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ABSTRACT: Mirror symmetry, a three dimensional A" = 4 IR duality, has been studied
in detail for quiver gauge theories of the ADFE-type (as well as their affine versions) with
unitary gauge groups. The A-type quivers (also known as linear quivers) and the associated
mirror dualities have a particularly simple realization in terms of a Type IIB system of
D3-D5-NS5-branes. In this paper, we present a systematic field theory prescription for
constructing 3d mirror pairs beyond the ADFE quiver gauge theories, starting from a dual
pair of A-type quivers with unitary gauge groups. The construction involves a certain
generalization of the S and the T' operations, which arise in the context of the SL(2,Z)
action on a 3d CFT with a U(1) 0-form global symmetry. We implement this construction
in terms of two supersymmetric observables — the round sphere partition function and
the superconformal index on S? x S1. We discuss explicit examples of various (non-ADE)
infinite families of mirror pairs that can be obtained in this fashion. In addition, we use
the above construction to conjecture explicit 3d N = 4 Lagrangians for 3d SCFTs, which
arise in the deep IR limit of certain Argyres-Douglas theories compactified on a circle.
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1 A brief summary of the paper

1.1 Background and the basic idea of the paper

In spite of the impressive success of perturbative QFT, the study of non-
perturbative/strongly coupled aspects of a QFT remains a challenge for theorists. Probing
the physics in this regime requires new computational tools, and there has been substantive
progress in this area over the last thirty years. In addition to String Dualities, advances in
AdS/CFT, as well as the more recent developments in the fields of Localization Methods
and Conformal Bootstrap, have provided us with a powerful toolbox for studying non-
perturbative phenomena in QFTs, particularly ones with supersymmetry.

A rather ubiquitous phenomenon in QFTs, living in different space-time dimensions, is
the existence of UV/IR dualities. Broadly speaking, existence of such a duality implies that
a set of theories, which have completely different descriptions (theories with different La-
grangians, for example) at a given energy scale, are described by a common physical theory
at another energy scale. The theory at the latter scale is often a strongly-coupled interact-
ing CFT. In addition to High Energy Theory, the study of these dualities play a significant
role in other branches of physics like Condensed Matter Theory. Given the strongly cou-
pled nature of the problem, some direct or indirect handle on the non-perturbative physics
of QFTs is necessary to probe these dualities. A special subclass of such dualities in (2+1)

space-time dimensions will be our primary focus in this paper.



There has been significant progress in our understanding of UV /IR dualities for super-
symmetric QFTs in the last decade, largely due to the development of a set of computational
techniques which allows one to calculate certain supersymmetric observables exactly. These
are collectively referred to as “Localization Techniques/Methods” (see [1] for a recent re-
view). The basic idea involves putting a supersymmetric QFT, with a given Lagrangian
in flat space, on a d-dimensional Riemannian manifold My, such that the theory has an
unbroken fermionic generator () which squares to a bosonic symmetry £. A systematic
prescription for obtaining the supersymmetric Lagrangian on My, using the rigid limit of
an appropriate supergravity theory with background auxiliary fields, was given in [2]. In
addition, one can turn on background gauge fields for the non-spacetime global symmetries
of the theory. The path integral corresponding to a supersymmetric observable on M, can
then be deformed in a way such that it localizes to a set of “saddle-point” configurations.
For a sufficiently restrictive bosonic symmetry £, this set may reduce to a set of finite num-
ber of isolated points on the moduli space. Given the set of saddle-point configurations,
one can attempt to compute the functional determinant associated with the fluctuations
of fields around these configurations and thereby evaluate the path integral exactly. For
the purpose of this paper, we will consider supersymmetric observables for which the an-
swer can be expressed as a matrix integral (with possible sum over flux sectors) over some
bosonic zero mode(s) with the integrand being completely determined by the gauge group
and matter content of the Lagrangian. Schematically, such a supersymmetric observable

computed using localization in a theory T, will have the following form:!

20 (A) = [ 1d6) 250 D) Ziphagu(0, D). (L1)

where ¢ collectively denotes the bosonic zero modes, and A denotes a space-time-
independent background gauge field? associated with a O-form global symmetry. Zgjassical
is the part of the matrix integrand that arises from simply evaluating the (possibly reg-
ularized) classical action on the saddle point configuration. Zguantum captures the rest of
the functional determinant and is completely determined by the gauge group as well as the
representations of the matter multiplets under the gauge and the global symmetries.

A very important feature of the localization answer is that it is independent of di-
mensionful coupling constants and therefore invariant under a renormalization group flow.
This implies that the observable, although computed using a weakly-coupled description,
can be used to extract information about the strongly-coupled CFT.? The RG-invariant
localization answer is particularly suited for studying the UV/IR dualities. For a pair of
theories (X,Y’) flowing to the same CFT in the UV/IR, RG-invariance of the supersym-
metric observable Z would imply

ZX)(A) = z0)(A). (1.2)

I There can also be a sum over flux sectors that we are choosing to ignore in these schematic equations.

2In supersymmetric theories, A should be understood as a bosonic component of a background vector
multiplet.

3For example, the superconformal index in three dimensions counts primary operators of the IR SCFT,
the three sphere partition function is related to entanglement entropy across a disc, and so on.



The above equation constitutes a very non-trivial check of the duality statement, since
one is comparing a function of the background gauge fields as opposed to a number. In
particular, the map of the background gauge fields across the duality can be non-trivial.

Historically, the discovery and analysis of these UV /IR dualities, beyond simple ex-
amples, have relied heavily on String Theory dualities. Localization techniques, on the
other hand, provide an efficient way for studying dualities, from a purely QFT perspective.
It is natural to ask whether, within a given class of dualities, one can use these tools to
construct a systematic field theory prescription for generating new dualities, starting from
certain “basic” ones. A related challenge for any such program would be to find QFT
dualities which are not realized by the standard String Theory constructions. We will try
to answer these issues for a class of IR dualities in three dimensions, explaining what we
mean by “basic” dualities along the way.

In order to implement such a program for 3d IR dualities, we would first need to
discuss a prescription for constructing a new 3d CFT from a given 3d CFT. In [3], the

author studied an SL(2,Z) action on 3d CFT X[A] with a global U(1) symmetry with a
background gauge field A. The action of the SL(2,7Z) generators T and S are given as

N N 1~ .

T:L(A) = L(A)+ —ANdA,

) - (1.3)

S:L(A) = L(a) + 2—B A da (a dynamical),
T

where B is the background gauge field for the topological U(1); symmetry in 3d. The
action of the S generator, which amounts to gauging a global symmetry of the theory

-~ ~

X[A], generically gives a new 3d CFT X'[B], i.e.
S: X[A] —» X'[B]. (1.4)

In this paper, we will present a certain generalization of the S-operation on a class
of 3d CFTs, which have a weakly coupled description with a manifest global symmetry
subgroup GZ‘fg’bal = [I, U(M,). We will refer to this class of 3d CFTs as class Y. Similar to
the S-operation above, the generalized operation will allow us to construct new 3d CFTs
from a given 3d CFT X in the class Y. We will refer to this generalized version as an
“elementary S-type operation”, and define it momentarily.

To begin with, we introduce a set of four independent operations on a generic 3d
Lagrangian theory 7 (not necessarily in i), where the operations act locally on a given

global symmetry factor K (labelled by ~):

1. Gauging (G7): Promotes K, to a gauge group, adding a U(1); background field, if
K., is unitary.

2. Flavoring (F7): adds matter fields charged under K., and turns on background
gauge fields for an additional global symmetry G}. associated with the added matter.

3. Identification (I,?,): identifies K, with other factors K./ (Lie group of the same
type and same rank as K) in the global symmetry of 7, and turns on appropriate
background gauge fields for the new global symmetry that the operation leads to.

4. Defects (D7): turns on defects for K, (Wilson lines or vortex lines, for example).

-3 -



Now consider a Lagrangian theory X in the class . Let us pick the a-th unitary factor
U(M,) in the global symmetry subgroup GZ?g’bal = [, U(M,), and split it as U(M,) —
U(re) X U(M, — rq). We will refer to the resultant theory as (X, P), where P denotes
the data which encodes how the U(r,) background gauge fields are chosen from those of
U(M,).* Also, let us label the U(r,) factor in (X,P) as o/. We will find it convenient
to consider a slightly general situation, where we split multiple unitary factors U(Mg) —
U(ra)g x UMs — 14) (B # «), in addition to the a-th unitary factor. We will call the
resultant theory (X, {Pg}), and label the U(r,)s factors as 8'. An identification operation
which identifies all the nodes labelled 8’ with o’ will be denoted as Ig,/, following the above
notation.

We will now define a “Q-operation” Q% acting locally at the unitary factor « of the
Lagrangian theory X in the following fashion:

Q3 (X) = (G%)™ o (F¥)™ o (T3)" o (D) (X, {Ps}),  (mi=0,1, Vi)  (L5)
= (GH)™ o (FB)™ o (I3)™ o (DP)™ (X). (L6)

The first equality is the definition of Q-operation on X. It states that the action of a
given operation Q% at a unitary factor U(M,) (labelled o)) on X, is defined by acting
on the theory (X,{Pg}) a certain combination of G, F,Z and D-operations locally at the
unitary factor U(r,) (labelled o). The specific combination is determined by the integers
{n;}. Note that the composition of the operations F,Z, D is commutative, but they do not
commute with G.

The second equality (1.6) defines a set of four basic Q-operations (discussed in detail
in section 3.1 for the specific case of 3d NV = 4 quivers) in terms of the operations G, F,Z
and D, and gives a rule to compose them:

.« Q-Gauging (G%): G3(X) = G (X, {Ps}),

« QO-Flavoring (F2): F&(X) = F*(X,{Ps}),

« Q-Identification (I%): I3(X) =I5 (X, {Ps}),
e Q-defects (D2): D%(X) =D (X,{Ps}).

In the rest of the paper, we will refer to these basic Q-operations as gauging, flavoring,
identification and defect operations respectively, acting on a theory X, and the original
operations G, F,7Z and D will never appear again.

We can now define the “elementary S-type operation” O% on a global symmetry factor
U(M,) of X, as a special case of a Q% operation which necessarily includes the gauging
operation, i.e.

0%(X) = G% o (F;;)"‘”’ o (I%)m o (D%)"l (X), (1.7)

where the r.h.s. is precisely defined in (1.6). The action of O% on X gives a (generically)
new 3d CFT X', whose weakly coupled description has a different gauge group and matter

4See (3.1) for a concrete realization in the case of N/ > 2 SUSY theories.
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Figure 1. Generating new dual pairs using an elementary S-type operation.

content from the theory X. The elementary S-type operation O% can therefore be thought
of as an operation that acts on a 3d CFT X[A] and produces a new 3d CFT X'[B] (with
or without defect), i.e.

0% : X[A] — X'[B], (1.8)

where A denotes the U(r, ) background gauge field. B collectively denotes the U(1) s back-
ground gauge field, background fields associated with the global symmetries coming from
the flavoring /identification operations, as well as additional data for the defects, if any. In
the trivial case, where Gz‘ﬁl’bal = U(1), and O% is constituted of simply a gauging operation,
the elementary S-type operation coincides with the action of the S generator in [3].

From (1.7), ignoring defect operations for the time being (which would be the case
for most of this paper), an elementary S-type operation can be classified into four distinct

types:
1. Gauging: 0%(X) = G%(X).
2. Flavoring-Gauging: O%(X) = G% o F3(X).
3. Identification-Gauging: O%(X) = G% o IF(X).
4. Identification-Flavoring-Gauging: O%(X) = G% o Fi3 o IF(X).

By definition, a “generic S-type operation” will be understood as a combination of elemen-
tary S-type operations of the four types listed above. Note that the construction (1.8) is
completely independent of the existence or the amount of supersymmetry of X [A] In a
similar fashion, one can define an “elementary T-type operation”, which turns on a Chern-
Simons term for U(r,), and combine it with S-type operations to construct new 3d CFTs.

Given the map (1.8), one can now address the issue of constructing new dual pairs
starting from a given dual pair. Suppose the theory X [A] is IR dual to the theory Y[A],
where both theories have a weakly coupled description and X is in class &. Then, given

an S-type operation O% on X [fi], let us define a dual operation (5% on Y[A],

0% : Y[A — Y'[B], (1.9)

— —~

such that the pair of theories (X'[B],Y’[B]) are IR dual. This is summarized in the figure
below.



The challenge then is to give a precise definition for the dual operation (50‘, given
(X[A],Y]A]) and 0%, which should also allow one to read off the theory Y’ [B], if it turns
out to be Lagrangian (note that the IR dual of a Lagrangian theory is not necessarily
Lagrangian). For theories where an RG-invariant observable computable using localization
exists, as given in (1.1), this problem may be solved explicitly. For three space-time
dimensions, this forces us to restrict ourselves to theories with N' > 2 supersymmetry.
Given a pair of dual theories (X[A],Y[A]) and the S-type operation 0%, one can then
write explicit formulae for RG-invariant observables of Y’ [/B\] using (1.1) and (1.2). To
begin with, the operation O% can be implemented at the level of the supersymmetric

observable in the following fashion:

— ~

ZX)(B) = / [dA) Zos ) (A, B) 2 (A), (1.10)

where ZO%( x) is an explicitly known operator that depends on the specific elementary

S-type operation. The observable for the dual theory Y'[B] then assumes the following
schematic form (substituting (1.2) in (1.10), and changing the order of integration):

20(B) = [ 1) [ 144) 203 0(A. B) ) 2 L@ 2) Zo a2 A) (1.11)

where Z()(4) = / (4] Z{ it (92 A) Zit i (', A).
The relation (1.11) is the definition of the dual operation (’5% on the theory Y. If the theory
Y’[B] is Lagrangian, one should be able to rewrite Z(*)(B) in (1.11) in the standard form

classical quantum

20B) = [ 10¢) 28 @ B) Zian( ' B). (1.12)
which allows one to read off the gauge group and matter content of Y’ [B\] from the r.h.s.
of the above equation. Note that this last step may not be easy to perform for a generic
duality, and might involve some non-trivial manipulation of the matrix integral.

The strategy for generating dualities using S-type operations is now clear. For a given
type of IR duality, we pick a convenient subset of dual theories (with (X,Y) Lagrangian
and X in class U) for which the duality is completely understood in terms of RG-invariant
observables. We will refer to this as the set of “basic dualities” for the given IR duality.
Picking (X,Y") from this set of basic dualities, one can now implement the construction of
figure 1 step-wise to generate new dual pairs.

In the present paper, we will choose a specific IR duality for 3d N = 4 theories, called
mirror symmetry [4-7], to illustrate how our construction can be realized in a concrete
setting. A discussion of more generic 3d N’ = 2 dualities will be deferred to a future work.
Mirror symmetry is a special IR duality for a pair of theories (X, Y’) which interchanges the
Coulomb branch of X with the Higgs branch of Y and vice-versa, in the deep IR regime.
In particular, this implies that flavor symmetry (i.e. the Higgs branch global symmetry)
on one side of the duality gets mapped to topological symmetry (i.e. Coulomb branch
global symmetry) on the other side. Non-supersymmetric versions of such dualities appear



in a wide-range of condensed matter systems [8-10]. Recently, it was shown that these
supersymmetric dualities can also generate a large class of bosonization dualities [11-14]
via soft supersymmetry breaking [15, 16].

In the literature, mirror symmetry for quiver gauge theories of the ADE type (and
their affine cousins) has been studied in a lot of detail [17-23]. This is essentially due to
the fact that these theories have well-known realization in Type IIB String Theory [24—27]
and M-Theory [17, 28, 29]. In particular, the A-type quivers with unitary gauge groups
(also known as linear quivers) have a very simple realization in Type IIB, in terms of D3-
branes on a line segment, along with NS5 and D5-branes. More recently, a large class of
non-Lagrangian 3d SCFTs, whose mirror duals are Lagrangian, was also obtained using the
dimensional reduction of 4d A = 2 theories of class S [30, 31]. In all these String Theory/M-
Theory constructions, the QFT duality follows as a consequence of some String Duality.

One of the primary goals of this paper is to construct mirror dual quiver gauge theories
beyond these ADFE quiver examples, using the S-type operations described above. The
strategy, as outlined before, is to start from a pair of basic dual theories (X,Y’), and imple-
ment one or more elementary S-type operation(s) defined above to obtain a new dual pair
(X',Y’). As mentioned earlier, the theories (X,Y) must both have Lagrangian descrip-
tions for the construction to work. Also, the precise localization procedure, as we will see
later, requires knowing the mirror map, i.e. how flavor symmetries of X map to topological
symmetries of Y. Given a Lagrangian quiver X in class U/, the mirror dual Y is generically
not known. Therefore, a convenient choice of basic dualities is necessary. For the purpose
of this paper, we will choose the set of basic dualities as the set of good linear quivers [27]
with unitary gauge groups, where the mirror symmetry (including the mirror map) is com-
pletely understood, both from String Theory and QFT. With this choice of the pair (X,Y’),
the construction of figure 1 can be seamlessly implemented to generate a new dual pair
(X', Y"). In particular, the expression (1.11) greatly simplifies as we will see in section 3.3.

For the examples treated in this paper, the relevant elementary S-type operations
are Abelian, i.e. they involve gauging of a single U(1) global symmetry combined with
flavoring and/or identification operations. Note that the generic S-type operations, built
out of these elementary ones, can generate dualities for Abelian as well as non-Abelian
theories, depending on the basic dual pair (X,Y’) one starts from. Examples involving
non-Abelian elementary S-type operations will be addressed in an upcoming paper.

The paper is organized as follows. Section 2 gives a brief review of the various aspects
of 3d N = 4 physics relevant for the paper. Section 3 sets up the general formalism for
constructing new dualities, as outlined above. Section 3.1 introduces the S-type and T-type
operations on a generic N/ = 4 quiver in class U, and discusses their realization in terms
of a specific RG-invariant observable — the round 3-sphere partition function [32, 33].
Section 3.2 then discusses the partition function construction of quivers using elementary
S-type operations from linear quivers (as well as more general quivers), while section 3.3
discusses the dual operations. A simple illustrative example, involving an affine A-type
theory, is presented in section 3.4, while more involved examples involving (affine) D-type
quivers are presented in appendix A. The S-type operations can also be implemented in
terms of other RG-invariant observables. We present the analysis in terms of the $? x S*
superconformal index [34-36] (reviewed in appendix B) in appendix C.



Section 4 focuses on Abelian S-type operations and examples of new dual theories that
can be constructed using them. Section 4.1 studies the Abelian version of the four different
types of elementary S-type operations and their duals. Section 4.2 and section 4.3 then
apply these operations to construct two infinite families of Abelian mirror pairs and two
infinite families non-Abelian mirror pairs respectively, consisting of non- AD E-type quiver
gauge theories in each case. These two subsections contain the main results of this paper
in terms of constructing new mirror dualities.

Finally, using results of section 4.2 and section 4.3, we demonstrate in section 5 that
3d SCFTs, obtained by compactifying a large family of Argyres-Douglas (AD) theories on
a circle and flowing to the IR, turn out to have Lagrangian descriptions. Our strategy
in this case involves showing that the 3d Lagrangian mirror [31, 37] predicted by the
class S construction of a given AD theory, itself has a Lagrangian mirror. Note that we
mean a manifestly N' = 4 Lagrangian in this context, and not a Lagrangian with less
supersymmetry that flows to a theory with A" = 4 supersymmetry [38].

1.2 Summary of the main results

In this paper, we introduce a systematic field theory prescription for generating infinite
families of 3d N = 4 mirror quiver pairs, using S-type operations, as outlined in figure 1.
We explicitly realize this program in terms of two RG-invariant supersymmetric observables
— the S partition function and the S? x S' superconformal index, which can be computed
using localization techniques. This is then applied to construct examples of dual pairs
involving quiver gauge theories beyond the AD FE-type. The main results of the paper can
be summarized as follows:

Construction of mirror pairs from S-type operations. Consider a pair of dual
quiver gauge theories (X,Y’) where X is in class U, with a Higgs branch global symmetry
subgroup Gzﬁ‘g’bal =11, U(M,). We first realize the construction of a new pair of dual
theories (X', Y”) starting from (X,Y) in terms of the S partition function. In the matrix
integral, the background vector multiplets for the Higgs branch global symmetry appear as
real masses, while the twisted vector multiplets for the Coulomb branch global symmetry
appear as real FI parameters. Supersymmetry demands that, in each case, the background
multiplets live in the Cartan subalgebra of the respective global symmetry group. For a
generic elementary S-type operation O% on the quiver, the partition function of the theory
X' = 0%(X) is given as (the more detailed form of this equation appears as (3.16) in the

main text):

ZO%(X)(naa m0%> n.. ) = / [dua] ZOE,",(X) (ua? {uﬁ}7 Mo mO%) ’ Z(X7{PB})({U’B}7 n-. -)a
(1.13)

which gives a concrete realization of (1.10). The function Z1F6}) (given in (3.8)) is
the partition function of the theory (X, {Ps}), which was introduced prior to (1.5). The
explicit form of the operator ZO%( x) is given in (3.17). The parameters u® denote the
a

real masses in the Cartan subalgebra of the group U(ry)s, V3, while the parameters u
denote the masses for the chosen group U(r,)o with which the groups U(rq)g (for  # o)



will be identified by the S-type operation O%. The parameters 7, and m9% denote the FI
parameter for the U(r,) gauge group and the masses for the global symmetry introduced
by the identification and/or flavoring operation respectively. Also, 1 collectively denotes
the FI parameters of X, and the “...” in the argument of Z({F5}) denote mass parameters
of X that remain unaffected by the S-type operation. For the special case of X being a
linear quiver, the corresponding equation is given in (3.22).

The partition function of the dual theory Y’ = @%(Y) can then be written in the
following form (appears as (3.59) in the main text):

7% (! (n, na»n’(mo%,...)) (1.14)
-/ H (07| 25, ) ({07} m% s m) - Zio T (07 Y mY (), Y ({u? = 0,..),

which gives a concrete realization of (1.11). The function Zl(nt P51 5 the full integrand for

the partition function matrix integral of (Y, {Pz}), defined in (3.48). The masses and FI
Y Y)

parameters of Y’ are denoted as (m’,n’), while (m denote the same for the quiver

gauge theory Y. Z~%(Y)

of the operator Z@%(X):

is a function that can be formally written as a Fourier transform

i) o il )
Za5) :/{d’“a} Zog(x) (@, {u}, na, m© 1;[ G B P W 15

where gf;({a’”l}, Pg) is a linear function in the variables {¢7'}, that can be read off from the
mirror map relating mass parameters of X and FI parameters of Y, while b%l are integer-
valued matrices defined in (3.57). For the special case of (X,Y’) being linear quivers, the
functions g}é are known a priori from the Type IIB construction, and the partition function
for the dual theory is given in (3.55). If the theory Y is Lagrangian, then the matrix integral
on the r.h.s. of (1.14) can be recast into the standard form for a Lagrangian theory, such that
the gauge group and the matter content can be read off. Note that the computation of the
o (v) i (115).
Using the general formulae (1.13), (1.14) and (1.15), we write down the Qual partition

dual partition function essentially boils down to computing the function Z,

functions for the four distinct types of elementary S-type operations — gauging, flavoring-
gauging, identification-gauging, and identification-flavoring-gauging. We refer the reader
to section 3.2 and section 3.3 for details.

The above construction can also be implemented in terms the S? x S' superconformal
index. The equations analogous to (1.13), (1.14) and (1.15) are given by (C.11), (C.19)
and (C.20) respectively.

Abelian S-type operations and their duals. In section 4.1, we work out the general
rules for the dual operations associated with the four distinct types of elementary Abelian
S-type operations, in terms of the S partition function. For the constituent flavoring
operations, we restrict ourselves to hypermultiplets with charge 1 under the new U(1) gauge
group. Given any dual pair of quiver gauge theories (X,Y) with X in class U, we show
explicitly that the dual theory Y’ is a Lagrangian theory for each of the four operations.



In each case, we first give the formula for the dual partition function for a generic quiver
pair (X,Y), and then discuss the special case where (X,Y’) are linear quivers. We make
the following general observations:

e For gauging and identification-gauging operations, the function Zx, v) in (1.14)
P

turns out to be a single delta function. This implies that the dual theory (5%(1/) is
given by ungauging a single U(1) factor from the gauge group of Y. The precise U(1)
being ungauged depends on the precise form of the functions gg on the r.h.s. of (1.15).
The related equations can be found in (4.5) and (4.25) respectively in the main text.

e For flavoring-gauging and identification-flavoring-gauging operations, the function

Z in (1.14) is made up of Lagrangian building blocks (up to some overall phase

OB(Y)
factors). This leads to a Lagrangian theory O%(Y'). The related equations can be
found in (4.13) and (4.32) respectively in the main text.

The above findings lead to the following result. Consider a dual pair of quiver gauge
theories (X,Y), and an Abelian S-type operation involving a sequence of the elementary
operations, acting on X. Using the results above, one can readily show that the resultant
theory X' is guaranteed to have a Lagrangian mirror dual Y/, which can be worked out
explicitly.

These results on Abelian S-type operations can also be obtained using the supercon-
formal index on S? x S. The relevant discussion can be found in appendix C.2.

Explicit examples of mirror pairs beyond ADE quivers. Using the general rules
for Abelian S-type operations derived in section 4.1, we construct four infinite families of
dual quiver pairs, by a sequence of elementary Abelian S-type operations starting from
a pair of linear quiver gauge theories (X,Y’) in each case. The quiver gauge theories we
consider have the following generic features:

1. Loops attached to a linear quiver tail: loops built out of gauge nodes and
hypermultiplets in appropriate representations, such that one or more of the gauge
nodes are attached to linear quiver tail(s).

2. Loops with multiple edges: loops built out of gauge nodes and hypermultiplets,
such that one or more pairs of gauge nodes are connected by multiple hypermultiplets
transforming in a given representation of the associated gauge groups.

Table 1 lists the four infinite families of dual quiver gauge theories. Note that Family
I and Family II consist of Abelian quiver gauge theories, while Family III and Family
IV consist of non-Abelian quiver gauge theories. The details of the partition function
computation for these dual pairs can be found in section 4.2 and section 4.3 respectively.
As mentioned earlier, these results can be obtained using the superconformal index as well,
and the rules for the Abelian S-type operations, necessary for constructing the duals in
this paper, are worked out in appendix C.2. We therefore check every proposed duality
using two RG-invariant supersymmetric observables — the three-sphere partition function
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and the superconformal index. For the sake of brevity, however, we will only include a
sample computation in the paper for the index, given in section C.3. Other examples can
be readily checked using the Abelian S-type operations for the index in appendix C.2, in
a fashion analogous to the S® partition function.

3d N = 4 Lagrangians for Argyres-Douglas theories reduced on a circle. We
propose explicit N' = 4 Lagrangians for 3d N' = 4 SCFTs which arise by putting certain
4d Argyres-Douglas (AD) theories on a circle and flowing to the IR. These 4d SCFTs
can be constructed in class S [31, 39] by a twisted compactification of a 6d (2,0) Anx_1
theory on a Riemann sphere with an irregular puncture with/without a single regular
puncture. The 3d mirrors of some of these SCFTs are known to be Lagrangian, and can
be constructed using the 6d description — we will refer to them as “class & mirrors”.
The list of 4d SCFTs with Lagrangian class S mirrors includes the (G,G’) theories of
Cecotti-Neitzke-Vafa [40] of the type (As, A(s41)p—1) and (As, D(s41)pt2) (Where s and p
are positive integers). Our strategy is to show that the class & mirrors associated with
these 4d SCFTs have Lagrangian mirrors themselves, which in turn implies that the
original 3d SCFT has a Lagrangian description. Table 2 summarizes the class S mirror
and the Lagrangian that we propose for a given family of AD theories. Given the class
S mirror, the proposed Lagrangian can be read off from table 1 — Family I, IT and IV
respectively — for appropriate choices of the integer parameters. A more detailed analysis
of the physics of these 3d theories will be presented in a future paper.

1.3 Future directions

Before embarking on the main text of the paper, we would like to briefly comment on certain
issues that have not been addressed in this work, but will be discussed in upcoming papers.

« Examples of dualities from non-Abelian S-type operations: in this paper, we
have restricted ourselves to examples of mirror symmetry which can be constructed
using Abelian S-type operations only. In a paper currently under preparation [41], we
show that a generic Non-Abelian S-type operation can be “abelianized” i.e. written in
terms of a set of Abelian S-type operations. A much larger class of mirror duals can
be generated using the construction above, once these Non-Abelian S-type operations
are incorporated.

¢ Duality maps for defects beyond linear quivers: even for Abelian S-type op-
erations discussed in this paper, we have chosen not to turn on the defect operations.
Incorporating them gives a powerful tool for analyzing the map of defect operators
across the duality. This is especially relevant for dualities beyond linear quivers,
where the aforementioned defect operators do not have a known realization in Type
II1B String Theory. Defects for Non-Abelian S-type operations enrich the story fur-
ther. We explore these directions in a work currently in progress.

e 3d N = 2 dualities: generic dualities in 3d /' = 2 gauge theories with Chern-
Simons terms can also be generated from a set of basic dualities, in a way analogous
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Family Theory X Theory Y

I[nvlyp]

11

n,L,l1,l2,p1,p2]

III[PLPZ 3]

Vi,

,P2,P3]

Table 1. Summary table of non-ADFE families of quiver gauge theories which are mirror dual to
each other. The 3d N = 4 quiver notation, used throughout this paper, is explained in figure 2. In
particular, the line labelled A in quiver X of Family IV denotes a hypermultiplet which transforms
in the rank-2 antisymmetric representation of the U(2) gauge group (i.e. has charge 2 under the
U(1) € U(2) and is a singlet under the SU(2)) and has charge 1 under the U(1).
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AD Theory | 3d mirror from Class S Proposed Lagrangian

(Ag, Azp_1)

(A3a A4p—1 )

(A2, D3p2)

maximal
AQ,p

Table 2. Summary table of 3d mirror pairs associated with certain Argyres-Douglas theories
realized in the class S construction. The third column tabulates the proposed Lagrangians for
the 3d SCFTs obtained by putting the Argyres-Douglas theory on a circle and flowing to the
deep IR. The theory labelled Ag}gxima‘ in the fourth row is an AD theory realized by the twisted
compactification of a 6d (2,0) Ay theory on a Riemann sphere with an irregular puncture and a
maximal regular puncture.
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to the construction presented here. This brings into play the T-type operations, in
addition to the S-type operations. In these classes of dualities, there will be additional
constraints on the S-type operations (in gauging a certain flavor symmetry) coming
from the parity anomaly.

2 N = 4 mirror symmetry and linear quivers: generalities

In this section, we review some of the important basic concepts and computational tools
for three dimensional gauge theories with eight real supercharges, which will be useful in
the rest of the paper. The reader familiar with 3d ' = 4 physics can skip to section 3.

