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Abstract  

T h i s  paper p resen ts  t h e  resu l ts  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa non l inear  
a n a l y t i c  s tudy  of the  long per iod features of  the  
mot ion of  a p a r t i c l e  i n  the Earth-Moon system, near  
the  L4 l i b r a t i o n  po in t .  
s t e m  from the  e x c i t a t i o n s  c lose  t o  the p a r t i c l e ' s  
n a t u r a l  f requenc ies ,  which a r e  in t roduced by the  
presence of resonance terms i n  the  i n t e r n a l  (Earth 
and Moon) and external ( d i r e c t  and i n d i r e c t  s o l a r )  
f o rce  f i e l d s .  Non l i nea r i t i es  up t o  t h e  fou r th  or-  
de r  i n  the  displacements from L4, and s o l a r  terms 
o f  comparable magnitude, were r e t a i n e d  i n  the ana l -  
y s i s .  
t he  out -of -p lane motion w i t h  t h e  i n -p lane  motion 
was i nves t i ga ted .  
um s o l u t i o n s  was es tab l i shed ,  and some i n s i g h t  re- 
gard ing  t h e  geometry of motion a long t h e  correspond- 
i n g  pe r iod i c  e l l i p t i c  p a r t i c l e  o r b i t s  was ob ta ined.  
Q u a l i t a t i v e  and quan t i t a t i ve  in fo rmat ion  concerning 
the s t a b i l i t y  o f  these o r b i t s  w a s  obta ined by study- 
ing t he  slow v a r i a t i o n s  around these  p e r i o d i c  equi -  
1 i b r  i um mot ions.  

Such long t e r m  e f f e c t s  

The importance of the n o n l i n e a r  coupl ing of 

The ex is tence o f  some e q u i l i b r i -  
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I. I n t roduc t i on  

The problem o f  the  s t a b i l i t y  o f  motion o f  a small 
p a r t i c l e  i n  the  v i c i n i t y  of t he  L4 and L5 p o i n t s  of 
t h e  Earth-Moon system i n  the presence of the  Sun 
has  been s tud ied  i n  a number o f  r e c e n t  papers.  (1- 5 )  

Attempts t o  s tudy  the  problem by means o f  formal 
p e r t u r b a t i o n  techniques app l ied  t o  the  complete non- 
l i n e a r  system of equat ions  of motion near L4 ,  o r  t o  
a s s e s s  t h e  e f f e c t  of the  so la r  f o rce  f i e l d  on the  
motion, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3) have proven unsuccessful  because of t h e  
occurrence o f  small d i v i s o r s  i n  many terms o f  the  
assumed s e r i e s  s o l u t i o n .  These smal l  d i v i s o r s  re- 
s u l t  from the  presence o f  small combination o r  "de- 
tuning" f requenc ies  i n  the  nonl inear fo rc ing  terms 
o f  t he  d i f f e r e n t i a l  equat ions ,  when t h e  l a t t e r  are  
eva lua ted  along the nominal s o l u t i o n  t o  the  l i n e a r -  
ized set of  equat ions .  Such near-resonance condi- 
t i o n s  lead t o  poor, o r  a t  bes t  ques t ionab le ,  conver- 
gence of t h e  terms i n  the  attempted series s o l u t i o n ,  
and prevent i t s  t r u n c a t i o n  a f t e r  a reasonable num- 
be r  of terms. 
p e r t u r b a t i o n  methods based on s e r i e s  expansions a r e  
thus  unable t o  r e s o l v e  i n  a s a t i s f a c t o r y  manner the  
ques t i on  o f  boundedness of t he  motion near the  equi-  
l a t e r a l  p o i n t s ,  wi th o r  even w i thout  the per tu rba-  
t i v e  e f f e c t s  o f  the Sun. 

Another more s t ra igh t fo rward  approach pursued by 
a number o f  researchers  has cons is ted  i n  the  d i r e c t  
machine i n t e g r a t i o n  o f  t h e  complete s e t  o f  Langran- 
g i a n  equat ions  o f  motion. The r e s u l t a n t  numerical 
s o l u t i o n s  a v a i l a b l e  t o  d a t e  a r e  r a t h e r  l i m i t e d  i n  
t h a t  they were genera ted  only f o r  r e s t r i c t e d  s e t s  
o f  i n i t i a l  cond i t i ons  and i n i t i a l  Earth-Moon-Sun 
c o n f i g u r a t i o n s .  Consequently, they do n o t  shed 
much new l i g h t  on the ques t ion  of the poss ib le  ex- 
i s t e n c e  o f  domains o f  i n i t i a l  cond i t i ons  and conf ig-  
u r a t i o n s  f o r  which bounded motions may e x i s t  and 
they are a l s o  unable t o  provide deeper i n s i g h t  i n t o  
t h e  dynamics o f  t h i s  nonl inear motion from which 
more genera l  conc lus ions  could be drawn. 

i c a l  a n a l y s i s  prompted Breakwell and Pr ing le  ( 5 )  t o  
propose zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa t h e o r e t i c a l  approach t o  the two-dimen- 
s i o n a l  case ,  which was based on Hamiltonian mechan- 
i cs  and took i n t o  account the dominant non l inear  
near  resonances by examining only the slowly vary- 
ing  terms. 

t o  the  three-dimensional case and analyzes i n  
g r e a t e r  d e t a i l  the s t a b i l i t y  o f  slow v a r i a t i o n s  

