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THOMAS-FERMI PROFILE OF A FAST ROTATING
BOSE-EINSTEIN CONDENSATE

DINH-THI NGUYEN AND NICOLAS ROUGERIE

ABSTRACT. We study the minimizers of a magnetic 2D non-linear Schrédinger energy functional in a
quadratic trapping potential, describing a rotating Bose—FEinstein condensate. We derive an effective
Thomas—Fermi-like model in the rapidly rotating limit where the centrifugal force compensates the
confinement, and available states are restricted to the lowest Landau level. The coupling constant of the
effective Thomas—Fermi functional is linked to the emergence of vortex lattices (the Abrikosov problem).
We define it via a low density expansion of the energy of the corresponding homogeneous gas in the
thermodynamic limit.
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1. INTRODUCTION AND MAIN RESULTS

The remarkably versatile experimental conditions of cold atoms physics allow to emulate several
condensed matter phenomena in a well-controlled fashion. A very interesting direction is to simulate
the effect of an external magnetic field on a coherent matter wave, in analogy with the rich physics
of superconductors, in particular of type II. Several experiments have observed quantized vortices in
rotating Bose-Einstein condensates [Il, 47, 14} 57, 17]. In such systems, all the atoms of a Bose gas
occupy the same quantum state, whence the phase coherence. The particles under consideration are
neutral. Making them rotate allows to imitate the effect of a magnetic field by relying on the well-known
analogy “Coriolis force < Lorentz force”.

For a Bose-Einstein condensate in fast rotation, the centrifugal force spreads the gas in the plane
perpendicular to the rotation axis. A 2D model is then appropriate [6l 18, [32] and the relevant energy
is [3, 21]

1

G701 = 5 [ 1(=iV = 0x )l + Glult+ (1- ) PP, (11)
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where x = (21, 72) € R?, xt = (—x2,21), G > 0 measures repulsive interactions between the gas’ atoms
and Q > 0 is the rotational velocity. Note that we need 2 < 1 in order for the energy to be bounded
below. The rapidly rotating regime corresponds to the limit 2 7 1.

The model based on the Gross—Pitaevskii (GP) energy (LI)) is an approximation of the quantum
mechanical many-body problem for N bosons [42] [51] 3], 12} 56]. The rigorous derivation was first
performed by Lieb and Seiringer [41] in the case of fixed rotation and by Lieb, Seiringer, and Yngvason
[43] in the case of no rotation. Concerning the rapidly rotating regime, see [44] 39, [15]. The above
2D-GP model was rigorously derived from 3D-GP by Aftalion and Blanc [4] in the limit Q 1.

In order to study the asymptotics of the problem when € ' 1, it is more convenient to make the
change of variables

oo ()

The Gross—Pitaevskii energy functional gets rescaled as GS¥ [¢] = QEST [u] where

GP 1 ; 1y,,12 4, 1- o 21,12
&g ul == [(—iV —x")u|” + Glul* + x|~ ul”. (1.2)
2 Jre 02
The corresponding minimization problem is
ESY = inf {egp[u] cu€ HY(R?), [ |ul® = 1} . (1.3)
R2

The first term of the energy functional in (I.2)) is reminiscent of type II superconductors near the second
critical field H,. It is well-known (see [36], 46} [53]) that the eigenvalues of the operator

L, . 2
5(— vV —x") (1.4)
are 2k + 1 (k € N). The first eigenspace is called the lowest Landau level (LLL) as used in [30} §]. It is

of infinite dimension and is given by
LLL := {u(x) = f(z)e_‘z‘z/2 . f analytic (holomorphic)} N L(R?). (1.5)

Here we used complex coordinates R? 3 x = (x1,22) ¢+ 2 = 21 +ize € C. For such a u € LLL, we find
that £5T[u] is equal to
1- Q2
02
In the fast rotating limit 2 7 1, it is easy to see that the minimization of the last two terms yields a small
quantity. Since the gap of the Landau operator (4] is fixed, it makes sense to simplify the problem by
projecting it in the ground eigenspace ([LH]). This approximation has motivated numerous studies, e.g.,
1301 16l 321 6], (4], (8, [7, [13], 50], and has been mathematically justified in [5]. The corresponding evolution
equation [48] also attracted attention recently [28] 29, [58].
In [4], it was proved that

1
€5LL[U] =14+ 3 /RZ G|u|4 + |x|2|u|2. (1.6)

E¥L—140 (G%(1_Q2)%), (1.7)

provided that G(1 — Q?)~! — co as Q@ 1. Here EéLL is the minimization of ST, restricted to LLL,
i.e.,

B _ it {ggP[u] cue LLL, / juf? = 1} i {s@LL[u] cu e LLL, / ful? = 1} s
R2 R?

Clearly, E%ZLL gives an upper bound to ESP. For the energy lower bound, Aftalion and Blanc [5] proved
that (L3]) is well approximated by (L8] in the sense that, as Q tends to 1,

EST - EgH =0 (G% (1- 92)%> : (1.9)
for a fixed G > 0.
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The aim of this paper is to better characterize ESP as well as EéLL in the limit Q A~ 1. Without
the constraint v € LLL, the minimization problem (L8] is exactly soluble and gives a density profile
of the Thomas—Fermi (TF) type. A conjecture made for example in [7] is as follows: in the limit
Q 71 the leading order effect of the constraint v € LLL is to renormalize the interaction coefficient
G. To calculate an approximation to the energy and matter density, one may thus solve a problem of
Thomas—Fermi type. Mathematically, it is expected that the problem (L8] simplifies to

E§Y —1 ~ ELY :=inf {55%] cpeLtn L2(R2;R+),/ p= 1} : (1.10)
Q1 R2
where .
1 1-
E¥lpl = 5 [ MG + i, (1.11)
2 Jpe Q

The parameter ¢2P(1) in (LII) describes the contribution of a lattice of quantized vortices, which is
related to the Abrikosov problem [I1], 26l @, 2 B35, 6], 5] for a type IT superconductor. In Section [,
we will define eAP(1) using the thermodynamic energy per unit area at low density, i.e.,

ECY (Kp,0L?) /L* ¢

2
eAP(1) = = lim lim - (1.12)
0—0 L—oo Y
Here K7, is the square
L L]?
Kp=|——=,=
L |: 2 ) 2:|
and EGP(D, M) is the Neumann energy in the domain D C R? with mass M > 0,
ESY(D, M) = inf {5%P[u] ue Hl(p),/ lu? = M} , (1.13)
D
where L
£GP = 5/ (= iV - x1)ul® + Glul" (1.14)
D

A major open conjecture is that e*P(1) coincides with the Abrikosov value ~ 1.1596 obtained [4, [7] by
using a LLL trial state with a hexagonal lattice of singly-quantized vortices. This remains an problem
[37], linked to cristallization questions (Abrikosov lattices). Our (more modest) goal will be to prove
that (CIQ) is true for the value of e*P(1) implicitly defined as in (LI2)) (see Theorem 9 below for more
details on the definition). Our point is thus to justify rigorously a certain local density approximation
(LDA). We are particularly interested in proving that the density profile of the full GP/LLL model
is of Thomas—Fermi type when Q 7 1, for this can be interpreted as a signature of vortex lattice
inhomogeneities [6].
Let pb™ be the (unique) minimizer for EJY in (II0). By scaling

pEF(x) = G7F (1 - 02)F Q1 pIF (¢~ 0?7 0 ix) (1.15)
we obtain that

1
EYF =Gz (1-0%)2Q Vinf {%/ AP+ x%p:pe Ll n L2(R2;R+),/ p= 1} . (1.16)
R2 R2

where the minimization problem in (ILI6)) is attained at the (unique) minimizer pi¥. Clearly, the above
considerations imply

1
supp (pg") C BchF(O) with L&F ~ Gi (1-0*)* (1.17)

for some fixed constant C' > 0, where Bg(x) stands for a ball of radius R centered at x. Furthermore,
(7)) and ([II6]) suggest that, as Q tends to 1, the behavior of the LLL energy (L8] is captured correctly
at leading order by the Thomas—Fermi type theory. This was conjectured in [6l 4] [7].

The limit 1 has mostly been considered at fixed G in the literature. However, the conclusions we
aim at must (in view of (L9])) stay valid and physically relevant for G > 1 aslongas 0 < G(1-Q) < 1.
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We will choose accordingly an interaction strength G = G depending on . For technical reasons (see
below) we must impose that G — oo fast enough. Our main result is the following:

Theorem 1.1 (Local density approximation for the rotating gas).

Let # denote either GP or LLL. Assume G = G = (1 — 92)_6 with % <6< 1. In the limit Q /1
we have the energy convergence

lim —=—— = 1. 1.1
Ql;n‘l BT (1.18)

Moreover, for any L?-normalized function u? being such that 5# [u™] = Eg, with p?* = |u#‘2, we have
for any R > 0,

Dol
N

1
lim (1-0%) 72 p* (GQ (1- Q%‘i ) —piF =0, (1.19)
Q1 W=LL(BR(0))

where W51 (Bg(0)) is the dual space of Lipschitz functions on the ball Br(0).

G

A few comments:

1. We conjecture the above conclusions to stay true under the optimal conditions that
1-Q<G<(1-)7 "

The upper bound G < (1 — Q)~! is needed to ensure that EgF < 1, the gap of the Landau operator.
Then the LLL projection is energetically relevant, which is our starting point. The lower bound
(1 - ) < G ensures that the length scale LLF of the Thomas—Fermi problem satisfies LT > 1, i.e. is
much larger than the magnetic length (fixed in our units) associated to (L4]). Such a scale decoupling
is necessary to rigorously justify a local density approximation (LDA).

The more stringent condition G > (1 — Q)_g we impose is dictated by our method of proof, and
cannot be relaxed within it. Indeed, it is necessary to be able to justify the LDA via Dirichlet—Neumann
bracketing, as we discuss in more details in Remarks and below.

