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The three-dimensional behavior of jet core breakdown is investigated with exper-

iments conducted on a free water jet at Re = 5000 by time-resolved tomographic

particle image velocimetry (TR-TOMO PIV). The investigated domain encompasses

the range between 0 and 10 jet diameters. The characteristic pulsatile motion of

vortex ring shedding and pairing culminates with the growth of four primary in-

plane and out-of-plane azimuthal waves and leads to the formation of streamwise

vortices. Vortex ring humps are tilted and ejected along the axial direction as they

are subjected to higher axial velocities. By the end of the potential core, this process

causes the breakdown of the vortex ring regime and the onset of streamwise filaments

oriented at 30◦-45◦ to the jet axis and “C” shaped peripheral structures. The latter

re-organize further downstream in filaments oriented along the azimuthal direction

at the jet periphery. Instead, in the vicinity of the jet axis the filaments do not ex-

hibit any preferential direction resembling the isotropic turbulent regime. Following

Powell’s aeroacoustic analogy, the instantaneous spatial distribution of the acoustic

source term is mapped by the second time derivative of the Lamb vector, reveal-

ing the highest activity during vortex ring breakdown. A three-dimensional modal

analysis of velocity, vorticity, Lamb vector, and Lamb vector second time deriva-

tive fields is conducted by proper orthogonal decomposition (POD) within the first

10 modes. The decomposed velocity fluctuations describe a helical organization in

the region of the jet core-breakdown and, further downstream, jet axis flapping and

precession motions. By the end of the potential core, vorticity modes show that vortex

rings are dominated by travelling waves of radial and axial vorticity with a charac-

teristic 40◦-45◦ inclination to the jet axis. The Lamb vector and the Lamb vector

second time derivative modes exhibit similar patterns for the azimuthal component,

whereas the vortex ring coherence is described by the radial and the axial compo-

nents. While velocity, vorticity, and Lamb vector modes are typically associated with

Strouhal numbers (St) smaller than 0.9, the modes of the Lamb vector second time

derivative are also related to higher frequencies (1.05 ≤ St ≤ 1.9) ascribed to the

three-dimensional travelling waves. Far-field acoustic predictions are obtained on the

basis of direct evaluation of Powell’s analogy with TR-TOMO PIV data. The spectral

analysis returns peaks at pairing (St = 0.36) and shedding (St = 0.72) frequency.

A broader distribution with a hump between St = 1 and 2.25 is observed, which

corresponds to the breakdown of ring vortices. C© 2013 American Institute of Physics.

[http://dx.doi.org/10.1063/1.4773444]

I. INTRODUCTION

Acoustic emissions in subsonic jet flows are believed to be related to the dynamical behavior of

large-scale flow structures and their interactions. Intense sound radiation originates with the collapse

of the annular mixing-layer at the end of the potential core (Juvé et al.,1 Hussain and Zaman,2

Hussain,3 Bogey et al.,4 and Jordan et al.5). Experimental studies describing the large-scale patterns
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and dynamical events across the end of the potential core are thus relevant to understand the physical

mechanism associated with sound production.

In the region downstream the shedding and pairing of axisymmetric vortices, Hussain and

Zaman2 identified toroidal structures developing azimuthal lobes, which split into coherent sub-

structures by the end of the potential core. The same authors argued that the formation of these lobes

and the breakdown of the vortices are more important in the production of aerodynamic noise than

vortex pairing. With hydrogen bubble visualizations, Yule6 found that the end of the potential core is

characterized by the loss of circumferential coherence (Liepmann and Gharib7) and the formation of

smaller scales that ejects bursts of fluids. Juvé et al.1 observed that sudden decelerations occur near

the end of the potential core, which are due to the engulfment of fluid by toroidal structures with an

intermittent noise emission signature. Using planar particle image velocimetry (PIV) and flow visu-

alization, Liepmann and Gharib7 described how the streamwise vorticity relates to the entrainment

process beyond the end of the potential core. Kyle and Shreenivasan8 visualized an energetic and

highly regular pairing process that leads to the early and abrupt breakdown of the potential core.

With aeroacoustic predictions based on large eddy simulation, Bogey et al.4 conjectured that the

acoustic generation may involve the sudden acceleration and stretching of vortical structures when

coming towards the jet axial region at the end of the potential core.

Further experiments focused on the region downstream of the axisymmetric regime where

specific strategies were adopted to reconstruct three-dimensional flow features from point-wise

planar measurements. Matsuda and Sakakibara9 produced a 3D representation of the turbulent

coherent structures combining stereo-PIV measurements perpendicular to the jet axis and assuming

Taylor’s hypothesis. They visualized groups of hairpin vortex structures in the fully developed

turbulent region of jets in the range 1500 < Re < 5000. Following the approach of Cintriniti

and George,10 Jung et al.11 scanned the first 6 diameters of a turbulent axisymmetric jet at high

Reynolds number with a polar array of 138 synchronized straight hot wire probes and showed

a low-dimensional time-dependent reconstruction of the streamwise velocity using the dominant

proper orthogonal decomposition (POD) modes. Reconstruction of the full-field streamwise velocity

component using the dominant POD modes shows clearly the evolution of the flow with downstream

position, from “volcano-type” eruptions to a “propeller-like” pattern. In a later study, Iqbal and

Thomas12 achieved a three-components implementation of the POD and reported a helical vortex

structure beyond the tip of the potential core.

Lynch and Thurow13 applied a novel three-dimensional light intensity visualization technique

developed by Thurow and Satija14 to study the large-scale vortices in a jet at Re = 10 000. Instan-

taneous visualization of the transition region showed the rupture of jet centerline axial-symmetry,

while POD analysis of the image intensity identified flapping motion and the combination between

flapping and helical modes. These results, however, remained to be ascertained with a 3D kinematic

analysis from velocity and vorticity fields.

The description of the dynamical behavior and the 3D patterns of flow structures requires time-

resolved (TR), volume based techniques. Wernet15 applied TR PIV measurements on a high-speed

jet to characterize the turbulence by means of space-time correlation functions. Based on a high

speed scanning stereo PIV system (Bruecker and Althaus16), Hori and Sakakibara17 produced a

sequence of instantaneous 3D vorticity field at 9 jet diameters downstream the nozzle of a jet at Re

= 1000. With the application of tomographic PIV (Elsinga et al.18) the transitional incompressible

jet flow at Re = 5000 was investigated by Violato and Scarano19 who described the evolution

of three-dimensional structures in circular and chevron nozzle configurations. For the circular jet,

they reported a pulsatile motion due to the shedding and pairing of axisymmetric vortices followed

by the growth of azimuthal instabilities (Yule;6 Liepmann and Gharib7) and counter-rotating pairs

of streamwise filaments (Dimotakis et al.,20 Paschereit et al.,21 and Ganapathisubramani et al.22).

However, the limited axial extent of the measurement domain only allowed the descriptions of

the earliest stage of the 3D regime onset leaving open questions on the mechanism of the annular

mixing-layer collapse.

The use PIV in combination with aeroacoustic analogies is a relatively recent strategy to in-

vestigate the sources of acoustic noise. For a broader prospective on this novel methodology, the

reader is referred to the review article by Morris.23 In a Mach 0.85 jet, Seiner24 characterized the
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noise sources using two-point turbulence statistics to evaluate the Lighthill turbulent stress tensor

and observed that the actual measurement of the Lighthill’s acoustic tensor requires volumetric mea-

surements with temporal resolution. In a subsonic and acoustically excited jet flow at low Reynolds

number, Schram et al.25 investigated the mechanism of sound generation by vortex pairing with

phase-locked planar PIV and a conservative formulation of vortex sound theory for axisymmetric

flow, finding good agreement between the sound prediction and the sound measured by microphone

at frequencies not contaminated by the acoustical excitation. Fleury et al.26 used a dual-PIV system

in a subsonic jet at Mach 0.6 and 0.9 with a fixed time delay between measurements to calculate

spatial and temporal correlations. They also showed that Lighthill stress tensor can be statistically

modelled by space-time second-order velocity correlations. Violato and Scarano19 first used time-

resolved three-dimensional measurements to explore the relation between the coherent structures

and the instantaneous acoustic production based on Powell’s analogy.27 The acoustic source was

characterized by the second time derivative of the Lamb vector while the corresponding vortex

topology was visualized using λ2-criterion (Jeong and Hussain28). In the region near-to-the-nozzle

exit of the circular jet, the acoustic source activity was highly correlated with vortex-ring pairing

and the growth of azimuthal instabilities contoured by streamwise filaments. However, performing

acoustic predictions based on Powell’s integral is a challenging task, especially due to the constraints

on the extent of the instantaneous measurement domain and on the required spatial and temporal

resolutions. For this reason, acoustic analyses have been mostly afforded using direct numerical

simulations (DNS; Freund29) and large eddy simulations (LES; Bogey et al.4) techniques to obtain

accurate descriptions of the flow field.

