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Thermoelastic deformations can have a significant effect on the contact between elastic
bodies, particularly in cases where the thermal boundary conditions at the interface are
influenced by the contact pressure. In the classical Hertzian problem, the size of the
contact area depends on the magnitude and direction of heat flow between the bodies.
Idealized thermal boundary conditions can lead to ill-posed steady-state problems, but
this difficulty is resolved by assuming a pressure-dependent thermal contact resistance.
Steady states of the system can be unstable even when they are unique, in which case
the behavior is either oscillatory or involves the steady motion of a contact pressure
wave along the interface. Analytical and numerical perturbation methods have been
developed to investigate the stability problem. These results find applications in heat
transfer processes involving solid-solid contact, including the solidification of castings.
In brakes and clutches, the heat generated at the sliding interface causes thermal
distortion leading to “frictionally excited thermoelastic instability” or “TEL” in which
contact becomes localized in “hot spots” at the interface. Recent results enable us to
make good predictions of the conditions under which this occurs.

When two conforming bodies are placed in contact, the contact pressure distribu-
tion is sensitive to comparatively small changes in surface profile. Thermoelastic
deformations, though generally small, can therefore have a major effect on systems
involving contact. Further interesting effects are introduced if the thermal bound-
ary conditions at the interface are influenced by the mechanical contact conditions.
The thermal and thermoelastic problems are then coupled through the boundary
conditions, and as a consequence the steady-state solution may be nonunique
and/ or unstable.

Thermoelastic contact problems of this class are found in many applications—
one of the most important being sliding systems such as brakes, clutches, and seals,
where thermoelastic effects are driven by frictional heat generation that depends
on the local pressure |1, 2]. However, coupled problems are also obtained for the
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static conduction of heat across an interface between two thermoelastic bodies
because the extent of the contact area influences the heat conduction problem and
depends in turn on the thermoelastic distortion. Even if there is full contact
between the two bodies, there will generally be a thermal contact resistance at the
interface that varies with local contact pressure and we shall show later that this
can be a source of thermoelastic contact instability. Conduction across a solid / solid
interface forms part of the heat flow path in many heat transfer applications, which
can therefore exhibit erratic or nonuniform behavior as a result of such effects. For
example, in the nominally one-dimensional solidification of a metal against a plane
mold, thermoelastic contact between the partially solidified casting and the mold
can become unstable, leading to significantly nonuniform pressure distribution and
alloy composition |3, 4/.

THE HERTZ PROBLEM

The subject of elastic contact dates back to the classical results of Hertz for the
contact of two large bodies with quadratic profiles. A corresponding thermoelastic
problem will be obtained if the extremities of the two bodies are maintained at
different temperatures 7;, 7,, respectively, so that heat is conducted between
them. Most of the heat flow will pass through the contact area, and it is therefore
convenient to start with the idealized problem in which no heat flows across the
exposed surfaces, while there is perfect thermal contact (continuity of temperature )
throughout the contact area. If we restrict attention to the axisymmetric case so
that the contact area is a circle, we can take the radius a of this circle as an
independent variable and hence solve the heat conduction problem, after which we
solve a thermoelastic contact problem for the contact pressure distribution and in
particular the contact force P needed to establish a contact area of radius a. The
resulting relationship is

K K,

P 8(R+R)a 4
N K, + K,

Md? 3R R, T

(51_52)(T2_T1) (1)

[5], where R, R, are the radii of the contacting bodies,

1 a-=vh Ad-vy)
—= + (2)
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is the thermal distortivity; o, K, E, v are the coefficient of thermal expansion,
thermal conductivity, Young’s modulus, and Poisson’s ratio; and the suffices refer
to bodies 1, 2, respectively.

It is readily verified that Eq. (1) reduces to the classical Hertzian result for the
case where 7, = T, so there is no heat flow. Another limit of some interest arises
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if R,, R, =™, in which case the second term in Eq. (1) becomes zero and we
obtain the limiting contact radius

-

In other words, the contact of two plane surfaces will lead to a finite circular
contact area that of course is sustained because in this state the thermoelastic
distortion causes a “bulge” in body 1 at the contact area.