2.1 Supermultiplets and Lagrangian description

Supersymmetry and supermultiplets. N = 4 supersymmetry in three dimensions
has 8 real supercharges. We will work in terms of complex supercharges Qo 44/ which are
doublets of Spin(2,1) ~ SL(2,R) (indexed by o = 1,2) and transform as (2,2) under the
R-symmetry group, SU(2)g x SU(2)¢ (indexed by A = 1,2 and A’ = 1,2 respectively).
The complex supercharges on RY2 (i.e. with signature (—,+,+)) generate the following
supersymmetry algebra:

{Qaan, Qpsp'} = (VuC)apP'e€apean, (2.1)

where v, = (y0,71,72) = (it3,71,72) (7 being the standard Pauli matrices), and the
charge conjugation matrix C' = 7. The complex supercharges obey the reality condition
QLAA’ = (Tl)aﬂGABEA,B/QﬂBB’-
A Lagrangian theory with A/ = 4 supersymmetry consists of a vector multiplet in
the adjoint representation of a gauge group G, and hypermultiplets in a given quaternionic
representation of G. The field content of the vector multiplet and the hypermultiplet can be
obtained from dimensional reduction of the 4d N = 2 vector multiplet and hypermultiplet
respectively, and is given by the second column of table 3.° The third column of table 3 lists
the representations of the SU(2)y x SU(2)¢ R-symmetry in which the constituent fields
transform. Note that the supermultiplets are not symmetric with respect to the SU(2)x
and the SU(2)¢ representations, and this allows one to define corresponding “twisted”
multiplets, i.e. multiplets where the representations of the two SU(2)s are exchanged. In
addition, the theory has a global symmetry group Gy x G¢, that we will describe below.
In this paper, we will only consider theories with unitary (or special unitary) gauge
groups with matter in a given representation R of the gauge and global symmetries. For
a given theory, the field content is most conveniently represented by a 3d N' = 4 quiver
diagram — the conventions are explained in terms of an illustrative example in figure 2.

5A 3d gauge field can be dualized to a circle-valued scalar only for an Abelian gauge group. But a
non-Abelian gauge group is Higgsed to at most an Abelian subgroup, at a generic point on the moduli
space. Therefore, the counting can be carried over to describe the low energy theory.
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Supermultiplets | Constituent Fields | SU(2)y x SU(2)¢
Bosons (o, ®,7) (1,39 1)
Vector
Fermions (Aqa) (2,2)
Bosons(g, ¢') (2,1)
Hyper ~
Fermions (1, 1) (1,2)

Table 3. The field content of three dimensional N' = 4 vector multiplet and hypermultiplet, along
with the representations of R-symmetry in which they transform. Note that for the vector multiplet
bosons, ¢ is a real non-compact scalar, ® is a complex scalar, and - is a real compact scalar dual
to the 3d gauge field. For the hypermultiplet bosons, ¢ and $ are both complex scalars.

U(N) vector mul-
tiplet

M;

SU(N) vector
multiplet

My

M hypers in
fund. of U(N)

2
10

M- 1 M. 4

M hypers in
fund. of SU(N)

M

©

U(Nl) X U(Ng)
bifund. hyper

U(Nl) X SU(NQ)
bifund. hyper

o

Hyper in rep. R

M ot uv) x U(M)

D)

SU(N1) x SU(Ng)
bifund. hyper

©
®

Figure 2. L.h.s.: a quiver diagram representing the field content of a 3d N = 4 theory with gauge
group G = U(N7) x U(N2) x SU(N3) x SU(Ny), and fundamental/bifundamental matter. The
various conventions are listed on the r.h.s. In a quiver diagram, we will refer to the circles as gauge
nodes and the boxes as flavor nodes.

Lagrangian description. The action for the N' = 4 supersymmetric gauge theories is
most conveniently presented in the 3d N = 2 superspace language (see [42] for a recent
review). An N = 4 vector multiplet consists of one N/ = 2 vector multiplet V and one
N = 2 chiral multiplet ® in the adjoint of the gauge group. The action for an N' = 4
quiver gauge theory on R'? consists of the following terms [5, 33]:

e A Super-Yang-Mills term for the gauge group G:
1

Ssym|V, @] = —
9y M

1

3z d?*0 d*0 Tr ( - 122 - @TeQVcb), (2.2)

where “Tr” is an invariant inner product on the Lie algebra of G, V is an N = 2
vector multiplet and @ is an N' = 2 adjoint chiral multiplet inside the N" = 4 vector
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multiplet, while ¥ is an N' = 2 multiplet (often called a linear multiplet), which
includes the field strength of the gauge field in V. In terms of V, the superfield ¥ is

defined as:
5= —%eaﬂﬁal)ﬁv(w, ea,éa), (2.3)
D, = gy + 2'755566#,
Dy = _(‘;ZN?O‘ - '05750[ »

¢ Kinetic terms and minimal gauge couplings for the hypermultiplets transforming in
a representation R of G:

Statterl6, 6 V] = [ ad0d?8Te (6] o' + 3l =215 (2.4)
where ¢;, ¢; are N' = 2 chiral multiplets constituting a A = 4 hypermultiplet with i
being the global symmetry index.

o A holomorphic superpotential term for the A’ = 2 chiral multiplets, which preserves
N = 4 supersymmetry.

Ssuple, &, @] = iV2 / d?’xd?@Tr((Z)i@(bi) + h.c.. (2.5)

In addition, there are two possible N' = 4-preserving deformations of the theory, which
correspond to turning on mass terms for the hypermultiplets and Fayet-Iliopoulos (FI)
terms for the U(1) factors in the gauge group G.

o The hypermultiplet masses transform as triplets under SU(2)¢ and can be interpreted
as the scalar components of a background N/ = 4 vector multiplet associated with
the Cartan subalgebra of the global symmetry group Gg. They couple to the flavor
symmetry current in the standard way:

Stnasl: 6, Vins @) = [ 020 T (012 g+ 9125, )
+iV?2 / d3xd29Tr(¢3,»<I>;{¢j) + h.c. (2.6)
where V¥ = VAT¥ and &% = ®2 T% are respectively the N' = 2 vector and chiral
multiplet which make up the A/ = 4 background vector multiplet, with T/ being a

Cartan generator of the Lie algebra of Gg. The Tr is an invariant inner product on
the Lie algebra of the gauge group G, as before.

o The FI parameters transform as triplets under SU(2)y and can be thought of as the
scalar components of a twisted N' = 4 background vector multiplet associated with
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the Cartan subalgebra of the global symmetry group G¢. They couple to the 3d
topological currents for the U(1) factors in the gauge group G by a BF term:

SV, &, Vir, dpr] = / Brd?0d20Tr SV + / Prd?Tr dbp; + he.  (27)

where VFI, <T>F1 denote the twisted N’ = 2 vector and chiral multiplet that constitute
an N = 4 twisted vector multiplet.
The complete 3d N = 4 action is a sum of the terms listed above:

Sn=aV, ®, 6, b, Vi, @, Vier, Bri] = Ssym[V; @] + Swmatter (05 &, V] + Ssup|6, &, @]
+ Smass [¢7 &7 Vma (I)m] + SFI[Va (I)7 ‘A/FIa (i)FI] (2'8)

2.2 IR physics of 3d N = 4 theories and mirror symmetry

Moduli spaces and LEET. A 3d N = 4 theory has a dimensionful gauge coupling

constant — the theory is asymptotically free in the UV and generically flows to a strongly-

coupled interacting SCFT in the deep IR. The moduli space of vacua of these theories is a

hyperkéahler manifold with certain distinguished branches, which we will describe momen-

tarily. The low energy effective theory (LEET) around any point on the moduli space gives

the physics at the associated energy scale. In particular, the low energy theory at a generic

smooth point on the moduli space is a free theory, while LEETS living on the singular loci

of the moduli space can involve interesting SCFTs.

The moduli space of vacua has the following distinguished branches:

e Higgs branch: the Higgs branch My corresponds to the branch of the moduli space
where all hypermultiplet scalars have non-zero vacuum expectation value (vev), all
the adjoint scalars have zero vev, and generically, the gauge group is completely
Higgsed. It is a hyperk&hler manifold and additionally admits a realization as a
hyperkéhler quotient. The quaternionic dimension of the manifold is given in terms
of the dimensions of the gauge group and matter representation R (of the gauge
group and the global symmetry group Gp) by the following formula:

dim My = dim¢ (R) — dimg (G). (2.9)

The hyperkéhler metric on the Higgs branch is protected against quantum corrections
by supersymmetry. There is a natural action of SU(2)y x G on the Higgs branch,
where Gy is a manifest symmetry of the Lagrangian and commutes with the R-
symimetry.

Viewed as an algebraic variety in a chosen complex structure, the associated chiral
ring of holomorphic functions is generated by the expectation values of half-BPS local
operators, which transform in irreps of SU(2) gy x Gy (and are singlets under SU(2)¢).
These are built out of gauge-invariant polynomials of the hypermultiplet scalars.

Coulomb branch: the Coulomb branch Mg corresponds to the branch of the mod-
uli space where the triplet of real adjoint scalars have non-zero vev, all hypermultiplet
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scalars have zero vev, and the gauge group G, at a generic point on the branch, is
broken to its maximal torus. The resultant Abelian gauge fields can be dualized to
scalar fields, which together with the adjoint scalars give a hyperkahler manifold (but
not necessarily a hyperkahler quotient). The hyperkdhler metric on the manifold is
not protected against quantum corrections, and the full quantum corrected metric
can be directly computed only for very special cases. The quaternionic dimension of
the manifold is:

dim M¢ = rank (G). (2.10)

There is a natural action of SU(2)¢ x G¢ on the Coulomb branch, where G¢ is a
global symmetry which commutes with the R-symmetry. In the UV, the manifest
form of this global symmetry is G = U(1)¥, where k is the number of U(1) factors
in the gauge group G, while in the IR, G¢ can be enhanced to a nonabelian group
with rank k.

An alternative and modern way to describe the Coulomb branch is given in terms of
BPS monopole operators [43, 44], which are local disorder operators very similar to
the 't Hooft defects in four dimensions. In a 3d A/ = 4 theory, a monopole operator
is defined by introducing a Dirac monopole singularity, labelled by a cocharacter
B, for the gauge fields at an insertion point. Preserving half of the supersymmetry
requires that one of the three real adjoint scalars should be singular at the insertion
point. This implies introducing the following boundary condition in the 3d QFT at
the insertion point x:

Ay ~ g(il—cosﬁ)dgb, o~ ;, (2.11)
where (7,0, ¢) are spherical coordinates with @ as origin, Ay are the gauge fields
on the northern/southern patches of the S? with x as the center, and o is a real
adjoint scalar. The remaining two real scalar fields, combined into a single complex
scalar @, are regular and must transform in the adjoint of the subgroup of G left
unbroken by the monopole singularity. A monopole operator with ® = 0 is referred
to as a “bare monopole operator” while those with ® # 0 is referred to as a “dressed
monopole operator”. The monopole operators transform in irreps of SU(2)¢ x G¢
and are singlets under SU(2)x.

In a chosen complex structure, the Coulomb branch can be viewed as an algebraic
variety and the associated chiral ring of holomorphic functions is generated by the
expectation values of the bare and dressed monopole operators described above. The
choice of the complex structure, in particular, determines which of the real scalars is
picked to be singular at the insertion point.

Mixed branches: a mixed branch My corresponds to a branch of the moduli space,
where some of the hypermultiplet scalars as well as some of the adjoint scalars have
non-zero vevs. The Higgsing of the gauge group on a given mixed branch depends
on the precise scalar vevs turned on.
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Good, bad, and ugly classification. A 3d N =4 SCFT has an Spin(4);r R-symmetry.
Generally speaking, the IR R-symmetry may not coincides with the SU(2)y x SU(2)¢ R-
symmetry manifest in the UV Lagrangian. Assuming that Spin(4)r = SU(2)y x SU(2)¢,
one can check [27] whether the various 1/2-BPS chiral primary operators of the SCFT
satisfy the unitarity bound A > %, where A is the conformal dimension of the operator in
the IR. The Higgs branch chiral operators, which are built out of hypermultiplet scalars,
trivially satisfy the bound. The Coulomb branch monopole operators, however, receive
non-trivial corrections to their conformal dimension. For a theory with gauge group G,
Higgs branch global symmetry G, and hypermultiplets transforming in a representation
R of G x G, the conformal dimension of a monopole operator is given as [45, 46]:

AB)=ar=— Y lo(B)+5 Y |o(B)! (212)

aEAT PER

where B € Acochar(G) labels the monopole operator, gr is the charge of the monopole
operator under the U(1)g R-symmetry of the A/ = 2 subalgebra that it preserves, « is a
positive root of the Lie algebra of G, and p is a weight of the G x G Lie algebra in the
representation K.

Consistency with unitarity leads to the following classification of 3d N = 4 theories:

e Good theory: a given theory is good if A(B) > % for all B € Acochar- For such
a theory, the most singular locus (i.e. singular locus of highest codimension) on the
Coulomb branch is a point where the Coulomb and the Higgs branches intersect.
The local geometry around this point is that of a conical variety and represents the
moduli space of an N' = 4 SCFT for which Spin(4);r = SU(2)y x SU(2)¢. In the
deep IR, the good theory flows to this SCFT.

e Ugly theory: a given theory is ugly if there exists at least one monopole operator
for which A(B) = 3§, but none with A(B) < 1. The most singular locus on the
Coulomb branch is generically not a point. However, the local geometry around a
generic point in the most singular locus is a product of some flat directions and a
conical singularity, such that the former represents the moduli space of certain free
twisted hypermultiplets, while the latter represents the moduli space of an N' = 4
SCFT for which Spin(4)ir = SU(2)g x SU(2)¢. In the deep IR, the ugly theory

therefore flows to an SCFT along with some free decoupled twisted hypermultiplets.

o« Bad theory: a given theory is bad if there exits at least one unitarity violating
monopole operator, i.e. for which A(B) < % Similar to ugly theories, the most
singular locus on the Coulomb branch is not a point, and the local geometry around
a generic point in this singular locus is a product of some flat directions and a conical
singularity, with the former representing the moduli space of certain free twisted
hypermultiplets. However, the conical singularity represents the moduli space of an
N = 4 SCFT for which Spin(4);r does not coincide with the UV R-symmetry of
the original theory, and is realized as an embedding inside the product of the UV

R-symmetry and certain accidental flavor symmetry that appear in the IR [47—49].
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Three dimensional mirror symmetry. An IR duality implies that a set of theories
with different UV Lagrangians flow to the same IR SCFT. Mirror symmetry is a special
case of an IR duality in three dimensions with the following properties:

e Given a pair of dual theories X and Y, mirror symmetry exchanges the Coulomb and
the Higgs branches in the deep IR, i.e. as g3, — oo:

ME =MD, M = ) @19

o The duality exchanges SU(2)c and SU(2)y, and therefore exchanges background
vector and twisted vector multiplets. This implies that hypermultiplet masses and

FI parameters are exchanged under mirror symmetry.

Mirror symmetry relates observables in theory X with observables in theory Y, and the
precise map is referred to as the “mirror map”. The simplest mirror map is the one which
relates hypermultiplet masses on one side of the duality with FI parameters on the other

(or vice-versa).

2.3 Checking mirror symmetry using RG flow invariant observables

Localization techniques [32, 50| can be used to compute exact expressions for various RG
flow-invariant supersymmetric observables in a theory using the UV Lagrangian. A non-
trivial check of an IR duality is to show that such supersymmetric observables for a given
pair of dual theories agree. In this subsection, we present a brief review of a supersym-
metric observable — the partition function of a 3d N/ = 4 theory on a round three sphere,
which will be one of the main tools of analysis in this paper. Consider an N' = 4 quiver
gauge theory with gauge group G and global symmetry group Gp, such that the matter
hypermultiplets transform in a representation R of G x Gg. We turn on background vec-
tor multiplets in the Cartan subalgebra of the global symmetry group G (hypermultiplet
masses) as well as twisted background vector multiplets in the Cartan subalgebra of the
topological symmetry group G¢ (FI parameters). However, instead of the full triplet, we
can only turn on a single real parameter in each case to preserve supersymmetry. In addi-
tion, one can turn on various supersymmetric defects in the theory. For a generic 3d N' = 2
theory, one can also turn on Chern-Simons interaction for the gauge group. In this paper,
we will focus exclusively on A = 4 theories, for which we set the Chern-Simons level x = 0.

The rules for writing down the S® partition function for a generic 3d N = 4 theory [32,
33] may be summarized as follows. Localization on S® ensures that the partition function
can be written as a matrix integral in terms of a single real scalar s which lives in the Cartan
of the gauge group, where s is the zero-mode associated with the real adjoint scalar that sits
inside a 3d V' = 2 vector multiplet (which in turn sits inside a 3d A = 4 vector multiplet).
The partition function is a function of the real masses m and real FI parameters 1, which
should be thought of as real adjoint scalars inside the respective background N = 2 vector
multiplets (which in turn sits inside a 3d A/ = 4 vector multiplet). In presence of defects,
the partition function will also depend on some additional data D. For example, Wilson
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line defects, wrapping a great circle on S2, will be labelled by a representation Ry of the
gauge group.

Since S? does not have any instantons (unlike the case of S*), the partition function
may be written as a matrix integral where the integrand is built out of classical (FI and
Chern-Simons) and one-loop contributions, as well possible supersymmetric defects:

Z(m;n; k; D) = / {ds} Zint(s,m,n, D)

—/ ZCS s, k) ZFI(S 77) Zdefect(s D) Zileclto(gp( )Z]lefgép(&m), (214)

where [ds} = \Vg(s) , and |[W(G)| is the order of the Weyl group of G. The individual

terms in the integrand on the r.h.s. are given as follows.

e The Chern-Simons interactions for various factors in the gauge group gives the clas-
sical contribution:

Zcs(s, k) HeQ’”’f VTN (2.15)

where « runs over all the factors in the gauge group.

o The [ U(1) factors in the gauge group gives the following classical contribution

Zr1(s,m) H i Tr(s7) (2.16)

where 7 runs over the [ gauge nodes with a U(1) factor and 7, is the associated FI
parameter.

e The contribution of a Wilson line defect in a representation Ryy of the gauge group,

is given as
1 2
Zdefect(S7D) = ZWilson(saRW) = mTrRW (6 7rs)' (217)
e The N = 4 vector multiplet contributes a one-loop term:
f‘f)t(?; Hsmh o (2.18)

where the product extends over the roots of the Lie algebra of G. In fact, this is
precisely the contribution of an N' = 2 vector multiplet since contribution of the
adjoint chiral which is part of the N’ = 4 vector multiplet is trivial [33].6

Strictly speaking, the vector one-loop contribution contains a factor of the Vandermonte determinant
Ha a(s) in the denominator. However, this factor exactly cancels with another factor of Vandermonte deter-
minant coming from the measure of the integration over the Cartan of the gauge group. We will also ignore
certain factors of 2 that appear in the 1-loop contributions for the vector multiplet and the hypermultiplet.
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e The one-loop contribution from AN = 4 hypermultiplets transforming in a represen-
tation R of G x Gg:
1

Zhyper _
(s,m) H coshmp(s,m)’

1-loop (2 19)
p(R)

where the product extends over the weights of the representation R.

Consider a pair of theories X and Y which are mirror dual to each other. Assuming
no line defects and Chern-Simons terms are turned on, the IR duality implies that the

7

partition functions of the theories’ are related as:

ZX) (m;m) = 2miatmen 70 (m! (); ' (m)), (2.20)

where (m,n), (m’,n’) are the masses and FI parameters for X and Y respectively. The
mass parameters m’ of Y are linear functions of the FI parameters n of X, while FI
parameters 17/ of Y are linear functions of the FI parameters m of X, as expected under

2miaktmym

mirror symmetry. The overall phase factor e , whose exponents are linear in m

and n with integer a*

, correspond to three-dimensional contact terms as discussed in [51].

The localization computation relies on the assumption that the IR conformal dimen-
sions of fields can be read off from their transformation properties under the R-symmetry
visible in the UV Lagrangian, which in turn implies that the UV R-symmetry is assumed to
be the same as the R-symmetry of the IR SCFT. In terms of the classification of 3d N' = 4
theories presented in section 2.2, the formula for the sphere partition function presented
in (2.14) is only valid for the good and ugly theories, and not for the bad theories. In fact,
one can show that the condition — A(B) > 1 for all cocharacters B — for a good/ugly
theory derived by Gaiotto and Witten [27] is equivalent to the condition for the above
partition function to be absolutely convergent in the absence of defects. This can be seen
in the following fashion [52]. First note that the integrand is regular at all finite real values
of s (the poles coming from hyperbolic cosine functions are all located on the imaginary
axis), and therefore any divergence in the integral must arise from very large values of
the integration variable s. Consider a ray in the Cartan subalgebra of G in the direction
specified by a cocharacter B, and let » € Ry be a coordinate along the ray. The subset of
such rays is dense in the set of all rays in the Cartan subalgebra of G. Now, at large values
of the coordinate r, the integrand behaves as e ") where q(B) € Z is

aB) =~ Y la(B) +5 X lo(B)] (221)
aceAt PER

The Gaiotto-Witten condition A(B) > 1 for good/ugly theories guarantees that ¢(B) > 1
for all cocharacters B, which implies that the integrand falls off sufficiently fast at large s
along any ray in the Cartan subalgebra and therefore gives a finite integral. For a bad the-
ory, one can have g(B) = 0 for some cocharacter(s) B which will lead to a divergent integral.
In this paper, we will use another RG-invariant supersymmetric observable, i.e. super-

conformal index on S? x S', which we review in section B.

"We will denote the partition function of a quiver @ with real mass parameters & and FI parameters y
as 29 (z;y).
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Figure 3. A generic linear quiver with L gauge nodes.

011123456789

NS5 |x|x|x|-|-|-| -|x|x|x

D |x|x|x| -|x|x|x

D3 |x|x|x|x

Table 4. Basic Type IIB brane construction.

2.4 Mirror symmetry as S-duality in type IIB construction: linear quivers

In this section, we present a brief review of a very special class of 3d N = 4 quiver gauge
theory — linear quivers with unitary gauge groups. A generic example with L gauge nodes
is shown in figure 3. For a more detailed account on the physics and geometry of linear
quivers, we refer the reader to the papers [26, 27].

The linear quivers have a very simple realization in terms of a Type IIB brane con-
struction of the Hanany-Witten type [24]. A large class of 3d N' = 4 Lagrangian theories
can be obtained by considering D3 branes extending along a compact direction L, with
1/2-BPS boundary conditions at the two ends [27]. For linear quivers, the set-up involves
D3, D5 and NS5 branes, with their respective world-volumes specified in table 4. The
gauge theory data can be read off from a configuration where all D3 branes end on NS5
branes using the following set of rules:

o D3-D3 open strings in the y-th NS5 chamber containing N, D3 branes give a U(V,)
vector multiplet.

e D3-D5 open strings in the y-th NS5 chamber, containing M, D5 branes, give M,
hypermultiplets in the fundamental representation of U(N,).

e D3-D3 open strings running between the 7-th and the + 4 1-th NS5 chambers give
hypermultiplets in the bifundamental of U(Ny) x U(Ny41).

e The triplet of mass parameters mg , with 6 = 1,.. -725:1 M., correspond to the
position of the D5 branes in R%g,g, while for the triplet of FI parameters 77%/ =
t%/ — t¥+1, with v = 1,..., L, the parameters t¥ correspond to the position of the

NS5 branes in Ri&ﬁ' Given the translational symmetry on R3, both sets of moduli

should be counted up to an overall shift.

Figure 4 gives an illustrative example of how one can read off the gauge theory con-
tent from the brane set up. Mirror symmetry in three dimensions can be understood
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Figure 4. The figure on the left shows the Type IIB brane construction for the linear quiver on the
right. The red nodes represent D5 branes, the horizontal blue lines are D3 branes, and the vertical
black lines represent NS5 branes.

as an S-duality of the above brane construction, followed by a rotation R : x”%9 —
—gh506 456 5 2789 NS5 and D5 branes are exchanged under S-duality, while D3
branes are self-dual. To read off the dual gauge theory from the rotated S-dual brane
system, one has to move to a configuration where the all D3 branes end on NS5 branes.
This can be done by performing a series of Hanany-Witten moves, where NS5 and D5
branes are moved past each other along the compact direction x3. This generically results
in creation/annihilation of D3 branes which are required to keep the linking numbers of
the individual 5-branes invariant [24, 27]. The linking numbers of the 5-branes (Z§S5, lﬁm)
in a generic brane configuration are given as:

1N = ey (D5) — Titeg (D3) + Tirigne (D3), y=1,....,L+1, (2.22)
lgf) = nleft(NS5) - ﬁleft(Dg) + ﬁright (Dg)v /8 = 17 DRI LV + 17 (223)

where LV = Z{;Zl M, — 1, Niefs right (D5 /NS5) denotes the number of D5/NS5-branes to
the left or right of the 5-brane in question, while 7ef; right (D3) denotes the number of D3
branes ending on the 5-brane from the left and the right respectively. The mirror dual of
the generic quiver in figure 3 is then given by the linear quiver in figure 7, where the ranks
of the gauge group factors and the flavor symmetry factors can be computed from

L+1
My = 6, xss, v =1,...,LY, (2.24)
v=1
Ny + Ny — 2Ny + My =152, — 15°, g=1,...,L", (2.25)

where the latter equation should be solved subject to the boundary conditions My =
My, =0,and Ny = N/v ., = 0.

The S-duality followed by a rotation exchanges the positions of NS5 and D5 branes
up to a sign, which explains the form of the mirror map in (2.26). As a concrete example,
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Figure 5. The figure on the left shows the Type IIB brane construction for the linear quiver on the
right. The red nodes represent D5 branes, the horizontal blue lines are D3 branes, and the vertical
black lines represent NS5 branes.
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(X) (¥)

Figure 6. An example of a pair of linear quivers with unitary gauge groups which are 3d mirrors.

v vV TV TV TV
MY | |My| | My | MY [, My, [ M

Figure 7. The linear quiver which is mirror dual to the generic linear quiver in figure 3. The total
number of gauge nodes is LV.

consider the linear quiver and its Type IIB realization in figure 4. The rotated S-dual
configuration, after appropriate Hanany-Witten moves, is shown in the Lh.s. of figure 5
and the corresponding 3d quiver is shown on the r.h.s. The latter is the mirror dual of the

linear quiver in figure 4.

Note that we can easily generalize this Type IIB description to include affine Ay

3

quivers with unitary gauge groups. In this case, the compact direction z° wrapped by D3

branes is a circle.
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We will now summarize a set of properties of linear quivers that will be useful in the
rest of the paper:

e Global symmetries: the global symmetry on the Higgs branch of a linear quiver
is Gy = ( ,621 U(M,))/U(1), while the global symmetry on the Coulomb branch
manifest in the Lagrangian is G¢ = U(1)*. The Coulomb branch symmetry can be
enhanced if one or more gauge nodes are balanced, i.e. Ny_1 + Nyy1 + M, = 2N,
for a balanced gauge node «y. For an array of n consecutive balanced nodes, the
corresponding global symmetry is enhanced as U(1)” — SU(n + 1).

e “Goodness”: a linear quiver is a good theory in the Gaiotto-Witten classification if
every gauge node in the quiver is individually good, i.e. A, = N,_1 + Ny11 + M, —
2N, >0, for vy =1,..., L. Note that this is a special property of linear quivers, and
a similar statement is not true for quivers of arbitrary shape.

e Mirror symmetry: the mirror dual of a good linear quiver is another good linear
quiver. In addition, the mirror map between the masses and FI parameters is ex-
tremely simple. Let the FI parameters of the linear quiver in figure 3 be parametrized
as 773; = tg — t§+1, withyv=1,...,Land Y = 1,2, 3, and the hypermultiplet masses
be mg = {m?7} = (m?',... m?}, withg=1,...,LYV+1,y=1,...,L, and
Z = 1,2,3. Recall that the mass parameters are triplets of SU(2)¢ (indexed by
Z), and the FI parameters are triplets of SU(2)y (indexed by Y'). The dual theory,
where SU(2)¢ and SU(2)y are exchanged, is given by the linear quiver in figure 7,
with the ranks of the gauge group and flavor symmetry group given in (2.24)—(2.25).

The dual theory has mass parameters mﬁ, = {myv} = {my!,... myL"), with
B =1,...,L+1, and FI parameters nVZ = tVZ — t*ZH, with v/ = 1,...,LY. The

mirror map in this case is simply given by

my = —th, VY,V8' =1,...,L +1, ty? =mf,vZ,vB=1,...,LY +1. (2.26)
e Partition function and its dual: as discussed in section 2.3, one can directly check
mirror symmetry for a pair of theories using RG-invariant supersymmetric observables

computed using localization. The partition function on round S (where only a real
deformation parameter is turned on instead of a triplet) of the quiver X is given as

L
Fmit) = [ ] [ds7] 20 (57} m.)
=1 B

L
-/ 1] 4s7] 200 (157),6) 20,y (57 (7))

~ 11 ) 280yt H 235 (87) 21 (57, m07)
:1_ B
L-1
< T A% oupls7,571,0). (227)

y=1
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The classical and the 1-loop contributions to the integrand are given as

L
(X) vy _ 2“2?115? (ty—ty+1) vector [ v\ __ . Y
Zy (st =]]e y=1" 27 (sM)= 1] sinh7(s] —s] ),

1—loop
v=1 Iy Fdy
1
21 op(87,m7) =

_ P ) )

sz—lnl 7 coshr(s] —m?)
1
bif 'y—l—l blf
Zl— oop( S ) HNW N7+1 h ( ¥ A+l bif)’ (228)
i =111 [ —1coshm(sy —s; " —m2

where the fundamental masses and the bifundamental masses are labelled as m” and

mgif respectively. The partition function of the dual quiver Y is similarly given as

int

ZW)(mY: V) = /H doﬁ Z(Y {7}, m",tY)

- / H a0 ] 28 (0 1.6) 20,y ({07} {m 7))

!

!
-/ ] H [do7"] 2 ({0} £") H 25 (07) 28 (7 )

Lv 1
X H ZP N op(a a7 T, 0), (2.29)

where the classical and the 1-loop contributions to the integrand are given as follows:

L\/

NY, ,
27i Y v t\/ _tV
20 (o} 8Y) = [ & = T ),
l_

Vector 7 ’y'
Z7 bop H sinh (o o, = ojﬂ{/),
Gt F Gy
fund / 2 1
Zl—loop(o"y , M K ) - TNV MY . >
I, T1, ' coshm(o) —m) ")
27121 17121 Ly l,),l
bif v L VY 1
2 oop(@ T 0T T ) = — N " ; (2.30)
" "+ coshw(o] — o)t —m)Y)
i’Y/:]' =1 ’*/ ’L',y/+1 bif

Mirror symmetry implies that the partition functions of X and Y are related as
ZX) (m ) = exmiatmite 7OV (_g ), (2.31)

where the overall phase factors can interpreted as three-dimensional contact terms.
Here a* is an M x (L 4 1) matrix with integer entries, M = >>%_, M, and L is the
number of nodes in quiver A. The general proof of the above equality is non-trivial,
and we refer the reader to [33] for details.
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We would like to emphasize an important feature of this partition function equality.
For quiver X, the integrand is manifestly invariant under a Sy -transformation of the
mass parameters m” (this is the Weyl symmetry of the flavor group U(M,)), which
in turn makes the partition function of X invariant under these transformations.
However, for the dual theory Y, where m” appear as FI parameters, the partition
function is not manifestly invariant under these transformations. In fact, one can
show that the matrix integral for (Y'), generically changes by some overall phase
factor under these transformations. The contact term contribution also changes by
a phase factor. It turns out that these two phase factors exactly cancel each other.
There is an analogous argument for permutation of the parameters ¢, which appear
as mass parameters of Y, and FI parameters for X.