In the present work, a state-of-the-art measurement system is employed to perform TR-TOMO

PIV measurements over a jet axial extent that is sufficiently long (10 jet diameters) to capture the

large-scale events from the nozzle to 4 jet diameters beyond the end of the potential core. The

experiments therefore enable the analysis of the jet core breakdown with the spatial and temporal

resolution (up to a value of the Strouhal number of 4) needed for the evaluation of Powell’s integrand.

The investigation is conducted under favorable experimental conditions in a water facility, where

a relatively large measurement domain can be accessed with TOMO-PIV (Scarano and Poelma30)

and where high-speed PIV systems can operate at a repetition such to resolve the smallest flow time

scales.

The first objective of this study is to analyze the three-dimensional evolution of vortex rings dur-

ing the process of breakdown into coherent substructures. The corresponding unsteady 3D patterns

are described using the vorticity vector components and the λ2-criterion, which, experimentally,

could not be fully ascertained by planar PIV (Liepmann and Gharib,7 Dimotakis et al.,20 Ganap-

athisubramani et al.,22 Matsuda and Sakakibara,9 and Wernet15), visualization techniques (Yule,6

Kyle and Shreenivasan,8 and Lynch and Thurow13), or by arrays of hot wire probes (Jung et al.11).

Following Powell’s analogy, the relation between large-scale events and acoustic source is associ-

ated with the second time derivative of the Lamb vector. The analysis of the 3D pattern of velocity,

vorticity, Lamb-vector and second time derivative of the Lamb vector is aided by proper orthogonal

decompositions, which enable to identify more clearly some aspects of the flow large-scale organi-

zation at core breakdown. Finally, acoustic predictions are performed by direct integration Powell’s

analogy using TR-TOMO PIV data.

II. SNAPSHOT POD ANALYSIS

Proper orthogonal decomposition (Berkooz et al.31) is a statistical technique to objectively

classifying and describing turbulent flows in terms of most energetic coherent motions that can be

used to produce of a low-order reconstruction of the flow field. When applied to velocity fields,

such as PIV data or numerical simulations, POD analysis enables the identification of the coherent

structures in terms of global eigenmodes. POD was applied to planar PIV data to describe a large

variety of jet flow configurations: annular jets (Patte-Rouland et al.32), normally impinging jets

(Geers et al.33) turbulent jets in crossflow (Meyer et al.34), daisy- and cross-shaped orifice jets (El

Hassan and Meslem and35 El Hassan et al.36). More recently, Schmid et al.37 have investigated the

use of dynamical mode decomposition (DMD) for the analysis of TR-TOMO PIV data of the same
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jet. Although, the results show that DMD is a suitable technique to infer the dynamical features of

the velocity fluctuations, the present work will be based on POD also for reasons of comparison

with the more abundant literature available.

The POD principles are briefly introduced here following the method of snapshots (Sirovich38).

Consider a set of data u(x, tn) that are simultaneously taken at N time instants such that the samples

are uncorrelated and linearly independent. The corresponding fluctuating component is defined as

u′(x, tn) = u(x, tn) − ū(x, tn), (1)

where ū(x, tn) is the temporal average

ū(x, tn) =
1

N

N
∑

n=1

u(x, tn). (2)

The POD method extracts orthonormal eigenmodes ψ(x) and orthonormal amplitude coefficients

ak(t) such that the reconstruction

u′(x, tn) =

∞
∑

k=1

ak(t)ψk(x) (3)

is optimal, in the sense that the functions ψ maximize the normalized average projection of ψ

onto u′

max
ψ

〈

(

ψ(x), u′ (x, t)
)2
〉

(ψ(x), ψ(x))
. (4)

The time coefficients ak(t) are determined by the projection of the flow-fields on the global modes

ak(t) =
(

u′ (x, t) , ψk(x)
)

. (5)

The snapshot method introduced by Sirovich38 is less computationally demanding and the above

maximization problem corresponds to solve a degenerate integral equation, in which the solutions

are linear combinations of the snapshots

ψk(x) =

N
∑

n=1

�k
nu′(x, tn) k = 1, ..., N (6)

where �k
n is the nth component of the kth eigenvector. The eigenmodes can then be found by solving

the following eigenvalue problem

Cu� = λ�, (7)

where C is the L2-norm matrix,

Cu =
1

N

(

u′(x), u′(x)
)

. (8)

The cumulative sum of the eigenvalues λk corresponds to the total energy and each eigenmode

is associated with an energy percentage ek:

ek = λk

/

N
∑

i=1

λi . (9)

POD descriptions of PIV data are commonly produced choosing the mean square fluctuating

velocity as norm, which represents the kinetic energy of the flow. However, a more efficient iden-

tification of the coherent structures in PIV data can be obtained by the vorticity decomposition, as

proposed by Kostas et al.,39 who applied POD on the velocity and the magnitude of the out-of-plane

vorticity. Such quantity, as explained by the authors, is a quasi-enstrophy, since only one component

of the vorticity was considered.
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In this investigation, POD analysis is first conducted on three-dimensional velocity data sets

based on the mean square fluctuating energy (Eq. (1)), which, for the fluctuating velocity vector (V′)

can be written as

CV =
1

N

(

V′(x), V′(x)
)

. (10)

Then, by centered difference scheme, the velocity information is used to evaluate the three-

dimensional vorticity field. This is analyzed by POD using, as norm, the mean square fluctuating

enstrophy

Cω =
1

N

(

ω
′(x),ω′(x)

)

, (11)

where ω
′ is the fluctuating vorticity vector.

Moreover, the velocity and the vorticity vectors are used to evaluate the Lamb vector

L = ω × V, which is a relevant quantity in aeroacoustics as it accounts for the flow state in

Powell’s aeroacoustic analogy (see the Appendix). The modal analysis of the Lamb vector field is

conducted by POD based on the norm of the fluctuating Lamb vector L′

CL =
1

N

(

L′(x), L′(x)
)

, (12)

which will be referred to as mean square fluctuating Lamb energy. Finally, following Powell’s

aeroacoustic analogy, the acoustic source is related to the second time derivative of the Lamb vector

d2L/dt2 (see the Appendix), which is analyzed with the POD technique based on the norm of the

fluctuating component d2L/dt2′

Cd2L/dt2 =
1

N

(

d2L/dt2′(x), d2L/dt2′(x)
)

. (13)

The above norm will be referred to as mean square fluctuating acoustic source energy.

III. EXPERIMENTAL APPARATUS AND PROCEDURES

A. Jet flow facility

Experiments are conducted in the water jet facility described in Violato and Scarano19 at the

Aerodynamic Laboratories of TU Delft in the Aerospace Engineering Department. A round nozzle

of exit diameter D = 10 mm and contraction ratio of 56:1, is installed at bottom wall of an octagonal

water tank. The system is hydrostatically driven and provides a stabilized supply in a range of exit

velocity W j from 0.1 to 2 m/s, corresponding to Reynolds numbers ranging between 1000 and

20 000. The water temperature is 20 ◦C. Tomographic experiments are performed for a nominal

axial velocity at the jet exit of 0.5 m/s yielding a Reynolds number Re = 5000 based on the jet

diameter D.

B. Time-resolved tomographic measurements

Neutrally buoyant polyamide particles of 56 μm of diameter are dispersed homogeneously,

achieving a uniform concentration of 0.65 particles/mm3. The illumination is provided by a

Quantronix Darwin-Duo solid-state diode-pumped Nd:YLF laser (2 × 25 mJ/pulse at 1 kHz). After

a transmission distance of 1.5 m, the laser beam features a diameter of 6 mm and is further expanded

through a diverging lens to a diameter of 80 mm and then focused with a converging lens to obtain

a conical illumination domain (Figure 1). The light scattered by the particles is recorded by a tomo-

graphic system composed of three 3 Imager pro HS 4M cameras (12 bits, 2048 × 2048 pixels,

pixel pitch of 11 μm) arranged horizontally with azimuthal aperture of 90◦. The choice of
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TABLE I. Experimental settings for time-resolved measurements.

Seeding material Polyamide particles diameter: 56 (μm)

Concentration : 0.65 (particles/mm3)

Illumination Quantronix Darwin-Duo Nd-YLF laser (2 × 25 mJ@1 kHz)

Recording device 3 Imager pro HS 4M cameras (2016 × 2016 pixels@ 1.3 kHz) 11 μm pixel pitch

Recording method double frame/single exposure continuous mode

Optical arrangement Nikon objectives (f = 105 mm; f# = 22) field of view 5D × 10D

Acquisition frequency 1 kHz

Time of acquisition 2 s

conical illuminated volume eliminates the need for camera-lens tilt mechanism to comply with

the Scheimpflug condition. Nikon objectives of 105 mm focal length are set with a numerical aper-

ture f# = 22 to allow focused imaging of the illuminated particles. For the chosen illumination and

imaging configuration the particle image density decreases from the axis towards the edge of the

illuminated volume and, at the jet axis, increases along the axial coordinate from 0.037 (at the jet

exit) to 0.043 (10 diameters above the exit) particles/pixel. The details of the experimental settings

are summarized in Table I.