2. Results related to the above have been obtained in the context of Ginzburg-Landau theory [IT],
9, 26, 34, 54]. The main differences are that we have to consider problems with fixed total density,
and deal with inhomogeneous systems. Our proof is inspired by the recent study of the local density
approximation for the almost-bosonic anyon gas [19,20]. The thermodynamic energy considered therein
however has an exact scaling property, responsible for the occurence of a TF profile in the inhomogeneous
problem. We recover the analogue of this scaling law (namely, the fact that the limit ¢ — 0 in (LI2])
exists and is non-zero) only in the low density limit, using elliptic estimates.

3. Energy minimizers for the LLL problem we study provide stationary solutions for the LLL evolution
equation

i0yu = Iy (|u|2u) ,u€e LLL
studied in [28] 29} 48], where IIj is the orthogonal projector on LLL. This is because the latter equation
conserves interaction energy and angular momentum, and the action of the latter on the lowest Landau
level is equivalent to multiplication by |x|? (see [52, Lemma 2.1] or [5, Lemma 3.1]). Our theorem thus
provides detailed asymptotic information on some stationary solutions with large angular momentum.
Other stationary solutions are investigated and classified in [28].

The above result can be interpreted as a signature of vortex lattice inhomogeneities as follows. An
ansatz for a LLL wave-function can be written in the form

2\2

J \
u(x) = cH(z —aj)e” 2
j=1

by identifying R? 3 x <+ z € C. Here c is a L? normalization constant and ai,...,a; € C are the
locations of the zeros of the analytic function associated to u, cf ([H). It is proved in [7, 28] that, for
Q) sufficiently close to 1, minimizers are indeed of this form, with J = oco.
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Physically, the points a1, ...,ay € C correspond to quantized vortices: zeros in the density accompa-
nied by a phase circulation. A remarkable feature of lowest Landau level wave-functions is a one-to-one
(somewhat formal) correspondance [32] [6] between the matter density |u|?> and the vortex empirical
density

= 0, (1.20)
j=1
Namely, using that (x,y) — —(27) !log|x — y| is the Green function of the Laplace operator, we
obtainﬁ, )
2
p= (4 + A(log [u]?)) . (1.21)
Inserting the TF approximation for the density of the LL£LL minimizer derived above leads to conjectural
expressions for the latter’s vortex density, see the aforementioned references for details. Putting this
heuristic on rigorous grounds, even in a weak sense, seems a hard problem, in that asymptotics for the
log of the density should be derived. In any event, the precision of these density asymptotics would
probably be sufficient to derive only the leading, constant, bulk contribution to the vortex density, not
the edge inhomogeneities numerically observed [6l, [13] and used in [} [7] to construct trial states with
the correct energy.

Organization of the paper. In Section Bl we prove the existence of the thermodynamic limit
of the homogeneous energy at fixed density. We will show the independence of such a limit from the
shape of the domain although we do not need it. The proof of Theorem [I[.T]is concluded in Section Bl
In Appendix [A] we prove the boundedness of the projector onto the finite-dimensional lowest Landau
level. This will be used together with elliptic estimates to compute the thermodynamic energy in the
low density regime. Appendix [Bl contains the estimates between the GP and LLL energies.

Acknowledgments: We thank Denis Périce for useful discussions and his help with the material of
Appendix [Al] Work funded by the European Research Council (ERC) under the European Union’s
Horizon 2020 Research and Innovation Programme (Grant agreement CORFRONMAT No 758620).

2. THE HOMOGENEOUS GAS IN THE THERMODYNAMIC LIMIT

We start by putting the definition (I.I2]) on rigorous ground. The existence of the thermodynamic
limit L — oo is proved in Subsection 211 and the low density regime o — 0 is considered in Subsec-
tion In both cases we need precise quantitative estimates as input in our analysis of the inhomo-
geneous problem.

2.1. Existence of the thermodynamic limit. We first discuss the large-volume limit for the homo-
geneous gas. Let D be a fixed bounded domain in R?, with the associated Neumann energy ESY (D, M)
given by ([I3])). We also define the following energy with homogeneous Dirichlet boundary condition

ESY(D, M) = inf {5%P[u] ‘ue H&(D),/D lu? = M} , (2.1)

where ESF[u] is defined by (LI4).
In this subsection, we show that the thermodynamic limit exists and does not depend on boundary
conditions. This is a crucial ingredient in our study of the trapped case.

Theorem 2.1 (Thermodynamic limit for the homogeneous gas).
Let D C R? be a bounded simply connected domain with Lipschitz boundary, G > 0 and o > 0 be fized
parameters. Then, the limits

ESP(LD, o|LD E§P (LD, o|LD

‘ Losoo LD Lo LD

(2.2)

IThe expression is reminiscent of some found in quite different regimes [22], 59 [60].
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exist and coincide.

We prove the existence of the thermodynamic limit for the case of squares. Although this is enough
for the proof of our main results, it is of interest to extend the result to general domains. We need the
following lemmas.

Lemma 2.2 (Uniform bounds on the GP energy per area).
For any fized bounded domain D and G, > 0, there exists a constant C > 0 such that
GP GP
BSP(LD, olLD)) _ BV (LD, olLD)) _
|LD| - |LD| -

forall L > 1.

Proof. Since H} C H*', we obviously have the first inequality. Let us prove the second one. We fill the
domain LD with N ~ L? disks on which we use fixed trial states with Dirichlet boundary conditions.
Let f € C>(B1(0);RT") be a radial function with fBl(O) |f|*> = 1. Here C2° stands for the space of

compactly supported, smooth functions. Let
. LD
uy(x) = VN £ (x — x)) € CX(Bu(xy)) with oy = D52

Here the points x;, j = 1,..., NV, are distributed in LD in such a way that the disks B;(x;) are contained
in LD and disjoint, with N ~ ¢|LD| as L — oo for some ¢ > 0. Hence

. 0
lim wy = —.
N—oo C

We note that
curl(xt — (x — x;)) = 0.

Thus there exists a gauge phase ¢; = ij -x on Bj(x;) such that

xt — (x—x;)t =V¢; in Bi(x;).
Take then the trial state

N
TRES Zei¢juj € CZ(LD).
j=1

Note that
N
=3[ juP=New [ | =elLD]
/Rz ; Bix) " s
Then
N o4 ) 9 )
EGY (LD, o|LD|) < Efp[u] = Zg/B ( )|(—iV —xl)e“bjuﬂ + Ge'%iu;|*
j=177Bilx
N 4 ,
:ZE ” )‘(—iV—XJ'-I-V(ﬁj)Uj‘ +G]uj\4
j=1 By
Y1 1 2
225/3( )|(—1V—(X—Xj) Jui|” + Gluy[*
j=1 By
:M/ ‘(—iV—XL)f‘2+GwN|f|4
2 B1(0)

< Co(1 + Go)|LD| (2.3)

for some large enough constant C' > 0 independent of L. O
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Remark 2.3 (Bounds on GP energy).

Although the bound in Lemma 2.2] is enough for our proof of Theorem 2.1 we need to better bound
the GP energy in order to perform the LDA in Section Bl In Theorem below, by estimating
ESP(LD, o|LD|) via the GP energy with “periodic” boundary condition, we obtain

ESP(LD, o|LD) < o(1 + CGo)|LD), (2.4)
for some constant C' > 0 independent of L. o

In order to show that the thermodynamic limit does not depend on boundary conditions, we need
to perform energy localizations using an IMS type formula.

Lemma 2.4 (IMS formula).
Let D C R? be a domain with Lipschitz boundary and x> +n? = 1 be a partition of unity such that x
and 1 are real valued, x € C°(D) and supp x is simply connected. Then, for any u € H' (D), we have

Ep' [u] = €5 [xu] + 5" ] +G/DX2772|U|4—/D(|VX|2+|V77|2) [ul?. (2.5)

Proof. We expand
1
8%l = 5 [ 1Vul? b Tl + bxPlaf + Gl
D
where o
J[u] = i(uVu —uaVu).
For the first term we use the standard IMS formula [23, Theorem 3.2], while for the term involving J
we have, using that x and 7 are real valued,

%(J [xu] + Jnu]) = uxV(xa) +unV(na) — axV(xu) — anV(nu)

=u(x*+7*) Va—a(x*+n?) Vu= %J[u].
Finally, for the last term we use the identity
1=(*+1°)%
We can then recollect the terms to obtain ([Z.5]). O
Lemma 2.5 (Dirichlet—Neumann comparison).

Let D be a bounded simply connected domain with Lipschitz boundary. Then, for any fized positive
parameters G and o, there exists a constant C > 0 such that

E§Y(LD, o|LD|) > ESF (LD, o|LD))

2.6
> B§¥ (LD, o|LD|) — C(1 + Go) (LG™* + oL?). (2:6)

Proof. The first inequality in the statement is trivial. It remains to prove the second inequality. We
need to make an IMS localization on a small enough region, and therefore consider a division of LD
into a bulk region surrounded by a thin shell close to the boundary. For this purpose, we will use the
length scale

¢ < L.

Let Q¢ be a shell of width £ > 0 closest to the boundary of LD, i.e.,
Q¢ :={z € LD : dist(z,0(LD)) < {}.

Let u € HY(LD) be a minimizer for EST (LD, o|LD|). We now perform an IMS localization on Q,. We
pick a partition x? 4+ n? = 1, such that y varies smoothly from 1 to 0 outwards on @, so that y = 1
(resp. n = 1) on the inner (resp. outer) component of Q§. By Lemma 2.4 we have

€SB [u] = £58 u] + ESE ] + G /L Pl - /Q (VX + 1V0P) uf? (2.7)
?
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G
> [ PG [ o [
LD 2 Jip Qe

Choosing ¢ ~ 1 and using (24]), we obtain

2
CG92L2+C/ fuf?2 > g/ uf* > car! (/ \uy2> .
Qe 2 Qe Qe

This implies that we must have
/Q 2 < C (LG—1 + ng) . (2.8)
14

The above implies that the mass of x?[u|? is very close to o|LD| = [, |u[*.

On the other hand, we denote
< olLD| >%
v=|-——5—=] xu
Jip X2 lul?

