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I 
. / 
; The LCAO procedure f o r  energy band c a l c u l a t i o n s ,  1.0 ., 
I 

t he  t ight -b inding  method, has been a p p l i e d  t o  a a e r i e s  of 

p e r o v s k i t s t r a n s l t i o n  metal  oxides:  Re03, ~ a ~ W . O ~ ( x = l . 0 )  and 

KTa03. 

An over lap  c r i t e r i o n  i s  used t o  l i m i t  the i n t e r a c t i o n  s a t  

t o  ' nearest-neighbor i n t e r a c t i o n s .  A l l  two-center i n t e g r a l s  

( overlap,  nuclear  a t t r a c t i o n ,  Coulomb and exchange) are 

e v a l u a t a d ' e x p l i c i t l  us ing  Schmidt or thogonal ized l i n e a ~  

combinations of S l a t e r  type , o r b i t a l  f u n c t i o n s  f i t t e d  t o  numer- 

h a 1  'SCF funct fons .  B 

The c r y s t a l  potent ia l .  i s  taken as a  i i n e s r  combination of 

atomlc p o t e n t i a l s  and i s  varied by a SCF-MO-LCAO procedure 

based upon the Xul l iksn  popula t ion  a n a l y s i s  of Bloch sums over 

a l l  .of wave vec to r  o r  - k space (va lence  e l e c t r o n  popula t ion  of 

. . atomic o r b i t a l s  f o r  atoms i n ' t h e  u n l t  c e l l )  .. ,Orb i t a l  e n e r g i e s  
. . ,  

are evalua ted  us ing  the atomic o r b i t a l  f u n c t i o n s .  

The d e n s i t y  of s t a t e s ,  j o l n t  d e n s i t y  of s t a t e s ,  E(&) vs.  k, . 
, 

and " r e s u l t s  of the  Mulliken popula t ion  a n a l y s i s  a r e  presented .  

I 
. . 

I 



The 5dn-2plc bonding i n t e r a c t i o n s  a r e  found t o  c o n t r i b u t e  

mainly t o  conduction bands i n  m e t a l l l c  Roog. KTa03 i s  shown 

t o  be a n  i n s u l a t o r  'and NahrO3 i s  shown t o  be m e t a l l i c  because 

of 5deg-2p6 bonding i n t e r a c t i o n s  . 
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Trans i t ion  metal  oxides have been r e c e i v i n g  inc reas ing  

a t t e n t i o n  from .exper imen ta l i s t s  and t h e o r i s t s  a l i k e ,  a s  
.. . 

model svstems i n  which t o  s tudy  the s o l i d  s t a t e .  Tungsten 

bronzes,  f o r  example, p roper ly  doped, form a b a s i s  f o r  the 

s tudy  of a major por t ion  of the f i e l d  of s o l i d  s t a t e  phys ics ,  

i n  t h a t  depending upon the  temperature and concent ra t ion  of 

a l k a l i  metal ,  they can be i n s u l a t o r s ,  semiconductors, meta ls ,  

o r  super-conductors.  Re03 has been found t o  be a "good 

. inotal",.  reduced potassium t a n t a l a t e  K T E I O ~ , ~  has been found 

t o  be a semi meta l ,  and some compounds such a s  SrTi03 a r e  

found t o  be semiconductors. The cubic  tungsten bronzes,  ' 

(s to ichiome t r y  A p O 3 ,  where A i s  an a l k a l i  m e t a l ) ,  Re03, 
. . 

KTaOj, and SrTiO a l l  have a common s t r u c t u r a l  f e a t u r e ;  the 3 
t r a n s i t i o n  metal i s  oc tahedra l ly  co-ordinated wi th  oxygens, 

and, except  f o r  the  case of Re03 (which has the perovski te  

s t r u c t u r e  wl thout  the c e n t r a l  hole  f i l l e d  by a n o n - t r a n s i t i o n  

meta l '  atom) a r e  a l l  ' pe rovsk i t e  s t r u c t u r e s  . 
A major ques t ion  t o  be answered f o r  these systems i s  

"how does one th ink  chemically about  t h e i r  s t a b i l i t y ,  and 

. phys ica l ly  about t h e i r  t r a n s p o r t  p roper t i e s?"  For the  - 

chemist ,  the e a s i e s t  approach i s  the  l o c a l i z e d  molecular 

o r b i t a l  pic , ture  with  each metal  ion i n  a s i t e  of Oh symmetry. 

Levels a r e  b e s s e d  a t ,  e l e c t r o n s  a r e  counted, and depending 

upon the l a s t  l e v e l s  t o .  be f i l l e d ,  I n f e r e n c e s  a r e  made 



! 

regarding  the p o s s i b i l i t i e s  f o r  conduction bands, g e n e r a l l y  
! 

l abe led  . . according t o  the t r ans f  orrnation p r o p e r t i e s  of the  
I 
o r b i t a l s  i n  ques t ion  under Oh p o i n t  symmetry. The s o l i d  
I ( '  

s t a t e  t h e o r i s t ,  on the o the r  hand, Is very  aware t h a t  an  
I 
e x a c t  many body c a l c u l a t i o n  t o  I n f e r  s t a b i l i t i e s  i s  no t  
i 
poss ib le .  . He, theref  ore ,  uses  a n  Independent p a r t i c l e  

I 
model with the  meaningful r e s u l t s  ( t o  him) be ing  energy as 

a f u n c t i o n  of wave vec to r ,  and Fermf su r face  contours .  H e  
I 

. r e a l i z e s  t h a t  p o i n t  symmetry des igna t ions  completely break 

down a s  soon a s  t r a n s l a t i o n a l  symmetry i s  fo rced  upon the  

wave f u n c t i o n s ,  and has a  tendency t o  l i s t e n  wi th  a r e s p e c t -  

f u l ,  but  somewhat d i s t a n t  e a r  t o  p o i n t  symmetry, bond o rde r ,  

e l e c t r o n e g a t i v i t y  e t c . ,  type arguments from h i s  chemical 

cohor t s  i n  t h e  s o l i d  s t a t e  chemistry f i e l d .  For the average 

chemist ,  on the o the r  hand, v i s i o n ,  i n t u i t i o n ,  and compre- 

hension become somewhat b lu r red  a s  soon a s  an E ( k )  - vs.  - k 

p l o t  i s  waved enthusiastically before  h i s  eyes  a s  % h i s  

I . . 
i " 

t h e o r i s t  f r i e n d  e x p l a i n s  what the  Fermi Surface must look 
I 

I Pike Prom the most rec.ent  band c a l c u l a t i o n .  

Objec t ives  of the' T h e s . 1 ~  Work 
. . 

I The p r e s e n t  work i s  one at tempt  t o  provide t h e  beginnings 

1 ., 
of a t r a n s l a t i o n  between these two groups v l a  t i g h t  binding 

. . 

c a l c u l a t i o n s  of the  band s t r u c t u r e s  of some r e p r e s e n t a t i v e ,  

important  and i n t e r e s t i n g  cubic t r a n s 1  t l o n  metal  oxides. .  



I 

The work i s  aimed a t  chemists v i a  a  d e l i n e a t i o n  of o r b i t a l s  

! 
p a r t i c i p a t i n g  i n  valence and conduction bands, and a  com- 

I 

I 
p a r l s o n  of how the molecular o r b i t a l  model flows over i n t o  
! 
I 

I t he  band p i c t u r e  a s  t r a n s l a t l o n a l  symmetry i s  added. For 

1 I 
$he p h y s i c i s t s ,  we do indeed e x h i b i t  energy vs .  wave vec to r  

1 

p l o t s  and d i s c u s s  t h e i r  v a l i d j t y  i n  terms of t r a n s p o r t  and 

b p t i c a l  p r o p e r t i e s .  . . 
i 
I 

. . 
Recent ly,  over lap  c a l c u l a t i o n s  (1) were used t o  provide 

I 
! 

a  "ze ro th  order" method of th inking  about  the  p o s s i b i l i t i e s  

f o r  o r b i t a l s  f  orrning conduction bands i n  the cubic  tungs ten  

bronzes.  We w i l l  now o u t l i n e  the theory  of the f i r s t  

order  method f o r  th inking  about t r a n s p o r t  p r o p e r t i e s  of 

perovski te  type metal  oxides;  i n  p a r t i c u l a r ,  we use Re03 

a s  a model t o  d i s c u s s  the  method. 

The t ight -b inding  energy bands of a  s e r i e s  of perovski te  

type t r a n s i t i o n  meta l  oxides : Re03, ~ a ~ d o ~ ( x = 1 . 0 ' )  , KTa03 

a r e  c a l c u l a t e d  and the r e s u l t s  a r e  d iscussed  i n  P a r t s .  I1 
'a 

and I11 of the  t h e s i s .  The c r y s t a l  o r b i t a l  p r o p e r t i e s  whlch 

w j l l  be d lscussed  . i n  subsequent P a r t s  I1 and 111 a re :  

1 )  Density of S t a t e s  

2)  J o i n t  Densi ty  of S t a t e s  

3) Fermf .Surface 

4) ~ e ' s u l t s  of the l u l l i k e n  Popula t ion  Analysis 



I 

Before we d i s c u s s  the t igh t -b ind ing  approximation ( TBA) 

used i n  ob ta in ing  energy bands of c r y s t a l s ,  we s h a l l  make 

a b r i e f  e x c u r s i o n  i n t o  the Hartree-Fock (8-F) approximation. 

The purpose of t h i s  pre l iminary  d i s c u s s i o n  i s  t o  'show the , 

' t r igorous" equat ions  from which we w i l l  sys  t e m a t l c a l l y  

descend i n  r i g o r  by a  s o r i e s  of hopefu l ly  j u s t i f i e d  approxi-  

m a  t i o n s  . 



HARTREE - FOCK APPROXIMATION 

Let us  assume t h a t  the  e l e c t r o n i c  s t a t o  of a  u n i t  c e l l  

(molecular u n i t )  i n  a  . c r y s t a , l  i s  cha rac te r i zed  by a  p a r t i c u l a r  

wave vec to r ,  - k, i n  r e c i p r o c a l  space.  If we f u r t h e r  ,assume - 
t h a t  the e l e c t r o n i c  conf i a u r a t i o n  i s  a c l o s e d - s h e l l ,  i .e . ,  

i 
Mk doubly-occupl.ed e n e r g y  bands, the t o t a l  wave f u n c t i o n  - 

. . I ( k )  i s  approximated a s  an ant isyumetr ized product (ASP) o f .  1/ - 
i c r y s t a l  spin-orb1 t n l s  uq(k,&) 

uhereA.1~ the a n t i s y m e t r i z e r  opera tor  def ined  by 

other  words, we can express  9 ( k )  - as a s i n g l e - S l a t e r  d e t e r -  

minant . 





The one-electron and two-electron opera to r s  a r e  expressed i n  

Rydberg energy u n i t s  (13.6 e  .v.) . r and V l a b e l  . i n t e r a c t i n g  
. ' 

e l e c t r o n s .  l a b e l s  the atomic s i t e  having a  bare nuclear  

. . -charge Z 

1. I n  t he  valence s h e l l  approximation Z becomes 

- the  . . e f f  ec  t i v e  nuc lea r  charge (ba re  nuc lea r  charge minus the 

sum of the non-valence e l e c t r o n s ) .  

The quantum mechanical t rea tment  of Cx)k - equal  t o  

&(k)\ - x \ ~ ? ( k ) )  - proceeds i n  th ree  s t e p s :  

, 1) - The e x p e c t a t i o n  value of the  opera tor  i s  expressed 

i i n  terms of the permutat ion opera to r s  and the i d e n t i t y  
I 
I 
I 

A= h2 y i e l d s  t h e  form anenable t o  f u r t h e r  expansion ( 2 )  

I '  . 2) Asaumlng the c losed  s h e l l  e l e c t r o n i c  conf igura t ion ,  
1 

I 
! i n t e g r a t i o n  of the s p i n  p a r t  of the above express ion  g ives  

the  r e s u l t i n g  t o t a l  energy E ( k )  . - i n  terms of space type 

3)  We now wish t o  f i n d  the b e s t  poss ib le  o r b i t a l s  u 

t o  form ?(k) - ( r e s t r i c t e d  t o  a s ingle-de terminanta l  form) by 

I minimizing E(k) - under the c o n s t r a i n t  



To do so,  we de f ine  the  f u n c t i o n a l F ( k )  - a s  fo l lows:  
8 

/ I 
a .  

$0 then  use v a r i a t i o n a l  techniques t o  f i n d  the  cond i t ions  by 
I . . 

which an a r b i t r a r i l y  smal l  v a r i a t i o n  i n  the  c r y s t a l  o r b i t a l  
I 

y i e l d s  a  vanish ing  of the r e . s u l t i n g  small  v a r i a t i o n  of the 
I 

. f u n c t i o n a l  F(k) - o r  $F=o. We thereby o b t a i n  the fo l lowing I/ 

s e t  of Hartree-Fock equat ions  which s a t i s f y  the above 
i 
I. . .- __ - , _ ,  _ . _ .. - . . .- . 

+:( 2~,(";~) - 2 -3 (&,fJyg(k,2r) 

I n  the t h r e e  s t e p s  above we use ' the  fo l lowing n o t a t i o n :  

L ( 'k)= the matr ix  elements of the l ag rang ian  . 

gs - m u l t i p l i e r s .  
I 
i Cs(k,r  ) a n d 1  ( k , r  ) -  a r e  Coulombic and exchange opera to r s  - - P  s - - P  

r e s p e c t i v e l y .  J ( k )  and K ( k )  a r e  the corresponding 
gs - a s  - 

Coulomb and exchange I n t e g r a l s .  Cs(k , r  ) i s  def ined  by - -r 
i ts  o p e r a t i o n a l  meaning on ( k , r  ) : s - -r 



i --  

I " Summing over s,  we ob ta in  the t o t a l  Coulomb and exchange 

c(&,rr) = C. CS(g,r such t h a t  
. . 

s -r ' . 

X(&,r ) = C r s ( k , r  ) such t h a t  -r s - -t' 

rk ( r  ) =  Fock-Dirac d e n s i t y  ma t r ix  - -v-f -. ( 5 )  

-= 2 
Y 

a = l  - . ---- 

/ 

 he one-electron opera tor  on o r  the  Fock opera to r  J (g,r ' ) 
-P 

i s  defined i n  terms of the  above opera to r s  a s  . I 

1.: We now have the mathematical formalism t o  approach the 

1: 
TBA method i n  a manner s i m i l a r  t o  Roothaan's procedure 

1. 

. . 
f o r  molecular o r b i t a l s  i n  tb cloesed s h e l l  e l e c t r o n i c  conf1.g- 



u r a t i o n  ( . 3  ) .  The l a t t e r  approach i s  t e c h n i c a l l y  c a l l e d  the 

ASP-SCP-MO-T,CAO method, b u t  SCF-MO-LCAO i s  the d e s c r i p t i o n  

most of t e n  found i n  l i t e r a t u r e .  
. . 

L e t  us  cons ider  the rhenium oxide ( c u b i c )  c r y s t a l  a s  

a  model f o r  perovski te  t r a n s i t i o n  metal  oxides i n  showing 

why the R'oothaan approach i s  inadequate f o r  the whole c r y s t a l  

t o  o b t a i n  energy le 've ls ,  ReOj i s  the molecular u n i t  which 

i s  r epea ted  p a s i o d l c a l l y  through the c r y s t a l  because of 

t r a n s l a t i o n a l  s p m e  t r y .  The e l e c t r o n i c  system of Re0 3 

without  i n c l u s i o n  of t r a n s l a t i o n a l .  symmetry i s  no d i f f e r e n t ,  

t han  t h a t  of an  i s o l a t e d  molecule. I n  order  t o  make Re0 3 

p a r t  of the c r y s t a l  and hence t o  cons ider  the e n t i r e  c r y s t a l  

a s  a n  immense molecule, we must i n v e s t i g a t e  the e f f e c t s  of 

t r a n s l a t i o n a l  symmetry on the molecular ' o r b i t a l  f u n c t i o n s .  

From the  d i s c u s s i o n  i n  Ap.pendix .J, we f i n d  t h a t  the  molecular .  

o r b i t a l s  upon forming a  pe r iod ic  c r y s t a l  become c r y s t a l  

o r b i t a l s  which a r e  e x p l i c i - t l y  func t ions  of the wave vec to r  

i n  r e c i p r o c a l  space.  We w i l l  show i n  the  next  s e c t i o n  how 

the TEA method encompasses bo th  the Roothaan procedure and 

t r a n s l a t i o n a l  .. symmetry. 



TBA IbETHOD 

The - c r y s t a l  o r b i t a l  U/j(&,r ) i s  a n a l y t i c a l l y  expressed,  

a s  a  l i n e a r  combination of Bloch sums, bqH ( k  r )  g iv ing  ./' 
-'-r 

4 
where the  expansion c o e f f i c i e n t s  a r e  C q j ( & ) .  The double sum 

over atomic o r b i t a l  quantum numbers q and atomic s i t e s  

i s  expressed i n  condensed f  0r.n a s  qa( . 
The Bloch sums q 4  a r e  expressed i n  terms of a n  atom 

o r b i t a l  q q  by the. sum over the p  l a t t i c e  t r a n s l a t i o n  v e c t o r s .  

We r e f e r  t o  the d i s c u s s i o n  of t r a n s l a t i o n a l  symmetry a s p e c t s  

of the  .TBA problem i n  Appendix J which g i v e s  

. . ' G i s  the number of u n i t  c e l l s  i n  a  mic roc rys ta l .  The 

. . corresponding "ground domaln (G)" on t he  l a t t i c e  t r a n s -  

l a t i o n  v e c t o r  s e t  i s  expressed d i f f e r e n t l y  (Appendix J) with 

the  choice here being the i n e q u a l i t y  f o r  j components of -P R 

We s h a l l  de f ine  go a s  the n u l l  v e c t o r ,  i . e .  



13 

which l o c a t e s  the  q .a tomie  o r b i t a l  a t  fi i n  the u n i t  c e l l .  

F igures  1 and 2 show the v e c t o r  n o t a t i o n  on the e l e c t r o n  

, p o s i t i o n v e c t o r s  r -FA and r -PA -R 
I'- - 

. '. -P 

By Equation 7, the c r y s t a l  o r b i t a l s ,  yj (&,+ ) a r e  

- 
expanded i n  a l i n e a r  combination of atomic o r b i t a l s  (LCAO)  

t o  form TBA energy bands ( s e e  Table 1 f o r  a comparison of 

. MO and c r y s t a l  o r b i t a l s ) .  The j t h  energy baed, E j ( k )  

i s  obtained from the Schrodinger equa t ion  def ined  by the 

e f f e c t i v e  one-e lec t ron  opera tor  (&,r ) (Equat ion 6 )  on 
.,. . ... 

e l e c t r o n  p i n  c r y s t a l  o r b i t a l < v j ( k , r  ) ( f o r  the canonica l  
., 

I' 
case d iscussed  below). 

' SCF I t e r a t i v e  Process  

We s u b s t i t u t e  Equat ion 7 i n t o  Equat ion 4 t o  o b t a i n  a 

form amenable ' t o  a MO-LCAO-SCF type t rea tment  of t i g h t -  

binding energy bands. . We be.gin wi th  the  Hartree-Fock 

equat ions  : 

y ( k , r  )yn(&tr  = 'T(K1+ Lmn(k) 
- P  - 

and. f i n a l l y  o b t a i n  

(10)  

If we rnul i lply Equation 1 0 '  b y y p ( k , r v )  * and i n t e g r a t e ,  



ORIGIN Y 

Fjgure 1. Definition of p o s i t i o n  vec to r  r- f B  of an e l e c t r o n  
(0') with respect  t o  atomic sixes . 

ORIGIN Y 

:I?igure 2. D e f i n i t l o n  of p o s i t i o n  v e c t o r  ri after  
translatgon El. 



Tab1.e 1 Cornpar!son of molecular  and c r y s t a l  o r b i t e l a  

Orbi t a l  One -e le c t.r on Normalj.zation The q t h  Linear  combl n- 
.I wave f unc ti  on c ondi t 3. on bas3.s a t l o n  of b a a j s  

se ta s e t  

4 
MOLECULAR Y i ( ~ )  < \ } 1 atom5 c Yi(r)=C~iq(f)a(qd 

o r b i t a l  
f unc t i o n  

CRYSTAL , , = - - ~ l . o c h  sum Ti(&,;) = 
f u n c t i o n  . 

B ~ h e  bas3.s s e t  ' f u n c t j o n s  a r e  ,normallzed. 
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Then, Equat ion 11 f o r  a  p a r t i c u l a r  &a term becomes 

I n  matr ix  n o t a t i o n ,  we o b t a i n  

If we diagonal ize  E by some u n i t a r y  matr ix , the r e s u l t i n g  

s i m i l a r i t y  t ransformat ion  i s  

t 
n -I, U = E(k) where (E(k)),,=Fn(k)S - ' - f i W N  & -  mn 

Thus, we o b t a i n  the canonica l  form.of the H-F equat ions  

which a r e  now w r i t t e n  a s  

:,ig = E n ("1 - c 
A. 

From mat r ix  a lgebra ,  .we know t h a t  a  n o n - t r i v i a l  s o l u t i o n  

of the c o e f f i c i e n t  ma t r ix  , 2 ,  e x l s t s  if and only if the 

fo l lowing determinant  van i shes , i  .e. we seek a s o l u t i o n  

of the s e c u l a r  determinant  w r i t t e n .  a s  

The Fock-Dirac d e n s i t y  ma t r ix  def ined  i n  Equat ion 5 can be 

expanded i n  terms of Bloch sums us ing  E q u a t i o n  8 t o  g ive  

The bond' o rde r  ma t r ix  pk(qi,~) i s  def ined  a s  



The bond order  ma t r ix  can be va r i ed  i n  a  SCF proce,ss t o  o b t a i n  

the b e s t  . c r y s t a l '  o r b i t a l s  which l ead  to '  a  minimum. i n  the 

t o t a l  e l e c t r o n i c  energy E( - k )  under the c o n s t r a i n t  of orthonorm- 

a l i t y  on the  c r y s t a l  o r b i t a l s .  

Using Equations 6,'12, and 16., t h e  Hamiltonian 

mat r ix  elements Hq4sA (&) can be expressed a s  

The one-electron opera tor  on r i n  s t a t e  - k becomes 

The SCF process  which i s  ou t l ined  below i s  f o r  the 

canonica l  case and g ives  us  a means of c o n t r o l l i n g  TBA 

c a l c u l a t i o n s :  

- - 
1 )  Guess pk( t I , v \ )  f o r  each t J , ~ 6 , ~ ~ ~ ~ .  

- .  

2) Calcula te  the Ham11 ton ian  and over lap  mat r ix  

elements  ( the l a t t e r  type a r e  omitted i f  we s t a r t  wi th  

a n  orthogonal b a s i s  s e t  ; i f  the b a s i s  s e t  i s  non-ortho- 

. . 
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i ' ,  . , 

o r  the  ( ,  opera to r s  on e l e c t r o n  over the  G unl  t .  
i 

c e l l s  ( o r  - k v e c t o r s )  i n  the m i c r o c r y s t a l  i s  
! 

! 

Fprthermore, Equat ion 18 can be r e w r i t t e n  
I 

Ave 
e ~ ~ ( i k * ~ ~ ) e ~ p ( - i k  - - gj).  ) 

I 
r -r 

! 

where exp( - ik"Rj )  - - i s  a  phase f a c t o r  f o r '  an  a r b i t r a r y  

t r a n s l a t i o n  vec to r  Rj. 

By us ing  Equation 19, we a r e  a b l e  t o  show t h a t  the  

average of r(&,fr ) over G - b wave v e c t o r s  i s  nothing more 

than  u n i t a r y  t ransformation.  Ziman (4)  shows how such an 

u n i t a r y  t ransformat ion  can be used t o  genera te  a  Wannier . . 

f u n c t i o n  ( f u n c t i o n  of p o s i t i o n  only i n  r e c i p r o c a l  space)  

from the  corresponding Bloch sum.. Since Bloch sums occur 

e x p l i c i t l y  i n  the form of $ ( & , f p  ) i t ,  therefore*, seems 

reasonable  t o  t ransform the Bloch sums i n t o  l o c a l i z e d  atomic ," 

o r b i t a l s  i f  w e  def ine  Bloch sums by Equat ion 8. 

The u n i t a r y  t ransformat ion  of the  FocK opera to r  ?( &,? ) 

I s  shown i n  Appendix K .  The r e s u l t s  a r e  summarized here 

. f o r  the  r e s u l t i n g  LCAO form .of the Fock operator . .  Using 

a r b i t r a r y  l a b e l s  d., 13, and * f o r  a t o m i c s i t e s ,  we have: 



Ave . 
( q 4 ,  t S )  

Y 

I 

and p Ave . - 2 zfk ? (b )~ :~(&)  . (s.,W g , ,  - qm- 

What we now have i s  a Fock o p e r a t ~ r  which i s  i d e n t i c a l  i n  

form t o  t h a t  used I n  molecular . o r b J t a l .  c a l c u l n t i o n s , i . e .  

, the  LCAO form. The e f f e c t  'of t r a n s l a t i o n a l  slgmme try-.is . 

now conta ined  only i n  the bond order  ma t r ix  pAVe(qa(, tp ) 

j u s t .  t he  expansion c o e f f i c i e n t s  of the c r y s t a l  orb1 t a l s  . 
I n  summary t o  t h i s  p o i n t ,  we have j 'us t i f  i a b l y  t r a n s -  

formed the  H-F equat ions  f o r  a  c r y s t a l  i n t o  the LCAO form 

I n  which Roothaan1s procedure may be app l i ed  t o  the  

energy and o v e r l a p  matr ices  and the e f f e c t s  of t r a n s l a t i o n a l  

- .  
symmetry remain on1 J i n  c o e f f i c i e n t s  which a r e  s o l u t i o n s  - 

of the  resulting s e c u l a r '  determinant.  An important  p o i n t  
, 

i s  t h a t  the  p e r i o d i c i t y  of the c r y s t a l '  l a t t i c e  i s  s t i l l  

preserved s i n c e  the e l e c t r o n  p o s i t i o n  vec to r s  .used i n  

! c o n j u c t i o n  with the atomic o r b i t a l s  e x p l i c i t l y  show the 

dependence on the  t r a n s l a t i o n  v e c t o r s .  

~e"-now' .  d i s c u s s  the appla'oxirnations which w i l l  be used 

i n  TBA ' c a l c u l a t i o n s .  



Approximations Used i n  the TBA Method 

. \ , t ~ l a t i o n  a n a l y s i s  of c r g s  t a l  o r b i t a l s -  ..!&.... -. 

The charge d e n s i t y  of the m t h  c r y s t a l  o r b i t a l  i s  

sum over t$ls over the  e n t i r e  Bloch sum b a s i s  s e t  and 

t iprefore  con ta ins  the term p4. I n t e g r a t i o n  of Equat ion 21 

P 
$*(k)c  ( k )  *(b (k,ll)\btp(&,~! 
Pm - t m  - P 6  - > 

11 the  Bloch sums a r e  normalized, i . e .  <bp&(g,r ? )\bpq(g,- r 1 )  

. - ,,2vals one, the above equa t ion  becomes 

d3i ; P +C C (k)C (k)' 
Pm - t P  - 

Poc t,3# P 4 

6(. 

.*.# dl-.-4 . iL,3aj.ye n ( k )  i s  the occupat ion number def ined  by Flodnark t o  
Pm - 

. . . . .  . . .  , .. ,. . .  _ . _. . _  ...J&~ .- expressed a s  

. . 
-- . --.I 2- .... - .. ..- 

$he c r y s t a l  o r b i t a l  m i s  normalized t o  one,  the sum over 

I--... . - ,. ..... ---L;+e .- occupatfon numbers i s  a l s o  one ; t he rc f  ore th is  q u a n t i t y  
. . . .  . . 

' - ..̂  - ?%. . ' -fined by Flodmark(5) i s  the f r a c t i o n  of double occupancy - .-- . 



bhich  i s  a t t r i b u t e d  to Bloch sum p q .  

i ,  
I The analogy w j  t h  Mull iken 's  popula t ion  a n a l y s i s  ( 6 )  
I .  

!is implied by Plodmark's def i n i t i o n  where Bloch. sums a r e  used 
I '  
jinstead of atomic o r b i t a l s .  However, j u s t i f i c a t i o n  f o r  
i 
,using such a  q u a n t i t y  f o r  popula t ion  a n a l y s i s  i s  l a c k i n g  

s i n c e  the over lap  of Bloch sums p< and tP  i s  not  c l e a r  from 
I 

a po in t  o f .  view. That i s ,  the Mulliken procedure 
1 
ito d iv ide  overlap char63 be tveen c e n t e r s  4 and 9 depends on 

I 

, the maximum of t k ~  charge d i s t r i b u t i o n  , b e i n g  l o c a t e d  mid.way 

be tween overlapping c e n t e r s  s i t u a t e d  i n  r e a l  space. Since 

the Bloch sum i s  a  f u n c t i o n  i n  complex space,  we have no 

v a l i d  way of showing where i t  over laps  wi th  a  Bloch sum 

on another  s i t e  i n  r e a l  space u n l e s s  the exponent ia l  terms 

drop o u t  i n .  the overlap express ion .  

I n  r e a l  space,  we a l s o  have problems w i t h  the Mulliken 

popula t ion  a n a l g s i s .  For ins t ance ,  d i f f u s e '  atom1 c  o r b i t a l s ,  

eg . ,  4s on K ,  have a  maximum I.n .charge , d i s t r i b u t i o n  i n  
B 

r eg ions  of o t h e r  atoms such a s  oxygen ' i n  KTaOj. However, 

workers 3.n molecular o r b i t a l  c a l c u l a t i o n s  of . t r a n s i t i o n  

metal  complexes continue t o  dtlvide the over lap  charge 

d e n s i t y  e q u a l l y  be tween nei.ghboring atoms. Fenske ( 7) has 

analyzed d i f f e r e n c e s  i n  c a l c u l a t e d  r e s u l t s  and concludes 

t h a t  e i t h e r  d iv id ing  charge or  p l a c i n s  over lap  charge on 

one c e n t e r  g ives  e s s e n t i a l l y  the  same r e s u l t .  If we proceed 

in. the same s p i r i t  t o  Bloch sum. charge d i . s t r i b u t i o n s ,  the 



. .  2 4 .  

d 
only  problem i s  t o  r e l a t e  the q u a n t i t y  nqm(k) ,  t o  a tomic  

o r b i t a l s ,  i . e . ,  somehow we need t o  g e t  r i d  of the. phase 

f a c t o r  exp( . ik*Ep)  . We a t t a i n  t h i s  end by d e f i n i n g  the  

.,population of o r b i t a l s  q< , n q 4 ,  a s  

where n equa l s  the  number of e l e c t r o n s  i n  o r b i t a l  q, 
9 6  

and Mk, a s  def ined  i n  Equat ion 1 i s  t h e  number of doubly - 
occupied bands. Proceeding i n  the same manner a s  we d i d  t o  

perform a u n i t a r y  t ransformat ion  of the Fock operator ' ,  we 

. . . .  
i d e n t i f y  Equation 24 wi th  an  u n i t a r y  t ransformat ion  of t h e  

occupat ion number. The e s s e n t i a l  s t e p s  f o r  t h i s  t r a n s -  

format1 on a re  shown i n  Appendix K g iv ing  

i n  terms of bond order  ma t r i ces ,  pAve (qd,  tP). 