The choice of a conical domain of illumination more favors an accurate reconstruction of the

particle field, as the particle image density does not change with the viewing angle along the azimuth

and decreases moving from the axis to the periphery of the jet (Figure 1). Moreover, the extent of

uniform flow velocity in the region outside the jet is minimized, which mitigates the effect of ghost

particles velocity (Elsinga et al.40) in turn biasing the measurement in the shear layer and jet core

(Novara and Scarano41).

Sequences of images of tracer particles are recorded at 1 kHz resulting in a temporal resolu-

tion that yields 35 samples for the fastest expected events (vortex shedding). The imaged-particle

displacement at the exit is approximately 10 pixels along the jet axis. The field of view is of

50 × 100 mm with a digital resolution of 18.5 pixels/mm. Sequences of 500 images are also

recorded at 20 Hz in frame-straddling mode (pulse separation time 1 ms) for a total time of 25 s to

produce a statistically significant data ensemble.

The volumetric light intensity reconstruction is performed following the use of multiplicative

algebraic reconstruction technique algorithm (MART, Hermann and Lent42) by the LaVision software

DAVIS 8. A three-dimensional mapping function from image-space to physical object-space is

FIG. 1. Schematic view of illumination and imaging in the tomographic experiment (left); top view of the system (right).
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FIG. 2. Details of the measurement domain and coordinate system.

generated by imaging a calibration target. The initial experimental errors due to system calibration

are approximately 0.5 pixels as estimated from the disparity vector field. The misalignment is

reduced to less than 0.05 pixels making use of the 3D self-calibration technique (Wieneke43). The

raw images are pre-processed with subtraction of the minimum intensity at each pixel for the entire

sequence, followed by a subtraction of the local minimum over a kernel of 31 × 31 pixels. The

MART algorithm is applied with four iterations. At the given particle image density, despite the radial

decrease and axial increase, the use of 3-camera tomographic system leads to rather accurate 3D

object reconstructions with a reconstruction quality Q estimated above 0.75 (Elsinga et al.18).

The illuminated volume is discretized with 660 × 660 × 2000 voxels resulting in a digital

resolution of 20 voxels/mm (voxel pitch of 50 μm). Following Elsinga et al.,18 the accuracy of

the reconstruction is evaluated a posteriori comparing the intensity of reconstructed particles in

the illuminated region with that of ghost particles produced in the immediate surroundings of the

illuminated domain. A signal-to-noise ratio may be defined as the reconstructed particles intensity

inside the illuminated area versus that reconstructed outside. In the present experiment, the laser

light intensity follows a Gaussian distribution along the radius and the light is confined to the conical

volume shown in Figure 2. The reconstruction signal-to-noise ratio as defined above is higher

than 4.

The three-dimensional particle field motion is computed by volume deformation iterative

multigrid (VODIM) technique (Scarano and Poelma30) with a final interrogation volume of

40 × 40 × 40 voxels (2 × 2 × 2 mm3) with an overlap between adjacent interrogation boxes

of 75%, leading to a vector pitch of 0.5 mm. Correlation averaging technique over three subsequent

object-pairs is applied to have higher signal-to-noise ratio and higher measurement precision in

time-resolved measurements (Scarano44). Data processing is performed on a dual quad-core Intel

Xeon processor at 2.83 GHz with 8 GB RAM memory requiring, respectively, 1 h and 40 min for

the reconstruction of a pair of objects and 2 h for the 3D cross-correlation.

When needed, data post-processing is applied that consists of a space-time least-squares regres-

sion. Spatio-temporal noisy fluctuations are significantly suppressed by applying the second order

polynomial least squares regression (Scarano and Poelma30) with a kernel of 5 × 5 × 5 grid nodes

in space (2 mm3), corresponding to the interrogation box size. Given the high repetition rate of the

measurement a temporal kernel that encompasses 7 time steps (6 ms) is used without affecting the
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FIG. 3. Iso-contours of mean-axial velocity on a radial plane.

temporal resolution of the measurement in the range of time scales of interest (up to a value of the

Strouhal number of 4). The precision error on the filtered velocity and vorticity fields are estimated

following Violato and Scarano.19 It results that the velocity is affected by 2% precision error with

respect to the particle displacement at the jet exit of 10 voxels; the error on vorticity is estimated to

be 3% with respect to the vorticity magnitude at the core of a shed vortex (0.25 voxels/voxel). For

details on the correlation technique, filtering method and spatio-temporal resolution of the data, the

reader is referred to Violato and Scarano.19

IV. RESULTS

A. Flow statistics

The spatial distribution of the mean axial velocity is illustrated in Figure 3 as iso-contours on

a radial plane on the cylindrical domain. The potential core, which is identified by the contour line

W/W j = 0.95, shows an axial penetration of 6.25 diameters. Further downstream, the mean axial

velocity decreases to 0.55 at Z/D = 10 (Crow and Champagne45). The detailed characterization of

the mean velocity profile at the exit, as well as the level of axial velocity fluctuations in the jet core,

are reported in Violato and Scarano.19

The peak activity of the turbulent fluctuations is concentrated between Z/D = 2.5 and Z/D

= 8.5, as depicted by the iso-contour plots of Figure 4. For 2.5 < Z/D < 4.5, axial and radial

fluctuations w′/W j and v′
r/W j reach peaks of 0.18, where the vortex rings pair (Bradshaw et al.46

and Yule6) and azimuthal instabilities and streamwise vortices grow (Violato and Scarano19). The

azimuthal fluctuations v′
θ/W j , instead, are dominant in the region by the end of the potential core.

For low Reynolds number jets, Yule6 reported that circumferential fluctuations intensify as the flow

three-dimensionality develops and the axisymmetric regime vanishes rapidly.

B. Unsteady flow behavior

The instantaneous flow organization is depicted in Figure 5. Toroidal vortices are clearly iden-

tified by iso-surfaces of azimuthal vorticity ωθ D/W j whereas the three-dimensional flow structures

are visualized by the axial and radial vorticity components ωz D/W j and ωr D/W j . The separate

visualization of each component of the vorticity vector enables a more direct evaluation of the flow

organization. In the region near to the nozzle exit (Z/D = 0 and Z/D = 5.5), the flow exhibits pul-

satile motion (iso-surface W/W j ) driven by the shedding and pairing of toroidal vortices at Strouhal

number St = f D/W j = 0.72 and 0.36, respectively. Vortex pairing is accompanied by to the growth

of azimuthal instabilities and the formation of counter-rotating pairs of streamwise vortices of radial

and axial vorticity (Violato and Scarano19) that surround the jet shear layer. In the region beyond the

end of the potential core (Z/D > 6, Figure 3) vortex ring coherence is absent (Yule6 and Hussain and

Zaman2) and the flow is mainly organized into streamwise vortex filaments. Liepmann and Gharib7

reported that the streamwise vorticity is the main factor controlling the entrainment process beyond

the end of the potential core.
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FIG. 4. Iso-contours of velocity fluctuations on a radial plane: axial w′/W j , radial v′
r /W j and tangential v′

θ/W j components.

The spatio-temporal evolution of a selected event during the breakdown of a toroidal vortex is

shown in the temporal sequence of Figure 6 where the iso-surface λ2 D/W j = −0.8 identifying the

vortices are color-coded by the instantaneous axial velocity W/W j . To facilitate the visualization,

iso-surfaces are mapped between R/D = 0 and R/D = 1. The decay of the azimuthal coherence

of toroidal structures begins after pairing (Violato and Scarano19) with the growth of four in-plane

(see label “P”, tW j/D = 0) and four out-of-plane azimuthal waves. With the growth of in-plane

azimuthal instabilities, portions of the vortex ring (see labels “P”) are tilted inward and stretched

towards the jet axis (0 < tW j /D <1.26), where the axial velocity is larger (W/W j = 1). Due to

the asymmetric distribution of W , regions “P” are then ejected and tilted along the jet axis (1.68

< tW j /D <2.1), producing axial stretching and, ultimately, the disruption of the toroidal shape (Z/D

= 5.8 and 6.5). Bogey et al.4 associated such transient event to a possible mechanism of acoustic

generation. By the end of the potential core, the characteristic axial and radial velocity fluctuations

are w′/W j = 0.16 and v′
r/W j = 0.14, 30% smaller than those observed for the pairing process

(Figure 4). In contrast, azimuthal velocity component reaches peak activity of 0.11, which is about

twice that at pairing. Vortex portions originated from low-axial velocity regions gradually disrupt

into smaller structure of “C” shape (see label “C”, 1.68 < tW j /D < 2.52), whereas those originated

from region “P” form an angle of 30◦-45◦ with the jet axis (2.52 < tW j /D < 2.94). The evolution

of the breakdown hereby reported agrees with the early conjectures by Hussain and Zaman2 who

described that toroidal vortices develop azimuthal lobes and disrupt into coherent substructures by

the end of the potential core.