Finally, let us show the equality (2.31) explicitly for the simple example of the pair of
theories in figure 6. The partition function of the quiver X is

2 2 2misy (t1—t2) 21 Y . sb(ta—t3) 2misa(ts—ta) cipn2 1 .2
Z(X)(m;t) _ / H dsad T‘o 267”51( 1—t2) o mzizsoj 3)e msz(; 4) ginh W(SO SO)i 7
Pt} 2! TIi=q coshm(sy — s) [[o=1 cosh (s — myg) cosh (s — sf)
(2.32)

where m; and meo are the masses of the fundamental hypermultiplets in the middle node,

and the FI parameters of the three gauge nodes are 1y = t; — to,n9 = to — t3,m2 = t3 — 4.
Similarly, the partition function of the quiver Y is

2 2 270t (11 —12) win]e2 1 2
70 mst) = [ G2 R il o7)

- , 2.33
2! 71 [a—y cosh (o — ) (2:33)

where mq,mo, m3, M4 are hypermultiplet masses, while the FI parameter of the gauge
group is 1 = t; — to. Evaluating the two matrix integrals explicitly, one can check that

Z(X) [m’ t] — e27rim1 (t1+t2)e—27rim2(t3+t4) Z(Y) [—t, m] (234)

The expressions agree exactly (i.e. the phase factor vanishes) when one imposes the con-
straints mq +mo =0, t1 +to + 13+ t4 = 0.

3 Generating mirrors from linear quiver pairs using S-type operations

In this section, we define the S-type operations on a generic 3d N' = 4 quiver gauge theory
X in class U, i.e. the Higgs branch global symmetry of X has a subgroup of the form
[1, U(M,). We then discuss the field theory machinery for generating new pairs of mirror
dual theories starting from a pair of linear quivers, in terms of the S® partition function.
In section 3.1, we discuss the four basic Q-operations (defined in (1.5)—(1.6)) on X,
and then define an elementary S-type operation in terms of these operations. We discuss
the realization of these operations at the level of the A' = 4 quiver diagram as well as the
S3 partition function. In section 3.2, we discuss how quivers of arbitrary shapes can be
constructed in steps by the action of elementary S-type operations starting from a linear
quiver. In particular, we discuss the four distinct types of elementary S-type operations
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separately. We give a partition function prescription for writing down the duals of these
elementary S-type operations in section 3.3. Sections 3.2-3.3 therefore gives the complete
partition function recipe for constructing a new pair of dual theories from the original dual
pair of linear quivers. In section 3.4, we present a simple illustrative example involving a
dual pair of Abelian quiver gauge theories that can be constructed following the recipe of
section 3.2 and section 3.3. Another set of examples involving (affine) D-type quivers can
be found in appendix A.

In appendix C, we discuss how the elementary S-type operations can be implemented
in terms of the superconformal index on S? x S'. Analogous to the case of the partition
function on S3, this leads to a natural prescription for the dual operations.

3.1 Elementary S-type and T-type operations on a generic quiver

Consider a quiver gauge theory X in class Y. We will assume that the theory X is good in
the Gaiotto-Witten sense [27], which in turn implies that the round three sphere partition
function of the theory is convergent [52], as discussed in section 2.3. Given the quiver X,
one can describe the set of four basic Q-operations in the concrete case of 3d N = 4 quiver
gauge theories as follows:

« Gauging operation: a gauging operation G% at a flavor node a of the theory X
(shown schematically in figure 8) involves the following two steps:

1. Given a flavor node U(M,), we split it into two flavor nodes, corresponding to
a U(rq) X UMy — 7o) global symmetry. At the level of the Lagrangian, this
simply implies identifying the U(1)M« background vector multiplets as U(1)" x
U(1)Ma=7a background vector multiplets. In particular, this implies identifying
the U(1)M= mass parameters m% with the U(1)" x U(1)Ma=Ta mass parameters
(u®,v%). There is an Sy, (permutation group of M, objects) worth of freedom
in this identification, and a specific choice is part of the data for this procedure.
We will choose to parametrize this identification as:

mia :’Piaiﬁfé—l-lpiaraJrj??, to=1,....My, 1=1,....7q, j=1,...;My—7q,
(3.1)
where P is a permutation matrix of order M,. A choice of P therefore encodes
the additional data of how the U(1)" x U(1)Ma="a background fields are chosen
from the original U(1)Me ones. We will denote the theory deformed by the
U(rq) x U(My — rq) mass parameters as (X, P).

2. Given the theory (X, P), we promote the flavor symmetry node U(r,) to a gauge
node, as shown on the r.h.s. of figure 8, i.e. make the vector multiplets for U(ry)
dynamical, as well as turning on a background twisted vector multiplet for the
U(1) s topological symmetry.

The operation can be implemented in terms of the S3 partition function for the quiver
X. Recall that preserving supersymmetry on S® permits turning on a single real mass
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Figure 8. A gauging operation G% on a U(M,) subgroup of the global symmetry group of a
generic quiver gauge theory (represented by the grey circle).

parameter as opposed to the triplet in the Cartan of Gg. The partition function of
(X, P) is given as

Z(X7P)(ua7 Uaa o .. ) 77) = Z(X) (ma(P7 ua? Ua)? A 7 ,r’)a (32)

where the ... denote the mass parameters of theory X aside from m®, and 1 col-
lectively denotes the FI parameters. Let G%(X) denote the quiver gauge theory
obtained from the theory X via the gauging operation. The partition function of the
theory G3(X) is therefore given by:

72X (v, i) = / |du®] Za ) (u®,na) 257 (W, 0%, 58), (33)

where u?® live in the Cartan subalgebra of the group U(r,), [dua} = % with

|Wa| = ro! being the order of the Weyl group for the new gauge node. The function
ZG%( x) s given as

Zas,(x) (u,10) = Zr1(u®,10) 21500, (u®), (3.4)

vector
1—loop

butions respectively of a U(r,) vector multiplet.

where Zpp(u®,n,) and Z (u®) are the appropriate classical and one-loop contri-

« Flavoring operation: a flavoring operation F'5 at a flavor node a of the theory X
(shown schematically in figure 9) involves the following two steps:

1. Given the flavor node U(M,, ), we split it into two flavor nodes, corresponding
to a U(ry) x U(M, —74) global symmetry. This requires identifying the U(1)Me
background vector multiplets as U(1)" x U(1)Me~"a background vector multi-
plets which is parametrized by a permutation matrix P, as given in (3.1). The
resultant theory is denoted as (X, P).

2. Given the theory (X,P), we attach a flavor node denoted by G% to the flavor
node U(ry), as shown on the r.h.s. of figure 9. This amounts to introducing some
free hypermultiplets in the theory which transform under some representation
of the global symmetry group U(r,) x G%.
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Figure 9. A flavoring operation F3 on a U(M,) subgroup of the global symmetry group of a
generic quiver gauge theory (represented by the grey circle).

The operation can be implemented in terms of the S3 partition function as follows.
Let Fp(X) denote the theory obtained by implementing the flavoring operation on
X. The partition function of the theory Fg(X) is then given as (with Z(X-P) defined
in (3.2))

2P (w0, i) = Zpg ) (u,m) ZEP) (w0, i), (35)
The function Z Fa(x) Is given as

Zpa(x)(u®,m) = 2100 (u®, mg), (3.6)

where the factor Z?Xﬁfép(u“, m$) denotes the contribution of the free hypermutiplets
which are charged under the symmetry U(r,) X G%, with the parameters m$ in the

Cartan subalgebra of the group G%.

o Identification operation: given the quiver gauge theory X with a global sym-
metry subgroup H$:1 U(M,), let N, {]{x} denote a set of (not necessarily consecu-
tive) p < L flavor nodes — ~1,...,7p, with r, being a positive integer such that
re < Min({Mp}|f € N,}{]{x}). Let o be a chosen node in Nj¥). An identification

T

operation I3 (shown schematically in figure 10) is then performed in two steps:

1. For all g € N, {:,Y{!}, we split the corresponding flavor node U(Mpg) into two flavor
nodes, associated to a U(ry)g x U(Mg — r,) global symmetry. The special case
of p =2 nodes = a — 1, «, is shown in figure 10. For a given (3, the choice
of U(1)5 x U(1)Ms="e background vector multiplets from the original U(1)*s
background vector multiplets is parametrized by a permutation matrix Pg of

order Mg, i.e.

n?iﬁ = (Pa)igi U5 + (P8)igrats Vs (3.7)
where ig = 1,..., Mg, t = 1,...,7¢, and j = 1,..., Mg — r,. We denote the
resultant theory as (X, {Ps}).

2. Given the theory (X, {Ps}), we identify the flavor nodes U(rq)g for all 8 # «
to the flavor node U(rq)q, as shown on the r.h.s. of figure 10.
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Figure 10. An identification operation I involving two flavors nodes U(M,) and U(My—_) in a
generic quiver gauge theory.

The identification operation can be implemented in terms of the S2 partition function
in the following fashion. First, the partition function of the theory (X, {Ps}) is given
as:

ZOAPD (WY, [P, ) = 2 ({mP (Pg, o, 0P)}, .. im). (3.8)

The identification operation on (X, {Ps}) then implies imposing the following con-
straints on the mass parameters {u?}:

v

e —p? = =u" —p?=uf, with i=1,...,r,, (3.9)

Wt — = uw

where {1} are constant parameters. The choice of o = 7y, for a certain v, € N, {3{!}
corresponds to setting pu"* = 0 in the above equation. We will, however, prefer to
keep the parameters {7} arbitrary in our computation and express the final answer
in terms of independent linear combinations of these parameters, instead of using the
constraint p = 0 upfront.

Let I3(X) denote the quiver gauge theory obtained by an identification operation on
the quiver X. The partition function of I3(X) is then given as

D {07}, i) = Zia o (@, {uw}, ) - 20D ({0} {07}, ),
(3.10)
where Zra (x) should be thought of as an operator acting on the function Z (XAPs}),
which is explicitly given as

2500 (u®, {u}, ) /H T[au T] o0 (we — w4 ), (3.11)

Jj=1li=1 j=1

o Defect operation: given a U(M,) flavor node of a quiver gauge theory X, the
operation D% can be defined in the following fashion. One first constructs the theory
(X, P) deformed by the U(ry) x U(M, — ro) masses, as before. One can then turn
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on a defect for the flavor node U(r,), labelled by some data D. In terms of the $3
partition function, the operation is implemented as

ZPP X (w0, .. in,D) = Zpa(x)(u*, D) ZEP)(u® v, . im), (3.12)
where D% (X) is the quiver obtained by implementing the operation D% on X, and
D is the data associated with the defect. The function Z D% (X) is given as

Zpa(x)(u®, D) = Zaefect (u®, D). (3.13)

The simplest example of such a defect will be a Wilson line in a representation R of
U(ry). In this case, we have

Zdefect (uay D) = ZWilson<ua7 R) = Z 62ﬂp(ua)7 (314)
PER

where p is a weight of the representation R of U(r,).

Definition. An elementary S-type operation O% on X at a flavor node «, is defined by
the action of any possible combination of the F5, Iz, and D% operations followed by a
single gauging operation G%.

Op(X) = (Gp) o (FB)™ o (I$)™ o (DP)™(X), (mi=0,1, ¥i).  (3.15)

The operation O% can be implemented in terms of the partition function as follows.
Let 3 label the flavor nodes of the theory X on which the given S-type operation Of% acts,
via identification/gauging operations. The partition function of the theory O%(X) is then
given by

790 = / |du®] Zog (x) (u®, {u’}, na, m%, D) - 25D (), (07}, im), (3.16)

where Z@%( x) should be understood as an operator acting on the function Z (XAPs}) | The
explicit operator can be constructed using the expressions of ZG%(X), ZF;;(X), ZI%(X),
and Zpa (), given in (3.4), (3.6), (3.11) and (3.13) respectively, and following the defini-
tion (3.15) of O% in terms of the gauging, flavoring, identification, and defect operations:

n2

Zog(x) = Zag(X) (ZF,;;(X))M : (Zlg(X)) : (ZDE,’,(X))ma (3.17)

where the dependence on the mass and FI parameters is implicit. A generic S-type opera-
tion on the quiver gauge theory X is defined simply as the action of successive elementary
S-type operations:

Ol W (X) 1= OF 0 OF 1 0.0 OF, 0 OF, (X). (3.18)

Note that the gauging operation in a given constituent elementary S-type operation can
either involve flavor symmetries present in the theory X, or flavor symmetries introduced
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by a previous O%. The partition function of the theory Oé;llc;ﬁi) (X)) can be obtained by
using (3.16) iteratively.

Finally, let us define an elementary T-type operation 7’5, analogous to Witten’s T’
operation in [3]), at a flavor node « of the quiver gauge theory X. Given a flavor node
U(M,) of X, one first constructs the theory (X, P) deformed by the U(r,) x U(My —74)
masses. Then, one turns on a Chern-Simons term for the flavor symmetry group U(r,). In

terms of the S2 partition function, the operation is implemented as

ZTS(X)(UO‘, v . k) = ZTg(uO‘, k) Z(X’P)(Ua,’vaa c5m)
= Zeg(u®, k) Z5P) (u v®, .. 5n), (3.19)

where T'5(X) is the quiver obtained by implementing the operation T3 on X, k is the
level of the Chern-Simons term, and Zcg(u®, k) is the partition function contribution
of the Chern-Simons term given in (2.15). Obviously, one can consider the action of
generic operations built out of elementary S-type and T-type operations on the quiver X.
The partition function of the resultant theory can be written down by combining (3.16)
and (3.19) appropriately.

3.2 Construction of generic quivers from linear quivers using S-type opera-

tions

Given a quiver gauge theory X in class U and an elementary S-type operation O%, finding
the mirror dual of the theory O%(X) requires knowing the mirror dual of the theory X.
For a generic X, the mirror dual Y is obviously unknown, and there is no guarantee that
Y will be a Lagrangian theory. Therefore, one needs a convenient starting point where
both the theories X and Y are good Lagrangian theories, and the map of masses and FI
parameters across the duality is explicitly known.

Our strategy in this paper will be to construct a quiver gauge theory X’ from a good
linear quiver X using a sequence of elementary S-type operations with no defects. The
dual of the theory X’ can then be read off from the associated dual operations on the
good linear quiver Y.® In this subsection, we will present the formula for the partition
function realization of an elementary S-type operation on a linear quiver X, discussing
the four distinct types of S-type operations separetely. In section 3.3, we will present the
corresponding dual operations.

Consider a generic linear quiver theory X with L nodes, as shown in figure 3. The
mass parameters of X can be parametrized in the following fashion:

1,2 o L-1 L - v
mi = {m,mg,, . me . my T my i=1,...,LY +1, (3.20)

with ’il = 1,...,M1, i2 = 1,...,M2,..., ia = 1,...,Ma, iL = 1,...,]\4[/7 and
LV = 5:1 M, — 1. Recall that the Higgs branch global symmetry of X is Gg,() =

(]_[fi:l U(M,))/U(1). If 3 labels the set of flavor nodes on which an O% acts, then we will

8The mirror dual of a good linear quiver is guaranteed to be a good linear quiver [27]. Note that this is
only true for a linear quiver, and not for quivers of arbitrary shape.
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assume that the U(1) quotient has been implemented by constraining some mass parameters
{m?//} with o/ # (3, so that the parameters {mfﬁ} for all § are completely unconstrained.
Also, let the FI parameters of the linear quiver in figure 3 be parametrized as

Ny =ty — tyy, v=1,...,L. (3.21)

Now, proceeding in the same fashion as in section 3.1, we can write down the partition
function of the theory O%(X) with X being a linear quiver:

290 = [ [0u] Zog o (u {0} mamP) - 20U (), (o), im0 8),
(3.22)
where the operator ZO%( x) can be constructed from the gauging, flavoring and identifica-
tion operators, as described in (3.17), and the function Z (XAPs}) is defined as

2D (), {0} (M} 20:8) = 200 (M (P, 0 0P} {m7 ) ast). (3.23)

One can then continue building more general quivers by implementing another elementary
S-type operation on the quiver O%(X) (which is generically not a linear quiver), and so
on, following the general recipe given in (3.16) for implementing S-type operations on a
generic quiver.

We would like to emphasize that the Lagrangian of the theory O%(X) is manifestly
independent of the permutation matrices P. However, as we will see in the discussion of
the dual operations, the Lagrangian of the theory dual to O%(X) manifestly depends on
the data P. This is related to the fact that while the integrand for the partition function
of X is manifestly invariant under a permutation of the Mz masses m? for a given 3, the
integrand for the partition function of ¥ (where m” appear as FI parameters) is not.

The four distinct types of elementary S-type operations can be read off from (3.15),
when no defect is turned on. We will now present the partition function realization
of these operations on linear quivers. Extending these operations to generic quivers is
straightforward, and the corresponding partition functions can be written down from the
general formula (3.16).

e Gauging operation: the simplest example of an elementary S-type operation is a
gauging operation acting on a flavor node « of the quiver X, as shown in figure 11.
The partition function of the theory G%(X) is given by:

ZGP O (0™ M} sait, M) = / |du®] Za ) (u®,ma) 2557 (0%, (M7} ai ),
(3.24)
where the function Zg,,(x) is given as

Zasx) (u,10) = Zr1(u®, 10) 2100, (u®). (3.25)
Using the results (3.2), (3.25) and (2.27), the partition function can be put in the
standard form of (2.14) (with no defects):

ZG%(X) (,Ua7 {mfy}’yyéa;tvna) =: / [dua] 3 {dsﬂ Zg%(X) A
y=1

G%(X)

1—loop’

(3.26)
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Figure 11. This figure illustrates the gauging operation G% on a generic linear quiver X at a flavor
node U(M,).

G5 (X)

. G (X
where the functions ZFIP( ) and Z; 700

are given as

Ga X 6% «
28 (7Y% 1, ma) = Zen(u®,na) ZE0 ({571, 1), (3.27)

L

G (X) . .

Z1_7’100p {s"hu® {m7} s, v%) = <Z1eclgocfp( “) H Z1ecl‘f§>rp( 7)>
=1

< (20 (s %) T] 2% (57 m) ) (3:28)
v#a

bif bif v Y+l
X (leoop S u O H Zl loop $,s 70))

The Lagrangian of the theory G%(X) can be read off from the integrand of the matrix
integral on the r.h.s. of (3.26), and reproduces the quiver gauge theory in the third
line of figure 11.

e Flavoring-gauging operation. The second elementary S-type operation involves
a flavoring operation combined with a gauging operation, as shown in figure 12. In
the notation of (3.15), the combined operation can be denoted as

O%(X) = G% o FA(X), (3.29)
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where P is a permutation matrix of order M,. We will refer to O% as the flavoring-
gauging operation. Following (3.22), the partition function of the theory G% o F5(X)
is given as:

ZG’aoFa(X)(v MG Am b0t 10)
— / (40| Zagorg oo (@ mne) Z5P) (0%, {m7} L0it), (3.30)
where the function ZG%O Fa(x) can be constructed using (3.17):

Vi h,
B om0 (U, M, 1) = (0, 70) ZE550 () Z00 (w0 ). (3.31)

Using the results (3.2), (3.31) and (2.27), the partition function can be put in the
standard form of (2.14) (with no defects):

L
ag G%oF2 (X G%oF2 (X
2RO o i, 0 pastma) = [ aue] T [as7] 2655 20550
=1

(3.32)
where the functions ZI?IPOFP( ) and ZlG 120;? ) are given as
GoFg
25 () 0 ) = ZFI(UQ,%)Z(X) ({s"},1), (3.33)

GEoF3 (X
ALt )it = (22550 1] 255

% (qund (uoz’ m%) Zﬁind a H qund 87, m'y))

1—loop 1 loop 1 loop
yF#o
bif bif Yo+l
X (leoop 5%, u®,0) H Z7 op (87, 87 ,0)). (3.34)

The Lagrangian of the theory G% o F5(X) can be read off from the integrand of the
matrix integral on the r.h.s. of (3.32), and reproduces the quiver gauge theory in the
third line of figure 12. The parameters m$., which live in the Cartan subalgebra of
G%, can be identified as masses of the added hypermultiplets.

Identification-gauging operation: the third elementary S-type operation involves
an identification operation combined with a gauging operation, as shown in figure 13
for p = 3 nodes. In the notation of (3.15), the combined operation can be denoted as

O (X) = G o I3(X) (3.35)

where P = {Pgs} collectively denotes the permutation matrices of order Mgz. We
will refer to as O% as the identification-gauging operation. The quiver gauge theory
G% o I(X) has the partition function:

ZGD‘OIO‘ ({U/B} {m }7#,@7“’7 77704)

- / [duo‘} ZG%OI%(X)(uav {u i Mo 1) Z(X’{Pﬁ})({uﬂh {vﬁ}v {m’y}’wﬁﬁ; t), (3.36)
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Figure 12. This figure illustrates the flavoring-gauging operation G% o F'5 on a generic linear
quiver X at the flavor node U(M,).

where ZG%O I5(X) is an operator of the following form:

ZG%OI%(X) — ZFI(UQ, 77a) ifeclg(gp / 1_[1 r[ldu’YJ H ) Ta)( —uV + /’ﬂj)‘
j=11
(3.37)

Using the results (3.2), (3.37) and (2.27), the partition function can be put in the
standard form of (2.14) (with no defects):

G,‘,",o]%(X)
1—loop ’

(3.38)

GIOI (X)Z

L
2B, s sspitone) = [ [aue] T [a] 2
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. G%ol. IS (X .
where the functions Zp” () and Z;* loop( ) are given as

ZeP P (7Y, 0 ) = Zm(ua,na)zm({su ), (3.39)

G - .
2P A (0 ) = (2055 Hzleat,zfp )

fund i i fund
( H Zlu loop S% ) ’U%) H Zlu—loop(sry? mW))
v#B

( H Z})lfloop ., ’u,a ’Y] H Z})lfloop S’Y, 87+1, O)> . (340)

The Lagrangian can now be read off from the integrand of the matrix model on
the r.h.s. of (3.38), and agrees with the quiver gauge theory in the third line of
figure 13. Note that the parameters g appear as masses of the hypermultiplets in
the bifundamental of U(M,;) x U(r).

o Identification-flavoring-gauging operation: the fourth elementary S-type oper-
ation involves a combination of an identification operation, a flavoring operation, and
a gauging operation, as shown in figure 14 for p = 3 nodes. In the notation of (3.15),
therefore, the combined operation can be denoted as

O%(X) = G% o F% o I%(X) (3.41)

where P = {Pg} collectively denotes the permutation matrices of order Mg. We will
refer to as O% as the identification-flavoring-gauging operation. The quiver gauge
theory G% o )5 o I3(X) has the partition function:

ZG%OF%OI%(X)({U/BL {mry}’wé,@v Mm%;t,’na) (342)

= / [dua] ZG‘;,OFgoIg(ua,{UB},na,u,m%) Z(X’{Pﬁ})({uﬁ},{vﬁ},{mv}vﬂg;t),
where ZG%O F2oI3(X) is an operator of the following form:

h
ZGg,oFgolg(X) = Zr1(u”, 1a) Zileclg(())rp( )Z1y?§ép(uaam%>

/ H Hdu% H g(re ( —u + ;ﬂf). (3.43)

Jj=1li=1

By using the result (3.2) and the formula (2.27), the partition function can be put in
the standard form of (2.14) (with no defects):

7G%oFgoIR(X) _ / { } ﬁ {ds'y} ‘POF‘POIP(X) . ZlGﬁ;’ffd?(X), (3.44)
y=1
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Figure 13. This figure illustrates the identification-gauging G% o I operation on a generic linear
quiver X involving p = 3 nodes labelled by f =a — 1,0, + 1.

GZoFgolz(X) and 7 GZoFgolz(X)

where the functions Z 1 Joop

are given as

ZFIP e LP(X)({S’Y}7uaat7na):ZFI(ua777a) Z(X)({S’Y} t) (345)

GgoFgoIs(X) : :
70ROl <{s7},ua,{mwﬁ,{vﬁ},u,m%=( 230 (u HZfeﬁa%p )

< H qund S'yj 7 ,U'yj) H Zﬁind (SW, mfy) Zhyper (ua’ m%))

1— loop 1—loop 1—loop
¥#B

( H lelfloop J ua % H Z?lfloop S’Y’ S’Y—Ha 0)> . (346)
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Figure 14. This figure illustrates the identification-gauging G o F’5 o I operation on a generic
linear quiver X involving p = 3 nodes labelled by § =a — 1,a, a + 1.

Similar to the previous examples, the Lagrangian for the theory G% o F:3 o0 I%(X) can
now be read off from the integrand of the matrix integral on the r.h.s. of (3.44), and
agrees with the quiver gauge theory in the fourth line of figure 14. The parameters u
appear as masses of the hypermultiplets in the bifundamental of U(M,;) x U(r), while
m$ are the masses of the hypers transforming in a representation R of U(r) x G¢%.
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3.3 Reading off the dual gauge theory

In the previous section, we have described how new quivers can be constructed from a
given linear quiver gauge theory X using the elementary S-type operations. To determine
the IR dual of the new quiver, one needs to understand the dual operations acting on the
mirror quiver gauge theory Y, as one performs the S-type operation on quiver X. In this
section, we will write down a general formula for the partition function of the mirror dual
of the theory O%(X) (as defined in (3.22)) in terms of the partition function of Y. We will
denote the mirror dual as (5%()/) We will give explicit expressions for the dual partition
functions of the four elementary S-type operations discussed in section 3.2. Finally, we will
also give a formula for the dual partition function, when the theory X is a generic quiver
gauge theory (i.e. not a linear quiver) and has a Lagrangian mirror dual Y.

The properties of linear quivers imply that the partition functions of the mirror pair
X and Y are related follows:

7 (m; t) = 27"t 700 (g ), (3.47)

where a* is an M x (L+1) matrix with integer entries, M = >"L_, M, and L is the number
of nodes in quiver X. Note that Z(X) is convergent since X is a good quiver. Given that
X is a good linear quiver, the mirror Y is guaranteed to be a good linear quiver [27], which
implies that Z(¥) is also convergent. Therefore, the above equation is well-defined.

The partition function of the theory (X, {Pg}) is given in (3.23). Similarly, the parti-
tion function of the mirror dual, which we denote as (Y, {Ps}), is given as

20D (8 (), (0}, (7} 5) = 200 (8 {mP (Py,uf 0P)), {m7 ) zs). (3.48)

The mirror symmetry statement (3.47) can be rewritten for the theory (X, {Ps}) and its
mirror dual (Y, {Ps}) as follows:

Z(Xv{P,B})<{uB}7 (v}, (M} s t) = 627”"’?“?% Z(K{Pﬁ})(_t; {u?}, {v°}, {m"},25),
(3.49)
where for a given 8 = v1,...,7, bg is an 74 x (L 4+ 1) matrix with integer entries for a
given . In writing the above equality, we have suppressed a phase factor independent of
the parameters u®.
Since Y is a good linear quiver, the function Z (¥:{Ps}) can be written as a matrix
integral as follows:

2P (4 {uf), (07}, {m 7} z0) = / H do”'| 20 PV (o Yt () () (),

Zy 7 = Zé?”‘*”({a” A {0} {m ) - 200,07 1 1), (3.50)

int loop

(Y)

1-loop 15 independent of {uP} and {Ps}, and explicitly given as

where the function Z

Y) Vi ’
Zf loop {oﬁ} H Zleclf)(gp Z{unlgop O-’Y t H Zimfloop 7+1v0)' (351)
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The {u”}-dependent FI term, which also depends on {Ps}, can be written in the following
fashion:

25 P (o7 (), (0P, im7 ) 26) = 28 ({7} AmP (Pp, P 0P)}, {m}, 26)

2mi g ({o P, u? Y AP, !
= ([ et P) 20D (o7 = 0L () g ). (352
B
where for the second equality, we have isolated the {uﬁ }-dependent part. Given that the
function Zg) ({o7"}, {m"}) is precisely known for any linear quiver Y (and given in (2.30)),
we can explicitly write down the functions gé({a”l}, Pg):

Mz—1
95 <{le}a73/3) = Tyt tMoipyy 4+ N Trg?httMertis (pg, s — Py (i5+1)i)
ig=1
+ TroMi+-+Ms_1+Mpg Ps My
Mg
— Z rPBiﬁi(_TrO_M1+...+MB,1+i571 +TrO_M1+...+M5,1+i5)
ig=1
_ (_’I‘I.O-M1+---+Mﬁ—1+j_1 + TrUM1+...+M5_1+j) (3'53)

where Pgi,; = 1 for some ig = j and a fixed 4, and vanishes otherwise. The relation
is subject to the boundary conditions TroMo = TrgMit-+Me — (. Now, let @%(Y)
denote the mirror dual of the theory O%(X). The IR duality, along with the fact that
both 0% (X) and @%(Y) are assumed to be good theories, will imply that their partition
functions are related as

2% (mim) = 2% (m (m): ' (m), (3:54)

up to some phase factor, where (m,n) and (m',n’) collectively denote the N' = 4
preserving masses and FI parameters of O%(X) and 6% (Y') respectively.

Using (3.22), the mirror symmetry relation (3.49), and the equations (3.50)—(3.52),
in (3.54) above, the partition function of the theory O%(Y) can be written in the following
fashion:

2080 (' (8, 10); ' ({0}, {7} 2, mOP) (3.55)

LV
/ / K P /
— [ 11 [d07] 255 ) " 17 i) 20 PP (07—t =0}, (0 {7} ),
7v'=1

where the function Z {72}

int

is given in (3.50). The function Z3, (v) can be explicitly writ-
P

ten (as a formal Fourier transform) in terms of the operator Zp,,(x) that appears in (3.22):

jod i (gt ' i) u?
35%<Y>:/ [du®] Zog () (”, {0}, 10, mOP) [ &2 00T )P (3 56)
B

We shall take (3.55)—(3.56) as the working definition of the dual operation (5% on quiver

Zig’{% Y in (3.50), and the expression for Z3,

Y. Given the expression for
(V)

computed
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above, the goal is to rewrite the r.h.s. of (3.55) in the standard form of (2.14). Of course,
this is only possible if the theory (5%(1/) is Lagrangian. From the standard form, the
gauge group and the matter content of the theory (7)%(Y) can then be simply read off. In
addition, the precise form of the linear functions m’(¢,7,) and n'({v”}, {m7}..25, mO?))
can also be read off from the standard form of the partition function.