Then v € Hj(LD) with [, |v]* = o|LD| and we have

L Xl 2 (Jip Pl
GP S JLDA 71 | —xt JLDA 7T 4
Erp Ixu] = 2 )n oD [(—iV —xT)o|"+ JLD] G|v|

21,12 21,12\ 2
Zmin{fLDX [ ,<ILDX [u > }555[1)]

o|LD| o|LD|

o (Jep Il 2EGP LD, o|LD 2.9
= W 0 ( 7Q‘ D ()

Now we use (23]), (27), 28)) and ([Z9) to obtain that

2 2
ECP(LD, o|LD)) = £55[u] > (1 - 2M> ESP (LD, olLD)) — € [ Jul
o|LD| Q

> B§¥ (LD, ol LD|) - C(1 + Go) (LG~ + oL?).
This completes the proof. O

Remark 2.6 (Dirichlet—Neumann comparison).
There is probably room for improvement in our bounds, but we certainly expect that the Dirichlet and
Neumann energy must differ by at least a O(LG™!) for low densities (a regime we will focus on in the
next subsection). Here is why.

Consider the magnetic Laplacian

% (-iV 4 A)?

for constant magnetic field B = —curl A = 2. Low kinetic energies are obtained by localizing trial
states on the order of the magnetic length, fixed in these units. Localization away from the boundary
leads to an energy ~ M at mass M, as one would obtain from the full space Landau Hamiltonian (L4)).
Localization close to the boundary however leads to an energy ~ ©gM < M with ©y being the de
Gennes constant, connected to the realization of (L4)) on a half-plane with Neumann conditions on the
boundary. We refer to [25] for background and theorems on these well-known facts. Note that they
immediately impose conditions on G for Dirichlet and Neumann energies to coincide: the theorem is
certainly wrong for G = 0.

To get a heuristic estimate on the difference between Dirichlet and Neumann energies, start from a
fully homogeneous system with density ¢ and consider increasing the density in a shell of thickness ~ 1
close to the boundary by moving some mass M from the bulk. If

oL < M < oL?
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we barely change the bulk density, but increase a lot the boundary density, at a cost of roughly
GM?L™?

in interaction energy. If we use Dirichlet conditions such a move is forbidden. But if we use Neumann

boundary conditions, it is not only authorized but it can bring a gain of

M(l—@o)O(M

in magnetic kinetic energy, as per the above discussion. Choosing M ~ LG~! to balance gain and loss
we expect that the Neumann energy must include a negative term of order ~ LG™!, absent from the
Dirichlet energy. This is due to a larger boundary density in the Neumann case, favored by the spectral
properties of the Landau Hamiltonian recalled above.

The error O(LG™!) is the most severe obstacle to improve our main result Theorem [T} Tt leads to

the constraint G > (1 — Q)_§ when performing the LDA, as further discussed in Remark 3.2 below. ¢
Lemma 2.7 (Thermodynamic limit for the Dirichlet energy in a square).

Let Ky, be a square of side length L > 0, centered at the origin, G > 0 and o > 0 be fized parameters.
The limit

exists and is finite.
Proof. Let (Ly),cn and (Li,),,cn be two increasing sequences of positive real numbers such that
L, — oo, L,, — oo and

E(?P (KL,NQL%) EGP (KL7QL2)

L

EGP K , L2 EGP K , L2
lim —Y ( L2m © m) zlimsup—0 ( 2L © )
m—0o0 Lm L—oo L

For each n, there must exist a sequence of integers
Gnm — +00 as m — 00
such that, for m large enough, e.g., m > n,
Ly = @umLn + kpmy, 0 < kpm < Ly,
We build a trial state for ES;P (K L s QLfn) as follows. The square K, must contain ¢2,, disjoint

squares of side length L;, that we denote by K, ,,j =1,... On the remaining part of the domain

Y Qnm

we can construct, as in the proof of Lemma 2.2], a function iy of mass o(L2, L?) with compact

support in Ky, \ qu”

— 4nm

satisfying
€y lio] < C (Liy = qrnLiy) < CLinkpm.

We define an admissible trial state

n]’

qnm
U= E eld’juj + g
=1

where
u;(x) = ug(x —x;)
with ug a minimizer for ES;P (K Lons QLEL), and x; the center points of K, ;. The phases ¢; are chosen
in such a way that
xT — (x —xj)t =V¢; in Kr,,;-

Computing the energy, we have

qnm Inm

Z ERY (%] + ERY o) =Y ERY [uo] + ERY [iio]
j=1
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= @2 EST (KL, 0L2) + O (Linknm) -

Since || Kr |u|? = oL?,, it follows from the variational principle that

Eg" (Kp,,0L) _ EB" (Ki,, oL7) Knm Fnm
Iz, ST <”O<m>>+0<m>

where we have used the fact that
L2 e \ 2
@ ==n (1 _ ﬂ) .

Passing to the limit m — oo first and then n — oo yields

. P (K1, oL?) ¢" (K1, oL?)
fim sup 12 = lﬂgf T

and thus the limit exists. O
Now we are in the position to construct the thermodynamic limit in the general case.

Proof of Theorem [2Z1]. The result is proven as usual by comparing suitable upper and lower bounds to
the energy.

Upper bound. We cover LD with squares K;,j = 1,..., Ny, of side length ¢/ = L",0 < n < 1,
retaining only the squares completely contained in LD. One can estimate the area not covered by such
squares as

4
LD\ [ |J K; || < CeL = o(L?). (2.10)
j=1
Then we define the trial state

Ny
u = g el¢fuj
J=1

where

u;(x) = uo (x — x5) 1g;,
with ug a minimizer for the Dirichlet problem with mass Q\LD\N[l in a square K, of side length ¢,
centered at the origin, and x; the center point of K. The phases ¢; are chosen in such a way that

xt —(x—xj)t =V¢;, in K;.

Ny
/ W =3 / i 2 = Ny / |2 = ol D).
LD K K,

Hence, it follows from the variational principle that

Note that

Ny
EGY(LD, o|LD|) < Efplul = > ERT[e%u;) 25 = N(E§T (Ky, 0| LDIN, ) .

j=1
By changing variables
2N\ 2
N7

we obtain

P (KhQ‘LD‘N[l)

1
:inf{i/ ‘(—iV—xL)u|2+G\ul4:ueHé(Kg),/ |u|? :g\LD\N[l}
K,

K,
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ooy, LD\ .\ 4 1 / 2 _ 2
_1nf{2/Kl€2Nz‘( iV - x)of? +<€2N Gluf'sv € HY(), [ 1ol = or

[LD| |LD| ; 1y,12 4 1 2 2
§max{€2—N£, 7N, ‘(—1V—x Jo|”+ Go|* v € Hy(Ky), . [v]* = of

ILD| (|LD|\? 2
aX{@N/ €2N£ K g@)

Thus, we conclude that

§T(LD, o|LD) _ £*N; |LD| (;m,)? E§" (K, 0f?)
< max SRV 3 5 .
|LD| |LD| 2N, \ 12N, ‘

(2.11)

Notice that

N,
CNe = || JEj| = 1+ 0(1) 1-00)| LD,
j=1
by (ZI0), and ¢ = L" — co. Thus, taking the limit L — oo in (2I1]) and using Lemma [27] we obtain
the desired upper bound in ([22]).
Lower bound. We cover LD with squares Kj, j = 1,..., N, again, this time keeping the full
1

covering but still having ¢2Ny|LD|~! — 1 as L — co. Denote by M, the integer part of N7, i.e.,
1
M, = \‘N;J )
where we used the notation |z| = max{m € Z : m < z}. By definition, we have

1
N2—1<MZ<N2

We pick any M£2 squares K, j=1,... =M£ , among the Ny squares. The area not covered said squares
can be estimated as

Ne 1 1
U Ki||=0— M) < (N; + Mg> (2 <2N2? = o(L?). (2.12)
J=MZ2+1

Next, we pick a minimizer u“Y = u$* € H}(LD) for E§T (LD, o|LD|), and set

1
Q5 = 2 | GP|
Note that
Ny
>0t = / uP|* = o|LD| (2.13)
= LD

and the mass concentrated outside M 52 squares is relatively small. Indeed, by Lemma and (212]),

we have
1

Ny Ny . 1 )
> gt < U & < / [uCP| ) < CNJML = o(L?). (2.14)
j=MZ2+1 j=MZ2+1 LD

Now we can estimate the energy. The idea of the proof is reminiscent of that in the upper bound part.
We gauge away the rotation interaction between the ME squares, and this leads to a lower bound in
terms of the Neumann energy in the square Kyyy, of side length ¢M,, centered at the origin. To bound
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the latter from below, we cover the square Kyp;, with squares K g J=1,... ,Mf, of side length £,
centered at Z;. We now estimate, using the gauge covariance of the functional on each K; and Kj,
M; M
GP GP[, GP] _ GP [ ig;(-—%;) —i¢;(-+x;—%;), GP ~
J2 3 & [u] = 3 & [ MmN (4 x )]

— ot
M

> EOP(Kj, 007), (2.15)
j=1

where ¢; and qz;j satisfy
xt - (x—x;)t =V¢; in Kj,
(x+ %)t —xt=Ve¢, in K;.
By (2.4), we have
B (K;, 0,6%) = GV (Kj, 0%) = C(1+ Goy) (1G71 + gje%) . (2.16)

Now we consider u;, j =1,... ,ME, a minimizer for ES;P (f(j, gj€2) We use Z uJ as a trial state for

2
the Dirichlet problem of mass Z;\/[:G ngZ in a square Kyys, with side length ¢M, centered at the origin.
We finally obtain from (2I5]) and (2.I6) that

M? M? _ 3
EGF (LD, o|LD)) _ EGT (KszZj:ﬂ @j€2) Cijﬁ(l + Goj) (KG 1+ @j€2>

|LD| N |LD| - |LD|
M2 M2 2
Jemp PN (Ximef ) | BST (K, oM7)
= |L'D| min QegMZQ ) Q€2MZ2 €2M£2
2
GUMZ + 311 0l + ;0% + G2l

