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a,b,A, B = constants 
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c = spec i f ic  heat  
P 

f = f r i c t i o n  f ac to r  

g = Drnvi ta t iona l  constant 

h = },oat, t runofor coef f ic ien t  . 

i = enthalpy . . 

k = thermal conductivity ' i 
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t = temperatui-e 

u,v = horizontal  and ve r t i ca l '  ve loc i t i e s  

-. 

x,y = horizontal  and v e r t i c a l  pos i t ions  i n  f i l m  

s a t  ]D 6 Fr01JR\lr8 

q = heat t r ans fe r  r a t e  

Subscripts 
- 1 

d = dry-up . . 
I 

i = i n l e t  . , 
t . . 

m = maximum 

o = s t a r t  of vaporization 

' .  I 
v = vapor o r  ve loc i ty  . 

. . . ' 

. . 
w = wall \ 

' \  . . 



' 3  

Greek Symbols 

THIN FILM FNAPORATION-THEORY 

8 = f i l m  a  boundary Layer th i ckness  
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I 7 = shea r  stress 

p =* dynamic and kinematic v i s c o s i t i e s  
. , .  . . 

, p = d e n s i t y  , . 

' 

Dimensionless Parameters 
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II'?mODUCTION 

~ v a ~ o r u t i o n  of l i qu ids  from a heated surface covered by a t h i n  f i lm  

posee an unusual cace, i n  t h a t  heat  t r ans fe r  r a t e s  can be much higher 

than i n  the  pool evaporation condition. Evaporation r a t e s  from a t h i n  . 

f i lm  a r e  a t t r i bu t ed  mostly t o  conduction while i n  a pool, f r e e  convection 

i i s  the  pr inc ip le  mode. 

-Consider f o r  now, a hor izonta1,f la t  p la te ,  held a t  a steady temperature, 

with a constant l i qu id  f i lm  height on one end supplied by a reservo i r  
. . 

a t  some temperature l e s s  than o r  e m 1  t o  t he  p l a t e  temperature (Figure 

. , 1). ' As the  l i qu id  flows across  the p l a t e  from the  reservo i r  a ve loc i ty  

boundary-layer developes i n  a manner t h a t  i ,s probably similar t o  t h a t  

of a P l a t  p l a t e  exposed' to a uniform p a r a l l e l  flow. The veloc i ty  

boundary-layer thickness increases u n t i l  it i s  equal' t o  t he  f i lm  

thicltnsss,  ( ~ i ~ & a  2) .  From t h i s  loca t ion  the  f i lm thickness 6 and 

veloci ty  boundary-layer thickness 6,, a r e  equal. Flow occurs by v i r t ue  

of u docreaning f i lm thiclcneas so as t o  croato a negative proaauro 

~r.rl<l%a 11% on tklu ~1.1xLo aurfoco. T11ur.1, tllo n%pp:t.Luiio o.C .tl'~o ~nrtxi~n\un 

i rel06lI;~ n1us.t; vary' a l o n ~  the  p l a t e  whether evaporation occurs o r  not. 

However, evaporation must occur t o  achieve a steady- s t a t e  condit ion of ' 

t he  .flow. Consequently, a t  some locat ion a l l  the  l i q u i d  w i l l  be 
. - 

evaporated and the  f i lm  thickness w i l l  be zero. 

The temperature p r o f i l e  should develop i n  a. manner , s imi la r  t o  the  

veloci ty  p r o f i l e  (Figure 3 ) .  A thermal boundary-layer 6 increases  . . 
t 

along the  p l a t e  u n t i l  it equals t he  film thickness 6 . I f  t he  i n l e t  

temperature t i s  l e s s  than t h e  l i q u i d  vapor temperature t then an 
i vJ 

addi t iona l  length i s  needed t o  allow the  surface temperature of t h e  

f i lm  t o  change from ti t o  t before evaporation begins. . 
v 

I n  t he  region where evaporation occurs, o<x ao, there  i s  c o u p l i n ~  

between'heat and mqss flow equations. Evaporation caused by heat  
, . 

t r ans fe r  r e s u l t s  i n  mass-lose. from t h e  film thus  effect l i lg  tho- a s s  
. . 