Ana ly t i c  approaches using s tandard  

The n e c e s s i t y  and usefu lness  of f u r t h e r  theo re t -  

The p resen t  paper extends the a n a l y s i s  of  Ref. 5 
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around the  two per iod ic  equ i l ib r ium s o l u t i o n s  which 
were found t o  e x i s t  i n  the  Sun-perturbed model. 
One of the equ i l ib r ium s o l u t i o n s  was found t o  be 
s t a b l e ,  and the second uns tab le .  Short-per iod 
terms a r e  removed from the  Hamiltonian v ia  von 
Z e i p e l ' s  method which resul ts  i n  an  express ion  f o r  
a slowly varying Hamiltonian t h a t  desc r ibes  the  
long-period f e a t u r e s  of the  motion. The long-period 
behavior of the  system i s  determined by i t s  re- 
sponse t o  e x c i t a t i o n s  which occur a t  o r  c l o s e  t o  
t h e  p a r t i c l e ' s  n a t u r a l  f requenc ies .  These e x c i t a -  
t i o n s  a r e  introduced by t h e  presence of resonance 
terms i n  t he  non l inear  p a r t s  of t he  " i n te rna l "  
f o r c e  f i e l d  due t o  Ear th  and Noon, and by s i m i l a r  
terms i n  the  "external"  f o rce  f i e l d  due t o  the  Sun. 
Some e r r o r s  i n  the  express ion  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor t he  long-period 
Hamiltonian of Ref, 5 have been co r rec ted  i n  the  
p resen t  paper. 

11. The Hamiltonian H Near zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL4 

The geometry of the  present  phys ica l  model i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
shown i n  F igure  1. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

LUN~R OR0lT (SOLAR 

t EffLCTS INCLUDED) 

h C  OF NODES 
(REGRE-ION A cut TO SUN) 

Figure  1. Geometry o f  t h e  Four-Body Problem 
. . - _- 

A s u i t a b l e  nondimensionalizat ion  is int roduced 
by d e f i n i n g  the  E-M d i s t a n c e  rEM(t) and angu lar  ve- 
l o c i t y  n ( t )  by the  r e l a t i o n s  rEkl = l + p ( t ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi i ( t )  = 
i, + i ( t ) ;  p ( t )  and T;( t )  a r e  a v a i l a b l e  from c l a s s i -  
c a l  lunar  t h e o r ~ ( ~ ~ 7 )  i n  terms of  l u n a r  e c c e n t r i -  
c i t y  e ,  the Ear th ' s  angular v e l o c i t y  aTour;ld the  Sun 
m, and the  angu lar  v a r i a b l e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 ,  Q, 7, II, i. 

- 
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p ( t )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= -0.0079 cos 25 - 0.00093 - e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcos $I 

+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAch s in  i cos 9 - i s in  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA711 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
J 

+ C0.0202 cos 2q + 2e cos  @ 

- 
l5 em cos  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(25 - a) + { e* c o s  2~ + . . . 3 i Z  +4 

~ = ( l - m ) t + e -  e' m sz 0,074801 

e =  c t  + 8 - m c * 0,99155 

9 - gt + € - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ g 2 1.0040212 

(1 + P ) W  1 = (1 + p)W cos 7\ sin t\ =- 
s i n  i 

W denotes the  s o l a r  a c c e l e r a t i o n  coleponent normal 
to the E-M plane a t  &he Moon's p o s i t i o n  (see page 
404 of Ref. 8); I,, i , iz denote u n i t  vec to rs  i n  
the x,y,z d i r e c t i o n s  , ' respectively. 
s i d e r  here on ly  the  case of a lunar  o r b i t  w i th  a 
mean e c c e n t r i c i t y  e = 0. 

Because of t he  near  resonance zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu q  9- 3 ~ 2  of the  
coplanar  n a t u r a l  f requencies wl = f 0.95459,  
w2 - f 0.29791, we must  r e t a i n  four th -order  terms 
i n  t h e  Taylor  expansion of the  Hamiltonian H around 

L4. 
comparable o rder  of magnitude terms i n  the  s o l a r  
p e r t u r b a t i o n ,  w e  cons ider  the q u a n t i t i e s  m,x,y,z,  
Px,Py,P,,fi,& and i a s  being of t he  f i r s t  o rde r  
of smal lness;  P,,P ,P, denote,  r e s p e c t i v e l y ,  t he  
momenta conjugate YO x ,y ,z ,  and a r e  in t roduced by 
the rela tlons 

- 
W e  s h a l l  con- 

In o r d e r  to be c o n s i s t e n t  i n  our  r e t e n t i o n  o f  

bL a 
px =s = P x  - 2 
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where L denotes the  Langrangian of  t he  system. I n  
matr ix n o t a t i o n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= p t - L ,  where p: i s  t he  row 
matr ix ob ta ined from Eq. (2) and t i s  t he  column 
matr ix o f  v e l o c i t i e s  j t , j r , i .  It i s  convenient t o  
s p l i t  H i n t o  t h e  p a r t s  

T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
H = H(O) + H' (3) 

where 

H' = H + H 4  3 

and where H'O) con ta ins  the  second- and t h i r d - o r d e r  
l i n e a r  and quadra t i c  terms i n  the  displacements and 
momenta, and the  p e r t u r b a t i o n  Hamiltonian H' con- 
t a i n s  the  th i rd -o rde r  (H3) and the  four th -order  
(H ) per tu rb ing  terms shown below: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 

H ( O )  = {$ (P: + P2 + P2) + (yPx - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAxP ) 
Y Z  Y 

+ f (x2 - 5y2 + 4 2 )  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq (1 - 2p)xy 

- + P(PX + & P  ) + 

+ + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(P + uz)(,/7 p - p ) - (P + 7 1 UJ(X + &) 
Y 

X Y 
# 

- m 2 3  [T (xs + .Js;,)(xsx + Y,Y) - ; (x + &)} (4) 

ES 
2 r  

+- - (33xy2 - 7x3 - 1 2 x 2 )  - Yy2) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  

