accuracy Comments 

X-Ray 
Diffraction 

Non-
destructive 

< 50 μm 
 [7] 

1 mm laterally 
[7] 

±20 MPa 
[7] 

Biaxial surface 
stress point 

measurements 

Hole Drilling  
Semi-

destructive 

1.2 × hole 
diameter  

[7] 

5 μm depth 
(ESPI) 
 [144] 

±50 MPa 
[7] 

Biaxial stress 
(at depth 

increments)  

Contour Method 
(Conventional) 

Destructive 

Through 
sample 

thickness 
[145] 

Dependent on 
measurement 

resolution, knot 
spacing and 
element size 

[145] 

 Larger of 
±17 MPa 

or ±10% of 
measured 

stress  
[145] 

Uniaxial 2-D 
out-of-plane 
stress plot  

Neutron 
Diffraction 

Non-
destructive 

< 10 mm i  
[146] 

 

0.5 mm ii  
[147] 

50 µε ii 

[147] 

Triaxial stress 
point 

measurements 
i Chalk River Laboratories, Canada 
ii Engin-X, ISIS Neutron and Muon Source, UK 

XRD has been used by Zhang et al. [148] to verify the simulated residual stress 

distribution in quenched aluminium alloy 2024 forgings. The axial and longitudinal 

surface residual stress components were recorded at three positions for each quench 

condition, showing good accordance with the simulated for most points. Diffraction-

based measurements are more difficult in titanium alloys which can exhibit weak peak 

intensities and broadening due to the influence of texture [149], yet successful 

measurements have been reported for Ti-6Al-4V [150, 151, 152].Additionally, diffraction 

elastic constants (DEC) must be known when using diffraction based techniques, such as 

XRD and neutron diffraction. Whilst the DEC of pure titanium can be used [153], it is 

dependent on process history and the use of Ti-6Al-4V specific data is deemed more 

robust [154]. However, as XRD has limited penetration depths, this restricts the extent to 

which the model can be validated. Therefore, XRD is commonly combined with layer 

removal to provide near-surface as well as surface residual stress, though this can be time 

consuming and alter the residual stress distribution at points of interest  [143, 148, 155].  



Tanner and Robinson [12] modelled residual stress evolution due to water 

quenching in rectilinear 7010 aluminium forgings of various dimensions using ABAQUS 

FEA software. Two complimentary residual stress measurement techniques were utilised: 

strain gauge rosette based hole drilling stress measurement at a depth of 2 mm from the 

surface, and XRD for surface stress measurement. Reasonable agreement was found 

between predicted and measured residual stresses using hole drilling, however the model 

under-predicted all surface stresses when compared with XRD. This under-prediction was 

attributed to a lack of plasticity information in the model database, recommending further 

thermo-mechanical characterisation. The combination of two complimentary surface and 

near-surface residual stress measurement techniques proved useful for model verification 

and analysis. However, upon considering the maximum measurement depth of 2 mm 

against the maximum forging dimensions of 124×156×550 mm, further verification by 

through-thickness residual stress measurement may have been beneficial. A technique 

related to conventional hole drilling, deep hole drilling, may be used to provide through-

thickness data [142, 156]. However, Hosseinzadeh et al. [157] compared the residual 

stress results from deep hole drilling with simulated data and found large discrepancies 

which were attributed to stress relaxation due to deep hole drilling rather than issues with 

the model itself. However, reconstruction of deep hole drilling results, accounting for 

plasticity, using FEA has shown better agreement with model predictions [157, 158]. A 

further limitation of hole drilling techniques is that only a 1-D depth profile is attained, 

albeit for two stress components [7].  

Dye et al. [14] utilised neutron diffraction to validate residual stress prediction in 

air, oil and water quenched IN718 cylinders of 20 mm diameter. This allowed for non-

destructive measurement of triaxial residual stress from a depth of 0.5 mm to the centre 

of the part, which can be approximated as through-thickness measurement if axisymmetry 



is assumed. Seven measurements were taken in each direction for all three quenchants. 

There was good agreement between predicted and measured residual stresses for the 

cylinders, particularly water and oil quenched conditions. However, neutron diffraction 

has limited resolution in the near-surface region which is likely to have significant 

residual stress gradients in quenched materials [146]. Thus, use of a complimentary near-

surface technique may prove beneficial. A similar study was later conducted by Rist et 

al. [159], yet this again lacked model validation through near-surface measurements. 

