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. PIGHT-BINDING ENERGY BAKDS OF
PEROVSKITE TYPE TRANSITION METAL OXIDES

Harutun Géorge Karian

Under the supervision of B. C. Gerstein
From the Department of Chemistry
Iowa State University

! The ICAO procedure for energy band calculations, i.e.,
tge tight;bihding me thod, h&shbeen applied to a series of
perovskite‘transﬁtion metal oxides: ReO3, NaXWC3(x=1.Q) and
KTa03. | | | ;

An overlap criterion is used to limit the interaction set
to'nearest-ngighbor interactions. All two-center integrals
(overlap, nuclear attraction, Coulomb and exéhange) are
evaiuatediexplicitly using Schmidt‘orthogonalizedllihear |
combinations of Slater type orbital functions fitted to numer-

ical SCF functions, - - .

The crystal potential is taken as a linear combinatlion of
atomic potentlials and is varied by a SCE—MO-LCAO procedurs
based upon the Mullikeﬁ population analysis.of Bloch sums over .
‘all of wave vector or k sbace (valénce electron population of
atomic orbiﬁals for atoms in the unit cell).. Orbital energies
.are'evaluéfed using the atomic orbital functioﬂs.:. v '

The density of states, joint density of states, E(k) vs. k, .

and‘results of the Mulliken population analysis are presented.

:
i
|



The Sdn'ZPK bonding interactions are found to contribute
mainly to conduction bands in metallic ReQ3. KTaO3 is shown
to be an insulator and Naw03 13 shown to be metallic because

of Sdeg-2p6 bonding interactions.
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PART I. THEORY
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INTRODUCTION

'Trénsition metal oxides have been receiving incréasing‘
attention from experimentalists and theorists allke, as
model systems in which to study the solid state. Tungsten
bronzes, for example, properly doped, form a basis for the
'sfudy of a major portion of the field of solid state physics,
'in that dépending upon the temperatuﬁe and concentration of
glkali metal, they can be 1nsulator§, semicohductors, metals,‘_
or super-conductors. Re0O; has been found to be a "good
'i metal", reduced potassium tantalate KT502+X has been found
to be_a seml metal, and some compounds such as SrT103 are |
found to be semigonductors. The cubic tungsten bronzes,
(stoichiometry A,WO3, where A is an.alkali metal), ReOj,
KT503,'énd SrTiO3 all have a common strubturai feature; the.
transition metal is octahedfally'co;qrdinated with oxygens,
and, except for the case of ReOB (which has the perovskite
sfructﬁre without the central hole filled by a non-transition.
metal atom) are all perovskite structures. A

A major question to be answered for these systems is
"how does one think chemically about their stability, and
" physically about their transport properties?" For the
chemist, the easlest approach is the localized molecular
.orbital picture w;th each metal ion in a site of O symmetry.
Levels are gﬁessed ét, electrons are counted, and depending

upon the last levels to.be filled,Ainferences are made
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fegarding the possibilities for conduction bands, generally
1abeléd according to the transformation properties of the .

| o
?rbitals in question under Oy point symmetry. The solid

‘gt&te theorist, on the other hand, is very aware that an

1 ,
exact many body calculation to infer stabillities is not
i .

possible. He, therefore, uses an independent particle

| 4 '
model with the meaningful results (to him) bsing energy as

i .

[
F function of wave vector, and Ferml surface contours. He

‘realizes that point symmetry designations completely break

aown as soon as translationsal symmetry is forced upon the
kave functibns, and has a tendency to listen with a respect-
ful, but somewhat distant ear to point symmetry, bond order,:
electronegativity etc., type arguments from his chemical
cohorts in the solid state chemistry field. For the average

chemist, on the other hand, vision, intuition, and compre-

hension become somewhat blurred as soon as an E(k) vs. k

plot is waved enthusiastically before his eyes as his
theorist friend explains what the Fermi Surface must look

like from the most recent band calculation.
Objectives of the Thesis Work

The preSenf work 1s one attempt to provide the beginnings
of a translation between these two groups via tight binding

calculations 6f the band structures of some repreéentati?e,

‘imbortant and interesting cubic transition meteal oxides..

i

H
!

i



| b
éhe work 1s aimed at chemists via a delineation of orbitals
participating in valence and conduction bands, and a com-
parison of how the molecular orbital model flows over into
_Fhe band picture sas trenslational symmetry is added. For
%he physicists, we do indeed exhiblt energy vs. wave vector
plots and discuss their validity in terms of transport and
optical properties.

f Recently, overlap calculations (1) were used to provide
é "zeroth order" method of thinking about the possibilities
for orbitals forming conductlon bands in the cubic tungsten
bronzes.  We will now outline the theory of the first

order method for thinking about'tranSport properties of.

- perovskite type metal oxides; in particular, we use R903

as a modsl to discuss the method.

- The tight-binding energy bands of a series of perovskite
type transition-ﬁetal oxides: ReOB, NaXWOB(x=1.O), KTa03
are calculated and the results are discussed in Parts. II
and III of the thesis. The crystal orbital prooerties.which
will be discussed.in subsequent Parts II and III are:

1) Density of States "
. 2) Joint Density of States
3) Fermi ‘Surface

L) Results of the Mulliken Population Analysis
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) /
Before we discuss the tight-binding approximation (TBA)

uséd in obtaining enefgy bands of crystals, we shall make

a briéf-excursion into the Hartree-Fock (H-F) approximation.
The purpose of this preliminary discussion 1s to show the
"rigorous" equations from which we will systematically
ééécend in rigor by a serles of hopefully justified gpproxi-

mations.



HARTREE - FOCK APPROXIMATION

;

I

! |

_ ' , Let us assume that the electronic state of a unit cell
"(molecular unit) in a-crystal is characterized by a particular
wave vector, k, in reciprocal space. If we furtber assume
that the electronic configuration 1is é closed-shell, 1i.e.,

} ‘ Mkidoubly-occupied'energy bands, the total wave function

#(k) 1s approximated as an antisymmetrized product (ASP) of .~

crystal spin -orbitals uq(k X.)

_.q

E(E)zA{ul(E,zl) see usz(E’.Eamk)%

where)ﬂis the antisymetrizer operator deflned by

A =(2Mk)-%§(-l)pP. - R (1)

In the above)p,is.the parity of the P th permutation.'In

other words, we can express %(k) as a single-Slater deter- -

; ,. . minant.
u (k,x. ) u (k,x5)eee u_(k,x_ )
LI I ] » k
Uy, (K0%y) 2Mk( "‘2M)




From thg properties of a determinant, we satisfy, as
usual, the Peaulil exclusion principle while allowing for
double oécupancy of ‘the ME energy bands. it is 1mportant
to stress that My for all possible k vectors néed not be the
séme.

The spin-orbital uq(_hg,lc.q) has a space (r) - spin (§ )
coordinate J_tq=(£q, fq). We shall adapt the usual convention
for an odd V electron where | |

) = W(}g r, ) X))
. = p
and ur+1(§,§ t‘*l) ;yjkg,grﬂ)ﬁ( po+1)

whei'e the functions X andﬁ are the usual eigenfunctions
of the single electron spin operators 82 and S The
crystal orbital is labeled by j. So that there will be no
confusioh between the sﬁm fndices « - and /2 used further on,
the spin functions as the above is the only place we mention
the spin functlons ex‘pliciitly. I
| The crystal Hamiltonian X , defined for 4a‘fixe'd nuclear
framework_and k in the Born-Oppenheimer approximation, 1s

| _ o
R z h(z, ) + 3= elz ,:1'_\,») ()

where h(;r =- ‘fr - 2? Z;/I:”‘ and g‘gr T )_=2/rt“' .




Thé Qne-eleétron and two-electron operators are expressed in
Rydberg energy units (13.6 e.v.). M and V label -interacting
electrons, X labels the atomié site having a bare nuclear
"chargé ZB . In the vélence shell approximation Z~5 becomes
the effect1ve nuclear charge (bare nuglear charge minus the
sum of the non-valence electrons).
The quantum mechanical treatment §f<:K>k equal to

<;4§(5)\7{\A§(£f> proceeds in three steps:_ “

1) _The expecﬁation value of the operator is expressed
in terms of the permutation operators and the identity |
/\=’A? yields the form amenable to further expansion (2)

<oy =T (1Pl red.

2) Assuming the closed shell electronic configuration,
integration of the spin part of the above expression gives
the'resulting total energy E(E) in terms of space type
integrals o

L M . M !
SA> ook k
Bl="Ag =25 ng(k) +5 (2354 (K) Kgy (k)
g=1 - g,8

3) We now wish to find the best possible orbitals L

to form Z(k) (restricted to a single-determinantal form) by

" minimizing E(k) under the constraint

<Vg(5,g;,)|1lfs(g,; ,)> - 5,4 0.
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To do 8o, we define the functional F(k) as follows:

F(k) = E(k)- g— Lyg (k) (<7{f(kr )l"{f(kr )2- Sgs

g8

“We then use variational techniques to find the conditions by

thch an arbitrarily small variation in the crystal orbital

jields a vanishing of the resulting small variation of the
[ .

: functional F(k) or SF=0. We thereby obtain the following v

set of Hartree-Fock equations which satisfy the above

i
i
I —

et e e e b s

[nz +Es(203(5,£p)fZs(z,zrﬂ%(ﬁ,r_ )
R C W

In the three steps above we use the following notation:
h (k) (W(k r )‘ -V Zaz /rUAY (k,r

T =Y, )| et )|V ez
Ko () =Yk, r) | Ttz ) [Yplem) >

s(k)- the matrix elements of the lagrangian
g multipliers.

"!‘

C (k T ) andji(k r ) are Coulombic and exchange Operators
respectively. gs(5) and Kg (k) are the corresponding
Coulomb and exchange integrals, Cs(E’Er) i1s defined by

1ts operational meaning on_q%(g,gr):
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) is defined by

ls(g.grﬂlf (_,gr -2jdr Y (ke ) qf(k, 5
Iz 2y

Summing over s, we obtain the total Coulomb and exchange

ijewiseI (

lx
|'-3

"l
.

=v

operators C(k,r ),and.JC(k,r ):
. =r—p 2k
C(E:Er() = Z; C‘S(lc_,;'_r), sugh that T

et IR < - |
cte,r )W, tem)=2far) k(2 Jx,) [ACERE

l r A -

T, L,

Lix,r 2 -Z‘L( r,) such that

I(l‘-'?-,«_)qu(£’ﬂr)=esd£v@_(Bvlzr)Wé(E’zv) .

r-o
)o (rir )= Fock-Dirac density matrix (5)
- -v—" _ _ . -
: M 3¢
=2 K Vot ) Ytz )

The one-electron operator on g or the Fock operatory (E’Ef")

is defined in terms of the above operators as

. i , |
Flez=aie ) + cler -3 Tz 0. (6)

We now have the mathematical formalism to approach the
TBA method in a manner similar to Roothaan's procedure

for molecular orbitals in the closed shell electronic. config-

-

e
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Al

uration (-3 ). The latter approaéh is technically called the
ASP-SCF-MO-1.0AO me thod, but SCF-MO-LCAO is the descriptipn
most bften found in literature,

Let us consider the rhentum oxide (cubic) crystal as
a modél for perovskite transition metal oxldes in showing
why the Roothaan approach is inadequate for the whole crystal
to obtain energy lavel§, Re03 is the molecular unit which
1s repeated periodically through the crystal because of
translatioﬁal'symmetry. The‘electronic system of ReO3
without 1hclusion of translationél'éymmetry 1s no different
than that of an isolated molecule, In order to make ReO3 |
part of the crystal and hence to consider.the entire crystal
as an immense molecule, we must inﬁestigate the effects of
translational symmetry on the moleculAr'orbital functions.
From the discussion in Appendix-J;we find that the molecular.
orbitals upon forming a periodic crystal becoﬁe crystal
ofbitals,which are explicitly fuhctiohs of the wavé vector

in reciprocai space, We will show in the next section how

~ the TBA method encompasses both the Roothaan procedure and

tranélational;symmetry.
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TBA METHOD

The .crystal orbital TP}(E,{,A) is analytically expressed

-

. as & linear combination of Bloch sums, bq°<(5,§g giving v
X
k =26 ()b, (x | .
Wter, ) =2 Cylong, ez ) (7)

" where the expansion coefficients are C:;(E). The double sum
over atomic orbital quantum numbers q and atomic sites &
is expregéed in condenéed form ss q«'{»

The Bloch sums q« are expressed in terms of an atom
orbital q« by the sum over the p lattice translation vectors.
We refer to the discussion of translational symmetry aspects
of the TBA problem in Appendix J which gives
exp(1k Ry) - B (?7‘-’70 Ry) .

k|

(8)

"G 'is the number of unit cells in a miérocrystal. The
corresponding "ground domein (G)" on the lattice trans-
lation vector set 1s expressed differently (Appendix J) with

the choice here being the inequality for j components of Bp

(G-1 : G-1 ~ 4
> )4(13_1,)34‘ ( > ) (j=1,2,3).

We shall define R, as the null vector, 1.e.

(B-O)j = OA (j=1,2,3).



which locates the q.atomic orbital at Y% in the unit cell.
Figures 1 and 2 showlthe vectpr notation on the F electron
} posit;oh vectors r.- )_o,x and r - fa( -Rp-

,By_Equation 7, the crystal orbitals, 29}(g,£r ) are
expanded in a linear combination of atomic orbitals (LCAO)
to form TBA energy bands (see Table 1 for a comparison of
. MO and crystal orbitals). The j th energy bard, Ej(g)
is obtained from the-Schrddinger eQuétion defined by the
effective ope-electron operator 9:(3,5,‘) (Equation 6) on
electron p in crystal orbitalfupj(g,g‘;) (for the canonical

case discussed below).

"SCF Iterative Proces§

We substitute Equation 7 into Equation L4 to obtain a
- form amenable to a MO-LCAQ-SCF type treatment of tight-
binding energy bands. Ve begin with the Hartree-Fock

equations:

@{(Eiirf%(g:iﬁ) = ?Yn{“ﬁﬁr ) Lo (k)

and finally obtain

| ?r (k,r

~ B P |
p )gg’FbsP (k,r )Cssn(E)i"'2 Ez\csm(.l.‘.)l'mn(l‘.)bslz(g’.ﬂr)f'

4 o (10)
If we multiply Equation 10 byq§Pp(E,£r)* and integrate,



o

- ORIGIN Y

Figure 1. Definition of position vector r- Pg of an electron

(e~) with respect to atomic site g .

ORIGIN Y

»'F‘igufe 2. Definition of position vector Z'."‘fg"_i after
: " translation Ry.



Table 1 Comparison of molecuiar and crystal orbitals

Orbital One-electron Normalization Thé g th

Linear combin-
1 wave function condition hasis ation of basis
set? set _
MoLECULAR  ~ W(r) = < WueN\VYi(zh=1  atomic Y (0)=2c,(£) foge
| - . orbital ‘ q
’ function
qQe<
CRYSTAL Yi(g.g) , <’\¥1(g,g)\q§(}gg)>=1‘ Bloch 'sum W}fi(g,g_) =
- o ' function ) -
_ b. o
e T Cyglibg(k,r)
q K

8The bagis set functions are norﬁalized.

ST
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we obtain

T (k)52<b (e,r N Fier bs,;(bz,)>°fn<.ls_>} =

Qe gp op q“
T ' |
q«cqp <k>z<Z?c (k) L (5) Kog i,z )] bggller,)> o (1)

£ .5

define the Hamiltonian matrix H(k) with elements be-

tﬁ een Bloch sums as

Hoen(K) —<b lr )]?(k rp)| boglleir,) > (12) -

'that are-

A (k ) -<b 9£l_,,)‘b3/3(¥_’£ra)> .

qQxsSas —

Thus, we have the following matrix form:

Bk =p N b

and A(k) = b' b | ‘ (13)

~ v

With b = (blx.'..bA“blﬁ oo.obBﬁ .oobIX oo..bcx) is the Bl°Ch

sums matrix ( k dependence implied) for A,B and C Bloch sums

V specified for«,8, Xatomic sites.

Furthermore, the coefficient matrix is defined as

/\

' C‘(k)= (c (k) o (k) eesC (k) .v. c%)

‘Where the submatrix Cnlk) is a column matrix of the expansion

coeffients of the nth crystal orbital function into s Bloch

~sums basls set.
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Then, Equation]l for a particﬁlar ﬁp(term becomes

.
Ho vgp (K) Csn(k) —ZL (k) SZ;AQ (k) Cg (k) .

In matrix notation, we obtain
H(k) C, (k) %(egm(g) ) L__(k).

If we diagonalize L by some unitary‘matrix7the resulting

Similarity transformation 1s

TL1 U = E(k) where (E(K)) =8 (k)8

Thus, we obtain the canonical form. of the H-F equations

which are now writteﬁ as

H(X) Cu(k) = E_(k) Cp(k)A(K).

'~ From matrix algebra, we know that a non-trivial solution
of the coefficient mabtrix "S’ exists if and only if the
folldwing.déterminant vanishes,i.e. we seek a solution

of'fhe secular de terminant ﬁritten:as
\E) - B AM| =0. B (1)

The Fock-Dirac density matrix defined in Equation 5 can be

expanded in terms of Bloch sums using Equation -8 to give

| %
fg(r_v\zrpg Eq[(k r.) qg(k r )
= 2 an Pl oL, )by (,5.3,) P lac,se) « (15)

The bond order matrix pk(qV,aB) is defined as
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_ My
’ ‘Z e A ' A
pk(qO_(,sﬁ)- 2 m_lcqm(l(') Com(k) - (16)

The bond order matrix can be varied in a SCF process to obtain
the best ‘c-rystalA orbitals which lead to a minimum in the
total electronic energy E(k) under the constraint of orthonorm-
ality on the crystal orbitals,

' Using Equations 6, 12, and 16, the Hamiltonian

matrix elements Hq«s,e(-l-{-) can be expressed as

.Hq“ss=<b (g,gr)\h(grn Bgalksr,) >

+ ‘ .
tz\" v$ pk( tx ,V&) ¢

{2<bt5(£,r )b_ (k r )\b (k, r(u)b (k,z)>

- <bt~5(£<_,£v)bq“(_lg._r2\bvs(._lg._r_'_‘,)bsp(_;k_,gr)%.
The one-electron operator on ftin state k becomes

/}:’(k r )- -V 722,,,/1' + tﬁzv;pk( tY,ve) .

{ <bt%(k r)byk,r, )| - byglk,r )\bv% -3«}

(17
The SCF process which 1s outlined below is for the

canonical case and gives us a means of controlling TBA
calculations: ‘

1) Guess pk(t‘S,'vS) for each t%,v&_pair.

2) Calcula_-t:e the Hamiltonian and overlap matrix
elements ( the latter type are omitted if we start with

an orthogonal basis set ; if the basis set is non-ortho-
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gonal we have the option of varying parameters 1n

the analytical form of the atomic wave functions_at this

- point in the SCF procesQ;

3) Solve the secular determinaﬁt in Equation 1h.to.

yield energles and coefficlients for crystal orbitals,

l}) Use some type of.population analysis to caiculatéA
the new bond order matrix and repeat steps 2-4 gntil.a
selffconsistency condition 1s reached.

In the next section, we shall transform the Foék
operator defined in Equation 17 for a oarticular k vector into
an average Fock Operator over all momentum or wave vector
space. The transformation is called.the " unitary trans-

formation of the Fock operator".
Unitary Transformation of the Fock Operator

The bond order matrix can only be obtained in step L of
the SCF iterative process if- the Fermi level ( Ey (k) = Ep)"
is known. But the Fermi level can only be found
asASOme average quantity over the entire~£ space‘(further
discussion of the procedure‘forlfinding Ep 1s in Pért I1).
Thus, the present form of the Fock operator is useless for
our present purposes in the TBA method ‘

However, we can reasonaﬁly define an effective Fock

operator which is-applicable .to all k states. The average
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) operators on electron g over the G unit:

,I:. ,

of the/¥(k r'k
cells (or k vectors) in the microcrvstal is

l, .
b | |

- Ave 1 L

| r = % K.r o 18
| f}/—f*) GE?(___r | (18)
i .

Furthermore, Equation 18 can be rewritten

z

G4
=)

-
th

f .Ave :
} exp(ig'ﬁj)exp(-ig Bd)gik,zr) (19)
where exp(-ig-ﬁj) is a phase factor for“an:arbitrary
translatlion vector gj. .

By using Equatioh 19, we are able to show that the
average of Qf(g,zr

than unitary transformation. Ziman (4) shows how such an

) over G k wave vectors 1s nothing more

unitary transformation can be used to generate a Wannier
function (function of~position only in reciprocal space)
from the corresponding Bloch sum. Since Bloch suﬁs occﬁr
explicitly in the form of 3:(k Lo ) it therefore, seems
reasonable to transform the Bloch sums into localized atomic
orbitals if we define Bloch sums by Equation 8.

The unitary transformation of the Focﬁ operator ?F(E,gr_)
is shown in Appepdix K, The resﬁlté are summarized here‘
for thé resulting LCAO form of the Fock operator., Using

arbitrary labels £, 3, and ¥ for atomi¢ sites, we have:
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|

Ave, _ 2 2 2 Ave.
(_»gr) = N 2;22 /rTr+ o ,ts (ax, tR)*
i: 2<¢ (P'F«'R ) ﬁtﬂ )‘

-<¢ (rof STl L NETT N )}'
M - &% B ’ N
and pfve: 7‘%71{37:5 C (O)0nk) . (20)

What we now have is a Fock operator which is identical in
form to that used in molecular orbital calculations,i.e.
thévLCAO form. The effect of translational éymmetryhis,
now contained only in the bond order matrix'pAve(qg,tﬁ“){
Just. the expansion coefficients of the crystal orbitals.

In summary to this point, we have justifiably trans-
formed the H-F equations for a crystal into the LCAQ form
in which Roothaan's procedure may be applled to the
energy and~oveblap matrices and the effects of translationsal
symme try feMain only in 'coefficients which are solutions
of the resulting secularAdeterminént. An important point
is that the periodicity of the crystal lattice is still
preserved since the electron position vectors used in
conjuction with the atomic orbitéls explicitly show the
dependence on the translation vectors. | |

We now discuss the apprbximatibﬁs which will be used

in TBA calculations.
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Approximations Used in the TBA Method

‘opulation analysis of crystal orbitals
) The charge densit'y of the m th crystal orbltal is
"'*(k r {¥f<k r ) =2 Z?c (k)C mlk) b’ (k r )btﬁ(x,r ) .
px tg P -r
(21)
- ¢he Sum over t&is over the entire Bloch sum basis set and
tharefore contains the term p{. Integration of Equation 21

g‘VSS

<Wm(g,gr)[‘{{n(g,gr)_>=};“§ﬁ Ercy, (0 <oy i,z ,m)

3¢ f%the Bloch éums are normalized, -1.e. <bp“(_]g,r )lb (k,r )>
ﬁgﬁygls'one, the above equatibn becomes
. | "
-<.?m(5,r )\%z,g&?:\cpm(k)\ » 2 c (k)c oK)
: s Px tp# Px

< bp,,g(‘l‘.’.llr) Ibtp(.li’.llr) ?