3 3 2 37 4 
(5x y - 9xy + 12xyz ) +-  543 (1 - 2p) 

H4 = { 32 128 
3 2 2  33 2 2  123 2 2  3 4 

+ E Y =  - 7 4 X Y  - m y  

3 z4' 2 2 
- 3 )' {- p(X2 - 5y + 4 2  

2 3  - m - [ T  (xsx + Y S Y l 2  : 3 ( x i  + y2 + 2 5 1  } 
2rE S 

2 3  

1 + o ( m  5 6  ,m ) etc... + 7 (uy - I/?-UX)PZ 
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The terms xg,ys,z denote the s o l a r  coord ina tes :  

S zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- ys - -1: s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 

ES 
x = r cos  5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

9 ES 

s ES 
(7) z = r s i n  i s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(2 - v') 

and v' i s  t he  s o l a r  longi tude. 
l i n e a r  nonhomogeneous d i f f e r e n t i a l  equat ions  gov- 
e rned by H(0) c o n s i s t s  o f  a complementary p a r t ,  x, 
y,Z, and a forced response, Z,f. No ar ises  be- 
cause the  terms l i n e a r  i n  z were included i n  H4. 

The s o l u t i o n  t o  the 

x' = 2 . 9 0 2 5  cos  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAulBl # + 8 . 0 0 3 6  COS w2B2 # .  

= 2 . 1 0 3 6  cos (m,Bl # + 123.57') 

f = c3 cos  3f3 
+ 4.79- cos (u2$ + 154.82') 

x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc1 = 0.01016 cos (2s - 67.2') 

2 + 1.697m cos (25 - 127.7') zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 = 0.00867 cos  (25 + 38.3') 

2 + 1.43m cos (25 - 20.83') 

z - 0  

where 

Except f o r  P, Eqs. (8) a r e  the same ones found 
i n  Ref. 5; ai,Bi (i = 1,2,3) form a po lar  set of  
i n t e g r a t i o n  cons tan ts ,  canonical w i th  r e s p e c t  t o  a 
Hamil tonian H = 0 .  Further d e t a i l s  regard ing  the  
d e r i v a t i o n  o f  t h e  above or any o t h e r  equat ions  o f  
t h i s  paper can be found i n  Refs. 9 o r  10. 

111. The Slowly Varying Hamiltonian 

The inc lus ion  of t h e  add i t i ona l  terms H3 and H4 
in t h e  Hamiltonian can be handled by a method 
e q u i v a l e n t  to t he  customary techn ique of v a r i a t i o n  
of c o n s t a n t s .  

We s h a l l  r e q u i r e   CY,^ t o  become f m c t i o n s  o f  t i m e  
which then s a t i s f y  Hamilton's equa t ions  w i th  a Ham- 
i l t o n i a n  H'. 
t h e  p resen t  i n v e s t i g a t i o n  w i th  a n  e x a c t  o r  d e t a i l e d  

Inasmuch a s  w e  a r e  no t  concerned i n  
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determinat ion of the p a r t i c l e ' s  t r a j e c t o r y ,  but  
r a t h e r  i n  the  o v e r a l l  broad f e a t u r e s  of t he  motion, 
we s h a l l  d e s i r e  t o  o b t a i n  on ly  t h e  s lowly  vary ing  
components of  CY an$ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 which w i l l  a r i se  from the  
secu la r  terms i n  H zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, and those terms con ta in ing  low 
combination f requenc ies  which ar i se  from the  near  
resonances. 

canonical  t rans format ion  of c o o r d i n a t e s  from the  
polar canon ica l  s e t   CY,^ t o  a new slowly varying 
canonical  s e t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcy ,p a s s o c i a t e d  w i th  a new slowly 
varying Hamiltonian zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIC'. K' w i l l  c o n t a i n  on ly  the  
lowest frequency terms which a r i s e  fa H' as  a re- 
s u l t  o f  the  above t rans format ion ,  aLP o t h e r  f a s t e r  
terms having been s u i t a b l y  e l i m i n a t e d .  It i s  rea -  
sonable t o  assume t h a t  f o r  r e l a t i v e l y  small d i s -  
placements x , y , z  of t he  p a r t i c l e ,  the e f f e c t  of H' 
would be i n  the  n a t u r e  o f  a slow change o f  t he  l i n -  
ea r i zed  s o l u t i o n  found e a r l i e r .  With t h i s  assump- 
t i o n  i n  mind we may now cons ide r  a s t a t i o n a r y  con- 
t a c t  t r a n s  format ion  

This can be accomplished by means o f  a s u i t a b l e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I '  

e; = 8, + bBB, 

t h a t  may be introduced w i th  the  a i d  o f  a genera t i ng  
func t ion  G(B,Q')  

G ( B , a ' )  = Boc' + S(B,cr') (10) 

(11) which s a t i s f i e s  the  r e l a t i o n s  

The f i rst term BCY' i n  G g e n e r a t e s  the  i d e n t i t y  

S2 denotes  a n  a d d i t i o n a l  s u i t a b l y  s e l e c t e d  gener-  
a t i n g  func t ion  which i s  i n t roduced f o r  t h e  s p e c i f i c  
purpose o f  e l i m i y t i n g  a l l  t he  shor t -per iod  terms 
which occur i n  H ; S1 i s  s e l e c t e d  t o  eliminate t he  

t ransformat ion,  wh i le  the  func t i on  S(p,cu') = s1 + 

terms o f  o(m3), and S2 those o f  o(m 4 ). 
Since S does n o t  depend e x p l i c i t l y  on time t, we 

can w i t e  

K'(e ' ,a ' , t )  = lf{B',a',t) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH ' ( P ' , a ' , t )  (12) 

where H above is eva lua ted  i n  terms of  t h e  new co- 
o rd ina tes  and new momenta. 
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When a l l  the  requ i red  s teps  of t h e  transforma- 

t i o n  are c a r r i 5 d  o u t ,  one a r r i v e s  a t  the  fo l lowing 
r e l a t i o n  f o r  K (see Note a t  end of References) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- - - 
where Hg and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH4 a r e  the secular and long-period 
terms r e s u l t i n g  from the  Taylor s e r i e s  expansions 

eva lga ted  a t  %,?,E. 
and H4 = 0. 