When (6, —0,(T, —T) < 0—that is, when the heat flows into the material
with the lower distortivity—Eq. (1) predicts that the thermoelastic distortion will
cause an increase in the contact radius and hence a decrease in the resistance to
heat flow between the bodies afforded by the constriction. However, a closer
examination of the solution in this case shows a small region of unacceptable
tensile contact tractions near r= ¢. Comninou and Dundurs [6] examined the
asymptotic stress and temperature fields near a transition between perfect thermal
contact and separation with complete insulation and showed that this transition
always leads to such a violation of the unilateral inequalities if the heat flows into
the material with the lower distortivity. We conclude that no solution exists to the
steady-state problem as posed, for this direction of heat flow.

TP
4M(51 _52)(T2 _Tl)

K, + K,
K\ K,

(4)

EXISTENCE AND UNIQUENESS

This paradox is easier to understand in the context of a simple one-dimensional
model. Figure 1 shows a thermoelastic rod built into a rigid wall at A4 and
separated from a second rigid wall at B by a small gap g. If the temperature of
wall A is now increased, the temperature of the rod will increase until the gap
shrinks to zero. We would normally anticipate contact at B for temperatures
beyond this critical condition; but as soon as contact occurs, heat will flow along
the rod, reducing its mean temperature and hence the thermal expansion. Elemen-

>
t
NN\

I
I
I
8

Figure 1. One-dimensional rod
model.
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tary calculations |7] show that there is a range of temperatures T,, T for which
the assumption of perfect thermal contact leads to tensile contact tractions and the
assumption of separation leads to interpenetration of material (a negative gap). In
other words, there is no steady-state solution satisfying the ideal thermal boundary
conditions.

It should be emphasized that the classical existence and uniqueness proofs for
heat conduction and thermoelasticity do not apply to this coupled problem. If the
temperature field is known there is a unique solution to the corresponding contact
problem and if the solution of the contact problem is known there is a unique
solution to the heat conduction problem, but neither of these conditions is met
because each stage requires the previous solution to be known, as shown in Fig-
ure 2. Duvaut | 8] showed that an existence theorem can be proved for the coupled
problem if a more realistic boundary condition is used in which there is a thermal
contact resistance at the interface that varies inversely with the contact pressure.

The thermal resistance at the interface between two contacting solids has been
a subject of extensive experimental [9, 10| and theoretical [11, 12] investigations.
The resistance can be attributed to two principal sources—the roughness of the
contacting solids, which causes intimate contact to be restricted to microscopic
“actual contact areas,” and the presence of low-conductivity surface films. Both
experimental measurements and theoretical predictions are notoriously sensitive to
minor changes in conditions or assumptions, but there is general agreement that
the resistance is a monotonically decreasing function of contact pressure —a result
that can be confirmed very easily by touching a hot (or cold) object, first with light
finger pressure and then with a firm grip. Duvaut |8] also proved the uniqueness of
the steady-state solution under the condition that this pressure dependence is
sufficiently weak, but reported experimental measurements show that this condi-
tion is unlikely to be met in practice.

contact problem
contact areq and

contact pressure
distribution

free thermoelastic

heat conduction

thermal stress
problem /

problem

. Figure 2. Coupling between the ther-
femperature distribution mal and mechanical problems.
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Barber et al. [13] showed that the rod model of Figure 1 always has at least one
steady-state solution with the more general boundary condition.

A

T

=— 5
R(p,g) 5

0

where Q is the heat flux across the interface, T is the temperature drop across it,
and the contact resistance R(p, g) is a fairly general continuous monotonic
function of contact pressure p or gap g. Duvaut’s boundary condition is a special
case of this form, but the idealized conditions of perfect thermal contact or perfect
insulation is not, because it exhibits a discontinuity in resistance at the transition
from contact to separation—that is, when p= 0 and g= 0. A more rigorous proof
of existence under these conditions was given by Andrews et al. [14], who also
examined the effect of discontinuities in the resistance function.