Becaus'e of the' LCAO nature  of our TBA approach, p a r t i -  
. . 

c u l . a r l r  i n  nqd and .$e(r ) we s h a l l  r e f e r  t o  the  popu la t ion  :. " 

-? 
a n a l y s i s  used a s  the  Mulliken type.  Even though the  occupa- 

I t i o n  numbers r e f l e c t  the p r o p e r t i e s  of c r y s t a l  o r b i t a l s  i n  

. . 
complex space i f  analyzed i n d i v i d u a l l y ,  we may G t i l i z e  the  

the  d e n s i t y  of s t a t e s  vs .  ~ u l l i k e n  popula t ion  a n a l y s i s  t o  

obtain en average d i s t r i b u t i o n  of occupat ion numbers i n  a  

p a r t i c u l a r  e n e r g y  range. Then, tb occupat ion numbers can  i n  
' 

a sense b e . r e l a t e d  t o  r e a l  space s i n c e  the i n t e g r a t i o n  over 

. . 



I I. 

! the  d i s t r l . b u t i o n  'of occupation numbers vs .  enerav UD t o  the. i 
i 
i Fermi e n e r a r  g ives  the p ~ p u l a t i o n  nq i d e n t l c a l l v  a s  Equatjon 25. 

1 ;  t.R3.chardson's approximation 

I 
I 

We w i l l  now s impl l fy  the TBA Fock opera tor  I n  a  manner 
I 

/ i d e n t i c a l  t o  t h a t  used by Richardson ( 8 ) and d iscussed  

i thoroughly by Fenske ( 7 ) and Basch-Gray ( 9 ) .  The e s s e n t i a l  

1 p a r t  of the Richardson approximation i s  the a p p l i c a t i o n  
I 

I 
of ~ u l l l k e n l s  approximation ( 1 0 )  t o  Coulomb and exchange 

i 
, p a r t s  of the Fock opera tor  ( molecular ) .  We s h a l l  leave  

: the d e t a i l s  of the s i m p l i f i c a t i o n  t o  these  th ree  r e f e r e n c e s  
. - - . . 

( 7,  8, 9 ) and only  show the r e s u l t s  o f  Appendix I(. 
. 8 

whereVT i s  the p o t e n t i a l  f o r  atomic s i t e d  l o c a t e d  a t  P+R 
-3-P 

E x p l f c i t l y  each p o t e n t i a l  term i s  expressed i n  Fenske s  

Coulomb, exchange, and nuclear  a t t r a c t i o n  opesa tor  not -  

0 

a t i o n :  

Crys ta l  p o t e n t i a l  

Since charge d i s t r i b u t i o n s  descr ibed  by c r y s t a l  o r b l t a l s  
o< 

can be d i r e c t 1  J r e l a t e d  t o  occupation numbers nqm(k) (m t h  

c r y s t a l  o r b i t a l  f o r  q 6  t h  Bloch sum), the u n i t a r y  t r a n s -  



d 
formation o f  nq,(&) and 7 (k r ) t o  e l imina te  k dependence 

-'-I" - 
i n  n q 4  and - ( r  ) y i e l d s  the LCAO form. Thus, the 

. . 
resulting l i n e a r  combination of atomic p o t e n t i a l s  i n  

, .  quat ti on 27 can be proper ly  r e f e r r e d  t o  a s  the . '. 'crystal 

. p o t e n t i a l , "  U, i.e.', 

- C C V  (1.0 P - R  ) U ( c r y s t a l )  - 
\6 p '6 -P-% -P 

V a r i a t i o n  of t h e  atomic o r b i t a l  popula t ion  or  Bloch sum 
. . 

occupat ion number of e l e c t r o n s  i n  energy bands g i v e s  the TBA.. 

method a  handle by which se l f - cons i s t ency  of b o t h a t o m i c  

charge and popula t ion  can be obtained.  The advantage of . t h i s  

p o t e n t i a l  over a  p o t e n t i a l  i n  the s i n g l e - p a r t i c l e  model (e .g .  

a p o l n t  charge model) i s  t h a t  shielding e f f e c t s  of d i f f u s e  

charge d i s t r i b u t i o n s  a r e  included au tomat ica l ly .  The exchange 

i n t e r a c t i o n s  which inc rease  wi th  decrease i n  bond d i s t a n c e  a r e  

a n  important  f a c t o r  i n  these  s h i e l d i n g  e f f e c t s .  

The s e l f  -consis tency of the  q a t h  atomic o r b i t a l  popula- 

. 
, t i o n ,  say f o r  the  second i t e r a t i o n ,  i s  obtained by the  formula 

2 ( c a l c u l a t e d )  
"qa (assumed) = %np$ (assumed) + nqa 

"9d 
( c a l c u l a t e d  i s  obtained us ing  the  Mulliken population 

a n a l y s i s  a f t e r  e igenvec to r s  of E(k) vs.  & and the  Fermi energy 

a r e  determined. The supe . r sc r ip t s  denote the  I t e r a t i o n .  

The assumed popul.ation values a r e  weighted by a 

damping. c o n s t a n t  A ( t a k e n  t o  be + 8  i n  our c a l c u l a t i o n s )  t o  

prevent  the  o s c i l l a t i o n s  of the d i f f e r e n c e  between the  c a l -  

c u l a t e d  and assumed va lues  of n  from d ive rg ing  i n  e a r l y  
9 6  



atages  of i t e r a t i o n .  ' The cond i t ion  f o r  se l f - cons i s t ency  

i s  obtajned when the d i f f e r e n c e  be tween assumed arid c a l -  

c u l a t e d  occupied Bloch sum chare; d i s t r i b u t i o n s  is l e s s  

than 1%. 

- 
The dependence of the popula t l  ons on the - k ve'ctor and 

the l o c a t i o n  of t h e  Ferrni energy poses the u l t ima te  problem 

jn us ing  our method. Since the value of the Fermi energy cin 

only be obtained a f t e r  a complete E(k) - vs. . - k c a l c u l a t i o n ,  we 

use the same p o t e n t i a l  f o r  a l l  - k vec to r s  t o  ob ta ln  s e l f -  

c o n ~ i s t e n c g  f o r  the f i r s t  B r i l l o u i n  zone. 

Mat the iss  (11)  has r e c e n t l y  c a l c u l a t e d  the band s t r u c t u r e  

of Re03 a t  the s p m e t r y  p o i n t s ,  r ,  X, N and R ,  us ing  t h e  

augmented-plane-wave ( A P W )  method (12)  and has invoked the 
. . 

Sla te r -Kos te r  (1-3) i n t e r p o l a t i o n  scheme t o  ob ta in  E(k) over 

the remainder of the zone. big f i n d  i t  hard t o  make an a s s e s s -  

ment of the r e l a t i v e  m e r i t s  of our method conpared t o  h i s  

e x c e l l e n t  and experienced.  approach I n  which a "muff i n  . t i n "  

p o t e n t i a l  i s  ad jus ted  t o  f i t  o p t i c a l  s p e c t r a  (14) and De Raas- 

Van klphen r e s u l t s  (15). We do f e e l  t h a t  our approach might 
. . . . - - . . . . 

gfve a b e t t e r  d e s c r i p t i o n  of the lower valence bands, e . g . ,  

the bands involving 2s and 2p s t a t e s ,  and w i l l  be adequate,  ' 

f o r  our purposes,  i n  describing s t a t e s  i n  ' t h e  neighborhood of 

the  Ferml energy. .  We mention, i n  p a r t i c u l a r ,  t h ree  cha rac te r -  

j . s t l c s  of. the p resen t  approach t h a t  we f e e l  are  des . i rab le ,  and 

a r e  Iackjng i n  t h e  APW method: 



1 : 1 

I 

I 1) Self  -consis tency of charge d i s t r i b u t i o n  can be 

j obtained a t  a l l  p o i n t s  i n  the B r i l l o u i n  zone. 
i ; . . 

1 ; 
2) The p o t e n t i a l  i n  the p resen t  method i s  c a l c u l a t e d  

/ u s i n g  no ad jus tab le  parameters ; Coulomb and exchange e f f e c t s  
I 
! 

i a r e  included i n  e x p l i c i t  eva lua t ion  of a l l  two-center 
1 
I Coulomb and exchange i n t e g r a l s .  * 

I 

1 3) The p resen t  method e x p l i c i t l y  u t i l i z e s  a popula t ion  

i 1 a n a l y s i s  t o  r e l a t e  c o n t r i b u t i o n s  of ind iv idua l  o r b i t a l s  t o  

! 
I energy bands. 

, Atomic o r b i t a l  energy 

Let  u s  assume the e f f e c t i v e  atomic Hamiltonian opera to r ,  
B '  

Hef f 9 
f o r  atom @ l oca ted  a t  - 'Pa +R * 

-J 

has an  e ige&unct ion  $(r -p  -R ) or  
-r-P - J  

. . Cqp , then,  l a  the  o r b i t a l  energy of a n  e l e c t r o n ,  l o c a t e d a t  

r-fPpEi , which has a s e t  of quantum numbers nq,% and rn 
7' 9 

Ind ica ted  by. q.  VB ( r -  f -R ) is expressed e x p l ' i c i t l y  i n  
-r -13 - 1  

Equation 27 i n  t,erms of Coulomb, exchange and nuclear  

. . 
at trac t jon  . ope ra to r s .  

The evaluation of E q s  can be made by e i t h e r  of the 

f .ollowing approaches: 
\ 

. .. 



1) Use atomic s p e c t r a  da ta  t o  o b t a i n  what i s  

commonly c a l l e d  the valence s t a t e  i o n i z a t i o n  energy (VSIE) . 
I . . 1 . / .  

- 21 Using an  a n a l x t i c a l  express ion  f o r  the atomic 
1.; ,., - o r b i t a l  f u n c t i o n  hB , one map c a l c u l a t e  the orbj. t a l  energy 1 : '  . . . 

I e x a c t l y .  
I 
1 Let  u s  b r i e f l y  d i s c u s s  the f i r s t  approach t o  e x p l a i n  

I 

, why we p r e f e r  the  second. 
j : 

i Atomic s p e c t r a  da ta  prqvided by Moore (16) has been 
j : 
/ .. t he  pri-me source of valence s t a t e  i o n i z a t i o n  e n e r g i e s  
/ ' 

(assumed t o  equal  the negat ive of the o r b i t a l  energy)  which 

a r e  used i n  semi-empirical methods. The difficulties with 

I the semi-empirical  m9 thod a r e  twofold: 1 .  

I 

I r 1) ' One needs t o  average the  energy of m u l t i p l e t s .  

This can be a d i f f i c u l t  process when a . l a r g e  number of 

s t a t e s  e x f s t  f o r  a n  atom or ion.  

2) Atomic s p e c t r a  may' not  be a v a i l a b l e  f o r  'a p a r t i c u l a r  

atom of i n t e r e s t .  Cotton and  arki is ( 17 )  found t h i s  t o  be 

a problem f o r  rhenium, even though s u f f i c i e n t  d a t a  i s  a v a i l -  

a b l e  f o r  platinum. 

  he ref ore ,  i n  the p r e s e n t  method, we c a l c u l a t e  the  

a t o k i c  o r b i t a l  energg i n  terms of average va lues  of two- 

. . e l e c t r o n  i n t e r a c t i o n .  i n t e g r a l s  g(q, t )  . S l a t e r  (18) uses  the 

"average. energg of conf igura t ion"  method t o  express  g(q, t )  

, . as  l i n e a r  combinations of Slater-Candon parameters 

~ ~ ( n  J , n t ~ l )  and ~ ~ ( n  J , n l l t , ) '  ( s e e  Table 2 ) .  



Using a n  a n a l y t i c a l  express ion  f o r  $ (r-  -R 1, 
qP - - p  -3 

we compute E q B  by 

where nq and n t  a r e  the popula t ion  of atomic o r b f - t a l s  qgand 

t? r e s p e c t i v e l y .  g ( q ,  t )  i s  the  average e l e c t r o n i c  i n t e r -  

a c t i o n  of e l e c t r n n  r i n  o r b i t a l  qflwith e l e c t r o n  y i n  

orb,ital t#. Even though the a n a l y t i c a l  form of the  atomic 

o r b i t a l  w i l l  be f r o z e n  ( o r b ' i t a l  f u n c t i o n  parameters kep t  

c o n s t a n t ) '  dur ing  the SCF i t e r a t i o n  process ,  'our  choice of 

atomic o r b i t a l  f u n c t i o n s  w i l l  be taken us ing  n e u t r a l  atoms 

f o r  the  fo l lowing reasons .  Semi-empirical MO c a l c u l a t i o n s  

f o r  t r a n s i t i o n  metal  complexes . . i n  r e c e n t  yea r s  ( 19) have. 

' l e d  to '  nea r -neu t ra l  atoms i n  the c a l c u l a t e d  molecule. 

Recent work by 'Fenske ( 7 ) us ing  a  more semi-quant i . ta t ive 

method has a l s o  l e d  t o  t h i s  r e s u l t .  ~ u r t h e r m o r e ,  the  

philosophy which has p r e v a i l e d  during t h e h i s t o r y  of MO 

c a l c u l a t i o n s  of t r a n s 1  t i o n  metal  complexes i s  P a u l i n g t s  (20 ) 

"e lec  t r o n e u t r a l i  t y  p r i n c i p l e  ." Simply, Paul ing sugges ts  

t h a t  the i n i t i a l  e l e c t r o n i c  charge d i s t r t b u t i o n s  on 

i s o l a t e d  metal  and l igand  (eg .  oxygen) .'atoms' become evenly . . . .  , . .. . ., . . . 

smeared about  the molecule when bonding occurs  between , 

metal  and l igand  o r b i t a l s .  The r e s u l t  i s  a  n e u t r a l  atom 



c o n s t i t u t i o n  i n  molecules,  j.f we cons ider  the atoms i n  

molecule p i c t u r e  o r  LCAO. I n  conclusion,  we can 

e f f e c t i v e l y  use Equation 31 t o  o b t a i n  atomic o r b i t a l  

e n e r g i e s ;  i n  o ther  words, we say  t h a t  the  JZfqB a r e  

eigenfunc t i o n s  of the above e f f e c t i v e  Hamiltonian wi th ln  

the  g iven  approximations. 

The S l a t e r  approach i s  p r e f e r r e d  s ince  t h i s  method 

e f f e c t i v e l y  takes  an average of ene rg ies  of the va r ious  

m u l t i p l e t  s t a t e s  which e x i s t  f o r  any atom or ion.  'This  

method i s  p r e s e n t l y  being u t i l i z e d  by Fenske ( 7 ) .  

The Slater-Condon parameters (21, 22) ,  kine t i c  energy 

(22) and n u c l e a r - a t t r a c t i o n  i n t e g r a l s  can be c a l c u l a t e d  

from the a n a l y t i c a l  r a d i a l  func t ions -  f o r  .atomic o r b i t a l s .  

Also, Mann ( 2 3 )  has t abu la ted  most of the necessary  

i n t e g r a l s  and parameters which a r e  computed i n  the SCF 

process .  However, we w i l l  eva lua te  a l l  one-center i n t e g r a l s  

from atomic.  ' funct ions  ('see Appendix F) . 

Table 2'. Two-electron i n t e r a c  t f  on i n t e g r a l s  (18 ) used f o r  
perovski  t e  oxide ca lcu la tS  ons 

an stands' ,  f  oi. the p r i n c i p a l  quantum number. 



Table 2( Cont . ) 

.Approximations used i n  eva lua t ing  energy mat r ix  elements 
between atomic. o r b i t a l s  

The fo l lowing  n o t a t i o n  w i l l  be used i n  t h i s  t h e s i s  t o  

l a b e l  vec to r s  which belong t o  i n t e r a c t i o n  s e t s .  - pjBa 
i s  the vec to r  t o  the j  t h  neighbor of the  type N from the 

atom a t f B  - ( t h e  vec tor  def ined  f r o m t h e  o r i g i n  t o  the 
. . 

l a t t i c e  p o i n t  $3 ) .  

A s  a n  i l l u s t r a t i o n  of t h i s  no ta t ion ,  the v e c t o r  s e t  

f o r  the  Re -01 i n t e r a c t i o n s  would be - A R e  -ol and - f 2 ~ e  -ol 

with coord ina tes  (a/2,0,0)  and (-a/2,0,0) ,  r e s p e c t i v e l y .  . 

An a d d i t i o n a l  .example would be the 01-02 i n t e r a c t i o n  s e t  

with f o u r  v e c t o r s :  .f'j01-02wi'th j = l  t o  4 and with coor-  

d i n a t e s  ( -a/2,a/2,0) ,  (a /2,a/2,0) ,  (a /2,-a/2,0)  and 

(-a/2,-a/2,0). The choice i n  l a b e l i n g  the j t h  v e c t o r  i s  

pure ly  a r b i t r a r y  f o r  any i n t e r a c t i o n  s e t .  

The use of f r o z e n  a n a l y t i c a l  express ions  f o r  atomic 

o r b i t a l  f u n c t i o n s  . ( s e e  s e c t i o n  on atomic o r b i t a l  energy)  

Por n e u t r a l  atoms i s  ass'umed throughout the fo l lowing  



approximations t o  Hamiltonian matr ix  elements which a r i s e  

between atomic o r b i t a l s .  The Paul ing e l e c t r o n e u t r a l i t y  

p r i n c i p l e  i s  used again  t o  j u s t i f y  use of the  Hamiltonian 

opera tor  f o r  e l e c t r o n  on a t o m x  ( l o c a t e d  a t  . - f.!. ) .  

u 

-Pd)gq ' (r-&)= G $ ( r -  Therefore,  H e f f ( z p -  
-r - q ~  cnf 7 - 8  

There a r e  two c l a s s e s  of ma t r ix  elements f o r  which we 

d e s i r e  t o  approximate .by  known techniques f a m i l i a r  t o  

molecular o r b i t a l .  c a l c u l a t i o n s  of t r a n s i t i o n  metal- complexes. 

Namely, 

and (33)  

2)  the p o t e n t i a l  i n t e g r a l s  which need t o  be evalua ted  

can  be represented  g e n e r a l l y  by i n t e g r a l  I 

The e l e c t r o n  p o s i t i o n  vec to r  n o t a t i o n  f o r  the t w o  

c l a s s e s  of i n t e g r a l s  s h a l l  be expressed i n  terms of the -  

Pd 
i n t e r a c t i o n  vec to r s  f def ined  above. Let  u s  f  l r s t  con- 

j  
s i d e r  c l a s s  one and make the necessary  vec to r  n o t a t i o n a l  

changes. To do s o  we l e t  r equal  r ' + y + ~  . Then we 
-r - r-p 7 

express  Equation 33 a s  



We may remove the  primes from r above s i n c e  i t  i s  a  dummy 
-- P 

Pd ' 
index of i n t e g r a t i o n .  Then P i s  expressed a s  

-j 

.. . 
so t h a t  :the i n t e g r a l  becomes . . 

The Hamiltonian ( e f f e c t i v e  ) opera tes  on f u n c t i o n  

. . 

$ S s a ' l +  
a s  i n  Equation '32, the f u n c t i o n  i s  an e igenfunct ion .  

Theref o re ,  the eigenvalue Fse, a  c o n s t a n t ,  comes. out  of 

the  i n t e g r a l  and l eaves  the overlap i n t e g r a l  t o  give the 

fo l lowing approximation f o r  c l a s s  one i n t e g r a l s  

.... , 

Let  us  now d l scuss  the three  types of I i n t e g r a l s  

which e x i s t  i n  c l a s s  two. The s u b s t i t u t i o n  of r = r t + & + ~  
7 -  - -P 

' . .  
i n t o  ~ ~ u a t i o n  - .  '34, prdceeding a s  above, we o b t a i n  the 

fo l lowing form of I which f a c i l i t a t e s  d i s c u s s i o n  of the 

t h r e e  . p o s s i b l i t i e s  , i .e . . . 

The s u b s c r i p t  p i n  the p o s i t i o n  vec to r  i n  the p o t e n t i a l  

term denotes the  poss ib ' ik i ty  o r  d i f f e r e n t  i n t e r a c t i o n  

vectors  other t h a n -  the j t h  type. W e  may have 



. - - - . -. .. . 

83 
1) IYhen fjsd = p , we have the  two-center i n t e g r a l  - -P 

dbc 

I1 
= <pj ( r ) l v d r -  F . & ) I $  ( r -  P. I > . .  

s,rp -r -J q e  -J ( 38). 

~ o l i c h  and Gray '(9).. and l a t e r  Fenske . ( 7 )  have sug;ested a  

convenient way f o r  e v a l u a t i n g  t h i s  i n t e g r a l :  

Sd 

6 ( r - p b d  I > . .  - <pls(r) F I.-vr \ - - q . e  -j (,39 
.. . . ... . 

Equation 36 i s  used a g a i n  t o  r e - exp res s  t h e  f i r s t  t e r n  i n  

II which g ives  

(40) 

Thd k i n e t i c  i n t e g r a l  can  be exp res sed  i n  terms of ove r l ap  

i n t e g r a l s  and e v a l u a t e d  u s i n g  a  method desc r iSed  i n  

Appendix - .  Do 
. . 

84 
2 )  When Pj - = 0,  o n e  o b t a i n s  ano the r  type of two- 

c e n t e r  i n t e g r a l ,  I*, which invo lves  a n  a n a l y t i c a l  e x p r e s s i o n  

a'd 
f o r  , the p o t e n t i a l  V r-  P ) where , -. . . . 

d-r - P  . . 

The e v a l u a t i o n  of t h i s  , type  of i n t e g r a l  i s  d i s c u s s e d  i n  
, 

Appendix E ,. e g o  n u c l e a r  . a t t r a c t i o n ,  Coulomb (241, e t c . ,  t y p e  
. -  . .. . .  .--.-. . . . . 

. . 



I 

I ' - B% 3 )  F i n a l l y ,  w h e n / '  # cy one has t o  dea l  with i 

1 , three-center  p o t e n t i a l  i n t e g r a l s ,  Ij, where 
1 : 

i 

/ The Mulliken approximation ( 1 0 )  was used t o  reduce the 
I 

I three-center  i n t e g r a l s  t o  l i n e a r  combinations of two-center 

i n t e g r a l s  of the  t y p e  I2 mul t ip l i ed  by an  overlap i n t e g r a l ,  
I 

, .. Encouragement f o r  us ing  the Mulliken approximation ( d e s p i t e  

i t s  shortcomings f o r  eva lua t ing  three-center  nuclear  

a t t r a c t i o n  i n t e g r a l s )  comes from the f a c t  t h a t  Flodmark ( 5 )  
B 

has u t i l i z e d  the Mulliken approximation i n  h i s  T3A method 

which i s  b a s i c a l l y  very s i m i l a r  t o  ours .  Fur thernore ,  a s  

w i l l  be seen i n  the fol lowing chap te r ,  the a t o n i c  p o t e n t i a l  

1s taken t o  be a  s impl i f i ed  SCF p o t e n t i a l  v i a  Mul l ikents  

approximation. Thus, i t  i s  c o n s i s t e n t  t o  use it here .  I n  

any case ,  some e s t i n a t e  should be made f o r  the I 3 i n t e g r a l s  

which a r e  prbbably important parameters t o  

band enerq ies .  



i . 
I 
I 
i Formulation of the Secular  Eeterminant Between Bloch Sums 
I I 

i i  Using Equat ion 7 t o  expr8,ss c r y s t a l  o r b i t a l s  a s  a  

. '  l i n e a r  combination of Bloch sums, we ob t a i n  the f ollowlng 

mat r ix  formula t ion  

! 
i 
I = b C  - -P 
I 

I j where C i s  the submatrix of C which i s  r ep resen ted  as a 
I I ^P  

c olumn ve c  t o r  d 

C = 
(c'"'" 1 and b i s  def ined  i n  Equat ion 1, -P CPP(&) Iv 

I ~ f o r  the  Bloch sums on atomic s i t e  b( . Using the f ormulism 

1 o u t l i n e d  i n  the s e c t i o n  "SCF i t e r a t i v e  proce'ss" we o b t a i n  

1 -  the. s e c u l a r  determinant  shown i n  Equat ion 1 3  f o r  mat r ix  

elements between Bloch sums. However, the re  i s  one i m -  

p o r t a n t  except ion  : we now use the TBA Fock opera to r  
B 

( ~ q u a t i o n . 2 0 ) '  t o  o b t a i n  energy mat r ix  elements of + H(k) - 
. . 

i n s t e a d  o f  the - k dependent opera tor  J (k , r  ) . 
-7" 

The s o l u t i o n s  of the s e c u l a r  determinant  and the  

corresponding coeff  i c i e h t  ma t r ix  i s  descr ibed  i n  Appendix A .  

The flow c h a r t  f o r  the' computer c a l c u l a t i o n  i s  - g i v e n  i n  

1 .  ' 

Appendix B. ~ e ' t  us now proceed t o  express  the HamiltonIan 

and over lap  mat r ix  elements ' i n  terms of ma t r ix  elements 

between atomic o r b i t a l  func t ions .  



Overlap and Hamiltonian Matrix Elements Between Atomic 

O r b i t a l  Funct ions 

L e t  F ( r  - l )  be a genera l  opera tor  on e l e c t r o n  r . W h e n  
8 

Ave . 
F ( r  )=1 o r  F ( f , ) =  (;i) one has.  an overlap or  Hamiltonlan 

- P  

mat r ix  element < b  (&,r )  IF(:^) \bsB(k , r  ) ) for  Bloch sums 
q6 -r. -r 

b (k,r ) and b ( k , r  ) . Expansion of the matri 'x element 
q'% - -P s p  - -I' 

i n t o  the  corresponding atomic' o r b i t a l s  proceeds by the 

d e f i n i t i o n  of Bloch sums i n  Equat ion 8 which g ives  the 

fo l lowing express ion  

(k) =<b. , ) F  b (&,r ) > Fq9‘ss, - q ~ (  -P  sa -r 

where t h e  s u b s c r i p t s  q and s f o r  the f u n c t i o n s  $ r e p r e s e n t  

d i f f e r e n t  ' s e t s  of n , l ,  and m quantum numbers. 
.. . 

' Equat ion 45 can be reduced t o  a s i n g l e  sum over R 
-P 

( a s  shown i n  Appendix C )  g iv ing  

where R equals  R -R and G i s  the nuvber of u n i t  c e l l s  
.T -t 'j 

taken  i n  a microcrys ta l .  



If w e  s u b s t i t u t e  r =rv  + $ i n t o  Equation 46,F  (5) -I' -r - cla sfi 

becomes 

i G 
I 

exp(-1k.R )<$ (r- f -R  +G) p=l  
- -p q -p.,a-p - 

Since F ( r  ) i s  a  genera l  opera tor  which possesses  the -r 
t r a n s l a t i o n a l  symmetry of the c r y s t a l ,  F ( r  )'. equals  

-t' 

F ( r ' + p ) .  Af ter  dropping the primes (dummy i n d i c e s  of - -P 
i n t e g r a t i o n )  and de f in ing  R as 

-P 

V vec to r s  i n  the j t h " i n t e r a c t i o n  s e t )  - 
we o b t a i n  the form of the ma t r ix  eleme'nt i n  terms of the 

-fA: and j t h  i n t e r a c t i o n  vec to r ,  - 
3 

f'y the convent ion of - 1 
d 

tak ing  the  i n t e ' r a c t i o n  vec to r . co r respond ing  t o  j=I and 

s e t t i n g  i F  equal  t o  &-f'; t h i s  i s  f o r  A #  ) . ~hus, - - 

4 
Equat ion 48is s i m p l i f i e d  by the approximations s t a t e d  i n  

I 

i 

!, , . 
t h e  'p revious  s e c t i o n  f o r  t h e  energy mat r ix  elements and 

I 

the s t e p s  a r e  shown i n  Appendix. L f o r  the  c a s e s  q#s, 
. . 
I ,  d#8;  q#s ,&$; and q=s ,4=P which occur i n  the b ~ ( k )  - . The 

! corresponding over lap  matr lx  elements a r e  d iscussed  f i r s t  



i'n Appendix .IL? t o  e s t a b l i s h  var ious  a d d i t i o n a l  conventions 

necessary  t o  ~ s i m p l i f  y .  some m a t r i x '  elements ( cases  q#s , y = ~  

'and, q=s,o(=B) computat ional ly  i n t o  cos ine  and s i n  terms 

r e s u l t i n g  from a p p l i c a t i o n  of Eul .er ' s  r e l a t i o n  ( exp( iO)= 

c o s ( 8 ) + l s l n ( Q )  ) t o  the exponen t i a l  terms i n  ~ ~ u a t i o n L 1 .  

I n  addl  t i o n ,  the e x p l i c i t  form of the Bloch sum normal- 

i z a t i o n  cons tan t  N i s  shown i n -  Appendix L t o  be der3ved 
90( 

from a formule.t lon of . the dlagonal  over lap  i n t e g r a l  

A ( k )  . We, the re f  ore ,  r e f e r  t o  Appendix L f o r  the 
qdqd - 

e s s e n t i a l  d e t a i l s  and summarize the  r e s u l t s  here f o r  

over lap  and Hamiltonian mat r ix  elements be tween Bloch sums 

a s  we l l -  . a s  the normal iza t ion  cons tan t :  

1) Matrix elemento f o r  qfs ando<+.$ 



I ,  

. .. 2)  Matrix elements f o r  qfs  and q=g  

I 
I o(dc u(d 

! where groups of i n t e g r a l s  i n d i c a t e d  b y  s(P. ) ,T(P ) , E, 
I -3 -3 
i 
i VOO, and -. VABC are  expressed as 
1 -  

. . The convention taken i n  the above sxpress lons  I s  the 

' t ~ l a n s l a t i o n  v e c  L u ~ s  alie g ~ o i i p  f n  p a i r s  f 01' P"% - - 
j +l 

FNq - j 
i n  order  t o  express  the exponen t i a l .  t.erns as cos ine  and 

s i n  terns  by t h e .  f ollowirg express ion .  

dN 

, ,  2*coa(k*  f ) which  r e s u l t s  from ~ u l e r ' s  r e l a t i o n  
- -j 

. . 



f o r  an even sum lq +& and i s  -1.2 
0- f o r  a n  odd - f d  

sum 1 ' +P . 
q . 8  

3) Matrix elements f o r  a=s a n d d =  /3 . 

The d iagonal  elements ofAand H a r e  convenient ly  obtained 
, * - 

from . the  f o r m  statsd f o r  ( q#s and 4= fi) ; t h e r e f o r e ,  the 

cos ine  express1  on of exponent ia l  terms r e s u l t s  s i n c e  l+l 
9 a 

would always be even f o r  q=s. The requirement t h a t  the 

Bloch svms be normalized t o  u n i t y  y i e l d e  tho express ion  

of . t h e  normalizat ion cons tan t  which f o r  the  q a c a s ' e  

would be 

The e v a l u a t i o n  af the above mat r ix  elements is there-  

f o r e  reduced by a  s e r i e s  of approximations . u s inP  e x a c t  

d'iatomic I n t e g r a l s :  ' over lap  and r e l a t e d  1.nteqrals  (k jne  t i c  

ene rgy) ,  Coulomb, exchange end nuclear  a t t r a c t l o n  type,  In  

a d d i t l  on, the e x a c t  e v a l u a t i o n  of one-center i n t e g r e l s  have 

been d iscussed  i n  the s e c t l o n  "Atomic O r b i t a l  Energy" under 

the approximations of the TBA method: Fur the r  discussion 

of these  diatomic i n t e g r a l s  are i n  Apnendices D (over l ap  

and r e l a t e d  I n t e g r a l s )  and E ( p o t e n t i a l  I n t e g r a l s ) .  

