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Along the general scheme of Sondheimer and Wilson, the kinetic energy density o£ an 
electron gas under constant magnetic field is expressed as a functional o£ the electron density 
at absolute zero of temperature. On this basis, the statistical theory for atoms in a magnetic 
field is formulated, which includes the theory developed by Banerjee et al. as an extreme of 
high magnetic field. Some numerical results on the atomic radius, the total energy etc. are 
also shown for free neutral Ne atom. 

§ 1. Introduction 

Since it became a widely accepted hypothesis that magnetic fields of the order 

10 12 ~10 13 G exist on the surface of pulsars, the properties of atoms under high 
magnetic field attract a great attention of many physicists. While the problem 

is rather clear, that is, the Hamiltonian is clearly given, solving the Schrodinger 

equation seems to be a fairly difficult task. Even for the Hydrogen atom under 

magnetic field we do not yet know its exact solution. 

For many electron atoms, only some preliminary calculations 1l,,l were reported 

on the basis of the statistical atom model. Recently, Banerjee, Constantinescu 
and Rehak3l have developed a statistical theory of the atom in a fairly complete 

form. However, their expression of the kinetic energy as a functional of electron 
density is still based on the adiabatic hypothesis. In other words it is assumed that 

the electrons move in Landau orbitals in the direction perpendicular to the magnetic 
field and the Coulomb field clue to nucleus has an effect only on the motion parallel 
to the magnetic field. Although the Thomas-Fermi equation they obtained is very 
simple and shows many elegant characters, we cannot help wondering how exact 
the adiabatic hypothesis holds. 

On the other hand, Sondheimer and Wilson,<J in their elegant article concern­

ing the diamagnetism of free electrons, developed a general and exact scheme of 
the calculation of the density matrix, the partition function, the free energy, etc. 
Although they retained only the leading terms for their purpose, if one performs 
the calculation without any neglection of small ternts, one could get an exact 
relation between the kinetic energy density and the electron density, on which 
the statistical theory of atoms is constructed. 

Along the line stated above, we will here show an alternative form of the 
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684 Y. Tomishima and K. Yonei 

statistical theory of atoms. The theory should include the one developed by 

Banerjee et al. and the usual non-magnetic Thomas-Fermi theory as an extreme of 

high magnetic field and that of zero magnetic field, respectively. 

In § 2, we will calculate the kinetic energy density as a functional of the 

electron density on the general scheme of Sondheimer and Wilson. The Thomas­

Fermi theory is developed in § 3, where it is also proved that the equation derived 

by Banerjee et al. is the limiting case of high magnetic field. The numerical 

calculation is carried out for free neutral Ne atom. These results are discussed 

in § 4. 

§ 2. The density functional formula of the kinetic energy 

In order to construct the statistical theory of an atom under magnetic field, 

we should first of all have an expression of the kinetic energy density as a func­

tional of the electron density. We can follow the procedure given by Sondheimer 

and Wilson.4> They retained only the leading terms in calculating the susceptibility 

of free electron gas, but now we should obtain the energy density and the electron 

density without any neglection. The reason for this will become clear by later 

discussion. 

The Hamiltonian of a free electron in a uniform magnetic field H directed 

to the z-axis is given by 

(2·1) 

where A= (- Hy/2, Hx/2, 0) is the vector potential, - e the electronic charge, 

m the electron mass. Throughout this paper, we use the atomic unit e=m=h=1, 
and the most commonly used unit for H; /loH/ Ry = r (/lo =Bohr magneton, 

H=2.3478X109 Gauss for r=1). Then Eq. (2·1) becomes simply 

3r = _ ! p2 + ~ L. + ~ r2 (x2 + y2). (2·2) 

Using this Hamiltonian, Sondheimer and Wilson calculated the free energy per 

unit volume of a free electron gas, which is expressed as follows: 

F- nt;, = 1= z(E) ofodE, 
Jo oE 

(2·3) 

where n is the electron density, ( Fermi energy, fo Fermi-Dirac distribution function 