Downstream the potential core (7 < Z/D < 10), the three-dimensional regime exhibits, as most

recurrent pattern, vortex filaments with scattered orientation (Figure 7). The decay of the vortex
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FIG. 5. Instantaneous vortex pattern in the circular jet. Velocity vectors are shown on the axial plane Y/D = 0. Iso-surfaces

of axial velocity W/W j = 1.05 (red). Top: iso-surfaces ωθ D/W j = 4 (cyan), ωzD/W j = −1.2 (green) and 1.2 (yellow);

bottom: iso-surfaces ωθ D/W j = 4 (cyan), ωrD/W j = −1.2 (blue) and 1.2 (orange).

coherence is faster between 0 < R/D < 0.8 where the axial velocity is characterized by flow patches

of maximum axial velocity W/W j = 0.6, and velocity fluctuations w′/W j , v′
r/W j and v′

t/W j of

comparable magnitude (0.1-0.12, Figures 4 and 3). By contrast, in the periphery of the jet (0.8 < R/D

< 1.6), where fluctuations are about 50% smaller, “C” structures (tW j /D = 0) tend to re-organize into

filaments “VF” (tW j /D = 1.68). “VF” structures are typically oriented along the azimuthal direction

and have a characteristic length ranging between 1 and 2 jet diameters, based on iso-surface λ2D/W j

= −0.5. The advection velocity along the axial direction is 0.2. As shown in Figures 7(c) and 7(d),

they engulf outer fluid on the trailing side and eject on the leading one, with peaks of instantaneous

radial velocity of 0.1 (Yule, 1978). The typical lifetime of the “VF” is �tW j/D = 6 after which

they break-up into sub-structures “VFsub” (tW j /D = 6.3) between Z/D = 9 and 10. Yule6 reported

the presence of vortices with similar patterns up to 5 jet diameters downstream the transition.

The normalized axial, radial, and tangential flux associated with the “VF” structure can be

defined as

{Qw, Qr , Qθ } =
1

D2

∫

S

{

W/W j êw, Vr/W j êr , Vθ/W j êθ

}

· d S, (14)

where S is the surface of the volume containing the “VF” vortex, êw, êr , and êθ denote the unit

vector in the axial, radial, and tangential direction, d S is the vector normal to S. On average, the

flux related with “VF” shows that the axial and the radial components have the same magnitude

and opposite sign (Qw = 0.075; Qr = −0.075), whereas the tangential component is one order

magnitude smaller. Compared to Liepmann and Gharib,7 who ascribed to streamwise vorticity the

major role in the entrainment of the flow beyond the end of the potential core, the observations
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FIG. 6. Time sequence visualization of vortex ring breakdown. Iso-surface λ2D/W j = −0.8 color coded with axial velocity

component W/W j . Time separation between snapshots �tW j /D = 0.42. (a) Azimuthal waves inception. (b) Induced axial

velocity. (c) Breakdown of azimuthal coherence. (d) Turbulent engulfment.

on “VF” filaments hereby reported provide a more specific characterization of the vortex pattern

involved in such entrainment.

An overview on the flow transition to three-dimensionality along the jet axis can be inferred

from the axial distributions of the vorticity components, as illustrated in Figure 8 where the absolute

values of the azimuthal, the radial and the axial components (|ωθD/W j |, |ωrD/W j |, |ωzD/W j |) are

averaged in time and along the azimuthal direction between R/D = 0 and R/D = 1, 〈|ωθD/W j |〉,

〈|ωrD/W j |〉 and 〈|ωzD/W j |〉. Downstream the shedding and pairing of toroidal structures (Z/D

> 3.5), 〈|ωrD/W j |〉 and 〈|ωzD/W j |〉 increase as azimuthal instabilities and streamwise vortices
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FIG. 7. Time sequence visualization of vortices after breakdown. Phenomenon of C-vortex connect and subsequent filament

tearing. Iso-surface λ2D/W j = −0.5 color coded with W/W j (a) and (b) and Vr /W j (c) and (d). (a) C-structures. (b) Vortex

filament formation. (c) Vortex filament advection. (d) Vortex filament breakdown.

grow, while the azimuthal component 〈|ωθD/W j |〉 is still dominant although steadily decreasing.

In the region near the end of the potential core (5.5 < Z/D < 6.5), 〈|ωzD/W j |〉 reaches a peak

(0.63 at Z/D = 5.5) corresponding with the ejection and axial tilting of the “P” flow regions

(Figure 6). In contrast, 〈|ωrD/W j |〉 steadily increases to 0.73 at Z/D = 6.2, where the toroidal

structures breakdown. Beyond the potential core (Z/D > 6.5), the flow field shows an overall

FIG. 8. Axial distribution of 〈|ωθ D/W j |〉, 〈|ωrD/W j |〉 and 〈|ωzD/W j |〉.
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FIG. 9. Instantaneous stretching and tilting fields. Top: vortex breakdown identified by iso-surfaces λ2D/W j = −0.8 color

coded with |S| and |T|; bottom: “VF” vortices identified by iso-surfaces λ2D/W j = −0.8 color coded with |S| and |T|.

decrease of the vorticity components to values comparable to those in the region of growth of

azimuthal instabilities and streamwise vortices formation (Z/D ∼ 4).

The vortex stretching-tilting field is decoupled into normalized stretching S and normalized

tilting T following Violato and Scarano,19 which are plotted in Figure 9 as color code of λ2D/W j

iso-surface. Peak activity of absolute stretching |S| and absolute tilting |T| is observed when the

periphery of the toroidal vortex disrupts into “C” structures and the inner portions of the vortex “P”

are ejected. Stretching and tilting fields show similar peak magnitude, |S| = 3 and |T| = 3, which

is comparable to the stretching and tilting activity of streamwise vortices (Violato and Scarano19).

Beyond the end of the potential core, |S| and |T| peak activities decrease to 1 in correspondence to

the “VF” structures as well as in the region closer to the jet axis where the coherence decays faster.

A statistical characterization of the stretching and tilting activity along the jet axis is shown

in Figure 10, where absolute stretching |S| and absolute tilting |T| fields are averaged in time and

along the azimuthal direction between R/D = 0 and R/D = 1, 〈|S|〉 and 〈|T|〉, respectively. Between

Z/D = 5.5 and 6, where toroidal vortices undergo breakdown, 〈|S|〉 and 〈|T|〉 reach peak activity,

although with maximum tilting (〈|T|〉 = 0.72 at Z/D = 5.5) that is 20% larger than the peak

of stretching. Further downstream (Z/D > 6.5), in correspondence with the formation of “VF”

structures and the coherence decay, 〈|S|〉 and 〈|T|〉 decrease to values that are comparable to those

found for vortex pairing and early growth of azimuthal and streamwise vortices (3.5 < Z/D < 4,

Violato and Scarano19).

C. Acoustic source characterization of jet core breakdown

The relation between the large-scales structures and the local activity of acoustic sources in

the region across the end of the potential core is explored recalling Powell’s aeroacoustic analogy

(1964). The acoustic source can be mapped using the norm of the second time derivative of the Lamb
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FIG. 10. Axial distribution of space-time average of |S| and |T|.

vector (L̈ =
∣

∣

(

d2L/dt2
)∣

∣ D3/W 4
j ). The spatio-temporal patterns of L̈ are discussed in relation with

the toroidal vortex breakdown and the formation of vortex filaments beyond the end of the potential

core.

The temporal sequence of Figure 11, illustrates the vortex patterns evolution (λ2D/W j iso-

surfaces) and the corresponding acoustic source field (iso-surfaces of L̈) during the breakdown

process of a toroidal structure. Before breakdown (tW j /D = 0), the acoustic source shows a strongly

distorted toroidal configuration corresponding to the vortex ring. Subsequently, during the loss of

azimuthal coherence (0.84 < tW j /D < 1.68), the acoustic source becomes more pronounced in the

region closer to the jet axis, where portions “P” of the vortex ring (Figure 6) are tilted and ejected

along the jet axis. On the other hand, the rupture of the vortex into “C” structures is not associated

to significant activity in terms of L̈.

The pattern shown in Figure 12 yields evidence that the activity of L̈ is more intense for core

breakdown than for the case of vortex pairing (Hussain and Zaman2). The transient phenomenon

FIG. 11. Time sequence visualization of vortex ring breakdown (iso-surfaces λ2D/W j = −0.8 in yellow) with acoustic

source (iso-surfaces L̈ = 30 in green and L̈ = 50 in red).
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FIG. 12. Instantaneous iso-contour plot of L̈ and iso-line λ2D/W j = −0.8 identifying coherent structures at tW j /D = 1.68.

of core breakdown, however, weakens rapidly and, beyond the end of the potential core, the region

interested by L̈ activity collapses within 3 jet diameters. The peripheral region (0.8 < R/D < 1.6)

exhibits “VF” structures (Figure 7) but without sound production activity.

The axial distribution of the source is obtained performing an ensemble average of L̈ over

the observation time and considering homogeneous properties in the azimuthal direction (
〈

L̈
〉

). The

result is shown in Figure 13, where
〈

L̈
〉

increases rapidly between 2 and 3 diameters due to the vortex

pairing. A subsequent increase of comparable magnitude yields peak activity of
〈

L̈
〉

between Z/D

= 5.5 and 6 where the portions “P” of vortex rings are stretched, tilted and then axially ejected

yielding the disruption of the toroidal coherence (Figure 6). Beyond the end of the potential core,
〈

L̈
〉

eventually decays and at 10 jet diameters the value is lower than that in the pairing region.