. . 
, .  . 

. . 
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and momcntum Flow. A aimultnneoua so lu t ion  of tho appropriate m o o ,  

mom'entwn, and e n e r a  cquntiono a r e  required i n  order  t o  est imate heat  

. , t ranofer  ra teo and locat ion of film dry-up, both of which.are  important 

s\za@itlos i n  %hi& $ n g  9g P H ~ ~ & R ,  

. . 'One might speculate t h a t ,  the  posed phenomena could be solved i n  th ree  o r  
. . 

four  separate regions; namely, the  'velocity' development ul, to .  evaporation, 

. . t h e  temperature development up t o  t h e  locat ion of a fully-developed ' 

p r o f i l e  x temperature development in '  t he  region xt(x (xo, and temperature 
t' 

and veloci ty  development i n  t he  evaporation region x y x  . A so lu t ion  f o r  
0 

t he  l a t t e r  region w i l l  be given herein f o r  l a m i n a r  and turbulent  flow. 

The entrance region i s  a much more d i f f i c u l t  problem and a so lu t ion  ' 

has not ye t  been achieved. However,. it w i l l  be shown t h a t  a very small 

por t ion of t h e  t o t a l ' h e a t  t rans fe r red  i s  i n  t h e  entrance -region,. 

. . 

PROBLFSI DESCRIPTION 
. . 

A t  some loca t ion  x on a hor izontal  of steady temperature t a 
0 W' 

l i qu id  f i lm  of thickness & e x i s t s .  Both t he  v e b C i t y  and temperature 

p r o f i l e s  a r e  "fully-developed" a t  t h i s  loca t ion  and evaporation.occurs..  ' . 

The problem i s  t o  est imate the  locat ion of "dry-up" and l o c a l  heat  
' 

t r ans fe r  ra tes .  Underlying assumptions a r e :  

steady-state heat  and mass flow 

constant f l u i d  proper t ies  . .  

negl igible  $eat  conduction i n  t h e  d i r ec t i on  p a r a l l e l  ' . .  

t o  t he  p l a t e  . . ., . , .  . 
, . 

no viscous heat ing , . .: 
. ! 

no nucleate'; ;boilkng 

. 'I 

' . , I r n X G A L  EQUATIONS ' . 

f C V V  .. . 
Continuity . . . . tl / H  v ~ p a r  

.T---*-- 
1110 conncrvatfon of moo principle, i5 applied I p-% 

r"+ I i ----\ 
t o  the  Ax by' H element shown extendinglfron t h e  

J J  i t  C --&+LlL- 
X K+U 

I.,, 

- 



I.. - 
LAWRENCE R A D l  A T I O N  LABORATORY U N l  V E R S l  TY OF CAL  l FORNl  A 

ENGINEERING NOTE 
F I L E  NO.  

END 70-27 
S U B J E C T  

T H I N  FILM EVAPORATION-THEORY 

P A G E  

6 
N AM€ 

J. H. tian Sant 

O A T '  5/19/70 

w a l l  in to  the  vapor region. 

( h s s  flow out ) .  - ( k s s  flow i n )  = 6 

[$..'.I,, - [jSpriyl X R C A k  = O . . 

" [i;."] 6 V "  = O idx . 

. . 

. . 

Since pu = o f o r  6 4 Y f l  and p v ~  i e  constant f o r  y > d  , equation 
, . 

( 3 )  becomes . , 

. . ,  

. . ' ~ 1  . ' :  a , : ' .  . . .: . , (4) - , , 

. . 
. . 

. M Q ~ . ~ I ~ ~ w  

The conservation of momentum,principle applied to the same AX by H 

element can be s t a t ed  a s  

(~omentum out) - (~omentum in)  = 2 Vector forces  ' ( 5 ) ~ .  , . 