1 
fo= , 

exp [(E- ()jkT] + 1 
(2·4) 

and z (E) Is the inverse Laplace transform of the partition function 

z(E) = (_!_)a;2 {~E5J2 __ 1_(L)2EIJ2 
2n 15.Jn 3.Jn 2 
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Thomas-Fermi Theory for Atoms in a Strong Aiagnetic Field 685 

+ _ _ _____ _ e-2YE!rdy 1 ( r) 5j2 ioo ( 1 1 1 ) 
n 2 o y 712 6y 312 y 512 sinh y 

-2 (L) 5j2 f: (= 1)__". cos ( 2krrE - !!__)}. 
2 k~l (kn) 51' r 4 

(2·5) 

It should be noted that the spin degeneracy is not taken into account in Eq. (2 · 3). 
Now, at absolute zero of temperature, afo/IJE= -o(E-(), then Eq. (2·3) 

becomes 

F ?'- 2s;z ?'5!2 {1 5 ,._, + 15 "-5f'F (") 15 e:-5f2G (e:) l (2. 6) 
- ns- - 157r2s - 8~ SJn~ 2 ' - 4n'" 2 ,- J' 

where 

F,Cn = 100[_1__ __ 1 __ __ 1 __ ]e-~'Ydy 
Jo y 712 6y'l2 y 512 sinh y ' 

(2·7) 

(2·8) 

and 

~=2(/r. (2·9) 

Differentiating Eq. (2 · 6) with respect to (, and using the condition IJF /a(= 0, we 
obtain the electron density expressiOn: 

(2 ·10) 

·where 

(2 ·11) 

(2 ·12) 

and 

G ( "") ~-, ( -1) k • (' ,. 1 ) 1 ,; =.:..... --- - - 8111 t?7r,; - -7r . 
k~l k'l' 4 

(2 ·13) 

Since F in Eq. (2 · 6) gives just the kinetic energy density c1, at T = 0, we have 

from Eqs. (2 · 6) and (2 ·10) 

(2 ·14) 

g ( ~) = 1 + _2~-z _ _fj__~-'I'F (~) __ 2_~-5f2F (~) 
24 4Jn 1 4Jn 2 

+ _2~-s;zc 1 (~) + _2_~-5f'Gz (~). 
2n 2n2 

(2·15) 
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f (1';)1 
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7.0 9.0 11.0 l; 

Equations (2 ·10) and (2 ·14) are 

the required relation which con­

nects the kinetic energy density ck 

and the electron density n, through 

the parameter t;. 

Since the minimum eigenvalue 

of the Hamiltonian (2·2) is r/2, 5) t; 

varies from 1 to oo. The behavior 

of f(;) is shown in Fig. 1. It is 

Fig. 1. The behavior of f(~). 

clear from Eq. (2·11) that f(t;) 

tends to 1 as !;-'>co. Also we see 

in Appendix A that f(t;) approaches 

zero as 3 J t; -1 for ,7-> 1. The 

wavy character of the variation of f(t;), which is also found in g (0, is the origin 

of the de Haas-van Alphen effect. 

For r->0, t; becomes infinity, so that f(t;) and g (t;) tend to 1. Eliminating 

( from Eqs. (2 ·10) and (2 ·14), ck is rewritten as 

We have the well-known relation for a degenerate electron gas, on which the 

usual Thomas-Fermi theory is based. The factor 2213 originates from the fact 

that here the spin degeneracy is not taken into account. 

On the other hand, for r-"=, t; tends to 1. Using the relations 

dck=dcddl_=l_t; (2·17) 
dn dnjdt; 2 

and 

n-'>_v_ 1.._ (f _ 1) 1;2 
r-z- (. ) 3f2 

7r2 2 
for f---'> 1 (see Appendix A), (2 ·18) 

we have 

'-k-- , dn--n+--n . ~ - r in¢ . - r 2rr' 3 

2 o 2 3r 2 

(2 ·19) 

The first term is the zero point energy of n electrons and the second is just the 

same expressiOn given by Banerjee et al. 