NONUNIQUENESS AND STABILITY

The rod model of Figure 1 exhibits multiple solutions for certain temperature
ranges when 7> T,. The stability of these solutions can be investigated by
superposing an infinitesimal perturbation on the steady state and examining the
conditions under which such a perturbation can grow exponentially in time. For
example, in the rod model, we assume a temperature field of the form

T(x,)=Ty(x)+ T,(x)e” (6)

where T,(x) is the temperature distribution in the steady state. Substituting this
expression into the heat conduction equation leads to a solution for 7)(x) apart
from an arbitrary multiplying constant, after which the solution of the contact
problem gives the perturbation in contact pressure or gap. The final stage is to
perform a linear perturbation on the contact resistance equation (5) to obtain

AT= Q, R (py)Ap+ R,AQ (7)

where AT, Ap, AQ are the perturbations in 7, p, Q, respectively, and Q,, R, are
the heat flux and contact resistance in the steady state. Substituting the perturba-
tion quantities into this equation yields a set of homogeneous equations that have
a nontrivial solution only for certain eigenvalues of the exponential growth rate b.
If we assume that an arbitrary initial perturbation could be expressed in the form
of an eigenfunction series—that is, that the set of eigenfunctions is complete on
the domain defined by the body—it follows that the general transient solution near
the steady state can be written as such a series and hence that the system is
unstable if and only if one or more of the eigenvalues b has positive real part.
For the rod model, an odd number of steady-state solutions is always obtained
(usually 1 or 3) and they can be shown to be alternately stable and unstable, with
unique solutions being invariably stable [13]. However, this simple behavior is a
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Figure 3. One-dimensional model involving two different materials.

consequence of the fact that only one thermoelastic material is involved. The
slightly more complex problem of two contacting rods, shown in Figure 3, also
exhibits ranges of unique and multiple steady-state solutions, but there is now no
correlation with the stability behavior and indeed conditions can be found where
unique steady states are unstable [15]. In such cases, transient numerical simula-
tion of the problem predicts an oscillatory state in which the contact pressure
cycles between high and low values or between contact and separation. There is
reason to believe that this mechanism may be responsible for reported erratic
behavior of systems involving the conduction of heat across an interface between
two thermoelastic bodies [16, 17].

Two- and Three-Dimensional Stability Problems

Similar behavior is observed in thermoelastic contact in two and three dimensions,
though different techniques are generally needed to solve the corresponding
stability problem. If contact occurs on an infinite plane, as in the contact of two
half-planes, the eigenmodes must vary sinusoidally in the direction of the interface
and the mathematical problem for each Fourier mode is analogous to that for the
one-dimensional rod problem [18]. Similar methods, but involving Fourier series,
can be used when the problem involves axisymmetric bodies such as the contact of
two thin-walled cylinders on a common end face as shown in Figure 4. For some
material combinations, the trivial steady-state solution involving uniform pressure
is unique but unstable for sufficiently high heat flux ¢,. Transient simulations |19]
in such cases show that an arbitrarily small initial perturbation is sufficient to
precipitate an unstable transition to a state involving one or more contact and
separation regions that move along the interface at constant speed, along with the
associated thermal and mechanical fields.

Similar analytical methods have been used to investigate the stability of
systems involving the contact of layers and thin-walled concentric cylinders. In this
case, the dominant eigenmode—i.e., that which goes unstable at the lowest value
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T 0 Figure 4. Thermoelastic contact of two thin-walled cylinders on
9o an end face.

of Q,—generally involves a wavelength that is between two and five times the
layer thickness [20].

Numerical Solution of Stability Problems

If the contact area is bounded and not axisymmetric, analytical techniques are of
limited value for determining the stability boundary, but in the linear range we can
still argue that stability is governed by a perturbation that increases exponentially
with time. As before, we therefore postulate that the temperature field is given by

T(x,y,z,0)=Ty(x, y,2)+ T\(x, y, 2)e"’ (8)

where 7T, is the steady-state solution and 7; is the eigenfunction of the tempera-
ture perturbation. Corresponding expressions can be written for the stress and
displacement components. When Eq. (8) is substituted into the heat conduction
equation

V2T LT 9)
kot
where k is the thermal diffusivity, we obtain the modified equation
bT,
Vz Tl = T (10)

for the perturbation term. This is a linear equation in the spatial coordinates x, y,
z only with b as a parameter; and it can be discretized by the finite element
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method [21]. Imposition of the corresponding perturbed boundary conditions leads
to a linear eigenvalue problem for the growth rate b.

