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Abstract

The equations of motion of compact binary systems and their associated
Lagrangian formulation have been derived in previous works at the third post-
Newtonian (3PN) approximation of general relativity in harmonic coordinates.
In the present work, we investigate the binary’s relative dynamics in the
centre-of-mass frame (centre of mass located at the origin of the coordinates).
We obtain the 3PN-accurate expressions of the centre-of-mass positions and
equations of the relative binary motion. We show that the equations derive from
a Lagrangian (neglecting the radiation reaction), from which we deduce the
conserved centre-of-mass energy and angular momentum at the 3PN order. The
harmonic-coordinates centre-of-mass Lagrangian is equivalent, via a contact
transformation of the particles’ variables, to the centre-of-mass Hamiltonian in
ADM coordinates that is known from the post-Newtonian ADM-Hamiltonian
formalism. As an application we investigate the dynamical stability of circular
binary orbits at the 3PN order.

PACS numbers: 04.25.—g, 04.30.—w

1. Introduction

The problem of the dynamics of two compact bodies is part of a larger programme aimed at
unravelling the information contained in the gravitational-wave signals emitted by inspiralling
and/or coalescing compact binaries (see [1, 2] for reviews). The current treatment of the
problem is post-Newtonian (expansion when the speed of light ¢ — +oo; following the
standard practice we say that a term of order 1/c*" relative to the Newtonian force belongs

3 On leave from: Institut d’Astrophysique de Paris, groupe de Gravitation et Cosmologie (GReCO, FRE 2435 du
CNRS), 98 boulevard Arago, 75014 Paris, France.
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to the nPN approximation). The first breakthrough in the problem of dynamics has been the
completion of the equations of motion of two point-like particles up to the 2PN order [3-10].
In recent years the (quite involved) equations of motion at the next 3PN order have also been
successfully derived [11-20].

Up to the order 3.5PN there is a clean separation between the conservative part of the
dynamics, made up of the ‘even’ Newtonian, 1PN, 2PN and 3PN approximations—with
the 2PN and especially the 3PN ones being very difficult to obtain, and the part associated
with the radiation reaction, and consisting of the ‘odd” 2.5PN and 3.5PN orders (which are
comparatively much simpler to control than 2PN and 3PN). In principle, the conservative
part of the equations yields a point of dynamical general-relativistic instability at which there
is (presumably) a transition from the adiabatic inspiral to the final plunge and coalescence.
On the other hand, the non-conservative terms—i.e. 2.5PN computed in [3-8], 3.5PN and
4.5PN computed in [21-23, 10]—are determined by the boundary conditions imposed on the
gravitational field at infinity.

One should not confuse the latter nomenclature for post-Newtonian orders with a different
one applied to the gravitational field at future null infinity. There the ‘Newtonian’ order, which
has a quadrupolar wave pattern, corresponds to the dominant odd term in the local equations of
motion, i.e. 2.5PN, while the 1PN order, which is both quadrupolar and octupolar, corresponds
to 3.5PN in the local equations. And so on. Because of the presence of tails at the 1.5PN order
in the wave field at infinity there is a contribution at the 4PN order in the equations of motion
that is ‘odd’ in the sense of being associated with radiation-reaction effects [24]. Similarly
one expects that the known tails-of-tails [25] arising at the 3PN order in the wave field will
correspond to an odd contribution at the 5.5PN order in the equations of motion*.

Two different methods, relying on two independent frameworks, have been applied to
the equations of motion at the 3PN order. Jaranowski and Schifer [11, 12], working within
the ADM-Hamiltonian formalism of general relativity, derived the Hamiltonian describing the
motion of two compact bodies, in ADM coordinates, and in the centre-of-mass frame. The
Hamiltonian was later generalized to an arbitrary frame in [13]. Blanchet and Faye [16-19]
(following the method proposed in [8]) performed a direct iteration of the equations of motion
in harmonic coordinates, and in a general frame. The Lagrangian of the motion was then
deduced from the equations of motion [20]. The end results provided by these two methods—
ADM-Hamiltonian and harmonic-coordinates—have been shown to be physically equivalent
[14, 20]: there exists a unique ‘contact’ transformation of the binary’s dynamical variables
that transforms the harmonic-coordinates Lagrangian [20] into a different Lagrangian, whose
Legendre transform agrees with the ADM-coordinates Hamiltonian [13].

In the works [11-14] and [16-20] the compact objects are modelled by structureless
(non-spinning) point particles. Such a modelling is quite efficient and physically sound
when describing the inspiral of compact binaries, but the shortcoming is the necessity of
a regularization for removing the infinite self-field of each of the point particles. The
regularization of Hadamard (or, more precisely, a refined form of it proposed in [18, 19]
and implemented in the harmonic-coordinates approach) has been applied but turned out to be
incomplete in the sense that one (and only one) numerical coefficient remains undetermined at
the 3PN order: w, in the ADM-Hamiltonian formalism [11, 12], A in the harmonic-coordinates
approach [16, 17]. This coefficient has been computed in [15] with the help of a dimensional
regularization instead of the Hadamard one, within the ADM-Hamiltonian formalism, with

the result ws = 0 or equivalently A = —% (below we shall keep the value of A unspecified).
4 This difference by 2.5PN orders explains why the equations of motion are insufficient as regards the radiative aspects
of the problem. For analysing the waves emitted by inspiralling compact binaries one needs not only the solution of
the problem of motion but also the (equally crucial) solution of the problem of gravitational-wave generation [2].
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The present paper’s lineage is the harmonic-coordinates approach [16-20]. Its goal is
the completion of the 3PN dynamics of compact binaries—equations of motion, Lagrangian,
conserved integrals—in the frame where the centre-of-mass is located at the origin of the
coordinates. Our motivation is that the centre-of-mass equations of motion constitute the
needed starting point in many applications such as the one in [26]. In section 2, we recall
the expression derived in [20] for the position of the centre-of-mass in an arbitrary harmonic-
coordinates frame. In section 3, the individual positions of the particles in the centre-of-mass
frame are obtained as functions of the relative separation and velocity. We then compute
the 3PN-accurate centre-of-mass equations of motion. These equations are substantially
simpler than in a general frame—though they are still quite lengthy (that is unavoidable at
such a high post-Newtonian order). In particular, we recover the centre-of-mass equations of
motion at the 2.5PN order derived by Lincoln and Will [27] on the basis of the general-frame
2.5PN equations of Damour and Deruelle [3-5]. In section 4, the 3PN relative Lagrangian
(in harmonic coordinates), describing the conservative part of the dynamics, is obtained.
Note that the centre-of-mass relative Lagrangian does not straightforwardly follow from the
general-frame Lagrangian of de Andrade et al [20], because one is not a priori allowed
to use in a Lagrangian some expressions which are consequences of the equations of motion
derived from that Lagrangian. We found it convenient to derive the centre-of-mass Lagrangian
ab initio using some guess work (i.e. adjusting a set of coefficients in order to reproduce after
Lagrangian variation the correct equations of motion). From that centre-of-mass Lagrangian
we then obtain in a standard way the Noetherian conserved energy and angular momentum,
thereby completing our harmonic-coordinates approach.