The 'word "exactlt deserves some d i s c u s s i o n  a t  t h i s  p o i n t  

i n  the  th*e i s .   he ' a r i a ly t i ca l  express ion  f o r  the atomlc, 

wave func t ions  ( the s u b j e c t  of .the nex t  e e c t i o n )  i s  

approximate; but  methods are  a v a i l a b l e  t o  so lve  diatomic 



I 
: 1,n tegra ls  r a p i d l y  and e f f i c i e n t l y  us ing  a v a i l a b l e  numerical 
i 
I techniques programed i n t o  F o r t r a n  I V  language and the  IBM 
j 1  

/ 360-65 model computer. Then , we proper ly  r e f e r  t o  the 

/ l a t t e r  a s . e x a c t  wi th in  the usua l  round-off e r r o r s  encounted 

j i n  machine computations. I n  order  t o  minl.mize such e r r o r s ,  
i 
I we use double p r e c f s i o n  numbers i n  overlap, .  Coulomb, exchan- 

1 ' ge Bnd nuclear  a t t r a o t l o n  programs t o  give a n  accuracy of 

I 
I something l i k e  lo-' Hartree energy u n i t s  (27.2 e .v. ) . 

The. choice of atomic o r b i t a l  f u n c t i o n s  i n  the TBA 
I 

I :.. ' method i s  the c r u x  of how e x a c t l v  our c a l c u l a t e d  energy 

1 bands and crys ta l .  o r b i t a l  p r o p e r t i e s  correspond t o  r e a l i t y .  

I n  our realm of t h e o r e t i c a l  i n v e s t i g a t i o n s ,  the H-F c r y s t a l  

equat ions  provide the i n d i c a t o r  of how well  we a r e  appro- 

I <  aching exactness .  Hopefully, such an i n d i c e t o r  approximates 

d .. 
a s  well  the experimental  phenomenon . 1n o the r  words, we 

1 must approach the H-F l i m i t  i n  order  t o  make the TBA 

.,amenable t o  the p r e s e n t  s t a t e  of t h e .  a r t  of the..:.guantum 
0 

chemis t y  of d i ~ t o m i c  molecules;  thereby the. c o r r e l a t i o n  

problem of c r y s t a l s  can become t r a c t i b l e .  The approximations 

t h a t  we have s t r i v e d  t o  make f n  a j u s t i f i a b l e  manner 

would be u s e l e s s  i f  we unwisely used atomic o r b i t a l  func-  

t i o n s .  . . 

I n  the d i s c u s s i o n  .of the atomic o r b i t a l  energy,  we 

have suggested t h a t  the choice of neu%ral  a t o m i c  wave 

f u n c t i o n s  may be j u s t i f i e d  us ing  the Paul jng e l e c t r o -  



n e u t r a l i t y  p r i n c i p l e .  Let  u s  approach the atomic wave 

f u n c t i o n  problem from t h i s  a  p r i o r i  not ion ,  i . e .  n e u t r a l  

atoms i n  a  c r y s t a l ,  and cons ider  how the a v a i l a b l e  t a b l e s  

of the  numerical SCF f u n c t i o n s  f o r  n e u t r a l  atoms mag be 

used t o  o b t a i n  a n a l y t i c a l  f u n c t i o n s  which have the proper 

r a d i a l  and nodal behavior . 



ATOMIC WAVE FUNCTIONS 

The atomic wave f u n c t i o n ,  !if i s  taken a s  a product  
9' 

" of the r a d i a l  f u n c t i o n  R (r) and s p h e r i c a l  harmonics 
. . "II - - . . f u n c t i o n  Ypm(B,  !if) o r  

. . @q = , R .  n~ (r)yIm(e, - $I,= (52) 

The type of r a d i a l  f u n c t i o n  used i n  the  TBA c a l c u l a t i o n s  

was of $he S l a t e r  o r b i t a i  type (STO), i . e . ,  . 

where b i s  t he  o r b i t a l  exponent and N i s  the normal iza t ion  

cons tan t .  

The r a d i a l  f u n c t i o n  may be of the s i n g l e  o r b i t a l  exponent 

type shown above o r  a  l i n e a r  combination of STO1s, i . e .  ,. 

n+5 where N i =  ( 2  i 

(29! 1 4 

There a r e  many ways of choosing a  b a s i s  set .  If a s i n g l e  

o r b i t a l  exponent ST0 i t  des i red ,  the  f parameter may be 

ad jus ted  s o  t h a t  the r a d i a l  func t ionrna tches :  the  numerical  

va lues  of SCF func t ions  i n  the ' t a i l - o f f  r e ~ i . o n ,  R S  Sers t e l . n  
1 

e t  a l .  ( 1 )  have done. Brown and F i t z p a t r f c k  (&), who have 



/ i n v e s t i g a t e d  r a d i a l  f u n c t i o n s  of a l l  transition metal  s e r i e s ,  
i 
1 Would c a l l  t h i s  type of f i t  t o  the  ou te r  r eg ion  of' the SCF 
, 
I 
[ r a d i a l  f u n c t i o n  a  Burns1 type o r b i t a l  (26) .  They r e f e r  t o  the  
I '  

! Clementi type' o r b i t a l  (27)  a s  one t h a t  b e t t e r  . .descr ibes  the  
I 
1 / i nne r  r eg ion  of SCF r a d i a l  func t ions  ( p a r t i c u l a r l y  i n  the  

' i 

1 r eg lon  of the maximum peak) .  Since both types of o r b i t a l s  
! 

i a r e  STO's d i f f e r i n g  only i n  a  choice of 1 , n e i t h e r  one w i l l  
I 

/ show r a d i a l  nodes. Nevertheless ,  Brown and F i t z p a t r i c k  ( 2 5 )  

i f i n d  t h a t  both types of o rb i ' t a l s  can be used i n  over lap  

i n t e g r a l  c a l c u l a t i o n s  and give s u f f i c i e n t l y  accura te  va lues  

f o r  cases  involv ing  ,f i r s t - row t r a n s i t i o n  metals .  The 

Richardson ( 2 8 )  l i n e a r  combination of STO1s f i t s  Watson's 

SCF func t ions  (29) f o r  the t i t an ium 3d, 4s and 4p o r b i t a l s  a t  

varying charge b e t t e r .  than s i n g l e  exponent STO1s. I n  the case 

of 4s and 4 p  t i tan ium o r b i t a l s ,  only Richardson o r b i t a l s  w i l l  

. proper ly  descr ibe  the r e s p e c t i v e  Bloch sums, s ince  SCF r a d i a l  

f u n c t i o n  va lues  remafn negat ive i n  the r eg ion  o< i n t e r e s t  i n  

. . TBA c a l c u l a t i o n s  and no s i n g l e  ST0 f u n c t i o n  can  descr ibe  t h i s  

behavior.  

Brown and Fi t z p a t r i c k  have f u r t h e r  concluded t h a t  Basch 

and Gray Sd, 6s and 6p f u n c t i o n s  (30)  (which a r e  l i n e a r  corn- 

b i n a t i o n s  of ST0 's) a r e  necessary f o r  .tantalum, . tungsten and 

rhenium cases  where over lap  i n t e g r a l s  us ing  them a r e  c a l -  

cule ted.  They compared Burn's orb1 t a l s  with the Basch-Gray 

. ... . func t ions  and f o u n d . t h a t  the  use of f u n c t i o n s  f i t t e d , t o  the 

o u t e r  r e q j  ons of tungs ten  Sd o r b i t a l s  produce over lap  



i n t e g r a l  values whlch a r e  too l a r g e .  The arguments i n  f avor  

of us lng  6s and 6p func t ions  t o  a c c u r a t e l y  desc r ibe  behevior 

i n  the o v e r l a p  reg ion  a r e  the same f o r  t i t an ium 43 and 4p 

o r b i , t a l s .  

Ruedenberg ( p r i v a t e  c o m u n i c a t i o n ,  Ames, Iowa, 1969) has 

suggested t h a t  hlgher  quantuin number r a d i a l  f u n c t i o n s  can be 

f i t t e d  wi th  lower n  STOts t o  r e p r e s e n t  the r a d i a l  behavior 

c o r r e c t l y  i n  eva lua t ing  two-center Coulomb and exchange 

5 n t e g r a l s  f o r  whlch the avai l -able  programs go t o  n=j .  The 

extrema of the SCF funct5 on t o  be f i t t e d  a r e  produced by the 

coeff !c lents  gf the  l j .near  comblnation of STOts (always node- 

leas f u n c t i o n s  by themselves).  The .coe,ff'l.cl.ents and o r b i t a l  

exponents can be found by a  l e a s t  squares  f j  t procedure (31.). 

The at0ml.c r a d i a l  f u n c t i o n s  wh1,ch form an  -orthogonal 

b a s i s  s e t  a r e  g e n e r a l l y  obtained i n  the p r e s e n t  work by the  

fo l lowing r e c i p e :  

1) For s and p  o r b i t a l s  we s t a r t  with s i n g l e  STOts with . . 

'the .sane quantum numbers and Schqidt  or thogonal ize t o  form 

the valcnoo o h e l l  f w c  tions' wlai'ch a r e  orthogonal ized l i n e a r  

combinations of STO1s ( a s  i n  Equation 54); For Sd orbitals, 

we use the orthonormal Basch-Gray func t l o n s  which a r e  l i n e a r  

comb! na t tons  of 33, 4d and s d  ST0 s. 

2 )  If the n quantum number of the  valence s h e l l  3 s 
. . 

g r e a t e r  than 31 the l e a s t  squares  f l t  of n=3 STO1s i s  made t o  

t;he Schmldt o r t h o ~ o n a l l z e d  r a d l a l  func t ion .  



The main problem i n  the above procedure i s  ob ta in ing  the  

s i n g l e  STO1s 'necessary f o r  the s and p f u n c t i o n s  i n  the f i r s t  

s t e p .  Besides provid>ng numer%cal va lues  f o r  SCF f u n c t i o n s ,  ' 

Mann ( 2 3 )  t a b u l a t e s  the l o c a t i o n  of t h e  maximum i n  the r a d i a l  - 
f u n c t i o n ,  r,,,. If one d i f f e r e n t i a t e s  the r a d i a l  f u n c t i o n  . . with  

r e s p e c t  t o  r ,  the r a d i a l  d i s t a n c e ,  and equates  the  express ion  
. . 

t o  zero,  t h e  t abu la ted  maximum d i s t ance  can be r e l a t e d  t o  the  

o r b i t a l  exponent of a  s i n g l e  STO: 

- N \ exp ( \-r r2ax = 0 = N n  exp(-  Ir)rmax 

where r = rmax 

Theref ore ,  the necessary o r b i t a l  exponent9 can be obtained.  I . 

The np o r b i t a l s  f o r  ~ a ( n = ) ) ,  K(n=4) and Sr(n=S) a r e  n o t  

g iven  i n  the ground s t a t e  c o n f i g u r a t i o n  by Mann; thus ,  one 

needs t o  approximate the ) np f o r  the s i n g l e  ST0 rapresen- 

t a t i o n .  If one takes  the r a t i o  of ibp/ tbs  (2.372/2.398) 

from Basch-Gray s i n g l e  ST0 r e p r e s e n t a t i o n  f o r  Re (charge = +1) 

and m u l t i p l i e s  i t  by the n e u t r a l  atom ns(n= 3,4,5,6) o r b i t a l  

exponent,  one can ob ta in  the  s i n g l e  ST0 r e p r e s e n t a t i o n  f o r  

n e u t r a l  atoms. 



The Schmidt o r thogona l i za t ion  procedure f o r  t h e  Is,, 28 
I .  

,and 3s s i n g l e  ST0 b a s i s  s e t  provides an  example of ob ta in ing  
I 

! a  3s atomic  o r b i t a l  f u n c t i o n ,  say f o r  Ne . Let  the  non- 
1 : 
'or thogonal  i STOfs be represented  by a row vec to r  n4 v: 

I 
;The vi f u n c t i o n s  e x i s t  i n  H i l b e r t  space and have a s e t  of Inner  

i 
iproducts <vi\  v1) which a r e  represented  by an over lap  mat r ix  3. 

t w ! 

 h he ref ore ,  we seek the s i m i l a r i t y  t r a n s f o r m a t i o n  T S T = I 
N N h r  N 

i 

'which maps k v i n t o  u(  ry a  column vec to r  of orthogonal f u n c t i o n s ) .  

The t ranspose of N u is  r e l a t e d  t o  by the upper t r i a n g u l a r  
t 

mat r ix  T: u = v T o r  
u d ' I Y  N 

t 
38 " 

(57) 

where the  prlmes denote orthogonal f u n c t i o n s  , i .e .<ujl up=sjk 

( normal iza t ion  i s  g e n e r a l l y  lmposed a s  w e l l ) .  The mat r lx  H T 

can be separa ted  i n t o  a s e t  of t h r e e  column vec to r s  a which a r e  

i d e n t i f l e d  with the expansion c o e f f i c i e n t s  of the vi bases  

i n t o  orthogonal funct fons ,  i .0 .  

u j  17 Ti j  v l  j=1,2,3 equat ions  a r e  obtained from 

the  c o e f f i c i e n t s  

g iv ing  



. . A s  mentioned above, the d '  ST0 b a s i s  s e t  f o r  5d f u n c t i o n s  
8 

(vl=3d, v2=4d, v3=5d) i s  chosen from Basch-Gray (30) . The 

double z e t a  r e p r e s e n t a t i o n  used by Basch-Gray f o r  v3=5d i s  

necessary  t o  p roper ly  descr ibe  the o u t e r  5d r a d i a l  behavior.  

Even though we cannot apply the simple formula i n  Equation 5;s 
f o r  t h i s  case ,  we could i n  p r i n c i p l e  do s o  and cont inue 

through s t e p  two above f o r  ul=3d and u2=4d us ing  Mannf s da ta  

f o r  rmax. However, the r e s p e c t i v e  5 jd and 4d va lues  a r e  

c lose  f o r  n e u t r a l  (Mann) and +1 cases (Basch-Gray) and, 

theref  ore ,  t o  remain . cons i s t en t ,  we use the e n t i r e  Basch-Gray 
. . 

vi(1=1,3) b a s i s  s e t  f o r  third-raw t r a n s i t i o n  meta ls .  

We j u s t i f y  the use of the  Basch-Gray Sd f u n c t i o n s  f o r  t h e  

n e u t r a l  atom us ing  Gian tu rco l s  ( 3 2 )  i n v e s t i g a t i o n  of the s i z e  

of the d  o r b i t a l  of vanadi.um as a  f u n c t i o n  of ox ida t ion  s t a t e .  

The. prfmary r e s u l t  of t h i s  s tudy was t h a t  the 3d wave f u n c t i o n  

v a r i e s  s lowly with charge i n  removing 4s e l e c t r o n s  from the  

3d34s2 conf i g u r a t i o n ,  and f i n a l l y  the  removal of d  e l e c t r o n s  

from the 3d3 conf igura t ion  shows a smal l  change, even though 

I t  i s  g r e a t e r  than i n  the former case .  I t  i s  reasonable  t o  

assume that  the behavior of the third-row t r a n s i t i o n  meta ls  is 
. .. . 

s i m i l a r  t o  the  f i r s t - r o w  t r a n s l  t l o n  meta ls ;  t h e r e f o r e ,  i t  



. . 

would be useful  t o  show t h a t '  the Basch-Gray 5d funct ions  f o r  

configurat ion 5 d 4 6 ~ 1 6 ~ l ( ~ e ~ 1 )  d i f f e r  l i t t l e  I from ' the neu t r a l  

atom (5dSbs2) numerical r a d i a l  funct ions  provided by Msnn. 

A p l o t  of Basch-Gray V S .  Mann funct ions  i s  shown i n  
- 

Figure 3 .  The Basch-Gray values vary from the Mann values 

a t  the sxtrema, bu t  general ly  f i t  the SCF func t ion  ovep a 

wide range of r a d i a l  distance: 3.5 t o  8.0 a.u. 

Once we have P s e t  of' U J  funct ions ,  we may a p p l y  any 

l e a s t  squares fit program t o  obta in  a new s e t  of funct ions  Fj 

which have a new basts Pk, or 

F is r e l a t e d  t o  u j  (quantum numbers n l ,  A ', m t  ) by the . 
5 .  

minimization of the devia t ion,  D ( 31) : 

over a mesh of r a d i a l  values rp. The necessary cons t r a i n l s  

f o r  t h i s  minimization are 
. . 

Each fk funct ion with o r b i t a l  exponent \ has quantum numbers 
. .. 

n=3,'x I ,  tul. - 

Far example, a 6a function, u6, I s .  f l t t e d  by a funot lon 

F6 vhtch i s  a  l i n e a r  combination of s i x  3s STO's: 



- = MANN 

+ = BASCH - GRAY 

R (BOHR UNITS 1 

Figure 3 .  P ( 5 d )  vs. Fi..  



ThusB as a matter of convenience, each Fj is expanded into  the 

same number of bases as tha corresponding uj functions. e g .  

the upper k limits on F 3 = Sd, 6s and bp least squares fit 

functions is 4, 6, and 5 respectively. 



OVERLAP EFFECTS, MADELUNG EFFECTS AND THE OVERLAP C R I T E R I O N  

I n  1952, Wolfsberg a n d  Hslmholz (33) suggested a semi- 

empi r i ca l  method based on two approximations : 

1) Diagonal energy mat r ix  elements a r e  approximated 

a s  the  negat ive of the valence s t a t e  i o n i z a t i o n  energy 

(VSIE) of a p a r t i c u l a r  o r b i t a l  q,  i . e .  

Hqq= - VSIE 

2) O f f  -diagonal energy mat r lx  elements a r e  c a l c u l a t e d  

by the  expres.sion 

Richardson ( 8 )  po in t s  o u t  t h a t  such approximations,  a s  

crude a s  they a r e ,  incorpora te  many aspec t s  of chemical 

i n t u i t i o n ,  eg. ,  o v e r l a p  of bonding o r b i t a l s  and e l e c t r o -  

n e g a t i v i t y .  Furthermore, J,orgenson ( 34) analyze's t h e  semi- 

, e m p i r i c a l  approach i n  terms of the p h y s i c a l .  na tu re  of the  
. . 

chemical bond. He concludes t h a t  diagonal  energy mat r ix  

elements a r e  dominated by the  Madelung p o t e n t i a l ,  i . e m ,  

~ a d e l u n g  e f f e c t s ,  and off  -diagonal energy mat r ix  elements 

vary a s  two-center k i n e t i c  energy e f f e c t s .  Ruedenberg (35) 

r e l a t e s  the lowering of two-center k i n e t i c  energy, due t o  

In te r fe rence  e f f e c t s  (changes i n  atomic o r b i t a l s  upon 

bonding) ,  . t o  be the c r u c i a l  phenomenon which g ives  s t a b i l i t y  

t o  molecules a f t e r  p o t e n t i a l  energy '  i s  cance l l ed  by nuclear -  

nuclear  r e p u l s i o n s .  
4 



! 
I 

I I n  t h i s  t h e o r e t i c a l  i n v e s t i g a t i o n ,  we a r e  i n t e r e s t e d  
1 

! i n  applying chemical concepts t o  an amalgamation of 
i 
i 

quantum chemistry and s o l i d  s t a t e  physics ,  i . e . ,  the TBA. . I  
I. . 

j '  However,' we a r e  s t i l l  unable t o  determine s t a b i l i t i e s  of 
i o 

/ c r y s t a l s  or  cohesive ,energy f o r  many reasons.  For example, 
I 

i 
i two reasons  which we f e e l  a r e  important  a r e :  
! 

1) The magnf tude of the c o r r e l a t i o n  energy i s  

j unknown. 

I 

i 2)  The Madelung p o t e n t i a l  cannot  be evalua ted  e x a c t l y  

a i n  terms of Coulomb, .exchange and nuclear  a t t r a c t i o n  

I. : i n t e g r a l s  (computa t ional ly  very  laborous ,  even f o r  a  

1 computer).  

I n  o the r  words, the c r y s t a l  i s  a g i a n t  molecule;  even 

with the i n c l u s i o n  of t r a n s l a t i o n a l  symmetry, the  mul t i -  

c e n t e r  i n t e g r a l  bo t t l eneck  e x i s t s  f o r  a  l a r g e  number of 

I sometimes d i f f  l c u l t  i n t e g r a l s  (eg .  th ree -cen te r  Coulomb 

i n t e g r a l s ) .  Even though th ree  and even four -cen te r  i n t e g r a l s  
0 

a r e  t r a c t a b l e  now on the computer, the  t a sk  t o  do a  r igorous  
. . .  

c a l c u l a t i o n  would be both c o s t l y  and unreasonable.  

We propose a  semi-rigorous method which w i l l  be based 

I on t h r e e  ob jec t ives :  . 

1) To s tudy  a  s e r i e s  of r e l a t e d  . c r y s t a l s  t o  observe 

. ,  . 
,. . , . 

p o s s i b l e  . t r ends  and, thereby,  propose some the ore t i c a l  

model. No cornputations w i l l  be at tempted on a n  abso lu te  

energy s c a l e .  



2) To apply  a  SCF-MO-LCAO t rea tment  t o  c r y s t a l s  

i n  order  t o  use a  t h e o r e t i c a l  handle i n s t e a d  of an  empir i -  

c a l  one t o  c o n t r o l  c a l c u l a t i o n  of energy bands. 

3) To use the LCAO procedure'  when cond i t ions  a r e .  

s a t i s f i e d  by some well  def ined  and p e r t i n e n t  c r i t e r i o n .  

We sugges t  t h a t  the "overlap criterion" ( '1) i s  a  reason-  

ab le  way f o r  choosing a TBA I n t e r a c t i o n  model. 

Besides chemf-cal i n t u i t i o n ,  the overlap c r i  t e r i o n  

i s  based d i r e c t l y  on many important na thematfca l  r e l a t i o n s  

which a r e  e x p l i c i t l y  expressed I n  terms of over l ap  i n t e g r a l s .  

Here a r e  three  q u a n t i t i e s  which depend d i r e c t l y  on over lap  

and occur throughout. the TBA f  ormulism: 

1) The e x p r e s s i o n  f o r  Hq,. SF ( k )  - i n  Equat ion 4 9  

i s  e s s e n t i a l l y  a  f u n c t i o n  of over lap  and two-center k i n e t i c  

energy i n t e g r a l s  ( c a n  be expressed a s  a l i n e a r  combination 

of over lap  i n t e g r a l s ) .  ' 

2)  The normal iza t ion  cons tan t  f o r  t h e .  Bloch sums i s  . . 

a  f u n c t i o n  of over lap  i n t e g r a l s  (Equat ion 51). Evaluat ion  

of. this quantity %s possible so long as the o v e r l a p  i s  . 

adequate ly  small .  Otherwise, the cos ine  terms by becoming 
fl ua 

negat ive when (2 4k. f .~  4 -K ) causes the  value of Nqd t o  

become negat ive .  Since a n  imaginary value f o r  N b could 
q, 

r e su l . t ,  the  TBA Is l i m i t e d  by overlap.  

3) Because of q u a n t i t y  number 2, the TBA Fock 

opera tor  i s  only poss ib le  i f  the i d e n t i t y  approximately 

exists: N ~ ~ * ~ < * * . G = ~  ' ( s e e  Appendix K ) . 



I f  the off -diagonal energy mat r lx  elements a r e  r e l a t e d  

t o  bonding of atomic o r b i t a l s ,  w e  may suggest  t h a t  d i f f e r -  

ences be tween energy- l e v e l s  f o r  molecular o r b i t a l s  

( i s o l a t e d  molecule) o r  c r y s t a l  o r b i t a l s  ( s o l i d  s t a t e )  a r e  

determined . t o  a  l a r g e  e x t e n t  by over lap  e f f e c t s .  

Le t  us  now cons ider  the  'Madelung p o t e n t i a l  and I t s  

e f f e c t  gn the TBA'. Ros and Schu i t  ( 3 6 )  and Basch and 

Gray ( .9 ) have placed much importance on s h i e l d i n g  e f f e c t s  

on the p o i n t  charge model f o r  doing molecular o r b i t a l  

c a l c u l a t i o n s  of t r a n s i t i o n  metal  complexes. 

The l ack  of e x p l i c i t  e v a l u a t i o n  of Coulomb and exchange 

i n t e g r a l s ,  the  l a t t e r  p a r t i c u l a r l y ,  l e a d s  t o  def i c i e n c i e s  i n  

the  p o i n t  charge model, eg.  suggested by Fenske ( 7 ) . The 

o rde r ing  of malecular  o r b i t a l s  i s  c r i t i c a l l y  a f f e c t e d  by 

the s h i e l d i n g  e f f e c t s .  Since e.xchange i n t e g r a l s  converge 

e x p o n e n t i a l l y  t o  zero,  we suggest  t h a t  t h e  s i m i l a r  behavior 

of o v e r l a p  i n t e g r a l s  p o i n t s  t o  the  p o s s i b i l i t y  t h a t '  the  

"important" e f f e c t s  of the  Madelung p o t e n t i a l  a r o  only 

wi th in  bonding d i s t a n c e s ,  i .e . , where over lap  i s  maximum. 

I n  p r i n c i p l e ,  we cont inue t o -  include more neighboring 

atoms i n  the Madelung p o t e n t i a l ,  o s c i l l a t i n g  a s  i t .  may 
J' 

with  each a d d i t i o n a l  neighboring atom, u n t i l  convergence 

occurs .  F i n a l l y ,  we o b t a i n  an  e x t e r n a l  p o t e n t i a l  (exc luding  

n e a r e s t  neighbor e f f e c t s )  which a c t s  e q u a l l y  upon the  metal  



i 
I 

/ atom o r  the l i g a n d  (assuming the Paul ing e l e c t r o n e u t r a l i t y  
I 

p r f n c i p l e  i s  v a l i d ) .  Thus, the whole molecular o r b i t a l  

c o r r e l a t i o n  diagram i s  s h i f t e d  on some a r b i t r a r y  energy 

s c a l e .  The analogous energy band behavior has  the  same 

/ r e s u l t ,  . i f  we t r u s t  t h a t  the TBA model resembles the  
I 

. ! molecular o r b i t a l  s i t u a t i o n  wi th in  the over lap  c r i t e r i o n .  

I I n  p o i n t s  2 )  and 3 )  we show a d d i t i o n a l  evidence 

I t h a t  the over lap  c r i t e r i o n  has q u a n t i t a t i v e  consequences 
I 

i i n  the  TBA. P a r t i c u l a r l y ,  the t h f r d  p o i n t  exempl i f ies  

the connect ion of the over lap  c r i t e r i o n  t o  a  choice of 

' the TBA i n t e r a c t i o n  model. That . is ,  the one-electron 

opera t o r  Ave( r ) converges t o  the  molecular case i n  the  
T' -r 

l i m i t  

I n '  the  p r e s e n t  TBA method .we c a l c u l a t e  .the over lap  

in teg ra l ' s  f o r  var ious  over lap  p a i r s  which a r e  n v o l v e d  

wi th  poss ib le  bonding o r b i t a l s  . Then the  over lap  wit- 

e r i o n  i s  app l i ed  t o  no t i ce  from t a b u l a t e d  over lap  i n t e g r a l s  

i f  any values a r e  e x c e p t i o n a l l y  l a r g e .  I f  such va lues  

occur,  we go t o  the q u a n t i t a t i v e  a s p e c t  of the over lap  

o r i t o r i o n  and oeo how tho normal iza t ion  c o n s t a n t  of 

Bloch sums a r e  a f f e c t e d .  A t  t h i s  junc t ion  we decide 

whelther a  TBA type c a l c u l a t i o n  Is reasonable and proceed 

accordingly  t o  f i n d  a  s e r i e s  of subs tances  which apply.  
: 



Use o f  the  Overlop c r i t e r i o n  t o  ~ h o o s o  a TEA Modol 

In  order  t o  make TBA c n l c u l o t i o n s  p r a c t i c a l ,  the Bloch 

sums rcust bo l i m i t e d  t o  a srnall s o t  o f i n t o r a c t i n g  neighbors .  

The over l ap  c r i t e r i o n  mentioned above i s  used t o  choose a 

TBA modol which can bo oppl iod  t o  t ransi t ion-me t n l  oxidos.  

. In  Table 3 ,  v a r i o u s  over l ap  peirs i n  the Roo3 s t r u c t u r e  a r e  

l i s t e d  , t o  i n d i c a t e  that over lap  i s  adequate ly  sniall i n  the 

nearest-noighbor metal-oxygen 5n te rac  t i o n s  and naxt-neorost-  

neighbor metal-metal  interactions t o  l i m i t  the s i z e  of the 

i n t e r a c t i o n  s e t  t o  these atoms. 

Table 3 .  Overlap I n t e g ? a l s  



Table 3(Cont.) 

~n Table 1, SAB i s  the over lap  i n t e g r a l  between o r b i t a l s  

a  and b. Bg and fifB a r e  the polar  angles  of the l o c a t i o n  of 

center B w i t h . r e s p e c t  t o  c e n t e r  A a s  the  o r i g i n .  The r a d i a l  

d i s t a n c e s  R a r e  obtained by geometr ical  cons ide ra t ions  us ing  ' 

the l a t t i c e  cons tan t  (37) of 7.0810 a.u.. These i n t e g r a l  

values r e p r e s e n t  the t r u e  atomic over lap  o r b i t a l  a f t e r  proper 

r o t a t i o n  of s p h e r i c a l  harmonics from the e l l i p t i c a l  coordina te  

system through the given p o l ~ r  angles .  The over lap  i n t e g r a l  

va lues  l i s t e d  a r e  p a r t  of the TBA output .  

The TBA i n t e r a c t i o n  model f o r  rhenium t r i o x i d e  i s  shown 

i n  Figure 4. Re, 01, 02, and O3 a r e  the  f o u r  atoms which 

make up the u n i t  c e l l  and g i s  the l a t t i c e  cons tan t .  The 

primed oxygen atoms belong t o  o the r  u n i t  c e l l s  b u t  make up a  

p a r t  of the nearest-neighbor rhenium-oxygen i n t e r a c t i o n  s e t .  



RHENIUM-RHENIUM 
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Flgure 4. TBA i n t e r a c t i o n  model. 



The next-nearest-ne j.rr,hbor rhenium atoms a r e  l o c a t e d  a t  

p o s f t i o n s  ( + a , 0 , 0 ) ,  - (O,+a,O) and (0,0,ta). 

In eenera.1, the c r y s t a l  l a t t i c e  of ps rovsk i t e  t r a n s i -  

t i o n  metal oxides c o n t a i n  the s t r u c t u r e  AB03 shown i n  

- 
Figure 5.  .A i s  a t r a n s i t i o n  metal  and B i s  e i t h e r  vacant  

a s  f a r  a s  He03 o r  f i l l e d  by a  n o n - t r a n s i t i o n  meta l  such as 

a l k a l i  meta ls  Na and K.  B i s  commonly r e f e r r e d  t o  a s  the 

perovski te  hole i n  the t r a n s i t i o n  m e t a l  oxide c r y s t a l  l a t t i c e .  