Note that the integrand of the partition function of the dual theory Op (Y') explicitly
depends on the permutation matrix P, even though the partition function itself is inde-
pendent of it. Therefore, the Lagrangian description of the theory 6P(Y) depends on P.
If the theory Op(Y) can be written as a Lagrangian theory for more than one P (and
they are not related by some trivial change of variables), then all such Lagrangians are
conjectured to be IR dual among themselves.

Given the general expression (3.55), we can write down explicitly the dual par-
tition functions for the four types of elementary S-type operations discussed in sec-
tion 3.2 — gauging, flavoring-gauging, identification-gauging, and flavoring-identification-
gauging. The appropriate expressions for ZO%( x)(u, {uP}, 00, mOP) are given
n (3.4), (3.31), (3.37) and (3.43) respectively.

We end this subsection by writing a formula for the dual partition function when
an elementary S-type operation O% acts on a generic quiver X in class U, as discussed
n (3.16), when no defect is turned on. This is only possible if the quiver X has a Lagrangian
mirror dual Y. The mirror symmetry relation between X and Y can be written as:

28D () (o), i) = S 20D (Y ()Y (u). (07),..)). (3.57)

where m collectively denotes the FI parameters of X, and the ... in the argument of
ZXAPsY) denote the other masses of X. The masses and the FI parameters of Y are
Y Y)

collectively denoted as (m The partition function of (Y, {Ps}) (being a Lagrangian

theory) can again be ertten as
Z0APs) (my(n), Y({uﬁ} {v7},..)) (3.58)
=/ H V] T et P 20D (07 m (), Y (= 0}, {0}, ),

B

where 7/ labels the gauge nodes of the theory Y. Note that the functions g%({a“*l}, Pg) are
not known a priori since X, Y are not linear quivers, but have to be provided as additional
data about the duality. In cases where X,Y appear as intermediate dual pairs in our
construction of a given dual pair starting from linear quivers, these functions are known
by construction.

Proceeding in the same fashion as we did for the linear quiver case, the formula for
the partition function of the theory (55,", (Y') can be written as:

2% (m! (m,na)in’ ({0°},...,mOP)) (3.59)

= [Tt ] 25 oy {7 1o ) 240 TV ({07 1o () (fu? =0}, ().,
.
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n—1+2

n—I1+1

1 n—1- n—1+1 [—1

(x) (v)

Figure 15. A\n_l quiver X’ with two fundamental hypermultiplets, and its mirror Y’ which is an
A; quiver with a total of n fundamental hypers.

where the function z0 {78}

it is given in (3.58), and (m’,n’) collectively denote the masses

and FI parameters of the theory (5%(1/) The operator Z35, )
P
(as a formal Fourier transform) in terms the operator Zp,,(x) that appears in (3.16):

can be explicitly written

a (g ! i B
2o = / [du®| Zog ) (u®, {u}, na, mO%) - [ 7 OBUTDPREmI (3,60
E

where g%({oﬁl},Plg) is a function linear in the variables {¢?'}, and can be read off from
the mirror map relating mass parameters of X and FI parameters of Y.

3.4 Simple illustrative example: flavored A,_q quiver

In this section, we present a simple illustrative example of an Abelian mirror dual pair that
can be constructed from a dual pair of Abelian linear quivers, following the general recipe
given in section 3.2 and section 3.3. The former dual pair, shown in figure 15, are affine
A-type quiver gauge theories (circular quivers) with some flavors, and are known to have
simple Type IIB descriptions.

The quiver pair (X', Y”) in figure 15 can be obtained from a linear dual pair (X,Y") by
a single elementary S-type operation O = (GoF o) on X and the dual operation O on Y,
as shown in figure 16.° The flavor nodes of X (marked in red) on which O acts, correspond
to U(1) flavor symmetries, and therefore the permutation matrix P is trivial in this case.
The dual operation in this case is particularly simple — it amounts to adding a single
bifundamental hyper to the linear quiver Y. We will derive this fact using the S? partition
function,'? following the general formulae for the dual partition function derived in sec-
tion 3.3. The purpose of this exercise is to demonstrate how the computation works for the
simple example under consideration. Therefore, we will be very detailed in our presentation.

The S? partition function for linear quivers and their mirror dual was discussed in
section 2.4. Following the notation in (2.27), the partition function of the linear quiver X

°In this example and subsequent ones, we drop the superscript o from the notation O%, when there is
no ambiguity regarding the flavor node on which the S-type operation acts. In cases where P is trivial, we
drop the subscript as well.

10The same fact will be derived using the superconformal index in appendix C.3.
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n—1

1 1 n—I1+1 -1

n—101+2

n—1+1

1 n—1 " n—101+1 -1

(x) (v")

Figure 16. The quiver (X’) and its mirror dual (Y”') are generated by an elementary S-type
operation O = G o F'o I of the identification-flavoring-gauging type on the linear quiver X and the
dual operation O on the linear quiver Y. The flavor nodes on which O acts are shown in red on the
first line. The dual operation simply involves adding a single bifundamental hyper in the quiver Y.

is given as

70 (mit) / H ds7) 25 ({57} m. ) / H 457|260 (5710 20,0, ({57 m)
= / H (457) 243 ({57},) Z100p (s 1) Z1i00p (511 ma) 215, (5" ms)

X H ZPE  (s7,577L0), (3.61)

1— loop

where Zgl() and the one-loop factors are given in (2.28). The Higgs branch global symmetry
of X is given by G¥ = U(1)3/U(1) = U(1) x U(1), where the quotient by the overall
U(1) factor in the flavor symmetry of quiver X can be implemented by the constraint

= 0. The U(1) x U(1) flavor symmetry of X can then be identified with the two
terminal U(1) flavor nodes, parametrized by the masses (mi,ms). Following the general
recipe in section 3.2, let us define:

ut = my,u® = mas. (3.62)
From the general formula in (3.42), the partition function of the theory O(X) is

Z9) (p, mi t,na) = /dua Zooo (u® ul,u? na, pm$) 2959 (ul, u?it), (3.63)
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where O = G o F' o[ is the S-type operation shown in figure 16. The operator Zp(x)
assumes the following form in this case:

Zo(X)(ua,U:l,UZ,T]a,[J/,m%):ZFI(UQ,HQ)Z?ZI{S;I)(U mF /du1du2 H 5(“ _uﬁ—i_:u’lg)
pA=1

27Ti77a u®

/duldu2 H 5(u —uP P ) (3.64)

" cosh m(u® —m et

Using (3.63)(3.64), and performing the integration over u”, it trivially follows that:

729N (p,mstma) = 29 (0, m; 8, 1a), (3.65)
where the quiver X’ is given in figure 15. Shifting the integration variable u® — u® — p!,
and redefining the mass parameter m% — m% — p!, one can show that Z(X ") only depends
on the parameters yu = p? — pt and m$%. The parameter p is the mass associated with one
of the bifundamental hypers in the loop, while m$% is the mass of the new fundamental
hyper. The parameters (p, m$) parametrize the Cartan subalgebra of the U(1) x U(1)
flavor symmetry of X'.

Now, let us compute the dual partition function. Following (2.29), the partition func-
tion of the quiver Y is given as

/

)(tm) / H (407|230 ({07} t.m) / H [407) 28 ({07 1.m) 200, ({7 }.1)

n—I+1

Y)
_/ H do.’}’ Zlgl Oﬁ} m H Z{urigop 17ti)
X H Z{uHIgOp U ’tn—l+1+j)Z{)i—floop(alvojvo)a (3'66)

where ZIQI/) and the one-loop factors are given in (2.30). In particular, the FI term ZIQI/)
can be explicitly written as

Z(}I/)({O"Y/},m) _ eQm’(mlme)al 627”'(mz*ms)az7 — ZIQI/ ({0. } ) 27rzu o 6727riu202_

(3.67)
Mirror symmetry implies that the partition functions of X and Y are related in the following
fashion:

Z(X) (m; t) _ eQm'tlml e—Qﬂ'itnms Z(Y)(—t; 7n)7

— ZX) (u;t) = e2mblﬁuﬁt, Z(Y)(—t; u) = 2ritiul =2ty u? Z(Y)(_t; u). (3.68)

Using the general formula (3.56), the function Z >

o) is given by the expression:

2miuto! 6727m'u202 eZﬂiuBbetl

Z@(Y) ((71, 0'2, n, \, m%) = /dua ZO(X)(UQ, ul, u2, n, W, m%) e
(3.69)
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where the operator Zp(x) is explicitly given in (3.64). To simply the expression on the
r.h.s., we first shift the integration variable u® — u® — pu', redefine the mass parameter

1 —
coshm(u®—m%) — deE
over u® we obtain (up to some overall phase factor):

2miT(u® —m%,)

m% — m$% — put, and use the identity "" . Finally, integrating

cosh r

—Omiuc?
e 2mipo

e—27ri’rm% L ) .
o 7+nato —0o —f—Zbﬁtl

- 1 2 oy _
ZO(y)(U 0 777047“va) /dT coshmr 5

6_27”'#02eQwim%(o’1702+77a+ZBb%tl) 570
B coshﬂ'(al—UQ—i—na—l—ZﬁblBtl) (3:70)

— 2 2 - o bht))
2mipo? 2mim$ (ot —o?+n, JrZB gl ZblflOOp (0_1’0_2’_7701_21)15%) ’
B

where p = pu? — . Given the expression of the dual partition function in (3.55), the above
form of Z@(Y) implies that dual operation O amounts to adding a bifundamental hyper to
the theory Y, along with some phase factors which contribute to the FI terms. The dual
partition function can be written as,

290 (m (tm0) 17 (1mE))

2
=/HVHV%M(, mXZW>me}tmwmﬁm (3.71)
y'=1

n—I+1
fund 1 fund 2 bif /bif
/ {U }77 H Zl loop g mfundz HZI loop g mfundj HZI loop U 0 T )7

where, for the second equality, we have used the expression for Zl(nt) from (3.66), followed

by shifting the integration variables and ignoring some overall phase factors. From the
second equality, one can manifestly see that

2900 (m (8, ma); ' (1, mS%)) /H do”'| 27 ({o7" 1) 27 ({0 hom!) - (3.72)

=z )(m,(t’ 77); n (:u’ mF))v (3'73)

where Y is the quiver in figure 15. The fundamental and bifundamental masses of Y’ are
given as linear functions of the FI parameters of X' as:

/1 .
mfundz:—t1+517 (Z:l,...,n_l—i-l)? 51:7 Z ti7
n—I01+1 =
mﬁndj = —lp—i4145 + 02, (j=1,...,1-1), J9 = 1 Zt” 14 (3.74)
7j=1
Mg = 01 — 02, Miigo = (01 — 02) — (na + Zblﬁtl) .
B
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These masses parametrize the Cartan subalgebra of the Higgs branch global symmetry
SU(n —1+1) x SU(l — 1) x U(2) of Y'. The FI parameters of Y’ are similarly given in
terms of the mass parameters of X' as:

m=mg,  ny=-m%—pu, (3.75)

which parametrize the Cartan of the U(1) x U(1) Coulomb branch global symmetry for Y.

Note that reading off the Coulomb branch global symmetry of the quiver X’ can be a
bit counter-intuitive. Naively, one would guess the SU(n—1+1) x SU({—1) factor from the
presence of the two unbalanced linear subquivers in X', consisting of n — [ and [ — 2 gauge
nodes respectively. However, in this case, the remaining U(1) x U(1) also gets enhanced to
an U(1) x SU(2). This can be directly seen by computing the character expansion of the
Coulomb branch Hilbert Series of X', as we do in (C.77) in course of our discussion of the
superconformal index realization of the S-type operation.

4 Non-ADE mirror duals from Abelian S-type operations

In this section, we study 3d mirror symmetry for several infinite families of quiver gauge
theories, starting from linear quivers, using Abelian S-type operations. A Hanany-Witten
construction for these quiver gauge theories is not known, and therefore the standard Type
IIB description for mirror symmetry is not understood for these cases. Some special cases
of these theories have realization as 3d mirrors of certain 4d N = 2 theories of class S on
a circle in the deep IR. We will comment on some of these special cases in section 5.

The quivers studied in this section have the following generic features:

1. Loops attached to a linear quiver tail: loops built out of gauge nodes and matter
in appropriate representations, such that one or more of the gauge nodes are attached
to linear quiver tails.

2. Loops with multiple edges: loops built out of gauge nodes and matter, such
that one or more pairs of gauge nodes are connected by multiple hypermultiplets
transforming in a given representation of the associated gauge groups.

In section 4.1, we present a general discussion of elementary Abelian S-type operations
and their duals. In particular, we discuss Abelian versions of the four distinct types of
elementary S-type operations discussed in section 3.2. We show that the dual operations for
the Abelian case lead to Lagrangian theories, which can be explicitly represented as quiver
gauge theories. Using these Abelian operations, we construct families of dual pairs involving
Abelian quiver gauge theories with the features outlined above, in section 4.2. Families
of dual quiver pairs with non-Abelian gauge groups are discussed next in section 4.3. As
outlined in section 3.2, our strategy will be to construct these quiver pairs from a pair of
linear quivers by a sequence of several Abelian S-type operations.
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4.1 Abelian S-type operations: general discussion

From the general definition (3.15), an elementary Abelian S-type operation O% on a generic
quiver X is defined as a combination of flavoring, identification and defect operations at a
flavor node «, followed by a single Abelian gauging operation, i.e.

OP(X) = G o (FB)™ o (I$)" o (D)™ (X),  (m; = 0,1, Vi), (4.1)

where GqA,b is an Abelian gauging operation. The partition function of the theory O%(X)
can be obtained from the general formula (3.16), while the partition function of the
dual theory (5%(1/) (assuming that X has a Lagrangian mirror Y) can be obtained
from (3.59)—(3.60).

In this section, we will write down explicit formulae for the dual partition functions,
for the Abelian version of each distinct type of elementary S-type operations'! (without
defects) studied in sections 3.2-3.3. In each case, we will first discuss the action of O% on
a generic quiver X, followed by the special case where X is a linear quiver. Using these
explicit formulae, we will show that, for any dual pair of quiver gauge theories (X,Y),
the theory X’ (obtained via an elementary Abelian S-type operation on X) always has a
Lagrangian dual Y. This naturally leads to the following general result. For any dual pair
of quiver gauge theories (X,Y’), and an Abelian S-type operation acting on X, i.e.

Ol B (X) = OF 0 OF~ 0.0 O 0 O (X)), (4.2)

where O’ are elementary Abelian operations, the theory Og;‘,ll".'_"’o,;?)(X ) is guaranteed to

have a Lagrangian dual. In addition, our construction will allow one to write down the
dual Lagrangian explicitly as a quiver gauge theory.

4.1.1 Gauging

For an Abelian gauging operation G%, the functions ZG%( x)and Z5, as defined in (3.4)
P

Yy
and (3.60) respectively, are given as

Zgo(x) (U, 1) = Zp1(u®, 1) = eZminau® (4.3)
Zia i) = 5 (e + b + 90 ({07}, P)), (4.4)

where the function g, ({0"7/}, 73) can be read off from the mirror map between masses of

X and FI parameters of Y. The dual partition function, following (3.59), is then given as

290 (! (n, o) (0%, ) = /H [do™ | (e + bm + ga ({07}, P))
5

x Zi D {7 Y omY (), m (u = 0,0%,.)). (45)

int

1YWe will restrict ourselves to flavoring by hypermultiplets with gauge charge 1.
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Linear quivers. If X is a linear quiver, the function ZG%( x) is still given by the above

formula. The formula for Z~, v) is modified by taking n; — #;, and writing the function
P

Ja ({0'7/},77) explicitly (following (3.53)):

Ma
95({0.#},7)) = Y P (~TragMtetMaitia—l | g MittMaitia)
ia=1
— (_TI.O.M1+..-+MO(—1+J'*1 + Tro.M1+-..+Ma—1+j)’ 1 S] < MO”
= _Tro® '+ Tro®, o =Mi+...4+ My_1+j, (4.6)

where P; 1 = 1 for a fixed i, = j, and vanishes otherwise. The relation is subject to the
boundary conditions Tro™Mo = Trg?1+++Ma = (. From the expression (3.55) for a linear
quiver (or the general prescription (3.59)), the partition function of the theory G3(Y') is
given as:

20 e e @ ) = [ TT (1070 i~ B0+ 10
7'=1

X Z-(Yyp)({oﬁ/h —t, u® = 0, ,va’ {mﬂy}77éa)' (47)

int

There are a couple of observations from the form of the dual partition function é%(Y)

in (4.5) and (4.7):

1. The equations give a very clear prescription for the dual of a U(1) gauging operation.
The action of the dual operation é% on the quiver Y amounts to introducing a delta
function in the integrand for the partition function of Y, which removes a single U(1)
factor (the function g, specifies which one) from the gauge group. The theory é%(Y)
is therefore manifestly Lagrangian, and the rank of the gauge group of the theory is
less than that of the theory Y by A, = 1. This is a way of seeing that the dual of
the gauging operation amounts to ungauging, i.e. reduction in the rank of the gauge
group of Y.

2. The delta function and therefore the integrand of the partition function of the dual
theory é% (Y') in principle depends on the permutation matrix P. In other words, the
Lagrangian description of the theory é% (Y') depends on P, even though the partition
function itself is independent of it. In certain cases, the Lagrangians obtained for
different choices of P may be related by field redefinitions. The distinct Lagrangians
obtained for different choices of P are expected to be IR dual among themselves.!?

We will present explicit examples of this phenomenon in section A, where we study

mirror duals of Dy quiver gauge theories and their affine cousins.

4.1.2 Flavoring-gauging

Consider an elementary S-type operation O% = G% o F5 on a generic quiver X, where

the global symmetry group U(M,) associated with the flavor node « is split into U(1) x

12There might be additional subtleties associated with discrete symmetries in establishing these IR du-
alities which are not captured by the partition function analysis.
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U(M, — 1), and the resulting U(1) node is flavored by N hypermultiplets of charge 1,
followed by a gauging operation. The case for hypermultiplets with a generic charge QQ # 1,
or with different charges, can be worked out in an analogous fashion.

The flavor symmetry introduced by the operation 0% is G = U(N#), and the masses
in the Cartan of U(Ng) are labelled as {m,}, where k = 1,...,Ng. The function
Zgaorg(x), which can be read off from (3.4), (3.6) and (3.17), is given as

2minau®
«a a _ «a hyper «a ay €
ZG%OF%(X) (u ,yMmp, noc) - ZFI(U 7770c) Zl_loop(u 7mF) - Hk; COShW(ua — m%F) . (48)
In addition, the function Z; yﬁfép(uo‘, m$.) satisfies a useful integral identity:
2 (i m) = :
— ) (o3
oor HgFl cosh m(u® — m¢ )
e2mi(u®—mg o) H 27"”?(”@?71 FME E)
= / H di No—
Hk 1 ' cosh (T — Tk_H) cosh TTRe
Ng
= [ TLart Zua(rf (u = mp)
k=1
Np N&—1
< [T Zer(r (mf_y p = mftp)) 20 (780, 0) T 270 (7, 724, 0)
k=2 k=1

/Hd er?;[ 7 a>t:170)7 (4.9)

where T[Ng| is an Abelian linear quiver gauge theory with N gauge nodes and a single
flavor attached to the Ng-th gauge node. The FI parameters are parametrized by ¢, with
thy=ut ,=mi_,pfor k=2 ... Ng, and the single mass parameter m® = 0.

1 2 Np—1 Np

1

Using the general formula given in (3.60), the function Z (GaoFe)(v) can be written as

, a = @ & o 27 o4 O"Y P+ba
Z(Gﬁ%><y>({”7}’”a’mF’”)—/d“ Zagorg(x) (U mi, q) 27 92 UTT HPI D)t

T a (TINg @ « !
:/Hdi 2 () = 0,8} 0) 8 (7 + o+ B+ g0 ({07}, P) ). (4.10)
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Implementing the delta function and relabelling the integration variables 7 — 78 |, t/ . —
t’a s_1, We can rewrite the above function as

Ne—1 ,
Zoray = | I s @nmirasto ) g
(G%oFg)(Y) kl;[l k (GoFg)(Y)
/ TINa—1
x ({07} rfoneem) Zog F D me,0), (411)
/ 1

Zhvper o’V T na,m) = . . 4.12
(G%oF2)(Y) ({ b1 e 77) coshm(ga ({7}, P) + 78 + 10 + bLm1) (412)
Note that Z™PT_ can be interpreted as the 1-loop contribution of a single hypermul-

(GHoFR)(Y)
tiplet charged under U(1); of T[Ng — 1] and the various U(1) factors in the gauge group
of quiver Y — the precise gauge nodes and the charges can be read off from the function
ga({oﬁ/}, P). Using the prescription (3.59), and the simplified expression for Z (GaoFa)Y)
PP
in (4.11)—(4.12), the dual partition function can be written as (up to some phase factor)
Ne—1

2T ! (o) (0", .om) = [T [do”'] [T arp g™ e, me,0)
! k=1

h ! Y, P ! Y Y
) (Lo}, mam) - 207 o7 mY (), nY (u® = m§p, 0, )). (4.13)
The dual theory is manifestly Lagrangian, which can be read off from the integrand in
the r.h.s. of the above equation. The theory consists of a T[Ng — 1] tail attached to
the quiver Y by a single hypermultiplet, which is also charged under some of the U(1)
factors in the gauge group of Y. As a quiver diagram, the theory can be represented as

(G0 FR)(Y): Y O

1

In the above quiver gauge theory, (Qp, 1) collectively denotes the charges of the hy-
permultiplet connecting Y and T[N — 1], under various U(1) factors of ¥ and U(1);
respectively. There are a couple of observations about the dual theory:

1. The charge vector Qp, and therefore the precise shape of the quiver, depends on the
choice of the permutation matrix P.

. o . L L
2. In the special case, where Nz = 1, the function Z (CGaeF)(Y) is given as

= Frimpael(oT1P) g ({57 ),

(GZoF2)(Y) (GooFS)(Y)
/ 1
Zhvper TV na,m) = : . 4.14
(GoF2)(Y) <{U b 77> cosh (g ({7}, P) + 1o + bhmy) (4.14)
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The dual paritition function is then given as

2T (! (1.0 )i (0°....m)) (4.15)
— ' hyge\r/ o . .(va) o Y Yo o g
/ [T [ 20 o (" otecn)- 2037 (o =07,

The dual theory (Gﬁ%)(Y) then is even simpler. It merely involves introducing an
extra hypermultiplet in the quiver gauge theory (Y'), such that the hypermultiplet is
charged under a certain U(1)" subgroup (7 is an integer) of the gauge group. Note that
the mass parameter m% enters the r.h.s. of the above equation as an FI parameter.

Linear quivers. For a linear quiver pair (X,Y), the function g, = g% has the sim-
ple form (4.6), while Z is given by the formulae (4.11)—(4.12). The function

(GHoFg)(Y) /
Z (GasFe)(Y) can be further simplified after a change of variables, 7% — 7 — Tro® , and
PP
can be written as follows:
N%_l 2mime T o
o _ a —2rim®  Tro® —1 2Mmya plro hyper a'—1 _« 1
2 corpv) = / kl:[1 e R/ A e S AT
Ne— '
X Zi(lz;[ 4 1])(7'0‘,m%,rl‘rao‘ ) (4.16)
where the function Z? }\'ﬁer N has the explicit form:
a/—l’
1

2R (o ) = a

ol -1’

coshm(—Tro® 1 + 72 + 9o + bLY;)

The subscript in Z(h]i',%er 1) denotes the charges of the hypermultiplet under the U(1)

ol -1’

subgroup of U(NY,_;) and U(1); of T[N& — 1] respectively. Using the general prescription
in (3.59)), the dual partition function can be written as

o LV N%*l
Z(G%OngY)(m'(tma);n'(va7m(fw,{m7}7¢a)):/H [da"’} H dT;?Zi(II[NF_l])(Ta,m%7Traa )
1=1 k=1

XZ?X]I?,QT 1)(aa/_l,Tf‘,na—i—bfxtl)ZFI(aa/,m?V;F—m‘fF)Zig’P)({07/},—t,ua:mf‘F,va,{mW}W#a). (4.18)

al -1’

Graphically, the dual theory (G% o F3)(Y) for a linear quiver Y is given as:

No\(/’7171) (N(\I//71

00e

v IV IV v Y
M, My M} MY MY, my ] [ ] |M
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There are a few observations that we can make about this dual theory:

1. The location of the two consecutive nodes at which the Abelian loop is attached
depends on the choice of P.

2. For Niz = 1, the dual theory has a single hypermultiplet (as opposed to the loop)
charged under the U(1) subgroups of U(N,_;) x U(Ny,). The dual partition function
can be computed as before:

ZCFRO) (1! (0 )smy (0% ;Mm% {7 Y 20) /H do' (kl]vvger Nv,>(0a e ,na,t>

XZI(YKP) {0"Y h—tu=mev* {m }yza), (4.19)

’ 1
2o (6 hned) - I
(NY, _\NY) {o 3 cosh(—Tro® —14+Tro® +n,+bLt;)

In the special case NY, | = N, =1, (4.20) simply corresponds to a hypermultiplet
in the bifundamental representation of U(1)y—1 x U(1)y

The special cases of flavoring-gauging operations with N* = 1, given by (4.14)—(4.15)
and (4.19)—(4.20) for a generic quiver and a linear quiver respectively, will be used fre-
quently for the construction of non-ADE mirror duals later in this section.

4.1.3 Identification-gauging

The Abelian identification-gauging operation on a generic quiver X can be worked out in
a similar fashion. The operator Z(gaora)(x) can be read off from (3.4) and (3.11):

P
Z(Ggorz) (x) (U, {0’} Mo, 1) = Zpr(u®,ma) / I] au™ 5(“a —uV + /ﬂj)7 (4.21)
j=1

where 3 = 71,...,7p. The function Z( Afa)(y)’ as defined in (3.60), is given as

! o «a 27 o' JPg)+bln)uP
2 oty U0 Fotosm) = [ du Z g (u RRERING (ool 1 Pp )+ tm)
(4.22)

Note that we have dropped the index 4, since the operation is Abelian. Implementing the
p delta function integrals, and integrating over u®, we have the following form:

2 oy (07 atsan) =3 (ot S+ S ({0} ) [T 0r e h7o i’
(G90I2)(Y) g g .

(4.23)

From the general prescription (3.59), the partition function of the theory (G% o I$)(Y) is
given as

2GR (m/ (1, me)s ' ((0°),..) = /H [do'] 6<na + 3 tm+ > gs({o7'}, Pﬁ))
~ B B

< [P 0PN (T (), (= 0}, {0 ), (4:24)
B
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which can be massaged into the following expression:

250 (1 (o) ({07} / [1]do"] (na+zblﬁﬁl+zgﬁ<{¢f”'}a7’ﬁ)) (4.25)
5 5

xZ(Y{P‘*})({U”/}amy(?7),ny({uﬁzﬂﬁ},{vﬁ}w))-

int

Linear quivers. For a linear quiver X, the function Z2,_—~— is obtained from (4.23)

(G" oI%)(Y)
by replacing 1; — ¢;, and the function gg — gé , where g ({0"7 1, Pg) is given as

B
gé({cﬂ/},Pg) — Z Pﬂigl(_TYO'M1+"'+M571+1571 _._Tra.M1+.,.+M5,1+15)

ig=1
= _TrogMit+Mpa+js—1 + Tr0'M1+'“+M/3—1+j’3, 1< jﬁ < M/D’
= —Tro® ' 4 Tra®, o =M +...+ Mg 1+ js. (4.26)

From the expression (3.55) for a linear quiver (or the more general prescription (3.59)),

the partition function of the theory (G% o I3)(Y) is then given as

2GRN (1 (8.110) ) ({07} {m Y 5.10) /H do”’ (na+Zbgtl+Z(—Tma’ﬁ1+Tma?a))
B B

xZ PV (a7 —t {u’ =} {0} fm Y p). (4.27)

The form of the expressions on the r.h.s. of (4.25) and (4.27) imply that the dual of the
Abelian S-type operation O% = (G%ol%) is an ungauging operation which removes a single
U(1) factor from the gauge group. The precise U(1) factor to be removed is specified by the
function } 3 gs in the delta function. Similar to the simple gauging case, the ungauging op-
eration corresponding to the dual of (G013 ) also results in a manifestly Lagrangian theory.

4.1.4 Identification-flavoring-gauging

Consider an Abelian elementary S-type operation O% which involves identifying U(1) flavor
symmetries from p distinct nodes in a generic quiver X, followed by flavoring the identified
node with N hypers of charge 1, and finally by gauging the identified U(1) flavor node.
Following the notation of section 3.2, we denote this operation as Op = G% o Fj5 o I5.
The flavor symmetry introduced by the operation Op is G = U(p) x U(N), modulo
an overall U(1) factor. The U(p)-valued masses are labelled as p = (u,...,u"), and
the U(Np)-valued masses are labelled as {m{ ,}, where & = 1,...,Nj. The function
ZaaoFgols(x), Which can be read off from (3.4), (3.6), (3.11), and (3.17), is given as

P P
ZG%OF';OI%(X)(ua’{uﬁ}ynavm%‘au):ZFI(uavna)Zilyrlfgp ua’m%)/Hduw H(S(uo‘—u'“ +N’Yj).

(4.28)
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Using the general formula (3.60), and the identity (4.9) for Z{lyﬁ’sép, the function

z L
(G%OF;;OI%)(Y) 1S given as
) [ sty

2 esigpion = | D Zogergongon (7)o, me
B

/H d HZt—[NF] “ {u =0, mF} 0 H e2m(g3 ({o” }PB)JFblgm)Hﬁ
B

< (ot e+ St + 3 g5 (071.75) ). (1.29)

B B
where, in obtaining the second equality, we have used the delta functions in (4.28) and
integrated over u®. Proceeding in the same way as in the flavoring-gauging case and

relabelling the integration variables 7% — 7% ,, one can recast 2, —— in the
& & k k—1 (GoFZoI%)(Y)

following form (up to a ¢ -independent phase factor):

N&-1
a, 27 a"y P, Bim T[Ng—1 ™ o
(G%ZFEIO‘ _/ H dT Zﬁgﬁ JPa) 1F)Zl(nt[ " ])(T avao)
hyper ~ )
X Z(Ga OFQOIQ YY) <{ } Tl yNas M (430)
’ ].
Zhyper (av TS s ): : . 4.31
egargern (7 DT ) S a7 1 Pa) + 7 a2 ) (430

The function Z(E@#°F#°I3)(Y) can be identified as the 1-loop contribution of a single hy-
permultiplet charged under certain U(1) subgroups of the gauge group of Y and the group
U(1); of T[Nf —1]. Following the general prescription (3.59), the partition function of the
theory (G% o/}\?%/o I$)(Y) is given as

NF—I
250 (! (o) ({07, um~/Hwﬂ/ a2 N (2 m 0)
hyper ~' « . '(Y,{’P[;}) v B_,B (o3 B
Z(gx OFO‘ ol )(Y) ({0- }’Tl 7"0””) Zlnt ({0- }’m (n)?n ({u N +Tan‘}’{’U }7"'))' (4'32)

The dual theory (G% o Fp o I$)(Y') is therefore manifestly Lagrangian, and can be repre-
sented by a generic quiver diagram of the following form:

(G 0 Fa o I3)(Y): Y (1)------

The theory consists of a T[Ng — 1] tail attached to the quiver Y by a single hypermultiplet,
which is also charged under some of the U(1) factors in the gauge group of Y. (Q%,1)
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collectively denotes the charges of the hypermultiplet connecting Y and 7[Ng — 1], under
various U(1) factors of Y and U(1); of T[N — 1] respectively. Note that

1. The charge vector Q%, and therefore the precise shape of the quiver, depends on the
choice of the permutation matrices {Pg}.