If the dominant eigenvalue can be assumed to be real, the stability boundary
corresponds to the lowest heat flux giving an eigenvalue »= 0—in other words, to
a condition under which the homogeneous perturbation problem has a nontrivial
steady-state solution. This permits a more direct solution of the stability problem in
which the stability boundary is obtained directly. However, the restriction to real
growth rates is a serious one because the evidence suggests that complex roots are
dominant in many problems involving the contact of dissimilar materials |20].

SOLIDIFICATION PROBLEMS

During the casting process, heat is conducted across a solid/solid interface from
the partially solidified casting into the mold. The thermal resistance at this
interface plays an important role in the evolution of solidification and the develop-
ment of the final grain structure and residual stress. Ho and Pehlke [22] deduced
values of thermal contact resistance from temperature measurements during
solidification experiments and found that the resistance generally increases signifi-
cantly as solidification proceeds. A possible explanation for this phenomenon is
suggested by Richmond and Tien |23], who showed that thermoelastic shrinkage of
the casting will cause air gaps to form at some locations on the interface. In
addition, the cast surface initially conforms with the contacting mold and relative
tangential motion due to thermoelastic distortion may reduce the extent of inti-
mate contact between the surfaces [24].

As in the thermoelastic contact of two solids, we should anticipate the
possibility of instability associated with the pressure dependence of the contact
resistance, and indeed there is ample experimental evidence of waviness in the
development of the solidification front in nominally uniform solidification that is
probably attributable to this mechanism [3, 25]. This leads to a corresponding
nonuniformity in the morphology and concentrations in the solidification of alloys
and can even cause remelting in regions where air gaps develop.

Analysis of the stability of solidification presents a new feature in that the
unperturbed or zeroth-order solution 7, in Eq. (8) is itself a function of time, since
solidification is inherently a transient process. Thus, the usual methods of pertur-
bation analysis cannot be used and the concept of instability needs redefinition,
since an arbitrarily small initial perturbation would not have time to grow to
serious proportions during the process. Algebraic solutions have been obtained for
a variety of idealized problems, mostly involving pure metals [4, 26, 27]. It should
be noted that the zeroth-order process is inherently nonlinear because of the
moving solidification boundary, but for small perturbations the perturbation prob-
lem is linear, being defined by sets of equations containing the spatial derivatives
of the zeroth-order solution. This leads to a set of linear equations with coefficients
that vary in a known way in both time and space. The zeroth-order problem can
possess fairly general nonlinearities, such as those resulting from the use of
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temperature-dependent material properties [28]. These effects can be important
because properties can vary quite extensively at temperatures near the melting
point.

THERMOELASTICITY IN SLIDING CONTACT

If we start with Hertzian contact and then allow one body to slide over the other,
two new features enter into the process—frictional heat is generated at the
interface and the contact area must now move over at least one of the bodies. The
latter effect can be quantified in terms of a Peclet number

pe= (11
e T e—

k
where a is a representative linear dimension of the contact area and V its velocity
relative to the body. Typical Peclet numbers in engineering applications are very
large and usually permit a simplification in which the conduction of heat in the
plane of the contact area can be neglected. The magnitude of thermoelastic effects
in sliding contact problems is governed by the dimensionless material parameter

Ea

n=_"a=n (12)

[29], where p is the density and ¢ is the thermal capacity. This parameter is close
to unity for a wide range of structural materials, despite considerable disparity in
the contributory properties.

Hills and Barber |[30] gave an analytical solution for the two-dimensional
sliding Hertzian problem, using a thermoelastic Green’s function to reduce the
problem to the solution of an integral equation with a Bessel function kernel. A
remarkable feature of their results was that no steady-state solution could be found
in certain ranges of the applied load and sliding speed without violating the
unilateral contact constraints. Similar results were demonstrated by Yevtushenko
and Ukhanska [31] for the same problem with an interfacial contact resistance,
which was not a function of pressure. Jang [32| showed that similar problems arise
in the simpler case in which the contacting bodies are replaced by elastic founda-
tions. He developed a numerical algorithm for the transient problem in this case
and showed that the contact area tends to break down into a number of smaller
regions as sliding progresses. Even more surprising is the fact that this process
appears to continue without limit, leading to larger and larger numbers of smaller
contact areas.