I n  the r e c e n t  paper on t he  overlap c r i t e r i o n  ( I ) ,  Na-Ma 

over lap  i n  tungs ten  bronzes. was convenient ly  shown by 

cons ider ing  ,sodium a s  f i l l i n g  the perovs'kite hole .  Bowever, . 

f o r  our purposes,  the oc tahedra l  a r rangeaent  of oxygen atoms 

about  a p a r t i c u l a r  t r a n s i t i o n  metal  ( a s  i t  was f o r  Re03 i n  

Figure 3) and the B atom l o c a t e d  a t  the. corner  of the u n i t  

c e l l  i s  taken a s  the  model f o r  TI3A I n t e r a c t i o n s .  

From our d i scuss ions  of over l ap  and Madelung e f f e c t s ,  we 

can propose a model f o r '  the i n t e r a c t i o n  s e t  of perovaki te  

oxides i n  genera l .  Zven though sodium-sodium i n t e r a c t i o n s  

have been p o s t u l a t e d  t o  be important  i n  desc r ib ing  the 

conduction band p i c t u r e  of sodium tungs ten  bronzes (38),  

o v e r r i d 3 . n ~  evidence e x i s t s ,  both  t h e o r e t i c a l l y  (39, 40, 41). 

and exper imenta l ly  (14, 42) t h a t  t r a n s i  tion-me t a l  and oxygen 

valence o r b i t a l s  a r e  the important  c o n t r i b u t o r s  t o  the 

lowest conduction. band. Since Na-Na 3s and 3p over lap  has 

been found t o  be s t r o n g  ( I ) ,  one must. seek a  p o s s i b l e  



I 
i .  

' explanat ion o the r  than over lap  e f f e c t s  . to  e x p l a i n  t h i s  
I 
! 
;di l 'ema.  'ie propose t h a t  Madelung e f f e c t s  push sodium 
i 
I 
energy bands out  of the conduction p j c t u r e  i n t o  h igh  energy 

1 
1 .  
, regions.  The nearest-neighbor Madelung eff'ec ts be tween 
i 
:sodium atoms a re  then considered t o  be unimportant compared 
i 

: t o  nearest-neighbor i n t e r a c t i o n s  between sodium a d  o t h e r  
I 

itypes of atoms . i n  the l a t t i c e .  Thus, the  important  e f f e c t  

!of o r b 2 t a l  over lap  and p o t e n t i a l  i n t e r a c  t%ons be tween a l k a l i  

! 
metals  (eg .  Na and K )  and t r a n s i t i o n - m e t a l  or  oxygen atoms 

i n  the .  same u n i t  c e l l  makes the TBA model ' complete f o r  

nearest-neighbor 1 .n terac t ions .  

The i n c l u s i o n  a f  me tal-me t a l  ( A-A)  i n t e r a c t i o n s  t e s t s  

the model (39) which proposes ,  t h a t  tag d  s t a t e s  mainly make 

u p  the lowest  conduction band., The model (39, 40). , which 

proposes t h a t  7t bonded oxygen and t r a n s i t i o n  meta l  d  s t a t e s  

a r e  more important ,  i s  of course t e s t e d  by the n e a r e s t -  

neighbor a s p e c t  of . tb . TBA method. 
B 

We will now' apply tb above TBA method t o  the  s e r i e s  

of p e r ~ v s k i t e  t r a n s i t i o n  metal  oxides:  Re03, NaxW03 ( f o r  our 

p r e s e n t  c a l c u l a t i o n s  we w l l l  take x t o  be 1.0) and KTaOj. 

Rhenium t r i o x i d e  w i l l  be d iscussed  f i r s t  ( P a r t  11) sj-nce i t  
. . .  

is  the s imp1es t .of  the  th ree  t o  t r e a t  i n  the ,TBA. I n  

order  t o  o b t a i n  meaningful r e s u l t s  ( P a r t  111) f o r  sodium 

tungs ten  bronze and potassium t a n t a l a t e  (KTa03), we w i l l  

s c a l e  t h e i r  c r y s t a l  p o t e n t i a l s  and charge d i s t r i b u t i o n s  t o  
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3 . : ,  

F-igure 5 .  Perovskl t e  c r y s t a l  1 . a t t i c e .  



I .  

I :  
8 .  

/the Re03 model. hope full.^, we then  can o b t a i n  a  t h e o r e t i c a l  
I 

I 
;model of. pe.rovsk3te t rans5 ' t ion  metal  oxides which g ives  a  
i . 
I 
: r e a l i s t i c  p i c t u r e  of c r y s t a l  o r b i t a l s  i n  the LCAO limit;; 
i 
! '  

/ t h e r e b y  we hope t o  del i n e a t e  the na ture  of the admixture of 

! 
'a tomic o r b l . t a l s  which form conduction and valence bands as  1 
a  f u n c t i o n  of the wave vec to r .  



The LCAO procedure i s  t o  be used t o  o b t a i n  the c r y s t a l  

a n d  energy bands f o r  t r a n s i t i o n  metal  oxides.  The . . 

op t ion  t o  o b t a i n  s e l f  -consi.stency: of charge d i s t r i b u t i o n  

throughout a l l  E ( k )  - vs .  k - allows one t o  approach the accura te  

APW p o t e n t i a l  proposed by Mattheiss .  The use of the Bloch 

sum b a s i s  . s e t  a l lows.  one t o  e x a c t l y  determine the p a r t i c f -  

p a t i o n  of' atomic o r b i t a l s  i n  variou,s symxetry c r y s t a l  

o r b i t a l s  o r  bands. The e f f e c t s  of . t r a n s l a t i o n a l  symmetry . 

, . 

on the t r a d i t i o n a l  LCAO-MO p i c t u r e  can, theref  ore ,  be 

determined d e s p i t e  knowledge of the inheren t  weaknesses 

which e x i s t  f o r  the  t lgh t -b ind ing  method. By using  the  over- 

l a p  c r l t e r i o n ,  one can decide ,which oxides can be consl.dered 

t o  be adequate lv  descr ibed .  

Thus, one imposes a l l  the r l g o r  which i s  p r a c t i c a l l y  

poss ib le  f o r  t h e  LCAO-MO procedure i n  e v a l u a t i n g  two-center 

over l ap  and p o t e n t i a l  i n t e g r a l s  and approximating o t h e r  mul t i -  

c e n t e r  i n t e g r a l  va lues .  Also, one uses  good atomic o r b i t a l  

. f u n c t i o n s  ( d e s c r i p t i v e  of both  inner  and ou te r  p r o p e r t i e s ) .  

A s  i n  the  molecular case ,  we seek i n t e r p r e t a t i o n  o f .  

molecular p r o p e r t i e s  ( i n c l u d i n g  t r a n s l a t i o n a l  symmetry) i n  

terms of atomlc p r o p e r t t e s ,  e  .g:, p o t e n t i a l ,  o r b i t a l  energy, 

and orb1 t a l  f u n c t j  ons. 
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INTRODUCTION 
. . 

i 
i 
4 

I I 1 , Recently, I. P. Matthelss (11) has repor ted an APW 
I 

/ ca lcu la t ion  of the energy bands and Fermi surface of Re03. 

:HIS i s  the f i r s t  e f f o r t  t o  t h e o r e t i c a l l y  describe quanti- '  
.I 
i t a t i v e l ~  the e l ec t ron ic  s t ruc tu re  of Re03 and provide a model . 
I 
jf or the perovskite t r a n e i t i o n  metal oxides. He parameterizes 
I 
l 

ithe c r y s t a l  po t en t i a l  r i a  the Slater-Kos t e ~  ( 1 3 )  t i g h t -  
! 
binding in t e rpo la t i on  scheme be tween symmetry points .  This 
i 

provides a  handle f o r  empir ica l ly  con t ro l l ing  his ca lcu la t ions .  

The r e s u l t s  of h i s  semi-empirical approach a re  not  i n  d i s -  

agreement with present  experimental da ta  (14, '15). The t l g h t -  

binding method proposed i n  p e r t  I has been applied t o  

Re03 t o  obta in  an e n t i r e l y  d i f f e r e n t  t heo re t i ca l  model of 

ReO3, bu t  agreement with the same experimental data  appears t o  

be comparabl6 f o r  the two approaches .. 

. Rhenium t r ioxf  de and the perovskite  t rans1  t i o n  metal 

oxides  provide a group of substances which form e border l ine  

between a s t r i c t l y  APW ( f r e e  e l ec t ron )  and a s t r i c t l y  t i g h t -  

binding ( loca l i zed  e l ec t ron )  app l ica t ion .  From Table 3, we 

aee, using an overlap c r i t e r i o n ,  t&t the TBA might provide a 

reasonable p ic tu re  of the band s t ruc tu re  of Re03. As a matter  

of f a c t ,  Mattheiss has had t o  modify the APW p o t e n t i a l  or  

Muff i n  Tin p o t e n t i a l  t o  make the APW method appl icable .  The 

quest lon of which method i s  b e t t e r  cannot r e a l l y  be answered . 

. . 

since e n t i r e l y  d i f f e r e n t  c r y s t a l  po t en t f a l s  a re  used. 



Even though the APW method can accura te ly  be corrected 

f o r  ReOj, the problem of  obtaining se l f -consis tency and 

quant . i tat ive inf  oraat ion concerning the df s t r i b u t i o n .  of 

;tonic- o r b i t a l  contr ibutlona t o  c r y s t a l  o r b i t a l s  which form 

.valence and conduction bands remains, The TBA method 

,described I n  thfs t he s f s  solves  t h i s  problem by u t i l i z i n g  

the Mulliksn population ana lys i s  ( 6 ) of the Bloch a k s  

basia s e t .  

Since Bloch suma a re  d i r e c t l y  r e l a t e d  t o  atomf c  o r b i t a l s  

by Equatlon 8,  we have f o r  the i i rs t  time 'obtained a 

t heo re t i ca l  handle, ins tead of an empirical handle, t o  

control bind clalculations. Even though we require  an e m -  

. p f r i c a l  quant i ty ,  the l a t t i c e  constant ,  to.  do calcul.ationd 

a t  p resen t  ( a minimization of energy with respec t  t o  bond 

3ength l a  not  p r a c t i c a l ) ,  we are completely independent of 

empiri.co1 pa rme te ra  i n  the c r y s t a l  po t en t i a l .  Our po ten t i a l  

I s  based upon the Fock operatop used i n  making. LCAO-SCF-MO 

a l c u l a t l o n s  f o r  closed-shell  systems. Thus, charge .d i s -  

tributions which wre cisawed before the f i r s t  cvcle of the 

TBA ca l cu l a t i on  are ca lcu la ted  a t  the end of t h a t  cycle by 

the Mulliken population ana lys i s .  The ca lcu la ted  charge d i s -  

t r l b u t i o n .  i s .  e s e e n t l a l l y  put  i n t o  cycle: two (proper ly  weighted 

by a  damping constant)  and so  f o r t h .  Thus, when the  o s c i l l a -  

tions of assumed and ca lcu la ted ,charge  d i s t r i b u t i o n s  f o r  each 

atomic o r b i t a l  become s u f f i c i e n t l y  amall, we are conf ident  



t h a t  the TBA energy bands have converged enough t o  g ive  US 

\ 

u s e f u l  q u a n t i t a t i v e  infornat ion. .  

Because of I ts  na tu re ,  the  TBA method invoked i n  t h i s  

" theaf  s may be c a l l e d  a sea l - r igorousa  molecular o r b i t a l  

- 
c a l c u l a t i o n  which inc ludes  the  ef f e c t a  of t r a n s l a t f  onal  

symmetry on the  e l e c t ~ o n i c  s t r u c t u ~ e .  

, . 
Obviously, we cannot o b t a i n  the e x a c t  s o l u t i o n  of the 

SchrGdinger equat fon  of e l e c t r o n s  i n  a s o l i d ,  b u t  because of 

the Born-von ~&rn;n periodic boundary (43i), the  Born- 

Oppenheimer approxima t f  on (44') and the  unique na tu re  of the 

loosely-packed s t r u c t u r e  of Re03, w e  may u s e  a Bloch sum b a s i s  

s e t  and so lve  the  eigenvalue problem of , the  e l e c t r o n i c  

s t r u c t u r e  i n  a s o l i d  va r in t iona lPy  us ing  a l i n e a r  combfnatfon 

of atomic p o t e n t i a l s  as the  c r y s t a l  potential. But even a t  

t h i s  p o i n t ,  we cannot  proceed i n  an  ab i n i t i o  manner. Ins tead ,  

we proceed t o  make sgstema'tfc approxPmations as. Ruedenberg (.39) 

ha8 stressed we must do, and cont inue t o  do s o  u n t i l  t h e  

c a l c u l a t i o n  i s  both  t h e o r e t i c a l l y  'founded and p r a c t i c a l .  The 

.mul t i -center  f n t e g r a l  problem hse plagued progress  of the TBA 

approach t o  s o l i d s  previous ly .  Even though we a t f l l  are 

unable t o  eva lua te  t h e e - c e n t e r .  f n t e g r a l s  prac  t f c a l l y ,  we 

r e s o r t  t o  the  Mulliken approximation (1~). The e v a l u a t i o n  of 

a11 necessary two-center Coulomb, exchange, nuclear  a t t r a c  t i o n ,  

a~ work suggested by Kaufmann ( $ 5 )  and considered by the 
author  elsewhere- (45'). 



!. 
Overlap and k i n e t i c  energy i n t e g r a l s  makes ow' method a t  
I .  . 

l e a s t  a good f i r s t  order  a t tempt  t o  descr ibe  the  e l e c t r o n i c  
/ ,  . 

is t r u c  t u r e  of a group of' subs tances  , namely the  g e ~ o v s k i t e  

I 
: t r a n s i t i o n  meta l  oxfdea. It i s  fmportant t o  s t ~ e s s  t h a t  we 

. . j  

'evaluate of f  - 'diagonal elements i n  the  HamiltonIan mat r ix  as 
I 
i 
'explicitly a s  poss ib le  and do n o t  r e s o r t  t o  any ~ e m i -  
i 

: enp i r i ca l  approximations such as the  Wolf sberg-Hslmholz ( 3 3 )  

I a .  

o r  extended ~ G c k e l  approximations (47) . For the above reasons ,  
i 

I 

:we use the d e s c ~ i p t f o n  eepi - r igorous  when r e f e r r i n g  t o  the 

'p resent  TBA method . 
We w i l l  now .df scuss t h e  c a l c u l a t f  on. of TBA energy 

bands of Re03 i n  two s t e p s :  

I )  The - i n p u t  d a t a  which c o n s i s t s  of the c r y s t a l  

p o t e n t i a l ,  o r b i t a l  ene rg ies  and o r b i t a l  func t i s n s .  

2)  The output  d a t a  which c o n s i s t s  of E ( k )  - vs. k, the  

d e n s i t y  of s t a t e s ,  p a r t i c u l a r l y  a t  the Fermi energy, the  

r e s u l t s  01 t he  Null iken popula t ion  a n a l y s i s ,  the c o r r e l a t i o n  

of the j o i n t  d e n s i t y  of s t a t e s  wi th  the imaginar> p e r t  of 

the d i e l e c t r i c  cons tan t ,  and the .Fermi su r f  ace.  



THE CRYSTAL POTENTIAL 

we have c a l c u l a t e d  a l l  Coulomb, C ,  exchange, X, and 

nuclear  a t t r a c t i o n  i n t e g r a l s  necessary  f o r  the c r y s t a l  poten- 

t i a l  ( s e e  "Atomic P o t e n t i a l " ,  Chapter I )  i n  the TBA i n t e r -  

a c t i o n  model f o r  ReOj, eg., Re-Re, Re-01, 01-02, e t c . ;  l n t e r -  

a c t i o n s .  The " c r y s t a l  p o t e n t i a l " ,  . . which i s  a  l i n e a r  combina- 

t i o n  of atomic p o t e n t i a l s ,  (Equat ion - .  2 8 )  i s  thereby c a l c u l a t e d  

by e v a l u a t i n g  mat r ix  elements of the  c l a s s e s  - - shown i n  -Equations 

3 3  and 3L. Only the type i n  $cpiation 4 l Ineeds  t o  be expanded 

i n t o  C,  X, and nuclear  a t t r a c t i o n  i n t e g r a l s  

The charge d i s t r i b u t i o n s  of c r y s t a l  o r b i t a l s  \yi(~,r)\ (i = 

occupied o r b i t a l s )  a r e  divided by the Mulliken popula t ion  

a n a l y s i s  ( 6 ) t o  give Bloch sum ( i n  r e c i p r o c a l  space)  o r  

atomic o r b i t a l  ( i n  r e a l  space)  popula t ions  nq f o r  the  q bases.  
. . . - 

The se l f - cons i s t ency  procedure o u t l i n e d  1 n i " ~ a r t  I i s  

applied . t o  He03. . . 

S i n c e  w e  wish t o  use the  Re03 s t r u c t u r e  t o  parameter ize 

a s e r i e s  of oxides ,  the obvious p lace  t o  s t a r t  i s  the c r y s t a l  

p o t e n t i a l .  

An a d d i t i o n a l  c a l c u l a t i o n  of C ,  X, and nuclear  a t t r a c t i o n  

i n t e g r a l s  t o  be used i n  the c r y s t a l  p o t e n t i a l  f o r  NaW03 and 

KTaO was performed us ing  the Re03 s t r u c t u r e  ( R e ,  01, 02, O3 
3 

o r b i t a l s  for the  same l a t t i c e  c o n s t a n t )  wi th  Na and K atomic 

orb5 t a l s  s i t u a t e d  a t  t h e  (111) corne r  p o s i t i o n s ,  i .e. i n  the 
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i s  <blvA]b1 ' )=r2na<l / r , \b  bt> - ~ ~ < l / r ~ l b  b l >  O r  i n  o t h e r  . 

a 

The s c a l i n g  f a c t o r  S  c a l c u l a t e d  f o r  s e t  a ,  b ,  and b1  
. .. 

i n  s t e p  1 above i s  introduced i n t o  Equation 61 by 

( b \ ~ ~ \ b ~ ) = ( z 2 n ~ =  a S -Z <l/rA\ b b l >  ( 62.1 

t o  give a  genera l  express ion  f o r  p o i n t  charge approximations 

(Fenske l s  i s  f o r  S = 1). 

A l /RAB behavior i s  e x h i b i t e d  by Coulomb i n t e g r a l s  a t  

s u f f i c i e n t l y  l a r g e  in tera tomic  d i s t a n c e s  RAB, e  .g. a t  RAB from 

c e n t e r  B, the charge d i s t r i b u t i o n  aaa  on c e n t e r  A appears  a s  

a p o i n t  charge t o  c e n t e r  B. The exchange i n t e g r a l ,  however, 

which behaves l i k e  an  overlap i n t e g r a l  6 a \  b> , diminishes 

exponen t i a l ly  with inc rease  i n  RAB. Hence, the p o i n t  charge 

approximation i s  good f o r  f i r s t - r o w  t r a n s i t i o n  metal  3d 
. :  

o r b i t a l s ,  1.e. a=3d g ives  S=0.99 ( 8 , ) .  

I f  a=4s or  4 p f o r  ' f i r s t - r o w  t r a n s i t i o n  meta ls ,  we would 

expect  t h a t  the p o i n t  charge approximation would not  be 

reasonable .  The 4s and 4p o r b i t a l s  have such a  l a r g e ( r )  

t h a t  f o r  usua l  RAb d i s t a n c e s  encountered i n  t r a n s i t i o n  metal 

oxides (3-4 a .u.) ,  the  d i f f u s e  acra c h a r ~ e  d i s t r i b u t i o n  s t i l l  

has a  f i n i t e  va lue ,  eg.  f o r  ~i ( 2 3 )  <r 3dp 1.487 a.u. b u t  

<r 49)= 5.766 a.u'. The s i t u a t i o n  f o r  rhenium i s  about the 

same f o r  t i tanium: ( r  5d)=.1.800 and (r 6d= 3.694 f o r  .. 

RRe-0 = 3.5 a . ~ .  



Theref o r e ,  we introduce the parame t e r S  i n t o  our. c a l -  

c u l a t i o n s  f o r  two main reasons:  

, . 
1) We f a c i l i t a t e  t h e  e v a l u a t i o n  of C - B ~ i n t e g r a l  values 

by the f a s t  and easy  c a l c u l a t i o n  of nuclear  a t t r a c t i o n  

C .  ' 

i n t e g r a l s  ( ~ p p e n d i x .  E )  . 
2 )  We q u a n t i t a t i v e l y  . . measure the s h i e l d i n g  e f f e c t s  of 

' 

d i f f u s e  charge d i s t r i b u t i o n s  i n  showing why the simple p o i n t  

charge approximat ion  i s  of no value t o  TBA c a l c u l a t i o n s  of 

perovski-te t r a n s i t i o n  metal  oxides.  

The r e s u l t  of the above a n a l y s i s  i s  shorn i n T a b l e  4 
. . 

u s i n g  nuclear  a ' t t r ac  t i o n  i n t e g r a l s  l i s t e d  i n  Table 5. 

We thereby avoid the extens ive  e v a l u a t i o n  of Coulomb 

and exchange i n t e g r a l s  each time, b u t  a l s o  c o n s t r u c t  a  

c r y s t a l  p o t e n t i a l  which i s  d i r e c t l v  r e l a t e d  t o  the Re03 model. 

As t r ends  become obvious, we may c a l c u l a t e  Coulomb and 

exchange i n t e g r a l s  more a c c u r a t e l y  i f  d e s i r e d  a s  the  TBA 

method i s  improved ( e v a l u a t i o n  of th ree -cen te r  i n t e g r a l s  ex- 

p l i c i t l y ) .  U n t i l  then, our semi-rigorous method w i l l  be.  kep t  

a t  . the  p r e s e n t  l e v e l  of  approximation. 



I ' 

l ~ a b i e  4. Coulomb-exchange i n t e g r a l s  and s h i e l d i n g  param- 

! - . .  e t e r s . f o r . p e r o v s k i t e  t r a n s i t i o n m e t a l  oxides 

I 

i Atomic orb1 t a l s a  
i.i k 
i '  - 1 - 

 he atomic o r b i t a l s  i ,  j ,  k ,  and 1 which have quantum 
numbers n, 2 , and m a re  i n d i c a t e d  by the  i n t e g e r  n g  m. The 
i and j o r b i t a l s  a r e  loca ted  on atom A and the  k and 1 o r b i -  
t a l s  a r e  loca ted  on atom B. O 

b ~ h e  value of the  Coulomb i n t e g r a l  i n  atomic u n i t s  of 
27.2 e.v.  a r e  ind ica ted  by C .  E l e c t r o n  1 i s  i n  the o r b i t a l s  
i and j and e l e c t s o n  2 i s  i n  o r b i t a l s  k and 1. 

 he value of the corresponding exchange i n t e g r a l  i s  
i nd ica ted  by X and i s  i n  atomic u n i t s  of 27.2 e.v. 

d ~ h e  value .of the d i f f e r e n c e  i s  cor rec ted  f o r  the r e -  
normal iza t ion  of 5d and 6s o r b i t a l s  where necessary.  

e ~ h e  s h i e l d i n p  parameter i s  indicated by S .  I t  i s  
ovalua tcd  by tho fo l lowing expreoaion: 



Table 4( Cont. ) 

Atomic orb1 t a l s  

L ' .  1 5 - 1 C X C -x/2 S 



Table 4(Cont . )  

Atomic o r b i t a l s  
i .  .. - . L '  k 1 C X c -x /2  . S 

0.028791 -0.002830 
0.030923 0.000000 
0.028911 0. oooooo 



Atomic o r b i t a l s  
~j I, J 5 - 1 C .  x c -x/2 s 

0.110093 -0.006283 
0.111291 0.000000 
0.111854, 0. oooooo 



Table 4(Cont .) 

Atomic orb1 t a l s  
I . J .  k - - 1 - C X c - x / 2  S 



Table 4( Cont. ) 

Atomic o r b i t a l s  
.. i - A i k  - - 1 c . X 



1 

Atoxic o r b i t a l s  
! 1 
.- 1 k 1 - 



Table k(Cont. ) 

Atomic' orbI t a l s  
I - .  J k - 1 C X 



Table 4( Cont .) 

Atomic o r b i t a l s  
" i - J k  - - 1 

o .078509 -0 .002148 
0.079038 0. oooooo 
0.079033 0.000000 



Table k(Cont- ) 

Atom5 c orbitals 
i J k - - 1 - 



Table 5 .  Nuclear a t t r a c t i o n  i n t e g r a l s a  c a l c u l a t e d  f o r  
perovski t e  t r a n s i t i o n  metal  oxides i n  the 

. .  rhenium t r i o x i d e  model 

P o t e n t i a l  
'center  A 

Quantum numbers ~ i s t a n c e '  
of o r b f t a l s  

a ~ h e  I n t e g r a l  values.  a r e  i n  atomic u n i t s  of 27.2 e  .v. 

b ~ h e  quantum numbers n,  a ,  and rn a r e  expressed as  an 
l n t o q e ~  n2 m.  The i nd ica ted  o r b i t a l s  are.  on c e n t e r  B. 

C 
Tho d j  s tance  between po ten t fa1  c e n t e r  A and the i n -  

d jca ted  o r b i t a l s  on c e n t e r  B 5s expressed i n  Bohr u n 5 . t ~ .  

d~~ i s  any element whlch f i l l s  the perovskl te  hole .  



P o t e n t i a l  . Quantum numbers D i s t ance  
of o r b l  t a l s  

< I i j ) .  
c e n t e r  A A 

' 5  - 

Re 
0 
AN! 
Re 
0 
AM 
Re.  
0 
AM 
Re' 

0 
AM 
Re 
0 
AN 
Re 
0 
AM 
Re 
0 
AX 
Re 
0 
AM 
Re 
0 
AM 
Re 
0 .  
AV 
Re 
0 
AM 
3e 

. o  
.. AM 



ATOMIC ORBITAL F U N C T I O N S  AND EWERGIES 

. . 

Using the va lues  of r,,, ' f rom Mannfs da ta  (29), we used 

$quation 55, t o  o b t a i n  ' the o r b i t a l  exponents of the rhenium 

68 and 6p and o t h e r  ns and np (n = 2,3 ,4)  ST0 expansions 
54 --- 

resulting from Equation 5hi. The expansion c o e f f i c i e n t s  were 

then  found by the  Schmidt .or thogonal iza t ion  procedure and 

l i a t e d  i n  Table 6. 
' . /  

Using a least-squares-program 'proposed by R a f f e ~ t t i  

we have been a b l e  t o  express  a l l  p r i n c i p a l  quantum number 

STOts i n  terms of 3d, 3s and 3p ST0 ( s  f o r  the  Basch-Greg Sd, 

6s and 6p f u n c t i o n s .  The Basch-Gray func t fons  a r e  l i s t e d  i n  

Table 7. The R a f f e n e t t i  l e a s t  squares  f i t s  a r e  shown below 

Table 7. The resulting-functions a r e  compared both  g raph i -  

c a l l y  (F igures  6 t o  8) and i n  .Table 8. . A comparison of 

r a d i a l  expec ta t ion  values f o r . < r q > , f n  a.u. (q=2,-1,0,1,2)  i s  
. .  . 

given i n  Table, 8.. Outer r e g i o n  ' r a d i a l  p r o p e r t i e s  'depend 'on 

r e l i a b l e  < r) and (r2> ' va lues  while inne r  p r o p e r t i e s  depend 

o n  ( r - l >  and < rw2> values .  I t  can be s e e n  t h a t  excep t  

f o r  < r -2 )  va lues ,  we obtained a l e a s t - s q u a r e s  f i t  f u n c t i o n  
. . 

which appears  t o  be adequate f o r  making two-center i n t e g r a l  

c a l c u l a t i o n s .  The ' o r j g i n a l  SCF type f u n c t i o n s  w i l l .  be uaed t o  

eva lua te  a l l  one-center i n t e g r a l s .  Thus, the def i c i e n c i e s  i n  

the nodal behavior a t  the nucleus,  ae  e ~ h i b I t e d . b j < r - ~ >  , of 

the  f i t t e d  f u n c t i o n s  need n o t  be of concern I n  the  TBA c a l -  

c u l a t j o n s .  Cusaohs ( k 9 )  has made a c a r e f u l  s tudy  of r a d i a l  

.p roper t jes .  v s  .' i n n e r .  and ou te r  behavior .  
, .  



Basch-Gray 
Least squares 

- 0.2G 

-0.4C 
0.0 . 2.0 4.0 6.0 8.0 ' 10.0 12.0 14.0 16.0 18.0. 20.0 22.0 

R (BOHR UNITS) 

Figure 6. ~ ( 5 d )  vs. R e  



+ = Basch-Gray 
o = Least squares f i t  

0.0 2.0 4.0 6.0 . 8.0 10.0 12.0 14.0 16.0 180 20.0 22 
R (  BOHR UNITS) 

Figure, 7. P ( 6 s )  V S *  R e  



R(B.0HR UNITS) 

Figure 8 .  P ( 6 p )  vs,. R. 



1 '  

I Table 6, Coeff i c i e n t  m a t r i ~  elements for Schmidt or tho-  
I gonai lzed  atom1 c  o r b i t a l  r a d i a l  f u n c t i o n  used 
! .  
I . i n  t ight -b inding  c a l c u l a t i o n s  of rhenium trl-- 

. oxide energy bands i 
I 
I 
i '  
/ atom 
I 

RHENIUM 3d 1 1  
4d .1  2 

2 2 
5d 1 3  

2 3 
' 3  3 

8 
These e r e  elements of 'ma t r ix  T  which f s upper trf - 

The Schmid 
n;J1 :m' are  

t orthogonal ized fund t idds  
taken aa a l i n e a r  combina 

v l  where 

, with . . 

o f .  

uj=vlTlj+~2T2j+ ... + v j T j j  with i=1, ... , nl-2 '  o r  j. 

Thus; ' the ST0 b a s i s  se t  v is mapped by 'J i n t o  a  s e t  of func-  
t i o n s  UJ which e r e  orthog&nal or/u(jiuk dv=sjk. 

b ~ h e  p r i n c i p a l  quantum number ni f o r  ST0 v 
1' 

 he o r b i t a l  exponent& f o r  ST0 v i e ,  
, 

. . 

d ~ h e  rhenium Sd vi is a  double-ze t a  STO. 



Table 6( cone ) 



_ __ _.. . _ _ ._. ._._.  .__._ ._. ..... ..... .... ..... ... ...._. . -  . 

Table '7. Besc h-Gray rhenium f u n c t i o n s  

Orbf t a l  na Expansion O r b i t a l  
coeff  l c i e n t  exponent 

a ~ h e  p r i n c i p a l  quantum number of the  S l a t e r  type 
o r b i t a l  b a s i s .  

b ~ h e  l e a s t  squares  f u n c t i o n .  fis. 
5d=C .583504(1.54671) +0.668&0( 3 -55414) 

-0.505987( 8.16695) +0~84065(18.76656) where 
the number i n  'parenthes is  i s  the o r b i t a l  exponent and the 
number preceding the pa ren thes i s  i s  the corresponding coef-  
f i c i . a n t .  

C 
The l e a s t  squares  f u n c t i o n  is 

6s=-0.179G20(0.9?199)+2.03~32(  1 m 8 8 )  
-1.246671(2.45917)-0.547268(3*87195) 
+0.869837(6.09637) -0.307880(9.59670) 



8 . . .  . 
Table 8.; ' ~ n i l l y e i s  ,of l e a s  t - s q q a r e ~ ~ f i t  i u n c  t i o n s  for..rheni.w..-a.tomic-orb~t.a.~~ .. . .. . 

. 

_ - 
/ SCF type Weighted Weighted Weighted Radial  . expec ta t ion  vai.uese . ' 

func t ionb  . s e l f - o ~ e r l a p  se l f -over l ap  mean-squa e  
E a ( r q S C F )  < of SCF of LSF type d e v i a t i o n  

. . 