Further investigations are proposed. Section 5 deals with the connection between
the centre-of-mass Lagrangian and the centre-of-mass ADM-Hamiltonian. We check that
the centre-of-mass reduction of the contact transformation worked out in [20] between the
harmonic-coordinates Lagrangian and the ADM-coordinates Hamiltonian is identical—as it
must surely be—to the contact transformation connecting the centre-of-mass versions of these
Lagrangian and Hamiltonian. In the process we recover the 3PN Hamiltonian for the relative
motion as computed by Jaranowski and Schéfer [11, 12]. Finally in section 6 we consider
the problem of the stability against linear perturbations of circular orbits. We undertake
the problem by perturbing both the equations of motion in harmonic coordinates, and the
Hamiltonian equations in ADM coordinates (the two methods give equivalent results). We
obtain a gauge-invariant criterion for the stability of circular orbits up to the 3PN order.

2. The centre-of-mass vector position

Our study starts with the expression, derived in [20], for the position G’ of the binary’s centre
of mass. In this section we briefly review the construction of G*. Note that the centre-of-mass
position can also be interpreted as the gravitational mass-type dipole moment. Actually, using a
slight abuse of language, by centre-of-mass position G’ we really mean the gravitational dipole
(its dimension is that of a mass times a length). In a future work [28], we shall show that the
gravitational mass-type dipole moment which follows from a 3PN wave-generation formalism
(instead of being inferred from the 3PN equations of motion) is in complete agreement with
the present centre-of-mass vector G".

By equations of binary motion (in a given coordinate system) we mean the acceleration
a'y(t) = dvi, /dt of body A, where A = 1,2 and the spatial index i = 1,2, 3, as a function
of the positions yj; and coordinate velocities viy (1) = dyf /dr. Equation (7.16) in [17] gives
the 3PN equations of motion in the harmonic coordinate system. The 3PN Lagrangian in
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harmonic coordinates (considering only the conservative part of the dynamics) is given by
equation (4.1) in [20]; it takes the form

1 1 1
L = Lxlyy, val + §L1PN[)’A, val + ngpN[}’A, Va,asl+ ELBPN[yA’ Va,agl. (2.1

The successive post-Newtonian orders depend on the positions and velocities, and also,
starting from the 2PN order, on the accelerations. The fact that a harmonic-coordinates
Lagrangian necessarily becomes a ‘generalized’ one (depending on accelerations) at the 2PN
approximation has been proved by Damour and Deruelle [4]. At the 3PN order we found [20]
that the Lagrangian also depends on accelerations, but it is notable that these accelerations
are sufficient (i.e. there is no need to include derivatives of accelerations). Furthermore,
the dependence upon the accelerations at both the 2PN and 3PN orders is linear. Indeed,
one can always eliminate from a generalized Lagrangian, taking the form of a perturbative
post-Newtonian expansion, a non-linear—for instance quadratic—term in the accelerations
by adding a ‘double-zero’ counter term, whose Lagrangian variation is zero on-shell and
therefore which does not contribute to the dynamics (we refer to [6] for a general discussion
on acceleration-dependent terms in a post-Newtonian Lagrangian). The conservative part of
the equations of motion of body A (neglecting the 2.5PN and 3.5PN radiation damping terms)
can be written with the help of the variational derivative of the Lagrangian as

SL 0L d<8L>+d2(aL)_O<l) 22)
Sy, ayl, dr \av, dr? \ da’, - 8 ) ’

It is important to remember that here the equations of motion are supposed to have been
‘order-reduced’ using the equations themselves at lower post-Newtonian order (i.e. any a,
occurring in a post-Newtonian term must be replaced by its expression in terms of the y}; and
v’ following the equations of motion).

The existence of a centre-of-mass integral for the 3PN dynamics is a consequence of its
invariance under Lorentz transformations or boosts. The Lorentz invariance of the (harmonic-
coordinates) equations of motion was established in [17]. Technically, this means that a
specific variant, defined in [19], of the Hadamard regularization that respects the Lorentz
invariance, is to be implemented. Consider an infinitesimal deformation of the path of the
two particles, say <Syj'1 (t) =" 4 () — yi‘ (). Then the corresponding perturbation of the
Lagrangian, i.e. 3L = L[y’,, V,, a’,] — L[y, Va., a4], reads, to the linearized order,

do 3L . 5
SL=—+ —5y', + O(8y4)- 2.3
dar Z 5y, Ya ( YA) (2.3)
A
It involves the total time derivative of the function
0 =Y (phdyly +q}ov). (2.4)
A
which is defined in terms of the momenta conjugate to the velocities and accelerations,
i O0L 0L d(&L) 2.5)
Pa= 5o o, i \aa, ) ’
;oL 9L 2.6)
9a= Sal,  da', .

> This is consistent with a general argument of Martin and Sanz [29] that in coordinate systems which preserve the
Lorentz invariance (as the harmonic coordinates do) the equations of motion at 2PN and higher orders cannot be
derived from an ordinary Lagrangian.
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Equations (2.3), (2.5) and (2.6) are nothing other than the Noetherian equations in the case of
a generalized Lagrangian.

In the case of a Lorentz transformation, the change in the position of particle A, to linear
order in the (constant) boost velocity V', is

. . 1 . ..
Syl ==Vt + 5 VIyivl + O(V?). 2.7
c
Because the 3PN dynamics is invariant under Lorentz boosts, the change in the Lagrangian
given by equation (2.3) must take the form of a total time derivative on-shell, i.e. when the

equations of motion (2.2) are satisfied. Hence there should exist a certain functional Z? of the
positions, velocities and accelerations such that (on-shell)

dz R
SL=Vi— OV, (2.8)

Using this, together with the particular form of the transformation law (2.7), into
equation (2.3) we readily obtain the conservation (on-shell) of the Noetherian integral
K' = G' — tP', where P', the total linear momentum, and G*, the centre-of-mass position,

are given by
= Z P, (2.9)

=—Z'+ Z < yAPAUA + yAqAaA + UAqAUA]) (2.10)

Since P! is itself constant (indeed, apply equations (2.3), (2.4) to the case of a constant spatial
translation: 8y’ = €'),

drt =0 (2.11)
a7 ’
we find that the conservation of K’ implies that
dG’ ;
= P'. 2.12
5 (2.12)

(We neglect terms of order O(c~®).) The centre-of-mass vector G is conserved in the rest
frame where P’ = 0 it will be zero, by definition, in the centre-of-mass frame.