The term zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF3x] denotes the long-per iod p a r t  o f  
the  Poisson bracket of H3 with Sl; H4 r e s u l t s  from 
the  s u b s t i t u t i o n  of the homogeneous s o l u t i o n s  Z,y,E 
i n t o  H4 and c o n s i s t s  of an i n t e r n a l  p a r t  &+int and 
a n  e x t e r n a l  p a r t  R4ext which con ta ins  both the d i -  
r e c t  and i n d i r e c t  s o l a r  e f f e c t s .  The near l y  reso-  
nant  terms a r i s i n g  from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz and P, i n  H , I + ~ ~ ~  cance l  
o u t ,  i .e.  t he re  i s  no long period ou t -o f -p lane 
forced motion, 

63 of Ref. 5, where only one p a r t  o f  the Poisson 
b racke t  [H3,S1] appeared i n  the  func t i on  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 .  Now 
the  t rans format ion  of a Hamiltonian from one canon- 
i c a l  set   CY,^) t o  another  s e t  cy 9 ' )  should g i ve  
r ise only t o  polynomial terms(f2,1g.(i.e., terns 
which a r i s e  from a binomial expansion such a s  
(x + y)", wi th  n being some f i n i t e  i n t e g e r ) .  
c l e a r l y  i s  the  case when K' con ta ins  a Poisson 
b racke t ,  but  no t  f o r  the  funct ion 3 which i n t r o -  
duced a n  inco r rec  onpolynomial long-per iod term 
such a s  c y 1  '(3/2)~it122) i n  Eq. (10). D r .  Breakwell a t -  
t r i b u t e d  the  presence of t h i s  term t o  h i s  use of 
mixed v a r i a b l e s  i n  the determinat ion of the  gener- 
a t i n g  func t i on  S2, which would y i e l d  a c o r r e c t  r e -  
s u l t  on ly  f o r  l i n e a r  Hamiltonians, and suggested 
h e r e  t h a t  one transform immediately t o  the s e t  (cy', 

@') before  one chooses a r e l a t i o n  f o r  S2. 
The a l g e b r a i c  work needed t o  express  K' i n  terms 

of (y ' ,p/ ,  and t i s  r a t h e r  formidable and i s  one of 
t he  major stumbling blocks i n  what would o therw ise  
be a r e l a t i v e l y  s t ra igh t fo rward  so lu t i on .  I f  a l l  
the manipulat ions have been success fu l l y  c a r r i e d  
o u t ,  one does eventua l l y  come up with the  expres- 
s i o n  f o r  K' 

For the present  case e = 0 

- 

The above K' d i f f e r s  from the express ion  on page 

/ 

Th is  
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KI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= ( 0 . 1 2 6 6 ~ ~  12 - 6.0OOcr;cy; + 3 . 8 2 9 ~ ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA12 

r(1/2) 1(3/2) c o s  [0.06086t + wr9;  - 2 9 . 0 4 ~ ~  cy2 

+ 3u, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8' + 14.2O-J + ~r'cyi[O.O9316 

+ 0.08608 cos  2A13 - 0.03934 s i n  2A13] 

2 2  

+ 0.008208~; + 0.02685~~;  COS [0.05878t + 2 ~ 1 ~ 8 ;  

+ 29.4O + 2e' - 2 s l  + 0.004193~~;) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(15) 
ext 

where 

A13 = m l ( t  + 9;) - (t + 8;) = -0.04541t + wlpl - 8; 

The f i r s t  bracket con ta ins  a l l  t he  i n t e r n a l  
terms, whi le the second bracket includes a l l  the  ex- 
t e r n a l  ( s o l a r )  terms. The long-period c o n t r i b u t i o n s  
t o  the  coplanar (Q;, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACY;) terms r e s u l t i n g  from the  
pe r iod i c  p a r t s  of the i n d i r e c t  p ( t )  and u ( t )  terms 
i n  HI were found t o  cance l  e x a c t l y  the i n d i r e c t  pe- 
r i o d i c  terms generated by t he  f i r s t  term i n  t h e  l i n -  
e a r  forced response 2 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 o f  Eq. (8).  The e x t e r -  
nal t e r n s  d isp layed i n  Eq. (15) which a r e  l e f t  a f t e r  
t he  above c a n c e l l a t i o n s ,  stem from the  c o n t r i b u t i o n  
of t he  i n d i r e c t  cons tan t  component -0.00093 i n  p ,  
from the d i r e c t  m2 terms i n  H ,  and from the  m2 terms 
i n  the  forced response and 7 of the l i n e a r  system. 