DX - 22)
TR E (22)
px PM 7.
X _
et e s s 10 npm(g_) is the occupation number defined by Flodmark to

v L gk e¢xpressed as

X ) O
nomli) = (U ¢ L cltoo] W< ke )|

t#p P w Px~ T I
' ' - (23)
- ‘#——;-_f’ the crystal orbital m is normalized to one, the sum over

e JCIE e occup'ationA numbers is also one; therefore this quantity -

“";"*‘"f.ﬁ‘::;%\.‘;@;t‘ined by Flodmark(S) is the fraction of double occupancy '
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which 1s attributed to Bloch sum p X.

|

g The analogy with Mullikén'g population analysis (6)

%i§‘implied by,Flodmark's definition where Bloch. sums are used
iinstead of atomic orbitals. However; justification for

%sing such a quantity for population analysis is lacking

gsinqe the overlap of Bloch sums p4 and tf3is not clear from

! .
a geometrical point of view., That is, the Mulliken procedure

&o divide errlap charge between centers o(andvﬁ depends on
ithe maximum of the charge distribution being located midway
ﬁetween overlapping centers situated in real space. Since .
the Bloch sum is a function in complex space, we have no
valid way of showing where it overlaps with a Bloch sum
on another site in real space unless the exponential terms
drop out in the overlap expression. |

In real space, we also have problems. with the Mulliken.
population analysis. For instance, diffuse atomic orbitals,
eg., 4Ls on K, have a maximum in charge distribution in
regions of other atpms.such as oxygen in KTaO3. ‘However,
workers in molecular orbital calculations of transition
metal compiexes continue to divide the overlap chargé
density equally between neighboring atoms. Fenske (7) has
analyzed differences in calcﬁlated results and concludes

" that either dividing charge or placing overlap charge on

one center gives eésentially the same result. If we proceed
in the same spirit to Bloch sum charge distributions, the -




2L
only probleﬁ-is to relate the Quéntity néﬁ(g),to atomic'
orbitals, i1.e., somehow we need to get rid of the phase
factor exp(ik:R,). We attain this end by defining the
population of orbitgls ax , nq;<, as

‘ k X S
na,E & é\é‘ Bgn(K) . | (24)

' wherg Ng equals the number of eléctrons.in orbital qu

and My, as defined in Equation.l is the number of doubly
occupzéd_bands. Proceeding in the Same manner as wé,did to
- perform a unitary transformation of the Fock operator, we
identify Equation 24 with an uﬁitary transformation ofithe
occupation number, The essential steps for this trans-

formation are shown in Appendix X givihg

ng, = PV (g ax) + = pAVe (ax, t8) S -

Folealaiol Feplef> E)

1n-terms of bénd order métrices; pAve(qk,tp),

Bécauée of the LCAO nature of our TBA approach, parti-
cularly in ng, and!éfe(gr). we shall refer to the population .-~
analysis used as the Mulliken type. Even though the occupa-
tion numbers reflect theAproperties of crystal orbitals in
complex space if analyzed individually, we méy utilize the
the density of states vs. Mullikén population analysis to

~obtain an average distribution of occupation numbers 1n a
particular-gnergy'range. Then,:the occupation numberé can in

a sense be related to real space since the integration over
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' the distribution of occupation numbers vs. energy up to the

Fermi energy gives the population Ng identically as Equation 25.

Richardson's approximation

identical to that used by Richardson ( 8 ) and discussed
| thoroughly by Fenske ( 7 ) and Basch-Gray (9 ). The essential

part of the Richerdson approximation is the application

|
I
|
i
!
i
g We will now simplify the TBA Fock operator in a manner
{
|
|
i

' of Muliiken's.approximatioh (10) to Coulomb and exchange
 parts of the Fock operator ( molecular )., We shall leave
" the detéils of the simplification to these three references

( 7, 8,9 ) and only show the4resu1ts‘of'Apbéndix K.

Ave , = =& _
q_a (E'F = +?EV\6(I'Y_ R ) : (26)

whereV. is the potential for atomic site¥ located at £+§p .
. R

Explicitly each potent1a1 term is expressed in Fenske's

Coulomb, exchange, and nuclear attraction operator not-

f’-n )= }nq\%(é’(gv?fx-ﬁp)ﬁqd £, R )

ey
- <9, (zv -R )lﬂqh(zyf’x-_pﬂg

ation:

20/ | . @

Crystal potential‘

- Since charge‘distribﬁtions described by crystal orbitals
can be directly related to occupation numbers n;;(k) (m th
crvstal orbital for qo(th Bloch sum), the unitary trans-

i
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‘ o | |
formation of ngpy(k) and E¥’(5,£ ) to eliminate k dependence

p
- in n qx and -/gye(zr;) yields the LCAO form. Thus, the
resulting linear combination of atomic potentials 1in
Equation 27 can be properly referred to as the "erystal
_ potential," U, 1.e.,

U ’(crystal) ={? zp: \(6 (I'_P _)_ox'ﬂp) ' - (28)

Variation of the atomic orbital population or Bloch sum
occupation number of electrons in energy bands gives the TBA-
method a handle by which self-consistency of both atomic
charge and population can be 6bta1ned. The advantage of .this
potential over a potential in the single-particle model (e.g.
a point charge model) is that shielding effects of diffuse
chargé distributions are included automatically. The exdhange

interactions which increase with decrease in bond distance are

an Important factor in these shielding effects.
The self-consistency of the qath atomic orbital popula-

_tion, say for the second iteration, is obtained by the formula

an‘ (assumed) = ’a.nq& (assumed) + lnq; (calculated)

A +1
, (29)
nqa((calculated is obtained using the Mulliken population

analysis after eigenvectors of E(g) vs. k and the Fermi energy
are determined. The superscripts denote the iteration.

The assumed popﬁlation values are weighted by a
damping.constant‘ﬂ;(taken'to be +8 in our calculations) to
prevent the oscillations of the difference between the cal-

dulated and assumed values of nqo‘from diverging in early



l;.‘b‘a»:-‘ B

27

stages of 1teration. The condition for self-consistency

is obtained when the difference betwsen assumed and cai-

_ culated occupied Bloch sum charge distributions is less:

than 1%.
The dependence of the populations'on the k vector and

the location of the Fermi energy poses the ultimate problem

in using our method. Since the value of the Ferml energy can

‘'only be obtained after a complete E(E) vs. k calculation, we

use the same potential for all k vectors to obtain self=-
consistency for the first Brillouln zone.
Mattheiss {11) has recently calculated the band structure

of Re03 at the symmétry points, I‘; X, M and R, using the

augmented-plane-wave (APW) me thod (12) and has invoked the

Slater-Koster (13) interpolation scheme to obtain E(k) over
fhe remainder of the zone. Ve find'it hard to make an assess-
ﬁent of the relative merits of our method compared to his
éxéellent and experienced'approach in which a "muffin tin"
potential is adjustedAto fit optical spectra (1) and De Haas-

Van Alphen results (15). We do feel that our approach might

| give a better description of the lower valence bands, oo,

the bands involving 2s and 2p states, and will be adequate,

for our purposes, in descrihing states in the neighborhood of
the Fermi energy.. We mention, in particular, three character-
istics of the present approach that we feel are desirable; and

are lacking in the APW me thod :
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l) Self-consistency of charge distribution can be
obtained at all points in the Brillouin zone.

2) The potential in the present method is calculated

‘using no adjustable parameters; Coulomb and exchange effects.

are included in explicit evaluation of all two-center
Coulomb and exchange integrals.,

3) The present method expllcitly utilizes a population
analysis to relate contributions of individual orbitals to

energy bands,

. Atomic orbital energy

r- .f;;gj , which has a set of quantum numbers ng ,? and m

Let us assume the effective atomic Hamiltonianloperator,

H;eff, for atom $ located at S, Ej
He‘;‘f(?." f,s-ﬁ‘ )= - g2+ V(r- £ -R. ) ,
PeETd boETRE (30)
has an eigenfunction Qf(g-f -35 ) or | |
B
Hopr(Zp s B 5 ) 20 £o-R [ )= Cap fog (%«f’,s By

Gqﬁ , then, 1is the orbital energy of en electron, located at

= q
indicated by q. Vg (r- fp'R ) is expressed explicitly in

Equation 27 in terms of Coulomb, exchange and nuclear

attraction operators. '
The evaluation of €qf can be made by either of the

following approaches:

A
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1) Use atomic spectra data to obtain what 1s

commonly called the valence state 1ohization energy (VSIE).
_A2) Using an anaiyticai expression for the atomic

orbital function ¢qﬁ , one may calculate the orbital energy
exactly.

Let us briefly discuss the first approach to explain
why we brefer the second.

Atomic spectra data provided by Moore (16) has been
the prime source of valence state ionization energies
(assumed to equal the negativelof the orbital energy) which
are used in semi-empirical methods. The difficulties with
the semi-empirical method are twofold:..

l) One needs to average the eqergylof multiplets.
This can be a difficult process when a,larée number of
states e#ist for an atom or ion. |

2) Atomic spectra may not be available for‘a particular
atom of interest. Cotton and Harris (17) found this to be
a problem for rneniﬁm, even though sufficient data is avaii-
able for platinum. |

Theiefore, in the présent métbod, we calculate the
atomic orbital enérgy in terms of average values of two-
electron interaction,infegrals g(q,t). Slater (18) uses the
"everage energy of configura£ion" method to express gl(q,t)
as 1inear combinations of Slater-Condon paraméters

' Fk(n.p,nijj) and Gk(n,f,n'ﬂﬁ)'(see'Table 2).

T R TR ET I M T A
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Using an analvtical expression for ¢§5(r- f;-g

we compute GQﬁ by

Eq.ﬁ=<¢QQ(£F_f,’3— \ V 22 /T, f" ¢qg(1"t f -R). )’>

+ [Z n g(q,t) + ( 94-1)g(q,q) |
= t ] “lq (31)

where ng and ny are the population of atomic orbitals ggand
bf?respectivaly. gla,t) is'the average electronic inter-
~action of electron g in orbital qéwith electron v in
orbital t8. Even though the analytical form of the atomic
orbital will be frozen (orbital function parameters kept
conétant)'during the SCF iteration process, our choice of
atomic orbital functions will be taken using neutral atoms
for the following reasons. Semi-empirical MO calculations
for transition metal complexes in recent years (19) have
"led to near-neutral atoms in the calculated molecule.
Recent work by Fenske ( 7 ) using a more éemi—quantitative
me thod has aléo led to this result. Furtherﬁore,-tbe
philosophy which has prevéiled during'the'history of MO
calculations of transition metal complexes is Pauling's (20)
"eléctroneutrality principle." Simply, Pauling suggests

that the initial electronic charge distributions on

isolated metal and ligand (eg. oxygen) dtoms become evenly . -

smeared about the molecule when bonding occurs between

‘metal and ligand orbitals. The result is a neutral atom’
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constitution in molecules, if we consider the atoms in
molecule picture or LCAO. In cbnclusion, we can
effgcti?ely use Equation 31 to obtain atomic orbital
energieé; in other words, we say that the ¢qB are
eigenfunctions of the above effective Hamiltonién within.
the givén approximations.

The Slater approach is preferred since this method
effectively takes an average of qﬁergies of the various
multiplet sfates which exist for any'atom or lon. This
method is presently being utilized by Fenske ( 75.

The Slater-Condon parameters (21,’22), kinetic energy
(22) and nuclear-attraction integrals can be calculéted'
from the analytical radial functions for atomic orbitals.
Also, Mann (23) has'tabulated most of the necessary
1ntegrals and parameters which are computed in the SCF
Aprocess. However, we will evaluate all one-center integrals
from atomic functions (see Appendix F).

. Pable 2. Two-electron interaction integrals (18) used for
B perovskite oxide caleulations

a 53 gla,t)
ns@ ns Fo(ns,ns)
ns np FO(ns,np)-Gl(ns,np)/6
np np : Fo(np,np)-ZFz(hp,hp)/ZS

8n stands for the principal quantum number.
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Table 2(Cont.)

e &t . slagt)

| ns nd . ‘Fo(ns,nd)?Gz(ﬁs,nd)/lO
np nd Fo(np,nd)-Gl(np,nd)/15-363(np,nd)/70
nd nd  FO(nd,nd)-2F2(nd,nd)/63-2F4(nd,nd) /63

Approximations used in evaluating energy matrix elements
between atomic orbitals

The following notation will be used in this thesis to
label yectors which belong to interaction sets. fﬁ
i1s the vector to the } th‘neighbor of the type a’from the
atom atﬁe (the vector defined from the origin to the
lattice point £ ). “

As an illustration of this notation, the vector set
for the Re-04 interactions would be PiRe-0y and FPoRe-0q
with coordinates (a/2,0,0) and (-a/2,0,0), respectively.
An additional .example would be the 61-02»intéraction set
with four vectors: ;03017024with j=1 to L and with coor- -
dinates (-a/2,8/2,0), (a/2,8/2,0), (a/2,-a/2,0) and
(-a/2,-a/2,0)."The choice in labeling the j th vector 1is
purely arbitrary for any interaction set. |

The use of frozen analytical ekpressions for atomic
orbitai functions (see section dn.étomic orbital energy)

for neutral atoms is assumed throughout the following
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approximations to Hamiltonlan matrix elements which arlise
between atomic orbitals. The Pauling electroneutrality
principle 13 used again to justify use of the Hamiltonian

operator for electron M on atom ¥ (located atdf% ).

§ L,
Heff(_x_'_r:_f%)— -‘Vp + V\‘ (EFFK )

Therefore, H r -f3 (r-R)=¢ r- . (32)

' ( ’ eff(-r*'xmq (—f‘ﬁ‘) Cq}?qu(__”_fd) 3 )
There are two classes of matrix elements for which we

desire to approximate by known techniques familiar to

molecular orbital.calculations of transition metal complexes,

Namely,

2
1 <¢ ;\— 'B-j)' 'V,«+ Vﬁ(z;‘j& ), ¢s§ ~pp —p)>
and - A (33)

2) the potential integrals which need to be evaluated
can be represented generally by integral I |
I=<F (mo BBy [V E frRy) | g e 5By - (31
The electron position vector notation for the two
classes of integrals shall'be expressed in terms of the-
interaction vectors j} defined above. Let us first con-
sider class one and make the necessary vector notational
changes. To do so we let r equal r'+f +R . Then we
g roauel mit SRy -

express Equation 33 as
<¢ (r-fR)\ - <5 + V(e frR VB g(rs fR D =

<P, (2 S 5B RY)| -vr+V,g(_r;'v)\ ¢85(£v‘3> : -
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We may remove the primes frpm gvuabove since it is a dummy

index of integration, Then-f?dis expressed as

Py AN
" so that ‘the integral becomes
<8 L5k )| Vr* Vg (z, )| Boplz, )
The Hamiltonian»(effective ) operates on function
¢sﬁ(£9) &s in Equation 32, the function is an eigenfunction.
Therefore, the eigenvalue GQB’ a constant, comes.ogt of |

the integral and leaves the overlap integral to give the

following approximatibn for ciéss one integrals
| . P 2 _ _
<g_ (25N, vﬂ(g)\ ¢s,,<;)>
= €,KF (o) £ 8,4 o S (36)

. Let us now discuss the three types of‘I integrals

yhich exist in glass two. The substitution of g;r'+;F+Rp

into EguétiOn'Bh, prdceeding as above,we obtaln the

following form of I which facilitates discussion of the

~ three possiblities, 1.e. -
1=g, (rz 8 | vz F )\ﬁsp(r . (37)

The subscript p in tbe position vector in the potential

term denotes the possibilityofdifferent interaction

vectors other than the j th type. We may have
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Bot o 4
1) when {3 = » We have the two-center integral

&v

L= <o (r)lVér- 258, (2 270> - (38).

‘Basch and Gray (9) and later Fenske ~(7)_ have suggested a

convenient way for evaluating this integral:

ﬂo(

11—<¢(_‘)l v2+v7§ £ ‘ﬁ(r £7)>

_<¢ (r)\ v2 \@' (r-fj ) > (39)

VEquation.Bé is used again to re-express the first term in

I, which glves

Akx
n =€ <", (r)]chg; Ly

2 - :
< o FM |9 qizi s > (L.0)
The kinetic integral can be expressed in terms of overlap

integrals and evaluated using a method described in

‘Appendix D,

B - 3 _
2) When.£3 = 0, one obtains another type of two-
center integral, IZ’ which involves an analytical expression

for the potential \[égp /_"‘fx ) where
1, =<g_(r)v r-‘f"gx\ﬁ (r)>- . ALY
2 = Mqlrifz- Lp) |fgx) > - -

The evaluation of this type of integral is discussed in

Appendix E eg. nuclear attractjon, Coulomb (2& ’ etc., ‘tyoe.
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e t... ﬂx ‘5 '
3) Finally, when/_oj #/_OP'R one has to deal with

.three-center potential integrals, I3’ where

. ﬁo( . . ;'.
I, = _ _ Y
A ) Ul W G
The Mulliken approximation (10) was used to reduce the

three-center integrals to linear combinations of two-center

integrals of the type'12 multiplied by an overlap integral,

i.e.,
i B - S
Iy = <Oodza sy M defm)d>
2
BY B¢
'%V’qi%?l Vel - L )| Fqlz)>

- r . : ’
=P )|¢sé_,2>] A | (43)
Encouragement for using the Mulliken approximation (despite
its shortcomings for evaluating three-center nuclear

attraction integrals) comes from the fact that Flodmark (5)

has utilized the Mulliken approximation in his TBA me thod

which is basically very similar to ours. Furthermore, &as

will be seen in the following chapter, the atomic potential
is ﬁaken to be a simplified SCF‘potentiél via Mulliken's
approximation.  Thus, 1t ;s consistent to use it here. In
any case, some estimate should be made for the 13 integrals
which are probably important parameters contribﬁting to.

band ehergies.

e
!

P NPT ITL,
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 Formulation of the Secular Determinant Between Bloch Sums

Using Equation 7 to express crystal orbitals as a
‘1inear combination of Bloch sums, we obtain the following

matrix formulation

'W" (k,r ) =E b (k,I‘ ) Cd(k) v g
I it S i - T (LL)
b C
= ~~p |
where Ep i1s the submatrix of C which is represented as a
column vector 4 |

<P c;‘p(g)) and b is defined in Equation 13
for the Bloch sums on atomic siteX , Using the formuiism
outlined in the section "SCF 1terative process" we obtain
the secular determinant shown in EquationilB'formatrix
elements between Bloch sums., However, there is one im-
portant exqeption : we now use the TBA Fock operator
(Equation:20) to obtain energy matrix elementsaofzg(g)
- instead of the k dependent operatorfy(g,gr). |

The solutions of the secular determinant and the _
corresponding coefficient matrix is described in Appendix A.
The flow chaft for the computer calculation is-given in
Apbendix B. Let us now proceed to express the Hamiltonlian
and overlap matrix elements in terms of matrix elements

between atomic orbital funcfions.
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Overiap and Hamiltonian Matrix Elements Between Atomic

Orbital Functions

Let F(gﬂ) be a general operator on electron . "When
Ave.

F('I:'f‘)zl or F(zr)= ,}, (2"}) one has. an overlap or Hamiltonian
matrix element‘f(bqo‘(_lg,g_h)\F(g_r)\bss(g,gr»for Bloch sums

b (k,r ) and b (k,r,). Expansion of the matrix element

Qx — K sp — =1 ‘

into the corresponding atomic orbitals proceeds by the
_definition of Bloch sums in Equation 8 which gives the

following eéxpression

(k) —<b Lz )Pz )b ( k.2 >

q xS
) e m e "By E
22 exp_(-ilt_ (Et ﬁj) Nq; Nsﬁ
t J
Bz LR )lF‘r' )j BaslZ=FooR 1D

(45)

where the subscripts q and s for the functions @ represent
different sets of n,,Q s and m quantum numbers. |

"Equation l45Scan be reduced to a single sum over R

=P
(as shown in Appendix C) giving
= 2y "% Y 3 VA .
P g (k) = G Nog Zp: oxp(-1k"Rp)
<8 ) R ) Pz )| A (2f) D (146)
where gp equals gt-B_J and G is the number of unit cells

taken in a microcrystal.
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If we substitute 'I:'r-:‘ll;‘ +]; into Equation 46, F‘q (k)

88 —
becomes
-3,
ansg(—) - GNQ@?SB )
b G - :
. exp(-1k-*R - P- +
z;l p(-1k —p)<¢ (r SR i j°)

LEOS AL AR (L)

“Since F(El") is a general operator which possesses the

translational symmetry of the crystal, F(gr)'. equals
F(_]_:'_'+_f79). After dropping the primes (dummy indices of
integration) and defining _R_p as

px B ‘ ‘
I_ip =Joj -~,P1 x(J=1,2,...,.;.V) (forX # Band

V vectors in the j th interaction set)
we obtain the form of the matrix eleme'nt in terms of the
3 th"interaction'vector, "j , and f ( the convention of
taking the interaction vector: corresponding to j=1 and
setting it equal to f’«_;; this is for&X# B ). Thus,

. - --]-. ’
F (k) =GN ZNE T exp(ik( J"))-
quﬁ ] .QN, s8 j:—l
. - F
<¢.q (x §’)| (r >|¢

"f"
° (1.8)

‘Equation L81s simplified by the spproximations stated in

" the previous section for the-energy matrix elements and

the steps are shown in Appendix L for the cases qy-’s,

&£f; q#s,X=8; and q=s, =8 which occur in the }\I{(E) . The

. corresponding overlap matrix eleménts are discussed first

v
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in Appendix L~ to establish various additional conventions

necessary to simplify some matrix elements ( cases q¥s,x=p8

and q=8,%=8) computationally into cosine and sin terms

resulting from application of Euler's relation ( exp(i®)=
cos(6)+isin(8) ) to the ekponential terms in Equationl].
In addition, the explicit form of the Bloch sum normal-
ization constant quis shown .in- Appendix L to be derived )
from a formulation of -the diagonai overlap integral

- qo(q«(k) We, therefore, refer to Appendix L for.the
essential details and summarize the results here for
overlap and Hamiltonlan matrix elements between Bloch sums
as well as the normalization constant:

1) Matrix elements for aq#s and X£R -

Aqx-sﬁ(-?-):G ngN"z 2’: exp(-ik (P f)ﬂ))

<¢ (r -f’ )l?f“_r,
- - '%’ V‘ V '
Hq“;g) =G NN ‘32-31 exp(-1k* (P -f))
-[<¢q« 5510 ﬁ“'r%q«* €.p)
- (= -_F‘"’S |-v‘i)¢sﬁ<gr)>
f(ﬂq« e j)\¢SB -t‘

{<¢ )| Wef ))\2‘ END

+<¢ Ke: >;v<r f“)‘ﬁsﬁ(rr,»}]

(49)
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2) Matrix ‘ele‘ments for q#s and &=

! ' 1.1 o(o(
Do (k) = GoNGENCZ 1500 + Z‘_A(j s(f, )]

-3 v
qx8o<( ) = G-N_ ;(N Jsooesxwoo + g A
. X
{S(lo (€4 €sod) -T(P ) + s(P ). VABC})

where groups of integrals 1ndicated‘by's(.fj ),T(J_C.)j ), 300,

VOO, and VABC are expressed as

S(P ) =<g (r-ﬂfd (r >>'
'r(f’ )—-@qx(r f’)‘ V\yf (z)>

se =

|
!
:

V0O = 2!1 1 <¢ «—K' Vx(r Po‘;o[(ﬁsx(_“)>

p—l

s00 =<4, zﬁ)l?fs‘(_r;}b)>

vABC= 3+ ZTHZ Bz )] vyl -<J° )];zf (r )>

+<¢ (r )\Vx(a £ V sl

The convention taken in the above expressionq is the
~i+ =J
in order to express the exponential terms as cosine and

translation vectors are group in pairs for

sin terms by the. followirgexpression.

Qq+R .
"A'(j) E%Xp( ik .P ) + (-1) - ejcp( ike f) equals
) j+l

ocos(k f which results from Euler's relation
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for an even s ,Y Y ' o
- WM Aq +43 and 1s ~i.2. sin(Evji) for an odd

'sum £ +!
. q 8

3) Matrix elehents for a=s and& = K8
The diagonal elements of‘kand &/are conveniently obtained
from .the form statel for ( q#s and &= f3) ; therefore, the
cosine expression of exponential terms results since/g¥§
would always be even for q=s. The requirement that the
Bloch sums be normelized to unity yields the expression
of the normalization constant which for the g« case
-would be

. | ‘ ; | » ”
N =6 (1 +2 5 cos(5°193) S(fﬁ )]-

Qx 91,2 (51)
The eyaluation of the above matrix'elements is there-
fore reduced by a series of approximations usine exact
diatomic integfals:'overiap and related integrals (kinetic
“energy), Coulomb, exchange and nuclear attraction type. In
addition, the exact evaluation of one-center integrals have -
been discussed in the seceion “Atomic Orbital Energy" under
the approximations of the TBA me thod. Further discussion |
of these diatomic integrals are in Appendices D (overlap
and related integrals) and E ( potential integrals).
The word "exact" eeserves eome discussion at this point
;h the thesis. The analytical expression for the atomlc
Qave functions (.the subject of the next section) is

approximats; but methods are available to solve diatomie
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integrals rapidly and efficlently using available numerical

,techhiéues programed into Fortran IV language and the IBM

.360-65 model computer. Then , we properly refer to the

latter as exact within the usual round-off errors encounted
in machine compﬁtations. In.order to minimize such errors,
‘we use double precision numbers in overlap, Coulomb, exchan-
ge énd nuélear attraction progrems to give an accuracy of

€ Hartree energy units. (27.2 e.v. ).

something like 10~
The cholice of atomic orbital functions in the TBA
method is the crux of how exactly our calculated energy
bands and crystal orbital properties correspond to reallty.
In our realm of theoretical investigations, the:H-F.crystali
equations provide the indicator of how well we are appro-
aching exactness, Hopefully, such an indicetor approximates
as well the experimental phenomenon ; In other words, we
must approach the H-F limit in order ﬁo make the TBA.
\amenaﬂle to the present state of the art of thquuantum

chemisty of dlatomic molecules; thereby‘the correlation

-prbblem'or cryétals can become tractible, The approximations

that we have strived to make in a justifiable manner
would be useless if we unwisely used atomlc orbital func-
tions.