The d i rec t ion  of momentum and ex te rna l  forces  must, of course, 

be complimentary and a r e  taken i n  the  x-direction.  The . . 

externa l  forces  a r e  made up of .pressure  and viscous I .  

boundary-shear forces  . b  ., . . .,,.. ,. , . . 
, a  

, ' -  . . 
( .1 . .. ., ' 

\ . . .  . .. . 
. , i .  

. . 
.. . '  I . .  . 

. .. . - - .. ,.; 
1 ;  , 

. . .  .. . :  . . .+ . , . . . . .  - . .. 
*; I. 
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Using 'equations'  ( 6 )  and (7)  i n  (5)  y i e l d s  

ENGlNEERlNG NOTE 

, I , . .  

A N  I n  tho deriva. t ion of  equation (14) d can be substituted f o r  1.1. 

C o n o o r ~ t i o n  of energy l o  requirod f o r  t h e  AX' by I1 element: 

END 70-27 

( ~ n e r & ~  o u t )  - ( ~ r i a r ~ ~  ~ n )  CA 0 (1x1 

S U B J E C T  ' 

T H I N  FILM E V ~ ~ ~ T I O N - ~ O R Y  
._ 

7 

The energ ies  i n  t h i s  case  a r e  made-*up of conducted and convected heat 
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i n  t h e  l i q u i d  and vapor convected away from t h e  f i h .  ,Since conduc.tion 

i n  the  x-di rec t ion i s  neglected 
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I . . 

. . .  . ,. . 

........... 

. . " 

. ( 8 . .  

, s  

, '. . 
. . .  , I ' .  X . %+AX 

(=> 

... . . 4 .  I. : . .  
I '  . . .  . . .  . . . . 

. . 
: : 

: 4 . a: 

where i = enthalpy. 

, ., . . . 
. . 
2 

.:.. - ,. . Using the  cont inui ty  equation (4) and.,'the, same argument f o r  c'hanging H 
-._. t o  a ! yie lds ' :  . . . 

.\: . . , .  

. . . . .  . . 
' :. , ' . . 

. . .  . . .  . . . . - . .  
,. " 

. : . . . . . .  . . . . , (13). 
. . .  . . ..< . :. t 

. . 

# . -  . 
w (14) 

'..' , : 

.where i . i s  the  energy required f o r  phase change from l i q u i d  t o  vapor. 1-J" 
. ,  . 

. . 

. (15) 

. . . 

. . - .  
\ 

. . .  

, * .  . "  

- A  L.-. . - > .=a. 

1 
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parameters a r e  selected.  

9 

The' cont inui ty  equation (4) now becomes . 

N A M E  

The momehtum equation (10) becomes 

I The energy equation (15) becomes 

a t e  t h a t  <=  ~ J U / ~ ) ~ = ~  and 

a r e  used I n  c q u a t i o n ~  (17) and (18). 
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LAWRENCE R A D  l  AT1 ON LABORATORY - U N  l  V E R S l  T Y  O F  CAL l  FORN l  A  

" ENGINEERING NOTE 

P r o f i l e s  

The i n t e g r a l  equations (.16), (IT), and (18) 'do no t  spec i fy  laminar o r  

F I L E  N O .  

END 70-27 . 

tu rbu len t  flow, bu t  it i s  necessary t o  spec i fy  t h e  v e l o c i t y  and temperature 
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p r o f i l e s  i n  order  t o  perform t h e  in tegra t ion .  Therefore, a quadrat ic  

NAME 

J. H. Van Sant  
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npproximation f o r  both l o  aoawncd i n  t h e  laminar Flow c a m .  

Velocity: 

I n  dimenoionless form, t h e  v e l o c i t y  p r o f i l e .  i s  given as 

Boundary condi t ions  a r e  given aa  

The f i r s t  condi t ion  i s  t h e  "no-slipat the wall" requirement, t h e  second . 

i s  a maximum value a t  t h e  f i l m  surface  which i s  unknown a t  t h i s  po in t ,  . L 

a n d  t'he t h i r d  i s  a:'zero shear f o r  t h e  free: surface.  Using these  t h r e e  
. ., . ,  I .  