Applying these considerations to the 3PN equations of motion and Lagrangian in harmonic
coordinates, we found [20] that indeed the variation of the Lagrangian uniquely defines some
function Z' (this is a confirmation of the boost symmetry of the equations of motion), and
from it we explicitly determined the centre-of-mass vector position in an arbitrary harmonic-

coordinates frame®:

i i ni my v% i nmi 7 7 i
G =miy+ —712+? Vit m _Z(Vllzvl)_z(”lzl&) v

|:5m1m2 7m2 31)‘11 moy
+

I , 1
+—+— _g(nIZUl) _Z(nIZUI)("lIZUZ)

2
4 r12 4}’12 8 ri2

+1( )2+19 B 7( ) 7 B i +m1 235)’)1]}’)12( )
—(npv —v] — —(vjv2) — -V — —_— npv
3 1202 3 1 2 102 3 2 b4 6 2% 12012

235 m;

5 3
—E—(n1zv1z)+mz<—(n1zv1) + =(n12v1)*(n1200) + = (n12U1)(n12v2)

6 Throughout this paper the gravitational constant is set to G = 1.
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5 15 1 1
+ E(”lZUZ) - _(nIZUI)U] (n12v2)v7 + Z(”lzvl)(vlvz) + Z(nIZUZ)(UIUZ)

15 ; 500 my /1
— (n12v1)v3 — g(mzvz)v%)}vl + |: 161 E(E(VHZUI)

+ l(n 3 3 2 2 1 3 1 4
3 12v1)” (n12v2) + 16(7112U1) (n12v2)” + (n12U1)(n12v2) 16(7112U2)

53,
(I’llzvz) Ul + —U

1
—6(7112'11)21)% - 5(”12”1)(”121)2)”% 6

8
3 3 5
+ g(”lzvl)z(vlvz) + Z(”lzvl)(nIZUZ)(UIUZ) + Z(nIZUZ)Z(Ul v2) — 5vi (viv2)

17 1 5 5
+ §(111Uz)2 - Z(n12U1)2U§ - g(nlzvl)(nlzvz)vﬁ + —(n12v2)2v§

31 _— 15( o2 1, +m1m2 ( 2 17( v )
— V7V ViUv2)V5 — —V —_— v —_ — v v
16 1Y2 — 1V2)Vs 16 2 r]22 12 n12V1 nppvp)npvy
+17( 2 175 , 40( ) 20 , +m§ 7( 2
— )" — —vy+ — (V) — v — | —z(n2v
1202 24 1+ 3 102 3 > r122 3 12V1
+29( Y )+2( 24 101 .2 40( )4 139 139 , 19m1m§
—n12v ni v niov —_— — —((V1v U
12V1 1202 1202 12 1 3 102 24 2 3 r?z
mimy (13721 22 (1 m3 ( 14351 22 (rp
+—3 - h|—|)+5|——F+5In|— y1
Py 1260 3 rl rs, 1260 3 r}
1
+1 <—>2+O<—8>. (2.13)
C

To the terms given above we must add those corresponding to the relabelling 1 < 2. We
denote by r;p = |y; — y2l, n’i2 = (yi — yé)/rlz and v’ﬁ = v’i — vé the relative particles’
separation, unit direction and velocity.

Expression (2.13) has been systematically order-reduced using the equations of motion
and therefore depends only on the positions and velocities (no accelerations). Note the
appearance at the 3PN order of some logarithmic terms, containing two constants r| and r}
(one for each body) having the dimension of a length. It was proved in [17, 20] that these
logarithms, and the 7/, therein, can be removed by an infinitesimal gauge transformation at
the 3PN order. Thus we can refer to the 1, as some ‘gauge constants’, since they are merely
associated with a choice of coordinate system, and thereby do not carry any physical meaning:
they will always cancel when deriving some physical, gauge-invariant results. On the other
hand, we note that G' is free of the physical regularization ambiguity A present in the equations
of motion and Lagrangian.

The previous derivation of the centre of mass neglected the effect of radiation reaction. To
take into account this effect we introduce some appropriate modifications at the 2.5PN order
of the linear momentum and centre of mass position:

~ . (4Am’m, 2
B _opi, <M,,:]2 |:U122 _ ﬂ} o 2), (2.14)
C

~i . 4 . 2 +
G =Gy (T il 2mEma) | o) 2.15)
5¢3 12
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With these definitions, we find that the conservation laws (2.11) and (2.12), but now when
taking into account the radiation-reaction effect, take in fact exactly the same form

ap' 1

T _o(4). (2.16)
G~ 1

“o_p +0(C—7). 2.17)

This finding is quite normal: recall that the total linear momentum of an isolated system is
conserved up to the 3PN order included. Indeed, the integral over the system of the local
radiation-reaction forces is a total time derivative at the 2.5PN order, and therefore it does
not contribute to any change in the total linear momentum. The modification of the linear
momentum by radiation reaction, or net radiation ‘recoil” of the source, is a smaller effect, of
order 3.5PN—negligible in equations (2.16) and (2.17).

3. Equations of motion in the centre-of-mass frame

The positions and velocities of the two particles in the centre-of-mass frame at the 3PN order
are obtained by solving the equation

~i 1
G [yAaVA]:O<?>7 (3'1)

where G' is defined in the previous section. Obviously, the solution must be determined
iteratively, in a post-Newtonian perturbative sense, with systematic order reduction of the
equations. At the Newtonian order we get

. . 1
yp=Xux'+0 <—2> , (3.2)
¢
i i !
v, =—Xix'+0 2 3.3)
In this paper we employ the following notation. The binary’s relative separation is
x' = yi - yé, 34
. xi
r = x| and n'=—. 3.5)
r

For the relative velocity and acceleration we pose

o d ' (3.6)

v = =V, —V an r=mn-v .
dt 1 2 ’

P9 3.7)

a' = —, .
dt

(r and v were formerly denoted by r1> and v}, in equation (2.13)). Concerning the mass
parameters we denote

my nmy
X1 = — and X2 = —, (38)
m m
m=mi +ms, 3.9)
nminiy
V= =X X» and n=mv. (3.10)

m?2
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All the expressions that are written in the centre-of-mass frame are conveniently parametrized
by m and the very useful mass ratio v (such that v = % in the equal-mass case and v — 0 in
the test-mass limit for one of the bodies). Often it is convenient to consider reduced quantities,
i.e. quantities divided by the reduced mass .

The Newtonian solution (3.2), (3.3) is inserted into the 1PN terms of equation (3.1) and
we then obtain an equation for the 1PN corrections in y{ and yj. Solving that equation
we plug the result back into the 1PN and 2PN terms of equation (3.1) and obtain the 2PN
corrections in the same way. The process continues at the next order and this finally results in
the 3PN-accurate relationship between the individual centre-of-mass positions y! and y} and
the relative position x’ and velocity v'. In the course of the computation we use for the order
reduction the centre-of-mass equations of relative motion at the 2PN order—that is, at one
post-Newtonian order before the 3PN order we want to reach. Since we give below the result
for the 3PN equations, we do not detail this step and simply present the final expressions.
They are in the form

yi =Xz +v(X) — X2)Plx' + v(X; — X)Qv' + O (%) , (3.11)

. . , 1
vy =[—X1+v(X; — Xo)Plx' +v(X; — X2)Qv' + O <?> , (3.12)

where all the post-Newtonian corrections beyond the Newtonian result (3.2), (3.3) are
proportional to the mass ratio v and the mass difference X; — X;,. The two dimensionless
coefficients P and Q depend on the mass parameters m, v, the distance r, the relative velocity
v? = v? and the radial velocity 7 =n - v:

1|:v2 m:| 1|:3v4 3vv? m( i 3F%v 1902 3vv2>
P==|lm—=|+—5|—- - +—|—-=+ + +

2|2 2r ct| 8 2 r 8 4 8 2

m2(7 v>j| 1|:5v6 11v0® )6 m<i’4 54y
+—=-—=< )|+ +ov v+ — [ — —

2 \4 2 16 4 r\16 8
21742 57202 2172w 11752 530t 4 15v%*
+ — + — + —Tvv" —
16 16 16 2 16
m? 77 7372 o 10102 33v0? 20
— | ——+ + 47 v + - +3v°v
r2 3 8 12 8
m? 14351 v v2 22 r
+— |-+ — =+ , 3.13)
r3 1260 8 2 3 Ty
1 Tmi 1 [4mv?®  8m? 1 (572 19720 150 21w?
Q=—|—|+—=|———— |+ —=|mi| — — — +
ct 4 c 5 5r c® 12 24 8 4
Zj 235 21
TR e N (3.14)
r 24 4

Up to the 2.5PN order we find agreement with the circular-orbit limit of equations (6.4) in
[30] (note that the 2.5PN radiation-reaction term itself is proportional to the velocity and so it
enters only the coefficient Q).