Innthe discussion of the atomic orbltal energy, we
have suggested that the choice Qf neutral atomic  wave

functions may be justified ﬁsing the Pauijng electro-
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neutrality principle. Let us approach the atomic wave
function problem from this a priorl notion, i.e. neutral
atlbms in a crystal, and considerj how the avallable tables
of jt:he.numer'iczal SCF functions for neutral atoms may be
used to obtain analytical functions which have the proper

radial and nodal behavior .
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ATOMIC WAVE FUNCTIONS

The atomlic wave function,_¢ , is taken as a product

" of the radial function Rng(z) and spherical harmonics

function Yym(©, @) or
g, = Ras(2)Y (8, 9). | - (52)

The - type of radial function used in the TBA calculations

was of the Slater orbital type (STO), i.e.,
Rpglr) = ¥rP-lexp(-3 r) - (53)

where 3 is the orbital exponent and N is the normalization
constant.
The radial function may be of the single orbital exponent

type shown above or a linear combinatién of STO's, i.e.,:

Rpglz) = 21 CyNyrPylexn(- 3y r)

where Ny = (2 ki)ngé : v |

: % ‘(5&).
(2n,! ) :
There are many ways of'choosihg a basls set. If a single

orbital exponent STO is desired, the § parameter may be

adjusted so that the radial function matches the numerical

" values of SCF functions in the tall-off region, as Gerstein

et al. (1) have done. Brown and Fithatrick (25), who have -
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investigated radisl functions of all ﬁfansition metal series,
would call tﬁis type of fit to the outer region of the SCF
radial function a Burns' type orbital (26). They refer to the
Clementi type orbital (27) as one that better -describes the
Inner region of SCF radial functions (particularly'in the'

region of the maximum peak). Since both types of orbitals

gare STO's differing only in a choice of § , neither one will
gshow radial nodes. Nevertheless, Brown and Filtzpatrick (25)

' find that both types of orbitals can Ye used in overlap

integral calculations and give sufficiently accurate values

"for cases involving first-row transition metals. The

Richardson (28) linear combination of STO's fits Watson's
SCF functions (29) for the titanium 3d, 4s and 4p orbitals at
varying charge better than single exponent STO's. In the case

of s and Lp titanium orbitals, only Richardsqn'orbitalé will

-properly deScribQ the respective Bloch sums, since SCF radial

. function values remain negative in the region of interest in

TBA calcﬁlations and no single STO function can describe this
behavior. |

| Brown and Fitzpatrick have further concluded that Basch
and Gray 5d, 6s and 6p functions (303 (which are linear com-

binations of STO's) are necessary for tantalum, .tungsten and

- rhenium cases where overlap integrals using them are cal-

culated. They compared Burn's orbitals with the Basch-Gray

fdnctions and found that the use of functions fitted to the

outer regions of tungsten 54 orbitals produce overlap



L7

integral values which are too large. The arguments in favor
Of-nSing 6s and 6p functions to accurately describe behavior
in the overlap.region are the samelfor titanium 4s and Lp
orbiﬁals. |

Ruodenberg (private communication, Ames, Jowa, 1969) has
suggested that higher quanﬁum numbér{radial functions can be
fitted with lower n STO's to represent the radial behavior |
correctly in evaluating ﬁwo-center Coulomb and exchange
1ntegrals for which the available programs go to n=3. The .
extrema of the SCF function to be fitted are produced by the
coefricientslof the iinear combination of STO's (always node-
less functions by themselves). The coefficients and orbital
exponents can be found by é least squares fjt'procedure (31).

The atomic radial.functions which form an orthogonal
basis set are generally obtained in the present work by the

| follouing re01pé-

1) Tor s and p orbitals we start with single STO's with
‘the same _{ quantum numbers and Schmidt orthogonalize to form
the valenco shell functions'whinhiare‘ortnogonaiized'linear
combinations of 3TO's (as in Equation 54). For 5d orbitals,
we use the orthonormal Basch-Gray functions which are linear
combinations of 34, 4 and 54 STO's.‘

2) 1f the n quantum number of the valence shell is
,greater than 3, the least squares fit of n=3 STO's 1s made to

the %chmidt orthowonelized radial function.
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The main problem in the above procedure 1s obtaining the
single STO's'hecessary for the s and p functions in the first
step. Besides providing numerical values for SCF functione,
"Mann (23) tabulates the location of the maximum in the radial

function, r If one differentiates the radial function with

max*
reSpect to r, the radial distance, and equates the expression
to zero, the tabulated maximum distance can be related to the

orbital exponent of a single STO:

anV_ \ = _3d_ )[an'r = 3 >(N exp(v-k-r)rn)=0
2 /S dr ¢ CEAS |

=Nnexp('—§r)r - Nﬁexp(-§r)rm8x= 0]

max

where r = Ipoy

0

n o

Thus, §
r
max

(55)
‘Therefore, the necessary orbital exponents can be obtained
The np orbitals for Na(n—}), K(n=L) and ar(n=5) are not’
given In the ground state configuration by Mann; thus, one
ne_eds to approximate the Snp for the single STO fepresen-
tation. If one takes the ratio of Sgp/ $es (2.372/2.398)
‘from Basch-Gray single STO.representation for Re (charge = +1)
and multiplies it by the neutral atom ns(n= 3,4,5,6) orbital
exponent, one can obtalin the single STOvrepfesentation for

neutral atoms,
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The Schmidt orthogonallization proeedure for the 1ls, 28

;and 3s single STO basis set provides an example of obtaining
8 38 atomic orbital function, say for Na . Let the non-

|
orthogonal STO's be represented by a row vector Yo .

L=(v v vy =(ls 2s 3s) - (56)

functions exist in Hilbert apace and have a set of inner

;The vy

fproducts'<vi\v£? which are represented by an overlap matrix S,
lad

Therefore, we seek the similarity transformation T S T = 1

:which maps v into u( a column vector of orthogonal functions).

is related to y by the upper triangular

-The transpose of u
matrix T: u =v Tor
u N ls"ttv T ‘ T .T
1 11 *12 *13
= Y = '
u2 2s (1s 28 3s) Too T23 )
| ' | | (57)
u3 s : 0 ) T33

where the primes denote orthogohal functions, i.e.<hj]uk>=sjk
( normalizefion is generally imposed as well). The matrix T
can be separated into a set of three eolumn'vectors which are

2

1dent1fied with the expansion coefficients of the vy basges

into orthogonal functions, i.e.

uJ =§; Tij Vi j=1,2,3 equations are obtained from
the coefficlients |
Ty T12)T3
To2\T23
T33 giving
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u; = 1s' = Tll(ls)
us = 28! = le(ls) + TZZ(ZS) .
uy =3s' = Ty5(1s) + Tpy(2s) + Tyy(3s) - (58)

As mentioned above, the d STO basis set for 5d functions
(vy=34d, v2=ud, v3=5d) is chosen from Basch-Gray (36). The
double zeta representation used by Basch-Gray for V3=Sd is
necessary to properly describe the outer 5d radial behavior.
Even though we cannot apply the simple formula in Equation .55
for this case, we could in principle do so and continue _
through step two ébove‘fdr‘u1=3d and u,=L4d using Mann's data
for rpax. However, the respective 'S3d and N 4d values are
close for neutral (Mann) and +1 cases (Basch-Gray)‘and,
therefore, to remain consistent, we ﬁse the entire Basch-Gray
v4(1=1,3) basis sét'for third-row transiﬁion metals. ‘

We justify the use of the Basch-Gray 54 functions for the
neutral atom using Gianturco's (Bé) investigation of the size
of the d orbital of vanadium as a function of bxidatiﬁn state.
The primary result of this study was that the 3d wave'funcfion
varies slowly with charge in removing Us electrth‘from the
3d3u§2 configuration, and finally the removal of 4 electrons
from the 3d3 configuration shows a small change, even though
it 1s greater fhan in the former case; It 1s reasonable td
assume that the behavior of the third-row transition metals is

similar to the first-row transition metals}ftherefore, it
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would be useful to show thét‘the Basch-Gray Sd functions for"
configuration Sduéslépl(Ra*l)jdiffarAlitt}e'from'the neutral A
atom (5d5682) numerical radial funcfions provided by Mann.

A plot of Basch-Gray vs. Mann functions is shown in
.Figure 3, The BaschéGray values véry from the Mann values
at the extrema, but generally fit the SCF functiocn over a.
 wide range of radial distance: 3.5 to 8.0 a.u.

Once we have & set of uy funcﬁions, we may apply anj
least squares fit program to obtain a hou set of fuhctionlej

which have a new basis fy, or -
Py = ‘L;,cjkrk(§k) IR (59

F, is related to uy (quantum numbers n',}Q!, m'!) by the

b
nminimization of the deviation, D (31):

D =§(uj(rp)g} Pyr %, ) (60)

over & mesh of radial values rp;- The necessary constraints

for this minimization are

2D 2D . | | |

? Cik Ik ey
Each ) function with orbital exponent S K has quantum numbers
as3, L1, . : - . ,

_For aexample, a 68 functlon, ug, is fitted by a funotion

F6 which is & linear combination of 8ix 3a STO's:
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Fe = Ce3 38(3 1) + 062"38(32) + Cg3 38(3’3)
+ Cey 383 ) + Cog 3308 ) + Cep 33(f ) (62)

Thus, as a matter gf convenience, each Fj is expanded into the
-same numt;ér 61‘ bases as the corresponding ujy funétions, 88,
the upper k limits on Fj = 5d, 6s and 6p least squares fit
functions is L4, ‘6, and 5 respectively. |
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OVERLAP EFFECTS, MADELUNG EFFECTS AND THE OVERLAP CRITERION

~ In 1952, Wolfsberg and Helmholz (33) suggested a semi-
empirical ﬁetﬁcd based on two approximations:
1) Diagonal energy matrix elements are approximated
as the negative of the valence state ionization energy
(VSIE) of a particular orbital q, i.e.

qu= - VSIE

2)» Off-diaegonal energy matrix elements are calculated

by the expression

H ‘\ZS {
. pq ~—_Pq pr + qu‘]s .

Richardson (8) points out that such approximations, as
crude sas they are, incorporate many aspects of chemical
intuition, eg., overlap of bonding orbitals and electfo-
negativity. Furthermore,‘Jdrgenson (3&) analyzes ‘the semi-
" empirical approach in terms of the physical nature of the
chemical bond. He concludes that diagonal energy matrix ‘
elements are dominated by the Madelung potential, i.e.,
Madelung effects, and off-diagonal energy matrix elements
vary as two-center kinetic energy effects. Ruedenberg (35)
relates the lowering of two-center kinetic energy, due to
1nterference effects (changes in atomic orbitals upon
bonding),tto be the cruciéllphenomencn which gives stability

‘to molecules after potential energy is cancelled by nuclear-

nuclear repulsions. '
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In this theoretical investigation, we are interested

. 1in applying chemical concepts to an amalgamation of

quantum chemistry and solid state physics, i.e., the TBA.
However, we are still unable to‘détermine stabilities of
crystals or cohesive energy for many reasons. For example,
tﬁo reasons which we feel are important are: |

l) The magnitﬁde of the cor£elation energy is
unknown. |

2) The Médelung potential cannot be evaluated exactly
in térms of Coulomb, -exchange and nuclear attraction
integrals (computationally very laborous, eveﬁ fqr a
computer). | | |

In other words, the crystal is a giant molecule; even
with the inclusion of translational symmetry, the multi;
center integral bottléneck exists for a large number of
sometimes difficult integralé (eg. three-center Coulomb
iﬁtegfals); Even though three and even four-center integrals

>

are tractable now on the computer, the task to do a rigorous

. calculation would be.both costly and unreasonable.

We propose a semi-rigorous method which will be based
on three objectives:

.1) To Study a.series of related crystals to observe
possible trends énd; thereby, proposé'some theoretical

model, No computatioﬁs will be attempted on an absolute

'energy scale.
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2) To apply a SCF-MO-LCAO treatment to crystals
in order to use a theoretical handleiinstead of an empiri-
callone to control calculétion of energy bands.

3) To use the LCAO procedure when coﬁditions are.
satisfied by some well defined and pertinent criterion.
We suggest that the "overlap criterion” ( 1) is a reason-
able way for choosing a TBA interaction model. |

>Besides chemical intuition,'tha overlap cfiterion
is based directly on many important mathematical relations
which are explicitly expressed in terms of overiap integrals.
Here are three quantities which depehd'directly on overlap
and occur throughout the TBA forﬁulism: ,

1) The exbression. for Hqy sg (k) in Equation 49
| is essentially a function of overlap and two-center kinetic
energy integrals (can be expressed as a linear combination
of overlap integrals).

.2) The normalization constant for the.Blbch sums is
a function of overlap integrals (Equation 51). Evaluation
of this gquantity is possible so long as the overlap is
adequately small. Otherwise,‘the cosine termslby Becoming
negative when (gég.f;“é- <) cauégs the value of Ngox to
becpme negative. Since an lmaginary falue for Nqé,could
result,‘the TBA i1s limited by overlap.

3) Because of quantity nﬁmber 2, the TBA Fock

operator 1s only possible'if the identity approximately
exists: Nqoz%Nqo;szzlv(see Appeﬁdix;(), .
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If the off-diagonal energy matrix elements are related
to bonding of atomic orbitals, wé may suggest that differ-
ences between energy- levels for molecular orbitals
(isblated molecule) or cryﬁtal orbitals (solid state) are
determined to a large extent by overlap effects. |

Let us now consider the Madelung potential and its
effect on the TBA. Ros and Schuit (36) and Basch and
Gray (- 9) have placed much importance on shielding effects
" on the point charge model for doing molecular 6rbita1
calculations of transition metal complexes.

The lack of explicit evaluation of Coulomb and exchangg
integrals, thé‘latter particularly, leads to déficiencies in
the point charge model, eg. suggested by Fenske (7 ). The
ordering of molecular orbitals is critically affected by
the shielding effects. Since exchange integrals converge
expénentially to zero, we suggest that the similar behavior
~of overlap integrals points to the possibility that the
"important" effects of the Maaelung potential are only
within bonding distances, i.e., where overlap 1s maximﬁm.

In pfinciﬁle, we continue to include more neighboring
atoms in tge Madelung potentlal, osciilating as it may
witﬁ each gdditional neighboring atom, until convergence
occurs. Finally, we obtain aﬁ external poteqtial (axciuding

neareét_neighbor effects) which acts equally upon the me tal
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atom or the ligand (assuming the Pauling electroneutrality

principle is valid). Thus, the whole molecular orbital

. correlation diagram is shifted on some arbitrary energy

'scale.' The analogous energy band behavior has the same

result,~if we trust that the TBA MOdellresembles the
molecular orbital situation withln the overlap criterion.

In points 2) and 3) we show additional evidence
that the overlap criterion has quantitative consequences
in the TBA. Particularly, the third point exemplifies
the connection of the overlap criterion to a choice of
the TBA interaction model. That'is, the one-electron
operator '%ye(tf) convergeé to the molecular case in the
limit

& =1

A ry

In the present TBA method we calculate the overlap
integrais for various overiap paifs,which are fnvolved
with possible bonding orbitals . Then the overlap crit-
‘erion is applied to notice from tabulated overlap integrals
if any values are exceptionally large. If such values
occur, we go to the quantitativé aspect of the overlap
oriterion and see how the normalization constant of
Bloch sums are affecfed. At thls Junction we decidé
wh&fher a TBA type calculation is reasonable and proceed

accordingly to find a series of substanceé which apply.
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. Use of'the Overiap Criterion to Choose a TBA Model

. In order to'make TBA calculatiéns practical, the Bloch
sums ﬁust be limited to a small set of interacting neighbors.,
The overlap criterion mentionedAabove is used to choose a
TBA modol’wﬁich'can be applied to transition-metal oxides.

In Table 3, various erriap péirs in the ReOB.struéturé are
-listed to indicaée that oﬁerlap is asdequately small in the
Anearest»neighbor metal-oxygen interactions and next-nearost-
ﬂeighbor metal;metal interactions to 1limit the size of the

interaction set to these atoms. .

Table 3. Overlap'integrals

a ’ bﬁ SAB . R(a.u.) GB ¢B
54,2 5,2 .008:60 . 7.0818 90 O
.0276Lz 7.0818 0 0
5d,., - 54 -.014323 ~ 7.0818 9% 0
x2 Xz .002067 ~ 7.0818 90 90
2 2 2 : | |
5a._°_ 5a.2__: .021248  7.0818 90 0
rewo xSy .002067 7.0818 0 0
6s 63 .163689  7.0818 90 0
6p, . ép, .077021 7.0818 90 0
54,2 2s -.102873 3.5409 90 0
o S .205746  3.34,09 0, 0
54,2 2p, 143401 3.5409 180 ©
54y,  2px . +096507 '3.5409 - 0 o
, .

25 .178181 3.5,09 90
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Table 3(Cont.)

a | Vb ' SaB R(a.u.) bB ¢B
54,2 ;% 2o,  .12089 3.5509 90 180
6s 2s .275805 3.5409 90 0

bpy 2s. - .2788Y 3.5,09 0 0
6p, 2pz. .115660 3.5409 90 0
2s 2s .00694.6 5.0076 90 L4s
2p, 2s .005662 5.0076 90 45

" 2p, 2p, .001119 5.0076 90 L5

In Table 1, Spp 1s the overlap integral between orbitalé

a and b. 6p and gg are the pblar angleé of ﬁhe location of
~ center B with respect to center A as the origin.» The radial .

distances R are obtained by geometrical considerations using
the lattice constant (37) of 7.0810 a.u.. These integral
vélues repreéent the tfﬁe atomic overlap orbital after proper
rotation of spherical harmonics from the elliptical coordinate
syﬁtem‘through the given polar angles. The overlap integral
values listed are part of the TBA output. |

The TBA interactlion model for rhenium trioxide is shéwn
in Figure ﬂ} Re, 0y, 0y, and Oj are the four atoms which
make up the unit cell and a is the lattice constant. The
primed oxygen atoms belong to other unit cells but make up a

part of the nearest-neighbor rhenium-oxygen interaction set. -
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| | ((I,O,a)
!

(-a,0, O)
04—-—’0‘*———’0——-—*
(- °v0) I (00,00
/ (0.00) T RHENIUM-RHENIUM
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(-a/2 ,'O,OA)

M

- (0,-0/20) 0 F— RY~——=(0) ——>V
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/ ‘ - | | | o
‘ (a/2,0,0) ) ~ RHENIUM-OXYGEN AND

OXYGEN-OXYGEN

X
(0,0,-0/2) 'INTERACTIONS

Figure It TBA interaction model.
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The ﬁext-néarest-neighbor rhenium atoms are located at
positions (+a,0,0), (0,+a,0) and (O;O,ia),

In general, the cfystal lattice of perovskité transi-

" tion metal oxides contain the structure ABOj shown in

Figure 5. A is a transition mefal ana B is either vacant

as far as Re0O3 or filled by a non-transition metal such as
alkall metals Na and K. B is commonly referred to as the
perovskite hole 1in the transitipn<metal oxide crystal lattice.
In the recent paper on the overlap criterion (1), Na-Na
overlap in tungsten bronzes was conveniently shown Ey
considering sodium as filling the perovskite hole. However,:
for our purposes, the octahedral arrangement of oxygen atpms
about a particular transition metal (as 1t was for R603 in
‘Figure 3) and the B atom located at the corner of the unit
cell is taken as the model for TBA interactions.

"From our discussions of overlap and Madelung effects, we
can propose & model for the intéractiqn set of perovskite
oxides in general. Even thpugh.sodium-sodium interactions
have been postulated to be important in describing the
Aconduction band picture of sodium tungsten bronzes (38),
overriding evidence exists, both theoretically (39, 4o, L1) /.
and éxperiméntally (1h, L2) that traensition-metal and oxygen
valence orbitals are the important contributors to the

lowest conduction band. Since Na-Na 3s and 3p overlap has

been found to be strong (1), one must seek a possible
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éexplénation other than overlap effects to explain this

édilemma. We propose that Madelung effects push sodium

!epergy bands out of the conduction picture into. high energy
i

regions. The nearest-neighbor Madelung effects between

o

Esodium atoms are then considered to be ﬁnimportant compared
%to nearest—neighbor interactions between sodium ard other
gtypes of atoms in the lattice. Thus, the important effect
iof orbital Sverlap and potential intefactions between alkali
Emetals-(eg. Na'and K) and transition-metgl or oxygen atoms
'in the. same unit cell makes the TBA model complete for
jnearest-ngighbor Interactions. |

The inclusion of metal-metal (A-A) interactions tests

the model (39) which proposes that t d states mainly make

2g
up. the lowest conduction band., The model (39, 4O), which
proposes that ¥ bonded oxygen and transition metal 4 states
are more important, is of course tested by the nearest-
'neighbor aspect of the TBA method.

We will now apply the above TBA metﬁod to ghe series
of perovskite transition metal oxides: Re03, Na W04 (for our
present calculations we will take x to be 1.0) and KTaO3.
Rhenium trioxide will be discussed first (Part II) since 1t
is the simplest‘of.the three to treat in the TBA. 1In
order to obtain meaningfulvresﬁlts (PartIIII) fqr sodiﬁm

tungsten bronze and potassium tantalate (KTa03), we will

scéle'their crystal potentials and charge distributions to
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the ReQ4 model. Hopefully, we then can obtain a theoretical

smodél_of.perovskité transition metal oxides which gives a

feélistic picture of crystal orbitals in the LCAO limit;

thereby we hope to delineate the nature of the admlxture of

atomié orbitals which form conduction and valence bands as

a function of the wave vector.
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SUMMARY

‘The LCAO procedure is to be used to obtain the crystal
pdtential'and energy bands for transition metal oxldes. The
option to obtain self-consistency of charge distribution
throughout ali E(E) vs. k allows one to approach the accurate
APW potential proposed by Mattheiss. The use of the Bloch
sum basis .set allows one td exactly determine the partici-
pation of atomic orbitals in various symmetry crystal
ofbitals or bands. The effecps of translational symmetfy
on the traditional LCAO-MO picture can, therefore, be
determined despite knowledge of the inherent weaknesses
which exist for the tight-binding method. By using the over-
»lap criterion, one can decide which okides can be considéfed
to be adequately described.

Thus, one imposes all the rigor which is practically
- possible for the LCAO-MO procedure 1n evaluating two-center
overlap and potential inﬁegrals ahd approximating othér multi-
‘center integral values. Also, one uses good atomic orbital
functions (descriptive of both inner and outer properties).

As in the molecular case, we seek interpretation of.
molecular properties (including translational symmetry) in
terms of atomic properties; e.8., potential, orbital energy,

and orbital functions.
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PART II. TIGHT-BINDING ENERGY BANDS
OF RHENIUM TRIOXIDE
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INTRODUCTION

¥
‘Recently, L. F. Mattheiss (11) has reported an APW

calculation of the energv bands and Fermi surfece of Re03
":His is the first effort to theoretically describe quanti-
}tatively the electronic structure ef ReO3 and provide a model
gfor'the perovskite transition metal oxides. He parameterizes
gthe crystal potential ria the Slater-Koster (13) tight-
binding interpolation scheme between symme try points. This
'provides a handle for empirically controlling his calculations..
‘The results of his semi-empirical approach are not in dis-
agreement with preeent experimental deta (14, 15). The tight-
binding method proposed in Pert I has been applied to
Re03 to obtain an entirely different theoretical model of
BeO3, but agreement with the same experimental~data appears to
be comparable for the two approaches.: |

Rhenium trioxide and the perovskite transition metal
oxldes.provideAa group of substances which form & borderline
between a strictly APW (free electron) and a strictly tight-
bindihg (localized electron) application. From Table 3, we
see, using an overlap criterion; that the TBA mlght provide a
‘reasopable plctere of the band structure ef ReO3. AsAe mnatter
of fact, Mattheiss has had to modify the APW potentlal or
Muffin Tin potential to make the APW method applicable. The

- question of which method 1is better cannot really bs answered

aihce entirely different‘crystal potentials are used.

!

1
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Even though the APW method can accurately be corrected
for Re03, the pr&blem‘of obtaining self-consistency ahd
quantitative information concerning the distribution_éf
#toﬁic”orbital contributioné to crystal orbitals which form
valéhce and cbnduction bands remains. The TBA method
described in this thesis solves this problem by utilizing
the Mulliken population analysis ( € ) of the Bloch sums
basis set.