D. 3D POD analysis

In this section, snapshot-POD (Sirovich38) is applied to inspect the large-scale features develop-

ing in the jet with attention to the three-dimensional regime. The analysis is conducted on fields of

velocity (V), vorticity (ω), and Lamb vector (L) fields as well as second time derivative of the Lamb

vector (d2L/dt2), which identifies the acoustic source. The decomposition of velocity, vorticity, and

Lamb vector fields is based on a sequence of 500 uncorrelated snapshots, which corresponds to an

observation length of 1000 jet diameters. The POD analysis of d2L/dt2 fields, instead, is conducted

on a subset of snapshots that are extracted with a sampling rate of 100 Hz from the time-resolved

FIG. 13. Space-time average of L̈.
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FIG. 14. Left: energy distributions across first 20 modes of velocity V, vorticity ω, Lamb vector L and second time derivative

of the Lamb vector d2L/dt2; right: cumulative energy distributions (symbols are shown 1 every 10). Note that the observation

length employed for d2L/dt2 decomposition is shorter compared to V, ω and L.

sequence. A total of 190 snapshots are employed, which correspond to an observation length of 100

jet diameters that is shorter compared to the velocity, vorticity, and Lamb vector ones.

The distributions of energy across the three-dimensional POD modes of velocity, vorticity, Lamb

vector, and its second time derivative fields are illustrated in Figure 14 together with the cumulative

energy distributions. Mode 1 and 2 of the velocity correspond to 7.5% and 7.4% of the total kinetic

energy (Eq. (10)), whereas less enstrophy (Eq. (11)) corresponds to vorticity mode 1 and 2 (5.7%

and 5.6%). The Lamb vector is decomposed with a slightly higher efficiency, where mode 1 and 2,

respectively, capture 8.6% and 8.3% of the total Lamb energy (Eq. (12)). Instead, the first pair of

modes of the d2L/dt2 decomposition are, respectively, associated with 7.01% and 6.81% of the total

acoustic source energy (Eq. (13)).

The spatial organization of the first 10 dominant POD modes of velocity (Figures 15 and 16),

vorticity (Figures 17 and 18), Lamb vector (Figures 19 and 20), and Lamb vector second time

derivative (Figure 21) are described and the related information on the characteristic frequencies are

extracted from the spectrum of the time coefficients ak(t) (Eq. (5)) of the modes. The peak frequencies

of velocity, vorticity, Lamb vector, and Lamb vector second time derivative are summarized in

Figure 23.

1. Decomposition based on velocity

The POD method is now applied to the 3D velocity fields. Figure 14 shows that about 50% of

the kinetic energy is captured by the first 50 modes, which is far less than the 350 modes reported by

Jordan et al.5 for a compressible jet at Re = 3600. In the first 10 velocity modes, which corresponds

to 27.5% of the kinetic energy, there are pairs (1 and 2, 4 and 5, 6 and 7, 9 and 10) phase shifted

of π /2 in the axial direction describing travelling waves (Figure 15). Non-travelling (presumably

pulsatile) modes (3 and 8) are instead illustrated in Figure 16. For conciseness, Figure 15 shows the

iso-surfaces of W/W j ,Vr/W j , and Vθ/W j of only one mode for each pair. Mode 1 and 2 describe

travelling toroidal vortices (Bi et al.,47 Shinneeb et al.,48 Jung et al.,11 and Lynch and Thurow13)

that are formed after pairing and have characteristic Strouhal number St = 0.36 (Figure 23).

The axial velocity component shows a pulsatile motion along the axial direction, whereas the

azimuthal velocity reveals the presence of “periodic” twisting that develop in the inner region of the

vortices. In mode no. 4 and 5, across the end of the potential core (6 < Z/D < 8), the intertwining

between the region of positive and negative W/W j indicates a helical motion. This was previously

reported by Iqbal and Thomas12 who observed it beyond the end of the potential core. A similar

observation was made by Lynch and Thurow.13 Further downstream (Z > 8), instead, W/W j describe

a flapping motion (Lynch and Thurow13). The aforementioned motions are coupled with a wave-like
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FIG. 15. POD modes of velocity describing travelling waves. Between brackets mode number and energy of the coupled

mode. Positive (light grey) and negative (dark grey) iso-surfaces of W/W j (left), Vr /W j (center), andVθ/W j (right).

FIG. 16. POD modes of velocity describing pulsatile motions. Positive (light grey) and negative (dark grey) iso-surfaces of

W/W j (left), Vr /W j (right), and cross-sectional iso-contours.
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FIG. 17. POD modes of vorticity describing travelling waves. Between brackets mode number and energy of the coupled

mode. Left: iso-surfaces of ωθ D/W j (positive in light grey; negative in dark grey) and ωrD/W j (positive in orange and

negative in blue), and cross-sectional iso-contour of ωrD/W j . Right: Iso-surfaces of ωθ D/W j (positive in light grey; negative

in dark grey) and ωzD/W j (positive in yellow and negative in green) and cross-sectional iso-contour of ωzD/W j with iso-line

ωθ D/W j .

FIG. 18. POD modes of vorticity describing pulsatile motions (refer to caption of Figure 17 for the legend).
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FIG. 19. POD modes of Lamb vector describing travelling waves. Between brackets mode number and energy of the coupled

mode. Left: iso-surfaces of Lθ D/W j (positive in light grey; negative in dark grey) and LrD/W j (positive in orange and negative

in blue); centre: iso-surfaces of Lθ D/W j (positive in light grey; negative in dark grey) and LzD/W j (positive in yellow and

negative in green); right: cross-sectional iso-contour of Lθ D/W j .

motion (Vr/W j ) and a periodic twisting (Vθ/W j ) that have 4 jet diameters of spatial wavelength.

Mode 4 and 5 are associated with a primary frequency St = 0.3 and a secondary of 0.7. Mode 6

and 7 describe travelling toroidal vortices after shedding, which are periodically twisted between

Z/D = 3 and Z/D = 6 with a wavelength of 1 jet diameter (St = 0.72). Mode 9 and 10 show two

filaments of positive and two filaments of negative W/W j , that are phased shifted of π /2 on the

plane normal to the jet axis and develop downstream the end of the potential core. They describe a

precession motion. This is coupled with a wave-like motion (Vr/W j ) and a periodic twisting (Vθ/W j )

that are similar to those observed in mode 4 and 5. Primary and secondary Strouhal peaks of pair

9-10 are 0.36 and 0.7 Modes 3 and 8 are characterized by the axial development of four filaments

of W/W j and Vr/W j , two of positive sign and two of negative sign. They describe axial and radial

pulsatile motions (4<Z/D<9) with a phase shift of about 45◦ in the azimuthal direction (Figure 16)

and a discrepancy in the associated energy of about 1%. Moreover, while they are characterized by

similar secondary Strouhal peak (0.7), they differ for the primary one.
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FIG. 20. POD modes of Lamb vector describing pulsatile motions (refer to caption of Figure 19 for the legend).

2. Decomposition based on vorticity

The POD method applied to the vorticity fields highlights the dynamical organization of coherent

vortices. In the first 10 vorticity modes, which correspond to 20% of the flow enstrophy, there are

pairs (1 and 2, 3 and 4, 5 and 6, #8 and #9) phase shifted of π /2 in the axial direction describing

travelling waves. For conciseness, only one mode for each pair is reported in Figure 17. Pulsatile

modes (7 and 10) are instead illustrated in Figure 18.

Travelling ring vortices after pairing are described by modes 1 and 2, which are the most

energetic (5.7% and 5.6% of the total energy), as found from the velocity decomposition. The

same type of motion is also associated with modes 5 and 6 with lower energy content. The three-

dimensional pattern that evolves in conjunction travelling vortex rings and that, ultimately, leads

to the breakdown, is illustrated by iso-surfaces of radial and axial components of the vorticity

modes, ωrD/W j and ωzD/W j as well as by cross-sectional iso-contours plots of the same quantities.