§ 3. The Thomas-Fermi equation 

Let us take an atom with the atomic number Z and the electron number 1V, 

and let it be in a uniform magnetic field of strength r directed to the z-axis. 

All electron spins are assumed to be antiparallel to the magnetic field, and the 
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Thomas-Fermi Theory for Atoms in a Strong lV!agnetic Field 687 

energy due to spin magnetic moments is omitted in the following calculation as 

a constant. In accordance with Banerjee et al., we define the energy of the atom 

E as E=Et-rN/2, Et being the total energy of the system and rN/2 the zero 

point energy. In other words, E is defined as the energy of all the electrons 

bound together by the nucleus minus their energy when they are free but still 

in the magnetic field. In the realm of the Thomas-Fermi approximation it is given 

by 

(3 ·1) 

(3 ·1a) 

E =- SZn(r) dr 
n ' 

r 
(3 ·1b) 

E = l__ ss n (r) n (r') dr' dr 
e 2 !r-r'! , 

(3 ·1c) 

where Ek is the total kinetic energy of the electrons subtracted by the zero point 

energy, En the potential energy due to the nucleus, Ee the electron-electron inter­

action energy. ck and n are the kinetic energy density and the number density 

of electrons given by Eqs. (2 ·14) and (2 ·10), where ~ or ( should be dependent 

on position r. The present form of Ek is adopted simply because of the convenience 

for comparison with the results of Banerjee et al. 

E should be m1mmum with respect to the variation of n (r), subject to the 

subsidiary condition 

N = S n (r) dr =constant. 

The variational condition 

o(E+ VaN) =0, 

V0 being the Lagrange multiplier, gives 

Ock(r)_]___ V(r) + V =0 
on(r) 2 ° , 

where 

V (r) = Z - S· n£r') lidr' 
r lr-r'l 

1s the total electrostatic potential at pos1t1on r. 

By the use of Eq. (2 · 17), Eq. (3 · 4) can be written as 

~= 1 + V(r)- V 0 • 

r/2 

Equation (3 · 6) and the Poisson equation 

(3·2) 

(3. 3) 

(3 ·4) 

(3. 5) 

(3·6) 
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688 Y. Tomishima and K. Yonei 

(3. 7) 

are the basic equations for determining V (r). 

In the following, we assume that the solution V (r) of Eqs. (3 · 6) and (3 · 7), 

then n (r) too, is spherically symmetric*) because there are no quantities explicitly 

dependent on the direction of the magnetic :field. If we put 

z 
V(r)- V 0 =-tp(r), 

r 

Eqs. (3 · 7) and (3 · 6) are transformed as follows: 

where 

d 2 2 3j2 

tp- r c3!2f(~) -----r, e;-
dr2 3nZ ' 

(3·8) 

(3· 9) 

(3 ·10) 

Equation (3 · 9) is the Thomas-Fermi equation for an atom m a magnetic field. 

Determination of V 0 

Although V 0 might be determined by the normalization condition (3 · 2), it 

can be given by the following physical considerations. We assume that the electron 

distribution is confined in a sphere of radius r 0, then 

where 

and 

1 iro -- Ve(r)n(r)4rcr'dr, 
2 0 

Ve (r) =- S n (r'l_dr' . 
[r- r'f 

After a slight manipulation, 6) we have 

(3 ·11) 

(3 ·lla) 

(3 ·lib) 

*) As will be shown later, by assuming the spherical symmetry of V and n. we can set up the 

boundary condition consistent to the atom in free state. This means that in the Thomas-Fermi model 

the minimum energy of a free atom is realized by the spherically symmetric electron distribution 

as was pointed out by Mueller et al.,') while the other model gives the electron distribution 

elongated in the direction of external magnetic field. 
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Thomas-Fermi Theory for Atoms in a Strong Jlvfagnetic Field 689 

h (~) = _ _!_ + _!_~-2 _ ._1_~-s;2 F (~) + _:l.__~-s;2G (~). (3 ·13) 
15 24 8 y'7i 2 4n2 2 