Siﬁce Bloch sums are directly related to atomic orbifals
by Equation 8, we have for the first time obtdined &
théoreticel handie,,instead,of an empirical handle, to
control b;nd calculations., Even though we requirs an em-
pirical quantity, the lattice conatant, fo.do calculations
at ﬁresent ( a minimizatioh of energy with reSpgct to bon&
length is not practical), we are completely independent of
empirical parameters in the crystal poténtial. Our potential
is based upon the Féck operator used in making-LCAOQSCP-MO
calculations forlclosed-shell,systems. Thus, charge dis-
tributions which are assumed before the first cycle of the
TBA calculation are calculated at the end of that cyéle by
the Mulliken population analysis. The calculated charge dis-
tribution is essentially put into cycleétwo (properly'weighted
by a-dampihg consﬁant) and so forth. Thus, when the oscilla-
-tions of assumed and calculated charge distributions for each

atomic orbital‘become sufficiently small, we are confident
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that the TBA energy bands have converged.enough.to give us
useful quantitative information.

Becausé of its nature, the TBA method invoked in this
‘thesis may be called a semi-rigorous? molecular orbital
calculation which includes the effectsvor translational
symmetry on the electronic structure. |

| Obviously, we cannot obtain the exact solution of the'

Schrodinger equation of electrons in é solid, but because of
the Born-von Karman periodic boundary (I13), thé Born-
Oppenheimer approximation (4) and the unique nature of the
"loosely-packed structure‘of ReO3, we may use & Bloch sum basis
set and solve the eigenvalue problem of the electfdnic
: structure in a 30lid veriationally using a‘linear cqmbinaiion
of atomic potentials as the crystal potential. But even‘at
this point, we cannot proceed in an gb initio manner. Ihstead,
we proceed to make systematic approximations as»Ruedenberg (39)
has stressed we must do, and continué to do so until the
~calculation 1s both fheoretically'founded and préctical.' The
multi-center integral problem has plagued progress of the TBA
approach to solids previously. Even though we still are
unable to evalugte three-center. integrals practically, we
resort to the Mulliken approximation (1¢). The evaluation of

all hecessary two-center Couiomb, exchange, nuclear attraction,

83 work suggested by Kaufmann (.5) and considered by the
author elsewhere. (u Y.
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' : .
" overlap and kinetic energy integrals makes our method at

least. & good first order attempt to describe the electronic

_btructure of a group of substances, namely the perovskite

explicitly a8 possible and do not resort to any semi-
l

_;transition metal oxides. It is important to stress that we
. : |
Fvaluate off -diagonal élements in the Hamiltonian matrix as

empirical approximations such as the Wolfsberg-Helmholz (33)

or extended Hiuckel approximations (HY). For the above
|

fwe'use the description semi-rigorous when referring to

present TBA me thod .

reasons,

the

We will now discuss the calculation of TBA energy -

bands of Re03 in two steps: .
1) The ‘input data which consists of the crystal
potential, orbital energies and orbital functions.

2) The output data which consists of E(k) vs. k,

thd

density of states, particularlv at the Fermi ensrgy, the

results of the Mulliken population analysis, the correlation‘

of the joint density of states with the 1mag1nary part

the dielectric constant, and the Fermi surface.

of
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THE CRYSTAL POTENTIAL

We have calculated all Coulomb, C, exchange, X, and .
nuclear,attraction'integréls necessary for the crystal poten-
tial (see "Atomic Potential", Chapter I) in the TBA inter-
action modelAfor ReOB, eg., Re-Re, Re-Ol, 01-02, etc., inter-
actions. The "crystal potential"! which is a linear combina-

tion of atomic potentisls, (Equation 28) is thereby calculated

by evaluating matrix elements of the classes shown in Equatlons
'33'and 3l,. Only the type in Equation Hl\neéds to be expanded
into C, X, and nuélear aﬁpraction integfalsA |
The charge distributions‘bf crystal orbitals\fyi(g,g)\z (i,=
ocdupied orbitals) are divided by the Mulliken population
analysis {6) to give Bloch sum ( in'reciprbcal space) or
atomic orbital (in real space) popuiatidns ng for the q baées.
The self-qonsistency procedure outlined 1h?Pért f iél.
applied to ReOB;

‘Since we wish-to use tbe ReO3 structure to paraﬁeterize
a serles of oxides, thé Qb%ious élace ﬁo starﬁ is thé crystall.
 potential. |

An additional caléulation of C, X; and nuclear attraction
integrals to be used in the crystal potential for Naw03 and
KTaOB'was performed using the Reb3 structufe (Re, 0y, 05, O3
orbitals for the same lattice constant) with Na and K atomic

orbitals situated at the (111) corner positions, i.e. in the
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perovskite positions of a hypothetical perovskite oxide
AReO3 (A=Na or K). We scale these results for the NaW03 and
KTaO3 cases using the following procedure:

1) Using a set of C, X, and nuclear attraction integrals,'
<a alb b'> , <a bla b'y and {1/r \b b respect’ively (defined
in Equation 60 with b not necessarily = to b') we calculate
a scaling fector, S, as follows: |

SRo0; = {(a alb b'” -} <a bla w)} / <1/r \b b'> |

2) Using the respective lattice constants of KTa0y and
NaxWO3(x=l.O) to obtain the appropriate ihtera‘tomic distances,
we calculate all nuclear attraction integrals

<1/fr o b
KTaO or NaW0
3 3
3) We calculate [C-%—X}K’Tao3 or -NaWo03 usgd in the crystal

potential (Equation 28) by

[C-%X}KTaOS =S . <1/rA‘b b2 .KTaO

ReO
or modgl or 3 ) v
NaWO NaWo (a1)
| 3 3
for each a, b and b' set.
-
L4) Using ‘C EX}KTBOB or NaWo3 values, we calculate all
matrix elements of the type (b\V \b'>.,
Justification for this scaling procedure stems from

Fenske's "point charge approximation” (7) which for (b\\IA b')
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1s <b|Vyl by zLen,1/r,|b bD -2, <1/r,1b b'> or in other
a8

words <1/r,{ b b')xC-3X.
The scaling factor S calculated for set a, b, and b'

in step 1 above is introduced into Equation 6i’by
(b\VA\b')={ 2a2na- S -ZA(I/I'A\ b by (62)

to give a general expression for point charge approximations
(Fenske's is for S =1), '

A 1/R,p behavior is exhibited by Coulomb integrals aiA
éufficiently large intefatomic distances R,p, e.g. at RAB'from
center B, the charge distribution aita on center A'appeérs as
a point charge to cehter B. The exchange 1integral, however,
- which behaves like an overlap integral*(a{b)’, diminishes
exponentially with increase in Rpg. Hence, the point charge
approximation is good for first-row“tranﬁition metal 3d |
orbitals, 1.e. a=3d gives S=0.99 (é,)l

If aslis or Lp for first-row transition metals, we would
eipect that the-point'éharge approximation would not be
reasonable. The Ls and Lp c;rbifals have such a large <r?
‘that for usual Rpp distances encountered in transition metal
oxides (3-4 a.u.), the diffuse a¥a charge distribution still
has a finite value, ez. for T4 (23) <r 307 1.487 a.u. but
{r | g»= 3.766 a.u. The situation for rhenium 1is about the
same for titanium: <x‘ Sd>=~1'800 and r ¢>= 3.694 for

RRe-0 = 3.5 a.u.
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Therefore, we intrqdude the parameter S into our cal-
culations for two main.reasons: | |

.1)- We facilitate the evaluation of C-3X Integral values
"by the fast and easy calculation of nuclear attraction
integrals (AppendixAE). '
\ ' 2) We quantitatively measure the shielding effects of
':-diffuse charge distributions in showing why the simple point
charge'approxihation is of no valus to TBA calculations of
perovskite transition metal oxides. |

The result of the above analysis 1s shown in Table h'
using;nuclear attraction integrals listed in Table 5.

We thereby avoid the extensive evaluation of‘Coulomb
and exchangé 1ﬁtegrals each time, but also construct a
cfystal potential which 1s directly related to the ReO3 model.
As trends become obvious, we may calculate Coulomb and -
exchange integrals more accurately if desired as the'TBA
ﬁethod'is 1mprovéd (evaluation of three-center integrals ex-
plicitly). Until then, our semi-rigorous method will be‘kebt

‘at the present level of approximation.
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Coulomb-exchange integrals and shielding param-
eters for perovskite transition me tal oxides

'Atomic orbitals®

i

1

]

k

1

cP

xc

c-x/24

Se

520

521

522
600
610
611

200
210
211

300
310
311

" 1,00
110
L1l

520
521
522
600
610
611

200

210~

211

300
310
311

400
410
411

520
520
520
520
520
520

520
520
520

520
520
520

520
520
520

520
520
520
520
520
520

520
520
520

- 520

520
520

520

520
520

0.157796

0.155L05
0.151178
0.150008
0.164212
0.140568

0.30245L -

0.317908

0.295973 -
0.168116

0.19572L
0.154021

- 0.162177

0.195055
0.141,611

0.000492
0.000032
0.000002
0.001513
0.003853
C.000074

0.030307

0.024608"

0.004515

0.003352
0.003270
0.000207

0.002548
0.006899
0.000190

0.147225
0.145206
0.141270
0.143033
0.156877
0.1358,8

0.287300
0.305604
0.293715

0.160795
0.185090
0.148696

0.155L45
0.185106

0.13961L

0.980167
0.966725
0.940521
0.952258
1.044430
0.904423

1.009110
1.073400
1.031560

0.718775 "
0.827377
0.664L6L6

0.6914.860

0.827uL8
0.6244093

4 8Phe atomic orbitals i, j, k, and 1 which have quantum
numbers n, ¥, and m are indicated by the integer nf{ m. The
i and J orbitals are located on atom A and the k and 1 orbi-
tals are located on atom B.

L)

bThe value of the Coulomb integral in atomic units of
27.2 e.v. are indicated by C. Electron 1 is in the orbitals
1 and j and electron 2 is in orbitals k and 1.

CThe value of'thé corresponding exchange integral is
indicated by X and i1s in atomic units of 27.2 e.v.

- d7ne value of the difference is corrected for the re-
normalization of 54 and 6s orbitals where necessary.

©The shielding parameter 1s indicated by S. It is

evaluated by tho following expression:

| s=(c-x/2)A<g%X\' KLY,



Table L(Cont.)

7

Atomic orbitals -

i

4

k

1

X

Cc-X/2

S

520
- 521
1622
600
610
611

- 200

210
211

300
310
311

- 1400
Lio

411 .
520

521

522

600
610
611
200
210
211

300
310
311

400 .

410
411

520
521
522
600
610
611

200
210

211

300
310
311

4,00
410
411

520
521
522
600
610
611

200
210

211,

300
310
311

400
410
411

521
521
521
21
521
521

521
521
521

521
21
521

521
521
521

522
6522
g22
522
g22

522

522
522
522
522

522
522

522
522
522

521
521
521
521
521
521

521 .

521
521
521

521
521

521"

521
521

522
522
522
522
522
522

522

522
522

522
522
522

522
522
522

-155L05
.153452
.149478
.148305
.161381
0.139752

0.283718
0.294120
0.279989

0.166610
0.193123
0.153731

0.161518
0.193911
0.145001

loleNoNoNeo

0.151178
0.1L9L78
0.146040
0.1111715
0.156117
0.1367S5

0.2U44397

0.253269
0.239959

0.162769
0.18729%
0.15032

0.159128
0.190297
0.142617

0.000032 -

0.000077
0.000002
0.000306
0.000779
0.00033}

0.002058
0.001863
0.005414

0.001891
0.00L589
0.001830

0.002380
0.006038
0.001953

0.000002
0.000002
0.000001
C.0000L6
0.000123
0.00001[;

0.000037
.000029
.000032

.000795
.002088
.000230

OO O (e Ne]

0.001415
0.003757
0.000391

0.145206
0.143359
0.139681
0.141980
0.155627
0.134934

0.282689
0.293173
0.277282

0.1601L4L
0.18L469
0.147724

0.151,986
0.184531
0.139225

0.141270
0.139681
0.136L65
0.138655

0.150855

0.132230

0.2u4378
0.25325L
0.239943

0.156961
0.1800
0.14520

0.153238 "

0.1821L0
0.137675

0.979560
0.967100
0.942288
0.957797
1.049860
0.910265

1.083700
1.123880
1.062970

0.715865
0.836697
0.670032

0.702970
0.836978
0.631483

0.97750L

0.966905
0.9L466lL
0.959803
1.044250
0.915327

1.024930
1.062160
1.006330

0.729712
0.837025
0.675063

0.712L0kL
0.81,6769
0.6L,0051
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Atomic orbitals'

i

. -—

4

k

1

X

c-X/2

- 520
521
522
600
610
611

200
210
211

300
310
311

Lo
410
L4

520
521
522
600

610

611

200
210
211

300
310
311

400
410
411

520
521
522

600

610
611

200
210
211

300
310
311

L 00
410
411

520
521
522
600
610

611

200
210
211

300 .

310
311

400
L10
411

520
520
520
520
520
520

520
520
520

520
520
520

520
520
520

600
600
600
600

600

600

600
600
600

600
600

600 .

600
600
600

600
600
600
600
600
600

600
600
600

600
600
600

600
600
600

600
600
600
600
600
600

600
600
600

600
600
600

600

600
600

0.006kL2
0.005900
0.005174
0.005090
0.007292
0.003858

0.028791
0.030923
0.028911

0.004827
0.006681
0.003807

0.00275L
0.003563

+0.002163

0.150008
0.148305

0.144715

0.14253L
0.153122

0.134951

0.257590
0.260103

0.257748

0.156238
0.173393
0.147367

0.149951
0.169898

0.138887

0.000083
0.000002
0.000000
-0.001536
-0.006265
-0.000198

-0.002830
0.000000
0.000000

-0.000206
-0.000129
-0.000008

-0.002333
-0.00340L
-0.000170

- 0.001513

0.000306
0.000046
0.C10168
0.0200u6
0.000921

0.0l.6575
0.014386
- 0.009476

0.031179
0.057084
0.003679

0.042908
.0.077311
0.004384

0.006056

0.005581
0.004896
0.005685
0.010206
0.00387L

‘ 0.030206

.030923
.028911

.004103
.00561L
.003171

QOO0 oNe

0,003263
0.004382
0.001872

10.143033

0.141980
0.13866l
0.135089
0.141865
0.132438

0.234302
0.252910
0.253010

0.139435
0.143602
0.14l4272

0.127389
0.130110
0.135516

0.810935 -

0.74.7330
0.65560L
0.761256.
1.366580
0.518752

0.44,03997
0.413587
0.386670

0.409289
0.559965
0.316319

0.315859
0.424194
0.181092

1.134460
1.126110
1.099810
1.071450
1.125200
1.050430

0.828300
0.894082
0.894436

0.971801 -
1.0008L0
1.005510

0.8878L6
0.906810
0.944487
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Atomic orbitals

H

d

k

1

X

c-X/2

S

520

521

522
600
610
611
200
210
211

300
310
311

L0O
410
411

520
521
522
600
610
611

200
210
211

300
310
311

LLoo
410
L1

520
521
522
600
610
611

200
210
211
300

310
311

400

Lo
411

520
521
522

600

610
611

200
210
211

300
310
311

400
410
411

520
520
520
520
520
520

520
520
520

520
520
520

520
520
520

600

600
600
600
600
600

600
600
600

600

600
600

600
600
600

610
610
610
610
610
610

610
610
610

610
610
610

610
610
610

610
610
610
610
610
610

610
610
610

61

610
610
610
610
610

0.017103

0.016178
0.014837
0.014625
0.018665
0.01229

0.057395
0.060451

0.057836

0.015239
0.006681
0.003806

0.011678
0.01L4045
0.010131

0.041916
0.040L36

0.037771"

0.037026
0.04l702
0.032449

0.110093
0.111291

0.11185)

0.0394.07
0.0 6695
o.935u17

0.031926
0.036706
0.028722

0.000126
0.000003
0.000000
-0.002370
-0.006265

-0.000310

-0.00L946

0.0C00000 .

0.000000

-0.000361
-0.000129
-0.000008

-0.003691
-0.005606
-0.000275

0.000345
0.000088
0.000018
-0.005150
-0.014077
-0.000959

-0.006283
0.000000
0.000000

-0.001287
-0.000686
-0.000052

-0.015806
-0.019612
-0.001265

0.015655
0.014861
0.013632
0.015410
0.021431
0.012240

0.059868
0.060 Sl
0.057836

0.015162
0.00561L
0.003171

0.013298
0.016566
0.010097

0.038839
0.037582
0.035135
0.039039
0.051517
0.032786
0.113235
0.111291
0.11185)

0.03975L
0.0l6689
0.035181

0.03953
0.0, 6168 -
0.029137

.821680
.630700
.3304L0
.76L830
.235750
.990310

0.786713 -
0.794368
0.760011

%:%67910

3
3
3
3
5
2

29370 -

1.290160
1.326530
1.652520
1.007220

1.703470

- 1.64L8360

1.541010
1.714450
2.259550
1.438000

0.8891,85
0.87n21L .
0.87 637

0.689140
0.808355

- 0.609100

0.68LL75
0.799325
0.5004L47
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Atomic orbitsals

i

bl

k

1

X

C-X/2

520
521
522

600

610

611

200
210
211
300
310
311

400

Lh1o

b

520
521
522
600
610
611

200
210
211

300
310
311

400
1o
411

520
521
522
600
610
611

200
210
211

‘300
310
311

1,00
410
411

520

521
522

600

610
611

200
210
211

300
310
311

L,00
L10

411

610
610
610
610
610
610

610
610
610

610
610

610
610

610
610

521
521
521
521
521
521

521
521
521

521
521
521

521

521
521

61C
610
610
610
610
610

610
610
610

610
610
610
610
610
610

611

611
611
611
611
611

611
611
611

611
611
611

611
611
611

0.164212
0.161381
0.156117
0.153122
0.168031
0.129780

0.313108
0.317081
0.315077

0.165389
0.18515
0.15500

0.154332
0.171658
0.142651

0.011230
0.011030
0.010342
0.010369
0.012331
0.009475

0.028137
0.028074
0.029312

0.011589
0.013859
0.010910

0.161518
0.193911
0.145001

0.003853

0.000779
0.000123
0.020046
0.0L771L
0.000014

0.120665
0.034146
0.0244790

0.037250
0.061839
0.C05051

0.038066
0.060805
0.004550

0.000008
0.000011
0.000000
-0.000062
-0.000190
-0.000239

-0.000015
0.000000
0.000000

-0.000006
-0.000004

0.002380
0.006038
0.001953

0.156877
0.155627
0.150855
0.141865
0.1441 7Y
0.129773

0.252775

.0.300008

0.302682

0.14676k
0.15L23L

0.152182

0.135299
0.144255
0.140376

1.169900

1.160580
1.124990
1.057950
1.075170
0.967776

0.755407
0.896561

0.904552

0.689023
0.724093
0.715821

0.635198
0.67724L
0.659033

0.010310-10.731300
0.010128-10.541900
0.009502 -9.890200
0.010138-10.551800
0.012218-12.717000
0.009433 -9.818060

0.028145
0.02807L -
0.029312

0.1601LY
0.013628
0.010736

0.154986 .

0.184531
0.139225

0.761270
0.759336
0.792835

5.911890
7.069160
5.568750
5.125560

6.021650
L .893640
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"Atomic orbitals
p

- i

k

X

c-X/2

520
521
522
600
610
611

200
210
211

300
310
311

1400
410
411

520
521
522
600
610
611

200

210.

211

300
310
311

400
410
411

520
521
522
600
610
611

200

210~

211
300

310

311

1,00
410
411

520
521
522
600
610
611

- 200

210
211

300
310
311

14,00
410

411

611
611
611
611
611
611

611
611
611

611
611
611

611
611
611

200
200

200

200

200 .

200

200
200
200

200
200
200

200
200
200

611
611
611
611
611
611

611
611

611

611
611

611

611
611
611

200
200
200
200
200

200

200
200
200

200
200
200

200
200
200

0.140568
0.139752
0.136795
0.134951
0.143041
0.129780

0.22791L4
0.229277
0.229285

0.148858
0.16382L
0.143316

0.144952
0.163608

0.137363

0.30245L
0.283718

0.24li397 .

0.257590
0.313108
0.227914

0.199695
0.203837

0.197625 -

0.190554
0.228161

0.171216

0.179941
0.221059
'0,157759

0.000074L
0.00033L
.000014
.000921
.002057
.001885

.002059
.000827
.007324L

.005383
.010215
.010757

.008990
.016365
0.015336

0.030307
0.002058
0.000037
0.046575
0.120665
0.002059

ccCc o000 oNole [eRoNoNeo]

0.000028
0.000040
0.000001

0.014012
0.038600
0.000330

0.017658
0.048655
0.000400

0.131321
0.13493Y
0.132230
0.133330
0.142012
0.128837

0.22688)
0.228863
0.225623

0.146166

0.158716

0.137937

0.140457
0.155425
0.129695

0.287300
0.282689
0.244378
0.234302
0.252776
0.22688L

.0.199681

0.203817
0.197625

0.18354,8
0.208861

0.171051

0.171112
0.196731
0.157559

11.159280

1.191180
1.167310
1.177020
1.253660
1.137350

'0.993315

1.001580
0.987794

0.806322

0.87555)
0.760926

0.774828
0.857399
0.715460

1.009110
1.083700
0.865343
0.82966l
0.895080
0.803397

0.999925
1.020640
0.989629

0.919137
1.045890
0.856556

0.856862
0.985152
0.78899)4
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i

4

Atomic orbitals

k

1

X

c-X/2

520
521
522
600
610
611
200
210
211

300
310
311
400
410

L1l

520
521
522
600
610
611

200
210
211

300
310
311

400
410
411

520

521

522 .

600
610
611

200
210
211

300
310
311

400
Lo
411

520
521
522
600
610
611

200

210
211

300

310
311

400
410

411

200
200
200
200
200
200

200
200
200

200
200
200

200
200
200

210
210
210
210
210
210

210
210
210

210

210

210

210
210
210

210
210
210
210
210
210

210
210
210

210
210
210

210
210
210

210
210
210
210
210
210

210
210
210

210

210
210

210
210
210

0.06L313
0.058865
0.0L032Y
0.027597
0.038969
0.023021

0.02,4668
0.026203
0.023902

0.018337
0.025005
0.014646

0.0131%7
0.016586
0.010941

0.317908
0.294120
0.253269
0.260103
0.317081
0.229277

1 0.203837

0.208L9L
0.201510

0.192631
0.231841

O.l72h37'

0.180837
0.222689
0.158189

0.005210
-0,000423
-0.000027
-0.025030
-C.082532
-0.002228

0.000000

- 0.000000 .

0.000000

-0.000032
~0.000033
-0.000001

-0.002L49
-0.004L35
-0.000036

0.024608
0.001893
0.000029
0.014386
0.034146
©.000827

0.000040
0.000061
0.000001

0.004927
0.013406
0.000142

. 0.004503
0.012495
0.000132

0.061708
0.059077
0.040337
0.040111
0.080236
0.024135

0.0211668
0.026203
0.023902

0.018353
0.025022
0.014646

0.014371
0.0163804

0.010959

0.305604
0.293173
0.25325l
0.252910
0.300008
0.228863

0;203817‘
0.208463
0.201510

0.190167
0.225138
0.172366

0.178585
0.226L433
0.158123

1.250890
1.197560C
0.817679
0.813104
1.626470
0.489245

0.999927
1.062250
0.968877

0.743946
1.014260
0.597735

0.58253L
0.762207

0.444207

1.073%00
1.123830
0.86105.
0.859884
1.020020
0.778125

0.999892
1.022680
0.98857L

0.932927
1.104450
0.845599

0.876108
1.110842
0.775725
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Atomic orbitals

i

4

k

1

X

c-X/2

S

520
521
522
600
610
611

200
210
211

300
310
- 311

Lco
410
411
520
521
522
600
610
611
200

210
211

520
521
522
600
610
611

520

521 -

522
600
610
611

200
210
211

300
310
311

B INe]0)

410
b1l

520
521
22

600

610
611

200
210
211

520
521
522
600
610
611

211

211
211
211
211
211

211
211

211
211,

211
211

211
211
211

300
300
300
300
300
300

300
300
300

400
400
1400
L00
1,00
00

211
211
211
211
211
211
211
211

211

211
211
211

211
211
211

300
300
300
300
300
300

300
300
300

1,00
L,00o
400
100
1400
400

0.295973
0.279989
0.239959
0.2577,8
0.315C77
0.229285

0.197625
0.201510
0.1957447

0.189881
0.227376
0.171234

0.179956

0.221590
0.158248

0.168116
0.16661.0
0.162769
0.156238
0.1653489
0.148858

0.190554L
0.192631
0.189881

0.162177
0.161518
0.159128
0.149951
0.154332
0.144952

0.004515%
0.00541Y
0.000032
0.0094.76
0.0244790

1 0.007324

0.000001
0.C00001

0.000001

0.002572
0.007156
0.001134

0.003455
0.00962

0.001457

0.003352
0.001891
0.00079%
0.031179
0.037250
0.005383

0.014012
0.004927
0.002572

0.0025%8
0.002300
0.001415
0.042908
0.038066
0.008990

0.293715
0.277282
0.2399L3
0.253010
0.302682
0.225623

0.197625%
0.201510
0.195747

0.188595
0.223798
0.170667

0.178228
0.216769
0.157519

'0.160795

0.160144
0.156961
0.139435
0.14676l
0.146166

0.183548
0.190167
0.188595

0.1554L45
0.154986
0.153238
0.127389
0.135299
0.140457

1.031560
1.062970
0.867617
0.91L867
1.0941480
0.815837

1.000000
1.019660
0.990497

0.954.307
1.1324L40
0.863590

0.901849
1.096870
0.797060

1.005350
1.001280
0.98137L
0.871796
0.917557
0.913880

0.9542L5
0.988656
0.980483

0.986195
0.983283
0.972193

0.808198

0.858382
0.691106
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Atomic orbitals
i

1

k

1

X

C-X/2

200
210
211

520
521
522
600
610

611

200
210
211

520
- 521
g2

600
610
611

200
210
211

520

521

522
600
610
611

200
210
211

200
210
211

520
521
522

600 .