Additionally, an economical penetration depth is usually stipulated; approximately 10 

mm for titanium [146], which limits the effective depth to which the technique can be 

applied.   

The contour method was employed by Navalho et al. [13] to validate the 

simulation of residual stresses due to quenching in forged rectilinear aluminium blocks. 

Three blocks were subjected to identical heat treatment conditions followed by EDM 

cutting along symmetry planes in three directions, followed by contour method analysis, 

producing a triaxial representation of stress. The results were then compared with the 

respective 2D representation of out-of-plane stress at these locations as determined by the 

finite element model. Good agreement was found between contour method and simulated 

results, with a maximum deviation of 25% throughout the parts. Regions of peak tensile 

and compressive stresses also showed good accordance. Poorer agreement was noted 

around the sample edges and this was attributed to the reduced accuracy of the contour 

method in this region. However, no additional validation was conducted near the sample 

surface where higher thermal – and in turn residual stress – gradients are more likely to 

lead to increased deviation from model predictions, as discussed by Tanner et al. [10]. 

Furthermore, the use of sacrificial material has been found to improve near-surface 

accuracy of the contour method, especially for quench operations where high magnitudes 



of near-surface residual stress is common [64, 145]. Bühr et al. [18] and Hönnige et al. 

[49] used a combination of the contour method and neutron diffraction on Ti-6Al-4V, 

showing good agreement between techniques. Although the conventional contour method 

provides a 2-D map of out-of-plane stress, this is limited to uniaxial stress unless 

additional contour cuts; the multiple cut contour method, or alternative measurements; 

the surface superposition contour method, are taken [160, 161]. Additionally, when 

compared with other measurement techniques such as hole drilling or XRD, the contour 

method is relatively young, with limited understanding of the accuracy and errors 

associated with the technique [145].  

Based on the aforementioned studies, it is clear that there is no universal residual 

stress measurement method which can provide accurate measurements of surface, near 

surface and through-thickness stress distributions. In order to overcome the limitations of 

using a single measurement technique, one may employ two or more complimentary 

techniques. Tsivoulas et al. [162] used a combination of XRD and neutron diffraction to 

characterise both surface and through-thickness residual stress in flow formed steel tubes. 

Both techniques are non-destructive, but limited near-surface resolution would be 

attainable [162]. Similar near-surface resolution issues persist when considering the 

combined contour method and XRD methodology used by Xie et al. [45] for welded 10 

mm thickness Ti-6Al-4V where the contour data within 0.4 mm of the edges was not 

considered for data processing. Such limitations of the contour method were minimised 

by Pagliaro et al. [160, 161] who developed a methodology for accurate near-surface data, 

however it was recommended that additional techniques such as incremental hole drilling 

or XRD with layer removal may be used for increased confidence of near-surface data. 

This was addressed by Conroy et al. [163] who employed neutron diffraction, the contour 

method, incremental hole drilling and XRD, showing much improved near-surface 



measurement sensitivity of the hole drilling method when compared with the contour 

method.     

A similar methodology was also utilised by Rae et al. [150] who used a 

combination of XRD, electronic speckle pattern interferometry (ESPI) based incremental 

hole drilling and the contour method to provide the surface, near-surface and through-

thickness residual stress distribution in electron beam welded Ti-6Al-4V rings.  Good 

agreement was found between the hole drilling and contour data at various depths; and 

XRD measurements verified the expected trend in surface residual stress distribution. 

This is illustrated in Fig. 11 [150]. The 2-D residual stress maps obtained by the contour 

method were correlated to microhardness and microstructural observations. The 

complimentary measurements afforded by employing multiple techniques including 

XRD, hole drilling and the contour method have been further exemplified [142, 151]. 

Figure 11: Example application of multiple complimentary techniques for residual stress 
measurement in electron beam welded Ti-6Al-4V. Line profile comparing XRD, ESPI based 

hole drilling and the contour method in: (a) the bulk material; and (b) the fusion zone. A 2-D 
map of out-of-plane residual stress is presented in (c) with line profile points highlighted. 

(Adapted from [150]). 



     Thus, a number of approaches may be employed for validation of residual stress 

prediction models, yet the use of multiple complementary measurement techniques may 

provide a more robust comparison.   