For the main term in (ZI7), we have, by (2Z12)), (ZI3) and (ZI4)),
M7 = (*Ny + o(L?) = |LD| + o(L?)

and
M
Z 0il* = o|LD| + o(L?).
j=1
For the error term in (ZI7), if we assume that £ = L" with n > 2 then
M} 2
3 3
Zﬂz =3Y (o) <07 Zgﬁ < 7% (o|LD])* = o(L?).
7j=1
Note that {M; = L" My, — oco. Thus, taking the limit L — oo in (ZI7) and using Lemma 2.7, we obtain
the desired lower bound in ([Z2]). O

2.2. Low density regime. Now that we have proved that the thermodynamic limit of the homoge-
neous energy is the same with Neumann or Dirichlet conditions, it makes sense that the limit with
periodic boundary conditions also coincides. Some care must be taken to define the latter, for the
magnetic Laplacian does not commute with translations. The remedy is well-known (see e.g., [33]
Section 3.13] or the discussion in [49]): we impose so-called magnetic periodic boundary conditions on
squares containing a quantized magnetic flux. The Abrikosov constant (I2]) is best defined in terms
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of the low-density limit of the so-obtained problem, for there is then a well-defined, explicit, analogue

[9, 11, 26] of the lowest Landau level (LHl).
Let L > 0 and denote by K, the unit square of the lattice L(Z & iZ). We assume the quantization

condition that (27)71|Kp| is an integer, i.e., there exists d € N such that
L? = 2nd. (2.18)

Let us introduce the following space
.wdx
Héor(KL) = {u € Hl(KL) cu(zy + Lyxg) = eZTQu(:El,xg)
ey (2.19)
u(zy,zo+L)=e "L u(xy,x9) }
The operator %(—iV—xL)2 in L?(K 1) is self-adjoint positive over the subspace ngr(K ). Properties of
this operator were studied by Aftalion and Serfaty [9] (see also Almog [11]). The following proposition
is essentially [9, Proposition 3.1].

Proposition 2.8 (Finite dimensional lowest Landau level).
Assume L is such that |Kp| € 2nN. We have the following spectral properties:

(i) The lowest eigenvalue of %( — iV — XJ‘)2 is equal to 1, and the associated eigenspace, called
LLLy, has complex dimension d given by (2.I8]).

(ii) The second eigenvalue of %( —iV — xl)2 is greater than 3.

The space LLLy, is the finite-dimensional analogue of the lowest Landau level in (IH). Let us now
define the following energy with magnetic-periodic boundary conditions

EJY (D, M) = inf {53%] u € H (D), /D lu> = M} .
Since H}(K[) can be viewed as a subspace of Héer(K 1) (conditions (2.19)) are satisfied), we have
ESP(Kp, M) < ESY(Kp, M) < E§Y (K1, M). (2.20)

per

Then Lemma implies that, for fixed G > 0 and p > 0,

ESE (K, 0L?)

eGP(

0) = lim : (2.21)

L—oo L2

Using (2.21)), we derive an asymptotic formula for the thermodynamic limit e (o) as o — 0. This will
be an important ingredient in the proof of our main result.

Theorem 2.9 (Energy in the low density limit).
Let G > 0 be fized and o < 1. We have, as L — oo,

2 A1) 5oy GP 2
QL + (1 +0(1))TGQ L* > Epor (KL,QL )
(2.22)
2 eAh(1) 2 3 3 2 3\ r2
> oL’ + (L +0(1) —; (GQ G303 — CG%p )L
for a constant C' > 0. Here
1
e*P(o) == lim — inf {/ lul* : u € ﬁ/JﬁL,/ lul? = gL2}.
L—oo L Kr Kr
Remark 2.10 (Thermodynamic limit at low density).
As a consequence of ([2:2]]) and (2.:22]), we have
9 GP o
Z lim w = Ab(1), (2.23)
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One can see immediately from the definition that eAP(1) > 1. The minimization of fKL lu|* over
u € LLL, is another formulation of the Abrikosov problem in finite domains |7}, [IT]. Part of the proof
of Theorem is similar to that of [5] for the reduction of the Gross—Pitaevskii energy to the infinite-
dimensional lowest Landau level. By using the Euler—Lagrange equation and elliptic estimates, we check
that the periodic Gross—Pitaevskii minimizer and its projection onto the space LLL are close. In [9],
the projection onto the finite-dimensional lowest Landau level is also used, but with different elliptic
estimates. By arguments similar to those in [5, [9], an analogue of ([2:23]) is obtained in the regime

G292L2 0 where L — occ. (2.24)

We will not be at liberty to assume (2.24]) when performing the local density approximation in the
proof of our main theorem. In the following, we use elliptic estimates based on work by Fournais and
Helffer [24] to circumvent the condition (2:24]). This is reminiscent of considerations from [27], see in
particular Theorem 2.12 and Remark 2.13 therein. o

Proof of Theorem[2.9. Let u be a minimizer for the variational problem

EAP (Kr,oL?) := inf {/ lul* : u € ﬁﬁﬁL,/ lul? = gL2} .
Ky, Ky,

By a simple scaling,
EAD (KL, QL2)

e*(g) = lim T2 = e*(1)0%.
By the variational principle, we have
GP 2 GP 2 eAP(1) 272
B (Kp,0L?) < &R, [u] = oL” + —Go'L (14 0(1) L—00)-

This is the desired upper bound in ([2:22)).
In order to obtain the lower bound in ([2Z22]), we denote by u a minimizer for Eg'ef (Kr,0L?). Such
u solves the Ginzburg-Landau type equation

1
5(—'V—XL)2u+Glu\2u: Ao in Ky, (2.25)

where A is the Euler—Lagrange multiplier. It follows from the above equation that

)\/ lu? = 1/ ‘(—iV—XL)’LLP—I—G/ ul*. (2.26)
Ky, 2 K, Ky,

The lowest eigenvalue of %( —iV — XL)2 is equal to 1, by Proposition 2.8 We then infer from (2.26])
that A > 1. On the other hand, it follows from (2.26]) and the upper bound on ESY (K, oL?) in 222)
that
(A+1)oL? = (A + 1)/ uf> < 28R [u] < 20L° 4 eAP(1)Go® L (1 + 0(1) L0
Ky,
This implies that

A—1<e(D)Go(1 +0(1) 1 s00)- (2.27)
Next, we define v = (%)% u. Then v solves the equation
%( —iV — xl)zv =X1—|vf)v in K. (2.28)
It follows from [24] Theorem 3.1] and (227 that

. 1
HUHL“’(KL) < min {17 Cmax()\ - 1)2} ) (229)

for a universal constant Ch,x > 0. We remark that Fournais and Helffer [24] derived a uniform bound
for Ginzburg-Landau type solutions on the whole space R2. This result is also true for “periodic”
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solutions of the equation (Z20) in a bounded domain. Indeed, we tile the plane with squares Kj,

j=1,2,..., centered at x; and of the side length L. We obtain from (228 that
1 . 2 .
5 (—1V =x7) 0 = A1 = [o;)v; in K

where v; = e'®v(- 4+ x;) and the phase ¢; are chosen in such a way that
xT — (x+x)t =Ve¢;, in K;.
The function vg := > ;i 1g; is a solution of the equation
1

5( —iV — xl)2v0 = X1 — |vo|?)vy in R2

Then [24] Theorem 3.1] implies that
Jvoll e r2y < min {1, Cnax (A = 1) |,

and hence (2:29). Now, (2:29) and (2:27)) imply that

A\ 2 A\ 2
ol = (5) ol € (3) -1

for a universal constant C' independent of L.
Let II;, be the orthogonal projector on LLL;. We show in Appendix [A] that it is bounded on
L? N L>(Kp), independently of L. Hence

N

< Co2(1+0(1)[500), (2:30)

Tzl poo () < Clullzoe ) < Co2 (14 0(1)100), (2.31)
follows from (2Z30)) for some constant C' independent of L. Let
HJL‘u =u—Ipu.
Recall that the second eigenvalue of %( —iV — xl)2 is at least 3, by Proposition 2.8l Consequently,

Lo s [ bl
Ky, Ky,

Therefore,

1
ESY (Kp,oL?) = £ [u] = §/K [(—iV = xD)uf” + [( =iV = xD)TEul” + Glul*
L

> / |HLu|2 + 3|Hfu|2 + %\uﬁ
K,

> oL? +2/ |Hiu‘2.
Ky,
Then the upper bound on ngr) (K Ls QL2) in (2.22)) implies that
1
T ul| 2 (5, ) < CG2oL(1+ 0(1) Lo0)- (2.32)

Next, we expand the quartic term of the energy as in [5], and find

G
e = 862 o] + 82t - § [ g’
L
—_ 2 —_
ML <§R (1zuTE) +%‘Hiu‘2> + 2% (1l u)
Ki,

> eGP [Mpu] + ELF [Ifu] _g /K Mfu|' - 26 /K T ul®[TFul. (2.33)
L L
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On the one hand, it follows from Holder’ inequality and (Z31), (232]) that
3 35
G [ Ml M) < Gl gy Wzl iy I ) < CGROE LA+ o). (230
L

On the other hand, let v = HLuHHLuHZQl(KL)L. Since v € LLL}, and HUH%Q(KL) = L? we have

11
G/ ! LLZHLZ / W' > AP (1)G (0 — OGP L1+ 0(1)1ee),  (235)
Ky,

where we have used ([2.32)). Inserting (234]), (2:39) into (Z33) and using again Proposition 28] we thus
obtain

GP 2 4 Ab( ) 3 5 2 .3) 72
£k, 1y 2 oL” + — (G@ CG?QQ—CGQ>L (14 0(1)L s00) -
This is the desired lower bound in (222]). O

3. LOCAL DENSITY APPROXIMATION

In this section, we prove the energy convergence of ESP to ESF presented in Theorem [T The
asymptotic behavior of ES%LL then follows from that of ESP and the comparison between the GP and