610
611

200
210
211

520
521
522
600
610
611

200
210
211

520
521
522
600
610

611

200
210
211

L Co
LL.O0O
1,00

300
300
300
300
300
300

300
300
300

L 00
400
400
400
1,00
400

400
L00o

1,00

310
310
310
310
310
310

310
310
310

L00
LLOO
L,0o

310
310

310
310

310
310

310
310

- 310

410
410
410
410
410
410

110
10
110

310
310
310
310
310
310

310
310
310

0.179941
0.180837
0.179956

0.059897
0.058695
0.055819
0.0,8263
0.053318

- 0.0443L7

0.075673
0.077420
0.075419

0.065835
0.06583
0.063893
0.07L976
0.077166
0.050174

0.078509
0.079038
0.079033

0.19572L-

0.193123
0.187294
0.173393
0.18515L
0.163824

0.228161
0.231841
0.227376

0.017658
0.004503
0.003L455

0.001203
0.000736
0.000350
-0.049829
~-0.050633
-0.011824

-0.001605

0.000000
0.000000

0.00121L
0.001016
0.000636
-0.074855
-0.050681

-0.020011

-0.002148
0.000000
0.000000

0.008270
0.004589
0.002088
0.05708Y
0.061839
0.010215

0.038600
0.013406
0.007156

0.171112
0.178585
0.178228

0.057319
0.05638L
0.053790
0.072547
0.078635
0.050259

0.076475
0.077420
0.075419

0.063055

. 0.062811

0.061457
0.11143L
0.102506
0.060180

0.07958
0.07903
0.079033

0.185090
0.184469
0.18004L
0.143602
0.15423L
0.158716
0.208861
0

.225138
0.223798

0.938618

0.979611
0.977652

0.995078
0.978838
0.87251L
1.259440
1.365130
0.933814

0.971049
0.983049
0.9576L41

0.946059
0.942398
0.902923
1.671920
1.537970

0.922083
. 0.963838

0.957225"
0.957165

0.979354L
1.001280
0.981374
0.759831
0.816087
0.913880

0.894648
0.96l1370
0.958630
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Atomic orbitals

-

i

k

—

1

C

X

. C=X/2

520

521

522
600

610 .

611

200
210
211

520
521
522
600
610

611

200
210
211
520
521
522

600
610

611

200

210 -

211

520
521
522
600
610
611

260
210
211

520

521
522
600
610
611

200

210
211
520
521
522
600

610
611

200
210
211

410

410
410
410
410
410

410
L10
41c

311
311
311
311
311
311

311
311
311

411
411
411
411
411
411

L11.

411
L11

410

L1o

410
410
410
410

410
L10
410

311

311
311
311
311
311

311

311

311

i1
111
411
L1l
L11
411

411
411
411

0.19505%
0.193911
0.190297
0.169898
0.174658

0.163608

0.221059
0.222689

" 0.221590

0.154.021
0.153731
0.150326
0.147367
0.155088

- 0.143316

0.171216

0.172437
0.171234

0.144611
0.145001

0.142617

0.138887
0.142651

0.137363

0.157759
0.158189
0.158248

0.006899
0.006038
0.003757
0.077311
0.060805
0.016365

0.0L48655
0.012495

- 0.009642

0.000207
0.001830

0.000230 .

0.003679
0.005051
0.010757

0.000330
0.000142
0.00113}

0.000190
0.001953
0.000391
0.004384
0.004550
0.015336

0.000400
0.0001.32
0.001457

0.185106
0.184531
0.182140
0.130110
0.14h255
0.155425

0.196731
0.226433
0.216769

0.148696
0.147724L
0.145206
0.14kL272
0.152482
0.137937

0.171051
0.172366
0.170667

0.13961L
0.139225
0.137675
0.135516
0.140376
0.129695

0.157559
0.158123
0.157519

0.959,451
0.956471
0.944078
0.674393
0.747710
0.805607

0.938618
0.979611
0.977652

1.010140
1.003530
0.986427
0.980082
1.035860
0.937047.

0.889274
0.738323
0.996427

1.004190

0.882075

0.990247
0.974718
1.009670
0.932850

0.998323
1.001810
0.997979
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Table 5. Nuclear attraction intezrals calculated for
perovskite transition metal oxides in the
rhenium trioxide model

Potentlal Quantum numbers® Distance® <:l '1j:>
center A of orbitals r
i M
Re 520 520 7.08182 0.150204
0 ' 520 520° 3.54091 0.284.707
amd 520 520 . 6,13304 0.223707
Re 521 521" 7.08182 0.148236
0 ) 521 521 : 3.54091 0.260856
AM 521 521 6.13304 0.220473
Re . 522 522 7.08182 0.1 62
0 522 522 - 3.54091 0.238L434L
AM 522 522 6.13304 0.215100
Re 520 600 7.08182 0.007468
0 520 600 "3.54091 0.074768
AM 520 600 6.1330L 0.010329
Re 600 600 7.08182 0.126080
0 600 600 ' 3,54001 0.282871
AM 600 600 6.13304 0.143481
Re 520 610 7.08182 0.004093
o . 520 610 3.54091 @ 0.076099
AM 520 610 - 6.1330L 0.010025%
He . 600 610 7.08182 0.022800
0 600 . 610 3.54091 0.127304L
AM 600 610 - 6.13304 0.057758
Re 610 610 7.08182 0.134094
0 61C 610 3.54091  0.334621
AM 610 .610 6.13304 0.213003
Re ' 521 611 7.08182 -0.000961
0 . 521 611 - 3.54091 0.036971
AM A 521 611 6.13304 0.001928
Re 611 611 - 7.08182 0.113278
0 611 611 . 3.54091 0.228411

AM 611 611 6.13304 0.181275

8The integral values. are in atomic units of 27.2 e.v..

Prhe quéntum numbers n, X, and m are expressed as an
integer nim. The indicated orbitals are on center B.

®The distance between potential center A and the in-
dicated orbitals on center B is expressed in Bohr units.

dam is any element which fills the perovskite hole.
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Potential - Quantum numbers Distance <:1 ‘ij‘>'
center A of orbjitals TA
B R |

Re 200 200 3.54091 0.282,06
0 200 200 5.00760 0.199696
AM 200 200 5.00760 0.199696
Re 200 210 3,54091 0.049331
0 200 210 5.00760 0.021670
AM 200 210 5.00760 0.02u670

" Re 210 210 3,54091 0.294121
0 210 210 5.00760 0.203839
AM 210 210 5.00760 0.203839
Re’ 211 211 3,51091 0.276554
0 211 211 5.00760 0.19762%
AM 211 211 5.00760 0.197625
Re 300 300 6.13304 0.159940
0 300 300 5.00760 0.1923L9
AM 300 300 5.00760 0.192349
Re 300 310 6.13304 0.057602
0 300 310 5.00760 0.078755
AM 300 310 . 5.00760 . 0.078755
Re . 310 310 6.13304 - 0.188992
0 310 310 5.00760 0.233456
AM 310 310 5.00760 0.233456
Re 311 311 6.1330L 0.147204
o} 311 . 311 5.00760 0.171279
AM 311 311 5.00760 0.171279
Re 4LOoO  LOO 6.13304 0.157621
0 400  LO0O 5.00760 0.182302
AM LOO 40O 5.00760 0.182302
Re LOoO  L10 6.13304 0.066650
0 - 40O  4}410 5.00760 0.082570
AM LOo0 410 5.00760 0.082570
Re 410  L10 6.13304 0.192929
0 41¢ 410 5.00760 0.228046
AM 410 410 5.00760 0.2280L46
Re L1141t 6.13304 0.139031
-0 411 411 5.00760 0.157838
- AM 411 41 " 5,00760 0.157833
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ATOMIC ORBITAL FUNCTIONS AND ENERGIES

Using the values of rmaforom Mann's data (29), we used -
Equation 55 to obtain the orbital exponents of the rhenium
68 and 6p and other ns agg np (n = 2,3,&) STO expansions
'resulting from Equation §$u The expansion coefficients were
- then found by ﬁhe Schmidt orthogonalization procedure and
listed in Table 6. | | o

Using a least4square$-program'proposed by Raffenetti (48),
we have geen able to express all principai quantum numﬁer
STO's in terms of 3d, 3s and 3p STO's for the Basch-Gray 54,
- 6s and 6p functions. The Basch-Gray functions are listed in
Table 7. The Raffenetti least‘squares fifs are shown below
'Tgble 7. The resulting»fuhctions are compared both graphi-
'_cally (Figures 6 to 8) and in Table 8. ~A comparison of
radial expectation values for<r49>in a.u. (g=2,-1,0,1,2) is
given in Table 8.- Outer region radial properties depend on
‘reliable < r> and <r2> values while inner properties depend
oh'<r';>~ and < r-2> values. It éan be seen that except
'.for <r"A2> values, we obtained a least-squares fit function
which appears to bé adequéte for makihéltwo-center integral
calculations. The or1g1nal SCF type funcfiona will be used to
evaluate all one-cénter integrals. Thus, the deficiencies in
the nodal behavior‘atvthe nucleus, as exhibited by<r-2, , of
the fitted functions need not be of concern in the TBA cal-

culations. Cusachs (49) has made a careful study of radial

properties. vs. inner and outer behavior.
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8These are elements of
.angular, i.e.

uy=vyTy §+vpTag* «. o + vyTyy with 121, ...°, n'=f' or

o~

0.591000

Table 6. Coefficient matrix elements for Schmidt ortho-
‘ gonalized atomic orbital radial function used
in tight-binding calculations of rhenium tri-
oxide energy bands ' :
E a b c
atom . uy i J .Tij .ni ,‘31
OXYGEN 1s 11 1.000000 1 7.723800
28 1 2 -0.24,0748 1l 7.723800
2 2 1.028571 2 2.285810
|OXYGEN 2p 101 1.000000 2 2.401410
RHENIUM 3d 1 1 1.000000 3 20.255000
La 1 2 -0.481633 . 3 20.255000
_ 2 2 1.,109941 . 10.L4L09000
5d 1 3 0.123000 . 3 20.255000
2 3 -0.331\\200d L 10.409000
3 3 0.666200% - g 5.343000

2.277000

matrix T which is upper tri-

TIl T T XX
12 13
) ‘T22 T23 s0 000

. The Schmidt orthogonalized funct
njflm' are taken as & linear combinatio
vy where '

Thus, the STO basis set v
tions uy which are orthoga

T33 eseceoe

T
13 s, u; , with
of

bThe,principal quantum number nq4 for STO v

®The orbital exponentgi for STolvi.

da

The rhenium Sd vy 1s a double-zeta STO.

& -

is mapped by T into a set of
nal or u‘g‘suk dv=Gyke

i

h

func=-
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.atom  ujy i 3 TiJ ng k,i

RHENIUM 1s 1 1. 1.000000 1 7h..604500
2s 1 2. -0.343106 1 7L . 604,500
-2 2 1.057223 2 27.4.25000
3s 1 3 0.182846 1 7. 601500
2 3 -0.671L19 2 27.425000
: 3 3 1.185133 3 15.0124C0
Ls 1 L -0.100416 1 74 . 604500
2 L 0.386493 2 27.425000
3 4 -0.886651 3 15.012400
L u 1.25368L I 8.907850
58 1 5 0.043263 1 7 . 604500
' 2 5 -0.168,71 2 27.425000
3 § 0.409205 3 15.012,00

4 5 -0.723755 Ly 8.907850
S S 1.157926 5 4.811620
bs 1 6 -0.008305 1 7L . 604500
2 6 0.032385 2 27.425000
3 6 - -0.079181 3 15.012L.00
L -6 0.14336lL L 8.907850
5 6 -0.256261 5 u.8%1620
6 6 1.024283 6 ©1.985020
RHENIUM 2p 11 1.000000 2 35.291400
3p 1 2 -0.417916 2 35.291L00
: 2 2 1.08381L 3 15.914866
Lp 1 3 . 0.212250 o2 35.291L00
3 3 ©1.176621 L 8.885510
" Sp 1 4 -0.079740 2 35.291400
2 L 0.261209 3 15.91L4866
3 L -0.553094 Ly 8.885510
, b 4 1.10608 5 4.511780
6p l 5 . 0.017990 2 35.291400
2 & .- -0.059165 3 15.911866

3 5 0.127640 L 8.865510 -
Y T -0.284291 5 4.511780
5 5 1.032576 6 1.963498
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Table 7. Basch-Gray rhenium functions =~

Orbital

Orbital" n? Expansion
coefficient exponent
5d 3 0.1230 20.255
' i -0.3342 10.409 .
5 0.6662 5.343
5 0.5910 2.277
c : ‘
bs 1 -0.0140 74.535
2 0.0505 28.821
3 -0.1232 15.279
T g
-0.40 .
6 1.08%0 2.398
d
bp 2 0.0269 35.294
3. -0.0751 18.08L
b 0.1546 10.041
5 -0.3338 5.191
6 1.04.39 _ 2.372

8The principal quantum number of the Slater type
" orbltel basis. . .

bThe least squares function. is
538=C.58350l(1.54671)+0.668450(3,5541L)
-0.505987(8.16695)+0.18065(18.76656) where
the number in parenthesis is the orbital exponent and the
number preceding the parenthesis is the corresponding coef-
ficient. '

cThe least squares function is
68=-0.179520{0.99199)+2.03,4532(1.55188)
-1,246671(2.45917)-0.547268(3.87195)

dThe least squares function is
6p==0.1594042(0.998L.7)+1.256337(1.43L2L)
+0.789819(2.06021)-1.977675(2.95936)
+0.785272(1..2509)). .



- Table 8.~ Andlysis of leaStasqqaresafit:runctidhs for rhenium atomic orbitals

SCF type

Weighted Welghted Welghted Radiel expectation values°
~ function® self-oyerlap self-overlap mean-square

of SCF® of LoF type. deviationd g Crdgeed ~<r°iI P

Basch-Gray 54 '0.078989 0.078859 0.000128 -2 1.160198 1.1715569
‘ -1 0.789875 0.78859L

0 0.999995 0.995184

1 1.653259 1.631237

2 3.34934Y4 3.277541

'3 8.071030  7.9L2L76

Basch-Gray 6s 0.042237 0.040340 0.001897 -2 1.997412 0.233403
‘ ' -1 0.422368  0.4,03403

» 0 1.000026 @ 0.998402

1 2.803940 2.804037

2  B8.492696 8.512128

3 27.353992- 27.543308

8reast- squares-fit functions eare referred to as LSF type.

See Table .

bThe function which 1s fitted is based upon self-consistent radial functions

(SCF).

CThe weighted self- overlap, S, i1s defined as S= ( (r )]
the value of the function at the radial distance’ rp, (hﬂ 30)

- dThe weighted mean-square deviation, D, is defined as:
’ D-2 [SCF(r ) -LCF(r ):)

€atomic units.

(u8)

I

wbere f(rp) is

. 86



Table §(Cont.)

Welghted —~ Radial expectation valﬁes

'SCF type "Welighted  Welghted

- function self-ovarlap self-overlap mesn-square R
AR of SCF of LSF type deviation g <r%> <r¥g)
Basch-Gray b6p 0.040575 0.038971 0.00160y -2 0.381871 0.184165
: ' B -1 0.405748  0.389708
0 0.999970 0.996415
1 2.798682.  2.795655
2 8.436718 8.421913

96
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Comparison of Schmidt ortnogonalized function

Table 9,
’ ' radial expectation values with Mann's SCF
results for nsutral rhenium (a.u.)

-"Funcﬁion Radial expectation value :
q {rlgop®d Ly
Basch-Gray 5d -2 1.160198 1.160285
‘ : -1 .0.789875 0.722333
1l 1.653259 1.799927
2 3.349344 3.8L5362
SCP® 6s -2 0.76971.7 0.881567
. -1 0.338750 0.337196.
1 3.3200h2 3.69L4182
2 11.857742 15.666920
LSF® 6s -2 0.182571 0.881567
-1 0.335347 0.337196
1 3.330900 3.694182
155666920

2 12.048085

8Tne subscript SOP means Schmidt orthogonalized
function. '

Prhe single zeta Slater type orbital basis set based
upon Mann's SCF r, values are Schmidt orthogonalized to
give analytical functions which are labeled SCF.

CThe weighted mean square deviation of the least-
squares-fit (LSF) function, D, is 0.0034L03.

The 54 and 6s radiel functions for neutral rhenium 1in
Table 6 were fitted by n=3 STO's and the calculated <:rq7>,
radial expectation values,of our basis set for rhenium are
compared with Menn's values in Table 9. The 6s and 6p least

squares functions for the neutral rhenium atom are shown in

Table lo .
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Table 10, Least squares functions for és and 6p orbitals
I ' .
brbital Least squares function®
"'6s 1.46078(1.29317) - 0.93009(2.42117)
! 0.16555(L.53311) + 0,12909(8.48725)
-0.13028(15.8905) + 0.04871(29.7515)
6p 1.58713(1.30492) - 1.03977(2.25186)
. 0.02002(3.88597) + 0.2836(6.70589)
=0.10577(11.5721)

. &The number in the parenthesis i1s the orbitsal exponent
and the number preceding the parenchesis is the corresponding
expansion coefficient. A

Using programs based upon Appendix F, we have calculated

- the atomic orbital’energy parameters (see Table 11) w which

will be put into the TBA calculation. The formulation for

vcalculating Slater-Condon parameters is obtained from

Ros and Schuit (36).



Table 11, Re03 orbltal energy parametersa

Orbital Two-electron inter- One -center Core . Orbital
acticn energy kinetic energy energyb energy®

L1 g(1,d)

OXYGEN 2s 1s 28 2.206543 6.24103 -14.0796 -2.072135
2s ¢s 1.615272 '
OXY3EN 2p ls 2p 2.350730 : 5.76677 -13.4448 -0.721791
‘ 2s 2p l.hou78y ‘
2p 2p 1.677232 : g
RHENIUM 6d .~ 1s 54 1.579712 12.17131 -106.3099 -0.671732
- 2s 54 1.567410 : , .
2p 5d "1.572472
33 54 1.532340
3p 5d° 1.536908 ‘
3d 54 1.549390

80rbital energy parameters are in Rvdberg units.

PThe core energy of the j th orbitael is expressed as the value of the
integral (¢j| 2 . ZZJ |¢') where Zj is the bare nuclear charge.

CThis 1s the orbital‘energy for the nsutral atom.
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Tgble 11(Cont.)

Orbital

Two-elsctron inter-

" action energy

L

g(1,3)

One center
kinetic energy

" Core
energy

Orbital
energy

RHENIUM 5d - Ls &4

RHENIUM 6s ls 6s

1.1,68756

1.470050
1.418938

1.4%2356
1.211320 °
1.170556

1.076252
0.626782
0.619212

0.674316
0.6705,48
0.671698
0.666742
0.667558
0.668898

0.661294

0.6562210
0.663802

0.662356

dBasch-Gray Lf functions have been used to evaluate

1.67557

-119.1369

-0.330855

.g(uf,j)Aterms.

00T .



Teble 11(Cont.)

One center

Orbital

Orbital - Two-electron inter- Core
o . action energy kinetic energy energy energy
RHENIUM 6s 5s 6s 0.6398,8
’ : Cp 6s 0.648272
'5d 6s 0.626782
6s 6s 0.547078 .
RHENIUM 6p 1s 6p 0.667286 1.679749 -48.39085 -0.13451h
‘ S 2s 6p O. 66&77% ,
2p 6p 0.66538
33 6p 0.661504
"~ 3p 6p 0.66177L
3@ 6p 0.663040
s 6p 0.6562,8
Lp 6p 0.656168
4Ld 6p 0.657898
Lf 6p 0.656386
5s 6p 0.641836
Sp 6p 0.640108
5d 6p 0.619212
6s 6p O.L7h21Y4
“6p 0.512740

10T



102

E(k) VS. k AND DENSITY OF STATES

The eigenvalues of crystal orbitals YFi(g,g) are Ej(k)

rﬁf the 1 th-enargy band. Since the energy is a periodic
'}unction of k, the k vectors which aré to bé chosen for band
?alculations‘can be restricted to lie within a unit cell of
%ave vector or momentum space which is called the primitive
?rilloﬁin zone.
? Rhenium trioxide»and'the perovskite transition mstal
. 6x1des belong to the cubic space group O%. In reciprocal
or wave vector space, the first Brillouin zone 13 a cube with
'side 27 /a where & is the lattice constant. For Re0O3, a 1s
3.7477 A (37) All of the symmetry points and lines found in
1the simple cubic Brillouin éone can be placed on the surface
of a polyhedron which is only 1/48 of the Brillouin zone
voiume (Figure 9). Thus, the choice of k vectors can be
restricted further to lie within the 1/48 volume. Slater (50)
1ists the degeneracies of the k vectors which correspond to
symmetry points and lines on the surface of the 1/48 Brillouin
zone. A non-symme try point within this surfage represents a
total of ua points in the entire Brillouin zone because'of the
‘space group symmetry.
A convenient choice of 56 points shown'in'Téble 12 was
~used to obtain the energy bands of ReO3, KTaO3 and Naw03.
These points are evenly spaced‘in the 1/,8 Brillouin zone with

a cubic mesh of side 0.2 ™/a. This cholce represents 1000

points in the entire Brillouln zone,
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S’

'~Figure 9. 1/48 Brillouln zone for O% structures.