If the atom is in free state, the surface pressure or dE/ dr0 should be zero and 

this is realized by putting ~ = 1 in Eq. (3 ·13) (see Appendix A). That is, from 

Eq. (3·6) 

Z-N 
V 0 =V(r0)= . (3·14) 

ro 

Boundary conditions 

At r = 0, from Eq. (3 · 8) we have as usual 

<P (0) = 1. (3 ·15) 

For r~o, <j?(r)~1, then ~~2Z/rr~=, f(~)~l. Therefore Eq. (3·9) can be 

transformed into the usual Thomas-Fermi equation 

(3 ·16) 

where the unit of length is taken as r=!J.x, !J.= (1/4) (9n2/2Z) 113. The factor 1/2 

on the right-hand side of Eq. (3 ·16) is due to the neglection of the spin degeneracy. 

As is apparent from Eq. (2 ·16), Eq. (3 ·16) gives also the limiting case r~o. 

At r=r0 , on the other hand, (dV/dr)r~r,=- (Z-N)/r0
2, from which we 

have 

I Z-N 
<P (ro) - ro<P (ro) = . 

z 
In free state of the atom, owing to Eqs. (3 · 8) and (3 ·14), 

<P (r0) =0 

and 

'( Z-N <P ro) = ----·. 
Zro 

(3·17) 

(3 ·18) 

(3 ·19) 

For r~r 0 , <j?(r)~O, then ~~1 andf(~)~3v'~-1. 

form 

Therefore Eq. (3 · 9) takes the 

d 2 23f2 
_!!!_ = _ _1_ (r<P) 1;2 • 

dr 2 nZ1f2 
(3. 20) 

This equation allows <P being expanded in a power senes of (r0 -r) near the 
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690 Y. Tomishima and K. Yonei 

outer boundary. For neutral atoms, 

and the conditions (3 ·18) and (3 ·19) will be satisfied for finite r 0 • The fact 

that the atomic radius is finite even for neutral free atom makes a sharp contrast 

with the usual Thomas-Fermi atom. 

For positive ions, r:p can be expanded as 

27f2 
bs = ___ r -r 112b 112 

15rrZlf2 o ' ' 
(3. 22) 

We should notice that Eq. (3 · 20) is also the limiting equation for r-'>oo. 

This may be somewhat apparent from Eq. (2 ·19). Changing the unit of length as 

r=p.':r, ,a'= (7e'Z/8r'r15, we have the equation deri\-ed by Banerjee et al. 

(3. 23) 

Therefore it becomes clear that Eq. (3 · 23) is only valid for extremely large values 

of r. 

§ 4. Numerical results and discussions 

vVe have solved the Thomas-Fermi equation and calculated the total electronic 

energy of neutral Ne atom (Z = 10) for several values of r. The results will be 

summarized here. 

The equation to be solved and the boundary conditions are written as 

d2r:p 2 rs;2 ( 2z ) s;z ( 2Z ) 
-= r 1+-r:p f 1+-r:p, 
dr' 3nZ , F rr 

(4·1) 

~~ (0) = 1' (4· 2) 

(4·3) 

Equation (3 · 23) derived by Banerjee et al. does not include Z and r explicitly. 

This means that one solution can express the solution for arbitrary Z and r just 

by changing the unit of length. Furthermore Eq. (3 · 23) allows the application 

of the scaling method (see Appendix B), so that from an arbitrary solution which 

is obtained by starting from an arbitrary r 0 and integrating inward, we can get 

the required solution just by scaling. 

Equations (4·1), (4·2) and (4·3), however, could not be transformed into 

the form independent of Z and r, and do not allow the application of the scaling 

method. Therefore we must solve the equation independently for each Z and y. 
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Thomas-Fermi Theory for Atoms zn a Strong Jlvlagnetic Field 691 

'P (a) 

1.0 ., 

·,· ............ , ...... _ 

1 =0.1 

'·,· ............ ~BanerJee et al. 