LLL energies in Appendix[Bl We choose G = G = (1 — Qz)_5 with —1 < § < 1. In this case, we have,
by (IT8) and (LI7),

1+6

1-6
Ef o (1-9%)7  and LG~ (1-0Q%) 7 . (3.1)
3.1. Energy upper bound. Here we prove the upper bound corresponding to (LIS), i.e.,
ESY —1 < (14 0(1))ESLY. (3.2)

Let ng be a minimizer for EgF We start by covering the support of ng with squares K, j =1,..., Ny,
centered at points x; and of side length L with
_ 140
L=(1-9%"" where 0<n<% (3.3)
We choose the tiling in such a way that K; Nsupp ( ) # @, forany j =1,...,Ng. The upper bound
on L indicates that the length scale of the tiling is much Smaller than the size of the Thomas—Fermi
support. Our trial state is defined much as in the proof of Lemmas and 2.7

u'est Z (- — x;). (3.4)
Here u; realizes the Dirichlet infimum
BS” (K10, 0,0) = inf {67 oful s w e #3(50). [la? = 0,17
Ky,
where
1 ) 2
EI%LPQ[U] = 5/ |( —iV — xl)u‘ + GQ|'LL|4
Ky,
and we set

1 1
=z [ Wl =g [ ol

The phase factors in ([3.4) are chosen in such a way that

xt - (x—x;)t =Ve¢; in K.
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This construction yields an admissible trial state since u'*' is locally in H!(R?), continuous across
squares by being zero on the boundaries, and clearly

Np Np
T 3 NI oY A
k2 j=1"KL =17 K;

Much as in the proofs of Lemmas and 7] we thus obtain

1 — 02
E < EGP test ZEKL, TG /Rz ’X’2’utest‘2

B (100007 e (35)
=1

By (2.6]) we have
ES® (K1,Q,0;L2) < BSP (K1, Q, 0;L2) + C (LG51 + gjL%> .

Therefore,

Np
STESY (Kp, Q0L ZEGP Kr,9,0;L%) + ONLLGG' + CL™2. (3.6)
— =
By BI) and B3], the error term Nz LG which is proportional to (LgF)2 L7'Ggt is of order o (ESF)
when
n>1-4.
Together with the upper bound on 7 in ([B.3]), one needs

3
o> —. .
>5 (3.7)

Furthermore, the error term L% is also of order o (EgTzF) under the same condition ([37)). On the other
hand, note that

0 <L2=(1-9%)" =0
as Q ' 1, uniformly with respect to j = 1,2,..., N. We thus deduce from ([2:20) and ([2:22)) that

GP 2 2 eAb(l) 272
FE (KL,Q, QjL ) < QjL + (1 + 0(1)) 5 GQQjL .
Therefore,
N N
f: ECF (K1,Q,0,L Z oiL? +(1+ qmwag i 0L (3.8)
j=1 - ’ 2 —

By Holder’ inequality, we have

2 Ny,
2 2
zw ZL o) <3 [eht= [ 39)
VK R2
Finally, we estimate the quadratlc term in ([B.5). We note that
x| < CLG"
for any x € supp (p&"), by (LI7). Then

L
/ it =3 / oty (x — ;)|
R j=17K;
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Np, Np
sZ/ \xmuj(x—xj)mLZ/ (1] + 13 )y (x — )
—1 JK; - K
Jj=1 J j=1 J
Ny, Ny,
<3 / i 208F + CLLEFY / i (x — %) 2
j=1"K; j=1"K;
Ny, Np
<> [ PR LY [ Gl gl OLLE
j=1"1; =17 K

Np
< / x2pdF + CLL%FZ/ p&t + CLLEF
R2 oK

< / Ix|2pdY + CLLEY.
R2

The above implies that
1—Q? o 1-Q? 1
e /R [ < =5 /R [xI?p8" + CLGE (1 - 02

1 3
The error term LG{ (1 — Q%)% is of order o (EY), by @) and B3). The desired upper bound (3:2)
follows from ([B.8]), (B.9) and (BI0]).

3.2. Energy lower bound. Let us now complement ([3.2]) by proving the lower bound
ESY —1> (14 0(1))ELF (3.11)

3
4

(3.10)

thus completing the proof of (LIS).
Let uS? be a minimizer for ESP . The associated Euler—Lagrange equation takes the form
1

1-0?
5( — 1V — XJ_)2'LLGP + GQ‘UGPFUGP + W|X|2UGP = )\’LLGP, (312)

with the Lagrange multiplier A given by
G
A= ESP + —Q/ ‘uGPrl.
2 R2

Using that A > 1 we shall obtain uniform decay estimates @ la Agmon [I0] for u“F. We will need the
following exponential decay estimate in order to obtain that the GP mass outside the ball of TF radius
LgF decays fast enough.

Lemma 3.1 (Exponential decay of GP minimizers).
Let uSP be L2-normalized and solve (ZZ0B) for some A > 1. There is a universal constant C > 0 such
that

: _1
/ VAT 4GP % < Clexp (C()\ ~ 12 (1-02) 2) . (3.13)
R2
Proof. We use that (see e.g., [38, Lemma 3.2])
a 2 CY2 2
_§R<UGPjea\x|AuGP> _ / Weg\xmep‘ _ _/ ea\x|‘uGP‘ _
R2 4 Jr2
Then, we integrate the Euler-Lagrange equation (312 against e**/uGP and obtain
1 a 1—02 2
— |(—iV — xl)e§|x‘uGP|2 + 2GQeo“x||uGP|4 + 7ea|x‘|x|2|uGP|2 = (r+ 2 / eo“x||uGP|2.
2 R2 Q2 4 R2

Using the operator inequality
1
5 (=iV - zt)?>1, (3.14)
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choosing a = /A — 1 and dropping the quartic term, we obtain that

1-0? VASTlx||o 2], GP|2 _ O VAol 2
x <2\ — |x||, GP )
502 /Rze x| u™"| _4()\ 1)/Rze ||

Taking R = C(\ — 1)% (1—- Qz)_%, for some fixed large constant C' > 0, and noticing that u“Y is of unit
mass, the above inequality yields
e\/)\—1|x\‘uGP|2 < Ce\/)\—lR7 V’X’ > R.
[x|>R
This proves the desired exponential decay estimate. O
We now turn back to the energy lower bound BIIl). We again tile the plane with squares Kj,
j=1,...,Nyp, of side length L = (1 — 92)_77 satisfying

1406
1—5<n<%, (3.15)
and taken to cover the finite disk B prr (0) (the support of pd¥). Let
1 2
0j = =5 !uGP| . (3.16)
L? Jk,
Define the piecewise constant function
Np
ool = 0ilk,. (3.17)
j=1
We first claim that we have, as Q 71,
Np
> oL = / pol =1—o0(ESY). (3.18)
j=1 R
Indeed, using the exponential decay of the GP minimizer in ([BI3)) we obtain
_1
/ [uCP|? < Cexp (—(A—1)%L£F+C(A—1)% (1-0?) ) (3.19)
Bzgp (0)

From the operator inequality (3.14]) and the upper bound on ESP in (32)), we have
1 1 15
A=1~GE(1-0%)2 =(1-9%) 7, (3.20)
with % < 6 < 1. Then one can easily check that, as 1, the right hand side of ([BI9) is extremely

small. Hence
| ST = o (B,

e ()

which yields (BI8]).

Now we can estimate the energy. Dropping some positive terms we get

GP _ oGP[, GP At ap r.apy , 1—Q2 2. GP |2
=1

- ap b;(—+x;), GP 1-0? apP |2
_ —id; (-+x; i . 2
= ;EKbQ[e ISP (4 x5)] + S0z /R2 x| |u |

Ny, 2

1-0Q

> B (K.,Q,0L%) + TP /R2 Ix[2|uCP|?. (3.21)
j=1
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Here the local gauge phase factors are defined as in previous arguments by demanding that

xt —(x—x;)t =V¢;, in K;.

On one hand, we deduce from ([B.0]) that

ZEGP Kp,9,0;L%) ZE (K2, 0,L%) = 0 (Eg"), (3.22)

7=1
provided that (3.10]) is satisfied. Furthermore, note that

0 <L7?=(1-0)" >0
as Q ' 1, uniformly with respect to j = 1,2 Np. We thus deduce from (220) and (222]) that
eAP(1) ) 303
+ (14 0(1)) <Gggj —CGa{of — CGQQJ>

P (KL, Q,0;L%) > o;L?

Note that (2.22]) was proved when G > 0 is fixed. But the same result is obtained when G = Gq =
with —1 < ¢ < 1. The arguments are the same with notice that Go; < GoL™2 < 1. We

(1-0)~°
deduce from the above that
X P 2, AP (1) 4 2 33
S ESF (KLl Z o+ (14 o) I Y (Gagt - cGhe} - cGhal) 1 (3)
i= =1
The error terms in (3.23) can be estimated as follows
Ny, 3 Ny, 3
> <G59J + GQQJ> <G5L—3 + G%L“‘) > oL <GALTP+ GHL
j=1 j=1
They are of order o (ESF ) when
- max 20+1 30+1)  20+1
! 6 8 J 6
Combining [322)), 323) and using (3I8) we obtain
Np
> B (KL, Q,0;L7%) > 14 (14 o 2L2 o (ESY). (3.24)
j=1
On the other hand, let
Np
Z ’X] ’]]'KJ

:Z\lezll[{j(x) and Va(x

Then we have, by the triangle inequality,

/ |x|2\uGP\22§L:/ |x|2\uGP\22§L:/ |XJ|2|uGP|2—L§L:/ (1| + Px;])|uCF]
R? =17 K; =17 K; =17 K;
Ni )
> [ vipst — L / 2|x| + L)|u®f
> [ visk 3, o DI

:/ Vipg — 2L/ x| [uCT|? — L2,
R2
In the very same way however we can put back |x|? in place of V;(x), obtaining

| v 2/ b gy>2/ |x|2@J—LZ/ (I + bxsbe

(3.25)
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Ny,
> / X2 -3 L / (21| + L)o;
R =1 K