N
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Table 12. K vector basis used in energy band calculation
of perovskite transition metal oxides in the
1/48 Brillouin zone

Number “kxa ky k, gb Number Ko kv k, g
1 0 0O © 1 29 2 1 0 2l
2 1 0 o 6 30 3 1 0 2l
'3 2 0. o) 6 31 L 1 0 2l
L 3.0 0 6 32 3 2 0 2l
5 L0 0 6 33 L 2 0 24
6 5 0 0 3 3l L 3 0 2L
7 5 1 .0 12 - 35 2 1 1 2L -
. 8 5 2 0 12 36 3 1 1 2y
9 5 .3 0 12 37 L 1 1. 2L
10 s L 0 12 38 2 2 1 2%
11 5. 5 0 3 39 3 .2 1 I
12 5 5 1 6 Lo Ly 2 | L8
13 5 5 2 6 41 5 2 1 2l
14 5 S 3 6 L2 3 3 01 2
15 5 5 L 6 L3 L 3 1 l
16 5 5 5 1 Ll 5 3 1 2y
17 TR It Y 8 us L L 1 ol
18 3 3 3 8 L6 5 4 1 2l
19 2 2 2 8 L7 3- 2 .2 24
20 1 1 1 8 1,8 L. 2 2 2l
21 1 1 0 12 L9 3 3 2 2
22 2 2 0 12 50 I 3 2 N
23 3 370 12 51 5 3 2 2l
2L L l 0 12 52 L I 2 24
25 5 1 1 12 53 5 L 2 2l
26 5 2 2 12 Sy L 3 3 24
27 - 5 3 3 12 55 ly L 3 2l
28 5 4k 4 22 56 5 4 3 2

. 8The kg, ko and k components of k are in units of
0. 2 /a where a”is the “lattice constant, »

PPhe - number of points in the entire Brillouin zone
are’ 1ndicated :
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In Pigure Gl (Appendix G), we see the E(k) vs. k curve

and the density of states histogram. The E(k) vs. k values

for f‘; X, M, and R symmetry:points are listed in Table Gl

"(Appendix G). Note that the E(k) vs. k curve is limited tb

the region 1.0 to -l4.0 Rydberg units. Thils range was taken

because we wish to show the important details of the energy

- bands in the region of the Fermi energy which has been found

to be -1.4828 Rydbergs. Only the top and lowest bands which
are excluded from Figure Gl, are represented by the'fouf‘
examples-in Tables G2 to G5 to roughly Show their relativé
variation in k space. ‘ '

| The histogram for the densiﬁy of states is determined

as follows. We choose an increment of energy E and count

. the numver of energv levels (E(k) calculated at 1000 k

vectors) N(E) within a particular energy interval E to
E+AE. Thus the density of states G(E) at an energy E in

each unit cell volume is

2y = NE) - ¢ , ' |
G(E) AR " 2P , : (63)
where the factor of 2 is included to account for the spin
degeneracy. p 1s ths sum of k vectors taken, i.e. 1000
resulting from the present mesh taken for the 1/48 zone

(Table 12). The energy axis 1s divided into increments E +

n AE (n=0,1,2...) and the partitioned columns formed from
G(E) produce the histogram.
~ There are 25 valence electrons considered in the ReOB

calculation, séven from rhenium and six each from the three

oxygen atoms. The computed energy bands must accommodate
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these 25 electrons via the Paull exclusion principle by

A can e e e

filling the energy bands below the Fermi level with two
Fiectrons each,
! In order to simplify the calculation of the Fermi energy,
iwe guess at which bands are definitely filled and consider
‘only those bands which are within the region of where we
Pxpect the Fermi 1eve1~to be. For ReOB, we are left with nine
%lectrons which are to £111 levels to the Fermi energy.
i The determination of tﬁé Fermi energy is simple
jarithmetic. The number of times an energy corresponding to
a given k is counted (on ihe basis of k vector degeneracies
listed in Table 12). Then, we number the lowest energy level
one and proceed numbering'energies to the next lowest level
and so forth, until the}lisﬁ of energies is exhausted. For
:example, ir there'are nine electrons or 4.5 electron pairs and.
1000 k vectors in the Brillouiﬁ zons, 4500 energy states will
be occupied, and all higher energies will be unoccupied.
Thus, the approximate Fermi.gnergj-lies somewher; vetween
énergy nunber ASOO and }4501. Generally, both energies have
the same value. ‘

The density of states at the Fermi energy, G(Ep), 1n the
independent particle model, 1s related to the electronic
" specific neat, Ce, by Cg4 ="&T. |

G(Ep) = 3% / ®2a3kNo. i (61;,)

g:is ;he’lattice constant, k is Boltimann's constant,vand No

is Avagadro's number. If G(Er) 1s expressed as states

.
§
i

|
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~6 .V, 1 cm- 3 .( is given by joules-mole‘l-deg‘z, and a 1is
expressed in angstroms, evaluation of the physical constants

5|
gives (51):

G'(Ef) = k.242 x 1026 ¥ /a3, | - (65)

' Taking the value.of'G(Ef)4at 4O E=,05 Rydberg units, 21.1
electron states/Ryd -unit cell or 2, oL x 1022 states -e.v.-l
-cm™3, one obtains ¥ from Equation 65 and finds 1t to be

3.66 x 107 -3 Joules-mole ldeg"2

Thus, by a measurement of the specific ‘heat of Reo3 at .

lJow temperatures such as Sand¢n_and Keeson (52) have done for
reduced.TiOZ, the constant % can be found énd comparcd with
our value. At this time, we know‘atcleast that our N(E) vs. E
at Ef correlates with the fact chat ReO3.1s a ccnductor as it
has been found experimentally (53). ,

The Fermi level actually lies ciose to a peak. in the
'_density of states which amounts to 6l slectron states/Ryd.-
unit cell. The value of 21.1 scateg/Ryd. was obtained by
counting the number of states just above this peak. Since the
gap Between the Ferml level and the next higher peak is filled
by a constant number of states (20-21) and the resﬁlts (Bi) |
for sodium tungsten bronzes are of thisAmégnitude, we feel
that the'value‘oszi.l states/Ryd. is not unreasonable.

If rhenlum trioxide is slightly reduced, eg. ReUs g9,

che,specific heat,at low temperatures should.have.gn out~



108

standing increase above that of the pure substance to the
extent that Ef lies above the.2pqg peak.' Certaiﬂly,'such
measurements would help to test our density of states

"bicturea
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RESULTS OF THE MULLIKEN POPULATION ANALYSIS OF R603

|
!
ii In Tebles G2 to G5 (Appendix G), we show the results of

fthe Mulliken population analyses. We use Equation 23 to
, . . .

obtain the % orbital contribution of atomic orbitals to

#rystal orbital 1 with eligenfunction @fi(g,g) (normalized to

I
'one) and eigenvalue E4(k) at the symmetry points lﬂ(gamma),

% The main contribution to the crystal states'immadiately
below the Fermi leveikcomes from oxygen 2pﬁ orbitals. These

orbitals form narrow bands which are rather 1nSensitive'to

change in translational symmetry, as evidenced by the very-

flat group of bands at the Fermi level in Figure Gl. The
electrons 1in these bands are localized on the. oxygens by

the overlap criterion. The Re-0 e, type bands cross the Fermi

g
1evei (see Figure 10 which is a magnification of the region

about the Fermi level) and, therefore, contribute to the

conduction band, but the direction of the "Eg" band-Fermi

energy intersection contributes little to the 21.1 electron
states/Ryd. discussed in the previous section. This is so
because the derivative, N(E)/A E, is small.

A An interesting thing happens at the R symmetry point
where stabilizéﬁioh of tog type bands (RQS,)lbrings dx -2py
states very close_to the Ferm; level. A dyy tjpe band (M3)

also comes close to the Fermi level at the M symmetry point.




4
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Figure 10. Re‘O3 e'nergy bands near Ferml energy (numbers label i th energy band) . .

0Tt
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The small cﬁrvature of the conduction bands at R2S' andlM3
contribute mainly to the'él 1 electron states at the Fermi
f lével.' Then d,‘-Zpﬁ bands give rise to a large number of
"states from the Fermi level to -1.0 Rydbergs. Therefore,
within_thg limits of our TBA, the Sienko-Goodenough dvr’ Pay
model «39, 40) app;ies to.Re03. | |

The localized On moleculaf orbital picture of ReO,
qualitatively agrees with our bands at‘the.fq and R symmetry
points, e.g. the tlu(éé and 2p), tegﬁaﬁzg(SGK»-pr Y, e -6y
(5d¢ -2pg ), and alg*(ép)-alg(ZS) orbitals are the ma;n
coﬁtributors £o bands at [° and R and are identified as such
~in Tables G2 to GS. | ;

The sellf~-consistent cfystal poteﬁtiél (obtained by*'
"caiculating 56 k vectors at .7 minutés/g véctor) involved
a lengthy and expensive computatiqn Qithout some prior edu-
. cated'guess about approximate charge distribution. We ,there~
A fbré, sought é method to obtaln the approximate charge dis-
tributibn for a’éiveh k vector, in order to guess occupation
numbers.bgfore executing an éntife E(k) vs. k célculation.

Three values ofvdamping'cénstant,:h , were tried. These
values were 2, L4, and 8. The k vector was chosen to be
(0.0,0.0,0.0) in an E(k) calculation over 3 cycles. The
Mulliken population analvsis was accomplished by assuming that
E12(5,3)=Ef. In Figure 1l we see that_} =8 gives the best
control over charge distribution oécillations (1ndicated by
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Figure 11. Variation of rhenium energy bands during three
: cycles ( ?‘ =2, ""'}"-'h., . '?~=8_).
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véniation of metal band energies) which occur in the self-
consistency cycling pfocedure, Furthermore, }-=8 gave éodd
6onvergence for the metal orbital charge distributions after
5 cycles at k = (0.0,0.,0,0.0), (Figure 12).

Comparison of assumed-calculated charge d;stributions
' using.) =8 for all k vectors with proper weighting of‘g
| vector degeheracies in the entire Brillouin zone can be
' made.from Table 13.

The-ép type levels at Egsymmetry~are spread widely apart,
but converge to a narrow band near R symmetry. This phenom-
enon is an indication of the 1ncoﬁplete self-consistency of
6p charge distributions which have not yet converged to the
aamé value for the épy, bp, and 6py Bloch sums.

| Because of the convergence of other-charge distributiona
(cd, 6s, 28, 2p), woe find that oﬁly 1 to 2 cycles using all
56 k vectors are necessary to approximate self-consistent
tight-binding'energy bands. The fact that the 6p states do
‘not converge to SCF states is not a serious problem because of
the small mixing of 6pAstates with other rhenium and oxygen

states.
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Reo3 charge distributions

Orbital

Initial charge -

Cycle one for

Cycle two for

distribution 56 k vectors 56 k vectors
assumed calc. assumed calc.,
5d,2 0.570000 0.562ls63 0.508856 0.556507 0.594902
sdz, 0.520000 0.419174 0.262088 0.501720 0.LL0543
Sdyy 0.520000 0.419321 0.255052 0.501069 0.L12365
5dy2.y2  0.570000 0.56266l  0.44,0532 0.549099 0.601975
5d - 0.520000 0.41940 0.2546h2 0,401101 0.491285
6s%Y 0.1400000 0.,66548 - 0.576255 0.478738 0.598266
bp 0.133333 0.121009 0.156211 0,124920 0.155003
6pZ 0.133333 0.122265  0.266513 0.138292 0.304171
6py 0.133333 0.121786 ~0.281138 0.139825 0.297851
2s(1) 1.000000 0.939621  0.820419 0.926371 0.825832
2p5(1) 0.666667 0.750217 0.885612 0.765261 0,75886%
2px(1) 0,666667 0.571473 0.755541 0,591925 0.745573
2py (1) 0.666667 0.750037 0.862680 0.762553 0.729168
2s(2) 1.000000 0.938646 0,.883222 0.9321.88 0.890104L
2pz(2) 0.666667 0.750191  0.843977 0.760612 0,742527
2p(2) 0.666667 0.750509 0.788706 0.75L753 0.594019
Zpy(Z) 0.666667 0.56757 0.67746lL 0.579680 0.6L4670L
2s(3) 1.000000 0.938929  0.906650 0.935343 0.506099
2p,(3) 0.666667 © 0.573808  0.556071 0.571837 0.5022L0
2p (3)  0.666667 0.750621 . 0.740925 0.7495LL 0.593041
2p4(3) 0.666667 0.750488 0.773804 0.753079 0.669813

8Values prior to iteration at k=(0.0,0.0,0.0).
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THE CORRELATION OF THE JOINT DENSITY OF STATES WITH
THE IMAGINARY PART OF THE DIELECTRIC CONSTANT

In the reflectance method (sly) , one determines the reflec-

'itivity R which 1is given by
!

R= ((n-1)2 + ¥2)/((ne1)2 +62) . (66)
;.vhere n is the real and k is the imaginary par"t- of the refrac-
:itzive 1ndex.. The complex dielectric constant,€ , is related

io n and k by

| €= € 1€, =(n-1k)2 o (67)
where the real part, €4, 1s n-k2 and the imaginary part, € 5,

is 2nk. 62 '$s a function of a photon frequency,w, (54) ti.e.

€ (w) =12 T S (2/203.

2me ., 2 o,u B.Z.

R ICNEIEP RN RN B (68)
where e, 4 and m are t;he electric chargse, Planck's constant
divided by 2 and the e'lectron maés. The subscgip-ts o and u
,refer, to occupied and unocqupigd bands, respéctively.,w O’u(g)
c‘orréSponds to the electronic transition energy at a parti-
cular wave vector k orI wo,u(5)=(Eu(E)'ﬁEo(E))/ﬁ' ' The mo-
mentum matrix elgment, Mo,u(.lf.)". is expressed as (\1/0(5,_1;)\ -
Nl‘}’g(g,g)? between crystal orbitals o and u (Equation 7).
| Mo,u(l‘.)*'Mo;u(-lf) or lMo’u\z is related to the transition
probability of an electron 1n.state o being promoted by some

electromagnetic interaction, eg.r/ light waves, into state u.

v

1
;
)
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The delta function 1s defined by

i

1 if | Wo,u -w] & ( A92)

='0 otherwise .

St (k) -w) |
e (69)
The moméntum matrik element can be considered to be
constant throughout the Brillouin zone (B.Z.) and the factor
uJK2626/3m20)2 may be teken as & constant as well. Thus,

the behavior of € , is determined essentially by theAquantity

.Jo u (w) =Zt3f 2 (W (k)-u)cﬁk
R B.z, (2% )3 awi= (70)

which is the joint density of states for the two bands
indexed by o and Q . Felnleidb (1lL) points out that this
quantity could be an important parameter in energy band cal-

culations., Accordingly, J (w)aw 1is the number of pairs

o,u

of states in bands o and w with
Blw- aw/2) £(E, (k)-E (k) € filw+ 492) o

Brust (55) suggests a sampling procedure which replaces the

-integral in Equation 70 by a finite sum. We have

| , | -
T, (w=w,) = &%k2  F §w . (k)-w,) ~
o,u 1T o2 w)3 K =t (72)

where k is a set of uniformly spaced sampling points lying
within the first B.Z. The sum 1s defined for a set of values

W, such that W, =W +A&w, A3k 1s the volume surrounding

the sampling points. In our TBA calculations, we take a
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A

cubic mesh of A k= [02%}3 where a is the lattice c‘on-
‘stant. We chose a value of‘ .0 Ryd. for & E to give the .
joint density of states VB.-énergy histogrem. The deganeraqj
‘of k vectors is included in the sum which gives a total of
1000 sampling poiats in the Brilléuin zone, -Tbe'calculated
joint density of states may be compared with € , found by

| Feinlaib (14). He determined optical properties of ReO3 by the
reflectance method over the photon energy range 0.1 to 22 e.v.
~In Table- 14 we show & comparison of our peaks (Figuré 13) in

the joint density. of states and the maxima in the € o values

found by Feinleib.,

Table 1L. Joint density of states peaks of ReO3

Rydberg units Electron-volts - Felnleib resulis

0.06 0.816
0.16 2.18 2.30

. 0.26 3.54 k.20
0.46 6.26
0.54 7.35 7.0
0.60 8.16 8.5
0.7h 10.03 9.3
0.90 12,22
1.14 15.52 4.0

We wish to obtain experimental verification from the ' 2
maxima Feinleib calculates from reflectivity data. 'The
Feinleib peaks are piaced along side the closest joint density
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 Pigure 13. Joint density of states: ReO3.
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of states pesak. The iow snergy maximum begins 3.5 e.v; and
extends to 4.2 e.v. wheré the 1aﬁter is observed experi-
mentally. Other peaks which are not observed can partially
~ be eiplained since the probabiliiy of intraband transition
has been neglected in obtaining the joint density. of states.
Thus, forbidden transitions indicated.by a zero momentunm
_integral are included. | |

Since a low energy maximum has been detected in our
anélysis, we conciude that‘our calcuiatad resulté have

'cqrfelated with the observed optical properties of ReO3.



121

FERMI SURFACE

‘Marcus (15) has made & number of de Haas-van Alphen

measurements of ReO3.~ Mattheiss'was the first to give a

‘theoretical description of the Fermi surface. He finds that:

1) The &KX sheet is centered close to the J point..

The constancy of the related éreas'intloo, 110, 111, eté.,

directions for the measure frequencies, implies that the
sheet of the Fermi surface 1is essentially spherical in shapé.
The~orbiﬁ.is therefore closed. , | 4 |
2) The A shest 1s larger than the ¢< sheet but is
also shaped around the J® point. However, it has a more
cubic shape with rounded corners. This orbit is also closed.
3) Finallj, the 3’ sheet consists of tubes which extend
out from thé I point along all X, y, 2 directions. DBesides
having an open ofbit at the 100, 001, 010 faces, another
Open orbit moves along the curvature of the tubular structure.

In Figure 1L, we give the intersection of the rermi

surface witnAsymmetry points and lines along the IOO-and 110

direbtidns for the Matthelss results and ours. The overall
agreement with three sheet-Fe:mi surface theory 1s better than
expected but two othear shsets are found, open as the'é‘sheet.
The spherical sheef about R can be explained by the stabiliz-
ation noted in energy bands at R symmetfy. Again, no adjust-

ments have been made in our calculations to obtain these

. results.
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(a) Mattheiss: RaOB
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(b) ‘TBA method: ReOj

‘Figure 1lL.. Intersection of Fermi surface with planes def'ined
. - by symmetry points and lines. .
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SUMMARY

We now give a quantitative, within our TBA limitations,
answer. to the question."why 1s rhenium trioxide & conductor?”

‘fhe 2pX energles are relatively unchanged from that of the
neutral oxygen 2p orbitals because of Madelung'effécts. ‘But
- 53, orbitals are stabilized by the Madelung effect of the
érystal poténtial at R and M symme try to become sultable fof
‘bonding with 2p, orbitals since Sdﬁ.gpr,overlap'is signif-
icant (Table 3)., It appears that energy bands which should"

' be'cdnsidéred to have some.contribution to the conduction are
€ type bands which are immediately above the w band. The

metal g % Or egw orbitals combine with the oxygen 2p, orbitals
to form these § type bands. .Thus, evan though 2p-ép overlép
 1$ small and incapable of promoting condugtion of electfons,
mixture with Sd*(tzé) states at M and R symmetry where the
minimum occurs in the conduction band sllows the non;bonding
2p 4 bands to BQ the prime cause of conduction in Re03. |

The small and négétive Knight saift of 187Re NMR reson-
ance in Re03 measuresd by Nara£h and Barham (56) correlates
wifh our calculated absence of tunzsten és states.near the
Fermi level. ‘ | ‘

If is interesting to observe that Matthelss also has a
bonding model of the RéO3'Fermi‘surface but with the 5d.,
cpntfibution being the prime source of conduction with shall

contrjbution of 2p, orbitals. Also, he has an eg ﬁype band
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1@’1 | . , )

*Juat above thia tzg manifold which he attributes to crystal
‘efrects of the octahedral electrostatic potential field. The
wgimilérity of his model with ours in the existence of an
Eég-tgg arrangement suggests thattperhaps our TBA method is
?describing physically the same picture as the APW method.
lThis may explain how our results correlate well with experi-

,ment as Mattneiss‘ results.

%' We have an eg% or g % band where Mattheiss does, but &

fgood portion of the 5d, -Sa 2 y2 contribution is within the
;23 bands which are also &€ 1ike. The ability of the TBA
'method to.quantitativeiy analyze'atomic orbital contributions
allowslus to gain a clearer picture of chemical binding in
sqlids.. This is possible because we introduce chemical

- concepts directly into the TBA model. For instance, we
‘include overlép and aiectronic interaction te:ms‘GXplicitly

- instead of using Qmpirical'pgrameters. ' Then, application
ofAthe Mulliken population analyéis follows to give a complete
- plcture of'themical binding. We, therefore, not tnly know' A
what the atomic orbital chérge distributions are in the
crystal orbitalslﬁfi(k r) for the 1 th energy band but have
a good idea &s to how they got there, e.g. by overlap and

Madelung effocts.
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PART III. TIGHT-BINDING ENERGY BANDS OF
"~ POTASSIUM TANTALATE AND SODIUM TUNGSTEN BRONZE
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INTRODUCTION

Cubic strontium titanate, SfTiO3, potassium'tantalate,
"KTaOBQ and sodium tungsten bronze, NawaB.(O,hé_xéil.O) have
' been the subject of a wide variety ofAeiperimental work as .
‘{s shown in Table 16, | |

Many workers in the field of perovskite transition metal
oxides have attempted to explain tﬁe conduction of elect#ons

in the tungsten bronzes, (Table 15).

Table 15. Theoretical models based on various experimental

- evidence
Name = T Atomic orbital constituting
lowest conduction band

Sienko (39) ‘ W Sqﬁ(fzg) states

Keller (57) W 6s states
'Kackintosh (S@) ‘ ':Na 3p states

Fuchs (38) © Na states

Goodenough (40) 7t bonded O and W 5d (tpg) states

Ours is the first attempt to obtain ths tight-binding
- energy baﬁds of NaXWOB(xél.O).' Even though the complete
filling of perovskite holes by sodium, x=1.0, has not been
accomplished at preéent, this bypotheticél substance allows
us to study the trend - Re03 - NaWOB - KTaO3 where a metal -

non metal transition exists.
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band structures of transition metal oxides.

i
|
: Table 16 " Summary of experimental data pertinent to energy
|
|

Experimentalist'and me thod | Observations and conciusions

SrTiO3

Guhdy(Sé): absorption meas- Energy gap is at 3.15 e.v.
urements _ - '
Cohen and Blunt(60): reflec- Band gap 1s observed at

tivity and electrorefiec- 3. u e.v.
tance 1in the neighborhood .
of the fundamental absorp- -

tion edge
Freaerixse et al (1) . Minima lie along the 100
magnetoresistance &and Shub- direction.

. nikov-de Haas effect "

. Tufte and Stelzer(h2): " Minima iie at the center of
plezo-resistance : - the Brillouin zone.
Noland(63): optical ‘trans- Absorption edge is at 3.22
ition measurements: 8.V, '
biDomenico and.Wemple(éhéf ‘Band gap-ié at 3.4 e;v.
optical measurements _
Feldman and Horowitz(65): : A direct transition at zone
rotary transmission measure-. edge (X) is improbable -
ments of stress-induced
dichroism
Cardona(66): reflectivity Absorption peaks observed at:
measurements : 3. 2,u 0,4.86,5.5,6.52,7.4 :

L ' 9.2,9.9,12.5 and 15.3 e.v.
Malitson(67): high- " The data can be fitted to a
precision measurements of ~ -Sellmeir relation with the

. the . refractive index ' major oscillator at L.4 e.v.
Baer(68): intraband Faraday .. The rotation is negative,
rotation " - monatonically increasing in

magnitude as band gap is

approached. - This implies a
' o - p-d fundamental absorption
| - o with band gap at 3.4 e.v.
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Table l6(Cont.)

. Experimsntalist and method

Observations and conclusions

SrTi0
: — 3

Schooley et al.(69): uni-~

axial stress on the super-
conducting critical temp-

erature

KTa0. :
__2_3 -

"Frova and Boddy(70): electro-

reflectance

Wemple(71): photoconductivity
and reflectance measurements

Baer(68j: Faraday rotation

DiDomenico and Wemple(6l):
‘absorption measuremencs

Ha KWO3
Brown and Banks( 72):absorp-
tion specira measurements
with verying x values

The presence of supercond-
uctivity indicates that ths
conduction band minima is

-~ located off k=0 and the
effect of ths stress indic-

ates that the minima is in-
the 100 direction.

Singularities observed in
the 100 direction were:
3.57,3.80,4.40,4. 88 and 5.5
©.V.

The photoconductivity eak
was observed to be 3.58 e.v,
and the absorption band gap
to be. at 3.50 a.v, -

Thse rotation was negatives
for the same reasons as for
SrT7i03 ° The band gap was
estimated to be about 3.80
e.vV. ; » :

"Band gap is 3.9 e.v,

A 4100 A asbsorption peak is

- obtained for s value of x ,
=1,0 by extrapolation of the

observed data.:
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Table 16(Cont.)

Experimentalist and method

Observations and conclusions

Naxw03

Fromhold and Narath(73):
nuclear magnetic reson-
ance measurements

Narath and WAllace(7u)
ibid

Jones et al.(75):1bid

Greiner et al.(76):magnetic
susceptibility measursments

Sienko and Gulick(77): 1%
NMR studies of .potassium
tungsten fluoroxide bronzes

Dickens et al.(78): measured
‘reflectance spectra of the
~ Na WOB’WOZ 02’ WO, 72,wo3

Vest et al.(5S1): low temp-
erature specific heat measurs-
ments

Gardner and Danielson(?é):
measurement of electrical
conductivity

Studies reveal a very small
or zero Knight shifts for
both the Na and %W nuclei.
Thus s orbitals of alkall
atoms cannot participate to
the lowsst conduction band
but 54 and 6p (but not 6s)
orbitals of W may do so.

Weak temperature independe
ent paramagnetism is found.

Oxygen was, part*allv subst=-
tuted by “9F. THe Knight
shift is less than 0.001%.

Low energy peak present in

- the bronzes but not WO
(1.39 ©.v.). 2+¥x

3.30 e.v.
band geap extrapolated from
data for x=1.0 .