2. In the special case, where N = 1, the function Z — is given as

(GOFOI){p } (Y)

. ! o
_ 27 Y, 957 1 Pa) (4 4m) hyper

Z -
(GoFZoI2)(Y) (GSoFSoI2)(Y)
X ({07/}77706777)7 (433)
/ 1
Zhyper "V Ny = , . (4.34
(G2oFSoI2)(Y) <{ b e 17) coshm (325 95({7 }, Ps) + M + 25 blﬁﬁl) (4.34)
The dual paritition function is then given as

(G2 oFS oI2)(Y) hyper !

2RI (! )i (0°.m) / [t ]2 (107 bem)  (4.35)

ani P ({a” 1Y ()" (o’ =i +me ) {v7},...)).

The dual theory (G o F o) {Pﬁ}(Y) in this case is simpler. It merely involves intro-
ducing an extra hypermultiplet in the quiver gauge theory Y, such that the hyper-
multiplet is charged under a certain U(1)" subgroup (r is an integer) of the gauge

P)

roup. The FI parameters {u?} in Z. (Y'P) s also replaced by the mass parameters
g

1nt
{1” +mg}.

Linear quivers. For a linear quiver pair (X,Y’), the above partition function can be
written as

Na 1
C“o/\"‘/o ol TIN @ @
ZORTRI () (8,m0), 0 ({0}, a0, {07 i) / H [0 / [Tt om0

g (e e t) 20T (o~ =i e} () g e). (4:36)

(GgoFgolg)(Y)

In this case, the hypermultiplet contribution can be written explicitly, and the U(1) charges
Q’ can be read off:

1

coshm(Xg95({07"}, Ps) + 1 + 10 + X blﬁm)
1

cosh W(ZB(—TM'%_I + Tra%) + 7+ N0+ 225 betl)7

N (Ca X I

(4.37)
(GHoFZoI2)(Y)
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where the functions {gs} and the gauge node labels {aj;} are defined in (4.26). For the
special case N7 = 1, the dual partition function again assumes a simplified form:

2GR IR (m/ (t0) ' ({07} pem fm7 ) 25)) (4.38)
L\/

= / [T [ao |20 (107 bt )20 7D ({0 Lt g =m0} {m L),
o] (G2 oFZoI2)(Y)

1

7 ’ . 4~39
coshﬂ(zﬂ(fTrO'a/*_1+Tra'%)+na+25blﬁtl) (4.39)

Zhyper ( o 7 a,t)z
(GgoFgoI2)(Y) {o™ b

The special cases of flavoring-gauging operations with N = 1, given by (4.34)—(4.35)
and (4.38)—(4.39) for a generic quiver and a linear quiver respectively, will be used fre-
quently for the construction of non-ADE mirror duals later in this section.

4.1.5 A qualitative description of the dual operations

While we have determined the precise dual operations at the level of the quiver gauge
theories above, their qualitative forms could be guessed from the fact that mirror symmetry
exchanges Higgs branch global symmetry on one side of the duality with the Coulomb
branch global symmetry on the other. The dual of the Abelian gauging operation on X
will therefore involve gauging of a U(1); topological symmetry of Y, which is equivalent
to ungauging a U(1) subgroup of the gauge group of Y. The precise U(1) being ungauged
can be read off from the matrix model and is realized by the function g, ({0"7/}, 73) in (4.5)
set to a constant. The same qualitative reasoning also applies to the case of Abelian
identification-gauging, with the ungauging of the U(1) subgroup being realized by setting
the function > 5 gg ({0'7/}, 795) in (4.25) to a constant.

A flavoring-gauging operation can be viewed as identifying the U(1) flavor symmetry
of the theory X with a U(1) flavor symmetry subgroup of N free hypermultiplets, and
then gauging it. If the U(1) flavor symmetry in X were gauged without this identification,
then the dual operation would involve ungauging a certain U(1) subgroup of the gauge
group of Y, as argued above. Let us call this U(1) subgroup U(1)y. Similarly, if the U(1)
flavor symmetry of the free hypers were gauged separately, one would ungauge the U(1);
node of the quiver T[Ng] (see the discussion after (4.9)) on the dual side. This would give
a linear chain of N —1 U(1) nodes with a fundamental hyper at each end, which is indeed
the correct mirror of a U(1) theory with N flavors.

In contrast, the identification of the two U(1) flavor symmetries, roughly speaking,
leads to an identification of FI parameters associated with the U(1); and U(1)y on the
dual side. The gauging operation then, following the logic presented above, leads to the
dual operation where a linear combination of U(1); and U(1)y is ungauged. While the
precise form of the linear combination can be read off from the matrix model integral,

this generically produces a quiver Y = (G% o Fg)(Y) of the form shown in the para-
graph following (4.13). The same qualitative reasoning also applies to the case of Abelian
identification-flavoring-gauging.

— 59 —



1 n—1+1 -1

(X7) (Y")

Figure 17. A three-parameter family of dual quiver gauge theory pairs with U(1) gauge groups
labelled by the integers (n,l,p) with n > 1 —1 > 0, and p > 2. Their construction from linear
quivers by identification-gauging operations is shown in figure 19.

Moduli space data Theory X’ Theory Y’
dim Mg 2 n+p—2
dim M¢ n+p—2 2
Gu U(1)xU(1) SU(p) xSU(n—1+1)xSU({—1)xU(1)
Ge SU(p) xSU(n—1+1)xSU(I—1)xU(1) U(1)xU(1)

Table 5. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 17.

4.2 Examples of Abelian quiver pairs

4.2.1 Family I| a single closed loop attached to a linear quiver tail

n,l,p]*
The first example in the class of Abelian mirrors is the infinite family of mirror duals shown
in figure 17, labelled by three positive integers (n,l,p) with the constraints n — I+ 1 > 0,
[ > 1, and p > 2. The theory X’ has the shape of a single closed loop attached to a linear
quiver tail, while the theory Y’ is a quiver with two nodes connected by multiple edges.
The dimensions of the respective Higgs and Coulomb branches, and the associated global
symmetries are shown in table 5.

The quiver pair (X',Y”’) in figure 17 can be generated from the linear quiver pair
(X,Y) in figure 18 by a series of elementary Abelian operations on X and the dual oper-
ations on Y, as shown in figure 19. The Higgs branch global symmetry of X is given by
G#% =U(1)3/U(1) = U(1) x U(1). Using the notation introduced in section 2.4, the mass
parameters are labelled as m = (mq, mg, m3), and the quotient by the overall U(1) factor
in the flavor symmetry of quiver X can be implemented by the constraint mg = 0. The
U(1) x U(1) flavor symmetry of X can then be identified with the two terminal U(1) flavor
nodes, parametrized by the independent (my,ms).

To obtain X’ from X, we first perform an identification-flavoring-gauging operation'?
O; on the flavor nodes (marked in red) at the two ends of the quiver X, with Ng = 1.

13 As mentioned earlier in section 3.4, we drop the superscript o from the notation ©@% when there is no
ambiguities regarding the flavor nodes on which the S-type operation acts. In cases where P is trivial, we
drop the subscript as well.
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n—1

n—1I1+1 -1

(Y)

Figure 18. Pair of linear quivers with U(1) gauge groups which generate the 3d mirrors in figure 17.

This step is precisely the same as the illustrative example studied in section 3.4. This is
followed by a flavoring-gauging operation Oz on the quiver O1(X) at the new flavor node
(also marked in red), again with N = 1. The quiver X’ can be obtained by implementing
a sequence of p — 2 such flavoring-gauging operations, each acting at the new flavor node
obtained in the previous step. Let us adopt the notation:

X(i):Oiooi_lo...OOQOol(X), (440)
Y(Z) == 6z (¢} 62‘_1 ©0...0 62 (¢] 61(Y), (441)

where O; is an identification-flavoring-gauging operation, and O; (i > 1) are flavoring-
gauging operations. We will denote the A = 4-preserving deformations of the quivers X ®)
and Y as (m®, n@) and (m/®,/®) respectively. In this notation, we have

X' =x0-) y' =yl (4.42)

We will denote the deformation parameters of the dual theories X’ and Y’ as (m,n) and
(m/,n’) respectively, which obviously implies

(m,m) = (mPD =) (m/ y) = (m/F7D 5P, (4.43)

The masses associated with the identification operation are parametrized as g, while the
mass associated with flavoring operation at the i-th step is m% = m%). The FI parameter
associated to the gauging operation at the i-th step is 7o = 7.

Let us begin with the dual operation for O;(X). This was already worked out in
section 3.4. We will now derive that result using the general Abelian formula (4.38)—(4.39)

in section 4.1.4. Following the notation in section 4.1 (originally introduced in section 3.2),
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(X) ¥)

Oy Oy

n—I01+1

n—1+1 -1

()

(x@) (v®)

Figure 19. The quiver (X’) and its mirror dual (Y’) in figure 17 (for p = 3) is generated by a
sequence of elementary S-type operations on different nodes. In each step, the flavor node(s) on
which the S-type operation acts is shown in red.

let us define the variables {#”}, which parametrize the U(1) x U(1) mass parameters of
the quiver X:

ut = my,u? = ms, (4.44)

and implement the S-type operation O; on the relevant flavor nodes of X. Note that the
permutation matrices {Ps} are trivial in this case. The resultant quiver O1(X) = X1 is
shown in the second line of figure 19.

The dual quiver (51(Y) can then be constructed using the general recipe presented
in section 4.1.4 — the expressions (4.38)—(4.39) give the dual partition function. The
expression (4.38) implies that the dual quiver O;(Y) simply involves adding an extra hy-
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permutiplet to the quiver gauge theory Y, i.e.

o (Y) m’M /(1) 7 hyper 1 7 ¢ (Y) _ B8_ /3 (1)
701 n / H 4’| 287 (0 o2 1V 20 (0 0%t =P 4} (4.45)

:/H {dav/]Z(}.’%yIZj:)(017027~(1)at)Zi(IK)(O'I’U27_t7{m1_M +m%1),m2—0 ms=p +mF)})
1

where m/(Y) = m/M (¢, 7)), /D) = /D (m (1 ), p) are linear functions of their arguments.

The problem then is reduced to writing down the contribution of the hypermultiplet Zgirgj).
1
From (4.39), this is given as
1
7hyper 1’ 27~(1)’t _ —. pbif ’ bt
Ol(Y)(J ag,n ) COShW(Ul—02+ﬁ(1)+ZﬁblﬂtZ) 1—loop Z Bl
(4.46)

The new hypermultiplet can therefore be identified as a bifundamental hypermultiplet with
a mass mpj = —7t - 23 bl sti, and this leads to the quiver Y™ in the second line of fig-
ure 19.' Finally, the mirror map between the masses and the FI parameters can be read off
from (4.45)—(4.46), and can be recast in the form (3.74)—(3.75) after appropriately redefin-
%1) — mg) — pt with g = p? — pb).

Now consider implementing the flavoring-gauging operation @y on the quiver X =

ing the integration variables and mass parameters (m

O1(X). Following the notation of section 4, we label the new flavor node, arising from the
operation (1 in the previous step, as a. We define the associated mass parameter as

ut = mg). (4.47)

Note that the permutation matrix P is trivial in this case. The quiver Oy(XM) = X is
shown in figure 19.

The dual quiver 62(Y(1)) can then be constructed using the general recipe presented
in section 4.1.2. The expressions (4.14)(4.15) show that the dual quiver O (Y () is given
by adding one extra hypermultiplet to the quiver gauge theory Y1) i.e.

200 ) - [ H [407] 280 2 i O e ), D (" = 2, )
x Z(%}:z;r(l))(0.170-27ﬁ(2)7,’7(1) (tvﬁ(l)))’ (448)

where the explicit form of the function Zl(nt " can be read off from (4.45), and the function
(%yrg/rm) is given by (4.14). The function go(o1,02) in (4.14) can be read off from the FI
2

term appearing in the r.h.s. of (4.45), which gives g(01,02) = 01 — 02. Therefore, the

1 The matrix blB can be read off from the precise mirror symmetry relation between Z) and Z<Y>, ie.

20 (s t) = 20w =) 700 (L) s bht® = (but — ta®), (I=1,...,n, B =1,2).
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hypermultiplet term reads:

Z%}:z?(l))(al’a27"7(2)’77(1)@’ ﬁ(l))) _ Z})i—floop (U o2 —77(1) _ 77(2) — zﬁ:bﬁtl) ,  (4.49)

The new hypermultiplet can therefore be identified as a bifundamental hyper with a mass
parameter mp;; = —ntt) — 7 - 23 bl sti- The resultant quiver then is given by Y®@ j
the third line of figure 19. The mirror map for the dual theories X ), Y2 can be read off
from (4.48)—(4.49).

In the next step, we implement the flavoring-gauging operation @3 on the quiver X (2
at the flavor node arising from the operation @ on X, and so on. At the i-th step, the
dual quiver Y is given by adding a bifundamental hypermultiplet to the quiver Y (—1.
The dual pair (X', Y”) in figure 17 is therefore generated in this fashion for i = p — 1. The
theory Y’ can be read off from the partition function:

mn) /H do”’ HZ{Mfloopa g mblfl)Zl(nt)(U o’ —t {m )O,u—i—m(p 1)})7

(4.50)
where the parameters m/ ... are given as mj ., = — > kg 7% — 3 5 bﬁtl
After a change of integration variables, the mirror map for the dual pair (X',Y”)
can be summarized as follows. The mass parameters of theory Y’, associated with the
bifundamental and fundamental hypermultiplets, can be written as linear functions of the
FI parameters of X':

01 — 09, ifj=1
Mg j = P ’ (4.51)
Zk 17](k)+(51 — 09, ifj=2,.
mgllmdil =—t; +01, t1=1,....,n—0+1, (4.52)
7’I’Lgndl2 = _tz’2+n—l+1 =+ 52, 19 = 1, - ,l —1, (4.53)
i - tiodn—
where §; = %:Z} +11 and 0o = # The FI parameters of the theory Y’ are also

given in terms of the mass parameters of X'
W =m@ D, =& 4 ). (4.54)

The mass parameters of Y/ manifestly live in the Cartan subalgebra of the Higgs branch
global symmetry GY; = U(p) x SU(n — 1+ 1) x SU(I — 1), while the FI parameters live in
the Cartan subalgebra of the Coulomb branch global symmetry GY' = U(1) x U(1).

Note that the global symmetries on the Coulomb branch of theory X’ looks counter-
intuitive. The loop in X’ has two balanced linear subquivers, consisting of [ —2 and n — [
gauge nodes respectively. This leads to the factors of SU(I—1) and SU(n—141) respectively
in the global symmetry as expected. The linear subquiver attached to the loop has a set
of p — 2 balanced gauge nodes which naively contribute an SU(p — 1) factor to the global
symmetry. However, it turns out that the naive U(1) x U(1) x SU(p — 1) is enhanced to
U(1) x SU(p) in the IR. We already saw this phenomenon for the example worked out
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%l o

1

Figure 20. An infinite family of mirror duals labelled by the positive integers (n,l, 11,12, p1,p2)
subject to the constraints n > 1lo > 1> 103 > 0, and p; > 2,py > 1.

Moduli space data Theory X’ Theory Y’
dim My 3 n+p1+p2—3
dim M¢ n+pi1+p2—3 3
G U(1)° SU(11)-SU(n—l2)-SU(p2)-U(I—11)-U(la—1)-U(p1)
Ge SU(11)-SU(n—12)-SU(ps)-U(I—11)-U(la—1)-U(pr) )

Table 6. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 20.

in section 3.4 (which has an explicit Type IIB Hanany-Witten realization), corresponding
to p = 2 with generic n and [. Similar to that example, the enhancement in the global
symmetry can be explicitly checked by computing the character expansion for the Coulomb
branch Hilbert Series of X’.

4.2.2  Family Iy, 10, 1,.0,.p,)¢ two closed loops attached to a linear quiver tail

The second example in the class of Abelian mirrors is the infinite family of mirror duals
shown in figure 20, labelled by the positive integers (n,l, 1,12, p1,p2) subject to the con-
straints n > Iy > [ > [; > 0, and p; > 2,ps > 1. In contrast to Family I studied earlier,
the quiver X’ consists of two closed loops attached to a single linear quiver tail. The pro-
posed mirror dual Y’ is a quiver with three nodes in a loop connected by multiple edges.
The dimensions of the respective Higgs and Coulomb branches, and the associated global
symmetries are shown in table 6.

The quiver pair (X’,Y”’) in figure 20 can be generated from the linear quiver pair
(X,Y) in figure 21 by a series of elementary Abelian S-type operations on X and the dual
operations on Y (shown in figure 22), which we shall describe momentarily. The Higgs
branch global symmetry of X is given by G& = U(1)°/U(1) = U(1)*. Using the notation
introduced in section 2.4, the mass parameters are labelled as m = (my, mg, msz, ma, ms),
and the quotient by the overall U(1) factor in the flavor symmetry of quiver X can be
implemented by the constraint m3 = 0. The U(1)* flavor symmetry of X can then be
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Figure 21. Pair of linear quivers with U(1) gauge groups which generate the 3d mirrors in figure 20.

identified with the U(1); x U(1);, x U(1);, x U(1),—; flavor nodes, parametrized by the
independent (my,mg, my, ms).

The theory X’ can be obtained from the quiver X in three distinct set of steps, each
of which involves a sequence of elementary Abelian operations:

1. The first sequence involves an identification-flavoring-gauging operation O; on the
U(1)1 xU(1),,—1 flavor nodes (marked in red) at the two ends of the quiver X, followed
by p1 — 2 flavoring-gauging operations O; (for i = 2,...,p; — 1), each acting at the
new flavor node generated in the previous step. At each step, the flavoring operation
corresponds to Ng = 1. This is very similar to the derivation of the quiver X’ in
Family I, studied earlier. We adopt the notation:

XD =000, 10...00500(X), (4.55)
YO =000, 10...00500,(Y), (4.56)

and denote the N/ = 4-preserving deformations of the quivers X and Y as
(m@ n@) and (m/@, 7)) respectively. The mass associated with the identifica-
tion operation is p, the mass associated with flavoring at the i-th step is labelled as
mg), and the FI parameter associated with gauging operation at the i-th step is 7).
The quivers (X®1 =1y ®1=1) are shown in the second line of figure 22.

2. The second sequence involves py — 2 N = 1 flavoring-gauging operations (’)} (j =
1,...,pa — 2), where O} acts on the U(1);, flavor node of the quiver X =1 while

— 66 —



(’)3- for j > 2 acts on the new flavor node generated by the operation (’)3-_1 in the
previous step. We will denote these quivers as:

X1 = 0L o O _jo...0 0o OL(XP1=D), (4.57)
Y1) = 0l o @)_jo...00,0 0} (YP1=1), (4.58)
and the associated N = 4-preserving deformations will be denoted as

(mP1=19) pe1=13)) and (m/®1—19) 5yP1=19)) respectively. The mass associated
with the flavoring operation at the j-th step is mg), and the FI parameter
associated with the gauging operation at the j-th step is £U). The quivers

(X (P1=1p2=2) 'y (P=1p2=2)) are shown in the third line of figure 22.

3. In the final step, we implement an identification-gauging operation O” on the
X P1=1p2=2) inyolying the U(1);, flavor node and the U(1) flavor node generated
by the operation O, _, in the previous step. This leads to the quivers (X',Y”) in
figure 20, i.e.

X' = O"(xPr—lpr2=2)) y! — O (y (= lpe=2)y, (4.59)

We will denote the N' = 4-preserving deformations of the dual theories as (m,n)
and (m’,n) respectively. The mass associated with the identification operation is
labelled as ji, and the FI parameter is labelled as & (p2—1),

Let us now work out the dual quivers at each step outlined above, using the dual
partition functions for Abelian S-type operations derived in section 4.1.

o Consider the first sequence of operations on the theory X. Let us define the variables
{u”}, which correspond to the U(1); x U(1),_; mass parameters of the quiver X as:

ut = my,u? = ms, (4.60)

and implement the S-type operation O; on the relevant flavor nodes of X (the per-
mutation matrices {Pg} are again trivial in this case). The partition function of the
dual quiver O;(Y) = Y is then given by the expressions (4.38)(4.39) as follows:

Z&m( (1) () (4.61)

—/ H do”'| 2% ({07170, 1) 2] ({07}t {u” = 1 4 mip} ma, ma),
-/ H o™ | 227 (o7} ) 240 ({07}~ {my) ma,0.ma, miy) + ),

where for the second equality we have redefined the mass parameter m%) — mg) pt

with g = p? — p!'. Following (4.39), the hypermultiplet term gives

01(Y)

225 ({071,710, 1) = 2700 (o, -t - Zb’tz)- (462)
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Figure 22. The quiver (X’) and its mirror dual (Y”) in figure 20 is generated by a sequence of
elementary S-type operations on different nodes. In each step, the flavor node(s) on which the
S-type operation acts is shown in red.

— 68 —



The dual operation therefore amounts to adding a bifundamental hypermultiplet
connecting the gauge nodes labelled 1 and 4 in quiver Y, with a mass parameter
mb(llfA‘l) = —17 -3 blﬁtl. Next, we implement the flavoring-gauging operation Oy on

the quiver X(l) = 01(X) at the new flavor node « generated by Oy, i.e. we set
ut = mg), (4.63)

and implement the flavoring-gauging operation at « as before. The expres-
sions (4.14)—(4.15) show that the dual quiver Oy(Y(D)) = Y is given by adding
to the quiver gauge theory Y1) one extra bifundamental hypermultiplet connecting
the gauge nodes labelled 1 and 4. Explicitly, (4.15) gives

4
Y (1) / er ’ ~ (1)
200 @ @)= [ ] [a0 ] 257 (o)) 20 (7 oDy ),
1

(4.64)
where M) = M (¢, 7)), /M) = /() (o m%), w, ma,my). The function Zl(gg( i
given by the integrand of the matrix integral on the r.h.s. of (4.61). The function g,
in the formula (4.14) for Z(};y I() er(l)) can be read off from the FI term appearing in the
r.h.s. of (4.61), i.e. go(01,04) = 01 — 04. The hypermultiplet term then gives

Zgn i, ({07 1% n) = Z¢t,, (‘”: o, =iV =7 =37 béﬂfl) - (465)
B

Proceeding in the same fashion, one can implement the flavoring-gauging operation
successively on the new flavor node generated in the previous step. At the i-th step,
the dual quiver Y9 is given by adding a bifundamental hypermultiplet connecting
the gauge nodes labelled 1 and 4 in the quiver Y =1, The partition function of the
theory Y(P1=1) is given as

ZY(P1*1)(m/(p171) n/(plfl)) (466)
p1—1

/H dJ’Y HZ})IfIOOP U 14 m{)(llfézl))Zl(rﬁ)({o—’y }a t{m(pl 1) m2,0,m4,m;€)1_1)+‘u})7

which manifestly is the partition function for the quiver Y ®1~1  as shown in the
second line of the figure 22. The bifundamental masses mi in the above expression
are given as

miry = Zn —> bt (4.67)
5

Next, consider the second sequence of operations on the theory X ¥1—1) starting with
the U(1);, flavor node shown in red in figure 22. Let us define the mass parameter
u® corresponding to the U(1);, flavor node as

u® = mo, (4.68)
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and implement the flavoring-gauging operation O}. The partition function of the
dual theory O} (Y®1=1) = y(P1=1L1) is then given as

70} (Y<P1*1>)( (pr=1.1) g/ (1=1.1)y (4.69)

er ’ _ (p1-1) ’ _ _
-/ H (o | 2 (o 1 €D D) Z D (o) m 0 01D,

Where /r’(pl_l) — /r’(pl_l)(t’ﬁ(i))’ /r]’(pl_l) — n,(pl—l)(u — $%)7,u’ mgl 1) m4)7 and
the function Zl(nt V) is given by the integrand on the r.h.s. of (4.66). The hyper-
multiplet term, computed as before from (4.14), has the form:

g iy (171 €D 0 0) = 2 (01 0% €D b Y),(470)
which implies that the dual operation (5’1 on theory Y®1=1) gimply amounts to
adding a bifundamental hypermultiplet connecting the gauge nodes labelled 1 and 2
in Yy(1—1, Proceeding as before, one can now perform the flavoring-gauging opera-
tion on the new U(1) flavor node, with mass parameter :L'%l), and repeat this operation
p2—2 times. The resultant dual theory Y (P1=122=2) can be read off from the partition
function:

p2—2
y(p1—1.p2-2) 'y bif bif /(14)
Z —/ | I dO’ | I 27 00p( ol 0 mblf] II Z1 100p( ol ot M)

x 25 ({o"'}, t{m“” Y a2, 0,my m;&“ V), @

which manifestly reproduces the quiver gauge theory Y ®1=122=2) in the third line of

1(12)

figure 22. The bifundamental masses my ;™ in the above expression are given as
L H02) NS ) gl (D)
My ) = Z )+ bhp Y, (4.72)

Finally, consider the identification-gauging operation on the theory X ®1—1:r2=2) jp_
volving the two U(1) flavor nodes shown in red in figure 22. Let us define the variables
{u”'} as

ul = x%pQ 2w =my, (4.73)
and implement the identification-gauging operation O@”. The dual, given by the

general expression (4.25), is an ungauging operation on Y 1=1P2=2)  From (4.71)
and (4.25), the partition function of the theory (’)”(Y(pl_lm_?)) is given as

p2—2
O"(y(p1—1,p2— 2)) 'y bif bif /(14)
70" | I da | I Z1 00p( ol o? mblf] | I Z1 00p( ot,ot my)

A e 0 e ”+u}>

int

X 5(5(”_1) —I—Zbii/mm_l’pz_m +o2+04—01 —0’3>- (4.74)
/B/
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To read off the precise Lagrangian for O (Y(plfl’prm), we eliminate o9 using the
delta function, and make the following change of variables:

Fl=0l,52=0"-0% 5 =o' (4.75)

The matrix integral (4.74) can then be recast into the following form:

N 3 -l
ZO”(Y(pl_l’pQ_%) :/ H [d&ﬂ ZFI({&’Y/}ym(FI‘Jl Y 7/-1’ N H Z})lfloop 17~2 mb(llf%,))

la—1

bif 72 53 bif 7 5! fund ~1 /(1)
X H Zl loop O mblf] H Zl loop O mblfk H Zl loop mfundil)
11=1

fund ~ /(2 fund ~ /(3

X H Zlurioop mffln)dlg H Zlunloop mf$111)di3)7 (476)
i9=1 i3=1

’ (p1—1)~ : (p1—1)
Zer ({37 }m® ), i ) = 2t VT 2w amirkm P g2 g4 )
The matrix integral (4.76) manifestly reproduces the partition function of the quiver
Y’ in the final line of figure 22. The mirror map for the dual pair (X',Y’) can
be summarized as follows. The mass parameters of theory Y’, associated with the
bifundamental and fundamental hypermultiplets, can be written as linear functions

of the FI parameters of X':

1(12)

Myig; = —ty+i +0+02—01, i=1,...,1—1, (4.78)
m{3(12f:‘)’j) = _tl+j+53_625 j: 17"'7l2_l7 (479)
) _ (k7% 4+ Y5 05t) + 65 — 61, ifk=1,...,p1 —1 (1.50)

' 8 + 03 — 01, if k= py,
M = —ti, £ 01, =1,k (4.81)

(C2_ €02 4 bhty) — 6 — 6o, ifia=1,...,pp 2

2 . .
gm)dzg =4 —0 — 02, if i9 = pg — 1, (4.82)
—0d2, if 39 = po,

mgil)d’m - _tl2+’53 - 537 ig = 17 cee, 0 — l?? (483)

where (5 = sz_lf / + > =24 bfgtl, and 0123 are chosen such that >, m;gln)dil

Do ﬁmd iy = Dis mﬁmdz = 0. The FI parameters of the theory Y’ are also given in
terms of the mass parameters of X':

1 ~ —1
0t =m0 = = = ), (4.84)

Written in this fashion, the fundamental mass parameters of Y’ manifestly live in the
Cartan subalgebra of SU(l;) x SU(p2) x SU(n — l2), while the bifundamental masses
parametrize the Cartan subalgebra of U(l—1;) x U(la—1) x U(p1). Combined together,
the masses parametrize the Cartan subalgebra of the Higgs branch global symmetry
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Figure 23. An infinite family of mirror duals labelled by the positive integers (p1,p2,ps) subject
to the constraints p; > 1, po > 1, and ps > 1.

group of Y’ i.e. G = SU(I1) x SU(p2) x SU(n —Iz) x U(l —11) x U(ly — 1) x U(py),
while the FI parameters live in the Cartan subalgebra of the Coulomb branch global
symmetry G = U(1)3.

4.3 Examples of non-Abelian quiver pairs

4.3.1 Family IIIp, ,,..): a single closed loop with bifundamental matter at-
tached to a linear quiver tail

The first example in the class of non-Abelian mirrors is the infinite family of mirror duals
shown in figure 23, labelled by three positive integers (p1, p2, p3) with the constraints p; > 1,
p2 > 1, and p3 > 1. The theory X’ has the shape of a single closed loop attached to a
linear quiver tail, where the loop has a single U(2) gauge node and p; + p2 + 1 U(1) gauge
nodes. The dual theory Y is a quiver with four gauge nodes, two of which are connected
by multiple edges. The dimensions of the respective Higgs and Coulomb branches, and the
associated global symmetries are shown in table 7.

The quiver pair (X’,Y”’) in figure 23 can be generated from the linear quiver pair
(X,Y) in figure 24 by a sequence of elementary Abelian operations on X and the dual
operations on Y, as shown in figure 25. The Higgs branch global symmetry of X is given
by G% = (U(1) x U(3) x U(1))/U(1). We choose to quotient with the overall U(1) such
that G3& = U(1) x SU(3) x U(1). Using the notation introduced in section 2.4, the mass
parameters are labelled as m = (my, ma, ms, mg, ms), and the quotient by the overall U(1)
factor in the flavor symmetry of quiver X can be implemented by the constraint msg +mg+
myg = 0. The U(1) x U(1) subgroup of the flavor symmetry of X can then be identified
with the two terminal U(1) flavor nodes, parametrized by the independent (mq,ms).