- /R P~ 2r /R Il - 12 (3.26)

Furthermore,

Ny, Ny, Np
[ =3 [ W=y [ Ble+LY [ o
R? j=1"K; j=17K; j=17K;

Np, Ny,

SZ/ |X||UGP‘2+LZ/ ‘uGP‘2+L
j=1"1K; j=1"K;

:/ Ix[[uSP|? 4 2L. (3.27)
R2

Combining ([3.23)), ([3.26) and ([B.27) yields

1 -2 2 ap2 . 1— 02 2_GP GP |2 2
o2 /Rz\x\ [u™"| T(/Rz\x\pg —4L/Rz]x]|u ‘—6L>

1- Q2 2—-GP TF
=~ /|, x[*pg +o(Eq"). (3.28)

The last assertion follows from (B and (B3]). Indeed, by (3], Holder’s inequality and the upper
bound on EST in (32)), we have

1 1
Jsr (L sent) () st

Putting together ([3:24]), (8.28) and using (3.I8]), one obtains

GP P (1) _apy2 , 107 9GP TF
Eg" > 1+ (1+0(1)) Go | (ps ) + 5 x|“pg" +o(Eq")
2 RZ 2Q R2

> 1+ (1+0(1)ET [BGT] + o (EST)

2 —GP
> 14 roymind [ o8 ([ A7) et |2l
R2 R2 2 75

> 1+ (14 0(1))ELY. (3.29)
This completes the proof of ([B.11]).

v

+0(E5")

Remark 3.2 (Limitations of the local density approximation).
We now explain why the limitation G > (1 — Q)_% is necessary with our scheme of proof. We used
repeatedly comparisons between Dirichlet and Neumann energies in squares of side length L < LgF.
As per the considerations of Remark 2.6] this brings about an error of order LG™! per square. Summed
over all squares the total error cannot be less than
I /LYF\? [TF
el el N I NGt 0
G\ L G
Recalling that ELF o G%(l - Q)% while L§¥ ~ Gi(l - Q)_% (see (LIT)), the error being smaller than

the main term requires G > (1 — 2)75.
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Thus, we expect that extending the validity of the local density approximation of Theorem [Tl to
smaller values of G should rely on another idea than Dirichlet—-Neumann bracketing. o

3.3. Density convergence. Let u“F be a minimizer for ESY and pS¥ in (BIT7) be the piecewise

constant approximation of pGF := ‘uGP‘z on scale L = (1 — 92)_77 with

1+26 146 3
max R ,1—9 <77<L where 1>4§ > —. (3.30)
6 4 )
The energy estimates [3.2) and (BII) imply that p&Y is close to the Thomas-Fermi minimizer pd¥ in

strong L? sense. We have the following lemma.

Lemma 3.3 (Convergence of the piecewise approximation).
Let ST be defined as in BIT) and pd¥ be the minimizer for (LII)). Then, in the limit Q /1,

6" — pQFHL2(R2 =0 <(L£F)_l) : (3.31)
Proof. We deduce from (B.2]) and the same arguments as in the proof of ([B.I1]) that
E5F 6T < EST —1+0(ESY) < ESF + 0 (ESY).

The variational equation for ng takes the form

eAP(1)GaplF + 12_9222‘}(‘2 — \IF = I 4 G / TF
on the support of ng. Thus,
/R2 (ﬁgp _ ng)2 _ /R2 < —GP ) — oGP TF)
2
- [ (60 + - eAb(%GJSP -] )
< 5 (i)GQ <&T2F [—GP] ALF 4 G / TF >
= g (E8 ] - EE)

<o ((LE‘ZF)_2> :
O

Now we will deduce (LI9]) from Lemma [33] By the definition of ﬁgp we also have, for any Lipschitz
function ¢ with compact support,

ol a3 oy
- Z / (L8 ) 757+ 0 (L (28) ™ ol
- Z / (289" ) [u%"? + 0 (L (L) ™ ]

o ((L8)") o+ 0 (L(LE) ™ 1ol

& ((LE) ™) 1% + o(1) ]l

Il
T~ T

RZ

Il

R2
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Furthermore, by the Cauchy—Schwarz inequality and Lemma we obtain

[0 () ™) G5 = o8F) = o)1y

Since the above estimates are uniform with respect to the Lipschitz norm of ¢, we can change scales in
the above and recall (I.I5]) to deduce

sup | [ o[ (L5 7 (EFF) =17 | = o)

#»€Co(Br(0))
for fixed R > 0, and hence ([I9).
Finally, an analogue convergence of minimizers for ELLL is also obtained. Let u™“ be one such

minimizer. We define the piecewise constant function pLLL analogously to ﬁgp in (3I7) where uSF in
BI6) is replaced by uM, i.e.,

e (x Z 0jlk;(x) with g;:= |l 2, (3.32)

L2 [
J
Here K;, j = 1,...,Ng, are squares centered at points x; and of side length L = (1 — Qz)—n with n

satisfies (3:30). Since ESY = ST [P, we deduce from (32), (B) and the same arguments as in
the proof of (BII) that

ESF[PM] < B — 140 (BEEF) < EST —1+ 0 (BAY) < ESF + 0 (ESY) .

Using the above, the rest of the proof of the convergence of p remains the same as in the

proof of pCF in (CI).

LLL ._ |uLLL|2

APPENDIX A. PROJECTOR ONTO THE FINITE-DIMENSIONAL LOWEST LANDAU LEVEL

In this appendix we prove the uniform boundedness of the projector II; onto the lowest Landau
level of finite-dimensional £LL£Ly, in L?(Kp). The projector II}, is constructed as a linear combination
of orthonormal projections on basis functions of the lowest Landau level. A convenient basis can be
defined using Theta functions (see e.g., [9, Proposition 3.1]). The kernel of IIj, is found to be [49]

(%, y) = ZZ 2iml? g 2in R (et ) (ot )

=0 k,peZ

where x = x1 +ix9, ¥ = y1 + iy2 and the integer d is the dimension of LLL}, given by the quantization

EZIRN), ie., 2rd = L.
We need the following lemma in order to establish elliptic estimates for “periodic” solutions of
Ginzburg-Landau type equation (Z28) on the bounded domain K7,

Lemma A.1. Let I, be the projection on the lowest Landau level LLLy, in L*(Kr). For every function
u in LP(Kp), there exists a universal constant C' > 0, independent of L, such that

M Lull Lo,y < Cllullpr(i )
whenever 2 < p < oo.

Proof. Obviously, I, is a bounded operator on L?(Ky). Here we prove that it is bounded on L™ (K7,).
This yields the continuation of IIz, on LP(K7) for all p € [2, 00|, by interpolation. For any u € L*(K7p)
and x € Ky, we have

() ()] = ' / nL<x,y>u<y>dy' < Jullswey [ Maeyldy
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There remains to prove that the last term in the above is bounded uniformly in L. We use
d—1
Z e2iﬂl% = d]lp:k(mod d)
=0

to compute

T
L

() = 20 37 (-rt=ie o) sph)* $ o

(&

i
o

k,pEZ l

i . 2 2

_ 2y/md Z e—%(zz—yz)ﬂm‘”%—%(xﬁkg) —L(yi+kL+qL)
k,q€Z

WZG

k,q€Z

217rk:

qL+z1+y; ) 2
2

(r2—y2) +1qy2—<%k+ —t(qL—z14y1)°

Fixing ¢ and applying the P01sson summation formula in k, we obtain

I (x,y) = Z s (aL+a1+y1) (kL+wz—y2)+Hay2 = (kL+wa—y2)*—  (aL—z14y1)”*

\/_

By neglecting the imaginary part, we estimate

L (xy)| < —= Ze 1hLtar—u)? 37 =glab-zitu)’, (A.1)
kEZ qEL

k,q€Z

Note that x and y lie in the square Ky, of side length L and we have
(21 —y1)* + (22 —y2)? = |x — y|* < 2L2%
Then

_i(kL—l—m—yQ)? _ Z n Z n Z e‘i(kL"‘m?_y?F

keZ ke{-1,0,1} k>2 k<-2

< Z e—%(kL-HL‘z—yz)z +Ze—%(kL+x2—y2)2 _’_e—i(kL—:cz—i-yz)z
ke{-1,0,1} k>2

< Z o1 (kL+a2—y2) +2Ze—§(k—\/§)2L2
ke{-1,0,1} k>2

< Z o~ 1 (kL+za—y2) +Ce 1(2-V2°L?
ke{-1,0,1}

This implies that
/ L L] Sl gy, < Z / aklte2=y2)’ gy 4 OLe™3-VIL” < ¢ (A2)
—5 5 keZ ke{-1,0,1}

for a universal constant C' > 0 independent of L. The last inequality is obtained by a simple change of
variables in the integrals.
Similarly, we have

/ L] Y emilalmmtnqy < N /e tel—atu)® gy 4 OLe 12V2DL2 < ¢ (A3)
23] gez qe{—1,0,1}

Putting together (A1), (A.2) and (A.3]) we obtain

/ Iz (x,y)|dy < C.
K,

This yields the desired result. U
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APPENDIX B. CONVERGENCE OF THE GP ENERGY TO THE LLL ENERGY

In this appendix, we study the convergence of the GP energy (3] to the LLL energy (L8] in the
limit Q© 1. We will prove the following generalisation of results from [5] (which considered only the
case of fixed G):

Proposition B.1 (Reduction to the lowest Landau level).
Let G =Gq = (1 — QQ)_6 with —1 < § < 1. We have, in the limit Q /1,

1 1
ESY —EE =o (Gé (1-0?) 2) . (B.1)

The assumption on G in Proposition [B.Il guarantees that EgTzF < 1. Also, we have
ES =140(1) as Q 71, (B.2)

by ([LT). Part of the proof of Proposition [B1]is similar to that of [5 Theorem 1.2]. We however need
a better control when G is allowed to be large in the limit 2 1. The following elliptic estimate for
the GP equation with a trapping term is our main new ingredient.