Obtained electronic specific
heat coef. for x=.56 to .86.
The extrapolated dens¢t§2of

states at x=1 is 2.2X10

electron states/e.v.-cc.

The bronzes are conductors

from .45 to 1.0 x values. A
maximum in conductivity is

observed at .75.
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i ‘
'i Although SrTiO3 tight-binding energy bands have been
?btained by Kehn-Leyendecker (1), the related compound KTa0,
| %as not been studied thaoreticaily. Our theoretical investi-
”~?ation of'KTa03, therefore, provides the first attempt to
| &se TBA energy bands to interpret the optical and insulator
;roﬁerties of KTaO3. .
| In Table 17 we haée KTAOB and Naxw03(x=1.0) overlap
gintegral values which méy beicompared with the R903 values in
ETable 3. Thus, the overlap criteribn'can be applied to
establish a TBA interaction model as was done for ReOB. For
example, if we consider,KTa03, & reasonable TBA:interactiOn
 vector set is listed'in Table 18, Of course, the potassium:
atom is replaced by'sodium if we comnsider Naxw03(x=l.0);
_Attempts to calculate TBA energy bands for SrTiO3 with
inclusion of the 71 4s and Lp orbitals in the Bloch sum basis
‘have faliled for tﬁe.nearest-neighbor model bacause of . the
- ‘large ls-ls overlap, about O.uf The problem exists in the
evaluetion of the 43 Bloch sum normalization constant ih
Equstion l4. The exponential'exp(igggi)_gives rise to 2cos(
k'R,) since interactions are in + directions. The values of
' keR; are close towrr for SrTiO3, therefore, the cosine is
- negative. The iarge velue of the Ls-lis overlap integral
céusesAthe normalization constant squared to be negative or
the impossible situatién of an imaginary normalization con-
' stant. The failure of the neafest-neighbor model has also

been noted by Andre (80).



Teble 17. Overlap integrals in KTa0O; and Naxw03(x:1;O)A

90

8 b Bg 5 KTa03 NaxW03(x=1.0)
' R(a.u.) SAB R(a.u.) SpB

54,2 - 5d,°2 90 0 7.537793  0.012787 7.306311 0.01040

' ' 0 0  7.537793 0.038959 .  7.306311 0.03266
54, 5d_, 90 0 © 7.537793 - -0.024221 7.306311  -0.018871
90 90  7.537793 0.004063 . 7.306311 0.002983

sa ?. 2 54,22 90 0. 7.537793 - . 0.030235 7.306311 0.025247
' 0 0 7.537793  0.004063 7.306311 0.002983

6s 6s 90 ° 0 - 7.537793  0.149123 7.306311 0.146516
6p, ép, 90 0 7.537793 0.078803 7.306311 0.077109
54,2 25 90. 0  3.768896  -0.109242  3.653156  -0.105011
‘ -0 0 3.768896 0.218485 3.653156 0.210022
54,2 2p, 180 -0 3.768896  0.130349 3,653156  0.134755
5d,, 2py 0 0 3.768896  0.095468 3.653156  0.095019
5a,2_42. 2s 50 0  3.768896 0.189213 -~ 3.653156  0.181884
sa 2 2 - 2p; 180 3.768896 ©  0.112886°  3.653156  0.116701

¢t



Table 17(Cont.)

_NGXWOB(X=1

®n equals L for KTaO3 and 3 for NaxW03(x=1.0).

8 b D . KTaOy .0)
| R(a.u.) S,B R(a.u.) 8,5

6s 2s 90 0 3.768896 0.260562 3.653156  0.269152
6p, 2s 0 0  3.768896 - -0.40582L 3.653156 0.116765
6p, 2p, 90 0 3.768896 0.102230 3.653156 | 0.108742
28 2s 90 L5 5.330024  0.004139  5.166342  0.005391
2px 2s 90 45  5.33002L 0.003356 5.16632 0.00L438L
2p; 2p, 90 AS 5.33002) 0.000605 5.16634,2  0.000828
5d,2 ns? 547 LS 6.527920. 0.000000  6.327451  0.000000
54,5 ns .7 LS  6.527920 0.025L6lL - 6.327&51 0.036625
5d,2_,°  ns 5,.7 LS 6.527920 0.000000  6.327L51 0.000000
6s ns 54.7 L5  6.527920 0.355602 6.32751 0.315373
6p, - ns © 84.7 L5  6.527920 - . 0.170806 6.327451 0.186985
25  ns L5 90 5.33002l 0.163196 5.166342 0

.149607

A



Table 17(Cont.)

' KTaO <

.32751

a b O, % Na,WO03(x=1.0)
R(a.u.) - S,B R(a.u.) Sag
2p,, ns 45 90  5.33002h 0.000000 5.166342 0.000000
2p, ns 4S - 90  -5.330024 0.032728 5.166342  0.0L41873
54,2 hpz ‘ S4.7 LS 6.527920 01059551j' 6.327,51 £ 0.051505
5d x5 np, 5h.7 L5 = 6.527920  -0.002021 6.327451 -0.013406
542 np, S4.7 LS  6.527920  0.000000 6.327451 0.000000
63 np, S4.7 LS 6.527920 -0.279541 6.327451  -0.2443009
6p, - np, Sh.7 LS 6.527920 0.043065 6.327451 1 0.051631
25 np, L5 90  5.33002h  -0.191010°  5.166342  -0.17L0lk
2p, 'npz 45 90  5.330024 0.000000 5.i663u2 0.000000
2p, np, LS 90  5.330024  -0.013421 5.1663)2 -0.025070
54,2 np 5,.7 ‘LS 6.527920  -0.029775 6.327u51  -0.025752
S5dy, np 54.7 L5 6.527920 .002021 6 -0.013406

£eT



Table 17(Cont.)

e b Oy %4 | ‘KTaOB . '. ‘N, W03(x=1.0)
. R(a.u.) SABA R(a.u.) SsB
Adez_ﬁz ‘np, : Su;7 uﬁ | 6}527920 .0.051572 - 6.327451 b.ouubou
63 np, 54,7 LS 6.527920  -0.279541 6.327451 - -0.24,3009
~ bp, | np, Sh.7 LS 6.527920 : 40.192713 6.327451 -0.192178
2s ~ np. LS 90 . 5.33odéu 0.000000 . 5.166342  0.000000
2px | np, LS 90  5.33002u' . 0.046236 5.1663u2‘ 0.043181

2p, mp, 45 90 5.330024  0.000000  5.166342  0.000000

et
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Vectors in terms of unit cell

translation vectors?®

TBA interaction vector set for KTa03
Tl
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Table 18( Cont. )

Vectors in terms of unit cell.

translation vectors

Interaction
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We suggest that the essence of the overlap criterion
can best be shown by this evaluation of the Blocﬁ sum normsal-

ization constant. If the value of this constant 1s real, we

'may conclude that the TBA model is possible. © Fer
63-68 overlap in KTaOy and Na WO, (x=1.0) ~ anlthe
case of ReO3 .~ » the values ars small enough to

’ ?

allow the TBA method to be applicabls.

The obvious remedy to the SrTiOB situation is to go
further -out to next-nearest-neighbors, etc., until the normal- '
‘-ization constant converges to a real number.
Since the series Reo3- Kaxw03(k=1.0)-KTaO

3
in itself in describing metal-non metal transitions in perov-

is compléte

skite transition metal 6xides,-we reserve the SrTiO3 calc-
ulation to future work. KTaO; represents a good model of |
- insulators like SrTiQ3.

We will now discuss the'input and output aspects of the

" tight-binding calculations of KTaO3

and~NaxW03(x=1.0) .
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ATOMIC ORBITAL FUNCTIONS, ORBITAL ENERGIES, AND
CRYSTAL POTENTIAL |

‘The radial functibns,bf K,Ta,Na and W atoms are
Schmidt orthogonalized linear combinations of STO's (Table'19)_
obtained using the same‘method as for ReO31 The least-squares
"functions used in the evaluation‘bf overlap and nuclear
attraction integrals are listed in Table 20.

The shielding constants 118téd in Table L are used %o
obtain the Coulomb-exchange integrals needed to calculate the
cryatael potential (Equation 28) . The charge distributions
for KTa0y and Na,W03(x=1.0) are listed in Tables 21 and ‘22
regpectively. The oscillations which exist ih the prsliminary
“self-consistency cycles at §=(O.O,O.0,0.0)Acan-be seen in
Figure 1S5. While the KTa0, energy bands are converging, the
sodium tungsten bronze states are dsfinitely diverging. The
iatter phenomahon occurrealbécaQSe'thé 3p states are occupied
" at the gamma.point. As will be seen in the discussioh-on
the Mulliken popuiation analfsia”of crystal ofbitals, the 3p
- states depopulate as we move from the center of the Brillouin.
zone. Therefore, the average occupation.numbérs for 3s and
3p Bloch sums. should be close to zero. |

Because of the above behavior, the Naxw03(x-1 0) crystal |
potential cannot reliably be Iiterated at one point in k space.

. In order to utilize the preliminary iteration as efficiently as



Figure 15.

| Lp on K).

Variation per cycle for ensrgy bands (Rydberg

units) corresponding to atomic orbitals in

KTa0y and NayW03(x=1.0) (---- XTaO3 and

.Naw0§). s and p denote perovskite hole
¢ or

atom bitals (3s and 3p on Na, Ls and



140

-20 o /
€S ~3.0 —= — —
~40 T T T T T T T
-50 ( : -
N -]
6P 00 =\ .
-05 S > =
NN S - =

-1.0 +— b\ N . . —
NSO |

-1.5 — NI T —

1.0
0.0
-1.0
&g -2.0
-3.0
-4.0

20.0
15.0

- 10.0
5.0
0.0

00 - e ——————
~2.0 =TT : ~ -
-4.0 : ' o —
-60 b—0 .
-8.0 ‘
-100

-12.0 - ! ! -
o . L2 4 3 4 5

CYCLES




A 1]

Coefficient matrix elements for Schmidt ortho-
gonelized atomic orbital radial functlon used

in tight-binding calculations of sodium tungsten
bronze and potassium tantalate energy bands

P

Table 19,
L

|

i

:tomic orbital 1] _Tij ~nm | S
‘Na 38 1 1 1.000000 1 10.705400
g 1 2 -0.256412 1 10, 705400
| 2 2. 1.032350 2 3,290039
| 1 3 0.035387 1 10. 705400
s 2 3 -0.151461 2 3.290039
| 3 3 1.010707 3 0.881,802
Na 3p 11 1.000000 2 3.641939
: 1 2 -0.109832 2 3.6141939
2 2 1.006013 3 . 0.875209
K bs 1 1 1.000000 1 18.670288
1 2 -0.296811 1 18.670288
2 2 1.043118 2 6.271990
1 3 0.110129 1 18.670288
2 3 ~0.435717 2 6.271990
3 3 1.083821 3 2.772440
1 L4 - -0.018244 1 18.670288 -
2 L 0.072960 2 6.271990
3 L «0.199036 3 2.772L40
L L 1.016745 I 0.920539 .
K Lp 1 1 1.000000 2 7.580839"
- 1 2 -0.238385 2 .7.580839
2 2 . 1.028021 3 2.580910
1 3 0.045855 2 7.580839
2 3 «0.21119 3 2.580910
3 3 1.02088 L 0.910559
Ta 54 1 1 1.000000 3 19,604,000
o 1 2 -0.473525 3 15.601000
2 2 1.1064L7 L 9.997000
1 3 0.105200. 3 19.604000
2 3 -0.28L1,00 L '~ 9.997000
3 3 0.681500 5 L. 762000
3 3 0.577400 5 1.938000
‘Ta bs 1 1 . 1.000000 1 72.58686
' 1 2 -0.342833 1 72.584686
2 2 1.057135 2

26,669189



Table 19(Cont.)

L2

“Atomic orbital i 3 Tij n §
Ta  6s 1 3 0.182006 1 72.584686
2 3 -0.668358 2 26.669189
3 3 1.183608 3 1l.564799
1 -4  -0.099316 1 72.5811686
2 4 0.38205L 2 26.669189
3 4 -0.877559 3 1l.56L.799
TR 1.249496 N - 8.609929
1.5 0.041293 1 - 72.584686
2 5 -0.160633 2 26.669189
3 5 C.389805 3 1l .561.799
L 5 -0.68938L L .609929
5 5 1.14L4889 5 4.597790
-1 6 -0.007583 1 72.58,4686
2 6 0.02953l 2 26.669189
3 6 -0.072095 3 14..56L799
L 6 0.130257 i 8.609929
5 6 -0.240275 5 4.597790
6 6 1.021850 6 1.857920
Ta 6p 1 1 1.000000 2 3 .29829)
: 1 2 -0.415865 2 34.29829,
2 2 1.083025 3 15.427500
1 3 0.209432 2 © 34.29829L
2.3 -0.662656 3 15.427500
-3 .3 ©1.173199 L 8.574400
1 L ~0.07L746 2 - 34.298294
2 U 0.244908 - 3 15.427500
3 4 . -0.518795 . L - 8.574400
L L 1.094313 5 4.251989
1 5 0.016522 2 3l;.298249l,
2 5 -0.054325 3 15.427500
3 5 0.117028 Iy 8.5744.00
L S -0.273337 5 1}.251989
5 5 1.030778. 6 1.837780
1 cd 1 1 1 .000000 3 19.929000°
2 2 1.108180 L 10.202000
.1 3 0.113900 3 19.929000
2 3 -0.307700 % 10.202000 -
3 3

0.694000

1 .982000



Table 19(Cont. )

143

Atomic orbital i 3 n §
"W 54 3 3 10.563100 5 2.068000
W 6s 101 1.000000 1 73.583898
~ 1 2 - -0.342941 1 73.588898
2 2 - 1.057170 2 27.043..88
1 3 0.182421 1 73.583898
2 3 -0.669920 2 27.04.3,88
3 3 1.184391 3 1l;.786900
1 4 '-0.099891 1 73.588898
2. L 0.38U1100 2 27.0L3,88
3 L4 . -0.882436 3 1%.7 6900
L 4 1.251753 L . 759060
1 § 0.0L42293 1 73.588896
2 5 -0.16L625 .2 27.043,88
"3 5 - 0.399708 3 1l .786900
L 5 -0.706786 L 8.759060
5 5 1.151411 5 ly.7196L9
1 6 -0.007981 1 73.588398
2 6 0.031108 . 2 - 27.043L88
3 6 -0.076006 3 1L.786900
L 6 0.137449 n 8.759060
5 6 -0.249515 5 - 4. 719649
6 6 1.023288 6 1.924379
W ép 1 1 1.000000 2 3L4.797699
. _ 1 2 -0.416931 2 34.797699
2 2 1.083435 . 3 15.672999
1 3 0.210792 2 . 3L.797699
2 3 -0.66615) 3 15.672999
.3 3 1.174785 " 8.729130
1 L -0.077279 2 3L.797699
2 4 0.253140 3 15.672999
3 4 -0.536281 L 8.729130
L L -+ 1,100271 S .382,29
1. § 0.017330 2 34.797699
-2 5 -0.056981 3 15.672999
3 § 0.122881 I 8.729130
L .5 -0,280071 5 l4.382429
5 5 1,03195), 6 1.903520




w

1yu‘

-0.366921(1.89239)

iTaﬁle 20. Leastlsquares functions foh Ta, W and K orbitals
Orbital Least squares function
iTa  5d 0.561897(1.31205) + 0.684028(3.1641L)
-0.438158(7.63065) 0.150918(18.4021)
Ta 6s 2.856510(1.41425) - 3.511150(1.99978)
: +2.431480(2.82772) - 1.997370(3.99845)
+1.335460(5.65387) - 0.392740(7.99468)
~Ta 6p 1.560500(1.21565) - 1.006810(2.12183)
' 0.034422(3.70348) 0.218623(6.u6u13)
-0.093881(11.2826)
fw '5d 0.549610(1.40651) 0.7030L6(3. 32302)
S -0.476221(7.85101) + 0.166889(18.5489)
W bs 2.967216(1.47395) - 3.76u97o(2.071u1)
+2.,701230(2.9110L4) 2.228700(L.09102)
+1.480270(5.74929) - 0,433006(8,07974)
W 6p 1.576230(1.26262) - 1.027670(2.1897L)
0.028008(3.79763) 0.234639(6.58617)
-0.100397(11.4223) '
K Us 1.140140(0.77057) - 0.274258(1.65456)
-0.120426(3. 55265) 0.082L456(7.6282L)
K . Lp 1.098740(0.75LL7) + 0.039917(1.19488)

poSsible,vwe used the weighted assumed charge distributions
after two cycles at k={(0.0,0.0,0.0) to obtain 1npﬁt for'

the final TBA calculation for the 56 k vectors. These vectors
. are'defermined byvthe lattice constants of KTaos-and Naxw03
and 3,8665 Z

Q . .
(x=1.0) ,which are 3.989 A (71). (81) respectively,

and Table 18.
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Table 21. KTaOB charge distributions
Orbital Initial charge Cycle one for 56
distribution k vectors
assuméd calculated

5a 2 0.500000 0.41212k 0.L0L526
5dz., 0.300000 0.205142 0.073766
Sdy, 0.300000 0.206918 0.076799
5d 2 _ 2 0.500000 0.39,830 0.308389
Sdyy 0 0.300000 '0.206567 0,072350
bs™ 0.500000 0.676954 0.547901
6p, 0.033333 0.035517 0.098631L
bp, 0.033333 0.038636 0.178331
6py 0.033333 0.040142 0.385103
28(1) ~1,000000 1.,074887 0.830380
2p,(1) - 0.666667 . 0.723710 0.848941
2px(1) - 0.666667 0.760111 0.808833
2p,(1) 0.666667 0.739724 0.790418
2s(2) 1.000000 1.091937 0.732372
2p,(2) 0.666667 0.763929 0.692L07
2pg(2)  0.666667 0.771929 0.803928
2py(2) - 0.666667 0.750674 0.751210
2s(3) - 1.000000 1.067212 0.759119
2p,(3) 0.666667 0.753050 0.622150
2px(3) 0.666667 0.727040 0.8,6893
2py(3) 0.666667 0.731064 0.794906
Ls 0.000000% -0.48856L 0.262203
up, 0.000000 0.021557 0.226848
Lpx 0.000000 0.022153 '0.117416
hpy 0.000000 0.026123-0.042396

81n order to represent as close as possible to the ReO
model we chose zero vaiues for potassium orbitals. Even 3
though this choice temporarily violates the charge neutral-
ity of the unit cell, the final iteration over the 56 k vec-
tor set corrects for this difference. -
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Table 22. Naxw03 charge distributions for x=1.0
Orbital Initial charge Cycle one for 56
' distribution k vectors
_.assumad céiculated
54,2 . 0.600000 0.540509 0.38878L
Sd_, 0.4.00000 0.356320 0.082889
Sdy 0.400000 0.357455 0.094965
Says_ 2 0.600000 . 0.51039l; 0.306277
sdxv ; 0.400000 0.357454 0.073552
bg™ . 0.500000 0.45828L 0.439432
6p, - 0.033333 0.025645. 0.158390
bpx - 0.033333 0.025877 0.142986
6py 0.033333 0.025530 0.325123
2s(1) 1.000000 1.025343 0.8321L41
2p, (1) 0.666667 0.658260 0.8311392
2pg(1) 0.666667 0.692675 0.809648
Zpy(l) 0.666667 0.654045 0.551243
2s(2) 1.000000 1.02591L 0.759L21
2p,(2) 0.666667 0.659942 0.881756
2p-(2) 0.666667 0.660065 0.832776 -
2py(2) 0.666667 0.69283L 0.768167
28(3) 1.000000 1.02L,786 0.818951
2pg(3) 0.666667 0.692292 0.612055
2px(3) 0.666667 0.658L16 0.831038
Zpy(B) 0.666667 0.654157 0.866219
3s 10.000000 -0.080707 0.37311k
3p, 0.000000 - 0.0956989 0,55L74L7
3py 0.000000 0.098091 0.052772
3p 0.000000 0.099100 0.117558
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Table 23. KTa03 and Naxw03(x=1.0) energy parametersa

Orbital Two-electron inter- One center’ ' Core
. action energy ‘kinetic energy energy

i 3 g(1,3)

Ta 54 1s . 54 1.41383L 9.283373 -93.930159
2s 654 1.4,05152 ' o
2p 54 1.408750 "
3s 5a 1.37980L
3p 5d 1.383094

ha 54 1.347452
Lf 54 .1.320788
Ss 5d 1.11262L
Sp 54 1.073412
5d 54 0.960438
6s 5d . 0.581030
6p 5d 0.5736L40

Ta 6s. =~ 1s 6s 0.629908 1.370633 -l . 801565
2s 68 0.6268%6 : : o
2p bs 0.627788
3s 6s 0.623608
3p 6s  0.624420

. 3@ 6s 0.62549L
Ls 6s 0.619166
Lp 6s . 0.619966
Ld 6s 0.6212L4
Lt 6s 0.619850
5s 6s 0.606948
Sp 6s 0.6074l6
5d © 6s ° 0.561030
6p 6s 0.4L4L326

Ta 6p 1s 6p - 0.623696 1.412651 -4y 134531
2s b6p 0.621416 , '
2p 6p 0.62209L
38 6p . 0.618870
3p 6p 0.61911
3@ 6p 0.620188
Ls 6p 0.614456
Lp 6p 0.61L39L
Ld- ép 0.615824

8Rydberg uhits,
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b
Table 23(Cont.)

Orbitel Two-electron inter- One center - Core
action energy kinetic energy energy

1§ g(1,))

58 6p 0.601476
Sp 6p 0.599788
5d 6p 0.5736L0
6s 6p 0.L4L326
-~ 6p 6p 0.464592

W 54 1s * 5d 1.505390 10.739013 -100.662215
‘ 2s 54 1.495006 ‘
. 2p 5d 1.499326
3s. 654 1.465050
3p 54 1.468974
3d 54 1.479642
s 54 1.409790
Lp 54 1.410822
hd 54 1.427548
Uf 5d 1.400672
s 54 1.168008
Sp 54 1.126452
56d 54 1.027510
6s 654 0.605248 - :
bp 5d 0.59761L N

W 6s 1s 6s 0,653252 : 1.529606 ;h?.OthZé
28 bs 0.,6l19720 '
2p 6s 0.650798
38 b6s 0.646228
3p 63 0.646316

.34 6s 0.648222 .
. 4s 6s 0.641210
Lp 6s 0.642074
Ld 6s 0.643516
Lt 6s 0.64205L
Ss - 6s .0.628020
Sp 6s 0.631162
- 6da 6s 0.605248
6bs 6s 0.5306L2
bp 6s 0.459920

i

f —
.iTa 6bp Lf 6p 0.61L470

|

|

i
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-Table 23(Cont.)

Orbital Two-electron inter- One center . Core
' action energy ' kinetic energy energy

W 6p 1s 6p 0.646508 - - 1.552321 -46.311767-
2s 6p - 0.6L4210 _— _ : ~ :
2p 6p 0.644802
3s 6p 0.641214
3p 6p 0.64147
3d 6p 0.6L261
Ls 6p 0.636332
Lp 6p 0.636278
Ld 6ép 0.637850
Lf 6p 0.636292
5s b6p 0.622528

S5p 6p 0.643842
5d 6p 0.597460
6s 6p 0.459920
ép b6p 0.497060

Na 3s ls 3s 0.599058 0.485361 .=6.210933
: 2s '3s 0.579812 ' .

2p 3s 0.58501L ' ' ‘

38 33 0.452126

3p 3s 0.375500 -

Na 3p 1s 3p 0.589784 . 0.524253 ~ =5.975097
~2s " 3p 0,578078 ' ‘ L
2p 3p 0.579366
3s 3p 0.375500
3p 3p 0.42997L4

K Ls 1s Us 0.469734 0.457099 -8.549737 -
2s U4s 0.463486 S
2p Ls 0.465290
3s Ls 0.450782
3p ULs 0.452184
bs Ls 0.365094
bp Ls 0.318634

K Lp 1s Lp 0.46L678 0.491857 - =B8.347437
2s Lp 0.460638 : ' _

0.461494
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Orbital

Two-slectron inter-
action energzy

g

4

One center
kinetic ensrgy

Core
energy

hp 38

e
bp

Lp
bp
Lp

up_

0. uL8358
0.447218

0.31863L

0.343922 -

Atomic orbital parameters used in obtaining tight- .

binding energy bandes are listed in Table 23.
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E(k) VS. k, DENSITY OF STATES, JOINT DENSITY OF STATES AND

RESULTS OF THE MULLIKEN POPULATION ANALYSIS OF.KTaO3

. The E(k) versus k and density of states curves for po-
tassium tantalate are shown in Figure Hl (Appendix H). The
energy band values at symmetry points_ane 1isted in Table H1.
The correSpdnding results of the Mulliken population analysis
are listed in Tables H2-HS (Appendix H). The Fermi energy

is found to be -3.8905 Rydberg units.