Characterized by peak Strouhal St = 0.36 (Figure 23), modes 1 and 2 show that the motion of vortex

rings after pairing (see isosurfaces of ωθD/W j ) is accompanied by travelling waves of ωrD/W j and

ωzD/W j that develop across the end of the potential core. For Z/D > 4.5, they show a characteristic

inclination of 40◦-45◦ to the jet axis (see dashed lines). Phase opposition on the plane normal to the

jet axis (see iso-contour plots at Z/D = 5.5) is observed for ωrD/W j and ωzD/W j , indicating that

while one half of the ring structure is subjected to inward radial swirl and positive axial swirl, the

other half undergo outward radial swirl and negative axial swirl. Modes 3 and 4 describe travelling

ring vortices after shedding (see iso-surface of ωθD/W j , St = 0.72) with spatial wavelength of 0.75,

half that of pairing mode (modes 1 and 2), in the region between Z/D = 1.5 and 4. The motion is

combined with travelling waves of ωrD/W j and ωθD/W j that, as illustrated in the iso-contour plot at

Z/D = 3.5, are distributed along the azimuthal direction with wave number k = 4, meaning of four

pairs of counter-rotating streamwise vortices, which agrees with previous experiments (Violato and

Scarano19). Similarly to 1 and 2, modes 5 and 6 describe the motion of vortex rings after pairing

together with travelling waves of ωrD/W j and ωzD/W j with a characteristic inclination of 40◦-45◦ to

the jet axis in the region 4 < Z/D < 6.5. However, compared to modes 1 and 2, they are rotated of π /2

around the jet axis and they also feature secondary Strouhal peak St = 0.7. More three-dimensional

features are identified by the pair of modes 8 and 9 which describe travelling “wave” of radial and

axial vorticity filaments that also have a preferred orientation at 45◦ to the jet axis in the region 4.5

< Z/D < 6 (related Strouhal peaks St = 0.31 and 0.7).
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FIG. 21. POD modes of the second time derivative of the Lamb vector describing travelling waves. Between brackets mode

number and energy of the coupled mode. Left: iso-surfaces of
(

d2 Lθ/dt2
)

D3/W 4
j (positive in light grey; negative in dark

grey) and
(

d2 Lr /dt2
)

D3/W 4
j (positive in orange and negative in blue); centre: iso-surfaces of

(

d2 Lθ/dt2
)

D3/W 4
j (positive

in light grey; negative in dark grey) and
(

d2 L z/dt2
)

D3/W 4
j (positive in yellow and negative in green); right: cross-sectional

iso-contour of
(

d2 Lθ/dt2
)

D3/W 4
j .

The characteristic 45◦ inclination of the radial and the axial vorticity that is observed in mode

pairs 1-2, 5-6, and 8-9 is associated with the process of vortex ring breakdown by axial ejection of

vortex humps (Figure 6).

Pulsatile modes 7 and 10 (Figure 18) show four pairs of counter-rotating streamwise filaments

of ωrD/W j and ωzD/W j that develop across the region of vortex breakdown between Z/D = 3.5

and Z/D = 8 and are, respectively, associated with Strouhal peak St = 0.79 and St = 0.15. These

structures may be associated to the propeller-like vortex pattern already reported by Jung et al.11

3. Decomposition based on Lamb vector

The POD analysis of the Lamb vector, which in Powell’s aeroacoustic analogy accounts for

the flow state (see the Appendix), shows the first 10 modes capturing 30.3% of the total Lamb

Downloaded 06 Mar 2013 to 131.180.130.198. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions



015112-22 D. Violato and F. Scarano Phys. Fluids 25, 015112 (2013)

energy. Travelling waves are described by the first 4 pairs of modes (1 and 2, 3 and 4, 5 and 6,

7 and 8), illustrated in Figure 19. While in the vorticity modes toroidal vortices are described by

the azimuthal vorticity component (Figure 17), in the Lamb vector modes the azimuthal coherence

is described by the radial and the axial components LrD/W j and LzD/W j . The development of a

three-dimensional disturbance is instead described by the azimuthal component LθD/W j (Figures

19 and 20). Similarly to the velocity and vorticity decompositions, the first and the second mode of

the Lamb vector describe the motion of toroidal vortices formed after pairing (St = 0.36, Figure 23)

and the presence of a three-dimensional disturbance (see isosurface Lθ D/W j ) that develop across the

end of the potential core. This disturbance grows with a characteristic 40◦-45◦ inclination to the jet

axis, similarly to the waves ωrD/W j and ωzD/W j observed in pairs 1-2, 5-6, and 8-9 of the vorticity

decomposition. In the region between Z/D = 2.5 and 5, modes 3-4 describes travelling toroidal

vortices after shedding (St = 0.72), as observed for the vorticity decomposition. The motion is

combined with travelling wave of Lθ D/W j that show an azimuthal distribution with a wave number k

= 4, as observed in mode 3-4 for the radial and axial component of the vorticity (see cross-sectional

plots at Z/D = 3.5). Modes 5-6, as well as modes 7-8, describe the motion of vortices after shedding

in the region between Z/D = 2.5 and 5 (note that the related Strouhal is St = 0.7, slightly slower than

that of mode 3-4). Further downstream, in the region across the end of the potential core (5<Z/D<7),

filaments of LθD/W j (see cross-sectional plots at Z/D = 5.5) identify a travelling wave characterized

by axial swirling with an angle of 40◦-45◦ to the jet axis. Such motion is associated with St = 0.93

for mode #5-#6 and St = 0.6 for mode #7-#8.

Lamb vector pulsatile modes 9 and 10 (Figure 20) show 6 main pairs of streamwise filaments

of LθD/W j coherence that develop until the region of vortex breakdown (Z/D = 5.5) and then merge

into a main pair (Z/D = 7.5). As shown in the cross-sectional contour plots of LθD/W j at Z/D = 7.5

(Figure 20), mode 10 is rotated of about π /2 around the jet axis with respect to mode 9. The related

Strouhal peak is 0.64 for both modes.

4. Decomposition based on Lamb vector second time derivative

The first 10 POD modes of the Lamb vector second time derivative (d2L/dt2) capture 31.9%

of the total acoustic source energy (Eq. (13)), as shown in Figure 14. The first 5 pairs of modes

(1 and 2, 3 and 4, 5 and 6, 7 and 8, 9 and 10) identify travelling waves as shown in Figure 21.

As seen in the Lamb vector modes, the azimuthal coherence is identified by the radial and the

axial components (
(

d2Lr/dt2
)

D3/W 4
j and

(

d2L z/dt2
)

D3/W 4
j ) which, in the region upstream of

the end of the potential core, resemble a wave-packet organization (Cavalieri et al.49, 50). On the

other hand, the azimuthal component
(

d2Lθ/dt2
)

D3/W 4
j typically identifies the development of

three-dimensional disturbances.

The first pair of d2L/dt2 modes describes the axisymmetric motion related to toroidal vor-

tices after pairing (St = 0.36, Figure 23). The vortices identified by
(

d2Lr/dt2
)

D3/W 4
j and

(

d2L z/dt2
)

D3/W 4
j have spatial wavelength that is half of the pairing modes, as illustrated in

Figure 21 where the iso-surfaces of mode k = 1 are plotted together with the midplane vector field

of the velocity mode 1. On the other hand, by the end of the potential core (4.5 < Z/D < 6.5),

where vortex rings disrupt (Figure 6) and the acoustic source is more pronounced (Figures 11 and

13), the iso-surfaces of
(

d2Lr/dt2
)

D3/W 4
j and

(

d2L z/dt2
)

D3/W 4
j show a gradual decay of the

axisymmetric coherence. By colour-coding these iso-surfaces with iso-contour of Z/D (Figure 22),

it is possible to observe four humps (“Ps”), meaning of azimuthal instabilities with a wave number

k = 4. This wave number is also reported for the radial and the axial components of vorticity modes

3-4 (Figure 17) and 10 (Figure 18), as well as for the azimuthal component of Lamb vector modes

3-4 (Figure 19).

While in modes 1-2 the iso-surfaces
(

d2 Lθ/dt2
)

D3/W 4
j do not exhibit any recurrent pattern,

in modes 3-4 they identify filaments at 40◦-45◦ to the jet axis, as similarly reported for the vorticity

and the Lamb vector modes (Figures 17 and 19). Such filaments describe travelling waves in the

region by the end of the potential core (4.5 < Z/D < 6), where vortex rings disrupt (Figure 6) and

the acoustic source becomes pronounced (Figures 11 and 13). On the other hand, the radial and the

axial components of modes 3-4 describe travelling toroidal vortices that are related to the vortex
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FIG. 22. Detail of mode 1 of the second time derivative of the Lamb vector between Z/D = 4.3 and 4.5. Positive iso-surfaces

of
(

d2 Lr /dt2
)

D3/W 4
j and

(

d2 L z/dt2
)

D3/W 4
j color coded with Z/D.

shedding. Note that the spatial wavelength shown is half of the shedding modes observed in the

velocity, vorticity, and Lamb vector decomposition. Modes 3-4 are associated with the shedding

frequency (St = 0.72) of ring vortices, and with a secondary frequency (St = 1.9), that can instead

be attributed to the three-dimensional travelling wave in the region by the end of the potential core.

FIG. 23. Spectrum peaks of POD mode time coefficients. (a) V modes. (b) ω modes. (c) L modes. (d) d2L/dt2 modes.
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Patterns similar to modes 3-4 are observed for mode pairs 5-6, 7-8 and 9-10 also in the region across

the end of the potential core (5 < Z/D < 7). For conciseness, Figure 21 does not show the latter pair.

While velocity, vorticity, and Lamb vector modes are generally associated with values of the

Strouhal number below 1, the modes of d2L/dt2 are also associated to higher values (Figure 23),

such as mode pair 3-4 (St = 1.9), mode pair 5-6 (St = 1.05), mode pair 7-8 (St = 1.15 and 1.42) and

mode pair 9-10 (St = 1.28 and 1.48).

E. Noise prediction based on time-resolved tomographic PIV measurements

The phenomenological analysis given so far shows that the experiments are conducted at a

resolution that enables to appreciate the details of the vortex interactions and their connection to the

local pattern of the Lamb vector and its second temporal derivative. In some recent studies, PIV mea-

surements have been used in combination with aeroacoustic analogies to predict acoustic emissions.