Frictionally Excited Thermoelastic Instability

One of the most technologically important areas involving thermoelastic contact is
that in which the thermal problem is driven by the frictional heat generated during
sliding. This coupled process is susceptible to thermoelastic instability (TED if the
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sliding speed is sufficiently high. If one of the two materials is a rigid nonconduc-
tor, the critical sliding speed ¥V, for a problem of any two-dimensional (plane

strain) geometry can be written [33] in the form

CK(l —v)

Ver fEaa (13)
where C is a dimensionless shape factor, a is a representative dimension of the
body, and f is the coefficient of friction. Above the critical speed, a nominally
uniform pressure distribution is unstable, giving way to localization of load and
heat generation and hence to hot spots at the sliding interface |34]. These in turn
can cause material damage and wear and are also a source of undesirable frictional
vibrations [35]. For the system to be stable, the critical speed must be greater than
the operating speed so, for example, it is generally desirable to use materials with
high conductivity and low elastic modulus and expansion coefficient. Similar
problems arise in the sliding contact of electrical brushes, where they are compli-
cated by electrical resistance heating |36].

Burton et al. [37] developed the perturbation method, described in the “Non-
Uniqueness and Stability” section of this paper, to investigate the stability of
contact between two sliding half-planes. This method has since been used for other
geometries, including a solution by Lee and Barber [1] for a layer sliding between
two half-planes, as shown in Figure 5. Lee’s solution shows that eigenmodes have
the sinusoidal form

T(x, y,t)=f(y)cos{m(x—ct)} (14)

and the critical speed is a function of wavenumber m, as shown in Figure 6. For
most material combinations, the dominant eigenmode—i.e., that which goes unsta-
ble at the lowest critical speed—is an antisymmetric mode with a wavelength
related to the layer thickness. Antisymmetric eigenmodes correspond to cases in
which hot spots alternate on the two sides of the layer. These results have been
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shown to give quite good predictions of the critical speed and the number and
spacing of hot spots for automotive disk brakes and clutches |35].

These analytical methods show that the unstable perturbation migrates with
respect to both bodies, unless one body is a nonconductor, in which case the
perturbation is stationary in the conductor. If the materials have very dissimilar
conductivities, the migration speed in the good conductor is small and the expan-
sion of this body dominates the growth of the perturbation, since little time is
available for the development of a deformed profile if the migration speed is large.
As a consequence, critical speeds are generally increased when the conductivities
of the two materials are comparable. For the special case of similar materials,
the perturbation would be expected to move at the mean speed of the sliding
components [37], but experimental results show that even in this case, the system
tends to select an unstable mode in which hot spots are stationary in one of the two
bodies |38].

Du et al. [39] have implemented Burton’s perturbation method numerically
using the method described in the “Numerical Solution of Stability Problems’ in
this paper. Yi et al. [40] applied this method to the automotive disk brake geometry
and showed that focal hot spots tend to be produced in the disk, with a spacing
close to that predicted by Lee’s layer solution. A more direct approach to the
investigation of TEI is to use a numerical method to simulate the behavior of the
coupled transient thermoelastic contact problem in time |2, 41]. A recent simula-
tion of Lee’s layer geometry [42] showed that the migration of the perturbation
ceases when separation occurs, leading eventually to hot spots that are stationary
in the better conductor. This result agrees with the limited amount of reported
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experimental data. An interesting result is that if heat transfer across the gap in
separation regions is introduced into the model, migration continues and hot spots
continue to migrate even in the steady state.

The simulation method is extremely computer-intensive, but it has the advan-
tage that it is readily adapted to practical loading cycles, which is of importance in
the application to transmission clutches, which experience intense periods of
operation with rapidly varying sliding speed. Analytical methods of treating some
idealized problems with variable sliding speed are discussed by Olesiak [43] and
Yevtushenko and Chapovska [44].