, .. . 
, . gives  -, . .  . . 

Temperature : - .  . . 

It i s  assumed. t h a t  . . . i . 
. '.. 

. . 
,. . .  . .. ... r . :'L 

i. -: ' . . ;  .. - . a ',' : .'.. 
, ... 

. . L  . .... . , ,  . . u  

: T (Y) = b +::b k +  b 9 ' .  1 '  -d . , (25) 
0 1 2. 

with  t h e  boundary condi t ions  given as 
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. , 

The f i r s t '  two conditions specify  the  f ixed vaiues o f .  temperature i n  t he  

f i lm and the  t h i r d  i s  derived .from the  d i f f e r e n t i a l  energy equation 

s ta ted  as 
. . 

(27) 

nt t h o  U = V  = Jt/dj= o , t n u i  d Z g 2 %  . . mutt aloo 

bo zoro. 

Using the  condit ions (25) i n  equation (24) y ie lds  I . 

' T(Y) = I -Y /A (28) 
"a  

. . 
//A, :.: .. : . . ' . . . : 

(29) 

. _  . . . , 
. . 

. !  

S o l ~ ~ t i o n n  

!Ti ~ q u a t i o n a  (22) and (24) are uacd i n  tho momcntwn equation (17), t h o  

' r e s u l t  i s  

(32) 

1 ,  . . 

I . .  

. . 

(33) 

. . . . 

Likewise, by using equations (29) and (31) i n  the e n e r w  equation (18) 

we obtain  . . 

. . 

. ,(34) . . . i . :  
. ,  . 
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where 

. . A oolution t o  equation (36) i o  . . 
, a  
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. .,, 
1 ' 

. . 
Since A > 0 and 8 <0, then C: = 0".is required and 

. . . 
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, . 

When t h i s  ,expression i s  .used,. in .  equation (35) ' one can obtain  
. . 

. . 

. . 

. 

N /;MC 

'where C =. - - 
I I + z A ,  

- 

- 
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. , 

. . .. .- 

A t  the locat ion of fi lm dry-up 'xd the  f i l m  thickness w i l l  be zero, thus 

from (41) . . 

END 70-27 . 
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Local h i a t  t r ans fe r  : a t e =  can now be calculated by determining the  wall 
. '. 

S U B J E C T  I- 13 

heat  f l u .  . . 

NAME J. H. Van Sant 

. . 
,where Nu W i s  the d!mensionless . . Nuss&l t ' k ibc r  . . xh, 5; /k (tb- t,,) . ' 

NO& t h a t  equations (41)':knd (44) ,can a l s o  be' &rr l t t ,on as, 
I .  . 
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Tota l  hea t  t r a n s f e r  rates i n  .the''eVapb&tion 'region xo< x <xd can a l s o  

be determined by an over a l l  h e a t  balance. 

END 70-27 

. , .  . . . . 
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' . , ( .  :: 
o r  i n  dimensionless terms 

Q To = zjA"u(i-T)JY 6 
. . . '  

A, 

=,: % 1.u  O &I, . . O . .-Y~;)(I-I . .  ._ .  . . + ~/n) d ~ .  (49) 
I 0 . . . . 

, . .  

32 ~ ~ 1 3  fl' 1 
. . 

Q : .  0 . 
To 

14 

~oweves ,  i f  we wish ' t o  deterhine  tho t o t a l  hea t  t r a n s f e r  r a t e  based on 

uniform ve loc i ty  and t empera tu re .p ro f i l e s  a t  t h e  leading edge of t h e  

NAME , 

. . .  . 
p l a t e ,  ' then ' . ' 

, ,  _ __- - - 
. . 

R a m  c o n t i n u i t y  and equations .(.ax) and ( 38) we can 'derive 
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< . - *  
. -.- - - .  

or 
, . 

(.54) 
Q, , 0 ; '. 

I .  

- giving .. . 
(55) 

. . 

. . I .  
' .. (. 

, . .  .. 3 

. . .  . , . .  . , ' 

, ; ' . .. . .  . . . b' 
6 ... . . .  , 

- !..; I .  