The e x p l i c i t  presence of time t i n  K can be e l i m -  
i na ted  v ia  a coord ina te  t ransformat ion t o  a new 
canon ica l  s e t  a:3* 

*' 8, = 0.02939t + w18; + 14.7O - e + e '  

* 
8, = 0.03146t + ~'JJ,& - 0.5O0 + - e '  

L L L  

* (16) 
8, = 0.074801t + 9; + 2.42O - e + e '  

I I 

* - 9 * I 
CY3 = CY3 

* CY2 
cy2 = - CY1 - - 

9 co2 
* which resu l t s  i n  the  time- independent Hamiltonian K 
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*2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA* *  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK* = (0.1154~~1 *2 - 5 . 1 0 1 ~ ~ ~ ~  + 3.05901~ 

* * + 0 . 6 7 5 1 ~ ~ ~ ~ ~ ~  * *  - 0 . 0 0 2 2 3 1 ~ ~  + 0.O2939cr1 

~ 

* + 0.0314601~ * + 0.074801<) + {O.0O419k3 

- 0 . 0 0 7 3 3 6 ~ ~ ~  * - c~~[0.005149 * + 0.02563C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 3  } 
i n t  

'8; ext 

where 

* 
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc * 3 cos 29 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

281 

I V .  Equi l ib r ium Po in ts  and The i r  S t a b i l 9  

It can  be shown, on the bas i s  o f  an a n a l y s i s  o f  
on ly  the  i n t e r n a l  terms i n  K* t h a t  an  apprec iab le  
coplanar  i n t e r n a l  coupl ing e x i s t s  between zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa; and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
CY*. 
tge i n t e r n a l  coupl ing between Q; and a; d id  no t  
lead  t o  any measurable t r a n s f e r  o f  energy from the  
ou t -o f -p lane mode t o  the  coplanar mode o f  motion. 
The major long t e r m  s o l a r  e f f e c t  causes mainly a n  
e x c i t a t i o n  of  the  G; mode. 
exper ience any e x t e r n a l  e x c i t a t i o n  t o  the o rde r  o f  
magnitude o f  the  terms re ta ined .  

Th is  a n a l y s i s  d isc losed on the  o the r  hand t h a t  

The a; mode does no t  

Determinat ion o f  Equi l ibr ium P o i n t s  

If a s t a b l e  motion i n  the presence of the  Sun i s  
poss ib le  i n  which 09,~; and CY* remain small, i t  
would s u f f i c e  t o  r e t a i n  only j i n e a r  terms i n  K* i n  
o r d e r  t o  determine long term e f f e c t s .  To l i n e a r  
terms w e  have the  s impler  Hamiltonian 

0 .024254 .  + 0.024123.; + 0 . 0 7 8 9 9 ~ ~ ~  * - 0.02563r1C2B9 * 

which i s  of t he  Flathieu txpe, and leads  t o  para- 
metric resonance i n  the  'i motion. Since 0.02563 > 
0.02425 the  motion f a l l s  i n t o  the  uns tab le  reg ion  



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10- 

of t he  Mathieu p lane,  and t h e r e f o r e  no motion can 
e x i s t  f o r  which remains very  small. 

From a phys i ca l  po in t  o f  view t h i s  means t h a t  
the l i b r a t i o n  po in t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL4 i s  not  s t a b l e  w i th  r e s p e c t  
to  smal l  p e r t u r b a t i o n s ,  when t h e  s o l a r  f o rce  fielcJ 

m u s t  be r e t a i n e d  i n  any a n a l y s i s .  

ized Hamiltonian does not preclude the  e x i s t e n c e  
of equ i l i b r i um po in ts  i n  the a* space f o r  t he  com- 
p le te  Hamiltonian. 
e f f e c t  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcy3 on the  cop lanar  motion, i t  i s  o f  in-  
t e r e s t  t o  look f o r  equi l ibr ium po in ts  f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0;k = 0. 
Such po in ts  i n  the  ( ~ T , c y ; )  plane a r e  determlned by 
lookin f o r  s o l u t i o n s  t o  Hamil ton's equat ions  o f  the  
form $ = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~2 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0. 

Once S U C  po in ts  a r e  l oca ted ,  it i s  then neces- 
sary  t o  i n v e s t i g a t e  t h e  type of  equ i l i b r i um which 
ex is t s  t h e r e ,  and t o  i d e n t i f y  the  s t a b l e  ones. 

T h i s  search  i s  more e a s i l y  c a r r i e d  o u t  i f  one 
switches over t o  a se t  of normal coo rd ina tes  (Q*,P*) 
def ined by 

i s  inc luded,  and t h a t  the h igher  o rde r  terms i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 
The l a c k  of s t a b i l i t y  exh ib i t ed  by the  l i n e a r -  

I n  view o f  t he  n e g l i g i b l e  
* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3 

* 
Q: = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE s i n  9i P* i = E c o s  p i  i = 1 ,2  

* 

* 
A f t e r  s e t t i n g  cy3 = 0, t he  two dimensional  p a r t  

of K*, which w e  denote here  by K* becomes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 '  

* 0*1154 (p;2 + Q;2r - 5.1 ( P * ~  + ~;2)(~;2 + Q;2) 
4 - 4  1 K2 = 

3 059 (p*2 + Q;2)L 
2 +- 4 

0.02425 (p;2 + Q:2) + 0.02412 (p:2 + Q;2) 
+ 2  2 

0.02563 *2 - 2 \PI - QT2) 
* *  

The equ i l i b r i um p o i n t s  (Qe,P,) a re  obta ined from 
the s o l u t i o n  o f  t h e  equat ions  

From Eqs. (21) w e  have 



-11- 

K zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA* = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 = O.1154P1(p1 * *2 + Q;2) - 5 . 1  pl(p2 * *2 + Q;~) * 
2P .. 