CONCLUSIONS

This brief review demonstrates that the thermomechanical coupling associated with
thermal boundary conditions that depend on contact pressure leads to an extraor-
dinarily rich variety of physical phenomena, none of which can occur in the
absence of coupling. Many of these effects are still imperfectly understood and
much research remains to be done.

REFERENCES

1. K. Lee and J. R. Barber, Frictionally-Excited Thermoelastic Instability in Automotive Disk Brakes,
ASME J. Tribology, vol. 115, p. 607, 1993.

2. P. Zagrodzki, Analysis of Thermomechanical Phenomena in Multidisc Clutches and Brakes, Wear,
vol. 140, p. 291, 1990.

3. O. Richmond and N. C. Huang, Interface Stability During Unidirectional Solidification of a Pure
Metal, Proc. Sixth Canadian Congress of Applied Mechanics, V ancouver, p. 453, 1977.

4. F. Yigit and J. R. Barber, Effect of Stefan Number on Thermoelastic Instability in Unidirectional
Solidification, Int. J. Mech. Sci., vol. 36, p. 707, 1994.

5. J. R. Barber, Indentation of the Semi-Infinite Elastic Solid by a Hot Sphere, Int. J. Mech. Sci., vol.
15, p. 813, 1973.

6. M. Comninou and J. Dundurs, On the Barber Boundary Conditions for Thermoelastic Contact,
ASME J. Appl. Mech., vol. 46, p. 849, 1979.

7. J. Dundurs and M. Comninou, On the Boundary Conditions in Contact Problems with Heat
Conduction, in R. P. McNitt (ed.), Developments in Theoretical and Applied Mechanics, vol. 8, p. 3,
Virginia Polytechnic Institute and State University, 1976.

8. G. Duvaut, Free Boundary Problem Connected with Thermoelasticity and Unilateral Contact, Free
Boundary Prob., vol. 11, Pavia, 1979.

9. A. M. Clausing and B. T. Chao, Thermal Contact Resistance in a Vacuum Environment, ASME J.
Heat Transfer, vol. 87, p. 243, 1965.

10. T. R. Thomas and S. D. Probert, Thermal Contact Resistance: The Directional Effect and Other
Problems, Int. J. Heat Mass Transfer, vol. 13, p. 789, 1970.

11. Yu. P. Shlykov and Ye. A. Ganin, Thermal Resistance of Metallic Contacts, Int. J. Heat Mass
Transfer, vol. 7, p. 921, 1964.

12. M. G. Cooper, B. B. Mikic, and M. M. Yovanovich, Thermal Contact Conductance, Int. J. Heat
Mass Transfer, vol. 12, p. 279, 1969.

13. J. R. Barber, J. Dundurs, and M. Comninou, Stability Considerations in Thermoelastic Contact,
J. Appl. Mech., vol. 47, p. 871, 1980.

14. K. T. Andrews, P. Shi, M. Shillor, and S. Wright, Thermoelastic Contact with Barber’s Heat
Exchange Condition, Appl. Math. Optim., vol. 28, p. 11, 1993.


http://www.ingentaconnect.com/content/external-references?article=/0742-4787^281993^29115L.607[aid=672325,csa=0742-4787^26vol=115^26iss=4^26firstpage=607]
http://www.ingentaconnect.com/content/external-references?article=/0043-1648^281990^29140L.291[aid=672326,csa=0043-1648^26vol=140^26iss=2^26firstpage=291]
http://www.ingentaconnect.com/content/external-references?article=/0020-7403^281994^2936L.707[aid=672099]
http://www.ingentaconnect.com/content/external-references?article=/0020-7403^281973^2915L.813[aid=672327]
http://www.ingentaconnect.com/content/external-references?article=/0017-9310^281970^2913L.789[aid=672330]
http://www.ingentaconnect.com/content/external-references?article=/0017-9310^281964^297L.921[aid=672331]
http://www.ingentaconnect.com/content/external-references?article=/0017-9310^281969^2912L.279[aid=5822]
http://www.ingentaconnect.com/content/external-references?article=/0095-4616^281993^2928L.11[aid=672333]
http://www.ingentaconnect.com/content/external-references?article=/0043-1648^281990^29140L.291[aid=672326,csa=0043-1648^26vol=140^26iss=2^26firstpage=291]
http://www.ingentaconnect.com/content/external-references?article=/0020-7403^281973^2915L.813[aid=672327]
http://www.ingentaconnect.com/content/external-references?article=/0017-9310^281964^297L.921[aid=672331]
http://www.ingentaconnect.com/content/external-references?article=/0017-9310^281969^2912L.279[aid=5822]

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

26.