SOLUTIONS-TURBULFNT F L O W  

Prof i les  . . 

' Velocity:, 

The l / ~ t h  power Lv p r o f i l e  for veloc i ty  i s  se lec ted  as 

It has been shown t o  approximate low Reynolds numbor flow on f l a t  plate0 
1 

vory well . We can then uoo 

. , 

,(56). 
.. .. . . ., . 

.Wall shearing s t r e s s  f o r ,  a flat p l a t e  r e l a t ed  '& t he  ve loc i ty  .boundary- 

l ayer  thickness: has .-been :given a s  ;. - :. . :'.: % .  :' - ,.. Y'5). . . . 

. . 
( 57) 

o r  f o r  the present  ' case, . , 

.CI) 1 
1 (58) 

. ' I .  

. . . . . ..,. .'_ . . . , . .  > .  

9 \ 
. . $  . .* , 

, . . . 

.Temperature : 

~imilar i t f . 'between '  k e l ~ c i t y  and temperatiwe p r o f i l e s  a r e  assumed, thus  
. . . . 

: '5. G. Knidsen and D. L. KBtz, Fluid Dynemice and Heat Transfer,aMcGrav-W.ll ' 

. I .  

Book Co., New York, ' 1958, Pg. 274. . . 

: .  s: 
" .  ! r 

- .  

.. 5 

, . ... 1.. 

' I  . . 

A 
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. The wall heat flux is expressed as 
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I Colburn'o analogy between heat .and momentum transfer l a  now applied 
1 

m 7 0 - 2 7  1 16 

. , 

:I'.f,' s q ~ l r i l ; i o n n  ( 5 6 )  nnd (50) nro  IIIIOA in t11o .dimonnl.on.l.ono momonturn in.Lol!x.nl 

. . 

tikawise, when equations. (59), (60), a'nd (64). are used in the dimensionless 

SUBJECT 

TI-IIN FIT24 EVAPON\TION-!EEORY 

energy differential equation (18) the result is 

1 
. , 

. . . , 

. . .  
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lop. cit .., Knudsen, -pg'. '. 474 . 1 
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If t h e s e  two equations a r e  combined we ob ta in  " ' .  . . 

F I L E  NO. 
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The so lu t ion  . t o  equation (67) i s  

P A G E  
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. - 
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However, t h e  condi t ion requ i res  that. ..c ':, = Q.. . : Thus, 
, A  
..> 

SUBJECT 

17 
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where , c,?. - , - z B/(/ +J 4)- = d'@ '~ / ( fp  *3) 
, ,. . . 

; 0 2 ,  - . .  2.: . 
. . ., 

U s i n g  thi8 exp&seibi; i n  ec$wtiGn (66) yic;bds 

N A Y F  
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Integrat ion glvea 

SUBJECT . 

Tho 
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point  of dry-up i n  oatnblinlloil by 

. . 

By using equat idn (72) i n  (64) yield* r e l a t i o n  for l o c a l  hea t  t r a n s f e r  

rates a s  . 

. . 

Il'Iw .ea8Ln3. Ilo~tL tx*crnnrar rt.tto fx-on tho r a l j l ~ n  o f  ovagorrrtlon otsn ba 

' . l'pund ao in the  lamlnnr  f iow oalae ,and l a  6imn 'a8 . 
. . 

A 2  ..;; - 
. . .. . . . . 

, . , . . .  . . 
~ i k e w i s e ,  the total .  heat t r a n s f e r  r a t e  compared to t he .quan t i t y  ,given 

. . 

I n  equation (77) . is 1 :.found to be . ' . . . . 
. .I 
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. .  . 
Probably, the most' valuable results"& t h i s  ana lys i s  a r e  predicted values 
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ENGINEERING ' NOTE ' 

f o r  Xd, €+ , and. Nu. Some sample' values .of X- and 
.d 

% f o r  water a r e  
1 .  -- 0 - 

givcn'in TnbSe I fop both laminar and turbulent  f i lms.  Values of can 
2 

F I L E  NO. 