Lemma B.2 (Elliptic estimates for an inhomoegenous GP equation).
Let uSF be a solution to
1 1-0?
5( —iV — XJ_)2UGP + GQ‘UGPEUGP + W’XPUGP = )\’U,GP, (B3)
on R?, for some A\ > 0. We have the following properties.
(i) If X <1, then u = 0.
(i) There exists a universal constant Cpax > 0 such that if X > 1, then

1
[uCP][, < (%) “min {1, G (A~ 1)1} (B.4)
Q

We expect that an optimal bound should be

HUGPHLOO < (%) ’ min {17 Cmax(/\ - 1)%} :
Q

This would better match similar estimates from [24], that we take inspiration from. Moreover this
would prove that the density can nowhere exceed a constant times the maximal Thomas—Fermi density,
the natural scale in our problem. The above (B.4)) is however sufficient for our purpose.

Proof of Lemma[B.2. Tt can be seen immediately from the operator inequality ([B.14]) that Equation (B.3)
admits only trivial L*°-solution if A < 1.
Let X
2
LGP — Ga WGP
A

Then vCF solves the equation

1, . 2 1- Q2 2
5( — 1V — XJ_) UGP + W|X|2UGP = )\(1 — |UGP| )UGP. (B5)
In order to prove (B.4), we will show that
[0 | oo < min {1, Criax (A = 1)} (B.6)
We write down the equation satisfied by ‘UGP|2 as follows

N G e 7 B L N R (e T
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This implies
LA 4 L 2|6 P ([P P 1) P = [ — i P <,
By the maximum principle, we deduce that, at any maximum point x* of ‘UGP|2,
WGP ()P < 1
and

1— Q2

o Ix*|? < 2A. (B.7)

There remains to prove the second half of (B.6]), and we may assume that A < 2 for that purpose.
Suppose by contradiction that there exists a sequence of solutions {v, } to Equation (B.A]) with \,, > 1

and

[[on |z

lim ——— = B.8
n—oo ()\n _ 1)% ( )
Define A,, := ||vp||L~. Since A, < 1, by the maximum principle, we must have A\, — 1 as n — oo.

On the other hand, there exists a point x,, € R? with |v,(x,)| > AT” Consider the function f,, :=

A, ', (- + x,). This function satisfies

1
and it solves the equation
L. 12 1-9? 2 2 2
5(—1V —(x+x0)7) fr + Wh‘ +Xp| " fr = A1 — An‘fn‘ ) fn- (B.10)
In view of (B.1)) we may assume that the potential
1- Q2 )
502 |x + x5

and its derivatives stay uniformly bounded if x € B(0, L) with L fixed. Hence, by the boundedness
of f, in (B.9) and elliptic regularity, the sequence {f,} is bounded in I/Vlif (R2), for all p < co. By

compactness we can find a convergent subsequence in W;)? (R2), for any given s < 2 and p < co. Thanks

to the Rellich-Kondrashov Theorem (see e.g., [40, Theorem 8.9]) and extracting a subsequence, we find
fo— [ € WRE(R?) — L5 (R?),

ocC

when sp > 2, where f satisfies
1
5 SIFOI < lfllze < 1. (B.11)

We next seek a contradiction with this finding.
Let 0 < x < 1 be a fixed smooth function on R? such that y(x) = 1 if [x| < 1 and x(x) = 0 if |x| > 2.
For R > 0, we denote yg = x (Tz) Note that it is possible to construct the function x so as to satisfy

11—
|VXR| <CR IXR M’

for some arbitrarily small p > 0, independent of R, e.g., by taking x = h” for v large and some smooth
function 0 < h < 1. Now, we use the identity

R XBA) = | VxRS | 1VxRP
Fudin) = [ 19xnhal = [ 19x0Pl5]

Then, we integrate the equation (B.I0) against x%f, and drop the quadratic term. We obtain

1 . C _
5 L1 CIT et a4 [ AL <0 [ i Y fal* (B12)
2 Jre R? R2 R? Jr<x|<2R
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Note that
1 1 .
5 /R2 (—iV — (X+Xn)J_)Xan|2 =3 /11@2 |(—iV - Xl)euanan‘z > /R2 x%!fnf, (B.13)

where the phase ¢,, is chosen in such a way that
xt — (x4 x,)" = V.
On the other hand, by Holder” inequality, we have

=0 ([ i) (Loal) sen( el o
/R<x|<2RXR |ful” < </R<x|<2RXR ) /szRLf\ <CR /RZXRU‘ (B.14)

Putting together (B12), (B13), (BId) and choosing R = R, = (A, — 1)~2 — 0o we obtain
Ap—1

2 4
<C
/RQXR” fn‘ = A%

Then, (B.8) implies that
lim | x3[fa]'=0. VL>0.
2

n— o0 R

The convergence f, — f in W 7P(R?) yields that f = 0. This contradicts (BII]) and shows that we
must have (B.]). O

Now we may conclude the proof of Proposition [B.1l
Proof of Proposition [B. By definition, we clearly have

ESY < BSM

P GP

In order to bound ESP from below, we denote by uS one of its minimizers. We decompose u

follows

as

uSt = THuF + HOLUGP,
where IIj is the projection on the lowest Landau level LLL in (ILA]). The kernel of Il is given explicitly

by (see e.g., [49])

HO(X y) — ieé(ml?ﬁ—i@yl)e—%b‘_yp'
’ 27
We recall that u“Y solves the equation (B3). By (B.4) and the upper bound on ESY in (32)) we have
1
A 2 1 _1 1
GP GP 1 TF
o < o7 < 0 () O 0 < c05F () .15

Here we have used the fact that IIj is a bounded operator on L? N L>(R?). Furthermore, by (3.14]) and
B2)), we have

/Rz |ouCP|* < /RZ [Pt < G5 ERT. (B.16)

On the other hand, it is well-known that the second eigenvalue of 3 ( —iV — XJ‘)2 is 3 (see e.g., [B3)]).
Consequently,

%/ |(_iv_xl)n3u<ﬂ’\223/ T4 uCP 2, (B.17)
R2 R2

Therefore,

B = €8] 2 5 [ (=19 = 1ou [ (=19 =117
> / ‘HOUGPF + 3|HéuGP|2
R2

_ 1+2/ T4 uCP |2,
R2
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Then (3.2) implies that
1
/ g uC®|? < ~EQF. (B.18)
R2 2
Expanding the quartic term of the energy as in ([2.33]) (see also [5]), we obtain
G
EGY [uT] > £§Y [Mou®Y] + 5T [Mgu®F] - 79/ |HéuGP‘4 — 2GQ/ |H0uGP‘3‘HéuGP|. (B.19)
R2 R2

For the main term in (B.I9), we have

GP[y1., GP apd ogp | Mou®”  ollrL, GP|2 \ pLLL
€q" [Mou™"] > [[Tou™" || 12&g o | = (2w 7e ) Eg
TS| .
> E5H — 3| g uCr[7,. (B.20)
Here we have used (B.2). The first error term in (B.19)) is estimated simply, by (B.I7), as follows
&§Y [Mgu®r] — %/ 3w > 3|3 uCP 7. (B.21)
R2
Finally, by (B.15), (B.16]) and Holder’ inequality we have
26 [ |ou Pl < 260 o |, o P < € (1T B2)
R2
The error term in the above is of order o (EgF) This is the place where the condition on G in
Proposition BTl is used. Putting together (B.I19)—([B.22]) we obtain the desired result (B.I)). O
REFERENCES

[1] J. R. ABO-SHAEER, C. RAMAN, J. M. VOGELS, AND W. KETTERLE, Observation of vortez lattices in Bose—Finstein
condensates, Science, 292 (2001), pp. 476-479.
[2] A. ABRIKOSOV, The magnetic properties of superconducting alloys, Journal of Physics and Chemistry of Solids, 2
(1957), pp. 199-208.
[3] A. AFTALION, Vortex patterns in Bose Einstein condensates, in Perspectives in Nonlinear Partial Differential Equa-
tions, vol. 446 of Contemporary Mathematics, American Mathematical Society, Providence, RI, 2007, pp. 1-18.
[4] A. ArtavLioN AND X. BLANC, Vortex Lattices in Rotating Bose—Finstein Condensates, STAM Journal on Mathematical
Analysis, 38 (2006), pp. 874-893.
[6] ——, Reduced energy functionals for a three-dimensional fast rotating Bose—FEinstein condensates, Annales Henri
Poincaré, 25 (2008), pp. 339-355.
[6] A. ArTALION, X. BLANC, AND J. DALIBARD, Vortex patterns in a fast rotating Bose-FEinstein condensate, Physical
Review A, 71 (2005), p. 023611.
[7] A. ArTaLiON, X. BLANC, AND F. NIER, Lowest Landau level functional and Bargmann spaces for Bose—Finstein
condensates, Journal of Functional Analysis, 241 (2006), pp. 661-702.
, Vortex distribution in the lowest Landau level, Physical Review A, 73 (2006), p. 011601(R).
[9] A. AFTALION AND S. SERFATY, Lowest Landau level approach in superconductivity for the Abrikosov lattice close to
H.,, Selecta Mathematica, 13 (2007), pp. 183-202.
[10] S. AGMON, Lectures on exponential decay of solutions of second-order elliptic equations, Princeton University Press,
1982.
[11] Y. ALMmoOG, Abrikosov lattices in finite domains, Communications in Mathematical Physics, 262 (2006), pp. 677-702.
[12] N. BENEDIKTER, M. PORTA, AND B. SCHLEIN, Effective Fvolution Fquations from Quantum Dynamics, Springer
Briefs in Mathematical Physics, Springer, 2016.
[13] X. BLANC AND N. ROUGERIE, Lowest-Landau-Level vortex structure of a Bose—FEinstein condensale rotating in a
harmonic plus quartic trap, Physical Review A, 77 (2008), p. 053615.
[14] V. BRETIN, S. STOCK, Y. SEURIN, AND J. DALIBARD, Fast rotation of a Bose—Einstein condensate, Physical Review
Letters, 92 (2004), p. 050403.
[15] J.-B. BrRU, M. CORREGGI, P. PICKL, AND J. YNGVASON, The TF Limit for Rapidly Rotating Bose Gases in Anhar-
monic Traps, Communications in Mathematical Physics, 280 (2008), pp. 517-544.
[16] D. BuTTs AND D. ROKHSAR, Predicted signatures of rotating Bose—Einstein condensates, Nature, 397 (1999), pp. 327
329.
[17] 1. CoDDINGTON, P. HALJAN, P. ENGELS, V. SCHWEIKHARD, S. TUNG, AND E. A. CORNELL, Ezperimental studies
of equilibrium vortex properties in a Bose-condensed gas, Physical Review A, 70 (2004), p. 063607.