* 
(22a) 

23.97 * *2 
1 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 P2(Q2 + Q;2) - 0.001379P1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
K * * = o = - -  5.1 P2(P1 * *2 + Q;2) + 3.059P;(P*22 + 

2p2 23.97 * *2  * *2 * * *  * 
- - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 (3P1P2 + P1Q2 - 2P2QlQ,) + 0.02412P2 

+ Q:2) 
K * * = 0 = 0.1154Q1(P1 * *2 + Q;2) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 5.1 Ql(Pq * *2 

20. 
2 3  97 * * * + 4 Q2(P2 + Q;) + 0.04988Q1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA'I 

* 5.1 *' *2 * *2 
K * = ( ) a e -  2 Q2(P1 + Q;2) + 3.059Q2(P2 + Q;2) 

* * *  * * 2  * 
(2Q2PlP2 - QlP2 - 3Q;Q;2) + 0.02412Q2 

2Q2 

- 23.97 4 

Equat ions (22c) t n d  (22d) a r e  i d e n t i c a l l y  s a t i s -  
For  s i m p l i c i t y  w e  f i e d  i f  we choose Q l e  = Q;e = 0. 

s h a l l  t h e r e f o r e  res t r i c t  our sea rch  t o  those  e q u i l i -  
br ium p o i n t s  f o r  which 

* 
F o r  t h e  above Q I s ,  Eqs. (22a) and X22b) g i v e  

* 
0.1154P1;3 - 2.55PzP;2 - 5 . 8 1 0 ~ ; ~  - 0.001379P1 = 0 

*2 * * *2 * 
1 2  

-2.55P P + 3 . 0 5 9 ~ ; ~  - 17.43P1P2 + 0.02412P2 = 0 

(24b) 

One e q u i l i b r i u m  p o i n t  can  be o b t a i n e d  by setting * P2= = 0 (which a u t o m a t i c a l l y  s a t i s f i e s  Eq. (24b)) 
and t h e n  s o l v i n g  f o r  Ple from t h e  r e l a t i o n  

0.1154P22 - 0.001379 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

or 

*. 
P1 = 0.1093 
-.  

which correspond s to  
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* 

= 0.005975 
9 e  

The f i r s t  equ i l i b r i um p o i n t ,  which we denote by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
EI, i s  thus  s p e c i f i e d  by the  coo rd ina tes  

Another equ i l i b r i um po in t  can  be found f o r  which * 
PI and P: # 0,  a l l  o t h e r  coo rd ina tes  remaining 
zero.  
l u t i o n  of E q s .  (24a) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 2 4 b )  a f t e r  P; i s  f ac to red  
o u t  from the  l a t t e r .  The coo rd ina tes  of the second 
equ i l ib r ium po in t  EII were found t o  be 

The va lues  of Pp and P 2  r e s u l t  from the  so- 

* * * * 
Q ,  = Q2 = Q, = P, = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

* * 
P1 = 0.1106 crl = 0.006116 (28) 

* * 6 P 2  = -0.003675 cy2 = 6.753 s 10- 

The two p o i n t s  E I  and EzI were the  only ones 
r e a d i l y  found f o r  the present  s i m p l i f i e d  condi- 
t i ons .  A machine search  might r e v e a l  the  ex i s tence  
o f  a d d i t i o n a l  r o o t s  o f  the  complete set  of  Eqs. 
(21) .  The pe r iod i c  e l l i p t i c  p a r t i c l e  t r a j e c t o r y  o f  
mode c l o s e  t o  & l  corresponding t o  cond i t i ons  a t  EI 
i s  shown i n  F ig .  2 .  It has a semimajor a x i s  of 
about 60,000 m i  and a semiminor a x i s  o f  h a l f  t h i s  
value. These va lues  were determined by computing 
= m X  = [E* + F2]g$, where the  wl modes of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZ and 7 
of  Eq. (8) were used, and the  maximum was d e t e r -  
mined w i th  r e s p e c t  t o  u) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABf It can be shown t h a t  
t h i s  r e q u i r e s  t h a t  $ -  

and resul ts  i n  a va lue  w1& 2 15.62 deg. The d i -  

mensionless ex r e s s i o n  foz rmax then  becomes 
rmax 2 3 . 2 ~ 1  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA‘115 and a t  c y 1  2 0.006 amounts t o  
roughly 3 . 2  d m  x 2 . 4  x lo5 = 58,128 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 

60,000. 

i n d i c a t e s  the  p a r t i c l e s  mean motion i s  synchro- 
nized with t h a t  of t h e  Sun such t h a t  t h e i r  angu lar  
p o s i t i o n s  co inc ide  c l o s e l y  whenever the  p a r t i c l e  
c rosses  one of the  axes  of the  e l l i p s e .  To see 
t h i s  we&recal l  t h a t  a t  equ i l i b r i um QT = 0, and 
hence 3; = n7 with n = 0 , l  ... 
g i ve  s 

It i s  of i n t e r e s t  t o  observe t h a t  t h i s  r e s u l t  

For n = 0 E q .  (16) 
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* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8, = 0 = 0.02939t + wl8; + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA14.7 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe + e' 

and from here 

wlBl # = i u l t  - 0.02939t - 14.7 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe - e '  

Yhen the  p a r t i c l e  crossed the major a x i s ,  we had 

Sub- 
w191 = 15.62, and from the  commensurabil ity of angu- 
l a r  v e l o c i t i e s  a t  EI ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(ul - 0.02939) = 1 - m. 
s t i t u t i o n  above g i ves  

15.62 + 14.7 = 30.32O = 1 - m ) t  + e - c '  E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 

a s  def ined below Eq. (1). From the d e f i n i t i o n  of 
xs and ys preceding Eq. (8), t h i s  then shows the  Sun 
t o  be loca ted  30.32 deg below the x -ax is ,  and there-  
f o r e  c l o s e l y  a l i gned  with the  major a x i s  of the  par- 
t ic le 's o r b i t .  