3. Discussion 

A summary of recent investigations whereby TMM modelling was applied to various 

thermo-mechanical processes in titanium alloys, predominantly Ti-6Al-4V, is provided 

in Table 4. This includes details of the process conditions, sub-models and validation 

techniques applied.      

A comprehensive study was conducted by Ahn et al. [70] whereby residual stress 

and distortion was measured and predicted for fibre laser welding of Ti-6Al-4V; with 

additional microstructure prediction. Transformation plasticity and creep were assumed 

minimal and therefore not considered in the model. It was found that transformation 

induced volume change had a small influence on magnitude of residual stress and this 

was attributed to the similarities in unit cell volume between α and β phases; which can 

lead to associated strains an order of magnitude smaller than that exhibited in steels [164]. 

Additionally, a comparison between measured and predicted distortion, with and without 

consideration of 𝜀 , found that models which did not consider 𝜀  were more accurate. 

It was therefore suggested that distortion is more sensitive to phase transformation than 

residual stress itself. A particular explanation for the inaccuracies in distortion prediction 

where phase transformation was considered may be due to the omission of transformation 

induced plasticity in the model, as the accumulation of strain of a plastic nature may have 

caused notable plastic deformation, affecting distortion. As residual stress is elastic in 

nature, such plastic deformation would not be depicted within this data [6].  Both 

diffusional and martensitic transformations were modelled. 



Teixeira et al. [53] considered quenching of Ti-17; an α+β alloy with similar 

characteristics to Ti-6Al-4V, from above the β-transus temperature. The majority of 

residual stress generation was attributed to thermal and visco-plastic strain components 

rather than being of microstructural origin. Transformation induced plasticity was 

considered using equations based on the Greenwood-Johnson effect; modified for Ti-17 

alloy, and transformation induced volume changes were approximated as 0.2%; yet these 

components of strain were found to have a minimal effect on residual stress. Such 

findings are in agreement with arguments presented by Lindgren [165], especially 

considering the propensity for transformation induced plasticity to lead to mitigation 

rather than intensification of residual stress [89, 166]. However, the findings were not 

supported by experimental model validation; which could be explored as part of future 

work.  

Lindgren et al. [69] considered metal deposition of Ti-6Al-4V whereby a coupled 

TMM model was used which incorporated the Babu physically based constitutive model 

for mechanical properties and the Kelly-Charles and Koistinen-Marburger models for 

microstructural evolution. However, transformation induced plasticity was not 

considered and the modelling of creep strain was not discussed [69]. Distortion 

measurement was conducted at two points, with one comparing well with simulated data, 

and some discrepancy for the other point. Although advanced microstructural modelling 

was conducted, no microstructural validation was presented for the case study material. 

Deviations from simulated data was attributed to the lack of high temperature constitutive 

data available from 1100-1600°C which is experienced during metal deposition. Thus, 

the model may be more accurate when applied to heat treatment as this is normally 

conducted below 1100°C [36]. 



Despite recent advances in residual stress measurement and the potential benefits 

of carrying out a number of complimentary measurements for through-thickness 

comparison, few have carried out such validation. Additionally, numerous authors [90, 

94, 167] have utilised detailed modelling approaches, with little or no accompanying 

experimental validation of residual stress. Although this provides advancements in 

modelling capability, the accuracy of such models must be appropriately scrutinised in 

order to ensure model accuracy and determine the most, or least, significant contributors 

to total strain [52].  

It can be noted in Table 4 that the creep strain component is not considered to the 

same extent as visco-plastic strain within mechanical sub-models. This may be partially 

due to the microstructural sensitivity of the stress relaxation response coupled with the 

high relaxation rates at elevated temperatures allowing for the assumption that complete 

stress relaxation takes place.  On the other hand, this may be the case due to the 

comparative lack of fundamental studies of stress relaxation response in titanium alloys.  

By overlooking stress relaxation, this may lead to over-prediction of residual stress 

magnitudes.



Table 4: Summary of TMM based modelling studies of residual stress in titanium alloys. 

Author Alloy Conditions 

Metallurgical Model (εmet) Thermal Model (εth) Mechanical Model (εmech) 
Validation 
Technique Type(s) Phases 

Considered 

Transformation 
Induced 

Plasticity (εtr) 

Transformation 
Induced Volume 

Change (εtv) 

Heat Transfer 
Coefficient 

Thermal 
Strain (εth) 

Creep (εcr) 
Plasticity (εp) 

Model Strain Rate 
Dependence  

Lindgren 
et al. 