To obtain X’ from X, we first perform an identification-flavoring-gauging operation
O on the flavor nodes (marked in red) at the two ends of the quiver X, with Ng = 1.
This is followed by a sequence of flavoring-gauging operations {O;} (i = 2,...,ps), with
N7 =1, implemented at the new flavor node obtained in the previous step. The procedure

79 -



1 3 1
(X)
1 2 3 4
D2 1 1 b1
(Y)

Figure 24. Pair of linear quivers with U(1) gauge groups which generate the 3d mirrors in figure 23.

p2 p2—1 p—1 p

Figure 25. The quiver (X’) and its mirror dual (Y”) in figure 23 is generated by a sequence of
elementary S-type operations on different nodes. In each step, the flavor node(s) on which the
S-type operation acts is shown in red.
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Moduli space data Theory X’ Theory Y’
dim My 6 24+p1+p2+ps
dim M¢ 2+p1+p2+ps3 6
Gu U(3) xU(1) SU(p1) x SU(p2) x SU(p3) x U(1)*
Gc SU(p1) x SU(p2) x SU(p3) x U(1)* U(3)xU(1)

Table 7. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 23.

is precisely the same as the ones described for Family I in section 4.2.1. As before, we
adopt the notation:

X(Z) = Oiooi—l e} ...002001(X), (485)
Y(Z) = 61 o 6i—1 O0...0 62 o} 61 (Y), (486)

where Oy is an identification-flavoring-gauging operation, and O; (i > 1) are flavoring-
gauging operations. In this notation, we have

X' =xP) y =y, (4.87)

The N = 4-preserving deformations of the quivers X and Y are denoted as (m(i),n(i))
and (m’(i),n’ (i)) respectively. We will denote the deformation parameters of the dual
theories X’ and Y’ as (m,n) and (m’,n’) respectively, which obviously implies

(m,n) = (m(m),n(z’s))’ (m/’n/) _ (m’(m)’n’(m))‘ (4.88)

Finally, the masses associated with the identification operation are parametrized as ,
while the mass associated with flavoring operation at the i-th step is m% = mg). The FI
parameter associated to the gauging operation at the i-th step is 1o = 7%,

Following the notation in section 4.1, we define the variables {#}, which parametrize
the U(1) x U(1) mass parameters of the quiver X:

ut = my,u? = ms, (4.89)

and implement the operations {O;}, as shown in figure 25. Since the computation is very
similar to the one discussed in section 4.2.1, we simply present the answer. Following the
general formulae in (4.38)—(4.39) and (4.14)—(4.15), the partition function of the theory
Y (Ps) ig given as

ZY(pB»)( ’(’PB) ’(P3)) (4.90)
—/ H dor” Hz'flfloopa ot omyget)) Zin) ({07}~ AmigY . i, ma, mif?) + ),

which manifestly is the partition function for the quiver Y’, as shown in the second line of
the figure 25. The bifundamental masses m,’D.f in the above expression are given as

blfz - 277 Z blﬂtl' (491)

B=1,5

74—



After a change of integration variables, the mirror map for the dual pair (X', Y”)
can be summarized as follows. The mass parameters of theory Y’, associated with the
bifundamental and fundamental hypermultiplets, can be written as linear functions of the
FI parameters of X':

%

14 .

mpgey = =S 7% — 3 b, (4.92)

k=1 B=1,5

/(12 (23 /(34

Minai, = —tiy + 6, i1=1,...,p2, (4.94)
Miond = —tpy 41+ 6, (4.95)
Mind = ~tpat2 + 6, (4.96)
mﬁlmdiz = _tp2+2+i4 +9, ig=1,...,p1, (4'97)

-t
where we choose § such that § = %. The FI parameters of the theory Y’ are also

given in terms of the mass parameters of X':

0t = mgf?’) —ma, % =mg —m3, 0 =m3 —my, Wt =my — (m%’_l) +p). (4.98)

The mass parameters of Y/ manifestly live in the Cartan subalgebra of the Higgs branch
global symmetry GY = SU(pz) x U(p3) x U(p1) x U(1)?, while the FI parameters live in
the Cartan subalgebra of the Coulomb branch global symmetry GE' = U(3) x U(1). The
Coulomb branch global symmetry can be read off from the observation that Y’ contains a
balanced sub-quiver with two gauge nodes (labelled 2 and 3) which gives an SU(3) factor,
along with two unbalanced nodes which contribute a U(1) factor each.

4.3.2 Family IV, ,, . a single closed loop with bifundamental and rank-2
antisymmetric matter attached to a linear quiver tail

The second example in the class of non-Abelian mirrors is the infinite family of mirror
duals shown in figure 26, labelled by three positive integers (p1, p2, p3) with the constraints
p1 > 1, po > 1, and p3 > 1. The theory X’ has the shape of a single closed loop attached
to a linear quiver tail, where the loop has a single U(2) gauge node and p; + p2 + 1 U(1)
gauge nodes. One of the hypermultiplets in the loop transforms in the rank-2 antisym-
metric representation of U(2) (i.e. it is charged 42 under the U(1) subgroup of U(2) and
singlet under the SU(2)) and is charged +1 under an adjacent U(1), while all the other
hypermultiplets in the loop transform in the bifundamental representations as shown. The
dual theory Y’ is a quiver with four gauge nodes, two of which are connected by multiple
edges. The dimensions of the respective Higgs and Coulomb branches, and the associated
global symmetries are shown in table 8.

The quiver pair (X', Y”) in figure 26 can be generated from the quiver pair (X,Y) in
figure 27 by a series of elementary Abelian S-type operations on X and the dual operations
on Y (shown in figure 29), which we shall describe momentarily. Note that the quiver pair
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Figure 26. An infinite family of mirror duals labelled by the positive integers (p1,p2,ps) subject
to the constraints p; > 1, po > 1, and p3 > 1. The label A denotes a hypermultiplet transforming
in a rank-2 antisymmetric representation of U(2) and having charge 1 under U(1);.

A

(X) ¥)

Figure 27. Mirror duals involving a D4 quiver on one side. This dual pair (X,Y") will be our
starting point for arriving at the duality in figure 26. The dual pair can, in turn, be obtained from
a pair of linear quivers as discussed in section A.l.

(X,Y) are not linear quivers, but can be easily generated from a pair of linear quivers using
a single Abelian gauging operation, as shown in figure 28 and discussed in section A.1.1?
The Higgs branch global symmetry of X is given by Gx = (U(4) x U(1) 4)/U(1), where
U(1) 4 is the flavor symmetry associated with the antisymmetric hypermultiplet, and the
Coulomb branch global symmetry is G& = U(1). The fundamental mass parameters are
labelled as (mq, mg, m3, my4), and the mass parameter for the antisymmetric hypermultiplet
as m_4. The quotient by the overall U(1) factor can be implemented either by the constraint
sS4, m; = 0, or the constraint m4 = 0. The Coulomb branch global symmetry of Y is
clearly given by G, = SU(4) x U(1), where the SU(4) factor arises from the balanced linear
subquiver of Y, consisting of the gauge nodes labelled 1, 2 and 3 in figure 27. The Cartan
subalgebra of Gé is parametrized by the FI parameters {n; };=; 4. The Higgs branch global
symmetry of X is given by G¥; = (U(1)2xU(1)3)/U(1), where the Cartan of U(1)2xU(1)3 is
parametrized by (mf, mj5). We will implement the U(1) quotient by choosing mf = 0. The
mirror map for the dual pair (X,Y") relating masses and FI parameters across the duality
is then given as follows (simply inverting the relations (A.14)—(A.16) and interchanging the

151n the notation of section A.1, Xnere = Yifiore, a0d Yiere = Xipore- One can also think of generating the
dual pair in figure 26 from a pair of linear quivers by first implementing a gauging operation of a Coulomb
branch global symmetry and then implementing a sequence of different Abelian S-type operations which
gauge a subgroup of the Higgs branch global symmetry.
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Moduli space data Theory X’ Theory Y’
dim My 5 1+p1+p2+p3
dim M¢ 1+p1+p2+p3 5
Gu SU(3) x U(1)? SU(p1) x SU(p2) x SU(ps) x U(1)?
Ge SU(p1) x SU(p2) x SU(p3) x U(1)3 SU(3) x U(1)?

Table 8. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 26.

primed and unprimed parameters):

m=—(m—my1), =12, (4.99)
Ny = —mg3 — my + ma, (4.100)
Ny = Mg —ms, (4.101)
my =mn, my =0, (4.102)

where it is understood that the masses of X satisfy one of the constraints - Zle m; = 0,
or my = 0.

The theory X’ can be obtained from the quiver X in three distinct set of steps, as
shown in figure 29, each involving a sequence of elementary Abelian operations which we

describe below:

1. We impose the constraint m 4 = 0, and identify the Higgs branch global symmetry
G = U(4) with the U(4) flavor node corresponding to the fundamental hypermul-
tiplets. Then we perform an Abelian flavoring-gauging operation O;p at the U(4)
flavor node, with N = 1, with the following choice of the permutation matrix P16

0100
0010
P = . (4.103)
0001
1000
This is followed by a sequence of flavoring-gauging operations O; (for i = 2,...,p1)

acting at the new U(1) flavor node generated in the previous step. At each step,
the flavoring operation corresponds to Nz = 1. Note that only O;p depends on the
permutation matrix P, while the rest of the operations O; (i > 1) do not. We adopt
the following notation for the resultant quivers and their respective duals:

Xg) :Oiooiflo...OOQOolp(X), (4104)
Y7§Z) = (52 e} 61'_1 o0...0 62 e} 617}(Y), (4105)

160ne can explicitly show that, for the other choices of the matrix P, one either obtains the same dual
Lagrangian Y in figure 26, or obtains a Lagrangian which is related to Y’ by some simple field redefiniton.
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and denote the N/ = 4-preserving deformations of the quivers Xg) and Yg) as
(m® n®) and (m/® /) respectively. The mass associated with flavoring at the
i-th step is labelled as m%i), and the FI parameter associated with gauging operation
at the i-th step is 77(*). The quivers (Xg’ V) and its dual Yép 1)) are shown in the second
line of figure 29.

2. The Higgs branch global symmetry of the quiver X7(>p1) is G?(’pl) =(UB) xU(1)a x
U(1))/U(1). We will choose to implement the U(1) quotient by constraining the
masses of the hypers in the fundamental representation of U(2), while leaving the
U(1)4 and U(1) masses unconstrained. Then, we perform a sequence of N = 1
flavoring-gauging operations (’)} (j=1,...,p2 — 1), starting at the U(1) 4 node, and
acting on the new U(1) flavor node in the subsequent steps. We will denote these

quivers as:
XPD = 050 0100 040 OF(XE), (4.106)
Yépl’j) :620(@_1o...o@éo@’l(Yépl)), (4.107)

and the associated N' = 4-preserving deformations will be denoted as (m(plvj ), P ))
and (m/ (P1.9) | gy (P1:3 )) respectively. The mass associated with the flavoring operation
at the j-th step is xg), and the FI parameter associated with the gauging operation
at the j-th step is £€U). The resultant quiver Xgl’prl) and its dual Yépl’prl) are
shown in the third line of figure 29.

3. In the final step, we implement an Nz = 1 identification-flavoring-gauging operation
O! on the two U(1) flavor nodes of X®1P2=1) shown in red in the third line of
figure 29. This is again followed by a sequence of Nz = 1 flavoring-gauging operations
O} (k=2,...,p3), starting with the new U(1) flavor node generated by Of. We will
denote these quivers as:

X/](Dpl’p271’k) = Og @] ngl O0...0 Og o} Oi/(X,](Dleufl))’ (4108)
Yéphp?*l’k) =0l o0 [o...00)0 (5’1’(Y7§p1’p271)), (4.109)
and the associated AN = 4 -preserving deformations will be denoted as

(mPrp2=LE) pPrr2=Lk)y and (m/P1p2=Lk) 4y (P1r2=1k)) respectively. The mass as-
sociated with the flavoring operation at the k-th step is ygﬁ), and the FI parameter
associated with the gauging operation at the k-th step is ¢(*). The mass associated
with the identification operation is . The resultant quiver ng vp2=bhes) _ x7 and

its dual Yép 1P2=1P3) _ 7 are shown in the fourth line of figure 29.
Let us now work out the dual quivers at each step outlined above, using the general

prescriptions for the dual partition functions for Abelian S-type operations, derived in
section 4.1.
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Figure 28. The mirror dual pair (X,Y) in figure 27 can be derived from a pair of linear quivers
shown in the top line by an Abelian gauging operation. The details of the computation can be
found in section A.1.

o Consider the first sequence of operations on the theory X at the U(4) flavor node a.

Recall that the partition function of the theory Y is given as'”

4
Z0(m! ) = / [T [do™'] 200 ({o”" Y n, {ma, ma, ma, ma, ma}) (4.110)
7'=1

4
= [ 11 [a07] 2o} s ma.ma,ma, ma}) 20 (07 V),
=1

where Zg%oop can be read off from the quiver Y in figure 27. The explicit form of

the FI term, using the relations (4.99)—(4.101), is as follows:

ZIQI/)({U’Y,}, {ml’ My, M3, M4, m.A}) — e—2m‘01 (m1—m2) e—27riTr0'2 (ma2—m3) (4.111)

% 6—27rw'3 (ms+ma—mn) 6—271’20’4 (mg—m4)‘

As discussed earlier, we will implement the overall U(1) quotient for the Higgs branch
global symmetry by the constraint my4 = 0. Given the choice of the permutation
matrix P in (4.103), we define the variable u® following the definition (3.1), as:

u® = my, (4.112)

and implement the S-type operation O1p on X first. The partition function of the
dual quiver O;1p(Y) = Y7g1) is then given by the expressions (4.15)—(4.14) as follows:

Z01P () (/1) (1)) (4.113)

4
= [ 11 [ao”] 257, (4o D) 20 (o™ Yo ma.ma,ms,ma=miY) ma=0})
y'=1

Mirror symmetry implies that the partition functions for X and Y are related in the following fashion:

) 4 i m
Z0 = 627”(21':1 bimitbama)n ZY) where {mi, ma} and 7 are the mass parameters and the FI parameter

of the quiver gauge theory Y respectively.
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3

(X (Prp2-1))

I1:(0F

Figure 29. The quiver (X’) and its mirror dual (Y”) in figure 26 is generated by a sequence of
elementary S-type operations on different nodes. In each step, the flavor node(s) on which the

S-type operation acts is shown in red.

where the hypermultiplet term is given by (4.14). The function g, ({o'}, P) in (4.14)
can be read off from the u® = m*-dependent part of the FI term Zg) in (4.111):

ga({aﬁl}a P) = 04 - 0-3¢ (4114)
which leads to the hypermultiplet term:

22" (o1 ) = 200, ot Y + ban). (4.115)
Or1p(Y) P
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The dual operation therefore amounts to adding a bifundamental hypermultiplet
connecting the gauge nodes labelled 3 and 4 in quiver Y, with a mass parameter
my, (34) =71 + byn.

Next, we implement the flavoring-gauging operation O on the quiver X7()1 ) = O1p(X)
at the new flavor node «a generated by O1p, i.e. we set

u® =m\®, (4.116)
and implement the flavoring-gauging operation with Ng = 1. Proceeding as before,
one can show that the dual operation amounts to adding another bifundamental
(1)

this operation p; — 2 times, the partition function of the dual theory Y(p 1) is given as

hypermultiplet connecting the gauge nodes labelled 3 and 4 in quiver Y5 . Repeating

27" (/1) gy o) (4.117)

_/H do v HZ})lfloop 47m/b(i?é))zi(r§)({U’YI}7777{m17m27m37m4 mgfl) mAZO})7

which manifestly is the partition function for the quiver gauge theory Y7gp Y in the
1(34)

second row of the figure 29, with the bifundamental masses my; "’ in the above
expression given as

mity Z 7% + ban. (4.118)

(1)
The Higgs branch global symmetry of the quiver Xg’ Vs GXP = (UB) xU(1)4
(Pl)

U(1))/U(1). We can now choose to implement the U(1) quotient such that Gy P o
SU(3) x U(1) 4 x U(1), where (m1, m2, ms) parametrize the Cartan subalgebra of the
SU(3), while the other masses (m 4, m% )) parametrize the Cartan of U(1)4 x U(1).
The dual partition function can then be rewritten as

29 (m/#0)_go) (4.119)

-/ H e Hz%lﬂoopa ot miit)) Zid ({07} . ma,mif m o)),

where 32, m; = 0. The FI term in the partition function of the theory Y7(>p V) as
well as the mirror map for the dual pair (X7(3p1), Yépl)) can be read off from (4.119)
and (4.111).

Now consider the sequence of N = 1 flavoring-gauging operations (’)3- (j=1,....,p2—

(p1) , while the subsequent

1). The operation O] acts on the U(1) 4 node of the quiver X,
ones act on the new U(1) flavor node created in the previous step. For implementing
|, we define:

u® =my. (4.120)
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Following (4.14)—(4.15), the partition function of the dual theory O} (Yépl)) = Yépl’l)
is then given as

ZOUE) (1) (e1,1)y

4
= [ 11 [do7] 257, (0 3,600 207 (o gm0 ), (1.120)
=1 1\=p

where n®1) = n@V) (5, 50, 7/ = n’(pl)(ml,mg,mg,mgl) mg)), and the function

(p1)
AR given by the integrand on the r.h.s. of the (4.119). The hypermultiplet

int
term can be computed as before from (4.14), where the function go({o?'}) can be

read off from the u® = m 4-dependent part of the FI term in (4.117):
ga({o7}) = 0> (4.122)

This leads to the hypermultiplet contribution

/

Y }75(1)7,’7(171)) qund ( 3’ _5(1) . bA77)7 (4.123)

h
P ({ 1 loop

0L (v"™)

which implies that the dual operation (5’1 amounts to adding a single fundamental

hyper at the gauge node labelled 3 in the quiver Y7§ P1)

with a mass mf( ndl = =—¢M)
ban. Proceeding with the subsequent operations (’); (j =2,...,p2 — 1), the theory

Y (P1:p2=1) can be read off from the partition function:

p2—1

(p1,p2—1) o 3 . /(34
Y _/ H da-,y H Z{u lgop U m/ffm)dj H Z}D floop J 04 mb(lf’L))
X Zl(m ({o” },n,{ml,ma,ma,mﬁfl (m D, (4.124)

which manifestly reproduces the quiver gauge theory Y ®1r2=1) in the third line of
figure 29. The fundamental masses m/ff;)d in the above expression are given as

j
mig; = — €M —ban. (4.125)
k=1

( 1)
isar " 2 su@3) x

U(1)p, x U(1)py—1, where (mqi,mao, m3) parametrize the Cartan subalgebra of the
SU(3), while the other masses (m%l),ngrl)) parametrize the Cartan of U(1),, x
U(1)p,—1 respectively.

The Higgs branch global symmetry of the quiver X7(>p Lpz=l

Finally, let us implement the sequence of Abelian S-type operations O} (k =
1,2,...,p3), where Of is an identification-flavoring-gauging operation with Ng =

acting on the U(1),, x U(1)p,—1 flavor nodes of the quiver X(p1 #271) " The nodes
are shown in red in the third line of figure 29. The subsequent operations O}
(k = 2,...,p3) are Np = 1 flavoring-gauging operations acting on the new U(1)
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flavor node generated in the previous step. Proceeding in the same way as the rele-
vant parts of the computation for the dual quiver Family I, IT and III, one can confirm

that the dual operation (5” amounts to adding a fundamental hypermultiplet to the

gauge node labelled 4 in the quiver Y(p 1p2—1,k=1)

(p1,p2— 1,133)

. We therefore simply state the final

answer for the theory Y

(p1,p2—1,p3)
Y, _ | l 'y I I fund 4 I | fund /(3)
Z'» / dO’ Zl loop mfundk Zl loop( mfundj)
7=1

xHZ%lﬂoop (02,0t mGN 200 (o7 Y dmay® WP 1 pd), (4.126)

which manifestly reproduces the quiver gauge theory Y’ = Y (P122=103) in the last row

/(4)

of figure 29, with m = (my, m2, m3) and the fundamental masses my, ;4 are given as

p2—1

M, = ZC — > v 2* (ba + ba). (4.127)

J=1

After a shift in the integration variables, the mirror map can be read off from (4.126)

above.
my?d =3 7" b, (i=1,....p1) (4.128)
k=1
@ )" I €W —(ba+ 1), ifj=1,....pp—1 (1129)
N R if j = ps,
/(4 b iy
Mg = — >0 = > € - ZW (ba+bi+1)m (k=1,...,p3) (4130)
= j=1
= —(m —my), (1=1,2), (4.131)
1y = —m3 + p, (4.132)
=y —ms, (4.133)

with the additional constraint mq + ms + m3 = 0. The mass parameters of Y’
manifestly live in the Cartan subalgebra of the Higgs branch global symmetry
GY, = U(p1) x U(pa) x U(p3), while the FI parameters live in the Cartan subalgebra
of the Coulomb branch global symmetry G¥ = SU(3) x U(1)2. The Coulomb branch
global symmetry can be read off from the observation that Y’ contains a balanced
sub-quiver with two gauge nodes (labelled 1 and 2) which gives an SU(3) factor,
along with two unbalanced nodes which contribute a U(1) factor each.

5 3d mirror pairs for class & SCFTs on a circle

In this section, we comment on the fact that special cases of the 3d mirror pairs, constructed
in section 4, are related to certain 4d N/ = 2 SCFTs of class S, which arise from the twisted
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compactification of a 6d (2,0) Ay_1 theory on a Riemann surface with punctures [39, 53,
54]. Putting a 4d class S SCFT on a circle and flowing to the deep IR yields an interacting
3d SCFT which generically may not have a Lagrangian description. For theories with
non-trivial Higgs branches, the class S construction can be used to argue that the 3d
mirror of the aforementioned SCFT has a Lagrangian description [30, 31, 37]. For the
purpose of this paper, we will restrict ourselves to 4d SCFTs that arise from a 6d (2,0)
Apn_1 theory compactified on a Riemann sphere with either a single irregular puncture, or a
single irregular puncture and a single regular puncture. The 4d SCFTs that arise from such
compactification were classified in [31, 39, 55, 56]. A subset of these 4d theories were found
to have a Lagrangian 3d mirror. This includes, for example, Argyres-Douglas (AD) theories
of the types (As, As41)p—1) and (As, D(s41)p+2), for s and p being positive integers.'®

Our strategy, will be to show that many of these 3d mirrors, obtained via the class &
construction of [31], have Lagrangian mirrors themselves, using our findings from section 4.
This will allow us to propose explicit 3d N' = 4 Lagrangian descriptions for the 3d SCFTs
that are constructed by taking the related 4d SCF'Ts on a circle and flowing to the deep IR.
This shows that the 3d SCFTs have a pair of Lagrangian descriptions, which, in particular,
implies that the Coulomb branch and the Higgs branch of the SCFT can both be described
as hyperkédhler quotients. Our construction, using S-type operations, can be extended to
the 4d SCFTs (with 3d Lagrangian mirrors) arising from more general punctures. Most
of these cases, however, necessitate the use of non-Abelian S-type operations and will be
discussed in a future paper [41].

In section 5.1, we make some general comments about the 4d SCFTs of interest, which
include the AD theories, and their 3d mirrors. In section 5.2, we discuss 3d mirror pairs
associated with 4d SCF'Ts which arise from the compactification of the Ay_1 6d theory on
a Riemann sphere with a single irregular puncture. This includes AD theories of the type
(As, A(s41)p—1) for positive integers s, p, of which the 3d mirror pair for the s = 1 case was
already known. We will explicitly write down the mirror pairs for s < 3, and generic p,
but the generalization to higher values of s can be obtained in an analogous fashion. In
section 5.3, we discuss 3d mirror pairs associated with 4d SCFTs which arise from the 6d
Apn_1 theory compactified on a Riemann sphere with a single irregular puncture and a single
minimal regular puncture. This includes AD theories of the type (As, Ds41)p+2) positive
integers s, p, of which the 3d mirror pairs for the s = 1 case was previously known. Again,
we explicitly write down the mirror pairs for s < 2 and generic p, but the generalization
to higher values s can be obtained in a similar fashion. We also discuss an SCFT which
arises from a single irregular puncture and a single maximal regular puncture, and present
the associated 3d mirror pair.

5.1 AD theories, (G, G’) theories and Lagrangian 3d mirrors

AD SCFTs were originally discovered [64, 65] as the IR theories that arise at special points
on the Coulomb branch of 4d N' =2 SU(N) SYM, where mutually non-local dyons became

8The reduction of AD theories on a circle has a large literature. For some of the recent work on this
subject, see [57-63] and the references therein.
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Figure 30. 3d mirrors from class S construction for (A, A¢s11)p—1) theories, with s = 1,2, 3, and
p = 1. For a given s, the 3d mirror for generic p is given by the same quiver diagram with every
pair of gauge nodes being connected by p lines. The gauge group is obtained by factoring out an

@ 1 (A, Ag) 1 Q/

(Al,Al) (A37A3)

overall U(1), which can be implemented by ungauging any one of the U(1) gauge nodes.

massless. These strongly coupled SCFTs are characterized by fractional scaling dimensions
of BPS operators on the Coulomb branch and the presence of relevant operators.

A large class of AD-type SCFTs were discovered in [40] using geometric engineering,
where the authors studied the Type IIB superstring theory on a singular hypersurface of
C* given by the following locus:

Wa(x1,z2) + Wer(y1,y2) =0, (5.1)

with G and G’ being any pair of simply-laced groups, and Wg, W being quasi-
homogeneous polynomials of the respective types. These SCFTs are therefore labelled
by a pair of ADE singularities (G, G").

It was soon understood that a much larger class of AD-type SCFTs, which includes the
(G,G") SCFTs, can be realized in the class S setting [53]. The construction, as discussed
in [31, 39], involves compactifying a 6d Ayx_1 (2,0) theory on a Riemann sphere with
an irregular puncture, i.e. singularity with a higher order pole in the Higgs field of the
associated Hitchin system. The A-type irregular punctures and the associated SCFTs
were classified in [31], and the construction was extended to other (2,0) theories in [55, 56].
Compactifying on a circle and flowing to the IR, an AD theory gives a 3d A/ = 4 interacting
SCF'T, which is generically not expected to have a Lagrangian description. However, similar
to the case for regular punctures [30], the class S construction predicts a Lagrangian mirror
dual for certain families of AD theories [31]. Two sub-families of the (G, G’) SCFTs, namely
the (As, Asr1)p—1) and (As, Disq1)p+2) SCFTs (for positive integers s and p), have 3d
Lagrangian mirror duals and will feature prominently in our discussion.

First, consider the case of (AS,A(S+1)p_1) SCFTs. Generally speaking, the SCFTs of
the type (An_1, Ax_1) are realized by compactifying on a Riemann sphere with a single
irregular puncture of a specific type [31]. In the associated Hitchin system, the order
of the pole of the Higgs field at the singular point is a linear function of the integer k.
The 3d SCFT and its mirror generically do not have a known Lagrangian description.
For the sub-family (As, A(s41)p—1), for which the Coulomb branch has a non-trivial global
symmetry [66], one can expect a Lagrangian 3d mirror, and the precise form of the quivers
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(A1, Dopy2) (A2, D3py2)

Figure 31. 3d mirrors from class S construction for (A, D(s41)p+2) theories, with s = 1,2, and
generic p. The gauge group is obtained by factoring out an overall U(1), which can be implemented
by ungauging any one of the U(1) gauge nodes.

Figure 32. 3d mirror for a class S SCF'T which is obtained by compactifying the 6d As theory on
a Riemann sphere with an irregular puncture and a regular maximal puncture. The gauge group is
obtained by factoring out an overall U(1), which can be implemented by ungauging any one of the
U(1) gauge nodes.

can be guessed explicitly, as shown in figure 30. Similar to the case of the regular punctures,
one can therefore associate a quiver tail to the associated irregular puncture.

Let us now consider the case of (AS,D(S+1)p+2) SCFTs. These are realized by com-
pactifying the 6d Ag theory on a Riemann sphere with a single irregular puncture (the one
associated with an (As, A(s11)p—1) theory) and a single minimal regular puncture. The 3d
mirrors for this sub-family of SCFTs are also expected to have Lagrangian descriptions.
The 3d mirrors are obtained by gluing the flavor nodes of the A; minimal puncture quiver
tail to the gauge nodes of the irregular puncture quiver tail [31, 67], as shown in figure 31.

In addition to the (G, G’) theories, the class S construction gives a rich class of AD the-
ories, some of which can also have Lagrangian 3d mirrors. A particular class of such SCFTs
can be realized by a compactification involving an irregular puncture of the (As, As +1)p*1)
type and a maximal A; regular puncture. We will call this 4d SCFT A?};Ximal. The 3d
mirror is obtained by gluing the flavor nodes of the A; maximal puncture quiver tail to the
gauge nodes of the irregular puncture quiver tail [31]. The 3d mirror for the case s = 2

and generic p is shown in figure 32.
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Moduli space data | Theory X | Theory Y
dim My p—1 1
dim M¢ 1 p—1
Gr SU(p) u()
Gc u(1) SU(p)

Table 9. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 33.

p 1 1

(X) )

Figure 33. The pair of Lagrangian theories associated with the 3d A/ = 4 SCFT that arise from
the dimensional reduction of an (A1, As,—1) AD theory on a circle.

5.2 Mirror pairs: 4d SCFTs from a single irregular puncture

5.2.1 Trivial case: (A, Azp—1) theories for generic p

The mirror pair corresponding to the (A;, Agp—1) AD theories is well known. The class
S mirror, labelled as quiver X in figure 33, is a linear quiver which has a linear mirror
dual given by quiver Y. The dimensions of the moduli spaces and global symmetries are

summarized in table 9.

5.2.2 (Ag,Asp_1) theories for generic p

The mirror pair in this case is given by figure 34. The class § mirror is given by the quiver
X, while the dual theory is given by the quiver Y. The duality can be read off from the
dual pairs of Family Ij,,; , in figure 17, labelled by the triplet of integers (n, [, p), for the
special case:

n=2p, Il=p+1, p=>2. (5.2)
The moduli space dimensions of the dual theories and the global symmetries associated
with the Higgs and Coulomb branches are given in table 10.
5.2.3 (As, As4p—1) theories with generic p

The dual pair in this case is given by figure 35. The class S mirror is given by the quiver X,
while the dual theory is given by the quiver Y. The duality can be read off from the dual
pairs of Family Ilp, ;. 1, », p,) in figure 20, labelled by the set of integers (n, 1, 11,12, p1, p2),
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Moduli space data Theory X Theory Y
dim Mg 3p—2 2
dim M¢ 2 3p—2
Gg SU(p) x SU(p) x SU(p) x U(1) U(1) x U(1)
Ge U(1) x U(1) SU(p) x SU(p) x SU(p) x U(1)

Table 10. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 34.