In the investigation of vortex-pairing sound in an acoustically-excited jet, Schram et al.25 applied

phase-locked planar PIV to a conservative formulation of vortex sound theory for axisymmetric flow,

observing good agreement between the acoustic prediction and microphone measurements. Follow-

ing Schram et al.,25 it was shown that, under the assumption of axisymmetric flow, time-resolved

planar PIV can be applied to predict the sound of pairing vortices by direct evaluation of Powell’s

analogy (Violato et al.). With DNS tailored on the TR-TOMO PIV jet experiment of Violato and

Scarano,19 Moore et al.51 showed that the acoustic source can be localized by a domain that extends

from the nozzle exit to 3-4 jet diameters beyond the end of the potential core. In this chapter, we

follow a methodology to predict the jet noise from the TR-TOMO PIV data using Powell’s analogy.

When experimental data are concerned, the effective conservation of the flow impulse I and

the kinetic energy T can be used as a posteriori indicators of the suitability of the measurements

for the sound prediction (Schram and Hirschberg52). Figure 24 shows the time history of axial

and radial components of the flow impulse I and the kinetic energy T (Eqs. (A2) and (A3) in the

Appendix) evaluated over the measurement domain during 2 periods of vortex pairing. The trend

shows negligible fluctuations ascribed to the flux through the outflow boundary. The normalized rms

fluctuations (rmsIr = 0.75; rmsIz = 0.53; rmsT = 0. 24) are smaller than 15% of the corresponding

mean value and they are comparable with those reported by Schram.53

Acoustic predictions are performed based on Powell’s analogy for a listener positioned at 90◦

to the jet axis at a distance RL. Thus, Eq. (A6) (see the Appendix) reduces to

p′(x, t) = −
ρ0

4πc2
0 R3

L

∂2

∂t2

Z2
∫

Z1

2π
∫

0

Rc(Z )
∫

0

yr Lr |t∗ det(J)d Rdθd Z , (15)

FIG. 24. Impulse and kinetic energy time history during 2 period of vortex pairing. Axial impulse Iz (square symbol); radial

symbol Ir (circular symbol); kinetic energy T (gradient symbol).
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where RC(Z) = 0.065Z + 1 is the radius function of the conical domain and Lr is the radial component

of the Lamb vector which is the only term accounting for the flow state.

The fluctuating component of Lr, L ′
r = Lr − Lr (where Lr is the mean value) is damped at the

domain boundaries using flat-Hann window function following Obrist and Kleiser54 who showed its

benefits in limiting the effects of source spatial truncation.

Considering damping lengths at the inflow, outflow, and radial boundary, respectively, α�Z,

β�Z (where �Z = Z2 − Z1) and ζRC(Z) with 0 ≤ α ≤ 1, 0 ≤ β ≤ 1 and 0 ≤ ζ ≤ 1, the flat-Hann

window function along the axial direction reads as

hZ (Z ) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Z

α�Z
−

1

2π
sin

[

2π Z

α(�Z )

]

Z1 < Z < α�Z

1 α�Z ≤ Z ≤ (1 − β)�Z

(�Z − Z )

β�Z
−

1

2π
sin

[

2π (�Z − Z )

β�Z

]

(1 − β)�Z ≤ Z ≤ Z2

0 elsewhere

, (16)

while that along the radial direction is

hr (R) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

1 0 ≤ R ≤ ζ RC (Z )

(RC (Z ) − R)

ζ RC (Z )
−

1

2π
sin

[

2π (RC (Z ) − R)

ζ RC (Z )

]

(1 − ζ )RC (Z ) ≤ R ≤ RC (Z )

0 elsewhere

. (17)

Substituting Eqs. (16) and (17) into Eq. (15) gives

p′(x, t) = −
ρ0

4πc2
0 R3

L

∂2

∂t2

Z2
∫

Z1

2π
∫

0

Rc(Z )
∫

0

yr

(

hzhr L ′
r

∣

∣

t∗ + Lr

)

det(J)d Rdθd Z . (18)

Acoustic predictions are performed for a listener located at a distance RL = 103 m, which

satisfies the far-field assumption RL ≫ λ (λ = c0/f, being λ the typical acoustic wavelength,

c0 = 1481 m/s the speed of sound, and f = 15 Hz the pairing frequency; thus λ = 99 m). The

acoustic pressure spectrum illustrated in Figure 25 (black line) is obtained evaluating Eq. (18) with

FIG. 25. Predicted acoustic spectrum. Listener at 30◦ and 90◦ to the jet axis; RL = 103 m (reference pressure: 20 μPa).
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FIG. 26. Predicted acoustic spectra obtained for different axial lengths Z2/D of the domain (listener at 90◦ to the jet axis; RL

= 103 m; reference pressure 20 μPa).

TR-TOMO PIV data between Z1/D = 0 and Z2/D = 10. It shows low-frequency peaks of sound

pressure level SPL = −141.5 dB and −143.5 dB that, respectively, correspond to the vortex pairing

(St = 0.36) and shedding (St = 0.72) frequencies, which is in agreement with Bridges and Hussain.55

It is remarked here that hydrophone measurements of such acoustic waves are unfeasible as they

should be conducted at a distance of 1 kilometer from the jet.

The spectrum also shows smaller peaks at higher frequency, which belong to a broader hump

(1 < St < 2.75). To understand the importance of spatial domain truncation on the acoustic spectra,

acoustic predictions are conducted for axial lengths of the domain varying between 6 to 10 jet

diameters and the obtained spectra are compared in Figure 26. When the domain extends from Z1/D

= 0 to 9 ≤ Z2/D ≤ 10, spectra show maximum variations of 2 dB for St ≤ 2.25. For shorter domains

(6 ≤ Z2/D ≤ 8), in contrast, they exhibit larger amplitude drop and profile variations. From the above

discussion, the estimated values of SPL between St = 0 and 2.25 can be reasonably considered

to be associated with flow events rather than domain spatial truncation. Note that the frequencies

associated with three-dimensional waves of d2L/dt2, evolving by the end of the potential core

(Figure 23; modes 3-4: St = 1.9; modes 5-6: St = 1.05; mode 7-8: St = 1.15 and 1.42; modes 9-10:

St = 1.28 and 1.48) where vortex rings disrupt (Figure 6) and the acoustic source is more pronounced

(Figure 13), lie in the range of the acoustic spectral hump (1 < St < 2.25).

Exploiting the linearity of the integral function (see Eq. (15)), the acoustic source can be mapped

by the second time derivative of the radial component of the Lamb vector d2Lr/dt2. Temporal

sequences of such quantity during vortex ring breakdown show the existence of characteristic

frequencies that are between 3 to 7 times higher than the pairing frequency. An example of “life-

cycle” of the source is given in Figure 27, which shows the evolution of region “A” in a period of time

T W j /D = 0.45, corresponding to St = 2.1, which agrees fairly well with the range of frequencies

interested by the spectral hump (St = 1 and 2.25) reported in Figure 25. This observation further

confirms the dominant role of vortex ring disruption for acoustic production and collocates it in the

frequency spectrum at values of the Strouhal more than two times larger than that of vortex shedding.

Finally, acoustic predictions are performed for a listener positioned at 30◦ to the jet axis

(RL = 103 m) using the data between Z1/D = 0 and Z2/D = 10. Similarly to Eq. (18), the flat-Hann

damping functions hz (Eq. (16)) and hr (Eq. (17)) are substituted in Powell analogy (Eq. (A6)) where

they are applied to the fluctuating components of the Lamb vector L′ = L − L (where L is the mean

value). The equation that is then evaluated is

p′(x, t) = −
ρ0

4πc2
0 RL

3

∂2

∂t2

Z2
∫

Z1

2π
∫

0

Rc(Z )
∫

0

(x · y)
[

x ·
(

hr hzL
′
∣

∣

t∗ + L
)]

det(J)d Rdθd Z . (19)
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FIG. 27. Time sequence visualization of acoustic source during vortex ring breakdown. Iso-surfaces
(

d2 Lr /dt2
)

D3/W 4
j

= −20 (blue) and 20 (red); iso-surfaces λ2D/W j = −0.8 (yellow).

The resulting acoustic pressure spectrum (Figure 25, red line) shows peaks SPL = −143 dB

and −141 dB that, respectively, correspond to the vortex pairing and shedding frequencies. This

resembles the spectrum obtained at 90◦, despite discrepancies of about 1 dB. At 30◦, the acoustic

spectrum is characterized by a broader hump (only the range 1 ≤ St ≤ 2.25 is considered to be

associated with flow events) featuring SPL levels typically 3 dB higher than those found at 90◦.

This result is in agreement the jet noise directivity previously documented (Lush;56 Stromberg et al.

and57 Bogey et al.4)

V. CONCLUSIONS

The three-dimensional behavior of core breakdown in a transitional jet at Re = 5000 is investi-

gated by experiments conducted in a tailored-water jet facility with TR-TOMO PIV. The measure-

ment domain features a truncated cone encompassing 10 jet diameters. This enables instantaneous

measurements between the nozzle exit to about 4 jet diameters beyond the end of the potential core.