END 70-27 

be determined from equatione (55) and .(,79), howcver,' 
.. ' 

r a t i o ,  of %,Go 
. . 

w i l l  be near un i ty  f o r '  most ' p r ac t i ca l  cases. :  Curves of Nu and A vs. 

SUBJECT 

THIN FILM EVAPORATION-TKEORY . . 

P A G E  

. . , . .  

X/X a r e  : shown i n  ~ i g w e s  4. and 5. One will; probably quickly sc ru t in ize  
d .'. . . . 

the  curves. of Nu,and' wonder.why. the  d i f f e r en t  t rends f o r  turbulent  and 
. . 

laminar flow. Reali ze t h a t  .,the temperature boundary conditions a t  

X+ Xd f o r  both' laminar and . turbulent .flows a r e  not va l id  so we should 
. . 

not expect the  rapid ..'change: in..the heat f l ux  there.  Also, it i s  

19 
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l i k e l y  t h a t  the  f i lm w i l l  change from M n a r  t o  :turbulent far from the  
I 

locat ion '  of "dry-up" . Possibly . the  c r i t e r i a ,  posed .by Kay6 can  be used ;' 

. . 
t o  e s t i m t e '  the  locat ion of trans ' i t ion,  .I .ei . ' .  

One d i f f i c u l t y  i n  using t h e . h e a t . t r a n s f e r  predict ions  given here i s  

e s t i e t i n g  values of "A . Unless t .  i s  much d i f f e r en t  from t t h e n d .  
.. . 0 ...... " 1 v ' 0 

i s  near unity. 'To be more precise,  however, some addi t iona l  analysis . , 

needs t o  be done on the  &trance region, o < x < xo, t o  determine the  

locat ion of i n i t i a l  evaporation and f o r  fully-developed veloci ty  and 

temperature prof i les .  Perhaps, some of the  r e s u l t s  developed from 

f l a t -p l a t e ,  parallel-flow analyses could be applied, however, a t  t h i s  
. .  . 

point  t h i s  i s  not en t i r e ly '  evident; .. , 

* -. , ! .  

~ .. 

%I. M. Kays, Convective Heat and Mass 'Transfer, McGraw-Hill Book CO., 
... . 

San Francisco, 1966, Pg. 93 

. . 
b 

n. ..*-a , U . . -  id--, 
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Additional e f f o r t s  on t h i s  problem 6houJ.d be directed t o  checking the  

ana lys i s  by experimental measurements. One simple method would be t o  

measurc only x  and compare t o  predicted values. Conclusively, 
d 

agreement of.measured values of Nu, $T , and Xd with predict ions  -. w+d 

prove the theory ,cor rec t .  1 
. . 

. . 

. . 

. . . . 

. . 

I .  

. ' 
' . ,  

t . . 
, . 

APPENDIX. A 

Non-Homogenous Uif'ferential E q u t l u r i  Solution 

Given i s  a d i f f e r e n t i a l  'equation of t h e  form 

&+ a x  + 'LL ='0 . ( la ) .  . . . .  

dx 5 LC 
from which a so lu t ion  &(a,&),&) i s  required. L:. First t h e  subs t i t u t i on  

& = 2 i s  made t o  give % .  

&+&AX+ 26 = O  
, . . , . , . . . (2a) dx X 

Next l e t  w = U V t o  yield . . 

( 3 4  ( 2  dr< . . 

. . 
, . 

I .  
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I Integration yields  
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The remaining terms of equation (313) must a l s o  be zero, thus  ' 

s u e j ~ c r  
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I Since 
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and M'= w , then 

Subst i tut ion of t h i s  expression i n t o  equation (la) and obtaining 
.. I 

equality: proves it i s  ,indeed a solution.  
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Figure 1 'Thin f i lm evaporation from a f U t . p l a t e  

. .  . 

. . 
. . . . . . 

Figure 2 - Velocity p r o f i l e  development . . 

. ! 

. .  . 

. . 

Figure 3 Temperature profi le  development . . 
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