0.5 
......... ____ _ 

Thomas- ;;:i·(;:Or-·-·-·-·-

~ -----------------------------------------
0.0 1.0 2.0 r 3.0 4.0 5.0 

1.0 

1.0 

(b) 

(c) 

:~ 

'~resent 
~\ Model 

l =1.0 

T =10.0 

'',--.. , Banerjee et al. 
' --- I 
\~.) ····----------<~~omas-Fermi (r=O) 

. -------------------------
0 0 1.0 2.0 r 3.0 4.0 5.0 

Fig. 2. The Thomas-Fermi function q;(r) for Ne 

atom. For comparison, the result of Banerjee 

et al. as well as the non-magnetic Thomas-Fermi 

function is also plotted. 

(a) r=0.1 (b) r=l.O (c) r=10.0 

Table I. Atomic radius ro in a.u. (Z=lO). 

r Present I Banerjee et al. 

0.0 00 00 

0.05 11.936 16.913 

0.1 9.6314 12.818 

0.5 5.7389 6.7334 

1.0 4.5375 5.1029 

5.0 2.5541 2.6806 

10.0 1. 9686 2.0315 

50.0 1.0549 1. 0672 

100.0 0.80181 0.80876 

500.0 0.42216 0.42485 

1000.0 0.32003 0.32197 

Starting from arbitrary r 0 , we inte­

grate Eq. ( 4 ·1) inward. If q? (0) is 

not equal to 1, we adjust r 0 and 

solve Eq. (4·1) againuntil ¥?(0)=1 

is satisfied. 

Figures 2 (a), (b), (c) show 

the solution 9 compared with those 

of Banerjee et al. and simple non­

magnetic Thomas-Fermi, and in Table 

I, the values of r 0 for various r are 

tabulated. As was mentioned before, 

it is one of the most remarkable 

effects due to the magnetic field that 

the atomic radius becomes finite even 

for a neutral free atom. Although 

the atomic radius for the present 

model is a little bit smaller than 

that of Banerjee's model (r0 = 3.2197 

· (Z/r2) 11\ see Appendix B), the 

former approaches the latter as r 
increases as is expected. 

Using the value of q?, Eqs. (3 ·10) and (2 -10), we can calculate the electron 

density n. The behavior of n against r is shown in Figs. 3 (a), (b), (c). For 

comparison, we have solved Eq. (3 · 23) derived by Banerjee et al. and calculated n 

anew. The present results show quite a big difference from those by Banerjee et 

al., and also from simple Thomas-Fermi results. What is very remarkable in the 

present model is the wavy variation of the electron density distribution which is 

a reflection of that of f(l;). It is not so significant for smaller values of r but is 
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692 Y. Tomishima and K. Yonei 

8.0 
c: 

Nl._ 

"" 6.0 --t 

4.0 

2.0 

0.0 

8. 

4.0 

8.0 c: 

'l 

6.0 
"" --t 

(a) 
r=0.1 

Present Model 

r 

(b) 

r=l.O 

Present Model 

(\, 
' \ I . 

' \ 
~Present '\ 

Model , 

(c) 

r=10.o 

( •', \B . 
4_0 j ··· .. , \ anerJee et al. 

I ···... \ 
2.0 ,!' ·---\ 

\ ··.·----l~~~~-Fermi (r=O) 

' ··---------------

5.0 

0.0 1.0 2.0 r 3.0 4.0 5.0 

Fig. 3. The values of 47!'r 2n for Ne atom. 

For comparison, the results of Banerjee et al. 
as well as the non-magnetic Thomas-Fermi results 

are also plotted. 

(a) r=O.l (b) r=l.O (c) r=lO.O 

amplified more and more with in­

creasing r. Also the following 

two features should be noticed. 