(X) (¥)

Figure 34. The pair of Lagrangian theories associated with the 3d N' = 4 SCFT that arise from
the dimensional reduction of an (A, A(s41)p—1) AD theory on a circle, for s = 2 and generic p .
Quiver (X)) was obtained using class S construction of AD theories, while quiver (Y') is the proposed
3d mirror dual of quiver (X).

Moduli space data Theory X Theory Y
dim My 6p — 3 3
dim Mg 3 6p — 3
Gu SU(p)? x SU(p)? x U(1)3 U(1)3
Ge U(1)? SU(p)3 x SU(p)? x U(1)3

Table 11. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 35.

for the special case:

n = 4p7 [ = 2p7 ll =D, 12 = 3p7 (53)
pP1=p2 =D

The moduli space dimensions of the dual theories and the global symmetries associated
with the Higgs and Coulomb branches are given in table 11.
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Figure 35. The pair of Lagrangian theories associated with the 3d N' = 4 SCFT that arise from
the dimensional reduction of an (Ag, A(s41)p—1) AD theory on a circle, for s = 3 and generic p.
Quiver (X)) was obtained using class S construction of AD theories, while quiver (Y') is the proposed
3d mirror dual of quiver (X).

Moduli space data Theory X Theory Y
dim Mg D 2
dim M¢ 2 D
Gy SU(p) x U(1) | SU(2) x U(1)
Go SU(2) x U(1) | SU(p) x U(1)

Table 12. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 36.

(X) (Y)
Figure 36. An example of a Lagrangian realization of the dimensional reduction of an (A, Da,2)

theory is given by the quiver (V) for generic p.

5.3 Mirror pairs: 4d SCFTs from a single irregular puncture and a regular
puncture

5.3.1 Trivial case: (Aj, D2py2) theories for generic p

The mirror pair corresponding to the (A1, Dopi2) AD theories, like the (Aq, Ag,—1) case,
is well known. The class S mirror, labelled as quiver X in figure 36, is a linear quiver
which has a linear mirror dual given by quiver Y. The dimensions of the moduli spaces
and global symmetries are summarized in table 12.
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Moduli space data Theory X Theory Y
dim Mg 3p 3
dim M¢ 3 3p
Gy SU(p) x SU(p) x SU(p) x U(1)3 U(1)3
Go U(1)? SU(p) x SU(p) x SU(p) x U(1)*

Table 13. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 37.

Figure 37. The pair of Lagrangian theories associated with the 3d N' = 4 SCFT that arise from
the dimensional reduction of an (As, D(s11)p12) AD theory on a circle, for s = 2 and generic p.
Quiver (X) was obtained using class S construction of AD theories, while quiver (Y") is the proposed
3d mirror dual of quiver (X).

5.3.2 (A2, D3,y2) theories for generic p

The dual pair in this case is given by figure 37. The class § mirror is given by the quiver X,
while the dual theory is given by the quiver Y. The duality can be read off from the dual

pairs of Family IIj, ;| | in figure 20, labelled by the set of integers (n, 1, l1,l2,p1,p2),

l2,p1,p2
for the special case:

n=2p+2, l=p+1, lL=p Il=p+2
p1=p, p2=1

The moduli space dimensions of the dual theories and the global symmetries associated
with the Higgs and Coulomb branches are given in table 13.

5.3.3 4d SCFTs from an irregular puncture and a maximal puncture

We consider the specific case of the 4d SCFTs A?;Ximal, for s = 2 and generic p. As
mentioned earlier, these SCFTs are realized from the twisted compactification of a Az—9
(2,0) 6d theory on a Riemann sphere with an irregular puncture (corresponding to the
SCFT (A2, Asp—1)) and a maximal regular puncture. The mirror pair in this case is given
by figure 38. The class & mirror is given by the quiver X, while the dual theory is given
by the quiver Y. The duality can be read off from the dual pairs of Family IV, ., .1 in
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Moduli space data Theory X Theory Y
dim Mg 3p+1 5
dim Mg 5 3p+1
Gy SU(p) x SU(p) x SU(p) x U(1)3 SU(3) x U(1)?
Ge SU(3) x U(1)? SU(p) x SU(p) x SU(p) x U(1)3

Table 14. Summary table for the moduli space dimensions and global symmetries for the mirror
pair in figure 38.

Figure 38. An example of a Lagrangian realization of the dimensional reduction of a 4d SCFT
which is constructed in the class S picture from an irregular puncture and a regular maximal
puncture.

figure 26, labelled by the triplet of integers (p1, p2, p3), for the special case:

P1=p2 =p3=Pp- (5.7)

The moduli space dimensions of the dual theories and the global symmetries associated
with the Higgs and Coulomb branches are given in table 14.
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A Flavored D, quivers: dependence of the dual Lagrangian on P

In this section, we work out two sets of simple examples of mirror dual theories, involving
D-type quivers (and their affine cousins), which can be obtained from linear quivers using
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(X) (Y)

Figure 39. A pair of linear quiver theories mirror dual to each other.

Abelian S-type operations. The first set involves gauging operations, while the second
involves flavoring-gauging operations. The resultant dual pairs have appeared in the liter-
ature of 3d mirror symmetry [18, 19, 23], and were studied from a Type IIB point of view
in [25, 27]. We present them here to illustrate how the Abelian S-type operations work in
simple examples involving non-Abelian gauge groups. In addition, we show that the mirror
dual of a given theory can have multiple Lagrangian descriptions labelled by the data P.
As mentioned earlier, we turn off all defects and CS interactions for these examples.

Consider the pair of linear quiver gauge theories, X and Y, in figure 39, which are
mirror dual to each other. The theory X has a Higgs branch global symmetry Gg =
(U(2) x U(1))/U(1), where the Cartan subalgebras of U(2) and U(1) are parametrized by
the mass parameters (mi,mg) and ms respectively. We choose to implement the U(1)
quotient by the constraint m3 = 0, and therefore identify G3% = U(2) and with the U(2)
flavor node of quiver X. We will implement the Abelian S-type operations at this U(2)
flavor node. The S? partition function of X is given as:

20 (m, 1) = / f[ [4s7] 250 (57}, o) (A1)

loop 1— loop 1 loop 1— loop

— /ZFI {S ilector H qund 82, mz) qu_nd 3 0 H Zblf s'y’ S’H_I,O),

where Z}(ﬂ)f) and the one-loop factors are given in (2.28). Similarly, the partition function
of the quiver Y is given as

2
Z0)(t,m) = / H (4o 20 ({07} t.m) (A.2)

1 loop 1 loop 1—loop 1—loop

_/ZFI ({0}, m) 275 (o HZﬁmd (o ) Zimd (0%, t) 2P oo (0, 0%, 0),

Y)

where ZIE}I/) and the one-loop factors are given in (2.30). In particular, Zél can be explicitly

written as
ZIE}I/)({O_'W}’ m) _ e27ri(ml —mg2)Trot 627rim202' (A3)

~ 92—



Mirror symmetry implies that the two partition functions are related in the following
fashion:

ZX) (m, t) = 2rilmtitta)=mats) 7(¥)(_¢ ). (A.4)
A.1 Abelian gauging operations

Let us implement an Abelian Gauging operation at the U(2) flavor node of theory (X, P),
which we label as a. The theory X’ = G%(X) is given by figure 40, and is independent of the
permutation matrix P. The Lagrangian of the dual theory, however, depends on the choice
of the matrix P, and we will derive the dual Lagrangians explicitly for the two possible
choices of P. Consider first the choice P = P; = [ax9, for which, following (3.1),we define

u® =mq, V¥ =ms. (A.5)
The mirror symmetry relation (A.4) then implies that
Z(X’Pl)(ua, ’Ua, t) — 627r'i(u°‘(t1+t2)fvat3) Z(Y’Pl)(—t, Ua, va)) (Aﬁ)

and the FI contribution to the partition function of the theory (Y,P;) in (A.3) can be
written as
Zlgl/ypl) ({0.7’}7 u®,v®) = 627riu“Tm'1 €2m’va(027Tral). (A.7)

From the general formula (4.7) for the dual of Abelian gauging, we then have

ZGP ) (m (t,70):1( a)):/ f[ (405 (na+ b1+ Trat)- 20 ™) ({07}, —t,u” =0,0%),

(A.8)
where b = 1, I = 1,2. Shifting the integration variables, one can recast the above integral
(up to some phase factors) as:

Z9P ) (! (t,m0)577 ( / H do—7 } 5 (Tw ) Zp1(0®,v®) 2y (o))
X H Z{unlgop s~ + 5) Z{Iiri((i)op (027 —ta+ 6) Z})ijloop(alﬂ 027 O)

—/ H do™' Z( ) {7}, m/ =—t+6,7 =v%)
where § = %bltl, and the theory (Y”’) is the quiver in figure 41. The map of mass and

FI parameters between the pair of dual theories (X’,Y’) can be read off from the final
equality.

01
Now, consider the other possible choice of P =Py = ( ) , such that (3.1)
10

v* =my, u® =ma. (A.10)
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Figure 40. A U(1) gauging operation on the quiver X leading to the theory X'.

Abelian @ G
Ungauging [

Abelian A

Ungauging II

) ")

Figure 41. The figure shows the two quiver gauge theories — Y’ and Y” — that arise from the
Abelian ungauging operation on the theory (Y') for two different choices of P. The line labelled
as A denotes a hypermultiplet in the rank-2 antisymmetric representation of the gauge group U(2)
and has charge 1 under the flavor symmetry group U(1). It is charge 2 under the U(1) subgroup of
U(2), and uncharged under the SU(2).

The mirror symmetry relation (A.4) then implies that

ZEP2) (& 4@ t) = 2T () —utts) Z(VP2) (g g @), (A11)

and the FI contribution to the partition function of the theory (Y,P2) in (A.3) can be
written as

ZI(:‘}I/PQ) ({O_'y’}’ u®, va) _ e27riv°‘Tral e2miu® (aQ—T‘ral). (A.12)
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Using (4.7) and following the same steps as above, we can show that (up to some phase

factors)
G7> Y) /() do'! vector 1
2970 (1! (8, o) o (%)) = 72F1(0 V)25 ()
X H Z{unl((i)op 017 mg(t7 77@)) Zﬁloop(ala _t4)
d2 1 v
N 2! Zi(nt )(0'17 m/(tv 7704)7 77/ = Ua)
= 2V (m! (t,n4), 7 = v%), (A.13)
where Z1 * Joop denotes the 1-loop contribution of a hypermultiplet in a rank-1 antisymmetric
representation of U( ), and Y is the quiver shown in the second row of figure 41. Note
that Z7* loop (o', —ty) = Z{“nlgop (Tra!, —t;). The mass parameters of Y are given as
my = —t; — o, for 1 =1,2,3, (A.14)
my = 1o — t3 — do, (A.15)
m/y = 1o — ts — tsg — 20, (A.16)

where dp should be chosen depending on the constraint one imposes on the masses Y —
Shym) =0, or m/y = 0. The FI parameter of Y is

n =v* =my. (A.17)

We conjecture that the two theories Y’ and Y” are different Lagrangians of the theory
mirror dual to X’. The global symmetries (Higgs and Coulomb) of Y’ and Y” match (up
to a discrete group):

GY, =S0(6) x U(1), GY =U(1),
G = sU() x U(1), ¢ = (). (A.18)

Note that the Higgs branch symmetry associated with n fundamental hypers (i.e. 2n fun-
damental half-hypers) in Y’ is SO(2n). Also, note that the Coulomb branch symmetry of
(Y") is not enhanced because of the additional antisymmetric hyper.

Finally, consider a sequence of two Abelian gauging operations on the quiver X, such
that the U(1) x U(1) subgroup of the U(2) flavor symmetry of quiver X is gauged. We
will denote these S-type operations as G and Gy respectively. The resultant quiver X' =
G20 G1(X) is an affine Dy quiver with a single flavor, shown in figure 42. In this case, the
dual theory is independent of the permutation matrix P and therefore one can drop the
explicit P-dependence from the partition functions. Let us define:

ul =my,  u? =mo. (A.19)
The mirror symmetry relation (A.4) then implies that

Z(X) (ul’ U2, t) _ 627ri(u1 (t14t2)—u?ts) Z(Y)(_t7 ’LLl, UZ), (AQO)
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and the FI contribution to the partition function of the theory (Y,P;) in (A.3) can be
written as
ZI(—T}I/ ({o_'y} w! U2) e2miu ITro! 627riu2(027Tr0'1)' (A21)

Using the general formula (4.7) for the dual of Abelian gauging twice, we have

7G2G Y) (! (8, ) 11 ( / H daﬂ 5(771 + bl + Tro ) -5(772 + 02— Tro! + 02)
(Y Y L

X th ({U }7 _taul - 0)7 (A22)

where b = 1,1 = 1,2 and > = —1 are the non-vanishing components of the matrix

b'. Shifting the integration variables, one can recast the above integral (up to some phase
factors) as:

~ ~ d2 1
ZGQOGI(Y)(m/(t,’I]);T]/('U)) _ 5<TI‘O' )Zvector ( 1)

1 loop

x H Zimd o (at mu(t,m)) 25 (ty — 2(6 + 8'))

d201 %
= TZi(nt )(0'17m/(t777))
=2/ (t,m)), (A.23)
where the theory (Y”') is the quiver in figure 42, and the mass parameters m; = —t; + ¢

for | = 1,2,3, my = 20’, with § = %b”t’ and §' = %bmtl. The partition function of a
free hypermultiplet of mass m is Z7°¢(m) =

oo - The map of mass and FI parameters

between the pair of dual theories (X', Y”) can be read off from the final equality.

A.2 Abelian flavoring-gauging operation

Consider an Abelian S-type operation on the quiver X involving an Abelian flavoring-
gauging at the U(2) flavor node, followed by an Abelian gauging operation at the remaining
U(1) flavor node. Splitting the U(2) flavor node as U(2) — U(1); x U(1)g, the S-type
operation can be written as Op = G? o (G} o F}5). The quiver X' = G? o (G} o F})(X)
is shown in figure 43. The resultant quiver X’ is an affine D4 quiver with a single flavor.

Choosing the permutation matrix P as P = P; = lax2, we define
ul =my, u?=ma, (A.24)

where the operation (G} o F5) gauges the U(1); flavor node, and G? gauges U(1)s.
The mirror symmetry relation (A.4) can be written as

7(X) (ul,u2,t) _ €2m(u1(t1+t2)—u2t3) Z(Y)(—t,ul,uZ), (A.25)
and the FI term in the partition function of the theory (Y,P;) in (A.3) can be written as

ZI(—T}I/ ({0’ } w! U2) e2miu ITro! 627riu2(027Tr0'1)' (A26)
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Figure 42. This figure shows the action of an Abelian S-type operation (involving two elementary
gauging operations) on the quiver X and the dual operation the quiver Y of figure 39 respectively.
The quiver X’ is mirror dual to the quiver Y.

O (O
Abelian a
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O (D
2 1

(X"

(X)

Figure 43. This figure shows the action of an Abelian S-type operation (involving an elementary
flavoring-gauging and an elementary gauging operation) on the quiver X on the Lh.s.

The operation Op, (X) gives the quiver on the r.h.s. in figure 43. The partition function
of the dual theory Op, (V) can be obtained by first using the general formula (4.19)—(4.20)
and then the formula (4.7), which gives:

70p, ) (m/(t,m),

/ H (772 + b2t — Tro! + 02)

cosh m(Tro! + m + blty)

x Z(”’l (o'}, —t, u' = mS%, u® = 0), (A.27)

int

where b = 1,1 = 1,2 and b*®* = —1 are the non-vanishing components of the matrix b*.
Imposing the delta function and shifting the integration variables by constants, one can
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Figure 44. This figure shows dual operations for different choices of the permutation matrix P.
The quiver (X') in figure 43 is mirror dual to the quivers (Y') and (Y”). The quiver (Y’) has a
pair of hypermultiplets in the rank-2 antisymmetric representation of the gauge group U(2). Note
that the theories (Y') and (Y") have the same Coulomb and Higgs branch symmetries.

recast the above integral (up to some phase factors) as:

~ 2 .1
ZOPl(Y) :/d g ZFI(C" mF)Zvector (0_1)

921 1—loop
2
X H Zime (et mit.m) [ Zisoop(at, m5(t,m)) (A.28)
k=1
= Z(Y )(m (t.m), m/y(t, ), 0 =m%), (A.29)

where the theory Y’ is the quiver in figure 44, and m’, m/, denote the masses for the four
fundamental hypers and the two rank-2 antisymmetric hypers of the U(2) gauge group
respectively. Explicitly, the mirror map is given as

mj(t,n) = —t; +ta/A— (6 —6)/2,  forl=1,2,3, (A.30)
mly(t,n) =ty/4— (&' —6)/2+ 28, (A.31)
mly = —m3 = —ty/2 + (' +0), (A.32)

n =m%. (A.33)

where § = %butl and §' = %bmt’. The masses, written above, parametrize the Car-
tan subalegbra of the Higgs branch global symmetry GE’ = U(4) x SU(2), while the FI

parameter parametrizes the Cartan of the Coulomb branch global symmetry GY, = U(1).
01
One can proceed with the choice of the matrix P = Py = in an analogous

fashion, and show that the dual theory is given by the quiver (Y”) in figure 44, i.e.

29700 (! (). () = 20 (! (.m).of = m). (A.34)
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Y’ and Y are conjectured to be mirror dual to X’. The global symmetries of Y’ and
Y"” match, up to a discrete group:

GY, =SU(4) x U(2), Gl =u(),
G =50(6) x U(2), ¢ = (). (A.35)

B Superconformal index on S% x S*

B.1 Definition and localization formula

The 3d N = 4 index on the manifold S? x S! [34-36, 68] can be defined as:

. Ry+R ~ . .
Toresr = Trge |(—1) (@22 (f)ftnfeenPEmnm2ln=Ro Tl (B)

7

where js is an angular momentum operator on S?, Ry and R are Cartan generators
of the su(2)y and su(2)c Lie algebras respectively, and f; collectively denote generators
associated with other global symmetries. The index receives non-zero contributions from
those states which satisfy E —2js — 2Ry — Ro = 0, Therefore, the 3d conformal dimension
E = % for the states contributing to the index can be written as

E =32+ Ry + Rc. (B.2)
Let us define the following parameters (z,Z) in terms of (g, 1) as follows:

z=q"%, T=qg"*". (B.3)

Then the 3d index can be written as

)

ISQ><S'1 (l‘, E; Nz) _ TI‘SQ [(_1)F(x)ERC (f)EfRHG*B(E*]é*RH*RC) H'U”LZ
7

(B.4)
= Trgo [(_1)F(x)j2+RH (g)szche—B(E—jz—RH—Rc) HF‘/] .

(2

Two important limits of the 3d index — the Coulomb branch index Zo and the Higgs
branch index Zy — are defined as follows:

To(F; i) = Trag, [(—1)1““(%)53%5(51‘2%30) [Txl] = lim Tgo 1 (x, 3 1)

(]

(B.5)

T (z; pi) = Try, [(—1)F(x)ERCe'B(Ej2RHRC) HNZZ = lir%ISzXL@ (x, T pi).
; T

]

Note that Hc and Hp are subspaces of the Hilbert space, where the states satisfy the
constraints £ — Rc = 0 and E — Ry = 0 respectively. It is sensible to take these limits of
the original index since unitarity dictates that

E > Rop. (B.6)
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Let us now write down the general expression of the index on S? x S! for an N = 4 gauge
theory with gauge group G and global symmetry group Gpg, where the hypermultiplets
transforms in some representation R of G x Ggy. This can be computed using localization
and we refer the reader to the references [34, 35, 69, 70] for details of the computation,
while simply providing the answer here. Let z € Tz, where T is the maximal torus of the
group G, and let a be the flux associated with G. Similarly, (Z,a) denote the analogous
pair for the global symmetry group Gg. We choose a and a to take integer values. Also,
let s € g, and m € G, where g, gir denote the Cartan subalgebra of g and g respectively,

2mis and zZ = e*™™. In addition, we will turn on fugacities and discrete

such that z = e
fluxes associated with the U(1); symmetry of the theory. Let § label the unitary factors in
the gauge group G, with (2z(g), a(ﬁ)) representing the fugacity and flux of the -th unitary
factor, and (wg, ng) denoting the fugacity and flux of a twisted U(1) vector multiplet that
couples to the U(1); current of the S-th unitary factor.

Given the above data, the expression for the index can be written as a contour integral
over z summed over the fluxes a, and the answer is a function of the global symmetry
fugacities and fluxes, i.e. (Z,a,w,n), in addition to the parameters g, z.
rankG dZZ

I(gaaawvn;@{) - IFI w n,z a)Ivector(zaa;aa t)

lzal=1 =y 27z
X Ihalf—hyper(za a, Z? a; Q7 t)a (B?)
where W (a) is the order of the Weyl symmetry group left unbroken by the fluxes a, and

the contour of integration is C = [[:*%“ C; with C; being a unit circle around the origin on
the i-th complex plane.!” The integrands Zgr, Zyector and Iﬁlf_hyper are given as follows.

Iri(w,n, z,a) (HHMBM) Z%)) (B.8)

~ tql/Q; q rankl ala i (s
Tector (2, @; G, t) = <M) H (1- @1 (@)l/2g2mia( ))
T acad(G)

o\ @2 o jaa)2 2mia(s
. L/Q a (tq1/2+| (a)l/2 2mio( );® .
f (5_161/24—‘0‘(0')‘/2627”0‘(3); @’)’ .
~ 51/2 —lp(a,a)|/4
Iﬁlf—hyper(zaaag, a, a,t) = H <z>
PER(GXGpr)
({—1/2&3/4+\p(a,g)\/2 e?ﬂ'ip(s,g); CY) (B 10)

({1/261/4+\p(a,?i)|/2€2m‘p(s,§) ) ’

where « is a root of the Lie algebra of G, p is a weight of the representation R of the Lie

19A 3d M = 4 hypermultiplet consists of a half-hyper in the representation R and another half-hyper in
the complex conjugate representation R*. For pseudo-real representations, one presents the matter content
in terms of half-hypers.

- 100 —



algebra of G x Gp, (#;q) is the Pochhammer symbol defined as
(zq) =[] ~-2), la<1, (B.11)

and, for future use, the symbol (2F;¢) is defined as (2%;¢q) = (2;¢) - (z71; q).

For a linear quiver gauge theory (X) with unitary gauge groups and (bi)fundamental
matter, the expression for the index can be written as follows. Let the gauge group G =
5:1 U(N,) and the flavor symmetry group Gg = ( UM ))/U( ), and let us denote

the fugacities and fluxes associated with the gauge nodes and flavor nodes as {z(?),a(?}
and {z ™, 6(7)} respectively. We prefer to reorganize the gauge/flavor fugacities and fluxes

as follows:
2 «
2 = {280,280, 20, LD Ly g =1,...3 N, (B.12)
Y
1 2 o L—1 L

ap ={all,a'?, . a, L a Y WDy, B =1,....3 N, (B.13)

_ (2) (@) =1 LY +1 B.14

Zg = {Zu’m""’zza7""m1’ZL} B8 s, LY 41, (B.14)

ag = {a,ar,...a, .. by, B=1,..., LY +1, (B.15)

with i1 = 1,..., My, i = 1,...,Mo,..., i = 1,...,M,, i = 1,..., My, and LV =
5:1 M, — 1. In addition, we parametrize the U(1); fugacities and fluxes (w,,ny) as
follows:

wy= P n=b b, y=1,...L (B.16)

Yvy+1

The index of (X) can then be written as the following contour integral:

I(X)(E,a,y,b;(?,g): Z %(’Y” 1H|:

:l int za,E,&,y,b;Zj,f) (Bl?)

{a™M}
—{%} 74253>|_1f[_1[ﬁm1§¥><y,b,{z N AaPN T, (2 0. 2,60 0)
:{C%} }ﬁg)l ‘Zi?} 757 (y, b, {z}, {a}) ﬁ Cateor(z0,a:,7)
% ﬁ Iﬁ;gefrund-(z(v), a3 H Il(ligel;‘fund M), a™, 20+ g0t 5 7,
y=1
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(v
dz() | Ziny
where {zw) ] = W(a(’Y)) le—l m The constituent functions inside the integrand are

y

given as
L Ny oM
X Sh by—b
I (y.b ="} {a™) H(H (yW) (=) >) (B.18)
(X) ~ @ \" ol —a{D1/2_(4) ™)
Ivector(z(’Y)7a(7)QQ7t): % H (1 q k'y ’Y/ M
1'%/
ket
/o —laD—al 2 A a2 /209
o I Y (B.19)
= — jatla® (a>|2 :
t (t_l’qv Yoy T / (’Y)/Z(W> "‘)
My Ny, ‘am <~)|/2
(X)fund. /_(v) (7) () 7(v) .57\ _ q
Ihypel‘ ( @ 32 ,a 7qat)_H H (fi«)
iy=1j,=1
~3/a+]af?) - “”\/2
(t 1/2 (2 ('y)/%'v)) *) (B 20)
ORI ) B o IS ’ :
(@72g T T R )
Ny Nyt1 g oy laf® - §7+1)|/2
ZEObIRn () o) 2040 g0 g H - TT T (q? ) L
ky=1j,=1

A S LT O YRR
X v Iy . (B.21)

~1/4+‘a(7) (’Y+1)|/2 +1
(/2 (27 /257 )25

The Coulomb and the Higgs limits of the superconformal index admit expansions in
terms of characters of representations of the respective global symmetry groups — Gy and
Gc. In fact, these limits coincide with the Coulomb branch Hilbert Series and the Higgs
branch Hilbert Series respectively. Schematically, one can write

[e.e]

To(@ ) = Y X[Ra(Go)l(u) ¥, (B.22)
k=0

T ) = 3 X[Ri(Grr)](ue) 2™, (B.23)
k=0

where Ry, are irreducible representations labelled by the Dynkin labels k, and x[R(G)] ()
denotes the associated character as a function of the fugacities {y;}. Therefore, a series
expansion of the Coulomb and the Higgs indices in terms of  and x respectively can be
used to read off the global symmetries of the respective branches.

B.2 3d N = 4 mirror symmetry

The basic example of 3d AN/ = 4 mirror symmetry involves an SQED with a single hy-
permultiplet on one side and a twisted hypermultiplet on the other. 3d mirror symmetry
therefore implies the following identity:

ISQEDl (w n;q, ) Itw1stedhyper(w n,1,0;q, ) Ihyper(wanyla();aag_l>a (B'24)

dz 2" . L
]|{| . 27TZ vector(Qa )Ihyper(zam7170§q7t):Ihyper(w,n,l,();q,t 1),
meZ
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The index of a “twisted hypermultiplet” is given by substituting ¢ — ¢! in the index of a
hypermultiplet. Replacing ¢ — ¢!, the above identity can be written in the following form:

o~ dz z" o~
Ihyper(w7n7170;q7t) f Vector(Q7 1)Ihyper(z>m7170;q7t 1)' (B25)
meZ |2|=1 27rzz

Parametrizing w = y1 /y2 and n = b; — bg, this identity can be written in a form that will
be useful in our analysis of Abelian S-type operations:

([1 I Vi T Q7t Z,m, 5 ,q,t .
hyper yl; 17y27 2,4, E y | ‘ 1 2 7/ ecto hyper

Now consider a pair of linear quivers (X, Y'), where the index of X is given by (B.17).
In the standard notation, introduced in section 2.4, the statement of 3d mirror symmetry is

I9(z,a,y,b;4,8) =T (y ™!, -b, z,@; 3,1 ), (B.27)

where the index Z(Y)(y, b, Z, a; §, 1) is given as

"
M (y,b,2,a;q,t Z H j{(v) { % 1nt (E,c y,b,Z,a;q,1) (B.28)
{(v’)} v'=1 =1Lg
- Hf 208 € (N T € o)
. ('v)| 1 FI =™ 1— 100p ) » 034,
{1} 7=
YY)/~ ~ ' Y) ~
Z H %(7” 1 |: ]II(?‘I)(zﬂa" {5(7)}7{6 H z-x(/ector 5(7 'Y) 34,5 t)
{c (' )} y'=1
Hzélﬁtgfd 7)) 40 p(), H atgrfund ) ) g0+ D). 5 7).

The FI term in the integrand is given as
D)

LY N'Vl > ot
700(z.a, {7}, () = [] ( 11 (ﬁ) () a,m) (B.29)

=1 "jp=1 41 K

while the one-loop terms are given by expressions analogous to (B.19)—(B.21).

C S-type operations in terms of the superconformal index

In this section, we demonstrate how the elementary S-type operations can be implemented
in terms of the superconformal index on S? x S'. For new dualities, the equality of the in-
dices serves as another strong check. In appendix C.1, we first discuss the implementation
of elementary S-type operations on linear quivers, and then extend it to generic quivers in
class U. We then discuss the four elementary Abelian S-type operations in appendix C.2,
explicitly working out the dual operation in each case, as we did in section 4.1 using the S3
partition function. All examples studied in section 4 can be constructed using the expres-
sions for the dual superconformal indices in appendix C.2. As an illustrative example, we
work out the case of a flavored A,,_; quiver and the Family Ij,, ; ) explicitly in appendix C.3.
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C.1 Generic S-type operations and their duals

The S-type operations and their duals can be implemented in terms of the S? x S! su-
perconformal index, following steps analogous to those for the partition function on S3.
Consider the linear quiver gauge theory X in figure 3. The index of the theory is given
in (B.17) as function of various global symmetry fugacities and fluxes. The fugacities and
fluxes associated with a flavor node (v) is denoted as (2(7),a(?)), where the fugacities are
related to the masses as follows:

z(0) = g2mim” vy=1,...,L, (C.1)

where m? are complex parameters. In addition, the U(1); fugacities and fluxes associated
with the gauge nodes are denoted as ({w,}, {n4}). It is convenient to parametrize them in
terms of the pair (y, b) such that

Yy
Wy = ——

= ) Ny = by — by, y=1,...,L. (C.2)
Yy+1

The fugacities y are related to the deformation parameter t as:

y = 627rz't, (C3)

where t are complex parameters. For further details on the convention of the fugacities
and fluxes, the reader is referred to appendix B.

Now, consider picking a flavor node (a)) corresponding to a global symmetry group
U(M,) in X and split it into two, as U(rq) x U(M, — 74).2° Let us introduce a set of
fugacities {hga)]i =1,...,7q}, and {h;(a)\j =1,...,M,—rq}, such that hz(a) are valued in
the maximal torus of U(ry), and h;-(a) are valued in the maximal torus of U(M, —74,). We
will take these fugacities to be related to the U(rq) x U(My — 7o) masses (u®, v®) defined

in (3.1) in the following fashion (with complex (u®, v%)):

h(a) _ 62m’u”, h/(a) _ 627riv°“ (04)

In terms of the fugacities 2(%), h(® and h/(®) are therefore given as

sz'(Oé):1_[(}7‘(‘60)'Pioﬂ H(h;(a))Piara+j7 iazla"'aMa7 izl,...,ra, jzl,...,Ma—T’a,
i J
(C.5)
where P is an M, x M, permutation matrix. In addition, we introduce fluxes (k(®, x/ (O‘))

for U(ra) x U(Mgy — ro), as follows:

a’gj):Piaiﬁz(a)—i_PiaTaJrj%;(a)v iazla"'vMav Z.:L"w?ﬂom jzlv"'aMa_Ta'
(C.6)

20As noted earlier, we will assume that the masses associated with the flavor node a are completely
unconstrained. The U(1) quotient for the Higgs branch global symmetry in a linear quiver is implemented
by imposing a constraint on the masses associated to the other flavor node(s).