217.

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

THERMOELASTICITY AND CONTACT 525

J. R. Barber and R. Zhang, Transient Behaviour and Stability for the Thermoelastic Contact of Two
Rods of Dissimilar Materials, Int. J. Mech. Sci., vol. 30, p. 691, 1988.

A. M. Clausing, Thermal Contact Resistance in a Vacuum Environment, Ph.D. Thesis, University of
Tllinois, 1963.

M. G. Srinivasan and D. M. France, Non-uniqueness in Steady-State Heat Transfer in Prestressed
Duplex Tubes—Analysis and Case History, ASME J. Appl. Mech., vol. 52, p. 257, 1985.

J. R. Barber, Stability of Thermoelastic Contact, Institution of Mechanical Engineers, International
Conference on Tribology, p. 981, London, 1987.

R. Zhang and J. R. Barber, Transient Thermoelastic Contact and Stability of Two Thin-Walled
Cylinders, J. Thermal Stresses, vol. 16, p. 31, 1993.

C. Li and J. R. Barber, Stability of Thermoelastic Contact of Two Layers of Dissimilar Materials,
J. Thermal Stresses, vol. 20, p. 169, 1997.

T. Yeo and J. R. Barber, Finite Element Analysis of the Stability of Static Thermoelastic Contact,
J. Thermal Stresses, vol. 19, p. 169, 1996.

K. Ho and R. D. Pehlke, Metal-Mold Interfacial Heat Transfer, Metal. Trans., vol. 16B, p. 585, 1985.
O. Richmond and R. H. Tien, Theory of Thermal Stresses and Air-Gap Formation During the Early
Stages of Solidification in a Rectangular Mold, J. Mech. Phys. Solids, vol. 19, p. 273, 1971.

M. Borri-Brunetto, A. Carpinteri, and B. Chiaia, Contact, Closure and Friction Behaviour of Rough
Crack Concrete Surfaces, in H. Mikashi (ed.), Framcos 3, Fracture of Concrete Structures, Gifu,
Japan and Aedificato Publ., Freiburg, 1998.

P. J. Wray, Geometric Features of Chill-cast Structures, Metal. Trans., vol. 12B, p. 167, 1981.

F. Yigit, Effect of Mold Properties on Thermoelastic Instability in Unidirectional Planar Solidifica-
tion, J. Thermal Stresses, vol. 21, p. 55, 1998.

L. G. Hector, W. S. Kim, and O. Richmond, Freezing Range on Shell Growth Instability During
Alloy Solidification, ASME J. Appl. Mech., vol. 63, p. 594, 1996.

G. Yavuz, Instability Problems in Unidirectional Solidification Process, Ph.D. Thesis, University of
Michigan, 1995.

H. Blok, Thermo-Tribology—Fifty Years On, Int. Conf. on Tribology, p. 1, London, 1987.

D. A. Hills and J. R. Barber, Steady Sliding of a Circular Cylinder over a Dissimilar Thermally
Conducting Half-Plane, Int. J. Mech. Sci., vol. 28, p. 613, 1986.

A. A. Yevtushenko and O. M. Ukhanska, Plane Contact Problem of Thermoelasticity with
Quasi-Steady Frictional Heating, Int. J. Engrg. Sci., vol. 31, p. 1565, 1993.

Y .-H. Jang, Transient Thermoelastic Contact Problems for an Elastic Foundation, Int. J. Solids
Structures, in press.

D. Joachim-Ajao and J. R. Barber, Effect of Material Properties in Certain Thermoelastic Contact
Problems, ASME J. Appl. Mech., in press.