The flow exhibits a pulsatile motion according to the shedding and pairing of vortex rings,

followed by the formation of counter-rotating pairs of streamwise vortices and the growth of four

in-plane and four out-of-plane azimuthal instabilities. With the growth of in-plane azimuthal insta-

bilities, vortex ring humps are tilted and ejected along the axial direction as they are subjected to

higher axial velocities. By the end of the potential core, this process culminates in the breakdown

of the toroidal shape into streamwise filaments oriented at 30◦-45◦ to the jet axis and peripheral

structures of “C” shape. The latter re-organize as filaments oriented along the azimuthal direction in

the region downstream of the potential core and, are largely responsible for the flow entrainment. In

the vicinity of the jet axis, instead, vortex filaments show a scattered orientation.

Peak activity of stretching and tilting fields is observed during the formation of “C” structures

and the ejection of vortex humps, whereas it drops of 60% beyond the end of the potential core.

The relation between flow structures developing in the region of the jet core collapse and

the instantaneous acoustic production is investigated recalling Powell’s analogy. The second time

derivative of the Lamb vector is associated with the acoustic source. Its spatio-temporal evolution is

visually compared to that of the vortices, which are detected by λ2-criterion, to identify flow events

involved in the acoustic generation. The most intense source activity is observed by the end of the
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potential core when in-plane vortex ring humps are tilted and ejected leading to the ring breakdown.

During this process, the source is observed to lose the initial toroidal shape and to congregate in the

proximity of the jet axis.

The large scale flow organization is statistically investigated applying the snapshot-POD tech-

nique to the velocity and vorticity fields. While the velocity decomposition is based on the kinetic

energy, the vorticity one is referred to the flow enstrophy. The attention is focused on the description

of the first 10 modes, which capture 27.5% of the total kinetic energy in the velocity decomposition

and 20% of the total flow enstrophy in the vorticity decomposition. The first pair of velocity and

vorticity modes, which are the most energetic ones, describe the presence of vortex rings travel-

ling after pairing. In the velocity modes, the axial velocity component identifies a helical motion

in the region across the end of the potential core and, further downstream, a flapping motion. It

also shows a precession motion that develops downstream the end of the potential core. On the

other hand, the radial and the azimuthal components, respectively, identify wave-like and twisting

motions between Z/D = 6 and 10. In the vorticity decomposition, the first pair of modes shows

that travelling vortex rings are characterized by the radial and axial vorticity fields developing

across the end of the potential core with a characteristic 40◦-45◦ inclination to the jet axis. Such

patterns, also observed in mode pairs at lower energy, are ascribable to the process of vortex ring

breakdown.

Snaphot-POD analysis is also applied to the Lamb vector and the second time derivative of the

Lamb vector based on the L2-norm of the fluctuating component. In Powell’s aeroacoustic analogy,

the former accounts for the flow state while the latter identifies the acoustic source. The attention is

focused on the description of first 10 modes, which capture 30.3% of the total Lamb energy content

in the Lamb vector decomposition and 31.9% of the total acoustic source energy in the Lamb vector

second time derivative decomposition.

The first pair of Lamb vector modes describe vortex ring travelling after pairing, where the

characteristic azimuthal coherence of the rings is identified by the radial and the axial components

of the Lamb vector and not by the azimuthal component as seen in the corresponding vorticity

modes. In the region across the end of the potential core, the motion of the rings is accompanied by

the development of a three-dimensional disturbance at 40◦-45◦ to the jet axis that is described by the

azimuthal component. Travelling rings after shedding are identified by mode pairs at lower energy

3-4, 5-6, and 7-8. In these last two, for Z/D>5, the azimuthal component describes a travelling wave

with axial swirling at an angle of 40◦-45◦ to the jet axis.

In the Lamb vector second time derivative modes, the radial and axial components resemble

a wave-packet organization with an axisymmetric pattern that gradually decays by the end of the

potential core. This pattern is particularly clear in the first mode pair, where the radial and the axial

components identify a travelling wave related to vortex pairing, but with halved spatial wavelength,

featuring the growth of four primary azimuthal waves. The other four mode pairs are instead

associated with the vortex shedding although they are characterized by halved spatial wavelength.

In the region by the end of the potential core, where vortex rings disrupt and the acoustic source

is more pronounced, the azimuthal component of modes 3-4 also describes the development of a

three-dimensional disturbance at 40◦-45◦ to the jet axis. Similar disturbances are detected by modes

5-6, 7-8 and 9-10 in the region across the end of the potential core.

Compared to velocity, vorticity, and Lamb vector modes, which are typically associated with

Strouhal numbers smaller than 0.9, the mode 3-4, 5-6, 7-8, and 9-10 of d2L/dt2 are also related

to higher values (1.05 ≤ St ≤ 1.9), which are attributed to the three-dimensional disturbances

developing in the region across the end of the potential core.

Far-field acoustic predictions are performed by direct evaluation of Powell’s analogy with TR-

TOMO PIV data. For a far-field listener positioned at 90◦ to the jet axis, the predicted acoustic

spectrum shows peaks at the pairing and the shedding frequencies and several peaks belonging to

a single broader hump in the frequency range 1 ≤ St ≤ 2.75. Frequencies St ≤ 2.25 are found to

be unaffected by domain spatial truncation when the domain length is chosen to be greater than

9 diameters.

The frequencies that are related to the three-dimensional waves of the Lamb vector second

time derivative modes (St = 1.9, modes 3-4; St = 1.05, mode 5-6; St = 1.15 and 1.42, mode 7-8;
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St = 1.28 and 1.48, modes 9-10) lie in the range of the acoustic spectral hump (1 ≤ St ≤ 2.25),

which, by the visual inspection of the acoustic source, can be ascribed to the breakdown of ring

vortices.

Finally, far-field acoustic predictions are performed for a far-field listener at 30◦ to the jet axis.

The related spectrum shows peaks at pairing and shedding frequencies and a broader hump that,

compared with the 90◦ spectrum, lies in the same frequency range and shows SPL levels that are

typically 3 dB higher.
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APPENDIX: FORMULATION OF POWELL’S ANALOGY IN CYLINDRICAL COORDINATES

For low Mach numbers and compact source region, with no external force field and neglecting

viscous-thermal effects, the far-field solution of Powell’s analogy27 reads as

p′(x, t) = −
ρ0

4πc2
0 |x|3

∂2

∂t2

∫ ∫ ∫

V

(x · y) x · L|
t∗

d3y, (A1)

where x is the listener’s position vector, y is the source position vector, L is the Lamb vector evaluated

at the retarded time t∗ = t −
|x|

c0
and V is the three-dimensional domain. Exploiting the linearity of

the integral function (see Eq. (A1)), the acoustic source can be mapped by the second time derivative

of the Lamb vector d2L/dt2.

Note that Equation (A1) is derived imposing the conservation of the flow impulse

I =
1

2
ρ0

∫ ∫ ∫

V

y × ωd3y (A2)

and the kinetic energy

T = ρ0

∫ ∫ ∫

V

y · (ω × v) d3y. (A3)

It is now considered a system of cylindrical coordinates (R,θ ,Z) where R, θ and Z are, respectively,

the radial, the azimuthal and the axial coordinate. The listener’s and the source position vectors are

then written as

y = {yr , yθ , yz}

x = {xr , xθ , xz}
, (A4)

while the Lamb vector reads as

L = {Lr , Lθ , L z} . (A5)

By substituting (A4) and (A5) into (A1), it is obtained the expression of Powell’s analogy in

cylindrical coordinates

p′(x, t) = −
ρ0

4πc2
0 |x|3

∂2

∂t2

Z2
∫

Z1

2π
∫

0

R1
∫

0

⎛

⎝{xr , xθ , xz}

⎧

⎨

⎩

yr

yθ

yz

⎫

⎬

⎭

⎞

⎠

⎛

⎝{xr , xθ , xz}

⎧

⎨

⎩

Lr

Lθ

L z

⎫

⎬

⎭

∣

∣

∣

∣

∣

∣

t∗

⎞

⎠ det(J)d Rdθd Z ,

(A6)
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where Z1 and Z2 are the axial positions of the inflow and outflow boundaries, R1 is the location of

the radial boundary and

J =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

dx

d R

dx

dθ

dx

d Z
dy

d R

dy

dθ

dy

d Z
dz

d R

dz

dθ

dz

d Z

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎣

cos θ −R sin θ 0

sin θ R cos θ 0

0 0 1

⎤

⎥

⎦

is the Jacobian matrix.

1 D. Juvé, M. Sunyach, and G. Comte-Bellot, “Intermittency of the noise emission in subsonic cold jets,” J. Sound Vib.

71(3), 319–332 (1980).
2 F. Hussain and K. B. M. Q. Zaman, “The preferred mode of the axisymmetric jet,” J. Fluid Mech. 110, 39–71 (1981).
3 F. Hussain, “Coherent structures and turbulence,” J. Fluid Mech. 173, 303–356 (1986).
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