(2016) 
[69] 

Ti-6Al-4V DED 
Kelly-

Charles and 
KM 

 α , α  , α  , 𝛽 

 

- Incorporated in 
thermal model - 

(Macro) 
Thermal 

expansion  
- Babu Yes Distortion 

Denlinger et 
al. (2014) 

[99] 
Ti-6Al-4V EBM Not 

Modelled - - Incorporated in 
thermal model - 

(Macro) 
Thermal 

expansion  

Complete 
relaxation at 

640°C  

Tabular 
data No Hole drilling,  

distortion 

Ahn et al. 
(2016) 
[70] 

Ti-6Al-4V Welding  
Modified 

JMAK and 
KM 

𝛼 , 𝛽 , α   Assumed 
Negligible 

From [33] unit cell 
volume based  Experimentally JMatPro 

phase based 
Assumed 
Negligible 

Elastic-
Plastic No 

XRD, 
Neutron 

Diffraction, 
Distortion 

Cao et al. 
(2016) 
[19] 

Ti-6Al-4V EBM Not 
Modelled - - Incorporated in 

thermal model - 
(Macro) 
Thermal 

expansion  

Complete 
relaxation at 
640°C  [99] 

Elastic-
plastic No 

Neutron 
diffraction, 
hole drilling 

Xie et 
al.(2015) 

[72] 
Ti-6Al-4V EBW Not 

Modelled - - Incorporated in 
thermal model - 

(Macro) 
Thermal 

expansion 
- Elastic-

plastic No Contour 
method 

Teixeira et 
al. (2016) 

[53] 
Ti17 Quench JMAK 𝛼 , 𝛽 , α   Greenwood and 

Johnson [92] Assumed 0.2% [168] - 
Unit cell 
volume 
based 

- Elastic-
Plastic Yes - 

Song et al. 
(2015)    

[90] 
TA15 Welding JMAK and KM 𝛼 , 𝛽 , α   Greenwood and 

Johnson [92] 
Incorporated in thermal 

model - 
(Macro) 
Thermal 

expansion  
- Elastic-

Plastic No Slitting 

Ducato et 
al. (2013) 

[84] 
Ti-6Al-4V Forging Simplified 

Avrami 𝛼 , 𝛽 - - - - - JMatPro Yes - 

Crespo et 
al. (2009) 

[94]  
Ti-6Al-4V DED JMAK and 

KM 𝛼 , 𝛽 , α   - - - - - Semiatin  Yes - 

Heigel et 
al. (2015) 

[20] 
Ti-6Al-4V DED Not 

Modelled - - Incorporated in 
thermal model - 

(Macro) 
Thermal 

expansion  

Complete 
relaxation at 
640°C  [99] 

- - Hole Drilling 

Deng et al. 
(2016) 
[169] 

Ti-6Al-4V Hot Stretch 
Bending 

Not 
Modelled - - - -  - Arrhenius 

equation JC Yes Distortion 

Bühr et al. 
(2018) 
[18] 

Ti-6Al-4V LFW Not 
Modelled - - Incorporated in 

thermal model - 
(Macro) 
Thermal 

Expansion 

Complete 
relaxation 

above 
800°C   

Chen et al. 
[170] & 

Guo et al. 
[123] 

No 

Contour 
Method and 

Neutron 
Diffraction 



4. Conclusions  

Although a number of the aforementioned studies have made great developments towards 

the understanding of specific aspects and sub-models used in the TMM modelling of 

titanium alloys, few have attempted to unite all aspects of this state-of-the-art research 

for the prediction of residual stress evolution. It is therefore recommended that future 

TMM modelling endeavours involving the thermo-mechanical processing of Ti-6Al-4V 

consider all of these multifaceted areas to ensure the utmost scientific rigour. The 

following considerations were identified for future research:  

 It should be ensured that thermal expansion coefficients and transformation induced 

volume change components are used accordingly based on their origin; macroscopic 

or lattice parameter based. 

 Further investigation and initial experimental measurement of transformation induced 

plasticity in titanium alloys should be conducted, as the majority of previous studies 

were concentrated on steels. 

 The stress relaxation behaviour of Ti-6Al-4V should be studied in more detail, 

particularly with regards to modelling efforts and the effect of microstructural 

differences on the stress relaxation response. 

 Complimentary residual stress measurement techniques may be used for model 

validation; tailored to the material and region of interest.  
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