In equation (3.13) we find that the logarithms appear at the 3PN order and only in the
coefficient P. They contain a particular combination r of the two gauge constants | and r}
that is defined by

(X1 — X2)Inr] = X}1Inr] — X31Inr). (3.15)
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This constant r{ happens to be different from a similar constant r; which will have to be
introduced to the 3PN equations of relative motion and Lagrangian (see equation (3.19)).

The 3PN centre-of-mass equations of motion are obtained in a straightforward way by
replacing in the general-frame 3PN equations derived in [17] (see equation (7.16) there) the
positions by equations (3.11)—(3.13), and the velocities by the derivatives of equations (3.11)—
(3.13) (applying as usual the order reduction of all accelerations where necessary). Actually
for this purpose we do not need the equations (3.11)—(3.13) with the full 3PN precision; the
2PN-accurate ones are sufficient. We write the relative acceleration in the centre-of-mass
frame in the form

dvt m ; ; 1
and find that the coefficients A and B are
1 3%y, , m 1 (15/%  45¢%%  972u0?
A:c_2{_ +v°+ 3wy _7(4+2U)}+C_4{ T T8 3

13v0?
+ 6720207 + 300t — 42t + m <—2}"2 — 2572 — 272 — % + 2v2v2)
r

m? 87v 1 247vv? m 1367 v m?
+— 9+ — |+ — 1 — — - —
r2 4 e 5 r 15 2
1 { 35/%  175/%v% 175753 157%vv? 13574020 255740302

+— + — + +
c® 16 16 16 2 4 8
15/2v0* 237i20%0% 4572030 11v® 49v%0° 36

_ + _ + — +13v7v

2 8 2 4 4
697412

0 <79f4u C 2TV 30140 — 12172002 + 16720207 + 20720302
r
75004 2 3257372y 11722

+ 2P st —1ovdt ) + (24 e

r2 168 8

LO15FPvr? 26987ve? |, 123vr? o, L (T

64 840 64 r
3 41911y 44nv  Thv?  4lvg?
+22vv21n<;))+m7(—16— S e )}
) = 420 3 2 16
(3.17)
1 1 (973 15/v0? 417
B=— (—4i+2iv)+ — 1 2 y3id? = 2 022 T gp p T g2
(,'2 C4 2 2 r 2
1 (8vv?m  24vm? 1 4573y 5 o 157303 3 2
S S I S QR - + 1577v° + +1277vv
e 5 r 5 r2 ¢ 8
111730202 657 vv*
_ 7r4v v 123302 — i +19/0%0* + 6703 0v*
32973y 597312
220 2T Y 187303 — 157v0? — 27i0%0% — 100302
r 6 2
m? . 18169/v 5 3 1237vm? . r
+— (=4 — ——— +25R7 +87° — ——— +44ivin| = ) | {.
r2 840 32 )

(3.18)
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Up to the 2.5PN order the result agrees with the one given by Lincoln and Will [27]. At the
3PN order we have some gauge-dependent logarithms containing a constant »;—distinct from
r introduced in equation (3.15)7—which is the ‘logarithmic barycentre’ of the two constants
ri and ry:

Inrg = XInr{ + XsInrj. (3.19)

In addition, there is the physical ambiguity A due to the Hadamard self-field regularization
(A cannot be removed by any coordinate transformation); it appears at the 3PN order in the
A-coefficient.

4. Lagrangian and Noetherian conserved integrals

The Lagrangian for the relative centre-of-mass motion is obtained from the 3PN centre-of-mass
equations of motion (3.16)—(3.18) in which one ignores for a moment the radiation-reaction
2.5PN term. The Lagrangian in harmonic coordinates will necessarily be a generalized one,
depending on accelerations, from the 2PN order. At the 3PN order, further acceleration terms
are necessary but we do not need to include derivatives of accelerations. Furthermore we
can always restrict ourselves to a Lagrangian that is linear in the accelerations. Hence, our
centre-of-mass Lagrangian, denoted with a calligraphic letter £ to distinguish it from the
general-frame Lagrangian L, is of the form

1 1 1
L = Lx[x, v+ = LipnIX, VI + — Lopn[X, v, a] + — Lapn[X, v, a]. 4.1
¢ ¢ ¢

We recall that there is a large freedom for choosing a Lagrangian because we can always
add to it the total time derivative of an arbitrary function. As a matter of convenience, we
shall choose below a particular centre-of-mass Lagrangian in such a way that it is ‘close’
(in the sense that many coefficients are identical) to some ‘fictitious’ Lagrangian that is
obtained from the general-frame one given in [20] by the mere Newtonian replacements
yi — Xox', yb — — X x'. We immediately point out that such a fictitious Lagrangian is not
the correct Lagrangian for describing the centre-of-mass relative motion. Indeed, the actual
centre-of-mass variables involve many post-Newtonian corrections given by equations (3.11)—
(3.14), so the actual centre-of-mass Lagrangian must contain some extra terms in addition
to those of the previous fictitious Lagrangian. However, we find that these extra terms arise
only at the 2PN order and not before. We did not try to find a general method for obtaining
systematically the centre-of-mass Lagrangian given the general-frame one. Though such a
method might exist it was in fact simpler to proceed by guess-work, i.e. to introduce some
unknown coefficients in front of all possible types of terms, and to adjust these coefficients so
that the Lagrangian reproduces the correct equations of motion. Our result (when divided by
the reduced mass ;& = mv) is then

L v om 1 (vt 3wt om Py 3vE wm? m?
c2 |8 8 r 2 2 2 2r2
1 {v6 7o 13v%30° m (3;”41)2 Payvr  Frov?

= — +
w2 r
Alt6 16 16 r\U 8 8 4

5r2020%  Ta,vrv? Tt Swt Rt 7i’vrav)

+ + - - -
4 8 8 4 8 4

7 They are related by

Y\ r
X1 —=X)In| — ) =X XoIn| — ).