J. R. Barber, Thermoelastic Instabilities in the Sliding of Conforming Solids, Proc. Roy. Soc., vol.
A312, p. 381, 1969.

K. Lee and R. B. Dinwiddie, Conditions of Frictional Contact in Disk Brakes and Their Effects on
Brake Judder, SAE 980598, 1998.

C.T. Lu and M. D. Bryant, Thermoelastic Evolution of Contact Area and Mound Temperatures in
Carbon Graphite Electrical Brushes, Wear, vol. 174, p. 137, 1994.

R. A. Burton, V. Nerlikar, and S. R. Kilaparti, Thermoelastic Instability in a Seal-like Configura-
tion, Wear, vol. 24, p. 177, 1973.

G. A. Berry, The Division of Frictional Heat—A Guide to the Nature of Sliding Contact, Ph.D.
Dissertation, University of Newcastle upon Tyne, 1976.

S. Du, P. Zagrodzki,J. R. Barber, and G. M. Hulbert, Finite Element Analysis of Frictionally-Excited
Thermoelastic Instability, J. Thermal Stresses, vol. 20, p. 185, 1997.

Y. B. Yi, S. Du, J. R. Barber, and J. W. Fash, Effect of Geometry on Thermoelastic Instability in
Disk Brakes and Clutches, ASME J. Tribology, under review.

L. Johansson, Model and Numerical Algorithm for Sliding Contact Between Two Elastic Half-Planes
with Frictional Heat Generation and Wear, Wear, vol. 160, p. 77, 1993.

Olesiak, Z., Pyryev, Yu. and Yevtushenko, A., Determination of Temperature and Wear During
Braking, Wear, Vol. 210, p. 120, 1997.

Yevtushenko, A. and Chapovska, R., Effect of Time-Dependent Speed on Fricitional Heat Genera-
tion and Wear in Transient Axisymmetrical Contact of Sliding, Arch. Appl. Mech., 67, p. 331, 1997.
Zagrodzki, P., Private Communication, 1998.


http://www.ingentaconnect.com/content/external-references?article=/0043-1648^281997^29210L.120[aid=672348,doi=10.1016/S0043-1648^2897^2900086-0]
http://www.ingentaconnect.com/content/external-references?article=/0020-7403^281988^2930L.691[aid=672334,csa=0020-7403^26vol=30^26iss=9^26firstpage=691]
http://www.ingentaconnect.com/content/external-references?article=/0149-5739^281993^2916L.31[aid=672336]
http://www.ingentaconnect.com/content/external-references?article=/0149-5739^281997^2920L.169[aid=672337,csa=0149-5739^26vol=20^26iss=2^26firstpage=169]
http://www.ingentaconnect.com/content/external-references?article=/0149-5739^281996^2919L.169[aid=672338]
http://www.ingentaconnect.com/content/external-references?article=/0022-5096^281971^2919L.273[aid=672339]
http://www.ingentaconnect.com/content/external-references?article=/0149-5739^281998^2921L.55[aid=672340,csa=0149-5739^26vol=21^26iss=1^26firstpage=55]
http://www.ingentaconnect.com/content/external-references?article=/0021-8936^281996^2963L.594[aid=672341,csa=0021-8936^26vol=63^26iss=3^26firstpage=594]
http://www.ingentaconnect.com/content/external-references?article=/0020-7403^281986^2928L.613[aid=672342,csa=0020-7403^26vol=28^26iss=9^26firstpage=613]
http://www.ingentaconnect.com/content/external-references?article=/0020-7225^281993^2931L.1565[aid=672343,csa=0020-7225^26vol=31^26iss=11^26firstpage=1565]
http://www.ingentaconnect.com/content/external-references?article=/0043-1648^281994^29174L.137[aid=672344]
http://www.ingentaconnect.com/content/external-references?article=/0043-1648^281973^2924L.177[aid=672345]
http://www.ingentaconnect.com/content/external-references?article=/0149-5739^281997^2920L.185[aid=672346,csa=0149-5739^26vol=20^26iss=2^26firstpage=185]
http://www.ingentaconnect.com/content/external-references?article=/0043-1648^281993^29160L.77[aid=672347,csa=0043-1648^26vol=160^26iss=1^26firstpage=77]