- 104 -



The index of the quiver (X, P) can then be written as a function of s = (h(®), k(®)),
X = (W), k'), =X = ({20}, {@aD}), 24, and 85 = (y,b), in addition to the R-
symmetry fugacities, as follows:

TP (s, s, 2% 8514, 1) = T (@ (P, Rl B @ (P, k) k@), 2% s¥:4,1).
(C.7)

Generalization of the above formula where multiple flavor nodes, labelled by 3, are split,

is given by:

I(X’{Pﬂ})({sff,s/ﬁx}, EX,sif;qN’%V) ::I(X)({E(B)('Pg,h(ﬁ),h/(ﬂ)),a(’g)(Pg,R(B),H'(ﬂ))}jlx,sf;f]f),)
(C.8

where %X is now defined as X% = ({20}, {@"}), .4, with sﬁ = (h® k) and sg( =

(h'P), k). The fluxes/fugacities associated with the node § are defined as before:

~ P, ini P, igra—+ij

R () (e ©9)
% J

52(5) = Psigi “z(ﬂ) +Psigra+ts K;(ﬁ)’ (C.10)

where ig = 1,...,Mg,i=1,...,rq,and j = 1,..., Mg — 1o, with Pg being an Mg x Mgy
permutation matrix.

An elementary S-type operation 0% on the quiver gauge theory X can then be imple-
mented in terms of the superconformal index as follows:

o dh(®) N e
15005 |G| Foson (s s 62,8900 TP (s ). 2¥ i),

(@
B Rl =1

(C.11)
where sg collectively denotes all the flavor fugacities and fluxes introduced by the operation
0%, while s? collectively denotes the new U(1); fugacity and flux. The integration measure

. (o
[d’ﬁi))] = W(i(a)) I1; thh(a)’ where |W (k(®)| is the order of the Weyl group of U(ry) left

unbroken by the fluxes k (@ a),

For the elementary S-type operations discussed in section 3.2, the associated oper-
ator ﬂo%( x) can be constructed from the index contributions of the gauging, flavoring,
identification and defect operations (introduced in section 3.1), which are given as follows:

 For a gauging operation G% at a flavor node « of quiver X:

ij”‘,(X)( ga‘i}a‘b ) IF[(UJ n, h( ) (a))ZVGCtOI‘(h(a)vn(a);EL Z)v (012)

where 8§ = (w,n) denotes the fugacity and flux for the U(1); global symmetry

introduced by the gauging operation.
 For a flavoring operation F’5 at a flavor node « of X:
jFa(X)( a 7SF7Q7 ) Ihyper(h(a)an(a)uh(a)alz(a);a? t)7 (013)

where sg = (E(a),ﬁ(a)) denotes the fugacities and fluxes for the flavor symmetry

introduced by the flavoring operation.
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o For an identification operation I, which involves p nodes of the linear quiver X
labelled by 8 = {v1,72,---,%}:

F1a.0x) (8% {85 Ypar A, 850, 1) HH% —— - D 0 ()68
B i=1 Cx 271 h(/B )\5}15 )) {n<5)}

e

(C.14)

Q’Tif“‘ﬁ, 67 is a set of integers, and the integration is performed over an

where \g = ¢
infinitesimal closed contours C around the simple poles hz(ﬂ ) = Aghga). By redefining
h(® and k() one can set Ag =1 and 67" =0 for a chosen 3’ € {71,729}

 For a defect operation D% at a flavor node a of quiver X:
jD%(X)(Sg{(a D) = Idefect(sfy D)7 (015)

where D denotes the additional data associated with the defect introduced, and Zgefect
denotes the contribution of the defect to the index.

The explicit operator .#pg (x) can be constructed using the expressions for Jga (x), Zra(x);
f[;;(x) and ﬂD%(X) following the composition rule (3.15):
ni

Jog(x) = Fag(x) (fpg(X))ns ' (ff,o;(X)) (fDa (X)) : (C.16)

Now, let Y be the linear quiver which is mirror dual to the quiver X. Three-dimensional

n2

mirror symmetry implies:
109(2,a,y,b:4.1) =I<Y><y—1,—b z.a;qt ") (C.17)
= TP (], 85, 2%y, 0:q,0) =T P (y 1 b, {7, 55}, 2Y50,671). (C.18)

where the expression for Z{P5}) can be read off from the index of quiver Y given in (B.28),
using the relations (C.1), (C.5), and (C.6). Proceeding in an analogous fashion as the
round sphere partition function analysis in section 3.3, one can write down the operation
on quiver Y which is dual to the operation O% on the quiver X. Let S and S; denote
the fugacities/fluxes associated with G and G¢ respectively of the dual theory (5%()/)
Then, the index of the dual theory is

15%<Y>(S<SJ 89),8,({sX},82,2%);3.7 ) (C.19)

g _ _
Z H % |: () :l O” Y)(g & SJ 73F7q t) Il(nt APe (57C>y 1,—b,{81(30) } 2X7 at )

(€1}
{e }’Y ‘g(w)‘ 1

(0) X

where s;7 " = (1,0)g (i.e. setting the fugacities for U(ra)s to 1 and the fluxes to zero

for all ), and the function Il(nt{ 7 s the integrand for the index of (Y,{Ps}) as defined
n (B.28). The function jo%(y)
n (C.11) as follows:

dh(®) e
j@a (€,C 'SJ)SF7Q7 Z %hm [ h() ] j@%(X)(Sgc(a {Sg}asgu SS);(Lt)
r(®)

can be written in terms of the function JO%( X) appearing

7O P (¢ e (55D, (C.20)

- 106 —



()( APs}) .

where Z(© is the part of the FI contribution which depends on {sg} = {hP) B}
ie.
(0)(Y’{Pﬁ}) <ﬂ> (ﬁ) 92.5)(&735)
10w e dsh ) HH[( (&Ps) ) () ] (C.21)
B i=1
073/3 ch r_q Z l o ’ (022)
tal—1
(8) Hialéij’ /
ia’fl 7:o/—l

where for a fixed 4, kg is determined by the condition that Pg;,; = 1 for some ig = kg
and vanishes otherwise. If the dual theory O%(Y') is Lagrangian, one should be able to
manipulate the r.h.s. of (C.19) to rewrite it in the standard form (B.7) and read off the
gauge group and matter content.

Now let us generalize the above formulae for the case of a Lagrangian dual pair (X,Y),
where X is in class ¢ and not necessarily a linear quiver. The U(ry) x U(M, — r4) fugac-
ities/fluxes associated with a node («) of X (or the U(r,) x U(Mg — r,) fugacities/fluxes
for multiple nodes labelled by ) are defined as before by (C.5)—(C.6) (or by (C.9)-(C.10)).
The U(1), fugacities/fluxes are parametrized by s§ = ({w,},{n,}), where v labels the
gauge nodes of quiver X (note that the fugacities/fluxes can be trivial for v corresponding
to a non-unitary gauge node). The S-type operation O% is then implemented on the quiver
X by (C.11), where the operator f@%(x) is constructed from (C.16).

Mirror symmetry of X and Y again relates the indices of the theories in the following
fashion:

TP (55,85, 25, 5550,1) = TP (Y (s5), 8% ({55, 851, =) 0.7, (C24)

where s¥ and s}]f denote the fugacities/fluxes for the Higgs branch global symmetry and
the Coulomb branch global symmetry of Y respectively. The dual index is then given as:

~ "
IOP(Y) (S(s§75?)7SJ({523X}75F7 7 Z H % |:d§€(w ) :| O“ (Y)(€ ¢ S?7SF’q7t) (025)

{c(v )} v g(_y/)l 1

x0T (g0, (55),8Y ((sOF s 12X a0l Y,

int

where S and S; denote the fugacities/fluxes associated with Gy and G¢ respectively of
the dual theory O%(Y"), and 7/ labels the gauge nodes of the quiver Y (which is not a linear

quiver). The function I 50 o (v) is given as before

dh(®) e
j@a (£,C 'SJ)SF7Q7 Z %hm [ h(2) ] j@%(X)(Sgc(a {Sg}asgu SS);(Lt)
r(®)

OGP e e (s5Y). (C.26)
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The function Z© )(Y{ Psd)

parameters between the dual theories X and Y, and can be parametrized as follows:
(5)

10" e et = TTIT (4 m) )] e

(e, Pg) = Ze (Ps) Z ¢, , (C.28)

!

AN\ & (Ps)
e Py =11 (H 53(-3,)) , (C.29)
G

’Y/

above can be read off from the mirror map of masses and FI

where {e;’/ (Ps)} are integers completely determined by the mirror map of (X,Y’) and the
permutation matrices {Pg}.

C.2 Abelian elementary S-type operations

We now discuss the Abelian versions of the four elementary S-type operations on a dual
pair of quiver gauge theories (X,Y"), with X being in class Y. In particular, we explicitly
derive the formulae for the dual superconformal indices, and demonstrate that each such
operation (we only consider flavoring by hypermultiplets with gauge charge 1) leads to a
new pair of Lagrangian dual theories. Similar to the analysis of the round sphere partition
function, this leads us to the following conclusion. If (X,Y") is a dual pair of quiver gauge
theories, and X' is a quiver gauge theory that can be obtained by a series of elementary
S-type operations on X, then the theory Y’ (i.e. the dual of X') is guaranteed to be a
Lagrangian theory. In addition, the Lagrangian for Y’ can be read off, by implementing
the formulae presented below, for each elementary S-type operation.

For our presentation of the flavoring operations below, we will restrict ourselves to the
case of N = 1, which is sufficient for constructing all the examples in this paper. The
extension to the case of Ng > 1 is straightforward and can be dealt with in a fashion
analogous to the round sphere partition function analysis in section 4.1.

We will need two identities for manipulating some of the expressions that will appear

below:
f{z|:1 Qijz "= 0no, (C.30)
721 2?52 (é <Z>R> F(z) = F(z)|z=1 = F(a). (C.31)

C.2.1 Gauging

The Abelian gauging operation G at a flavor node « of the quiver gauge theory X is
implemented as:

o dh(®) - _
ZGP(X) = Z f |:h(a):| jG%(X)(S§7 8?; qvt) : I(X’,P)(Sa ) gz)(a ) ZX SL)](; Q7t)7 (CSZ)
(o)
K R(@)]=1

T (8X,89:0.1) = Tor (@, 7, h, ) Leeron(d.7) = 07 WO Lyeeron(3.7),  (C.33)
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where Zyector (G, 1) is the index of a U(1) vector multiplet. From (C.26), the function SA ¥)
P

is then given as

jGa(y (E,CSJ q: Zf

k()

dh(®) . (Y,P)
s S| Toseo (s 53500 - IO € .5,
(C.34)
where I(O)SI/’P) is the (h(o‘), /{(0‘)) part of the FI term in the index of quiver Y. Explicitly,
this function can be written as:

k() c,
e sty = (Fe )" - (h)" (C35)
g(a) c,P) = z:eV )chzll), (C.36)
Gy
e (P)
foen =T(TI) (C.37)
Y gy

where {67, (P)} are integers completely determined by the mirror map between X and Y,
and the permutation matrix P. Following the general equation (C.25) and implementing
the integration over h(® and the sum over x® (using the identities (C.30) and (C.31)
respectively), the index of the dual theory é%(Y) is given as:

O30 (§(s¥,89), 8,(s, £%): 3,7 1) (C.38)

(2P (& e s (sX), 8% (s X 29 0.5 | ey,

int 7a7

-y H 7{ [d§(7 } 5 I)=""

/ I ) t
{C('Y )} Nz ‘gﬁ )| . Vector(q
'Y,

The factor Zyector(4, 1) cancels with the index of a single U(1) vector multiplet in Il(nt P)
Together with the conditions @ f(® (&, P) =1, 9(a)(c, P) = —n, this removes a single U(1)
factor from the gauge group of Y. The precise U(1) being ungauged is determined by the
functions f(@), 9(a), Or equivalently the integers {e”'(P)}. The theory é%(Y) is therefore

a Lagrangian theory.

C.2.2 Flavoring-gauging

The Abelian flavoring-gauging operation O%(X) = G% o F5(X) with Ng = 1 can be
implemented following the general expression in (C.11):

79X Z 7{ |:dh :| O3 (X )(32(731?73?5&’{) 'I(X’P)(som g(sz 3?7(5(777?)7
\h(a>| 1
(C.39)
where the function Zoq (x) can be read off from (3.15),

j@g(x)@fﬁ%ﬁ?ﬁf) :IFI({D ﬁ h(a) ’Q(a))Ivector(avz)zhyper(h(a)7’§(a) ;fl(a)?g(a);zj’f) (040)

() n T~ k(@ T () —k g —r(@) o~
_Z _7{ 2mh (wh) (h( )) h Tnyper (hsk,1,0;g,t b,
® hj=1
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where for the second equality we have used 3d mirror symmetry between a free hyper and a
U(1) gauge theory with a single hypermultiplet of charge 1 (as given in the identity (B.26)).

F .26), the function .7 is gi
rom (C.26), the function Ba(v) 18 given as
s (Y,P)
Oa (£ c 3F73J7q7 Z j{h(a” L [ h(@) :|j (X)(sg{?*sgus?;q’t)'l( ) (£ C7S§>
(C.41)

where the function I(O)g’m (&, ¢,8X) is given in (C.35), (C.36) and (C.37). To simplify the
above expression, we first substitute the expression for JO%( x) from (C.40), and change
the order of integration and sum between the variables (h(®), k(®) and (h,x). Finally,

implementing the integration and sum over (h(®), k(™) first and then over (h, k) (using the
identities (C.30) and (C.31) respectively), we obtain

T(\7 [\ T (a
j@g(y) = (h( )) (w) (h( ))g(a> (f( )) Ihyper(h R, 1>O Q> )|hwf(°‘) 1 > (042)
H—f—g(a)-I—n 0

where the function Znyper(h, 5, 1,054, )|hwf(a) | denotes the index of a single hyper-

n—f—g(a)—l-n 0
multiplet charged under various U(1) subgroups of the gauge group of Y. The precise U(1)

subgroups and the respective charges are encoded in the functions f(®, 9(a)» OT equiva-
lently in the integers {7 (P)}. Following the general equation (C.25), the index of the
dual theory O%(Y) is then given as

197 (S(s%,89), 8 (s, 2%, s2);q, 07"

= SIS @ Bt 108

{c("/)} ’Y |£(’Y)| 1 n+ga+n 0
x 0PV (€, e, 8 (s), 8% ({B®) = B k) = 7@y )ig,07h). (C.43)

The factor (71(0‘))% (@)E(Q) can be absorbed by redefining some of the fugacities and fluxes
(6(7/), c('yl)), such that g,) — g(a) — 1, and [l %f(a) . The Lagrangian for the theory
6%(Y) can be read off from the index — it involves adding a single hypermultiplet to
the quiver gauge theory Y, where the said hypermultiplet is charged under various U(1)
subgroups of the gauge group of Y, as noted above.

C.2.3 Identification-gauging

The Abelian identification-gauging operation O%(X) = G% o I%(X) can be implemented
following the general expression in (C.11):

. dh® i 7
%O - {h(a)} Fogx) (53 {85}, 87 57:0.1)
w(@) |n(e)|=1
x AP ({sX, 6151, 3% s %3 4,0), (C.44)
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where the operator foa (x) is given as (from (3.15)):

~ dh(B)
oy = Ton(@, 7, h@ @) Toion (6. j{ S R

(C.45)

From (C.26), the function ﬂ@a is given as:

)

VRN T OEDY yfh(a)'l[ ] Sog o 1551, 5.09:2.9)
k()

(Y{7’ )

< TO P e e, {55, (C.46)
with the {h(ﬁ), m(ﬁ)}—dependent part of the FI term of Y can be explicitly written as:
(Y:{Ps}) ~ 9(6) (¢ Pg)
1O ¢ e (X)) =1 Kf(m (57736)) . (h(m) ] (C.47)
B
(¢, Pg) Z e (Pg) Zc] s (C.48)
) ' (Pp)

7O (e, Ps) H <H§]Z ) . (C.49)

Finally, from the general expression of (C.25), and implementing the integration over h(®)

and the sum over k (using the identities (C.30) and (C.31) respectively), we obtain the
index for the dual theory O%(Y):

1920(8(s¥ 59).8, ({5 },52.5% )30 ) (C.50)
R e S I WY

-zl [&] .

1
{c("f )} ~! Ivcctor (qvt )

\éj,)l 1

Similar to the case of the gauging operation, the factor Zyector(q, f_l) cancels with the index
P) . Together with the conditions w []4 fO(&,Pg) =
L 115 9¢s)(c, Pg) = —n, this removes a single U(1) factor from the gauge group of Y. The

of a single U(1) vector multiplet in Z, (¥,

mt

precise U(1) being ungauged is determined by the functions []; f (B, >-39(8), Or equiva-
lently the integers {e”’ (Pg)}. The theory O%(Y') is therefore a Lagrangian theory.
C.2.4 Identification-flavoring-gauging

The Abelian identification-flavoring-gauging operation O%(X) = G% o Fg o I3(X) can be
implemented following the general expression in (C.11):

100 = 32 [ [d”} o500 (55 {55}, 59594,

\h(a>| 1
x TP ({5, 553, 5%, 57:.1), (C.51)
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where the operator foa (x) is given as (from (3.15)):

rj(f)%()() == IFI ({177 ﬁ? h(a)v ’%(a)) Ivector (Ej, Z) Ihyper(h(a)7 H(a) ) E(a)7 %(a)7 Zja t)

dh(B)
' 0() te C.52
X 1;[?% 2mi (R(B) — Agh(®) {RZ(;)} K (B) k(@) .58 ( )
- dh_ @) et (G s @)y R |
B ) er , Ry L,ULQg,
) (RO) T (@h) ) Ry =" 3 (b k1,05, )
2mih
k hj=1
dh(B)
1;[ o 2mi (h(B) — \gh(®) {,;/3)} K@ 45

where, for the second equality, we have used the basic 3d mirror symmetry, as given
n (B.26). From (C.26), the function .#5, ., is given as:
0z(Y)

dh®) .
f Y)(S,C SF,SJ,(], Z fh(a) - [ h(@) ] fo%(x)(sg,{3?},82,8?;%75)

Y{Pﬁ}

xI< (& e {s3 1), (C.54)

1th z© )(Y{PB}), ie. the {h®) k®l.-dependent part of the FI term of Y is given
n (C.47), (C.48) and (C.49). The above expression can be simplified by first substi-
tuting the expression for /@%( x) from (C.53), and change the order of integration and
sum between the variables (h(®,x(®) and (h, ). Finally, implementing the integration
and sum over (h(®), k(®)) first and then over (h, x) (using the identities (C.30) and (C.31)
respectively), we obtain

I oy = (B (@) TR A5 H DN iy (e LG, g1
B n-i-zﬁg(ﬁ)-i-ﬁzo
(C.55)
where the function Zyyper(h, £, 1, 0; ¢, ffl)|h{51—[5 s#—1 denotes the index of a single hy-
'€+ZB 9(,8)-!-;{:0
permultiplet charged under various U(1) subgroups of the gauge group of Y. The precise
U(1) subgroups and the respective charges are encoded in the functions Isf @ 39(8)
or equivalently in the integers {e?'(Ps)}. Following the general equation (C.25), the index
of the dual theory (5%(1/) is then given as

190 (S(s%, 59). S5 ({55}, 82, £%): 3,771 (C.56)
dg 7 - (a)\n
Z H 7{ [ ] )) (w ) Ihyper(h K, 1,0; Q; )’h H FBI=1
{0} o' ‘£<w,)| 1 'H_Zgg(ﬁ =0
ol

x 0D (€ e, 87 (87), 85 (WP = RN, 6@ = 6% 4 7}, ) q,77h).

int

As mentioned in our discussion on (C.14), one has the freedom to choose Ag =1, §3 =0,
for some ' € {v1,72,...,7p}. Redefining some of the fugacities and fluxes (€0, 0,
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such that ggy — g(gry — 1, and GRS %f(ﬁl), the factor (E(a))% (@)E(Q) can be absorbed
in the integrand. The Lagrangian for the theory (5% (Y') can be read off from the index — it
involves adding a single hypermultiplet to the quiver gauge theory Y, where the said hyper-
multiplet is charged under various U(1) subgroups of the gauge group of Y, as noted above.

C.3 Sample computation: flavored A,_q quiver and family Ip, ;)

In this section, we will demonstrate concrete examples of how an elementary S-type oper-
ation and its dual may be implemented in terms of the superconformal index, to construct
new pairs of dual theories. We first work out the example of a flavored Ap quiver (dis-
cussed in section 3.4 in terms of the S3 partition function), followed by the Family Lntp)
(discussed in section 4.2.1). The quiver operation is shown in figure 45. The indices of the
dual theories can be simply read off from the general expressions (C.56) (identification-
flavoring-gauging) and (C.43) (flavoring-gauging) respectively, but we work out the first
example in details to familiarize the reader with the computation.

Given the dual linear quiver pair (X,Y), their superconformal indices can be read off
from the general expressions (B.17) and (B.28) respectively. The Higgs branch global sym-
metry for X is G% = U(1)3/U(1), where we choose to impose the U(1) quotient such that

G¥ =U(1)1 xU(1),,—1. The fugacities and GNO fluxes {h?, K%} for G are then defined as:

% = h', Zp=1, Z3 = h?, (C.57)

51 = Iil, 62 = O, 63 = I{Z, (058)

where the fugacities Z and the fluxes a for a linear quiver are defined in (B.14) and

in (B.15) respectively. Using the above choice, the FI term in the SCI of the quiver Y,
following (B.29), is given as

2 ~

Zi

IIQI/)(E, a, {EW)}, {c(v’)}) — H <~

=1 \Fi+l

)C ‘ (52)(51*;;%1) — (hl)cl (51)51 (h2)762 (52)*;@2
(C.59
Now, let us implement an identification-flavoring-gauging operation O at the U(1); x
U(1)p—1 flavor nodes of X. The superconformal index of the resultant theory O;(X) is
given by (C.11), i.e

dh(®)
O1( X X
T 1 Z %h(a)| 1 27_”h tﬁol(X)(Soé ) {S } sF aSJ 7Q7 ) I( )(35 73J q7 )7 (C 60)

where Z(X) is given by (B.17). The operator Sp,(x), corresponding to an Abelian
identification-flavoring-gauging operation with N7 = 1, can be constructed from (C.12)-
(C.14) and (C.16) as follows:

fOl (X) = IFI (@, ﬁ’ h(a) K/(a)) Ivector(h(a)a H(a); (77 %V) Ihyper(h(a)a /{(a)’ E(a) (a) 67 g)
2 2

8 H j{C)\ 271 hﬂ — Aﬁh( )) Z H 6Rﬁ,ﬁ(o‘>+6ﬁ' (C.61)

{+7} 8=1
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1 1 n—I1+1 -1

(X) ¥)

Oy Oy

n—1+1

n—1+1 -1

()

(x@) (v®)

Figure 45. The quiver (X’) and its mirror dual (Y’) in figure 17 (for p = 3) is generated by a
sequence of elementary S-type operations on different nodes. In each step, the flavor node(s) on

which the S-type operation acts is shown in red. The intermediate step involves a flavored A, _;
quiver and its dual.

We will eventually set A\; = 1, §; = 0, which can be chosen by an appropriate reparametriza-
tion of A(®. The FI term and the vector multiplet contribution for a U(1) gauge group
can be read off from (B.8)—(B.9):

Tri(@, 7, B, 5@ = G~ (n@ym, (C.62)

N o)~ _ ’tv~1/2;
Ivector(h( )7""/( );Qa t) = Ivector(Qat) = <(t~(_(fa1/2(}27)> (063)
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The contribution of the single free hypermultiplet, given by (B.10), obeys the identity:

G172 [(k(®) =K@y /2 (t 1/253/4+( <“Ln<a>)|/2(h<a>)t1’~)

~ - q
IhYPer(h’(a)7H(a)ah(a)7%(a);a7t) = (~) hc(xa) (064)
t (t1/2“”l/4+|(n( )k ( >)\/2(%):&1;®

h(a (N(a)*;(m)) e

72 |h|=1 271'7,h, h(a) h z ector(h s q7 )IhYPeT(h’Kvlvo;qvt ) (065)
(=) (k(®) _F(@) ~

_Z |hl=1 27rzh h(e) h Tyector (@) Tnyper (o5, 1,0:¢,E7 1), (C.66)

where for the second equality we have used the 3d mirror symmetry relation (B.26) between
a single twisted hypermultiplet and a U(1) gauge theory with a single hypermultiplet.

Given the operator #p, (xy in (C.61), the SCI of the dual theory O1(Y) can be com-
puted using (C.19)—(C.20). Let us first compute the function f51(Y) &, ¢, sgl,s?l;@ 1)
using (C.20), which gives:

~ Y)
Ol(Y Z ?{h(a)| 1 27Tzh jol )(8a; {5}, SF ’S(ng’q’t)I(O)FI (&, ¢, {s5}), (C.67)

2

IO (€ e {s5)) = (W) (€) (n?) " (), (C.68)

where we have read off {h%, k8}-dependent I(O)g) from (C.59). Using (C.62), (C.63),

and (C.66), and interchanging the order of integration and sum over fluxes, we get

k()
whe! dh(®) T
§ § : h(oc) ct—c?+K+n
Zou1) j{m 1 2mih ( ( &2 ) >fh(o<>:1 2mih(®) ()

X (B (R) =X 2 (€)% (€2)79) Tugper (B4, 1,0:, 7). (C.69)

Using the identities,

dh(®) Lo~
ple)e - = g = C.70
ﬁh(a)ll 2mih(®) (W) ct—c?+r4n,01 ( )

k()
dh @h&'l 52
f{hzl 2rih <§) <52> )F(h» K) = <£1~, ) , (C.71)

we have the following expression

2\ —k* 2 _
Ty =) A“(E)‘Sl(sgr%(i) zhyper(;iuv,—cwc?—ﬁ,l,o;qit”) (C.72)

51
= () R 0 () (€ I (6P e ), (C.73)
where for the second equality, we have set \y = 1,61 = 0, as mentioned earlier, and

A2 = A, 01 = 6. We also identify the hypermultiplet term as the 1-loop contribution of
a bifundamental hypermultiplet, with fugacities and fluxes as shown in the argument of
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I}]f;,;er The index of the dual theory is then given by:

IOl 1222 fﬁ =1 H |:27I"L£Z:| }E);'fper(f ¢ ’§ ¢ 7q’t_1) II(J‘I (Svc Z( ( ) A)76(Ea75))

x [Ip:%oop(s’ C, SJ ; (7’ t_l)} ~ ~ (074)

El—¢l Jw,cl—cl—n

where we have performed the change of variables ¢! — ¢1/w, ¢! — ¢! — f. The fugacities
and fluxes (2, a) are explicitly given as

z = h(®, %=1, Zy = h(®) )\, (C.75)
ar = k%, s = 0, as = k* + 0. (C.76)

The dual theory O1(Y) can now be read off from the r.h.s. of the expression (C.74) for the
index, and manifestly reproduce the quiver Y1) above. Note that, we could have directly
arrived at the result (C.74) from the general expression for an identification-flavoring-
gauging operation in (C.56), with the input (C.59).

As discussed in section B, the Higgs branch and the Coulomb branch global symmetries
for (X @, Y(l)) can be read off from the respective limits of the index. In particular, we
would like to point out that the Coulomb branch symmetry for X is Gé( ® = Gg(l) =
U(1) x SU(n—1+1) x SU(I—1) x SU(2). The SU(n—1+1) x SU(I—1) subgroup of G&" is
manifest from the balanced linear subquivers inside of X(), but the remaining U(1),,_;41 X
U(1),, gets enhanced to U(1) x SU(2). This can be directly seen from the Coulomb branch
index/ Hilbert Series of X (1. Let us compute the refined index for the theory labelled by
n = 6, [ = 4. The global symmetry in this case is Gé(m = U(1) x SU(3)1 x SU(3)2 x SU(2).
With Z = t2, the character expansion of the Coulomb branch Hilbert Series is given as:

ZE = 1 (1 (1 1o+ 204+ 122+ (11,011 0,1]a (1140, 11 [1,012 [+, (C.77)

where [m,n]; denotes the character of the representation with Dynkin labels [m,n] for
SU(3);, and [I] denotes the spin-1/2 representation of SU(2).

Now let us implement the flavoring-gauging operation Oy on the quiver gauge theory
X@) at the flavor node shown in red in figure 45. The fugacity and flux associated with
this node is (E(a),%(a)). Following the notation of appendix C.1, we will label this node as
(), and set

hle) = pl@) | gle) = fle), (C.78)

From (C.74), the Fl-term contribution to the index of YV is given as
(R 2) 7 () () 7h 0
e\ e
_ (h(a )c —c? <§2) A ¢ (52)757 (C79)
which implies that the (h(®), x(®)-dependent part of the FI term for the theory Y1) is

(YD) o)l g2 5 k)
705 = (h(@) ( é) . (C.80)

1

() ~7 (a ~ /T T (a)\¢
70 e, 20, ), a ke, 8)) = ()
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In addition, we parametrize the U(1) flavor fugacity /flux and the U(1); topological fugac-
ity /flux associated with the S-type operation Oy as follows:

8}(22 _ (}~L1(o¢),%/(o¢))7 5?2 — (w,,ﬁ,). (0.81)

The index for the dual theory Oy(Y()) can then be read off from the general expres-
sion (C.43) as follows:

2 .
~ dfz . o~ . fl o~
70 (y®) _ ]{ | ghif (e2 2 et dg Tl ghit 228 0 st C.82

cl,c?

<0 (€, Z ) N)a(l,0)) [T, s ¥ 00|

1—loop

18/ (ww'), el —el —n—n’

The Lagrangian for the dual theory O, (Y () can be read from the above index — it involves
adding two hypermultiplets in the bifundamental representation of the U(1) x U(1) gauge
group to the quiver Y, and is therefore given by the quiver gauge theory Y2 in figure 45.
The fugacities and fluxes (Z,a) are explicitly given as

7 =1, Z7 =1, Z3 =0, (C.83)
a; = Ela, as = 0, as = Ela + 0. (C.84)

Implementing a sequence of flavoring-gauging operations at the new flavor node generates
the infinite family of dual theories in If,; ), as discussed in section 4.2.1 in terms of the
sphere partition function.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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