Y 

/ \ I 

Figure  2 .  Per iod i c  O r b i t  Corresponding t o  

Equi l ibr ium Po in t  E I 

S t a b i l i t v  of the Eaui l ibr ium Po in ts  

The s t a b i l i t y  of the slow v a r i a t i o n s  around the  
above pe r iod i c  equ i l ib r ium motions i n  the  x-y plane 
can be determined by s e t t i n g  up the  express ion  f o r  
t h e  v a r i a t i o n  6K* which r e s u l t s  from tak ing  small 
displacements 6Q*'and 6P* around the  equ i l ib r ium 
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I T  
va lues  QTe zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 and PTe. 
a r e  equ i l ib r ium po in ts ,  t he  c o e f f i c i e n t s  o f  t h e  l i n -  
e a r  terms i n  6K* m u s t  vanish.  
6K* a t  po in t  E becomes 

I 

Clear l y ,  s ince  EI and E 

The express ion  f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 ~ *  = 0.00L3806P22 + 0.025636Q;2 - 0.0031746P2 *2 

- 0.0031746Q;2 + 0.040085P:2 + 0.039496Q3 *2 

(29) 

S ince f o r  very va lue  o f  i = 1,2 ,3  t h e  c o e f f i -  
c i e n t s  of 6$' have the*same s i g n  as the  c o e f f i -  
c i e n t s  of 6Q*2(i.e., 5K 
t i v e  d e f i n i t e  i r r e s p e c t i v e  of  the s igns  of  6P* o r  
SQ*), we can conclude t h a t  po in t  EI i s  s t a b l e  f o r  
small  d is tu rbances  i n  a l l  p r i nc ipa l  d i r e c t i o n s .  
per iod of the  s l o w  v a r i a t i o n s  i n  6P* 
irnately 83 months, 

i s  e i t h e r  p o s i t i v e  o r  nega- 

The 
6Q: i s  approx- 1' 

* 
A t  po in t  E 1 1  w e  have f o r  6K 

6K* = 0.0014116P~2 + 0.025635Q1 *2 + 0.0018385P16P2 * *  

*2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 5  * * + 0.0036526P2 + 7.847 x 10 6Q16Q2 

- 0.001150fQ;2 + 0.040085P*32 + 0.039495Q*32 

(30) 

Equat ion (30) i n d i c a t e s  t h a t  t he  in -p lane v a r i a -  
t i o n a l  equat ions  a r e  decoupled f ro= the  ou t -o f -  
p lane equat ions ,  and t h a t  the  l a t t e r  lead  t o  a 
s t a b l e  so lu t i on .  
can thus be determined by w r i t i n g  down the  con- 
p l e t e  system of  f i r s t - o r d e r  l i n e a r  d i f f e r e n t i a l  
equat ions  f o r  6Qi and 6P; (i = 1,2) ob ta ined from 
6K* o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q .  (30), and by examining t h e  r o o t s  of t he  
approp r ia te  c h a r a c t e r i s t i c  equa t ions .  We f i n d  
t h a t  

The na tu re  o f  s t a b i l i t y  a t  EII 

* 

0.002822 

0 0.00 1838 

0 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

(31) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 .85. io-  0 0 

5 -0.0023 0 0 

-0.05126 

-7.850 LO- 

A t r i a l  s o l u t i o n  o f  t he  form est l e a d s  t o  t h e  
c h a r a c t e r i s t i c  equat ion  



-15- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

S + 1.282-10-4S2 - 2.031*LO-* = 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(32) 

which has  one p o s i t i v e  r o o t  because o f  t he  nega t i ve  
cons tan t  term. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A simple geomet r ica l  d e s c r i p t i o n  of t h e  s t a b l e  
EII i s  there fore  uns tab le .  

and uns tab le  reg ions  i n  the  six-dimensional P * *  ,Q 
space i s  of course not f e a s i b l e .  On the  o t h e r  
hand, it i s  poss ib le  t o  take  advantage o f  t he  f a c t  
t h a t  t h e  s t a b l e  p o i n t  E1 happens to l i e  very  c l o s e  
t o  t h e  uns tab le  p o i n t  EII, and t o  determine t h e  ex- 
t e n t  of t he  s t a b l e  regio; around E by expanding K* 

cub ic  terms arise from the  i n t e r n a l  resonant  terms 
i n  (15).) 

The i n t e r s e c t i o n  of sur faces  of cons tan t  K wi th  
t h e  (P2,Q2) p lane,  f o r  a value of P1 = 0.11, i s  
shown i n  F i g .  3. 
r a t r i x  which passes  through EII and s e p a r a t e s  the  
s t a b l e  from the  uns tab le  regions. 

up t o  cub ic  powers i n  6P and 6Q * I  around El. (The 

* 
* *  * 

The dashed curve shows the  sepa- 

* +  
F igu re  3. S t a b i l i t y  Regions i n  t h e  (P2-Q2) Plane 

Near the Coplanar Equi l ibr tum P o i n t s  
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I n  the  phys ica l  x-y p lane,  a po in t  i n  the  s t a b l e  
reg ion  g i v e s  r i s e  t o  slow v a r i a t i o n s  of the  elements 
of t he  pe r iod i c  p a r t i c l e  o r b i t  corresponcJing t o  EI.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A po in t  i n  the  uns tab le  reg ion  of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Pz ,Q2)  p lane 
would lead t o  l a r g e  p a r t i c l e  depar tu res  from the  
equ i l i b r i um o r b i t ,  and thus  would i nd i ca te  a pos- 
s i b l e  divergence. I n  o t h e r  words, the slower f r e e  
mode, un less  almost absen t ,  i s  unstably e x c i t e d  by 
the  f a s t e r  mode which i s  present due to t h e  Sun. 