' h a s t - s q u a r e s o f i t  func t ions  a r e  r e f e r r e d  t o  a s  LSF type.  See Table 4. 

b ~ h e  f u n c t i o n  which i s  f i t t e d  i s  based upon s e l f - c o n s i s t e n t  r a d i a l  func t ions  
(SCF). . 

C ~ h e  weighted s e l f  - o v e ~ l a p ,  S, is defined a s  S= z[f(rp) ) 2r where f ( rp)  i s  . 

the value of the func t ion  a t  the r a d i a l  d i s t a n c e  rp. 30) ;,, 
P 

. . 

d ~ h e .  weighted me.an-square dev ia t ion ,  D ,  i s  def ined  as : .(ha) 

eAtomlc u n i t s .  . .  . 



Table 8'( Cant ) 

SCF type Weighted Weighted Weighted Radlal expec ta t ion  va lues  
f u n c t i o n  . se l f -ovar l ap  se l f -over l ap  mean-square 

of SCF of LSF type dev ia t ion  g < rqsCF) < rqiSi) 

Basch-Gray 6p 0.040575 0 .038971 0.001604 -2 0.381871 0.184165 
-1 0.405748 0.389708 

0 0.999970 0.996415 
1 2.798682 2.795655 
2 8.436718 8.421913 5 a<e 

3 27.098299 27.076257 



Table 9. Comparison of Schnid t  or thogonal ized f u n c t i o n  
radf a1 expec t s t i o n  vslues wf th Mannq s SCF 
~ e s u l t s  f o r  n a u t r e l  rhenium ( a . u , )  

.. Func ti on ~ a d i a l  expec t a t 1  on value 

9 < X - q ~ ~ ~ B )  <pqMnNN > - 

Basch-Gray Sd 

 he subscript SOP means Sc,hmidt or thogons l ized  
f u n c t i o n .  

b ~ h e  single za t a  S l a t e r  type o r b i t a l  bnsls set based 
upon Manwqs SCP r,,, values  are S c h f  d t  o ~ t h o g s n a l b z e d  t o  
g ive  analyt ical  functions which are labeled SCF. 

 he weighted m a n  square d e v f a t i o n  of the least- 
squwes - f i t  (LSF) f u n c t i o n ,  D, 1s 0.003403. 

The Sd end 6s r a d i a l  f u n c t i o n s  f o r  n e u t r a l  rhenium i n  

Table 6 were f i t t e d  by n=3 STOts and the c a l c u l a t e d  < r q > ,  

r a d i a l  expec ta t ion  values,  of our b a s i s  s e t  f o r  rhenfurn a r e  

cornpa~ed with M&nn9s va lues  i n  Table 9. The 6s and 6p least 

aquares func t ions  ' f o r  the  n e u t r a l  rhenium atom are 'shown i n .  

' Table 1'0. 
. . 



I 

1 .  
I '  

Table 10.  Leas t  squares  f u n c t i o n s  f o r  6s and 6p o r b i t a l s  

! 

, Prbital Leas t  squares  funct iona  

! 

j 
I . a ~ h e  number i n  the pa ren thes i s  i s .  the  o r b i t a l  exponent  
,and the number preceding the pa ren thes i s  i s  the  corresp.ondin@; 
expansion coeff flcient. 

. .. .. ;> 

Using programs based upon Appendix F,  we have ca lcu la ted  . . 

- -- - - /-.-. 

the atomfc o r b i t a l '  energy parameters ( s e e  Table 11) which 

w i l l  be put  i n t o  the TBA c a l c u l a t i o n .  The formula t ion  f o r  

c a l c u l a t i n g  S1.ater-Condon parameters i s  obtained ,from 

Ros and &hu5 t i 3 6 ) .  



Table 11. Re03 orb1 t a l  energy parame t e r s a  . . 

Orb1 t a l  Two-elec t r o n  i n t e r -  One c e n t e r  Core O r b i t a l  . 

ac t5 on energy kine t i c  energy energy  energyC 

3 9 g(f,j) - 
. . 

OXYGEN 29 1s 2s 2.2065 3 6.24103 -14.079.6 -2.072135 
!i 2p 2s  1.4947 4 

2s 2s  1.615272 

OXYSEN 2p Is 2p 2.350730 5.76677 -13.4445 -0.721791 
2s 2 p  1.494784 
2p 2 p  1.677232 

a ~ r b i  t a l  energy  paraine t e r s  a r e  i n  Rydberg u n i t s .  

b ~ h e  core  energy of t h e  j t h  o r b i t a l  i s  expressed  a s  t he  va lue  of t he  
i n t e g r a l  <bj 1 - - 3 1 dj) where Z i s  the  bare  n u c l e a r  charge .  

j 
I' 

C ~ h i s  i s  the  orbl . ta1.  energy  f o r  the  n e u t r a l  atom. 



. . 
. . 

Table ll( Cont . I  

O r b i t a l  Two-elec t r o n  i n t e r -  One c e n t e r  Core Orb3 tal 
a c t i o n  'energy kl ;net ic  energy , energy energy 

f 1 g(i,J) - 

RHENIUM gd 4s Sd 1.468756 
4 p  .Sd 1.470050 
4d Sd 1. .418938 - . 
4fd Sd . 1.452356 
5s Sd 1..211320-' 
Sp Sd 1.170556 
5d 5d 1.076252 . 

6s Sd 0.,626782 . . . . 

6p Sd 0.619'212 . . 

RHENIUM 65 

d~asch-Oray  4f func t j  ons have been used t o  eva lua te  g(4f, j) terms. , . 



O r b i t a l  Two-elec t r d n  i n t e r  -. , One ce'nter. Core O r b i t a l  . . 

a c t i o n  energy kine t i c  .energy energy energy 

59 6s 0.639848' RHENIUM 6s 
5 p  6s 0.648272 
Sd 6s 0.626792 
6s 6s 0.547078 



j 
. 1 :  E(k) - VS. - k AND DENSITY OF STATES 

/ 

I ,  ' 
The eigenvalues of c r y s t a l  o r b i t a l s  y i ( k , r )  e r e  EL(&) 

f 'or the f t h  energy band. Since the energy i s  .a  p e r i o d i c  
. I 

f u n c t f  on of' k, the  k vec to r s  which are t o  b.e chosen f o r  band 
I - - 
! 
c a l c u l a t i o n s  can be r e s t r i c t e d  t o  l i e  w i t h i n  a u n i t  c e l l  of 
I 
wave vec to r  o r  momentum space which I s  c a l l e d  tha pr imi t ive  
I 

. . 
B r i l l o u i n  zone. 
! 

1 Rhenium t r l o x f  de and the perovaki te t r a n s i  tPon ma tal 

1 
oxides belong t o  t h e  cublc  apace group Oh. In r ee fp roca l  

o r  wave vec to r  space,  the f i r s t  B r i l l o u i n  zona i s  a cube wi th  

s i d e  2 s  /a - where - n i s  tbe l a t t i c e  .cons tant .  For  ReOj, 1s 
0 .  

3.7477 A (37) A l l  of the 3ymmet;ry po in t s  and l i n e s  found i n  

t he  simple .cub: c  B r i l l o u i n  zone can be placed on t h e  su r f  ace 

o f  a polyhedroil which i s  only 1/48 of t h e  B r i l l o u i n  zone 

volume (Figure  9 ) .  Thus, the choice of - k vec to r s  can  be 

r e s t r i c t e d  f u r t h e r  t o  l i e  withfn the  1/48 volume. SPater  ( S 6 )  

lists . the  degeneracies  of the - k vec to r s  which coYsrespond t o  
. . 

symmetry po in t s  and l i n e s  on the su r face  of the 1/48 E r i l l o u l n  

zone. A non-symmetry p o l n t  wi th in  t h i s  s m f a c e  r e p P e s e n t s . a  

t d t a l  of 48 p o i n t s  i n  the e n t i r e  B r i l l o u i n  zone because of the  

' space.  group symmetry. 

A convenient choice of 56 p o i n t s  shown i n  Table 12 was 

used t o  o b t a i n  the energy bands of Re03. KTaO3 and NaW03. 

These po in t s  ape evenly  spaced i n  the 1/48 B r i l l o u i n  zone wi th  

a cubic mesh of s i d e  0.2 %/a. - This  choice r e p r e s e n t s  1000 

p n f n t s  'In the en t i r e  B r l l l o u f n  zone, 





Table 12.  K - vec to r  b a s i s  used i n  energy band c a l c u l a t i o n  
of perovski te  t r a n s i t i o n  metal  oxides i n  the 
1/48 B r i l l o u i n  zone 

a  Number .. kx kz gb Number kx k?7 kz g 

a ~ h e  k,, k y  and k, components of k  a re  i n  u n i t s  of 
O . 2 ~ / a  - where - a  i s  the l a t t i c e  constan7. 

b~he:nurnber of po in t s  i n  the  e n t i r e  Br i l l .ouin ,  zone 
a re  ' i nd ica  te.d. 

, . 



I n  Figure G l  (Appendix G ) ,  we see the E(k) - vs .  k curve 

and the d e n s i t y  of s t a t e s  histogram. The E ( k )  - vs .  - .  k values  

f o r  , X, N, and R syrnme trg p o i n t s  a r e  l i s t e d  i n  Table G 1  

.. (Appendix G )  . Note. t h a t  the E(k) - v s .  - k curve i s  l i m i t e d  t o  

the r eg ion  1 .0  t o  -4.0 riydberg u n i t s .  This range was taken 

because we wish t o  stlaw the important  d e t a i l s  of the energy 

bands i n  the r e g i o n  of the Fermi energy wh>,ch has been found 

t o  be -1.4828 Rydbergs. Only the top  and lowest  bands whi.ch 

a r e  excluded from Figure G I ,  a re  r ep resen ted  by the f o u r  

examples i n  Tables G 2  t o  G5 t o  roughly show t h e i r  reltitive 

v a r i a t i o n  i n  k - space.  

The histogram .for the d e n s i t y  of s t a t e s  i s  determined 

. . 
, . a s  fo l lows.  rJe choose an  increment of energy E and count  

. . 

the number of e n e r g p  l e v e l s  (1(k) - c a l c u l a t e d  a t  1000 - k 

v e c t o r s )  N(E) wi th in  a  p a r t i c u l a r  .energy i n t e r v a l  E t o  

. ,  E + A E .  Thus, the. dens f ty  of s t a t e s  G(E) a t  an  energy E i n  

each  u n i t  c e l l  volume i s  

where the  f a c t o r  of 2 i s  included t o  account f o r  the s p i n  

djegs~lcI?acy. p i s  ths 3u.m of k - vectors taken, i . e .  1000 

r e s u l t i n g  from the p resen t  mesh taken f o r  the 1/48 zone 

(Table 1 2 ) .  The energy a x i s  i s  divided  i n t o  increments E + 

n & (n=0,1,2.. .) and the p a r t i t i o n e d  columns formed from 

G(E) produce the histogram. 

There a re  25 valence e l e c t r o n s  considered i n  the Re03 

c a l c u l a t i o n ,  seven from rhenium and s i x  each  from the t h r e e  

oxjqen atoms. . The computed energy bands must accommodate 



. . 

j I 106 
I 

i 
' I ,  

j 
ithese 25 e l e c t r o n s  v i a  the P a u l i  exc lus ion  p r i n c i p l e  by 
I 

, f i l l i n g  the  energy bands .below the  Fermi l e v e l  w i  t h  two 
I 

. ' I  
elec . t rons  each. 

I 
I .  

1 .  I n  order  t o  s impl i fy  the c a l c u l a t i o n  of the Fermi 'energy,  . . 
. . 

I 
lwe guess  st which  bands a r e  d e f i ' n i t e l y  f i l l e d  and cons ider  
I 

. . 
'only those bands whfcn a r e  wi th in  the  r eg ion  of where we 

i 
expect  the Fermi l e v e l  t o  be. For ReOj, we a r e  l e f t  w i t h  nine 
j .  

I 
e l e c t r o n s  which a r e  t o  f I l l  l e v e l s  t o  the Ferrnl energy. 
I 

I The de terminat ion  of the Fermf energy is simple 1 

' a r i thmet ic .  The number of ' t imes an energy corresponding t o  

a given - k i s  counted (on  the b a s i s  of If vec to r  degeneracies  

l i s t e d  i n  Table 1 2 ) .  Then, we number the  lowest  energy l e v e l  

one and proceed numbering ene rg ies  t o  the next  lowest  l e v e l  

and s.o f o r t h ,  u n t i l  the  l i s d  of e n e r g i e s  i s  exhausted.  For 

example, if t he re  a r e  nine e l e c t r o n s  o r  4.5 e l e c t r o n  p a i r s  and 

1000 - k vec to r s  i n  the B r i l l o u i n  zone, 4500 energy s t a t o s  w i l l  

be occupied, and all higher  ene rg ies  w i l l  be unoccupfed. 
0 

Thus, the  approximate P e r ~ i .  energy.  l i e s  somewhere be tween 
. . 

. energy number 4500 and 4501. General ly ,  both  ene rg ies  have 

. . 
t h e  same value.  

The d e n s i t y  of s t a t e s  a t  the Fermi energy, G(E~), i n  the 

. . 
independent p a r t i c l e  model, is r e l a t e d  t o  the  e l e c t r o n i c  

$ .  

s p e c i f i c  bea t ,  Ce, by C, =%T. 

a 3 s  the. l a t t i c e  conatant ,  k i s  Boltzmannls cons tan t ,  and No - 
. . 

i s  Avagadro.Is number. . 1.f G(Ef) i s  expressed as s t a t e s  
! 



-e,.v.-'-cm-3, % i s  given by j o ~ l e s - m o l e - l - d e ~ - ~ ,  and - a i s  

expressed I n  angstroms, eva lua t ion: .  of the  phys ica l  cons tan t s  
r l 

g i v e s  (1) : 

Taking the value.  o f  G(Ep) a t  A E=.05 Rydberg u n i t s ,  21.1 

e l e c t r o n  s t a t e s /Ryd . -un i t  c e l l  o r  2.94 x lo2* s t a t e s  -e.v. -1 
. . 

!, " 

-crn03, one ob ta ins  -6 from Equation bS and f i n d s  i t  t o  be 

3.66 x 10-3 j oulea-m61e-1deg-2 ,. 

Thua, by a measurement of the spec i f  i c h e a t  of ReO3 a t  

low temperatures such a s  Sandin and Keeson ( 5 2 )  have done f o r  

reduced Ti02, the cons tan t  d can be found and c o m p r s d  with 

our value.  A t  t h i s  t ime, we know a t  l e a s t  that our N(E) vs.  E 

a t  Ef c o r r e l a t e s  w i t h  the  f a c t  t h a t  Re03 i s  a conductor as i t  

has  been found exper imenta l ly  (53 ) .  

The F e r n i  l e v e l  actualZg Pfes  c l o s e  to. a peak.  i n  the  

d e n s i t y  of s t a t e s  which amounts t o  64 e l e c t r o n  s tatas . /Ryd.-  

u n i t  c e l l .  The value of 21.1 s t a t e s b g d .  was ob ta ined  by 

c o u n t l r q  the number of s t a t e s  just. above t h i s  peak. Since the  

gap between the Fernii l e v e l  and the next  higher  peak is f i l l e d  
. . 

by a c o n s t a n t  number of s t a t e s  (20-21) and the r e s u l t s  ('51) 

f o r  sodium tungs ten  bronzes a re  of t h i s  magnitude, we f e e l  

t h a t  t h e ' v a h e  o f 2 l . l  a t a t e s /Ryd .  is '  n o t  unreasonable.  

I f  rhenium t r i o x i d e  is slightly reduced, e g .  'Re02099, 

the  . s p e c i f  i c  h e a t  a t  low temperatures  should.  have a n  out -  



s tanding  Increase  above that of the. pure substance t o  the  

e x t e n t  t h a t  Ef l i e s  above t h e  2pq peak.  ' ~ e r t a i r h ~ ,  ' s u c h  

me,asurements would help t o  t e s t  our d e n s i t y  of s t a t e s  
.. . 

p i c tu r e  . 



i .  
I RESULTS OF Th% MULLIKEN POPULATION ANALYSIS OF ReOg 

1 :  

i I n  Tables G 2  t o  G5 (Appendix G ) ,  'we show the r e s u l t s  of 
. . 

/the Mulliken popula t ion  analyses .  We use ~ ~ u a t i o n  23 t o  

I ' 
iobtain the $ o r b i t a l  c o n t r i b u t i o n  of atomfc o r b i t a l s  t o  

. /  
I 
c r y s t a l  o r b i t a l  - i with  e i g e d u n c t i o n  y i ( h , r )  - - (normalized t o  
I 

'one) and eigenvelue Ei (k)  a t  the  symmetry p o i n t s  i((gamma), 
i 

- 
IX,' M and R.. 

I 
The main c o n t ~ i b u t i o n  t o  the c r y s t a l  s t a t e s  immediately 

I 
I 

below the Fermi l e v e l  comes from oxygen 2pd o r b i t a l s .  ~ h e s e '  

o r b i t a l s  .form narrow bands which a r e  r a t h e r  i n s e n s i t i v e  t o  

change i n  t r a n s l a t i o n a l  symmetry; a s  evidenced by the  very  

, f l a t  group of bands st the  Fermi l e v e l  i n  Figure G 1 ,  The 

e l e c t r o n s  i n  these  bands are l o c a l i z e d  on the  oxygens by 

t h e o v e r l a p  c r i t e r i o n .  The Re-0 eg type bands c r o s s  the  .Permi 

l e v e l  ( s e e  .Figure 10 whfc.h i s  a magnff ica t ion  of the  r e g i o n  

about  the  Fern1 l e v e l )  and, t h e r e f o r e ,  c o n t r i b u t e  t o  the 

conduct ion band, b u t  the d i r e c t i o n  of the  "Eg" Qnd-Fermi 

energy i n t e r s e c t i o n  c o n t r i b u t e s  l i t t l e  t o  t h e  21.1 e l e c t r o n  

a ta tes /Ryd.  discusse.d i n  the pr%vlous s e c t i o n .  This is so 

because the der iva t ive ' ,  N ( E ) / A E ,  i s  smal l ,  

An i n t e r e s t i n g  th ing  happens a t  the  R symmetry p o i n t  

uhere s t a b i l i z a t i o n  of tzg type bands ( R a 5 1 )  br ings  d a  - 2 ~ ~  

. s t a t e s  very  c l o s e  t o  the Fermi l e v e l .  A dXy type band (M?) 
d 

a l s o  coxries c lose  t o  the  Fermf l e v e l  a t  the M symmetry p o i n t .  
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Flgura 10. Re0 energy bands near Fermi energy (numbers label 1 th energy band) . . . 
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The. small  curvature  of the conduction bands a t  R 2 5 ,  and Mj 

c o n t r i b u t e  mainly t o  t h e  21.1 e l e c t r o n  s t a t e s  a t  . the  Fermi 

l e v e l .  Then d, - 2 ~ ~  bands glvo r i s e  t o  a l a r g e  number of 

- 8 t a t o s  from the Fermi l e v e l  , t o  - 1  .O Rydbergs. Theref ore ,  

wi'thin . the  . .  l i m i t s  of our TBA, the Sienko-Goodenough dK - p* 
.' I - ..' . . 

model \ ( 3 9 ,  40) a p p l i e s  to-ReO3. 

The l o c a l i z e d  Oh molecular o r b i t a l  p i c t u r e  of ReOg 

q u a l i t a t i v e l y  ag rees  wi th  o u r  bands a t  .the and R s y m e  t r y  

p o i n t s ,  9 .g.  the tlu(bp and 2 p ) ,  t 2g +tot 2i3 (5dK -2p, ) ,  eg-:--e 6 

( S d 6  - 2 p g  ) , and alg*(bp) -alg(2s) o r b i t a l s  a re  the main 

c o n t r i b u t o r s  

Tables 

bands and and f d o n t i f  fed such 

The s e l f - c o n s i s t e n t  c r y s t a l  p o t e n t i a l  (obta ined  by'. 

c a l c u l a t i n g  56 - k vec to r s  a t  .7 minutes/k - v e c t o r )  involved 

a l eng thy  and expensive computation without some p r i o r  edu- 

. ca ted  guess  about approxfmate charge d i s t r i b u t i o n .  We, there-  

f o r e ,  sought a method to :  o b t a i n  the  approximate charge . d l s -  

t r l b u t i o n  f o r  a g iven  - k vec to r ,  i n  o rde r  t o  guess  occupat ion 

numbers . bef , ole e x e c u t i n g  an entire B(k) - vs .  - h c a l c u l a t i o n .  

Three values 

va lues  were 

damping cons tan t ,  .h , 

and 

t r i e d .  

The k vector  was chosen t o  be 

c a l c u l a t i o n  cyc les .  The 

These 

Pfulllken popula t ion  nmlysfs was accomplf,shed by assumfng t h a t  

E12(5,f)=Ef. I n  Figure  11 we see t h a t  -& =8 gives  the  b e s t  

c o n t r o l  over chapge d i s t r i b u t i o n  oecf l l a t i o n s  ( i n d i c a t e d  by 



- 
CYCLES 

Figure 11. Variation of rhenium enorgy bands during three 
cycles  ( ' " 3  =2.  ---.%=4, - . - 3 =8,) 

\ 
! 



var , i a t ion  of meta l  band e n e r g i e s )  which occur i n  the s e l f  - 
cons is tancg cyc l ing  procedure.  Furthermore, j\. =8 gave good 

convergence f o r  the  metal o r b i t a l  charge d i s t r i b u t i o n s  a f t e r  

'5  cyc les  a t  - k = (0.0,0.0,0.0),  (Figure 1 2 ) .  

- 
Comparison of assumed-calculated charge d i s t r i b u t i o n s  

using 3 =8 f o r  a l l  - k vec to r s  w i t h  ppoper weighting of k - 
vector  degeneracies  i n  the  e n t i r e  B r i l l o u i n  zone can be 

made from Table 13. 

The- 6p type l e v e l s  a t  spnmetry  a r e  spread widely a p a r t ,  

b u t  converge t o  a narrow band near  R symmetry. This  phenom- 

enon i s  a n  i n d i c a t i o n  of the incomplete se l f - cons i s t ency  of 

6p charge d i s t r i b u t i o n s  which have no t  get  converged t o  the 

eame v'alue f o r  the  bp,, 6px and 6py Bloch sums. 

Because of the convmgence of o the r  charge d f s t r i b u t l o n s  

(Sd ,  6s,  Zs., Zp) ,  we f i n d  t h a t  only 1 t o  2 c y c l e s  u s i n g  e l l  

56 vec to r s  a r e  necessary t o  approximate s e l f  - c o n s i s t e n t  

t ight -b inding '  energy bands. The f a c t  that t he  6p s t a t e s  do I 

n o t  converge t o  SCF s t a t e s  1s' no t  a s e r i o u s  problem because of 

the  small mixing of 6p s t a t e s  wi th  o t h s r  rhenium and oxygen 

s t a t e s .  



Flgure 12. Varlatlon of rhenium atomic orbital. occupation 
' . numbers at ji =8 ( - - - -  assumed and . calculated.), . 

\ 



Table 13. R e 0  charge distrfbutf on8 
3 .  

Orbital  In1 e i a l  charge C y c l e  one for Cycle t w o  for 
dis t ~ i b u t l o n ~  56 & vectors 56 5 vectors 

assumed calc .  assumed c ~ P c .  

aValues p r i o r  t o  iteration a t  - k=(O.O,O.O,O.O) .  



I I 'm CORRELATION OF THE JOINT DE~JSITY OF STATES WITH 1 THE IMAGINARY .PART OF TIZE DIELECTRIC CONSTANT 

i 

I .  * 
/ : I n  the r e f l e c t a n c e  method (54) , one determines the r e f  l e c -  
j 

. t i v i t y  R which i s  g iven .  by . '  
I . . I 
i 

2 + k2) i R = ( (n -1 )  + k 2 ) / ( ( n + l )  - (66) '  
i 
I 
where n I s  the r e a l  and k is the imaginary p a r t  of the r e f r a c -  
i 
f i v e  index. The complex d i e l e c t r i c  cons tan t ,  E I i s  r e l a t e d  

. . 

t o  n and k ,by 

' 2  2 where the r e a l  p a r t ,  E i s  n -k and the imaginary p a r t ,  E 2, 

i s  2nk. e 2 i s  a f u n c t i o n  of a photon f r e q u e n c y , ~ ,  (54.) i . e .  
* 

where. s, .h and m a r e  the  e l e c t ~ i c  charge,  ?lanck s cons tan t  

d iv ided  by 2 r ~ .  and the  e l e c t r o n  mass. The subsc ip-ts and 

. .  . " r e f e r .  t o  occupied and unoccupied bands, r e s p e c t i v e l y .  .w  ( k )  
osu 

corresponds t o  the e l e c t r o n i c  t r a n s i t i o n  energy a t  a p a r t i -  

c u l a r  wave vec to r  - k OF w o,u ( k ) = ( E u ( k ) - E o ( & ) ) b .  - The mo- 

mantum matr ix  element,  M,o,u(&), ,  i s  expressed a s  (vo(k,r) \ - 
iv\yu(k,r)> - - between c r y s t a l  o r b i t a l s  o and u (Equat ion 7).  

Mo,u(&)*.Mo,u(&) or  I M  i2 is  r e l a t e d  t o  t h e  t r a n s i t i o n  
0,u 

p r o b a b i l i t y .  of a n  e l e c t r o n  i n  s t a t e  o being promoted b y  some 

. electromagnet ic  i n t e r a c t i o n ,  e g .  l i g h t  waves, i n t o  s t a t e  u. 

i 

! 



The d e l t a  f u n c t i o n  i s  def ined  by 

The momentum matr ix  element can be considered t o  be 

c o n s t a n t  throughout the B r i l l o u i n  zone ( B . Z . )  and the  f a c t o r  

4n2e%/3m2u2 may be taken a s  a  cons tan t  a s  wel l .  Thus, 

the behavior of E 2 i s  determined e s s e n t i a l l y  by the q u a n t i t y  

J 0 ,y  ( W )  = A *  

B.Z. 

which i s  the j o i n t  d e n s i t y  of s t a t e s  f o r  the two bands 

indexed by o and u . F e l n l e i b  (14) po in t s  out  t h a t  t h i s  

q u a n t i t y  could be an important '  parameter i n  energy band c a l -  

c u l a t i o n s .  Accordingly, Jo,u ( w )*A cu f s ' the number of p a i r s  
x 

of s t a t e s  i n  bands -0 and u wi th  

h(& - AU /2) k ( E x  (k)-E - o ( k )  - ) 6 .k(w + ~ q 2 )  

Brust  ( 5 5 ) '  sugges ts  a  sampling procedure w h i c h r e p l a c ~ s  the 

i n t e g r a l  i n  Equation 70 by a f i n i t e  sum. We have 

where - k i s  a  s e t  of uniformly spaced sampling po in t s  l y i n g  

wi th in  the f i r s t  B.Z. The sum i s  def ined  f o r  a s e t  of values 

such t h a t  W - U  + A & .  ~ 3 k . 1 ~  the  volumesurrounding 
i+1- i 

the sampling ' po in t s .  I n  our TBA c a l c u l a t i o n s ,  we take a 



cubic mesh of ~ 3 k =  where - a i s  the l a t t i c e  oon- 

~ t a . n t ,  WCJ chose a value of .04 Ryd. for A E to give th@ . ' 

jofnt density of s t a b s  VEI .. energy hf etogram. The d6generac.y 

of - k vectors ,is inclucied i n  th6 sum which gives a ' t o t a l  of 
C '  

. ' . 1000 sampling points i n  the B ~ i l l o u j l n  zone. -The calculated 

Joint  density of s tates  nay be coloparad with & found by 

Peinleib ( 14) . H e  de terminsd opEical properties of Re03 by the 

reflectance method over tt@ photon energy range 0.3 t o  22 e .v. 

In Table- 14 we show 8 comparf son of o w  peaks (Pf  @re 13) in 

the joint dens i ty .  ol s tates  and the msxfma in tho  values 

found by FsfnPeib. 

- Table 14. Joint denai ty  of states peaks of i l e O j  

Rydberg unf ta Elec t ~ o n - v o l t s  Feinleib re su l t s  

We wish to  obtain experimental ver i f icat ion  from the E 

maxima FefnPelb .calculates from re f l ec t1  vf ty  data. .The 

Feinleib peaks rnre placed along aide the c l o s e s t  joint density 



ENERGY (RYDBERGS) 

. . 

Figure  13. J o i n t  density of s t a t e s :  ReO3. 



of s t a t e s  peak. The low energy maximum begins 3.5 e.v. and 

extends t o  4.2 e.v.  where the  l a t t e r  l a  observed e x p e r i -  

mental ly .  Other poaks which are n o t  observed can p a r t i a l l y  

be expla ined  s lnce  the p r o b a b i l i t y  of in t rabend t r o n s l t l o n  

has been neglec ted  i n  ob ta in ing  the j o i n t  d e n s i t y .  of s t a t e s .  

Thus, fo rb idden  t r a n s i t i o n s  i n d i c a t e d  by a zero  momentum 

i n t e g r a l  are iocluded . 
Since a low energy m a x i m a n  has been de tec ted  i n  our 

analysis, we conclude t h a t  our c a l c u l s t o d  r e s u l t s  nave 

c o r r e l a t e d  wi th  the  observed o p t i c a l  p r o p e r t i e s  of Re03. 



FERMI SURFACE 

. . .  . 

?.larcus (15) has made a number -of d e  ~ a a s - v a n  Alphe" 

measu~ements of Re03. Mattheiss was the f i r s t  t o  give a  

t h e o r e t f d l  descr ip t fon of the Ferrnf supface. ,He fin2.s t ha t :  - 
1) The o< shee t  i s  centered c lose  t o  t h e 7  point .  

The constaccy of tb r e l a t e d  a reas .  fn 100, 110, 111, e t c e p  

d i r e c t f  ons ?or the measwe frequenctes,  Implies t h a t  the 

shea t  of the Fern1 surface 1s e s s e n t f a l l y  spher ica l  fn shape. 

The . o r b t i  .i s therefore  closed. 

2) The & shee t  1s l a r g e r  than the  d stmeet bu t  i s  

a l s o  shaped a ~ o u n d  the point .  Howe~ver, it has a more 

cubic shape with rounded co rnws .  This o r b i t  i s  a l s o  closed.  

3 )  Fina l ly ,  the 'd shee t  cons i s t s  of tubas which extend 

out  from the r poin t  aloag a l l  x, y, z di rec t ions .  Besides 

having an  open o r b i t  a t  the 100, 001, 010 l aces ,  a n o t h e ~  

open o ~ b i t  moves along the curvature of the t u b u l a ~ .  s t ruc tu re .  

I n  F i  gure 14, we .give the i n t e r sec t ion '  of tha Fermf 

surface with symmet~y po in t s  and l i n e s  along the 100- and 110 

d i r ec t ions  f o r  the Matthef ss re . su l t s  and o u ~ s .  The overa l l  

agreement with three ahee t-Ferrnf surf  ace theory i s  b e t t e r  than 

expected bu t  two othar  shee t s  a re  found, open a s  the -8 sheet .  

The spher ica l  shee t  about  R can be explained by the s t a b i l i z -  

a t i o n  noted i n  energy bands .a t  R symmetry. Again, no ad jus t -  
. . 

ments have been made i n ' ou r  calcuPations t o  obta ln  these. 