(a) The electron density dis­

tribution becomes more and more 

similar to that of the model of 

Banerjee et al. as r increases, while 

it becomes similar to that of the 

simple Thomas-Fermi model as r 
decreases. 

(b) For a given value of r, 
the electron density distribution is 

similar to that of the simple Tho­

mas-Fermi model near the origin, 

while it is similar to that of 

Banerjee's near the outer boundary. 

This can be understood from the 

limiting forms of the basic equation, 

that is, Eqs. (3 ·16) and (3 · 23). 

In both usual Thomas-Fermi 

atom and the atom model by 

Banerjee et al., there exists a 

simple relation between the energy 

E and the values of q/ (0). In 

the present model of the atom, 

however, we could not find any 

such relations, so that we have to 

calculate E directly by using Eq. 

(3 ·1) and the values of cp and 

n obtained above. Those values 

are listed in Table II. 

Referring to Table II, one can 

recognize that the energy E of 

the present model and its compo­

nents Ek and En are very large 

in their absolute values compared 

to those of Banerjee et al., while 

the former approaches the latter 

as the value of r increases. This 

originates from the big difference of the electron density near the nucleus in both 

models. As far as the ionization energy is concerned, however, we could expect 

that the present model would give similar results as those of Banerjee et al. 
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Table II. Energy values [Eq. (3·1)] (Z=10). 

r 

o.o 
0.05 

0.1 

0.5 

1.0 

5.0 

10.0 

50.0 

100.0 

500.0 

1000.0 

E 

P t , Banerjee 
resen 1 et al. 

-104.33 I 0 

-104. 57 9. 52 

-104. 78 -12. 56 

-106. 43 -23. 92 

-108. 24 I -31.56 
I 

-119.46 ' -60.08 

Present 

104.33 

104.11 

103.91 

102.61 

101.29 

95.60 

-130.12 -79.27 91.97 

-182.67 -150. 91 83. 90 

-223.61 -199. 13 83. 28 

-392.13 -379.07 99.25 

-509.72 -500.19 I 116.60 

Banerjee 
et al. 

0 

1. 90 

2.51 

4.78 

6.31 

12.02 

15.86 

30.18 

39.83 

75.81 

100.04 

because the electron distribution near the 

outer boundary is similar to each other. 

In both models the energy E and its 

components En and Ee vary monotonically 

with increasing I· In particular, it is inter­

esting to notice that the atomic binding 

energy, - E, mcreases with increasing 

magnetic field strength. The non-mono­

tonic behavior of Ek disappears if we add 

the zero point energy to it. 

Finally in Table III, we tabulate the 

total energy of the atom E,, which exhibits 

a sharp contrast between both models. 

For Banerjee's model it can be proved 

that E, has a minimum at r=4.6814, while 

I E, 
I ____ ~ 

~--,-Banerjee ! Banerjee 
Present et al. Present et al. 

-243.45 ' 0 34.78 

35.02 

35.23 

36.74 

38.35 

47.76 

56.26 

93.78 

-243.701 -17.14 

-243.92 

-245.78 

-22.621 

-43.05 

-247.88 -56.81 

-262. 82 -108. 14 

-278.35 -142.69 

-360.35 -271.64 

-428.36 -358.43 121.47 

-719.27 -682.33 ' 227.89 

-926.64 -900.34 ; 300.32 

Table III. The total energy E, 

E,=E+rN/2. 

0 

5.71 

7.54 

14.35 

18.94 

36.05 

47.56 

90.55 

119.48 

227.44 

300.11 

(Z=10): 

r Present Banerjee et al. 

o.o -104.33 0 

0.05 -104.32 9.27 

0.1 -104.28 -12.06 

0.5 -103.93 -21.42 

1.0 -103.24 -26.56 

5.0 -94.46 -35.08 

10.0 -80.12 -29.27 

50.0 67.33 99.09 

100.0 276.39 300.87 

500.0 2107.87 2120.93 

1000.0 4490.28 4499.81 

for our model E, increases monotonically with increasing magnetic field strength. 