I I

0 2
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m? (;”2 417%v 37202 v 27w? vzvz) m? <1 ISU)}

— + + + +
r 2 8 2 4 8 2 7
L (508 59w 1190208 3230308 m [/57%3  Ha,vr
— = + - +— | —+
128 128 64 128 r 16 16
Sitavir 3rtv? +7i'4v2v2 3374302 3i2a,vrv® FPavire?
16 16 4 16 16 16
5r2vut 5o a T5F3Y Taurvt Tairvt 1108 55000
-3 vuT + + - + —
8 16 8 2 16 16
Sv20 65v3°  573vra,  137v3%ra,  37Fvrvia, N 35}"v2rv2au>

2 > )t a3t

0

+ +
2 16 12 8 8 4

mz( 10974y 259742 22

43 177%a,vr  97F2a,v?r 2o
+ 27"y — + +
144 36 6 12 4
41720 2287720202 27720302 . 203a,vrv? . 149a,v%rv?
6 48 4 12 6
450 53vut 61TVt it 2357vra, 235}"v2rav)

72

+ + + - +
16 24 24 4 24 6

m3 (31”2 1204172 3772 7723 12372v?

r3\ 2 420 4 2 64

507 387vv? TvR? vt 4lvr?? 5 r
—+ - + + +227“vIn | —
PRI 4 "2 64 "

22vv? r m* 3 2747v 11w 220 r
- m(Z))+ 2 (=2 2 () @
3 rg r4 8 140 3 3 r

Witness the acceleration terms present at the 2PN and 3PN orders: our notationis @, = a - n
and a, = a - v for the scalar products between a’ = dv’/dt and the direction n' and velocity
v’. The conservative part of the equations of motion is then identical (after order reduction of
the accelerations) to

SL oL d /0L d® /oL 1
" () S (E)zo(~). 4.3)
Sxt axt dr \ 9v! dr? \ 9a’ c8

From the Lagrangian one deduces the conserved energy and angular momentum using
the generalized formulae (neglecting O(c %))

E=vp +dyq —L, 4.4)
T = e (xd p*+ 07 gh), (4.5)

(the first one being a generalized version of the Legendre transform), where the conjugate
momenta read

o sC AL d [oc
= o2 D (22, 4.6
P=5i T & (3(1’) (4.6)
L AC
1 dat da' @.7)

Alternatively one can compute the centre-of-mass energy and angular momentum directly
from the general-frame quantities E and J' given by equations (4.2) and (4.4) in [20] by
replacing all variables by their centre-of-mass expressions given by equations (3.11)—(3.14);
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the result is the same. For the energy we obtain

E 2 m 1{3114 9vv? m<i’2v 302 vvz) m2}

n

2 ro 2| 8 8 r 2 2 2 2r2
1 (50 350° 65v%° m 3ty 9t 2o
—— — + +— |- + +
ct |16 16 16 r 8 8 4
1572292 . 210 23v0? 27v2v4) m? <i’2 6972y 3722

— =+ +
4 8 8 8 r2 \ 2 8 2
v 55v02  v2? m? 1 15v 1 (3508  413wn8
+— — + — —_ )} + =] —— - —
4 8 2 r3 2 4 co | 128 128
N 833v208 22611308 . m (5%  257%)? . 257003 9rtp?
64 128 r 16 16 16 16
2174202 16574302 2172m* 75F20%0t 37572030t 5500
— - - + +
4 16 16 16 16 16
215v0°  29v2y° 325v3v6> m? < 7314 41742 43
- — + 677V

+ —
r2

+ + —+
16 4 16 48 4

3202 3172we? 8157%v%? 817%v3?r 1350 97wt 203v%ut

+ + - +
4 2 16 4 16 8 8
27v3v* m® (372 80372y S1itv? 7203 1237%vrm?
- +——+ + + -

4 r3 2 840 4 2 64
502 6747vv? 21vE? V3R 4lur?e? 5 r
+— — - + + +22“vIn| —
4 280 4 2 64 1

22vv? r m* (3 2747y 11xv  22v r
— In{— +—|c+—F7——-———-——h|—= . 4.8)
3 1 rt \ 8 140 3 3 7

As for the centre-of-mass angular momentum we get

J! ik 1 v om 1 (3v*  21vv* 39%*
— =gpux’ v |1+ 5101 =3v)=—+—=0C+v)+—1— — +
m c? 2 r | 8 8 8

m{ ., 5r20% Tv? 5 R m* (7 4lv
+—| =7y — +— — 5w — + =z ——+v
r 2 2 2 r2\2 4

1{51}6 59vv°  119v%®  323030° m(3i’4v 3402 33743

— = + +
16 16 8 16 r

b 4 4 8
o TFVRE 75200 330t Thwet 53vPet 1950%0¢
— 3 vvT + + + - + +
4 4 8 4 4 8
. m* (% 28777y 317+ 277403 . 4502 161v0? . 1050702
r2 \ 2 24 8 2 4 6 4

375 5199 41vr? 44
—9v3y? +m— - — v—7v2+v3+ i ——vln - .
B \2 280 32 3 rh

(4.9)

(The energy involves the regularization ambiguity A, while the angular momentum is free of
any physical ambiguity.) These quantities are conserved in the sense that their time variation
equals the radiation-reaction effect. One can therefore modify them with terms of ‘odd order’
to take into account the radiation reaction due to gravitational wave emission. For instance,
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in the leading 2.5PN radiation reaction one conventionally chooses that the right-hand sides of
the balance equations for energy and angular momentum take the standard form appropriate
to the quadrupolar approximation. We then pose

Fopae 8 o (4.10)

= —F— U .
5¢5r2

~i ; 8m3iv? ok

J =J" - W&‘,‘jkx v, (411)

This choice is in agreement with the results of [21-23]. Then we can easily check that

dE 1 . . of] s
o _gQijQij"' =) (4.12)
a7’ 2 . 1

o = —ﬁgiijlekl +0 ) (4.13)

where the Newtonian trace-free quadrupole moment is Q;; = u(x’x/ — 189r?).

5. Lagrangian and Hamiltonian in ADM-coordinates

In [20] (see also [14]) we determined the ‘contact’ transformation between the particles’
variables in harmonic coordinates and those in ADM (or rather ADM-type®) coordinates. By
contact transformation we mean the relation between the particles’ trajectories in harmonic
coordinates, yi‘ (1), and the corresponding ones in ADM coordinates, say Y’ j‘ (). We recall that
in the contact transformation, i.e.

84 (1) =Yy (1) — vy (1), (5.1)

the time coordinate  is to be viewed as a ‘dummy’ variable’. There is a unique transformation
(5.1) such that the 3PN harmonic-coordinates Lagrangian of de Andrade et al [20] (in a general
frame) is changed into another Lagrangian whose Legendre transform coincides with the 3PN
ADM-coordinates Hamiltonian derived by Damour ef al [13]. The explicit expression of this
general-frame contact transformation can be found in section 4.2 of [20].

Now we are in a position to obtain the relation between the relative separation vector
x" = y! — y4 in harmonic coordinates and the one X' = Y| — ¥i in ADM coordinates (do
not confuse the relative distances x’ and X’ between the two particles with the spatial position
vector of some field event in these coordinates). Namely,

Sx' = X' —x' =8yl — 8y, (5.2)

where (Syi and (Syé are given by equations (4.8)—(4.10) in [20]. (We shall always view such
equalities as (5.2) as functional equalities, i.e. valid for any dummy time variable ¢.) One
replaces in equation (5.2) all the variables by their centre-of-mass counterparts following
equations (3.11)—(3.14). Actually, since the contact transformation is already of relative order
2PN, the calculation is quite immediate and requires only the equations (3.11)—(3.14) to 1PN

8 Strictly speaking, the ADM coordinates we are considering differ from the actual ADM coordinates at the 3PN
order by a shift of phase-space coordinates that is given in [13].