, .  r e s u l t s .  



( a )  Nat the l s s :  Ra03 
. . . .  

(b) TBA method: Re03 . 

Figure 14.. I n t e r s e c t i o n  of Fermi su r face  w i t h  planes defined 
by symmetry points and l i n e s .  



. . 

We now give a q u a n t i t a t i v e ;  wi th in  our TBA l i m i t a t i o n s ,  

answer. t o  the ques t ion  "why i s  rhenium t r i o x i d e  a conductor?" 

'The 2pw energ ies  a r e  r e l a t i v e l y  unchanged from t h a t  of the 
. . .  - 

neutral. oxygen 2p o r b i t a l s  because of Madelung e f f e c t s .  But 

. .. 
5d, o r b i t a i s  a r e  s t a b i l i z e d  by the .Xtidelung e f f e c t  of the  

. . crys ta l .  p o t e n t i a l  a t  R and E( symmetry t o  become s u i t a b l e  f o r  

bonding Hi th  2p, orb1 t a l s  s ince  5d, -2pp over lap  i s  s i g n i f -  

i c a n t  (Table 3) . I t  appears  t h a t  energy bands which should 

be' considered t o  have sone. c.on'tribution t o  the coaduct ion a r e  

. . 6 type bands which ara i m ~ d i a t o l ~  above the  pr band., The 

, 
. metel  6 it or  eg-2 o r b i t a l s  combine wi th  the  oxyeen 2p, o r b i t a l s  

t o  form these 6 ,type bands. Thus, evan though 2p-27 overlap 
. . 

i s  small  and incapable,  of promoting conduction of e l e c t r o n s ,  

. m i x t u r e  w i t h  <d,(tZg) s t a t e s  a t  M and R symmetry where t h e  

minipiurn occurs i n  the conduction band e1.lows the non-bonding 

. 2p .n bands t o  be the prime cause of conduction i n  Re03. 
, 

The s m a l l  and neg'atlve Knight s h l f t  of 187~t3 NMH reson-  

a n c a i n  Re03 measurad bv Narath and Barham ( 5 6 )  c o r r e l a t e s  

with our c a l c u l a t e d  absence of t u n ~ s t a n  '6s s t a t e s  near  the  ' 

Ferrni ].eve 1 . 
. . It i s  i n t e r e s t i n g  t o  observe tha* Mat the iss  a l s o  has a 

bondlng model of the R ~ O ~  Fermi sur face  b u t  wi th  the  5d, 

cont r l .but ion  being the  prime source of conduct ion wi th  small  

contr5.bution of 2pw o r b t t a l s .  Also, he has a n  eg t v e  band 



j j u a t  above t h i s  tag manifold which he a t t r i b u t e s  t o  c r y s t a l  
I 
;e f fe .c t s  of the  o c t a h e d ~ e l  e l e c t ~ o s t a t f c  potentfeol f f e l d .  The 
I 
I 
j s i m i l i r i t y  of h i s  model wi th  ours  i n  the ex i s t ence  of an 
I 
! ' 

:eg-tpg arrangement sugges ts  t h a t  pe rhaps  our TBA method i s  
I 
' descr ib ing  phys ica l ly  the same p i c t u r e  a s  the RPW method. 
! 
! 
[This may e x p l a i n  how. our r e s u l t s  c o r r e l a t e  wel l  with cxper i -  

'ment as M a t t h e l s s '  r e s u l t s .  
, . 

I 

/ We have an eg-x- oo 6 6 band where Mattheis8 does, b u t  a: 

i 
:good p o r t i o n  of the 5dz2-5dx2 -7 2 c o n t r i b u t i o n  i s  wi th in  the 

.2s bands which a r e  Blso d I f k e  . ~ h e a b i l i  ty of the  TBA 

method t o  q u a n t i t a t i v e l y  aatalyze atomic orbf t a l  c o n t r i b u t i o n s  . . 

al lows u s  t o  g a i n  a c l e a r e r  p i c t u r e  of chemical b inding  i n  

s o l i d s .  This i s  poss ib le  because we intr 'oduce chemical 

concepts  d i r e c t l y  i n t o  the TBA modal. For Ins tance ,  we 

' include overlag and s l e c  t r o n i  c f n te rac  t i o n  terms e x p l i c i t l y  

i n s t e a d  of using empfrical .  parameiars.  Then, a p p l i c a t i o n  

of the Mulliksn popula t ion  a n a l y s i s  fo l lows t o  ~ f v e  a ,complete 

p l c t u r e  of ' chemical binding. We, theref  ore ,  n o t  only know 

what tka atomic o r b l t a l  charge d l s l r i b u t i o n s  a r e  i n  the,  

c r y s t a l  o r b i t a l s  YI(k,p) - - f o r  the  i t h  energy band, b u t  have 

.. . a good idea as t o  how they  g o t  t h e r e ,  e.g. by over lap  and 

Madelung e f f e c t s  . 





Cubic strontium t i t a n a t e ,  SrTi03, potassium t a n t a l a t e ,  

. K T ~ o ~ ' ,  qnd sodium tungsten bronze, WaxWO 3 ' ( O . 4 t  x d l  .0) have 

been the sub jec t  of a wide v a r i e t y  of experimental work a s  
.. -.- . . 

i s  s.hown-in Table 16: 

Many workers i n  the f i e l d  of perovslrite t r a n s l t l o n  metal 

oxides have attempted l o  exp la in  the conduction of e l ec t rons  

i n  the tungsten bronzes. (Table "l$q. 

Table 1'5. Theore t i c a l ' .  models based on various experimental 
evidence 

Atomfc o r b i t a l  cons t f  t u t i n g  
lowest .conducl9on band 

w 5 & ( t d g )  s t a t e s  

Kellor (57') W '  6s. s t a t e s  

Mackintosh ( 5 8 )  , , N a  3p ~ t a t e s  

Fuchs ( 3 8 )  Ma s t a t e s  

Goodenough (40 n bonded 0 and W 5d (tZg) s t a t e s  

Ours i s  the f i r s t  attempt t o  obta in  the t ight-binding 

- energy bands of NaxWOg( x=l  .O)  . Even though the complete 

f i l l i n g  of perovskite holes by sodium, x=1.0, has not  been 

accompliebed a t  present ,  t h i s  hypothet ica l  substance &illows 

us t o  s tudy the trend - Re03 - NaW03 - KTa03 where e metal - 
non metal t r a n s i t i o n  exists .  



i .. ... 

Table 16. Summary of experimental  d a t a  p e r t i n e n t  t o  energy 
band s t r u c t u r e s  of t r s n s i  t i o n  metal  ox ides .  I .  

I 
Experimenta ' l is  t and method Observations and conclusions 

I 

$ .  

~ u n d ~ ( S 9 )  : absorp t ion  meas- Enepgy gap i s  a t  3.15 e.v;  
urements 

! 

dohen and ~ l u n t ( b o )  : r e f l e c -  Band gap i s  observed a t  
t i v i t y  and e l e c t r o r e f  i e c -  3.4 e.v.  
.tance i n  the neighbophood 
of the fundamental absorp- 
t i o n  edge 

Frecierfitse e t  a 1  .(by:)':". Minima l i e  a long the  100 
magnetoresf stance,  and Shub- df rec tdon . 
nikov.de Haas e f f e c t  

Tufte. and ~ t e l z c r ( b 2 . ) :  
piezo-resf  s tance  

Minima 1'16 a t  the  c e n t e r  of 
the B r i l l o u i n  zone. 

. . , . . ... -. . . . 

Moland(63 ) ": o p t i c a l  . t r a n s -  Abeorption edge f s a t  3.22 
i t i o n  measurements 8.v. 
- .  . 

Di.Domenlco and ~ e m ~ l e  (64.)' Band gap a t  3.4 e.v.  
o p t i c a l  measurements 

- .  Feldman and Horowltz(6S): A d i r e c t  t r a n s f t i o n  a t  zone 
r o t a r y  t~ans rn lgs f  on 'neasu~e- edge ( X )  i s  fmp$obable 
ments of s t ress- induced . . 

dich.roism 
. . 

Cardona(66 ) : r e f l e c t i v i t y  . . Absorption peaks observed a t :  
measurements 3 .2~4 .0 ,4~ .86 ,505 ,~~52 ,7~4  

9.2,9.9,12.5 and 15.3 e.v. 

~ a l l t s o n ( 6 7  ) : hinh The d a t a  can  be f i t t e d  t o  a 
precision measurements of 7Sel lmeir  r e l a t i o n  wi th  the  
t h e .  r e f r a c t i v e  index major o s c i l l a t o r  a t  4.4 e . v .  

Baer(68 ) : in t raband Faraday The r o t a t i o n  i s  negat ive ,  
r o t a t i o n  monatonical lg  inc ross f  ng i n  

magnitude as band gap f s 
approached. This impl ies  a 
p-d f u ~ d a m e n t a l  absorp t ion  

I with  band gap a t  3.4 e .vm 



Exper im n t a l i a  t and method Observations and conclusions 

SrTlO 
3 

. . 

sc.hboles & t a 1  .'( 69')': uni - The presence ' of s u p e ~ c o n d -  
ax fa1  s t ~ e s s r  on the super- uctfvity i n d i c a t e s  t h a t  the 
conductfag c r i t i c a l  temp- conduction band mi nfma I s  
e r a e w e  l o c a t e d  off  k=O ar,d tRa 

e.f:':fect of thg s t r e s s  fndfc-  
a t e s  that the minima is I n '  

. t he  100. d f l ~ e ~ t i , ~ ~ .  

KTaO 
-3 
Frova and Boddy(70) : s l e c t r o -  SinguPari  t f e s  observed i n  
r e f l e c t a n c e  the 100 ' d i ~ e c  tf on were : 

3.57,3.80,4.40,4.88 and 5.5 
O . V .  ' , 

Wemple( 71) : photoconductfvi ty  The photoconduc t i v f  t y  
and r e f l e c t a n c e  measu~ensnts was observed t o  be 3.5 I? e ak .v. 

and the' absorptf  on band gap 
t o  b e . a t  3.50 e .v .  - .  

. . - .  

~ a e r ( 6 8  j : Faraday r o t a t i o n  The ~ o t a t i o n  was negat ive  
f o r  .the same reasons  as f o r  
SrTI03."' The band gap was 

, . es t imated  t o  be about  3.80 
8 .V .  - 
. - 

DiDomenico and Wemple ( 64) : Band gap i s  3.9 e.v. 
. . ' absorp t fon  measurements 

Brown and Banks.( 72) :absorp- A 4100 absorp t ion  peak I s  
t l o n  s p e c t r a  measurements obta ined  f o r  a value of x 
with varying x values  . =1.0 . by extrapola$fon of the 

observed data: . 



Table 16(Cont . )  

Experfmentalis ' t  and method Obeervatf ons and conclusf  ons 

Fromhold and Narath( 73)  :' ' 

nucleca~ magnet'% c reaon- 
ance me,asu~easnts  

Narath and Wallace ( 74) : 
ibld 

Grefaer  et al. ( 76) :rvlagnetic 
s u s c e p t i b i l i t y -  measolremesats 

Sienko and Gu31ck( 77) : I9l? 
NKR studlies of .potassium 
tungra ten f'kuorowl cls b ~ o n z e s  

Ditkens .e't. a1.( 38): measwed 
. r e f l e c t a n c e  s p e c t r a  .. . .. o r  ,tee 
NaxWO3 sWO2. ~32 s W02. 72 9 

v e s t  et a1. (51) : 1 . 0 ~  tsmp-, 
e r a t u r e  s p e c i f i c  heat measure- 
ments 

Gerdner and ~ a n i e l s o n ( 7 9  ) : 
measurement of e l e c t r i c a l  
conduc t f v l t y  

S tudlea  r e v e a l  a very  small  
o r  zepo Knight sh i f t s  f o r  
both  the Wa and 5 nuclef .  
Thus s o r b f t a l s  of a l k a l i  
a t o m  cannot pa~tfcfpats t o  
the lowest conduetfon band 
b u t  Sd and 6p (but n o t  69) 
o r b i t a l s  of U may do so.  

Weak t e rnpe~a tu re  indepsnd- 
e n t  paramagnetism is found. 

Oxygen ~ a s ~ p a r t i a l l g  subs t- 
f tuted by %. T S ~  Xnf ght 
s h i f t  is less than  0.001%. 

Low enorgy peak p r e s e n t  i n  
t he  bronzes b u t  n o t  YO2,, 
(1.39 e . v . ) .  3.30 e.v.  
band gap e x t r a p o l a t e d  fpom 
d a t a  f o r  x=1.0 . 
Obtained e,lec t ~ o n l c  s p e c i f i c  
h e a t  c o d .   OF x=.S6 to' -86. 
The ex t rapo la ted  densf tv  of 
statss a t  x=l  is ~ ~ 2 x 1 0 2 2  
e l e c t r o n  sta$es/e .v.-cc. 

The bronzes a r e  conductors 
from .45 t o  1.0 x v~l1ue.s. A 
ma-ximum i n  conduct fvf ty  1s -. 

observed a t  .75. 



I 

. j 
Although SrTi03 t ight-binding energy bands have been 

bbtainad by Kahn-Leyendecker (h), the r e l a t e d  compound KTa03 
i 

' I  

Q s  not  been studied theo re t i ca l ly .  Our t heo re t i ca l  i n v e s t i -  . 
I ' 

gs t ion  o i  KTa03, theref ore, provides t h e  f i r s t  attempt t o  
i 
use TBA energy bands t o  i n t e r p r e t  the opelcal  and Insu l a to r  
1 ,  . . 

proper t i es  of KTa03. 

I n  Table 1 7  we have KT803 and AaxWo3( x=l.0) overlap 

I 
i n t e g r a l  value8 which may be compared with the ReOj vnluss i n  

Table 3'. Thua, &beJ overlap c r i t e r i o n  can b@ applied t o  

e s t a b l i s h  a  TBA i n t e r ac t ion  model as. was done f o r  Re03. For ' . 

example, i f  we cons idor.KTaO3, a reasonable TBA i n t e r a c t i o n  

vector  s e t  i s  l i s t e d  i n  Table 18. O f  c o u s e ,  the po tass ium 

atom i s  replaced by s o d i w  i f  we cons ide r  NaXWO3(x=l .O)  . 
A t t e m p t s  t o  ca lcu la te  TBA energy bands f o r  SrTI03 with 

. inc lus ion of the Ti 4s and 4p o r b i t a l s  i n  the Bloch sum bas i s  

have f a i l e d  f o r  the.nearest-nefg'abor modaf because of the 

. 'largo 48-48 overlap, about 0.4. The problsn e x i s t s  i n  the 

. . evaluat ion of? the 4s Bloch sum normalization constant  i n  

Equation 14. The exponential ' e ~ ~ ( l k . 3 )  - gives r i s e  t o  2 c o s (  

k.R ) s ince  1n.tepactf ona a re  i n  + di rec t ions .  The values of - -f. - 
' kFii a re  close t o  lpr f o r  SPTIO~, therefore ,  the cosine i s  

negative. The large  value of the 49-48, overlap i n t e g r a l  

causes the nomal i za t ion  constant  squared t o  be negative o r  

.the ilnnpossible s i t u a t i o n  of an imaginary normalization con- 

a t ~ n t . '  The f a i l u r e  of the nearest-neighbor model has a l s o  
0 

been noted by Andre ( 80). 



Table 17. Overlap I n t e g r a l s  in.KTa03 and ~ a , b ( ~ ~ ( x = l . O )  



Table 17(Cont.) 
. . 

a - b. 0 B $I3 KTaC13 h'axW03 ( x=l . 0 )  

R(a.u.1 S~~ ~ ( a . u . )  SAB'  . 

1 an equa l s  4 for KTa03 and 3 f o r  ~ a ~ b j o ~ ( x = l . ~ ) .  



Table ~ ' ~ ( C o n t .  ) . . - . .- -- ... . -.-- - .-.--- . . . . . 

. . .  . . . . . - . 



. . 
Table l?(Cont. 

45 2 s  . ' "P, 90 .5.330024 0.000000 . 5.166342 0.000000 



' ,  
i 
1 T a b l e  18. T ~ A  i n t e r a c t i o n  vec tor  s e t  f o r  KTa.03 ' 

I 

1 .  
/ i n t e r a c t i o n  Vectors i n  terms of u n i t  c e l l  

t r a n s l a t i o n  vec t o r s a  1 : 
I T l  T2 T3 
I 
i 

&In terms of components ( X ,  Y, Z ) ,  the unit c e l l  t r a n s -  
l a t l o n  vec to r s  I n  A ~ s t ~ o m  units are: 



I n t e r a c t i o n  Vectors in terms of u n i t  c e l l  . 
t r a n s l . a t i o n  v e c t o r s  

T 1  T2 T 3  



We suggest t h a t  the essence of the o v e ~ l a p  c r i t e r i o n  

can bea t ' be  shown by t h i s  evaluat ion of the Bloch sum normal- 

i z a t i o n  constant ,  If , the. value of t h f s  constant  i s  r e a l ,  we 
.. . 

may conclude t h a t  the TBA model i s  possible.  f o r  

68-6s overlap i n  KTaO and Nn,WO3(x=l .O)  . :  
3 

.an[\ the 

case of' Re0 
3, 

. - , , the values a re  small enough t o  

allow the TBA method $0 be applfcabls. . . 

The obvious remedyto the SrTI03 s i t u a t i o n  i s  t o  go 

f u r t h e r  -out- t o  next-neares t-nef ghbors e t c  . , u n t i l  the nomal-  

I za t ion  cons.tant converges t o  a r e a l  number,. 

Since the s e r i e s  Re03- Na WO ( x = ~ . o ) - K T ~ o ~  i s  complete 
x 3 

i n  i t s e l f  i n  describing metal-non metal t r a n s i t i o n s  i n  psrov- 

s k i  t e  t r a n s i t 1  on metal oxides, we resepve ,the SrTfO caPc- 
3 

u l a t i o n  t o  fu ture  work. KTaO represents  a good model of 
3 

i n s u l a t o r s  l i k e  SrTi03. 

We w i l l  now discuss &he i n ~ u t  and output aspects of the 

t ight-binding ca lcu la t ioks  of i(TaO3 and NaXWO (x=1.0) . 
3 



ATOMIC ORBITAL FUNCTIONS, ORBITAL ENERGIES, AND 

CRYSTAL POlXWTIAE 

'The r a d i a l  functfona.  of K,Ta,Na and W atoms are 

~chmiclt  orthogonollzed l i n e a r  combinations of ST0 ' s  (Table 19 ) ; 

obtained u s i n g  the same method as f o r  Ra03. The leaat-squares 

funct ions  used i n  the evaluatfon.  of overlap and nuclear 

' . a t t r a c t i o n  i n t e g r a l s  are l i s t e d  i n  Table 20. 

The sh ie ld ing  constants  l i s t e d  i n  Table 4 are, used t o  

obta in  the Coulomb-exchange i n t e g r a l s  needed t o  calculate the 

c rya to l  po t en t i a l  (Equation 2 8 )  , T h  charge d i s t r f b u t f  ons 

for KTa03 and NaxWOg(x=l.O) a re  l i s t e d  i n  Tables 21 and 22 

respect ively .  The o s c i l l s t f o n s  whfch e x i s t  f n  the preliminary 

se l f -consis tency cycles a t  - ~=(o.o,o.o, 'o.o) can be seen ln 

Figure 15. While the KTa03 energy bands ard converging, the  

sodium tungsten bronze s t a t e s .  a re  de'finf t e l y  dfvergt,ng, The 

l a e t e ~  phenome.non occurred because. the 3p s t a t e s  are occupied ' . 

, . a t  the gamma point .  As will be seen i n  the d iscuss ion o n  

the Mullfken population analysla of c r y s t a l  o r b i t a l s ,  the 3p 

s t a t e s  depopulate ens we move from the center of the Br i l l ou in  

zone. Theref ore,  the average occupation numbers f o r  38 and 

3p Bloch sums. should be close  t o  zero. 

Because of the  above behavior, the NaxW03(x=l .O) c r y a t a l  

po t en t i a l  cannot r e l i a b l y  be i t e r a t e d  a t  one po in t  i n  - k space. 

I n  ordm to. u t i l i z e .  the prel iminary i t e r a t i o n  as e f f i c i e n t l y  8 8 '  
- 



! 
Figure 15. Varl a t i o n  p e r  cvcle f o r  energy bands ( ~ y d b e r g  

. u n i t s )  corresponding t o  atomic orbf t a l ~  i n  
KTa03 and N R , W O ~ (  x = l  . O )  ( ---- KTa03 end -- 
NaWO .). s and p denote perovski te  hole . 
atornlc o r b f t a l s  (3s and 3p on Na, 4s and 
4p on K ) .  
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Table '19. C o e f f i c i e n t  ma t r ix  elements '  f o r  Schnidt  or tho-  
i 
! 

gonal ized atomic o r b i t a l  r a d i a l  f u n c t i o n  used 
! i n  t i gh t -b ind ing  calculations of sodium tungs ten  

i '  bronze and potassium t a n t a l a t e  ener,gy bands 

Btomic o r b i t a l  - I 1  
i 

'Na 3s 1 1  i . 000000 1 10.705400 
. , 1 2  -0 -256412 1 . l o .  705400 

i . . 
2 . 2 .  . :  1.032350 2 3.290039 

i 1 3  0.035387 1 10.705400 

I 2 3 -0.151461 2 3.290039 
3 3. 1.010707 . 3  . 0.884802 



' '  Table 19(Cont.) 

Atomic orbital - I 1   ti^ n k 



. .. .. 

. . 

Table I.9( Cont . ) 

Atomic orb1  t a l  1. - T~ j n k 



I 
i ~ a b ~ l e  20. Leastsquares  functions f o r  Ta, W and K o r b i t a l s  
! 
, .  . . 

i 
/Orbital Least squares function 

poss ib le ,  we used the weighted assumed charge df s t r l b u t i  ons 

after two c y c l e s .  a t  - k=(O.O,O.O,O.O) t o  obtain input f o r  

the f i n a l  TBA calculat fon f o r  the 56 - k vectors.  These vectors 

. . are determined by the l a t t i c e  constants of KTaO and NaxW03 
a e . .  3 

( x = l . O ~ ~ u h i c h  are 3.989 A ~ 7 1 )  and 3.8665 A (81) r e s p e c t i v e l y ,  

and .Table 18. 



Table 21. KTaO) charge distributions 
. . 

Orbital I n i  t f  a1 c n a ~ g a  Cycle one f o r  56 
distribution - k vectors 

assumed calculated 

a 
In order t o  represent a s  c l o s e  a s  possfble  to  the Re0 

model we chose zero values for potassium o r b i t a l s .  Even . .  3 
though t h i s  choice tsmporarf ly violates' the. ckargb neutral- 
Ity of the unPt c e l l ,  the .final Iterat ion over. the 56 - k ve.c- 
top ~ e t '  corrects  t o r  th3s dif ference .  



Table 2 2 .  NaiW03 charge distributions f o r  x=1.0 

O r b i t a l  I n i t i a l  charge Cycle on0 for 56 
d l s t r i b u t f  on - k v e c t o ~ s  



Table 23. KTa03 and Na,WO (x=1.0) energy pa rane te r sa  
3. . . , . . ,  ': 

O r b i t a l  Two-electron i n t e r -  One c e n t e r '  Core 
a c t i o n  energy kine t i c  energy energy 

1 g ( L j )  - 

aRgdberg u n i t s  . 



:Table 23(  Cont..) 
I .  

/orb1 t a l  Two-electron i n t e r -  One c e n t e r  
I 

Core 

I a c t i o n  energy kine t i c  energy energy 
i 
I - 1 1 ~ ( 1 , s )  
i 



O r b i t a l  Two-electron i n t e r -  One c e n t e r  Core 
a c t i o n  ene.rgy ' k i n e t i c  energy energy 

a ( i ,  j )  1 - - 
W 6p 1 s .  6~ 0.646508 1.552321 -46.311767- 

2s 6p . '0.644210 . . 

2p ' 6p 0.64.4802 
3s 6p 0.641214 . . 

3p 6p 0.641.47 iQ ' .  

3d 6p 0.64261 
4 s  6p 0.636332 

. o -. 4 p  ,6p 0.636278 . . 

4d 6p 0.637850 
4-f' 6p 0.636292 

' . 5s 6p 0.622528 
SP 6p 0.643842 

. Sd 6p 0.597460 
6 s  6p 0.459920 
6p 6 p  0.497060 . . 

. . 

Na 3s 1s 3s 0.599058 0 -485361 .-6.210933 
2s - 3s , 0.5;79812 
2p 3s 0.585014 
3s  3s 0.452126 
3p 3s 0.375500 ; 



Two-ePe'c.tron . f n te r -  One center 
action enoagy- kinetic enepgy 

Core 
energy 

~ t o m f  c'  orbital  gararzeters usad In obtafning t ight-  : 

binding energy bands are l iaeod i n  Table 23. 



E(k) - VS. - k ,  DENSITY OF STATES, .JOINT DENSITY OF STA.TES A N D  

RESULTS OF T A X  MDLLIiCEN POPULATION ANALYSIS OF KTa03 

The E(k)' - versus  - k and dens i ty '  of s t a t e s  curves f o r  po- 

tassium t a n t a l a t e  are shown i n  Figure H 1  (Appendix H ) .  The - 
energy band values a t  symmetry p o i n t s  ar.e l i s t e d  i n  Table H 1 .  

The corresponding r e s u l t s  of the  Mulliken populat ion a n a l y s i s  

a r e  l i s t e d  i n  Tables H2-HS (Appendix It) . The F e r m i  energy 

i s  found t o  be -3.8905 Rydberg u n i t s .  

The minimum i n  KTa03, l i k e  ReO3, conduction band i s  

loca ted  a t  the R symmetry p o i n t .  This p roper ty  i s  evidenced 

by the r a p i d  drop i n  valence bands a t  R accompanied by a  
. . 

. minimum i n  the Ha5 t bands. 

The gap between the 2pw ground s t a t e  and the tZg type 

conduction band i s  0.3 Ryd. (4.0 0 . v . )  wh.ich i s  comparable with 

' 
t he  observed value of 3.8 e ,v ,  ( .68 ) .  The j o i n t  d e n s i t y  .of 

S t a t e s  curve shown i n  F i g u ~ e  16 with  peaks l i s t e d  i n  Table 24  

g i v e s  a  peak a t  0.3 Ryd. which we i d e n t i f y  wi th  thf s conduction 

bend minimum.. Purtnerrnore, most of the  peaks compare q u a l i -  
. . . - 

t a t i v e l y .  wl th  experime.nta1 r e s u l t s  (40)  a s  wel l  a s  resemble 

the  SrTiOg. r e s u l t s  ( 6 6 i .  The l a t t e r  agreement sugges ts  a  

j u s t i f i c a t i o n  f o r  supposing tho KTa03 i s  a good . model . f o r  p e r -  

o v ~ k i t e  t r a n s i t i o n  metal .oxides which behave a s  i n s u l a t o r s ,  

The d l f f e r e n c e  between the in termedia te  e g  s t a t e s  a t  Rl? . . -  

and the top of t he  valence band i s . n o t  exper imenta l ly  a v a i l a b l e  

s i n c e  ' R ~ ~ ,  +R12 t r a n s i t i o n s  a r e  symmetry fo rb idden  a s  



0.00 0.40 0.80 4-20 1.60 2.00 2.40 

ENERGY (RYDBERGS) 

Figure' 16. J o i n t  d e n s i t y  of s t a t e s :  KTa03. 



Ta.ble 24. J o i n t  d e n s i t y  of s t a t e s  peaks of KTa03 

.Rydberg Elec t ron-vol  ts  Frova-Boddy Cardona r e s u l t s  
u n i t s  . r e s u l t s a  f o r  S P T I O ~ ~  

. . . , aResul t s  a r e  i n  e l e c t r o n - y o l t s .  

.-- 

determined by C a s e l l a l s  r u l e s  ( 8 2 ) .  Thus? the  2.58 8.v. peak 

i n  the  j o i n t  d e n s i t y  of s t a t e s  ( a t t r i b u t e d  t o  such a  t r a n s i t i o n )  

is n o t  obta inable  by r e f l e c t a n c e  spectroscopy. 

We now d i s c u e i  the unusual behavior of 49 and 4p occupa- 

t i o n  numbers a t  the symmetry p o i n t s  l i s t e d  i n  Tables H 2  t o  115. 

The c rgs  t a l  o r b i t a l s  yi(lr,r) a r e  normalized t o  1 o r < y i \ y i >  = 

1, b u t  l a r g e  p o s i t i v e  and negat ive nibs  and nib P  va lues  occur.  

Onemay argue t h a t  the Mulliken popula t lon  a n a l y s i s  has f a i l e d ,  

if w e  compare the TBA c a l c u l a t i o n  with the usual  molecular 

o r b i t a l  o a l c u l a t i o n  whore negat ive accupat lon numbers are 

forbidden.  However, .we have a  d i f f e r e n t  s i t u a t i o n  when one 

a p p l i e s  such a procedum t o  a  c r y s t a l . ,  The dependency o f  



( 8 154 
j 

. . 

I 
! 

occupat ion numbers on - k vec to r s  r e l a x e s  the s t r j c t  r e q u i r e -  

merit on, pas1 t i v e  occupation r m b e r s  . IIowever, ' the  average 
/ :  3 

oc,cupa t i o n  number over the e n t i r e  Brf l l o u i n  zone' should be 
j . '  

,$on-negstl.ve s ince  we would then be back t o  the molecular , 
i 

s i t u a t i o n .  .The average occupation number may be c a l c u l a t e d  
! 
eo be negat ive '  a t  some s t age  of i t e r a t i o n  of the c r y s t a l  

I 

d o t e n t i a ~ ,  bu t  the f i n a l  number should be p o s i t i v e .  For the 
I 

moat p a r t ,  our f i n a l  iteration g ives  such a  r e s u l t .  . . 

. i 
i The problem of normalizat ion of Bloch sum noted i n  the 

in t roduc t fon  OF t h i s  p a r t  a ~ i s e s  i n  the  KTa03 c a l c u l a t i o n  jn 

a  r a t h e r  unique way. Because the normalizat ion cons tan t  of 

6s and 6p Rloch sums a t  M and R symmetry po in t s  i s  small  

( abou t  .1), the TBA method i s  on the verge of breaking down 

f o r  u.?per s t a t e s  a s  expected from overlap i n t e g r a l s  of 6p-6p 

a n d  6s-6s p a i r s  (Table 1 7 ) .  

. The number of e l e c t r o n s t a t e s / r ( y d . - u n i t  c e l l  forKTaOg 

. . i s  much smal ler  than  t h e v a l u e  of 21.1 f o r  Re03, i n  t h a t  the 
B 

. . 
densl  t y  of s t a t e s  drops a b r u p t l y  t o  zero  i n  the  band gap 

re.gic?n. T h e r e f n r ~ ,  no es t ima te  of the ac.tutal d e n s i t y  of 

s t a t e s  c'an p r a c t i c a l l y .  'be made. Within the approximations 

used i n  tile TBA method, i t  i s  reasonable t o  a s s i g n  KTa03 t o  

be an ~ n s u l a t o r  as .it i s  thought t o  be. For the.  game reason,  

no Ferrnj. su r face  i s  considered.  



E.(k)  - V S .  k ,  DENSITY OF STATES, , J O I N T  DENSITY OF STATES. AND - 
MCTLLIICEN POPULATION AXALYSIS OF NafiO3(x=l.O) 

. . 