Because we can expect from the quantum mechanical perturbation theory that the 

energy of the atom increases with increasing r when r is small, the behavior 

of E, in the present model is more reasonable. 

The relation between the energy variation against r and the magnetic property 

of the atom is still an open problem, because in this model the magnetic effect 

is taken into account only through the local kinetic energy density. Furthermore, 

it is assumed at the outset that the spin orientation is fixed antiparallel to the 

direction of the magnetic field. Since this assumption would not be valid for small 

values of r, the model should be improved in order to include the spin degeneracy 

effect. These physically interesting problems will be discussed in succeeding pa­

pers. 
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Appendix A 

To evaluate f(1) [Eq. (2·11)], g(1) [Eq. (2·15)] and h(1) [Eq. (3·13)], 
we need to calculate F 1 (1), F 2 (1), G 1 (1) and G2 (1). Take the contour integral, 

f (-y)-5f2e-Ydy-_l_ f (-y)-1f2e-Ydy+23f2 f (-2y)-3f2d(2y), (A·1) 
Ja 6 Ja Ja e2Y -1 

I y-plane 

-CB : 
I 

Fig. 4. Contour C in Eq. (A ·1). 

where contour C being shown m Fig. 4. By definition of r- and (-functions, 

(A ·1) can be written as 

2n[ 1 _ 1 +2s12((-1/2)] 
i r (5/2) 6T (1/2) r (3/2) · 

(A·2) 

Since the contribution to the integral (A ·1) from an infinitesimal circle around 

the origin cancells out, (A ·1) can be expressed by the integral on positive real 

axis, 

2 •1 00

[ 1 1 1 ] -Yd - z ----- e y. 
0 y5f2 6y112 ys;z sinh y 

(A·3) 

Equating (A· 2) and (A· 3), we have 

F1 (1) = ~ Jn- j! c ( ~). (A·4) 

Similarly 

1 - 1j2 (5) F 2 (1) = --Jn +- -( - . 
5 n n 2 

(A·5) 

And from the definition of (-function, we have 

(A·6) 
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(A·7) 

By using (A· 4) "-"(A· 7), we can show 

f(1) =g(1) =h(1) =0. (A·8) 

Behavior f(~) near ~=1. 

We put 

J(1 + rJ2) = (d~) a+ ... , 
do a~o 

(A·9) 

(df) =lim 2o i dfi_O) . 
do a~o a~o \ d~ <~IH' 

(A·10) 

The non-Yanishing term in (A ·10) is only from the derivative o£ G~> so that 

( df) =~limo·G'(1+o') 
. do a~o rr a~o 

3 100 1 =--= -. (cosKx+sinrrx)dx v 2 o Jx 

=3. 

Therefore 

f(~) =3V~-1+··· for ~->1. 

Appendix B 

Scaling method is g1ven for Eq. (3 · 23) : 

If we put 

then 

The outer boundary condition 

becomes 

d 2(/J = (.x~) 1;2 • 

dx' cp 

and rp' (x0) = - ~ Z -_N 
x 0 Z 

(A ·11) 

(A·12) 

(B ·1) 

(B·2) 

(B· 3) 

(B·4) 
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?p (x0) = 0 and 
_,(_) 1 Z-N (jJ Xo = --- ----

AX0 Z 
(B·5) 

For neutral atoms, (B · 4) and (B · 5) have the same form. 
Here we notice that cp and ?p satisfy the same type of differential equation 

and also the same outer boundary conditions. Therefore once we have a solution 
of (B · 3) under the boundary condition ?p (x0) = 0 and ?p' (x0) = 0, we can get a 
desired solution cp which satisfies (jJ (0) = 1 besides the condition (B · 4), by taking 
J.=[?p(0)]-1. 

We have calculated Eq. (B ·1) anew, and obtained 

x 0 = 3.08730 . 

By changing the unit of length as stated above (3 · 23), we have 

ro = fl 1 Xo = 3.2197 Z 115r- 2 i 5 • 
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