The maximum a l lowab le  p a r t i c i p a t i o n  of  t h e  co2 
mode i n  the  p a r t i c l e ' s  motion, be fore  i n s t a b i l i t y  
sets i n ,  i s  l im i ted  by the  l e a s t  d i s tance  o f  t he  
s e p a r a t r i x  o f  F ig .  3 from the  o r i g i n .  Th i s  occurs  
a t  i t s  i n t e r s e c t i o n  w i th  the  pos i t i ve  P2 a x i s ,  and 
resu l ts  i n  a n  e l l i p t i c  o r b i t  wi th a maximum s e m i -  
major a x i s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA* 

. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2.4 x 10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 1 = 2450 m i  r 
I M X  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

V. Sumnary and Conclusions 

I n  the  present  paper,  the  three-dimensional s t a -  
b i l i t y  of the  motion of a p a r t i c l e  near t h e  e q u i l a t -  
e r a l  l i b r a t i o n  po in ts  o f  the Earth-Noon system, i n  
t h e  presence o f  the Sun, has been inves t i ga ted .  

have introduced i n t o  the  problem a l a r g e r  number of 
i n t e r n a l  and e x t e r n a l  resonances than could have 
been handled by the  present  method of approach, i t  
w a s  found necessary t o  r e s t r i c t  the s t a b i l i t y  analy-  
sis to  a l u n a r  o r b i t  perturbed by the Sun bu t  with- 
o u t  e c c e n t r i c i t y .  

Four major conc lus ions  emerge from t h e  p r e s e n t  
study. F i r s t ,  small coplanar motions near  Lq o r  L5 
w i l l  grow l a r g e  because of parametr ic e x c i t a t i o n  by 
the  Sun, a s  a resul t  of non l inear  resonance. 
f a c t ,  the  growth of the  energy i n  the f a s t e r  normal 
mode of the  l i n e a r i z e d  theory is  found t o  be gov- 
erned by a Mathieu equat ion.  

e x c i t e d  by t h e  Sun, and has a neg l i g ib le  e f f e c t  on 
the  coplanar motion, which is  the dominant f a c t o r  a s  
f a r  a s  s t a b i l i t y  is  concerned. 

Th i rd ,  a s t a b l e  pe r iod i c  coplanar o r b i t  can  e x i s t  
in t h e  presence o f  t he  Sun. 
ward (clockwise) motion along the 1:2 e l l i p s e  around 
L4 corresponding t o  the  f i r s t  (or f a s t e r )  normal 
mode and has  a semimajor a x i s  of approximately 
60,000 m i .  
t h e  mean angu lar  motion of t he  p a r t i c l e  t o  become 

Because the  i nc lus ion  of lunar e c c e n t r i c i t y  would 

I n  

Second, the  ou t -o f -p lane motion i s  no t  s e r i o u s l y  

It c o n s i s t s  o f  a w e s t -  

The e x t e r n a l  nonl inear e x c i t a t i o n  causes 
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synchronized with t h a t  of the  Sun. Thus t o  a n  ob- 
s e r v e r  l oca ted  a t  L4 and looking cont inuously i n  the  
d i r e c t i o n  o f  t he  Sun, the p a r t i c l e  would appear t o  
move back and f o r t h  across h i s  l i n e  of s i g h t  i n  the  
manner of a s i m p l e  harmonic o s c i l l a t o r .  The times 
of c ross ing  of  the l i n e  of  s i g h t  co inc ide  c l o s e l y  
w i th  the times a t  which the l i n e  of s i g h t  i s  a l igned 
w i th  the  major o r  minor a x i s  of the e l l i p s e .  

Fourth, .  the presence of the  i n t e r n a l  resonant  ex- 
c i t a t i o n ,  r e s u l t i n g  from the near commensurabil ity 
(3:l) of the  two coplanar normal modes, makes the  
s t a b i l i t y  somewhat d e l i c a t e .  A s  a consequence, the  
semimajor a x i s  o f  the second mode is  l i m i t e d  t o  mag- 
n i t udes  less than approximately 2450 m i .  For l a r g e r  
va lues  the  motion becomes uns tab le  and may r e s u l t  i n  
very  l a r g e  displacements,  which would exceed the  
range o f  a p p l i c a b i l i t y  of t he  p resen t  theory.  
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Note f o r  Eq. (13): The fol lowing key s t e p s  lead t o  
t h e  exp ress ion  presented .  
canon ica l  set q,p and transform t o  a new slowly 
varying set q ,p by using a scleronomic genera t i ng  
f u n c t i o n  S zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= S(q,pl) S, + S,. A t  the  end we w i l l  
€den t i f y  q and p w i th  B and (Y respec t i ve l y .  
Tay lo r  series expansions around the  new v a r i a b l e s  
q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA,p we can  write 

In t roduce a genera l i zed  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f I  

Using 

I *  
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. A l l  f unc t i ons  and p a r t i a l  d e r i v a t i v e s  a r e  eva lua ted  

a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq , p  . I n  the  present  no ta t i on  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/T denotes  the  
column mat r ix  o f  p a r t i a l s  of S, which i s  obta ined by 
t r a n s p o s i t i o n  of t h e  row matr ix of p a r t i a l s  S 1 .  

When a l l  the  a lgeb ra i c  manLpulations i n  K a r e  ca r -  
r i e d  o u t  and t h e  terms su i tab ly  combined, one can  
o b t a i n  the  express ion  

I f  

9 

4 

Shor t  per iod t e r m s  i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH4 and the two terms i n  the  

1 
brackets  can be el iminated by proper choice of S 
and S2. I n t roduc t i on  of the forced l i n e a r  response 
then leads  t o  Eq. (13). Note t h a t  H ( O )  w i l l  d rop  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
out  i f  the  set cy,8 i s  used s ince  they a r e  canon ica l  
wi th r e s p e c t  t o  H = 0. 