9 The contact transformation is not a coordinate transformation between the spatial vectors in both coordinates, but
takes also into account the fact that the time coordinate changes as well, i.e. (Syf4 = £l (yq) — SO(yA)qu /¢, where
&"(y4) denotes the four-dimensional change between the harmonic and ADM coordinates, when evaluated at the
position y4 = (¢, y’A).
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order. As a result the spatial separation vectors X' and x’ in both coordinates (each one living
within the spatial slice of constant time appropriate to each of the coordinate systems) are
related to each other by

Sx! 1 v St om 1 ;9
— = — - +—|—==3v)|n+—v
m ct 8 8 r 4 4

1{[ oo 5r0% 0 5207 15070 vt TRt

ct 16 16 16 16 2 8
m [ 161/%v 57202 451vv? 3v%?
r 48 2 48 8

m? (2773v  2lvx?  22v r ;
+ + i (—) n
r2 280 32 3 r
2

5/3v 29730 17 21 m (437v s ;
+|— + + — + — + 57v vt
12 24 8 4 r 3

(5.3)

Below we shall deduce from this formula the radius of the circular orbit in ADM coordinates,
say Ry, versus the one in harmonic coordinates, i.e. ry (see equation (6.39)).

Now we look for the centre-of-mass Lagrangian in ADM coordinates. Since in ADM
coordinates the Lagrangian is ‘ordinary’ (no accelerations) the contact transformation must be
such that it removes the acceleration terms present in harmonic coordinates—more precisely,
it must make them in the form of a total time derivative which is irrelevant to the dynamics.
Following an investigation similar to the one in section 3.2 of [20] (see notably equation (3.18)
there) we know that £APM differs from £ by two terms: (1) the functional variation of £
induced at the linearized order by the contact transformation of the relative path as given by
equations (5.2), (5.3); (2) the total time derivative of a function F of the relative position and
velocity. We can limit our consideration to the linearized order because 8x is at least of order
2PN, so the non-linear terms do not contribute before the 4PN order and are negligible here.
Hence we necessarily have the following functional equality (by which we mean the equality
between functions of the same dummy variables x, v, a):

sL . dF
LM% v] = L[x, v, a] — —l.Sx’ + —

, 5.4
ox dr 4

in which 8x is explicitly given by equation (5.3), and where the function F is for the moment
unknown'®. We insist that in the present calculation the contact transformation 8x’ is known
so that the only freedom left is the choice of F. This contrasts with our earlier study in [20]
where both the contact transformation of the individual paths, § yi and § yé, and some arbitrary
function, say F, had to be varied and determined. The reason, of course, is that once 8yf and
8y} are known from [20] we have no choice for x’ which must be equal to the centre-of-mass
reduction of the difference 8yi — Syé (see equation (5.2)). Thus, despite the smaller freedom
that we presently have in the adjustment of parameters, the calculation must work with that
8x' and not with another one.

The function F = FI[x, v] is not difficult to determine in order to match perfectly the
ADM Hamiltonian. Note that after adding the total time derivative of that function, not

10 Note that the minus sign in front of the second term in equation (5.4) differs from the one in equation (3.18) of [20].
The reason is because we have corrected a sign inconsistency in [20]: namely the equation (3.12) there, together with
the adopted definition (Syix = y;’ - yix, is inconsistent with (3.13) and (3.18); but this does not change any of the
results of [20].
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only has one been able to remove all the accelerations, but also one has gauged away all the
logarithms which were present in the harmonic-coordinates Lagrangian. We get

F 1[ vo? m<1 ):| 1[ vitv? 1903202 w193t
— == |-+ Z+3V + - + - —+

mi Al 4 6 16 48 16 16
N m 43vi2  9TvEH2 vE 217w 6651202
r 144 36 8 48 24
m? (3 113v 2 21v?  22v r
+— - - +6v° — +—1In|— . (5.5)
r2 \ 4 280 32 3 7

Next, equation (5.4) together with the explicit expressions (5.3) and (5.5) gives the ADM
centre-of-mass Lagrangian. Once the calculation is done we have to express it using the
names appropriate to the ADM variables: X’ = x’ +8x’, which means the separation distance
R, the relative square velocity V2 and the radial velocity R = N - V. The formula is

LAPM -y y2 I{V4 vy m(vR2 3y?2 sz) mz}

= + [ —
m R 2 2| 8 8 R 2 2 2 2R?
1 (Ve 7vve . 1302V o 3vZR* .\ VR2V?  5)2R%V?
ct |16 16 16 R 8 2 4
TV 3V 92y m* (3vR>  3v’R? 2 , vV2
- — - +—= | —+ +2V i —vV-+
8 2 8 R2 2 2
m? (1 3v 1 (5v8  59VvE 119v2V8  32303V8
+—=(-+— )t +—=1— — + -
R3\4 4 o | 128 128 64 128
m (5v3R®  OVIR*VZ  33V3RYVZ yR2VH 5 a4
— + — + —3v°RV
R 16 16 16 2
7503R2V4 11Ve  TwVe 592V 6  6503V0
+ + — + +
16 16 2 16 16
m? [ 5vR* 1TvVIR* L., 39vR*V?  2902R%V?
+— |- + +2v°R™ + -
R2 12 12 16 8
27V3R?V? . 47v4  150V4 250274 v
4 16 4 16 4
m? (TTvR®> 5v2R%  Tv3R? 3vR%m?  13VZ  409vV2  51%V2
+— + + + + — —
R3 16 4 2 64 8 48 8

V3y2 V2 m* 1 1881v  1lav  2lvx?
+ — + (5.6)

——= - + +
2 64 R* 8 280 3 32

This is an ordinary Lagrangian and we apply the ordinary Legendre transform to obtain the
Hamiltonian, which is a function of the conjugate momentum

) 9 ADM
pi 9L ’ (5.7)
Vi
P? =P? and Pr=N-P. (5.8)

We find perfect agreement with the centre-of-mass Hamiltonian derived in [11-13]:
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HAPM P2 m L[ PY 3Pt om (PP 3PP WP\ om?
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m? (5Pp*v  43Px"?  17Pg*P%v  15PR*P%v*  27P* 17vP*
— + + + — +
R? 12 12 16 8 16 2
10902 P* . m3 [ 85Pgp*v  TPR>?  25P% 3350P% 2312P?
16 R3 16 4 8 48 8
3PR*vm?  wP2x?\ m* /1 1881v  1lav  2lvx?
— + + — =+ — — (5.9)
64 64 R* \ 8 280 3 32
Recall that A is related to the so-called ‘static’ regularization-ambiguity constant ws of
[11, 12] by A = 11“’ — %. We have ws; = 0 according to [15]. On the other hand,

the ‘kinetic’ ambiguity constant wy of [11, 12] has been fixed to the value wy = % by the
explicit Lorentz invariance of the equations of motion in harmonic coordinates [16, 17], and,
equivalently, by the requirement of existence of generators for the Poincaré algebra in the
ADM-Hamiltonian formalism [13].