The ~ ( k )  - vs.  &,and d e n s i t y  of s t a t e s  curves f o r  NaxW03 

(x=1.0) are shown i n  Figure I1 ( ~ p p e n d i x  I ) .  The energy band 

va lues  a t  synmetry p o i n t s  a re  l i s t e d  i n  Table 11. The cor res -  

ponding r e s u l t s  of Mulliken popula t ion  analysf  s a r e  l i s t e d  i n  

~ a b l e s  I 2  t o  15 ( ~ ~ ~ e n d i x  I ) .  The Fermi energy i s  l o c a t e d  . a t  

-3.2252 Ryd. 

The number of states/Ryd. - u n i t  c e l l  f o r  NaXWO3 i s  found, 

t o  be 20.5 o r  2.60 x 1022 e l e c t r o n  states/e.v.-cm3 which 

corresponds t o  a value of -d equal  t o  3.55 milli joules-mole- '  

degD2. The value o f .  3.0 r n i l l i j ~ u l e s - m o l e - ' d e ~ - ~  f ~ o n  the 

e x t r a p o l a t f o n  of exparfmentaP (51, 7'6.) values  t o  x=1..0 g ives  

encouraging agreement wi th  our r e s u l t s .  Furthermore, i't i s  

i n t n r e s t l n g  t h a t  t!m value of' 21.1 f o r  Re03 Is almost i d e n t i c a l  

t o  the  20.5 value f o r  NaxW03(x=l . O )  . 
L e t  us  expand the p l c t u r e  of bands i n  the Ferrni l e v e l  

r e g i o n  t o  produce Figure 1 7  and t h e n  use t h e  Mulliken popula- 

t i o n  a r ~ l g s i s  r e s u l t s  i n  Tables I 2  t o  15 'Appendix I )  t o  

quantitatively' determine why MaxW03 should be a conductor .at 

x=l.O. 

We no longer  have the simple p i c t u r e  pos tu la ted  f o r  He03 

and KTa03 s i n c e  most low l y i n g  conduction bands c r o s s  the 

Fermi l e v e l  n e a r l y  perpendicular ly .  Even the  6s type band 

' c r o s s e s  the Fermi l e v e l  a t  X symmetry. ~ o i e . v e r ,  the low l y i n g  
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. . ' Figure 17.. Energy bands of NaxW03(x=l..0) i n  the region of the Ferrni energy 
(numbers denote  i. t h  energy band) .  
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I ,  : 
i 

e ~ ; ,  t y p e  conduction band c r o s s e s  i n  many p laces .  . We may 
t 

i 
conclude t h a t  conduction i s  assoc ia ted  p r i m a r i l y  wi th  5deg 

I 
orb3 t a l s .  

I .  

. / Pro jec t ions  of the Fermi su r face  i n  the 1 / 4 8 t h  reduced 
i 

! 

zone a re ,  ahown i n  Figure 18. We p r e d i c t  th ree  Ferrni su r face  

s h e e t s  which may e v e n t u a l l y  be c o r r e l a t e d  with ds  H a a s v a n  

I 

1 .The jo5nt  d e n s i t y  ,of s t a t e s  Ss shown i n  F3.gure 19 and 
I 

the  corresponding peaks a re  t abu la ted  (Table  2 5 ) .  Comparison 

of the low energy peaks with experiment can only be by 
, U 

e x t r a p o l a t i o n ,  bu t  agreement with Dickenls  r e s u l t s  ( 7 6 )  

1s reasonably c l o s e .  

Table 25. Joint d e n s i t y  of s t a  t e s  peaks f o r  Naxb103 
tx=1.0) 

Rydberg u n i t s  Elec  tron-vol ts 



Figure 18. TBA method: NaW03. 



Ffgurs 19. J o i n t  density of s t a t e s :  NaWC3. 





We have u t i l i z e d  the over lap  c r i t e r i o n  t o  s e t  u p .  the 

TBA i n t s r a c  t i o n  model f o r  neares  t-neighbor atoms. Then w e  have 

pr.oceeded i n  a "semi-rigorous" manner t o  make theore ti c a l l y  

. j u s t i f i a b l e  approximations t o  make E(&) vs.  - k c a l c u l a t f o n s  

p r a c t i c a l .  The proper choice of good atomic o r b i t a l  f u n c t i o n s  

a n d  the e x p l i c i t  eva, luat ion of a l i  two-center integra1.s  (over-  

l a p ,  nuc lea r  a t t r a c t i o n ,  Coulomb, a n d  exchange) enables  us  t o  

q u a n t i t a t i v e l y  i n v e s t i g a t e  chemical e f f e c t s  i n  c r y s t a l s  ,eg. 

Madelung and overlap e f f e c t s .  

The approximation of . the c r y s t a l '  p o t e n t i a l  as a l i n e a r  

combination of atomic potentials i s  an important  p a r t  of the  

LCAO procedure.  By us ing  the Mulliken .populatf  on a n a l y s i s  

, . over a l l  - k space,  we ' a r e  a b l e  t o  t r e a t  t h i s  c r y s t a l  p o t e n t l a 1  

i n  a SCP-MO manner. Thereby, we o b t a i n  a n .  i n t e r n a l  handle f o r  

c o n t r o l  l i n g  TBA r e s u l t s  i n s t e a d  of the usua l  a p r i o r 1  semi- 

emplr lca l  procedures.  Only bond d i s t a n c e s  a r e  i n i t i a l l y  need- 

ed. . . 

The r o l e  of empi r i ca l  c o n t r o l  on TBA energy bands 

i s  pure ly  a d  hoc i n  na ture .  I n s t e a d  of parametr izing the 

c r y s t a l  p o t e n t i a l  t o  make var ious  c a l c u l a t e d  e l e c t r o n i c  prop- 

e r t i e s  agree  with e x p e r i m n t ,  we proceed t o  improve the 

method'. For  ins t ance ,  we could seek b e t t e ~  convergence f n  . . 

the SCF t rea tment  of charge d i s t r i b u t i o n s  which occur i n  the  
' 

crystal p o t e n t i a l .  I n  o the r  words, if w e  t r u s t  the  over lap  

c k l t e r i o n  t o  show when the TBA method is a p p l i c a b l e ,  de f i c -  



fejncies i n  our t h e o r e t i c a l  r e ' s u l t s  a s  compared with experfrnernt 

are thought t o  r e f l e c t  the n m d  t o  i n c r e a s e t h e  r i g o r  of our 

. .method. The crux of such a  philosophy Is some observable t rend  
c .. . 

i n  pre l iminary  r e s u l t s  which r e f l e c t  q u a l i t a t i v e  agreement wi th  
- . . 

experimental  r e s u l  t a  . 
The s e r i e s  Re0 NaWO KTaO has provided a  good model 

3' 3' 3 
- . f o r  making f u r t h e r  t h e o r e t i c a l  i n v e s t i g a t i o n s  of perovskf t e  

. . 

t r a n s i t i o n  metal  oxides using  the  TEjA method. Thd d e n s f t y  of 

s t a t e s  di-agrams f o r  these th ree  substances show' q u a n t i t a t i v e l y  

the  metal-non metal  t r a n s i t f  on which u n t i l  p r e s e n t  has  only 

been q u a l i t a t i v e l y  understood. I n  addf t ion ,  the c a l c u l a t i o n  of 

the e l e c t r o n i c  s p e c i f i c  h e a t  c o e f f i c i e n t  and the j o i n t  d e n s i t y  

of s t a t e s  r e p r e s e n t a t i o n  of o p t i c a l  s p e c t r a  provide o the r  

avenues be tween theory  and experiment. The r e s u l t s  .descr ibed 

i n  t h i s  t h e s i s  can be s a i d  t o  be b e t t e r  than  j u s t  q u a l i t a t i v e l y  

. . d e s c r i p t i v e  o f .  the e l e c t r o n i c  s t r u c t u ~ e  of c r y s t a l s ;  perhaps,  

the  LCAO d e s c r i p t i o n  of'  ergs tala g i v e s .  us a semi-qusnti t a t l v e  

- ' handle f o r  l o o ~ $ n g  beyond p r e s e n t  observable phenomenon t o  

produce some s u r p r i s i n g  p r e d i c t i o n s  . The cons i s  t e n t  agreement 

. of our r e s u l t s  with empir ica l  informat ion  , t h e r e f o r e ,  shows 

t h a t  the molecular p i c t u r e  of c r y s t a l s  can  be accura te  i f  we 

include the e f f e c t s  of tranalational'.symmetry. 

The SCF procedure w i l l  be the  s u b j e c t  of f u r t h e r  work i n  

t h i s  a rea .  More e f f i c i e n t  procedures w i l l  be sought t o  ' o b t a i n  

convergence of charge d i s  t r l b u t i o n s  . Also the TBA i n t c r a c  t i o n  

model w i l ' l  be expanded t o  include more neighboring atoms 



i n  order  t o  handle perov'gki t e  oxides whlch r e p r e s e n t  borde r l ine  

c a s e s  f o r  a p p l i c a t i o n  of the TBA method , e g .  SrTiO 3 With 

these  and o t h e r  improvements we can u l t i m a t e l y '  i n v e s t i g a t e  a 

s e r i e s  of substances which a r e  l i t t l e  undsrstood or may n o t  yet . '  

have been synlhe s i zed .  
. . 
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Appendix A .  S o l u t i o n  of: the. Secular  Determinant 

. . 

The problem i s  

where the Hamiltonian m a t r i x ,  N H=L+ H N b and over lap  m a t r i x  

S= btb r e s u l t  from the Bloch sum b a s l s  s e t  = (b19b2, ... 
N & d  

bm) where m i n d i c a t e s  number of atomlc o r b i t a l s  considered,  

and the Hamiltonian opera tor  shown i n  Equation 3 .  The 
! 

: s o l u t i o n  of the  s e c u l a r  determinant  i s  ' c a r r i e d  out  i n  two. 

. . .  
. . s t e p s  : 

1) Orthogonalize t h e  Eloch sums by the ~ c h r n l d t  nethod 

t o  transform 5 i n t o  , a n  i d e n t i t y  ma t r ix ,  
. ?  

2) ~ i a ~ o n a l i z e  the t r ans f  ormed ~ a r n i l t o n i a n  mat r ix  t o  

give the  e.igenvalues. and e igenvec t o r s ,  
I 

The d e s c r i p t i o n ,  of the two s t e p s  can be lengthy ,  b u t  

a genera l  idea  of tha procedure i s  summarized, i n  the 

fo l lowinq equat ions :  ' a  

. . . . The t ransformat ion  i s  made by '  an  upper t r i a n g u l a r  
. . 

mat r ix  5 , i .o. ,  

- - \.,f55 - E I J = O  ( A 2 )  . . 

where N I i s  t h e  i d e n t i t y  matr ix ,  l . e . ,  (I)lj = s i j .  The 
5 .  

r C . r y N  

'-I T i s  overlap matr ix  i s  r e w r i t t e n  a s  S = T + T where T'= M .  

.. . - CCI h. 

i 



chosen t o  be uppor t r i a n g u l a r ,  i .e . ,  , Ti j  = 0, 1 > 3 .  The 

. elements of t h i s  t r i a n g u l a r m a t r i x  a r e  g e n e r a l l y  complex 

f u n c t i o n s ,  thus ,  T i j  = a i j  + i b i j .  It can be shown t h a t  

and 
1-1 

which g ives  .the o r i g i n a l  ma t r ix  elements of N o( a s :  

Therefore,  the & can be c a l c u l a t e d  i n  the  fo l lowing order  

I 

When the e iqenvalues  and e igenvectors  of H= J H ~  a r e  found, - -/uh 

w e  then, have 

4 
V-I H V = E where (EJij.= E i t l j  and 
h )  

V i s  the  ,,elgenvec,tor ma t r ix  
h 



= ( b .  c ) *  ]i(b CJ i h e r e  5 = V,  o r  
N I4r - A d  

where b j"  = biCij . 
i 

: Hence, we see  t h a t  the columns'of C-def,ine l i n e a r  comblnations 

of the Bloch sums which form the f u n c t i o n  Ti (Equat ion 1). 

The d i a g o n a l i z a t i o n  procedure fo l lows from the t r a n s -  

formation & U-' w e  H U = 2 where 2 i s  diagonal  D12 = DZ1;: = 0 f o r  

which U is def ined  a s  

Thus, U i s  a u n i t  ma t r ix  except  f o r  the  elements Uil, 
u ~ j 9  

and U The d i a g o n a l i z a t i o n  i s  accomplished by an  i t e r a t i o n  

process whi ch  u l t i m a t e l y  makes D approximately. diagonal .  The 

fo l lowing sequences a r e  repeated  u n t i l  the  va lues  of a l l  of 

. .  t he  off  -diagonal elements a r e  on. . the order  of 10 -lo Rydberg 



u n i t s :  

1) Find the l a r g e s t  .off-diagonal  element of H, .H 
i j  

2 )  .Calculate  U 
- 

' 3 j Make. the t rons f  ormati on U ' ~ H  U = H I  

The choice of U i s  b a s i c a l l y  the same a s  J a c o b l t s  

method f o r  - r e a l  symmetric ma t r i ces ,  but modif ica t ions  muit 

be made t o  account f o r  the  complex form of H - 
i j ,  i - e - 9  H l j  - 

and 

cos $ - s i n  pl exp( - i$  

s i n  j8 exp( i 8 ) 'COS pl 

then the elements of 

. ,  D = u - ~ H . U  
yv - A N .  

are 

s i n  II( cos jd 

s i n  pl cos pl 

=D~'  D12 ;1 = ( d - a )  s i n  j8 cos exp(-1  e ) + ( b - i c )  cos2 $ . . 

- ( b + i c )  s i n 2 $ e x p ( , - 2 i ~ )  . .  ' ' ,  

. . 

. . 
. . . . 

. . 



I 

I ; 

/BY s e t t i n g  D12 = 0 = DSl and s o l v i n g  f o r  0 and 6, we f ind.  
i 
I ! t h a t  D w i l l  be diagonal  if 

' .  I , .  
c  s i n 0  

t a n  0 = i; - 
cos 8 

(b2+ c2)B; 
t a n  '2pl = 

I 
2 :us ing  s i n 2 &  + cos 0 = 1,  w e  o b t a i n  

1. 

By E u l e r l s  r e l a t i o n  e x p ( i  8 ) = cos + i s i n  6 , we have . . 

If we l e t  - (b2+c2)$ 



then,  
U 

-sin jd 

h, 

cos a' 

and 

D1l 
= a cos2 $+d sin2 p l + 2 ) ~ ~ 4  sin 13 cos pl 

D22= a sin2 $+d cos2 $-2 b12\ sin P( cos 



Appendix B. Flow Chart  fdr Computer c a l c u l a t i o n  

! ' 

The f low c h a r t  of our program i s  o u t l i n e d  below. The 

: 'matrix elements could have i n i t i a l l y  been s e t  up i n  a l g e -  

b r a i c  form. Subs t i  t u t i o n  of over lap  and two-center poten- 

t i a l  i n t e g r a l s  ( eva lua ted  i n  e l l i p t i c a l  coord ina tes )  and - k 

vec to r s  would give the  Hamiltonian and over lap  mat r ix  

elemonts . . ' The ~ c h m i d t  ~ r t h o ~ o n a l i z a t i ' o n  of the over lap  

mat r ix  and d i a g o n a l i z a t i o n  of the transformed Hamil ton lan  

mat r ix  would then be an easy  c'hore i n  terms of s h o r t e r  

computer time. However,. when w e  go from cubic t o  say,  hex- 

agonal symmetry, the l e n g t h  of the  t a b l e s  necessary  would 
. . 

i nc rease .  I t  i s  always d e s i r a b l e  t o  make these ~ a l c ~ l a t i o n s  

a s  automatic a s  poss ib le  v i a  the computer. Our program, 

t h e r e f  ore ,  e l imina tes  the .  need f o r  ma t r ix  e l e n e n t  t a b l e s  .as 

we l l  a s  o'verlap i n t e g r a l  t a b l e s ,  from which a r e  sometimes 

d i f f i c u l t  t o  i n t e r p o l a t e  accura te  values.  I n  a sense ,  the 

TBA program genera tes  a l l  necessary t a b l e s  with%n the  

. . 
computer. When the - k vec.tor i s  read  i n ,  i t  rapi 'd ly  makes ..' 

a l g e b r a i c  s u b s t i t u t i o n s  and i n  about 60 seconds a 25 x 25 , 

mat r ix  problem i s  solved.  



INPTJT DATA 

lo1Tnit c e l l  t r a n s l a t i o n  v e c t o r s  
2 .T rans l a t i on  ve ' c to rs  i n  TSA 

i n t e r a c t i o n  s e t  
3.0verlap,Coulornb-exchange,nuclear 

a t t r a c t i o n  i n t e g r a l s  c a l c u l a t e d  
, by a  prev ious  pro,oram and s t o r e d  

on tape  
4.Tndexing paramete rs  
S.Charge d i s t r i b u t i o n s  
6.0rbl  t a l  energy  paramete rs  

I 

I CRYSTAL PO~EWTIALI 
1 .Ca lcu la te  p o t e n t i a l  m a t r i x  e l e -  

ments,  < $ , I v ~ \  idat> 
2.Rotate  s p h e r i c a l  ha rnon ic s  and 

t ake  a proper.  l i n e a r  c o n b i n a t i o n  
of i n t e g r a l s  over  l a t t i c e  s i t e s  

I 

OVERLAP AND < 6 1 Va 1 
INTEGRAL! 

Rota t e  s p h e r i c a l  harmonjcs and 
t a k e  a  proper  ] ; n e a r  combinat ion 

I READ - k  ECTORS I 
L I 

CALCULATE 'NATRIX 
ELEMENTS BETWEEN BLO.CH 

I SUMS 1 
b 

I 
1 

SCHP'TIDT ORTHOGON- 
A L I Z E  BEOCH SUM OVEKLAP 

MATRIX 1 
1 

I 

TRANSFORM H A M I L T O N I A N  

1 MATRIX 1 
I 



1 .Ca l cu l a t e  the  occupa t i -on numbers of 
t h e  Blocn sum b a s i s  s e t  f o r  e a c h  - .  k 
v e c t o r '  . 

2,By proper  weight ing of t h e  k v e c t o r  
degene rac i e s  . .. i n  the  e n t i r e  E r i l l o u i n  
zone,  o b t a i n  t he  ave ra se  charge d i s -  I . t r i b u t i o n s  

. . 

3.wi t h l - = 8  and u s t n g  Equa t ion .  29,  c a l c -  
u l a t e  t h e  assumed c h a r ~ e  d i s t r i b u t i o n  
f o r  t he  n e x t  iteration 

I 

GO TO STEP 5 I N  INPUT U N T I L  
. SELF C O K S I S T E N C Y  I S  

ESTABLIStiED , I 



~ ~ . ~ e n d i x  C .  Reduction of Double Sum t o  Single  Sum 

Since the sums over - R i  and R a r e  over the same v e c t o r s ,  - j 
we can wr i te  the double sun as N times the s i n g l e  sum, i . e  ., 

where N 1,s the number of u n i t  c e l l s  i n  the c r y s t a l .  The 

proof i s  a s  fo l lows:  

Because of the  per lodic  boundary cond l t ions  
. . 

F(RI - + N1zl + N 2 4 2 +  N t ) =  F(Ri) 3-3 ( ' ~ 2 )  

where 11N2N3 = N and Ll, 5 and t a r e  the, p r i n i  t i v e  c e l l  
-3 

t r a n s l a t i o n s  . 
We can a l s o  wr i te  . . 

. . 

il,i2,i3 = i n t e g e r s  



L
I 

m
 

4
 

Q
 

d
 
a
 

E: 
0
 

0
 

ih
 

k
 

a3 
a
 

C
 

. g 
P
 

0
 

d
 
a
 

0
 

d
 

k
 

a
,
.
 

a
 

2
 

C
,
 

s k C-c 4
 

k
 

a, 
3

 

0
 

z
 a
 

n
 

I-I I 
w

 

a
 
s 





I 
Appendix D. Overlap and Related I n t e g r a l s  

I 

I I 

, ' 

The two-center k i n e t i c  energy and overlap, i n t e g r a l s  

I 
.' a r e  evalua ted  us ing  a  method proposed by S i l v e r  and 

I / Ruedenberg ( ' 6 3 ) .  

1 This method r e q u i r e s  t h a t  the  coordina te  system of the 
i 

i two c e n t e r s  be p a r a l l e l  with t h e i r  z-axes po in t ing  towards 

I one, another .  I n  our c a l c u l a t i o n s ,  however, the coordina te  

I systems a t  the two c e n t e r s  a r e  both  p a r a l l e l  t o  tha t .  of the 
! 

c r y s t a l  a s  a  whole.   he problem remains, then, t o  t ransform 

the  atomic o r b i t a l s  a t  the two c e n t e r s  i n t o  coordina te  

s ys tems of the t y p e  necdssary f o r  eva lua t ion .  

A t  the c e n t e r ,  A ,  t h i s  w i l l  be a  r o t a t i o n  and a t  the 

c e n t e r  B, i t  w i l l  b e  an inver s ion  of the z f - a x e s  followed 

by- the  same r o t a t i o n  a s  a t  A .  , Since the r a d i a l . ' p a r t  or the 

atomic o r b i t a l s  i s  i n v a r i a n t  under such t ransformat ions ,  

we need only examine t h e i r  e f f e c t  on the s p h e r i c a l  harmonics. 
D 

The inver s ion  i s  given simply b y .  . 

with the primes i n d i c a t i n g  the inver t ed  system.. 

Since the s p h e r i c a l  harmonics forms the bases  f o r  the 

irreducible r e p r e s e n t a t i o n s  of the three-dimensional r o t a t i o n  

qroup,. we can u t i l i z e  the matr ix .e lements  of these  represen-  

t a t i o n s  t o  accomplish the t ransformat ion .  . . 



For a  comp1e.x spherkcal  harmonic on c e n t e r  A 

- 
where (%, gA) and (e i,, $i) a r e  the p o l a r  coordina tes  of 

the unprimed and primed coordina te  systems, r e s p e c t i v e l y ,  

of Figure Dl. 

d ,  - 8 and -@ a r e  the Euler  angles  necessary  t o  

r o t a t e - t h e  ( x 1 y t z 1 )  system i n t o  coincidence with the (xyz)  

system. 0 and $ a r e  measured from the  x 1  and x axes ,  

r e s p e c t i v e l y ,  t o  the 2-21 plane.  $ i s '  measured from the 

,z-axis t o  the z l - a x i s .  

The c o e f f f c i e n t s  a r e  given by 
. . 

where 

. . f [ ( l + m ) !  (1 -m) !  0 + k ) !  (1 -k)! l  3 
dkm( 8 = 

t (R+k-t)! ( I - m - t ) !  ( t + m - * ) I  . t - 

the index, t, running from max (0,k-m) t o  min ( 1  -m, l + k ) .  

If one d e f i n e s  the r e a l  s p h e r i c a l  harmonics, sm, a s  . . 





1 '  : 
1 where 

i 
. . 

then u t i l i z i n g  Equations D l  a'nd 32  f o r  the necessary t r a n s - '  
I 
I 
1 formations,  we g e t  a s  a  f i n a l  express ion  f o r  the  two- 
I '  
i 

' centered  i n t e g r a l s  
I 

. . 
. . with 

. . The dependence on the Euler  angle  & h a s  dropped 0u.t 

corresponding t o  the one degree of freedom we have i n  
i . . 

. . I 



choosing the primed coordina te  system. 

Equation D5 i s  the overlap i n t e g r a l  i f  F = l '  and the  

. .  po.ten.tla1 i n t e g r a l  , if 

. . 

If F inc ludes  coulomb and exchange opera to r s ,  i t  must be . . 

transformed i n  a  s i m i l a r  manner. 
'l 

. .  . 
, . 



Appendix Eo P o t e n t i a l  I n t e g r a l s  

The atomic p o t e n t i a l  used i n  the TBA method c o n s i s t s  of 

threa operators.,  These a r e  Coulomb and exchange opera to r s ,  
., . 

g i v i n e  r i s e  t o  Coulomb and exchange i n t e g r a l s ,  and a  t h i r d  - 
o p e r a t o r  -2 .ZB/3  f o r  an  e l e c t r o n  a t t r a c t e d  t o  c e n t e r  i3 

. . 

t h a t  g ives  r i s e  t o  nuclear  a t t r a c t i o n  i n t e g r a l s .  The 

Coulomb and exchange i n t e g r a l s  a re  evalua ted  by me tnods 

programmed f o r  the IBM 360-65 computer (24, u5). The 

nuclear  - a t t r a c t i o n  i n t e g r a l s  a r e  o f .  the type 

where .the s ingle-ze  t a ,  normalized ST0 s a re  

f o r  a  f u n c t i o n  l o c a t e d  on atomic c e n t e r  A.  he nuclear  

a t t r a c t l o n  i n t e g r a l s  a r e  evalua ted  by the use of the 

express ion  



'The summation index L ' i s  l i m i t e d  by the cons . t r a in t  

. t h a t  1 + 1 '+L = even, the Wigner jJ s w b o l  (BL), 

. . 
R = in tera tomic  di .stance between c e n t e r s  A and B, p =  

R (  \ i'.) and t h e .  func t ions  E k ( P  ) and A ~ ( P  ) are. given 

These func t ions  a r e  obtained us ing  the r e c u r s i o n  r e l a t i o n s  

from t he  s t a r t i n g  f u n c t i o n s  

I n  order  t o  mainta in  uniform accuracy, an  inf ' ini te  s e r i e s  i s  

used f o r  computing Ek(.x) If t h e   elation, 
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(P,P,\y(2)) =<pypy i ~ ( 2 ) )  , t he re  e x i s t s  a  one t o  one 

/correspondence be tween tha imaginary and r e a l  s p h e r i c a l  

I 

j t i t y  a l lows one t o  use the numerical va lues  of Coulomb and 
1 

/exchange i n t e g r a l s  obtained from r e a l  f u n c t i o n s  t o  r e p r e s e n t  

. . : 1 the  imaginary case .  

i 
1 Some d i f f i c u l t y  arose i n  the e v a l u a t i o n  of Coulomb and 

. . 
[exchange i n t e g r a l s  when R ~ ~ ( \ ~ +  tB) = 360 where RAB i s  the 

. i n t e r n u c l e a r  d i s t ance  expressed i n  Bohr u n i t s  and )A and 5 
a r e  the o r b i t a l  exponents of STO's loca ted  on c e n t e r s  A and 

B r e s p e c t i v e l y .  I n  a u x i l i a r y  f u n c t i o n s  used i n  the eva l -  

u a t i o n ,  exp(*RAB( \ A  +(SB)) occurs and the computer l i m i t  of 

an exponent ia l  i s  2174. Apparently, the p r e s e n t  programs 

a re  n o t  w r i t t e n  t o  handle t h i s  s i t u a t i o n .  Theref o re ,  we had 

t o  apply a  reasonable approximation t o  i n t e g r a l s  where t h i s  

problem arose .  The rhenium s d  and 6p f u n c t i o n s  D have l a r g e  

o r b i t a l  exponents i n  inne r  r a d i a l  r eg ion  ( a s  have been seen  

In the d i scuss ion  on o r b i t a l  f u n c t i o n s )  which a r e  neglec ted  i n  

i n t e g r a l  eva lua t ions .  Theref ore ,  renorma3izat lon of these  

o r b i t a l s  i s  necessary s i n c e  a  small  p a r t  has been c u t  ou t .  

The normalizat ion cons tant  of the Sd i s  1.01709 and 6s  i s  

1.004342. 



Appendix F.  Atomic O r b i t a l  Energy Parameters 

The one-electron terms which  a r e  g e n e r a l l y  r e f e r r e d  t o  

' a s  t he  core energy, I ,  i s  t h e  sum of the  k i n e t i c  energy and 

. . 
p o t e n t i a l  energy . , from the f i e l d  o f .  the bare nucleus.  

The core energy i s  evalua ted  from the  fo l lowing 

i n t e g r a l  

P .dv. 
I. r L  

where P i ( r )  = z C j R n j : l j  (r.)r = c N exp(-  kjr)rnj. 
j j j j .  

. I n t e g r a t i o n  give's . upon . expansion of Pi 

. . 

The Slater-Condon parameters,  F~ and G ~ ,  a r e  c a l c u l a t e d  

v i a  the fol lowing.  i n t e g r a l s  : 



I 
phere the po ten t l a1  f u n c t i o n  Yk( i,j) i s  
I 

I .  
i 

i 

I 
Brown-Fi t z p a t r i c k  , ( 25) and Ros-Schuit (36') express  the 

i 
p l a t e r - ~ o n d d n  pararnetsrs in terms of Sl .e ter  type o r b i t a l s .  
I 
! 

The l a t t e r  formula t ion  h a s  been programed t o  o b t a i n  param- 

eters f o r  the g ( i ,  j )  terms in 'Equation 31. 

'' . The d e r i v a t i o n  of the and ~k express ions  a r e  

lengthy  b u t  straight forward- if  one u t i l i z e s  the s tandard  



Appendix O. TBA Results of Boo3 

The I t h  energy baad correapondfng t o  the crystal 

orbltal with function yi(&,f) is numbered along the l e f t  

, column, The eigenvslues of yi(lev2) are l i s t e d  i n  Table GI.. , 

. T h e  5 rhenium, 01, O2 and03 atomic orbital  contributions to 

yi(lcs~) - BFB l i ~ t e d  i n  Tablea 02, 03, 04 and G5 for - k = 
. .  . 

(0.0,0.0,0.0) ,(~,o.o,o.o) ,(E,"o.o) and ( . ~ 9 F , ~ ) r e s p e c t i v e l y .  : 
8 1 .  a a. 8 8 a 

. , Thus, we have the spunetrg pofnta gama (P ), X, R and R 

rephssnted.  , The subacrfpts .Pabeling the, ox;pgen atoms 01, O2 

a n d  Og are indicated i n  parentheaid. . . 

The eigonvaluss in Table 01 are l i s t e d  i n  Fortran 

notation where E Ox denotes X 10". The energies are in 

Rydberg unl ts , 

The Fermi energy i s  -1.48.28' Rydbergs. 
. . 



Figure G1. Re03 energy bands. 
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Appendix H,. TBA Resu l t s  of KTaO 
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Using the saae n o t a t i o n  a s  i n  Appendix  G ;  Table H 1  

con ta lns  the e i g e ~ n v a l u s s  of c r y s t a l  o r b i  t a l  f u n c t i o n y  (.&,XI 
1 

f o r  the i t h  energy band and' Tables H 2  t o  H5 a r e  the c o r r e s -  
, . 

ponding $ atomic o r b f t a l  c o n t r i b u t i o n s .  

The Fermi energy is  -3.8905 Rydbergs. 



Figure Hl. KTaO energy bands.  
3 



T A B L E  Hl E ( K )  VS. K: E N E R G Y  BANDS A T  THE 
ZOhE GF P O T A S S I U M  TANTALAIE '  

ENERGY ' SYKKETGY POEKT 
BAND GAMFlA X 

SYXKETRY PCI-&TS- 

0.12572GE 04 . 