(18]
(19]
20]
(21]
(22]
23]

24]

27]
28]
29]
(30]

(31]

(44]

TF PROFILE OF A FAST ROTATING BEC 29

N. R. COOPER, S. KOMINEAS, AND N. READ, Vorter lattices in the lowest Landau level for confined Bose—Einstein
condensates, Physical Review A, 70 (2004), p. 033604.

M. CorreGal, R. DuBoscq, D. LUNDHOLM, AND N. ROUGERIE, Vorter patterns in the almost-bosonic anyon gas,
EPL (Europhysics Letters), 126 (2019), p. 20005.

M. Correcai, D. LunDHOLM, AND N. ROUGERIE, Local density approrimation for the almost-bosonic anyon gas,
Analysis & PDE, 10 (2017), pp. 1169-1200.

M. CORREGGI, F. PINSKER, N. ROUGERIE, AND J. YNGVASON, Rotating superfluids in anharmonic traps: From
vortex lattices to giant vortices, Physical Review A, 84 (2011), p. 053614.

M. CORREGGI AND N. ROUGERIE, Inhomogeneous Vorter Patterns in Rotating Bose—FEinstein Condensates, Commu-
nications in Mathematical Physics, 321 (2013), pp. 817-860.

H. L. CyconN, R. G. FROESE, W. KIRSCH, AND B. SIMON, Schrédinger operators with application to quantum
mechanics and global geometry, Texts and Monographs in Physics, Springer-Verlag, Berlin, study ed., 1987.

S. FOURNAIS AND B. HELFFER, Bulk superconductivity in Type II superconductors mear the second critical field,
Journal of the European Mathematical Society, 12 (2010), pp. 461-470.

, Spectral methods in surface superconductivity, vol. 77, Springer Science & Business Media, 2010.

S. FOURNAIS AND A. KACHMAR, Nucleation of bulk superconductivity close to critical magnetic field, Advances in
Mathematics, 226 (2011), pp. 1213-1258.

———, The ground state energy of the three dimensional Ginzburg—Landau functional Part I: Bulk regime, Communi-
cations in Partial Differential Equations, 38 (2013), pp. 339-383.

P. GERARD, P. GERMAIN, AND L. THOMANN, On the cubic lowest Landau level equation, Archive for Rational
Mechanics and Analysis, 231 (2019), pp. 1073-1128.

P. GERMAIN AND L. THOMANN, On the high frequency limit of the LLL equation, Quarterly of Applied Mathematics,
74 (2016), pp. 633-641.

S. GIRVIN AND T'. JACH, Formalism for the quantum Hall effect: Hilbert space of analytic functions, Physical Review
B, 29 (1984), p. 5617.

F. GoLsE, On the Dynamics of Large Particle Systems in the Mean Field Limit, in Macroscopic and Large Scale
Phenomena: Coarse Graining, Mean Field Limits and Ergodicity, Springer, 2016, pp. 1-144.

T.-L. Ho, Bose—Finstein condensates with large number of vortices, Physical Review Letters, 87 (2001), p. 060403.
J. K. JAIN, Composite fermions, Cambridge University Press, 2007.

A. KACHMAR, The Ginzburg—Landau order parameter near the second critical field, SIAM Journal on Mathematical
Analysis, 46 (2014), p. 572.

W. KLEINER, L. ROTH, AND S. AUTLER, Bulk solution of Ginzburg—Landau equations for type II superconductors:
upper critical field region, Physical Review, 133 (1964), p. A1226.

L. LANDAU AND E. LIFSHITZ, Quantum Mechanics, Mathematical Appendices, 1965.

M. LEWIN AND X. BLANC, The crystallization conjecture: a review, EMS Surveys in Mathematical Sciences, 2 (2015),
pp- 255-306.

M. Lewin, P. T. NAM, AND N. ROUGERIE, Blow-up profile of rotating 2d focusing Bose gases, in Workshop on
Macroscopic Limits of Quantum Systems, Springer, 2017, pp. 145-170.

M. LEWIN AND R. SEIRINGER, Strongly correlated phases in rapidly rotating Bose gases, Journal of Statistical Physics,
137 (2009), pp. 1040-1062.

E. H. LiEB AND M. Loss, A bound on binding energies and mass renormalization in models of quantum electrody-
namics, Journal of Statistical Physics, 108 (2002), pp. 1057-1069.

E. H. LIEB AND R. SEIRINGER, Derivation of the Gross—Pitaevskii equation for rotating Bose gases, Communications
in Mathematical Physics, 264 (2006), pp. 505-537.

E. H. LIEB, R. SEIRINGER, J. P. SOLOVEJ, AND J. YNGVASON, The mathematics of the Bose gas and its condensation,
Oberwolfach Seminars, Birkh&user, 2005.

E. H. LiEB, R. SEIRINGER, AND J. YNGVASON, Bosons in a trap: A rigorous derivation of the Gross—Pitaevskii
energy functional, Physical Review A, 61 (2000), p. 043602.

——, Yrast line of a rapidly rotating Bose gas: Gross—Pitaevskii regime, Physical Review A, 79 (2009), p. 063626.
E. H. LiEB, J.-P. SOLOVEJ, AND J. YNGVASON, Asymptotics of heavy atoms in high magnetic fields: II. Semi-classical
regions, Communications in Mathematical Physics, 161 (1994), pp. 77-124.

K. Lu aND X.-B. PAN, Figenvalue problems of Ginzburg—Landau operator in bounded domains, Journal of Mathe-
matical Physics, 40 (1999), pp. 2647-2670.

K. W. MapisoN, F. CHEvVY, W. WOHLLEBEN, AND J. DALIBARD, Vortex Formation in a Stirred Bose—Einstein
Condensate, Physical Review Letters, 84 (2000), pp. 806-809.

F. NIER, Bose—Finstein condensates in the lowest Landau level: Hamiltonian dynamics, Reviews in Mathematical
Physics, 19 (2007), pp. 101-130.

D. PERICE, Multiple Landau level filling for a large magnetic field limit of 2D fermions. in preparation, 2022.

N. ROUGERIE, Annular Bose-Einstein Condensates in the Lowest Landau Level, Applied Mathematics Research
eXpress, 2011 (2011), pp. 95-121.




[51]
(52]
(53]
[54]
[55]
[56]
[57]
(58]
[59]

[60]
(61]

TF PROFILE OF A FAST ROTATING BEC 30

——, Scaling limits of bosonic ground states, from many-body to nonlinear Schréodinger, EMS Surveys in Mathemat-
ical Sciences, 7 (2020), pp. 253-408.

N. ROUGERIE, S. SERFATY, AND J. YNGVASON, Quantum Hall Phases and Plasma Analogy in Rotating Trapped Bose
Gases, Journal of Statistical Physics, 154 (2014), pp. 2-50.

N. ROUGERIE AND J. YNGVASON, Holomorphic quantum hall states in higher landau levels, Journal of Mathematical
Physics, 61 (2020), p. 041101.

E. SANDIER AND S. SERFATY, The Decrease of Bulk-Superconductivity Close to the Second Critical Field in the
Ginzburg-Landau Model, STAM Journal on Mathematical Analysis, 34 (2003), pp. 939-956.

——, Vortices in the magnetic Ginzburg-Landau model, Progress in Nonlinear Differential Equations and their
Applications, 70, Birkhduser Boston, Inc., Boston, MA, 2007.

B. SCHLEIN, Deriwation of Effective Evolution Equations from Microscopic Quantum Dynamics, arXiv eprints, (2008).
Lecture Notes for a course at ETH Zurich.

V. SCHWEIKHARD, [. CODDINGTON, P. ENGELS, V. P. MOGENDORFF, AND E. A. CORNELL, Rapidly rotating Bose—
Einstein condensates in and near the lowest Landau level, Physical Review Letters, 92 (2004), p. 040404.

V. SCHWINTE AND L. THOMANN, Growth of Sobolev norms for coupled Lowest Landau Level equations, Pure and
Applied Analysis, 3 (2021), pp. 189-222.

D. E. SHEEHY AND L. RADZIHOVSKY, Vortex lattice inhomogeneity in spatially inhomogeneous superfluids, Physical
Review A, 70 (2004), p. 051602.

——, Vortices in spatially inhomogeneous superfluids, Physical Review A, 70 (2004), p. 063620.

I. M. S1GAL, Magnetic Vortices, Abrikosov Lattices and Automorphic Functions. arXiv:1308.5446) 2013.

(Dinh-Thi NGUYEN) EcoLE NORMALE SUPERIEURE DE LyoN & CNRS, UMPA (UMR 5669)
Email address: |[dinh.nguyen@ens-1lyon.fr

(Nicolas ROUGERIE) ECOLE NORMALE SUPERIEURE DE LyoN & CNRS, UMPA (UMR 5669)
Email address: micolas.rougerie@ens-lyon.fr


http://arxiv.org/abs/1308.5446
dinh.nguyen@ens-lyon.fr
nicolas.rougerie@ens-lyon.fr

	1. Introduction and main results
	2. The homogeneous gas in the thermodynamic limit
	2.1. Existence of the thermodynamic limit
	2.2. Low density regime

	3. Local density approximation
	3.1. Energy upper bound
	3.2. Energy lower bound
	3.3. Density convergence

	Appendix A. Projector onto the finite-dimensional lowest Landau level
	Appendix B. Convergence of the GP energy to the LLL energy
	References