Finally let us present, for completeness, the formulae for the centre-of-mass positions
which are analogous to equations (3.11)—(3.14) but in ADM coordinates. We have

Y] = [Xa+v(X; — X2)PIX +v(X; — X2)QV' + O (61—7) , (5.10)
Yi=[-X:+v(X; — X)PIX' +v(X; — X2)OV' + O <i7> , (5.11)
-

where the post-Newtonian coefficients 2 and O are given by

. 1 TV: m 1 [3v* 3wV* m /3vR? 7vZ 3wV2 m? /1 v
P = — === |+t - +— +—+ +—=\-—-=
2|l 2 2R| 4| 8 2 R\ 4 4 2 R2\4 2

1 [5ve  11vve PEnTN 21R*? . TR*WV?  11RM?V?
16 4 16 4 2
45v+ 1090 V4 151)2v4 9R2 o, 23V 20vV?
+ — - +4RVv + —— +
16 16 16
3 1 2
+302v2 )+ ——+3—— (5.12)
R\ 8 8 2

R 1 [4mV? 8m? 1 [m?vR
_ 1 _ 1 , 5.13
Q o] |: 5 5R i| T |: 4R :| (5.13)
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At the 2PN order the result is identical with the one given by Wex in his appendix A [31]'!.
By differentiating equations (5.10)—(5.11) with respect to time we obtain the centre-of-mass
velocities V| and VjJ in terms of the relative position X’ and velocity V'. We have checked
that by replacing into the obtained relations the velocities Vf and V2i by their expressions
depending on the conjugate momenta P; and Pi as deduced from the variation of the general-
frame Lagrangian, and by expressing the velocity V' in terms of P’ following the variation of
the centre-of-mass Lagrangian (equation (5.7)), with both replacements being made with the
full 3PN accuracy, one ends up with the simple equations

Pl = Pl = —pi, (5.14)

which are indeed the ones appropriate to a linear momentum that is conserved.

6. On the dynamical stability of circular orbits

As an application of the previous formalism let us investigate the problem of the stability,
against dynamical perturbations, of circular orbits at the 3PN order. We propose to use
two different methods, one based on a perturbation at the level of the equations of motion
(3.16)—(3.18) in harmonic coordinates, the other one consisting of perturbing the Hamiltonian
equations in ADM coordinates for the Hamiltonian (5.9). We shall find a criterion for the
stability of orbits and shall present it in an invariant way (the same in different coordinate
systems). We shall check that our two methods agree on the result.

We deal first with the perturbation of the equations of motion, following Kidder ez al [32]
(see their section III.A). We introduce polar coordinates (7, ¢) in the orbital plane and pose
u =7 and w = ¢ (beware that in this paper u = 7, and not another standard notation in central
force problems, u = 1/r). Then equation (3.16) yields the system of equations

F=u, 6.1)
. m 2
u:——2[1+A+Bu]+r(u , (6.2)
r
) m 2u
w=—-w |:_28+ —] , (6.3)
r r

where A and B are given by equations (3.17), (3.18) as functions of r, u and w (through
v? = u® + r’w?). In the case of an orbit which is circular apart from the adiabatic inspiral at
the 2.5PN order (we neglect the 2.5PN radiation-reaction effect), we have i = it = @ = 0

hence u = 0. Equation (6.2) gives thereby the angular velocity wy of the circular orbit as
m
Wi = S+ Ao). (6.4)
0

Solving iteratively this relation at the 3PN order using the equations of motion (3.16)—(3.18)
we obtain wy as a function of the circular-orbit radius ry in harmonic coordinates (the result
agrees with the one of [16, 17]):

2 41 3 67759 41
wg = 2{1+i2(_3+,,)+';1_4 <6+—v+v2)+’:1—(—10+|:——+—7t2
rocC rc 4 r6C6 840 64

o
44 19 1
+221n<r—?>+—)\}v+—v2+v3>+O<—)}. (6.5)
r 3 2 8

11 Since the contact transformation we consider relates together the conservative parts of the dynamics in harmonic
and ADM-type coordinates (and affects only the 2PN and 3PN orders), the radiation-reaction damping term at the
2.5PN order in equation (5.13) is the same as in harmonic coordinates. This is merely a definition of a particular
ADM-type dynamics (a priori different from the one in ADM coordinates stricto-sensu), in which the ‘odd’ terms,
associated with radiation reaction, are the same as in harmonic coordinates.
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(Please do not confuse the circular-orbit radius ry with the constant r;, entering the logarithm
at the 3PN order and which is defined by equation (3.19).)

Now we investigate the equations of linear perturbations around the circular orbit defined
by the constants rg, ug = 0 (actually, if we were to include the radiation-reaction damping,
up = O(c™)) and wy. We pose

r =ro+dr, (6.6)
u = du, 6.7)
w=wy+dw, (6.8)

where ér, Su and dw denote some perturbations of the circular orbit. Then a system of linear
equations follows:

8r = du, (6.9)
Su = apdr + Podw, (6.10)
Sw = yobu, (6.11)
where the coefficients, which solely depend on the unperturbed circular orbit, read [32]
m (dA
=30 ——— ) . 6.12
o “0 rg < ar )0 ( )
m (dA
,30 = 21’0&)0 - <—> s (6]3)
ry \ow /g
2 m (0B
n=-a[ 2% (20 ] 6.14)
ro ry \du/,

In obtaining equations (6.12)—(6.14) we use the fact that A is a function of the square u?
through v> = u?+r2w?, so that 3. 4/du is proportional to x and thus vanishes in the unperturbed
configuration (because u = §u). On the other hand, since the radiation reaction is neglected,
B also is proportional to u (see equation (3.18)), so only d3/du can contribute at the zeroth
perturbative order. Now by examining the fate of perturbations that are proportional to some
el”’, we arrive at the condition for the frequency o of the perturbation to be real, and hence
for stable circular orbits to exist, as being [32]

Co= —ap — Poryo > 0. (6.15)
Substituting into this .A and B at the 3PN order we then arrive at the orbital-stability criterion

N 2 65 3 45823 451
=" {1+i(_9+u>+';1_4 (30+_,,+,,z>+'"_ (_70+[____nz
ryc 4 T

r roc? 36 840 64

88 19 1
+221n <r—?> - —){|v+—v2+v3> +0<—)}, (6.16)
r 3 2 c8

where we recall that rq is the radius of the orbit in harmonic coordinates.