6.237674E C1 
G w  73U557E CO 
C.3C284SE G C  
6,766816 E.-01 

-5,216799E 01 

-0 w253716E G 1  
-(j..32263;jE 01 

- C o  328.495E C.1 
-i) .ZJ32i1.56E 0 1  

-3 .351424E C1 
-0e36866CE 01 
-0.372091E $1. 
-C .  3b7456E C1 

-G .389224E C 1  ' 
-Cn341349E 01 
- 0  w3SS2F9E 21 

. -6 -4,03129 E. 0 1  
-0w424.267E 0 1  
-0 .447299f  01 
- da4832 i31  t ill 
-0-  5 1 5 6 4 5 L  C1 
-3 0 1  
- g, l l i '667fi  0 2  

-0w125463E 02 

. - - . . .- .. . . . . . . . - . - - . . - .- - -- - . . .. - -- - . .. . . 
-OF-- THE BRXLLGU I N  . . 



TABLE HZ M U L L I K E N  PUPULATION AhiALYSIS OF CRYSTAL CRB1,TALS AT 
GAMKA SYMMETRY P O I N T  

EkERGY $ TANTALUP, A T C W I C  C R B I T A L  CCNTRIBUT ION 
50 2 '  2 50 BAND 5D 2 50 ' 50 6s . '  6-P 

z x z  YZ X - Y  X Y  z 



TABLE ' H 2 ( C O t i T o  1 

ENERGY 
BAND 

% CiXYGEN ATON IC OKQ'I  TAL C O M T R I B U T I  ON 
Z S ( 1 ) I  2 P  (1) 2P ( 1 )  2 P  ( 1 )  2 S ( 2 )  

z X Y 

- G a  c 
0.1 
cac 

17.1 
. 1.9 
4.4 
6 . 3  
0a.o 
C a  c 

-0 -0 

. -2. 8 
- 0 a G  

. -0.9 
-c, C 
-0 -0 

' -0.1 
-0.0 
-0 04 

3. 2 
15.9 
3 3 0 9  - 

00 5 
4 09 

9 0  L? 
122- 2 



TABLE H 2 t C G K T . I  

ENERGY $ O ~ Y G E N  ATOPI IC  CRdI TAL C Q N T R I B U T I O K  

. . 
BAND 25(3) 2 P ( 3 )  Z P ( 3 . l  2P(3.) 

z X Y 



TABLE H2 (CENT- 

ENERGY % PUTASSIUN ATCSlYIC CIRBITAL CGhTRIBbTIiN 
BANG 4s  4P . 4P 4P 

z X Y '  



TABLE W 3  KULLIKEN PmGPULAT IOh! ANALYS IS  OF CRYSTAL ORBITALS 
X SYt414ETRY P O I N T  

. . 
. . 

EN ER GY 2 TANTALUM. A T O M I C  O i Z t i I T A L  CONTKIMUTION 
: 8 A k D  S G  2 5 D .5D 5 0 2  2 50 6 s  

z .  xz YZ X -Y  XY 

8 .  C 
- 0.i 
0 00 

0.  0 
0.1 

6 

G. 3 
91.1 

L7. c. 
c . c. 
0.0 
ti. 4 
G.G 
6.1 

G . c. 
0 .fJ 
4.6 
3 03 

c. 1 
0.0 
(; .. (j 

0. c 
Ci .i; 

-$. 2 

-0.G 



TABLE H 3 ( C C R T . l  . . 
. . 

ktdERGY O OXYGEN A T O M I C  O R B I T A L  C U h T K I B U T I  GN 
BAND 2 S ( )  2P ( 1 ) .  2 P  (1) 2P (1) Z S ( 2 )  2P 12)  2P (2) 

z X Y .  z x .. 



ENERGY 8 GXYGEN A T G K I C  C'PBITAL  

BAND Z S ( 3 )  2P ( 3 )  2P ( 3 )  

. . z  X .  



TABLE H3(CC?NTo) 

ENERGY 8 POTASSIUM A T O M I C  CKBITAL CGKTRIBUTIGN 
4P 4 p  44' BAND 4 S 

X Y z 
. . 



(7 ' .ti-, 
?':J-. 

0' i) 

T'O 
1-1 
L' O 
9 'c. 
1'9 
I?' 3 
0 "9 

0' 0- 
3'3 

T '0 
6" 0 
0 '9 
13' 0 

G.9 
9 '0 
r.' 0 
0 '9 
3 ', 9- 
r,t 0- 

0 '0 
9 -0 
O'L6 

3.' 7- 
?7 '3E 
5'8 

L'TT 
1 '8 
Z'T 
T 'T 
9 "1 
D' L? 
O"3 
0'3 
3'0 
1'0- 

8'0 
E'C 

L' 5 
*3' 1 
!7 'L 
3'1 
I 'Z? 
9'0 
+'O 
9 '2 
8 *€ 
9 '0 

I' T- 
O'LE 
0 '3 

Lo S 
9'1 . 

9'1 ' 

(7'0 

L 'T 
2" I-, 
T'O 
T '0 
5'3. 
TV99 
6' L 
E'C) 
8 'I 
1.'T 
9 '0 
9'71 
coo 
0 '0 
0'0' . 

0'0 
0' c? 
0-0 

47'3- 
T'O 
3 '2 
9'0 
Z'O 
F09 e 

0-0 
2 'T 
8'0 
1 0 
2 '0 
q* 0- 

zoz . . 

1'0 
1'0 
2 'TZ 
6' G+I 
6'82 
1 OO 

0- 0 
0 '0 

Z'O 
0'0 . . 
0' 0 
0'3 

3 'S- 
5'cl 

3 -3 
C' 
5'0 
3 '0 
E* 1 
3'3 
3'C 
re e 
8 '9- 
o-a- 
3'3 
1-3 
1-g 
T'bb 
5" E? 
3'L 
9-c 
3' 0 
1 '0 
Q -Q 
0' 0- 

9- C3 
3'0 

Z'Z- '. 

1' 9 

B"7- 
E'O- 
3-132 
1'2' ' 

6-9 
5-0- 

Z '0 
0' O 
9-9 '. . ' 

9 'C. 
1.9 
5'03 -. 

'7' E 
7'0 
0'0 
(7.- 0. . . 

0 '3- 

t'cr 
C'O- 
3'C- 

G' 0 
9'0 
3'0 



TABLE H 4 ( C O N T .  ) 

. .  ENERGY O OXYGEN A T O M I C  UgBITAL CONTi3IBbTI OK 
BA&D ZS(1) 2 P  (1') 2P (1) ZP ( 1 )  Z S ( 2 ) .  2P ( 2 )  2P ( 2 )  2P ('2) 



TABLE. H4[CONTal  

ENERGY z G X Y G E N  ATCMIC O R E I T A L  COP~TRIBLTIUN 
BAND. 2S(31 2P ( 3 )  2P ( 3 ) .  2P ( 3 )  

z X y .  
. . 

O a G  

3 .ti 
Cia 1 
3- 2 
0 -0 

- G a  1 
4 a9 

11.5 
20 5 
G.5 

0 - 2  
Oa 5 

1 5 . 1  . 
13.2 . . 

G * G  
il 8 
9.2 

15 a5 
L. c! 
7.3 
D.i 

22. r, 
% 

1C.6 
-62. 5 



ENERGY 
BAND 

X POTASSI UN A T O K I C  C R U I T A L  CGkTPI t?UT IOb i  
4s 4P 4P 4 P  

Z X Y 



TABLE .H5 

E&ERGY 
BAND.  

H I I L L I K E h !  F O P U L A T I  CN ' A N A L Y S I S  OF CRYSTAL OKBI .TALS.  AT 
R S Y M H E T K Y  P O I & T  

% TANTALUM A T O M I C  O R B I T A L  C O N T R I B I I T L S N  
50 2,  5 D 5 D 5D 2 2 5C 

z x E Y i x -Y  X Y  

O .G 
1.2 
1-3 

906 
0.2 

1207 
45.9 
32.7 

6 01 
-Cf. 3 

(2 . 1 
-0.0 
6 e 1  
0 O G  

30 2 
1 .a 
2.7 
9 - 2  
1 O C  

-7.8 
-1.7 
-7 0 1  - /- 

G I . ;  

0 . 1 
0.4 



TABLE H5(CONTo)  . 

ENERGY t OXYGEN ATUMIC U R B I T A L  
BAND ZS(1) 2 P  (1) 2 P  (1) 

z X 

C O N T R I B U T I O N  
2P (1) 2S(2) 

Y 



TABLE HS(C0MT.  1 . . 

. . 

EkERGY % O X Y G E N  A T G M I C  O R B I T A L .  C U ~ T K  TBUTION ' 

B A fi-3 2 S ( 3 )  2 P  ( 3 )  '2P ( 3 )  2 P  ( 3 )  

Z x .  Y .  



EKE RGY 3 PGT,ASSIU# ATCMIC G R a l T A L  C G ~ T K  IBUT IGN 
BAN C 4 s  4P 4P 4P 

2 X '  . Y 



I I 

/ i 

2.2 9 ! 
j i 
I : ,  

1 ~ ~ ~ e n d j . x  I. TBA Resu l t s  of Na,UO (x=1.0) 
I 3 

I ,  
1 , 

Using the same n o t a t i o n  as i n  Appendix G ,  Table I1 

icontains the e igenvs lues  of c r y s t a l  orb1 t s l  func t i o n y i ( b , r )  - - 
i 
1 .. 

/ f o r  the  f t h  energy band and .Tables I2 t o  15 a r e  the ' cor res-  
, I 

iponding $ atomfc orb1 t a l  contributions. 
i 

The Fermf e n e . ~ g y  5 , s  -3,2252 Rydbergs . . . 



Flgura TI.. NaWO energy bands.  
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/ Appendix J . l"ranslat iona1 Spme t r y  
I 

j The TBA approximation depends on a  successful.amalgam- . 

' ' a t i o n  of a  LCAO ( l i n e a r  combination of atomic ' o r b i t a l s )  I : 
1 with the t r a n s l a t i o n a l  symrne t r y  possessed by a  c r y s t a l .  l e t  

i 
I us d l s c u s s  the t r a n s l a t i o n a l  symmetry aspec t  of the problem 
i 
I and show how the LCAO approach e n t e r s  i n t o  the TBA method. i 

Vectors R =p t +p t +p t connect e q u i v a l e n t  p o i n t s  
p  1-1 2-2 3-3 

i n  o rd jna ry  space.  The u n i t  c e l l  i s  def jned  by the b a s i s  

vec to r  s e t  - t. For an i n f i n i t e  c r y s t a l ' ,  the components 

( ~ ~ , p ~ , p ~ )  can assume anv i n t e g r a l  value.  Such v e c t o r s  R 
-P 

a r e  def ined  a s  t r a n s l a t i o n  vec to r s .  

Let  T T and T be t r a n s l a t i o n  opera to r s  connected 
1' 2  3 

wlth the p r imi t ive  t r a n s l a t i o n s  tl, t and t r e s p e c t i v e l y .  
-2 -3 

General ly  T,(v=l,2 or 3) opera tes  on some f u n c t i o n  f ( r )  - 
. . 

t o  give 

I n  terms of R t r a n s l a t i o n  vec tor  R , a  t ranslateion opera to r  
'P 

~ ( p )  i s  def ined  a s  

P1 p2 p3 
T(p)=TI T2 T3 

where T~~ f  ( r ) = f  (r+plLl) . 
1 - - 

However, i f  we take a  microcrysta1,eg.  pl=lOOO=p =p jn 
2 3' 

a  bulk so l id . ,  we s t i l l  have the t r ans1 ,a t iona l  symmetry of 

the p a r t i c u l a r  c r y s t a l .  That i s ,  the mic roc rgs ta l  i s  r e -  

. pea ted  throughout the c r y s t a l  i n  a pe r iod ic  fashion .  13 

genera l  we s h a l l  def ine  the microcrys t a l  a s .  con ta in ing  



By r e s t r i c t i n g  the s i z e  o f .  the mic roc rys ta l  ' to '  some 

f i n i t e  ' s i z e ,  namely G u n i t  c e l l s ,  we o b t a i n  the  Born-. 

t 1' 
von-Karman (43) c y c l l c  boundary cond i t lon , i . e .  

I n  o t h e r  words, we never pass  through the su r face  of the 

mic roc rys ta l ,  b u t  i n s t e a d  c i r c l e  back t o  the o r i g i n .  Then 

3 
each mic roc rys ta l  con ta ins  G l a t t i c e  p o i n t s  def ined  by 

the i n e q u a l i t y  0 L pVC G - 1  (v=1,2 ,3) .  Lowdin(06) c a l l s  t h i s  

i n e q u a l i t y  the "ground domain ( G )  ". Other e q u a l l y  good 

ground domafns a r e  

1 C  pvh G and 

The jmpl ica t ions  of the above boundary cond i t ions  a r e  two- 

. f o l d  

1.) ~ ~ = 1 .  
V 

2 )  T h e  t h r e e  t r a n s l a t i o n s  w i l l  now 50 c y c l i c  opera to r s  

of order  G having eigenvalues  ~ x p ( 2 ~ i  Ic,/G) where kv equa l s  

an i n t e g e r .  

The second lmpl ica t lon  deserves some. d i scuss ion .  The 

t r a n s l a t i o n  opera to r  on a f u n c t i o n  f  ( r )  - g ives  us the usua l  

e lgenvalue problem where. 

. . 
i s  the  eigbnvalue of t r a n s l a t i o n  .R . s ince '  (f ( r  )I f (r)) 

-P - .  - 
. . 

- 



I - 

I and < T ( ~ )  f  ( r ' ) \ ~ ( ~ ) .  f (r))have the garno v a l u e  because of /' 
I - t r a n s l a t i  onnl symmetry ( t h a t  i s ,  f  ( r ) = f  ( r + ~  ) ,A is a  corn- 1 : .  - -P P 

i p lex  number of modulus u n i t y  of ) =exp( iQ )). 8 i s  r e l a t e d  
I P  

P P I .  
1 '  t o  the t r a n s l a t i o n  vec tb r  R by the express ion  
i -P 
! 

I 
! - 
I 

8 =k.R 
I 

p - -P 
I 

I 
/ i which i s  the i n n e r  product of R and the wave vec to r  k i n  

-P 
- 

! 

I r e c i p r o c a l  space.  This identification i s  made v i a  the 
i 
i d e f i n i t i o n  of a  wave vec tor '  - k 

where the b a s i s  s e t  - b i s  i n v e r s e l y  r e l a t e d  t o  - t . A s  i n  

r e c e n t  l i t e r a t u r e  on energy band theory k components a re  ../' 

J - 
expressed by (k,,k ,k ) which a r e  not  i n t e g e r s  whileKv 

Y - 
(v=1,2,3) a r e .  

I The f u n c t i o n  f ( r ) '  - i s  c h a r a c t e r i z e d  by a  p a r t i c u l a r  

I . . vec to r  - k which appears  i n  the eigenvalue of each t r a n s l a - .  

I t i o n  opera to r .  Thus, f  (f), i f  a  pe r iod ic  f u n c t i o n ,  g ives  
. . 

f ( r + R  - -  ) = e x p ( i k e ~  - -p ) f  ( r )  - . 
P 

This r e b a t l o n  9 s  r e f e r r e d  t o  a s  B lochfs  theorem , (  8 7 )  . - *  

I f  a l o c a l i z e d  f u n c t i o n  f ( r )  - i s  no t  a f u n c t i o n  of k ,  

I, . , -  

b u t  i s  s t i l l  pe r iod ic ,  we can use B lochfs  sugges t ion  ( 8 7 )  

t o  o b t a i n  f ( k , r )  - - by mul t ip ly ing  f ( r )  - by a  phase f a c t o r  

e.xp(lk.33 ) f o r  each translation R . This can be shown f o r  . - - p  
7. ! 

\ 

.- . 
a- - - 



the q t h  atomic o r b i t a l  f u n c t i o n  $ f o r  an e l e c t r o n  loca ted  
qfi 

P ( s e e  Flgure 1) o r  (d ( r - P ) .  For ins tance ,  a  a t  r- -1 
q P  - -p 

; i t r a n s l a t i o n  -R corresponds t o  the ei,genvalue equat ion  
1 -7' 

The p o s i t i o n  v e c t o r  r-P -R ) i s  shown i n  Figure  2. Then - -B -P 
. . 

f (k,r)=(d - -  ( r -9  )=nxp(ikeR )$  ( r - f  -R ) . I n  genera l ,  w e  
q,- -a  - - P  q ~ - - ~ p  

def ine  the sum of f (k,r ' )  - - f o r  a l l  poss ib le  t r a n s l a t i o n s  

a s  the Bloch s u n  b  ( k , ~ )  which corresponds t o  the q t h .  
q 0  - 

atomic o r b i t a l  loca ted  on atomic s i t e P .  That i s ,  

1 

b ( k , r ) =  N - ~  C e x p ( i k * R  ) $  ( r -  f -R ) . 
98- - P - -P qp - -p -p 

The normal iza t ion  cons tan t  N of Bloch sum b  i s  obtajned 
q~ w 

by the e v a l u a t i o n  of the se l f -over l ap  of un-normalfzed 

Bloch sums. 

We a r e  now e q u i p t  t o  expand the' c r y s t a l  o r b i t a l s  

y m ( k , r )  - i n t o a  l i n e a r  combination of Bloch sums which 

f o r  the IR t h  c r y s t a l  o r b i t a l  ?unct ion becomes 

C '  ( k )  i s  the corresponding expansion c o e f f i c i e n t .  
qm - 

With a  knowledge of,  the l i n e a r  combination of Bloch 

P 
sums a f t e r  one e v a l u a t e s  the c o e f f i i e n t s  C ( k )  f o r  the 

qm - 
wave vec ' tor  coa rd ina tes , i . e .  (kx,k ,k ) ,  one can  c l a s s i f y  

9 

the e n e r g y  band symmetry t o  the proper i r r e d u c i b l e  r e p r e s r  

e n t a t f o n s  of subgroups of the space' 'group t o  which the 



j: 
I 
I c r y s t a l  belongs .  Availab1.e group t h e o r e t i c a l  c h a r a c t e r  
i' 

t a b l e s  f o r  a l l  of the  subgroups of t h e  O space' group (88) 
h 

facilitates t h i s  class5.f i c a t i o n  f o r  p e r o v s k i t e  t r a n s i t i o n  

I - meta l  ox ides  which a r e  simplo cublc  o r  0 1 

I 
ha 



Appendix K. Uni t a r g  Transformations 

- 

Zirnan(4) shows how I a n n i e r  f u n c t i o n s  a r e  obtained fcom 

Bloch sums us5.ng a  un5 t a r y  t ransformatfon.  I n  the t i g h t -  

binding l i m i t ,  atomic o r b i t a l  f u n c t i o n s  a r e  obtained i n  the  

same manner: 

9c( 

The c rux  of t h i s  unI t a r y  t ransformnt ion  i s  the i d e n t i t y  ( 4 )  

where 6 e'quabs the number of un? t c e l l s  I n  the microcrlgstal .  

We w i l l  use the u n i t a r y  t ransrormat ion  t o  o b t a i n  
/ 

Fe(r) and n  (no te  t h a t  the p o s i t i o n  vec to r  - r i s  l e b e l -  
-t' !y 

ed t o .  f a c i l i t a t e  e a s i e r  n o t a t i o n ) .  

The Fock opera tor  on e l e c t r o n - p -  i n  s t a t e  - k i s r ( k , r  - -YL ) 
I 

def ined  ,& Equat ion 17. r ( k , r  ) averaged over k space - - P  - 
, y i e l d s  



Brjngjng the phase f a c t o r s  exp(4ik.R - - -9 ) i n t o  the double / 

sum over the t r a n s l a t i o n  vec to r s  i n  Fquat ion  K3 and u s i n g  

Equation K 2  we o b t a i n  the transformed express ion  

, , . . 

2 , . 
A V ~  (r  >= -$, - ~ 2 z 1 / r x r  '3? -r 

1 

+ - - 
G q 4  tp g Rfl $ 4  R R . R  R &exchange 

2 ~~~t - 5  - r.OuiOmb o p e r a t o r s  3 
and rearrangement a f t e r  sumring over R and R y i e l d s  - -Y 

Ave x. G.G. 
r )=-a -T~z /r + l2($ ( F - ~ - R ) $  (r-j'-R) 1 

- P  r rr qd , tPNtNe  , 9 % - r - 7  t n - p ~  

- 3 q 
-& ( ~ - I - R ) \  &(F-?-R 

s4 Y .i) p-v-p? 



. . 
. /  
' . 
i ' I 1 G k -  C p k ( q d , ~ p )  . 

I 

1 If we l e t  r=r'+R - -  and make s u b s t f t u t i o n  i n t o  Equat ion K4, 
I -v 

) we o b t a i n  us ing  R =R R ( a l s o  dropping the prime over 
-P -5 -V I 

I the dummy index)  

. . 

where pAVe(qd,tB) i s  the average bond order  ma t r ix  over 

I "  k apace. - 
I 
I I n  Appendix C ,  we f i n d  b a s i s  f o r  maklng a f u r t h e r  

s i m p l i f i c a t i o n  of Equation KS whereby the product of G and 

the Coulomb and exchange opera t o r s  f o r  a par t3 c u l a r  t r a n s -  

l a t i o n  R i s  e s s e n t i a l l y  a  sum over a l l  poss ib le  t r a n s l a t i o n  
P 

vec to r s  where p ranges from 1 t o  G.  Then ~ ~ u a t i ' o n  KS becomes 

Ave 

Coulomb 
e xhange 

qO', t p  - ik  * 
and 7 NqN t 

. . We include p=O t o  the sum i n  Equat ion K 6  i n  order  t o  e s t -  

a b l i s h  the convention q = t and .R =O. 
-0 

. . ', Let  u s  now proceed t o  make a  s i m i l a r  t ransformat ion  

. . 
oC the ' ~ l o d m a r k  pop,ulation , ana lys i s .  From Equation 24 we 

I 



have an express ion  f o r  n  , amenable: t o  the u n i t a r y  t r ans -  
904 

formation.  The r e s u l t i n g  s e t  of equat ions  f b 6  the u n i t a r y  

t ransformat ion  i s  

I n  a  manner no d i f f e r e n t  than the u n i t a r y  t ransformat ion  

of the Fock 'opera tor  we' o b t a i n  . . 

A l l  conventions used previous ly  a r e  u t i l i z e d  f o r  the 

u n i t a r y  t ransformat ion  of the Flodmark popula t ion  a n a l y s i s .  
* .  

. .. Thus the q u a n t i t y .  A an  be i k t e r p r e t t s d  i n  terms of the 

. . . scf 
atomic o r b j . t a l q o (  whereby the number of e l e c t r o n s  i n  t h a t  

o r b i t a l  on = , & . s i t e  i s  the average value obtained from 

the occupation numbers. o v e r ,  all - k  .space .. 



Appendix L. Matrix Elements Be tween Atomic .Orbi ta l s  

If  F ( r  )=I, we o b t a i n  express ions  f o r  the over l ap  -r 
mat r ix  elements d ( k )  . Using Equation 46we d i r e c t l y  

qdsB - 
o b t a i n  Equat ion L9 f o r  case d # P a n d  q#s. Other c a s e s ,  

i .e .  d=p,q#s;  A = P  ,q=s , need t o  be s p e c i a l l y  consldered 

In order  t o  lnsu re  t h a t  a l l  i n t e r a c t i o n s  a r e  included i n  
\ 

the sum over i n t e r a c t i o n  vec to r s .  Thus, the convention 
dd n(d 

used t o  de f ine  R =pl - p f o r  4=i3 no longer  a p p l i e s ;  
-p -- 2 

s ince  one i n t e r a c t i o n  vector, j = l ,  i s  usu.allg taken a s  
lira 

zero.  Obviously, f $0 ( j = l ,  . . . ,V) f o r  genera l  cases .  
-3 

Therefore,  we s h a l l  use a  d e f i n i t i o n  of R which a p p l i e s  
-P 

t o  the . s p e c i a l  case A = 9 ; 

ocd 

R = P  ( j=0 ,1 ,2 ,  ... V )  where 
-P -3 

Y':O f o r  t h e  o r i g i n  of s t o m  type 
-0 

, '  l oca ted  a t  ,? i n  the  u n i t  c e l l .  . 
-4% 

The l a t t e r  choice s a t i s f i e s  the "ground clomain(G)" 

d iscussed  i n  Appendix ,J. 

Using the above convention, we wri te  A I K ) ~ ~  
qb(w 



E.quation L 1  can be expressed i n  a  form compatible wi th  

economic use of the c.omputer; namely, we s h a l l  use Euler  I s  

r e l a t i o n  t o  conver t  .the exponent ia l  terms i n  Equation L1 

i n t o  cos ine  and s i n  terms which a r e  m o r e p r a c t i c a l  t o  

eva lua te .  Using a  p a r i t y  term der ived  i n  Appendix X ,  w e  

a r e  a b l e  t o  wr i t e  Equations i n  the t e x t  which apply t o  ' 

the case O(=p and q#s. 

I n  the case d=% and q=a,  we o b t a j n  the  diagonal  elements 

.which a r e  obtained from Equation L l  v i a  the Eu le r  r e . l a t i o n  

rand a r e  w r i t t e n  i n  terms of cos ines  

. , 

(L2) 
If the atomic o r b i t a l  f u n c t i o n s  a r e  normalized, the over lap  

term corresponding t o  the n u l l  vec to r  i s  equal  t o  one. 

the Bloch sums a r e  normalized 

equals  one, w e  need only rear range  Equat ion L2 t o  o b t a i n  

an  expreos ion  f o r  the ncrrma3..5.za'tl on c o n s t a n t  N which i s  
q- 

Before we. move on t o  a  d i scuss f  on .of the Samil tonian  matr ix  

elements,  we should comment on the orthogonality of atomic 

o r b i t a i  f u n c t i o n s .  

The diatomic over lap  i n t e g r a l < +  ' ( r  )\ ( r  ))which 
& -r . 3PC -r. 

r e s u l t s  f o r  the n u l l  vec to r  f occurs f o r  <=$and qfs  . 
-0 



I t  i s  important  t o  s t r e s s  t h a t  t h i s  i n t e g r a l  i s  a e n e r a i l y  

1 : . .  non-zero. Fol*' i n s t ance ,  i f '  non-or thogonel a n a l y t i c a l  atomic 

. . o r b i t a l  f u n c t i o n s  a r e  used, the over lap  i n t e g r a l  i s  non- : 

ze ro  when the foliosring cond i t ions  on the quantum numbers 

f o r  o r b i t a l s  q d a n d  s c r a r e  met: n  # n  ; 1 =A; and m =ms. 
q s q  q  

However, i f  the Schmidt process i s  app l i ed  t o  the non- 

orthogonal b a s i s  s e t ,  the r e s u l t i n g  orthogonal func t ions  

w i l l  au tomat ica l ly  give a zero  value f o r  the i n t e g r a l  with 

a quantum number s e t .  I n  any case ,  the TBA conputer pro- 

gram i s  w r i t t e n  t o  handle e i t h e r  orthogonal or  noneorthogonal 

f u n c t i o n s  f o r  atomic o r b i t a l s  on a ' g i v e n  atom. 

I f  ~ ( r  ) equa l s  the TBA Fock opera tor  def ined  i n  
at" 

Equat ion 26, off  -diagonal ( q # s , ~ # f 3 )  mat r ix  elements of B(k) 
h - 

I can be w r i t t s n  us ing  Equation 46 

, . I n  order  t o  'express the energy mat r ix  elements ,  we need t o  

a r range  terms i n  the.  Fock opera tor  t o  gj.ve i n t e g r a l s  from 

Equat ion L3 which can be s i m p l i f i e d  by var ious  approximations.  

F i r s t  of a l l ,  we can separa te  V ( r  Q' from the double sum a t - - d  
i n  Equat ion 26 t o  give 

Ave "2 v ( r  -9-R ) .  
s -p - r - p  

(L4) 

Then we s u b s t i t u t e  r=r.l+f i n t o  Equation L 4  giving ,s f  t e r  
-Y-P -a 

dropping the prime a s  a  dummy index of i n t e g r a t i o n ;  
. . 
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i '  
j :  . . 

! 

1 ~ l n a l l y ,  I ( j , ) .  i s  s i n p l i f  led by the Mulliken epproxi-  
I .  2. . 

i n a t i o n  u s e d  i n  Equat ion 32 t o  gjve  
- I '  

The ab'ove approximations are used t o  express  H w s b k )  

 in Equation 49; the form used t o  make computation of ma t r ix  

I n  t h e  case of q=s ( o r  q#s) and p(=$ ,we def fne  the 
. . 

mat r ix  elements f o r  H ( k )  i n  Equation 50 us ing  conventions 
4 - 

I proposed ror the corresponding overlap n a t r i x  elements 

1 and using  e s s e n t i a l l y  the same approximations a s  above t o  
1 

I s i m p l i f y  I n t e g r a l s .  The TEA Fock opera to r  is t r e a t e d  

s i m i l l a r l y  a s  above, bu t  p o t e n t i a l  terms f o r &  ine%ead of,  

B a r e  separa ted ' f rorn  the double sum t o  give the fo l lowing 

form used i n  'Equation 50 
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The doub le  pr imes  denote t h a t  the j %b v e c t o r  f o ~ T = ~ i s  

removed frofa the double sum. 



We want t o  examine the value of an  over lap  i n t e g r a l  on 

a  t r a n s l a t i o n  of coordina te  system B ( F i s u r e  M 1 )  by 2 R  a long 

the z2 a x i s  (F igure  M2). 

Let us fnvest l .gate  the anqular  p a r t  of an over lap .  type 

i n t e g r a l  be tween two o r b i t a l s  havjng quantum numbers n,,?,m 

and nf,Jt ,rnf and being separa ted  by the vec to r  R = ( R , Q , $ ) .  - 

That is, we s h a l l  use Equat ion D 6  t o  def ine  

Then , 

. . 

where x= $ and &-€I. 
1 

I NOW i f  we bxamine A( - R ) ~ ~  - we have t h a t  / 

I 

Then j3 I=  -(n-@)= Q-r = -(B+n) and x i  = -($++n)=-fd-n=& n 

for Eule r  angles  i n  the d i sp laced  sks tem. (F igure  M2). Since 

e x p ( ~ m ( f - r )  )=exp(im$)exp(-imn)=( -l)mexp(im'b) and 



Figure M1. The usual overlap coordinate mstem. 

Figure ' ~ 2 .  B i s  translated 2R a long , the  Z2 ax3.s. 

' I  . 



J 
v i a  the symmetry p r o p e r t i e s  of d  a s  def ined  by Edmonds 

k m 
(R4), we have f o r  the express ion  i n  the f i r s t  b racke t  i n  

4 ( ~ )  = - 1  A ( - E )  . 
-. AB AB 

g + r  
If F ( r  ,) =V ( r  - - -& -4  pPq, we s t i l l  would 'have (-1) i n  

Equation M1 

The transforma t i o n  o f .  the q u a n t i t y  i n  the second b racke t s  

i n  Equat ion M1 l e a d s  t o  a  s i m i l i a r  form with the p a r i t y  

f a c t o r s  appearing out  i n  f r o n t  (because of o r thogona l i ty  

of $ dependent func t ions  m=mf s o  we ,are l e f t  with a  
1 .  

p a r i t y  f a c t o r  i n  ,-(and xonle .  
-k -k 

I 

s i n c e  (Y~IY~)=(Y~ Y 1 ,  s u b s t i t u t i o n  of the, 

above form i n t o  Equation M1 merely change's the order  of 

summation and we have t h a t  

f r o n t  of the negat ive -R j n t e g r a l .  Therefore,  Equat ion - 
M 2  i s  a genera l  r c s u l t  to be used In both  6vet51ap and 

. . 

Hamiltonlfln matr ix '  elements.  