Our second method is to use the Hamiltonian equations based on the 3PN Hamiltonian in
ADM coordinates given by equation (5.9). We introduce the polar coordinates (R, W) in the
orbital plane—we assume that the orbital plane is equatorial, given by ® = 7 in the spherical
coordinate system (R, ®, ¥)—and make the substitution
P
R?’
into the Hamiltonian. This yields a ‘reduced’ Hamiltonian that is a function of R, Py and
Py : H = H[R, Pg, Py], and describes the motion in polar coordinates in the orbital plane
(henceforth we denote H = HAPM /). The Hamiltonian equations then read

P? = Pp* + (6.17)
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dR oH

@ _ ’ 6.18
dr d Pg ( )

dv 9

v _ o (6.19)
dr J Py

dpP 9

—Rr_ __H, (6.20)
dt oR

dP

=¥ _o. (6.21)
dr

Evidently the constant Py is nothing but the conserved angular-momentum integral. For
circular orbits we have R = Ry (a constant) and Pg = 0, so

oH
— [Ro. 0, Py] =0, 6.22
OR [ 05 ‘I’] ( )
which gives the angular momentum PJ of the circular orbit as a function of Ry, and
dw oH
=(—) = —[Ry,0, P21, 6.23
on=(Gr), = 37, R0 70 ©29

which yields the angular frequency of the circular orbit wyp—the same as in equation (6.5)—in
terms of Ry'%:

2 /21 5 3 54629 167
W} m{1+L(—3+v)+m—(———v+u2>+m—<—7+|:——+ 2

"R\ T R RA\4 "3 R3cS 1680 64
+%){| v — 3—811;2+v3> +o(cig)} (6.24)
We consider now a perturbation of the circular orbit defined by
Pr = § Pg, (6.25)
Py = P) + 8Py, (6.26)
R = Ry + IR, (6.27)
o= wy+dw. (6.28)

It is easy to verify that the Hamiltonian equations (6.18)—(6.21), when worked out at the
linearized order, read as

§Pr = —mo8R — pod Py, (6.29)
Py =0, (6.30)
SR = 008 P, (6.31)
3w = poSR + 196 Py, (6.32)
where the coefficients, which depend on the unperturbed orbit, are given by
I*H 0
70 = —25[Ro, 0, Py, (6.33)

12 The last equation,
oH 0
——[Rp, 0, Py]1 =0,
9Pr [ 0 q/]

which is equivalent to R = const = Ry, is automatically verified because H is a quadratic function of Pg and hence
dH /0 Pg, is zero for circular orbits.
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9*H
= Ry, 0, P21, 6.34
£0 8R8P\p[ 0 \y] (6.34)
9*H
09 = Ry, 0, P? 6.35
0= 5p > [Ro ] (6.35)
9*H
0= o = [Ro. 0, PJ]. (6.36)
\IJ

By looking to solutions proportional to some e'° one obtains some real frequencies, and
therefore one finds stable circular orbits, if and only if

Co = mpoo > 0. (6.37)
Using the Hamiltonian (5.9) we readily obtain

. m m?> (117 43 2
CozR3 1+ ( 9+v)+R24 T+§v+v

m3 135403 325 , 88 31 1
t——(—6l+|——— ——n’— —A|v— v+ |+ O —
Rjc® 1680 64 3 8 c

(6.38)

This result does not look the same as our previous result (6.16), but this is simply due to the fact
that it depends on the ADM radial separation Ry instead of the harmonic one ry. Fortunately,
we have derived in section 5 all the material needed to connect Ry to o with the 3PN accuracy.
Indeed, with equations (5.2), (5.3) we have the relation valid for general orbits between the
separation vectors in both coordinate systems. Specializing that relation to circular orbits we
readily find

R - m? L_29 N, m m? 3163 21 ,
=r — (=== —
CERU T RE T T w ) e ([Tes0 T 32

2 VT30 (L
3 1n<r0>i|v+8v >+O(CS)}. (6.39)

The difference between Ry and rp is made out of 2PN and 3PN terms only. Inserting
equation (6.39) into equation (6.38) and re-expanding to 3PN order we find that indeed
our basic stability-criterion function Cy comes out the same with our two methods.

Finally, let us give to the function Cy an invariant meaning by expressing it with the help
of the orbital frequency wy of the circular orbit, or, more conveniently, of the frequency-related
parameter '’

3
xp = (’”_‘;)0)2/ . (6.40)
e

13 From the inverse of equation (6.5) we obtain rg as a function of xo. For completeness we give the relations linking
both rg and Ry to the xp-parameter:

m v 65 ) 10151 41 , 22 0 44
— =X 1+(17—)x0+ Il——v)xg+|(l+ |- 7" ——=In| = )= —A|v
roc? 3 12 2520 192 3 Ty 9

7, (279 167 , # 85 5,0
S Bt B Y i
+<4+[ 5040 192" T 9 ]” 36" +81 x0+0(x0)
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This allows us to write the criterion for stability as Cy > 0, where Cy = ’f’f—z;é o admits the
c XO
gauge-invariant form (the same in all coordinate systems)
5954 123
Co=1—6xp+ 14vx] + <[? - Fn'z - 441} v — 14u2> xg+0(xg) . (6.41)

This form is more interesting than the coordinate-dependent expressions (6.16) or (6.38), not
only because of its invariant form, but also because as we see the 1PN term yields exactly the
Schwarzschild result that the innermost stable circular orbit or ISCO of a test particle (i.e. in
the limit v — 0) is located at x;sco = 1/6. Thus we find that, at the 1PN order, but for any
mass ratio v,

Xisco = - (6.42)
One could have expected that some deviations of the order of v already occur at the 1PN
order, but it turns out that only from the 2PN order does one find the occurence of some
non-Schwarzschildian corrections proportional to v. At the 2PN order we obtain

3 [ 14v
Xity = o (1 - /1= T)' (6.43)

For equal masses this gives foPCI"O ~ 0.187. Note also that the effect of the finite mass
corrections is to increase the frequency of the ISCO with respect to the Schwarzschild result
(i.e. to make it more inward) : xIZSPCI\IO = % [1 + %v + O(vz)]. Finally, at the 3PN order, for equal
masses v = i and for the value of the ambiguity parameter A = —% (equivalent to ws = 0),
we find that according to our criterion all the circular orbits are stable. More generally, we
find that at the 3PN order all orbits are stable when the mass ratio is v > v. where v, >~ 0.183.

Note that the above stability criterion C gives an innermost stable circular orbit, when it
exists, that is not necessarily the same as—and actually differs from—the innermost circular
orbit or ICO, which is defined by the point at which the centre-of-mass binding energy of the
binary for circular orbits reaches its minimum [33]. In this respect the present formalism,
which is based on systematic post-Newtonian expansions (without using post-Newtonian
resummation techniques such as Padé approximants [34]), differs from some ‘Schwarzschild-
like’ methods such as the effective-one-body approach [35] in which the ICO happens to be
also an innermost stable circular orbit or ISCO.

As a final comment, let us note that the use of a truncated post-Newtonian series such
as equation (6.41) to determine the ISCO is a priori meaningful only if we are able to bound
the neglected error terms. Furthermore, since we are dealing with a stability criterion, it is
not completely clear that the higher-order post-Newtonian correction terms, even if they are
numerically small, will not change qualitatively the response of the orbit to the dynamical
perturbation. This is indeed a problem, which cannot be answered rigorously with the present
formalism. However, in the regime of the ISCO (when it exists), we have seen that xq is
rather small: xo >~ 0.2 (this is also approximately the value for the ICO computed in [33]),
which indicates that the neglected terms in the truncated series (6.41) should not contribute
very much, because they involve at least a factor xg 2~ 0.002. On the other hand, we pointed
out that in the limit v — 0 the criterion Cy gives back the correct exact result, xjsog = %.
This contrasts with the gauge-dependent power series (6.16) or (6.38) which give only some
approximate results. Based on these observations, we feel that it is reasonable to expect that
the gauge-invariant stability criterion defined by equation (6.41) is physically meaningful.
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