The-minimum‘in KTa03, like ReO3, conduction band is
located at the R symmstry poinﬁ. This property is evidenced
by the rapid drop in valence bands at R accompanied by a
 minimum in the Rpg: bands.

The gap betweén the 2p 4 ground_state’and the t2g type.

" conduction band is 0.3 Ryd. (ﬁ.O e.v.) which is comparable with
the observed value of 3.8 e.v. (68). The joiﬁt density'of |
"sﬁates curve shown in Figure 16 with peaks listed in Table 2l
gives a peak ét 0.3 Ryd. whicb we identify.withAthis condﬁction
'bénd minimum, Furthermore, most of the peaks compare quall-
“tatively with experimental results (fd) as well as resembleA
the SrTiO3,fesulté (66). The'iatter agreement suggests a
justification for supposing the KTa03 is a good_médel for per-
ovskite trahsition metal oxides which behave as lnsulators.

The différence»bétween the intermediate e, states gﬁ Ry2
- and the top of the Qalencé band 1s not experimentall& available

since4R15a_qR12‘transitions are symmetry forbidden as
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Table 2. Joint density of states peaks of KTaO3

‘Rydberg Electron-volts Frova-Boddy Cardona results
units ' results® for SrTiO3a
. 0.06 0.816
0419 2.58 3.57 - 3.20
0.28 3.81 3.80 L, .00
0031‘" . )-'-063 L‘»'%O L"'86
0.39 5.31 L.88 5.5
0.46 6.25 5.5 6.52
0.5h 7.35 7.40
0.62 8.43
0.66 8.97 9.20
0.74 10.03 9.9
0.82 11.15
0.85 11,58 12.5
1.06 1h .41 _
1.14 15.50 : - 15.3 .

.8Results are in elesctron-volts.

.vdetermined by Casella's rules‘(éé);. Thus, the 2.58 e.v. peak
in the Joint density of étateS»(attributed to such a trénsition)
.1s'not obtaingbie by reflectance spectroscopy.

- We now discuss the unusual Sehavior of Lis and Lp occupa-
tion numbers at the sjmmetry pbints listed in Tables H2 to HS,.
The crystal orbitals‘ﬁyi(g,g) are normalized to 1 °P<}¥}\§ﬁ>’=
1, but large positive and negative njj s and B4)lp values occur,
Onefmay argue that the Mulliken population analysis has falled,
if we compare the TBA calculation with the~ﬁsual molecular
orbital oalculatidn whoere negative occupation numbers are
forbidden. However, we have a different situa;ién wheniohe

abplies such a procedure to a crystal.' The dependency .of
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dqcupation numbers on k vectors relaxes the strict require-

ﬂent on positive occupation numbers. However, the average

qqcupation number over the entire Brillouin zone should be
één-negative.since we would then be back to the molecular
;ituation; .The average occupétion number.may be calculated
%o be negative at some stage of lteration of the crystal
aotentia], but the final number should Be positive. For the
%ost ﬁart, our final iteration gives sﬁch a result,
g The problem of normalization of Bloch sum noted in the
introduction of this part arises in ths KTaOjy calculation in
& rather unique way. Becauée the normalization constant of
6s and 6p Bloch sums at M and R symmetry points is small
.(about .1), the TBA method is on the verge of breaking down
for uvpper states as expected from overlap integrals of 6p-6p
énd,és-és pairs (Table 17).

The number of electron states/Ryd.-unit cell for KTaOB
15 much smaller than the value of 21.1 for Re03, 3n that the
density ofvstates drops abruptly to zero in the band gap
region. Therafore, no estimata'of the actual density of
states can practica11y be made. Within the‘approximations
used 1n the TBA method, 1t is reasonable to aséign KTaO3 to

be an insulator as 1t is thought to be. For the same reason,

‘no Fermi surface is considered.
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E(k) Vs. k, DENSITY OF STATES, JOINT DENSITY OF STATES AND
MULLIKEN POPULATION ANALYSIS OF NaxWOB(x=l.O)

.The E(E) vs., k and density of states curves for Na#WO3
(x=1.0) are shown in Figure Il (Appendix I). The energy band
values at symmetry points are listed in Table Il. The corres-
ponding results of Mulliken population analysis are listea in
Tables I2 to IS5 (Appendix I). The Fermi energy 1s located at
-3.2252 Ryd. | | | |

The number of states/Ryd -unit cell for NayW03 1s found
to be 20.5 or 2.60 x 1022 electron states/e.v;-cm3 which
corresponds to a value of~K equal to 3.55 millijoules-holefl
deg'a. The value of. 3.0 miliijoules-mole‘ldeg’2 from the
exfrapolation of experimental (51, 76) vaiués to x=1.0 gives
encburaging agreement with our results. Fﬁrthsrmore, it is
interesting that the value of 21.1 for R603 is almést identical
to the 20.5 value for Naxw03(x—1 0).

Let us expand the picture of bands in the Fermi level
region to produce Figure 17 and then use the Mulliken popula-~
tion aralysis results in Tables I2 to IS5 (Appendix I) to
quantitatively determine why NayWO3 should be a conductor at-
x=1.0. |

We no longer have the simple-pictufe postulated for ﬁe03
and KTaOB since most low lying conduction bands cross.the
Fermi level nearly perpéndicularly. Even the 6s type band

‘¢crosses the Ferml level at X symmetry. However, the low lying .
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eé tvpe conduction band crosses in many places.. We. may
c?nclude that conduction 1s associated primarily with ﬁdeg
orbjtals.

;?A Projections of the Fermi surface in the 1/48th reduced
Azone are shown in Figure 18. We predict three Fermi surface
sgeets which may eventually oe correlated with &e ﬁaas‘van
Alphan measurements. |

‘i "The joint density of states is shown in Flgure 19 and
the correSponding peaks ars tabulated (Table 25). Comparison
of the low ensrgy peaks ‘with experiment can only be by
extrapolation, but agreomant with Dicken's results (78)'

is reasonabdbly close.

Table 25. Joint densitv of states peaks for NaxWO3
. ' (x=1 O) )
Rydberg units Electron-volts
0,08 1.09
0.18 2.
0.30 u.lo :
- 0.42 5.72
'0.54 7.35
0.59 8.03
0.85 11.58 -
. 0.98 13.31
1.14 15.51




158

4 A}
A ) YVVVN
X 3 'A‘ S
Y4
M T R

Figure 18. TBA method: NaWOj.
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PART IV. DISCUSSION



161

We have.utilized the overlap criterion to set up . the
TBA inferaction model for nearest-ﬁdighbor atoms. Then we have
" proceeded in a "gemi-rigorous" manner to make theoretically
,justifiablé approximations to make E(g) vs. k ca}culations
practical.'The proper choice of good atomic orbital functions
and the exélicit evaluation of all ﬁwb-center integrals (ovef-'
lap, nuclear attractidn, Coulomb, and exchange) enables us to.'
quantitatively invesﬁigate chemicél effects in crystals,eg.
Madelungvand overlap effects. '

The approximation of .the crystal potentlial as a linear
- combination of atomic potentials 16 an important part of the
LCAO procedure. By using the Mulliken population énalysis
fpvér all k space, we:are §b1e~to treat this crystal potential
in a SCF-MO*manner. Thereby, we obtain‘an.internal handle for
“controlling TBA results instegd of the usual a priori semi-
empirical procedures. Only bond aistancea are initially need-
ed, | |

The role of embirical control.on<TBA energy bands
is purely ad hoc in naturé; Instead of parametrizing the
crystal potential to make various calcuiated elgctronic prbp-
erties agfee with experiment, we proceed to impfove the
method. For instance, we could seek better convergence in
the'SC?'preatment‘df charge distributions'which.occur in fhe
crystal potentiai.‘In other words, if_we trust the overlap

eriterion to show when the TBA method is applicable, defic-
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~Jencies in our theoretical results as compared with experiment
-are.thought to reflect the need to increase the riéor of our
.'method. The crux of such a philosophy is some observable trend
. ln prelliminary results wéich reflect qualitative agfeement with
experimental resulfs. | |
hasAprovided a good model

The series Re&O NaWo KTaO

‘ ! 3°
'for méking further iheoretical iniestigations of perovskite
transition metal oxides using the TBA method. The density of
staﬁes dfagrams for these three substances shdw’quahtitetively
‘the metal-non metal tfahsition which untii pfesent has only
been qualiﬁatively understood. In addition, the calculation of
the'electronic specific heat coefficient and the joint density -
of states representation of optical spectra provide other
avenues betweeﬁ theory énd ekpefiment. The results described
.in this-thesis can be saild to be better than just qualitatively
‘descriptive qf,the electronic'structure of cryétals; perhaps,
thé"LCAO description Qf'cfystéls glves us a seni-guantitative
' handle for loéking beyond present observabie phenomenon fo
produce some surprising prediqtiqns.'The consistent agreement
of our results with empirical information ,thereforé, éhows
that the molecular picture of crystals can be accurate'if.we
include the effects of translational symmetry. ,

The SCF pchqdure will be the subject of further work in
this_aroé. More‘effiéiont proceduros'willlbe sought to obtain

convergence of charge distributions. Also the TBA interaction

model will beﬂexpanded to include more neighboring atoms
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in order to handle perovsklts okides which represent borderline
'caseswfor application of the TBA method , eg. SrTiOB.‘With
“these and other improvements we can ultimately investigate s
séfiés.of substances which are little understood or may'not vet

have been synthesigzed.



9.
10.
11.
12.
13.
1.

15,
16,

16l
BIBLIOGRAPHY

Gerstein, B. C., - L. D. Thomas and D. M, Silver, J. Chem.
Phys. L6, u288 (1967).

Pilar, F. L., "Elementary Quantum Chemistry," McGraw-
Hill, Inc., New York (1968). : :

Roothaan, C. C. J., Rev. Mod. Phys. 23, 69 (1951).

Ziman, Z. M., "Principles of the Theory of Solids,"
Cambridge University Press, London (1964).

Flodmark, S. F., Internat, Quantum Chem. l, 147 (1967).
Mulliken, R. S., J. Chem. Phys. 23, 1833 (1965).
Fenske, R. F. and D. D. Radtke, Inorg. Chem. 7, 479
(1968) ; ", K. G, Caulton, D. D. Radtke and C. C.

Sweeney, 1bid. 5, 960 (1566); and K. G. uaulton,
ivid. 7, 1273 (1968). T

Richardson, J. W. and R, L. Rundle, "A Theoretical Study
of the Electronic Structure of Transition-Metal Com-
plexes," ISC-830, Ames Lab (1956).

Basch, H. and H. B. Gray,. Inorg. Chem. 6 639 (1967)
Mulliken, R. S., J. Chem., Phys. L6, h97,675 (1949) .
Mattheiss, L. F., Phys. Rev. 181, 967 (1969).

Loukes, T. L., "Augmented Plane Wave Method;" W.A.
Benjamin, Inc., New York (1967).

Slater, J. C. and G. F. Koster, Phys. Rev. 94, 1498
(195L) .

Feinleib, J., W. J. Scouler and A. Feretti, Phys
Rev. 1 §, 765 (1968)

Marcus, S. M., Phys. Latters 274, 584 (1968) '
Moore, C. E.; "Atomic Energy Levels," U.S. National

Bursau of Standards Circular 67, U.S, Government
Printing Office, Washington, D. C. , (l9u9 and 1952).



17.

18.

19.
20.

21.

22,

23.

2l
25,

26.

27.

28.
29.
0.
31.

32.

165
Cotton, F. A. and C. B. Harris, Inorg. Chem. 6, 369,376

Slater, J. C., "Quantum Thecry of Atomic Structure,"
Vol. I, Mc=-Graw H1ill, Inc., New York (1960) .

Cotton, A., Rev. Pure and Applied Chem. 16, 175 (1966). -
Pauling, L., J. Chem. Soc. 1948, 1461 (1948). |

Condon, E, U, and G. H. Shortley, "THe Theory of Atomic
Spectra," Cambridge University Press, New York (196lL).

Eyring, H,, J. Walter and G. E. Kimball, "Quantum
Chemistry,"” John Wiley and Sons, Inc., New York (194L).

Mann, J. B., "Atomic Structure Calculations I. and II.
I. Hartree-Fock Energy Results and 1I. Hartree-Fock
Wave Functions and Radial Expectation Valuses; Hydrogen
to Lawrencium,”" LA-3690 and LA-3691, Los Alamos Lab

- (1967 and 1968).

Silver, D. M. and K. Ruedenberg, J. Chem. Phys. 49,
1,306(1968) . |

Brown, D. A. and N. J. Fitzpatrick, .J. Chem. Sac. 1966
941, 1966 3 J. Chem. Soc. 1967, 316 (19677,

Burns, G, JQSChem. Phys. 39, 1521»(196u).

Clementi, E., D. L. Rajimondi and W. P. Reinhardt, J.

Chem. Phys. L7, 1300 (1967).

Richardson, J. W., R. R. Powell and W. C. Nieuport,

~J. Chem. Phys. 38, 796 (1963).

Watson, K., E., Solid State and Molecular Theory Group
Technical Report No. 12, MIT (1959).

Basch, H. and H. B. Gray, Theor. Chim. Acte (Berl.) L,
367 (1966). '

Shavitt, I., "Methods in Computational Physics," Vol. 2,
Academic Press, Inc., New york (1963).

Gianturco, F. A., J. Chem. Soc. (A)1969, 23 (1969).



| 166
|
o ,
3. 'Wolfsberg, M. and L. Helmholz, J. Chem. Phys. 20, 837
. (1952). ‘ . | |
| . ‘ .
3. Jgrgenson, C. K., Chem. Phys. Letters 1, 11 (1967).
35. Ruedenberg, K., Rev, Mod. Phys. 3L, 326 (1962).

- 36, Ros, P. and G, C., A. Schuit, Theor. Chim. Acta i, 1
I (1966).

37. Sleight, A. W. and J. L. Gillson, 30lid State Comm. L,

38. Fuchs, R., J. dhem. Phys. gg; 3781 (1965).

39. Sienko, M. J., Adv. Chem. Ser. No. 39, Am. Chem. Soc.,
- Washington, D. C. (1962). :

4O. Goodenough, J. B., Bull. Soc. Chim. France 1965, 1200
(1965); s J. Appl. Phys. Suppl. 37, ILI5 (1966).

L41. Kehn, A. H. and A. J. Leyendecker, Phys. Rev. 1354,
1321 (196L). _ 4 ' |

42. Cardona, M., Phys. Rev. 140A, 651 (1965).
1 ]
43. Born, M, and T. von Karman, Physik Z. 13, 297 (1912).

L. Born, M. and J. R. Oppenheimer, Ann. Physik 8L, U457
(1927).

45. Keufman, J. J., J. Chem. Phys. 43, s152 (1965).

46. Karian, H. G., "Semi-Rigorous Molenular Orbital Calcula-
_ tion of Transition Metal Complexes," Unpublished M.S.
.thesis, Chicago, Illinois, De Paul University (1967).

47. Hsia, Y., Can. J. Chem. L6, 2667 (1968).

48. Raffenetti, R., "Even Tempered Orbital Functions," To be
p
published. ' '

49. Cusachs, L. C. and J. H. Corrington, "Atomic Orbitals for
Semi-Empirical Molecular Orbital Calculations,” To be -
published. s

50. Slater, J. C., "Quantum Theory of Moleculss and Solids,"
.Vol. II, McGraw-Hill, Inc., New York (1965) .

' 51. 'Vest, R. W., M. Griffel and J. F. Smith, J. Chem. Phys.
28, 293 (1958). ' ‘

i



167

52." Sandin, T. R. and P. H. Keeson, Phys. Rev. 177, 1370
(1969) . —

|
f .
53. "FPerretti, A., D. B, Rogers and J. B. Goodenough, J. Phys.
; Chem. Solids, 26, 2007 (1965). .

Sl,. Cohen, M, H., Phil. Mag. 3, 762 (1958).
5. Brust, D., Phys. Rev. 13L,.41337 (1964).
6. Narath, A, and D: C. Barham, Phys. Rev. 176, 479 (1968)."

57. Keller, J. M., J. Chem. Phys. 33, 232 (1960).
58, Mackintosh, A. R., J. Chem. Phys. §§, 1991 (1963).
59, Gundy, H. W., Phys, Rev..113, 795 (1959).

60. Cohen, M. I. and R. F. Blunt, Phys. Rev. 168, 929

(1968, .
61. I“I'eder'iks.e, H. P. R., W. R. Hosler and W. R.lThufber,
Phys. Rev. 143, 6&8 (1966); , W. R. Hosler,

W. R. Thurber, J. Bubiskin and P. &. Siebermann, Phys.
Rev. 158, 775 (1967). .

62, Tufte, 0. N. and E, L. Stelzer, Phys. Rev. g 675
(1966). . _

63. Noland, J. A., Phys. Rev. 9L, 724 (195L).

é6ly. DiDomenico, M., Jr. and S. H, Wemple, Phys. Rev. 166,
. 565 (1968). ,

65. Feldman, A. and D. Horowitz, Rotarv Transmission
Measurements, To be published.

66. Cardona M., Ph&s; Rev. l&g, 651 (1967).

67. Malitson, I., private communication to M, I. Cohen and
R. F. Blunt, Phys. Rev. 168, 929 (1968).

68. Baer, W. S., J. Phys. Chem. Solids, 28, 677-(]967).

69, ochoélev, J., W, Hosler, M. H. Cohen and C. Koonce,
Phys. Rev. 140, 651 (1965).

70,-Frova, A. and B. J. Boddy, Phys. Rev. 1<3, 606 (3967)
71.' Wemple, S. H., Phys. Rev. 137, Al575 (1965).

i rmm e an




168

72. Brown,‘B. W. and E. Banks, J. Amer. Chem. Soc. 76, 963

(195&).
73. Fromhold, A. T. and A. Narath, Phys. Rev. 152, 585
7&.. Narath, A. and D. C. Wallace; Phys. Rev. 127, 724
(1962). ‘ .

75. Jones, W, H., E. A. Garbaty and R. G. Barnes, J. Chem.
Phys. 36, L9L (1962).

76. Greiner, J. D., H. R. Shanks and D. C. Wallace, J.
Chem. Phys. 36, 772 (1962). :

77. Sienko, M. J. and J. C. Gulick, Abstracts ACS, INl2
7 (1969). o . T

78. Dickens, P. G., R. M. P. Quilliam and M. S. Whittingham,
Mat. Res. Bull., 3, 941 (1968).

79. Gardner, W. and G. C. Danielson, Pays. Rev. 93, L6
(195L) . )

80. Andr§, J. M., J. Chem. Phys. 50, 1536 (1969).

81. Wechter, M. A., H. R. Shanks and A. F. Voigt, Inorg.
Chem. 1, 845 (1968).

82. Casella, R. C., Phys. Rev. 15L, 743 (1967).

83. Silver, D. M. snd K. Ruedenberg, J. Chem. Phys. L9,
4301 (1968). ,

84. Edmonds, A. R., "Angular Momentum in Quantum Mechanics,"
Princton University Press, New Jersey (1957). )

85. Mehler, E. L. and K. Ruedenberg, J. Chem. Phys. 50,
' 2575 (1969).

86. Lowdin, P., J. Appl. Phys. 33, S251 (1962).
. Lo :
- 87. Bloch, F., Z. Physik, 52, 555 (1928).

88. Callaway, J., "Energy Band .Theory," Academlc Press,



3 169

| o ACKNOWLEDGEMENTS

The author wishes to thank his advisor, Dr. Bernard C.

_?erstein, for recognizing the feasibility of the pfoblem and
~for giving him the opportunity to make the theoretical |
%nvestigation a reality. Gratitude 1s expressed to Lowell
%homas for his preliminary work in prograﬁing many of the

l
subroutines used in the TBA calculation.

i . The overlap and nuclear attrection subroutines ueed are
qontributed by Dr. David M. Silyer. 'ﬁr;’Silver has written
the Coulomb package ueed in auxiliary programs. The author
is very grateful to Dave for takihg time out of his buey

schedule to aid him in debugging the TBA computer prosram in

earlv stages of development _
Dr Klaus Ruedenberg and other people in his group
Dr. Mark Cordon, Dr. Otto Steinborn, Dr. Ernest Mehler and
A Riehard Raffenetti'HaQe been Ver& telpful in formulating many
aepects of the TBA éalculatien. Thelauthor.is appreciative
i,of many useful suggestions'made-by people in the %heoretical
physics group: Dr. R, Gupta, Dr. Kenneth Kliewer, Dr. L.
" Hodges andADr. SamuelALiu. Of course, the execution of the
TBA program would have been impossible without the psatience
and cooperation of many in the computer services division..
¥inally, the author has a special thank you to his wife,
'~ Joan, for her patience and encouragement, her typiﬂg and

keypunching, which has enabled him to complete his thesis.



170

APPENDICES .



o R 171

Appendix A. Solutlon of the Secular Determinant

The problem is

(g-EfsJ:o L (A1)
@‘ | :

| where the Hamiltonian matrix,. 'I\{':’bj’ X b and overlap matrix
§f B*E result from the Bloch sum basis set b = (bl,bz, oo

b,) where m indicates number of atomic orbitals considered,

and the Hamiltonian'operaﬁof shown in Equation 3. The
gsolution of the secular detefminant~islcarried out in th‘
”:steps: |

1) Orthogonélize-the Bloch sums by'the Schmidt me thod
to transférmti into an identity matrii.“ |

. 2) Diagbnalize the transformad'Hamiltonian matrix to

give the eigenvalues and elgenvectors,

The desc;iption,of the two steps can be 1engthy, but
‘a general 1dea of ths proﬁedure is summarized>in the
following equations: : | | .

The transformation is made by an upper triangular

matrix o , 1.0.,

-
pare

"

L
¥n—
R

]

T

% -ELl=

i

2

=

(2)

where I is the fidentity matrix, i.e., (g)ij = Sij' The

overlap matrix is rewritten as § =T t T where T = OZ} T is

|
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chosen to be upper triangular, i~3-:.T13 =0, 1>3. The
. elements of this triangular matrix are generally complex

functions, thus, Ty = &4 +1by 4. It can be shown that

__— i-1
- 2 .2 ,
Tyg = [311 - 5; g * °k1} 5
and A 1-1
L ¥
Tyg = Syg = 2 Ty Tyy 4
k=1 .
(A3)
Tyg
which gives ‘the original matrix elements of Eg'as:
Xy = I/Tu
T , Y .
JJ

Therefore, the « can be’calculafed in the following order

1]
dll’ 0(22, 0(12’ s s ey °<1n’°(33’ ‘ov(23,0oo o<2n’coc

" When the eigenvaluas and eigenvectors of H— OJTI¢< are found,

Ny e P

we then have.

~

1y’ yv=g + = E S
vl H' v =8 where (B)y;-=E;8, and

Vis the eigenvector matrix

or
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vt

R
<

0
e

v oot Ho «v = E
~ ~ o~ ~ N~ ~

(2‘2)* H(b ¢) where & = ﬁ,",» or

-

<b1"\}ﬂbj"> = Ej Sij

where bj"- = 21:, bic-ij . | | | " (AS9)

" Hence, we see that the columns of C define linear bc_ombinations

of the Bloch sums which form the function “Ifi (Equation 1).

The diagonalization procedure follows from the frans-
fbrmati-on E;l H g_ = D where D is diagonal Dy, = ‘D21-::- = 0 for
which U is defined as

1 1 0
U = . '11 .
’ .AUJ;....Uj'j.' ' |

Thus, U 1s a unit matrix exéept' for the elements Uii’ Ujj"

and Uji" The 'dia_gonalizati.on is accomplished by an iteration
process which ultimately makes D approximately dlagonal. The
following sequences are repeated until the values of all of

the off-diagonal elements are on ‘the order of 10-10 Rydberg

WP A
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units: ' '
1): Find the largest~off-diagonal element of H,'Hij
2) Calculate U
3) Make the transformation U'lH'U = H!
The choice of U is basically the same as.Jacobi's
method for real symmetric matrices, but modifications must

- be made to accoﬁnt for the complex form of Hij' i.e., Hij =

' a . b-ic
) '\ btic | d
"cos F - -sin ¢ eip(-iﬁ )
U = . . ' A
~ | sin g exp(if) cos ¢

a + ib.
Ir

i ‘

and

then the elements of
D=U1HU
~ b Lol

are | '
D= & cos? g+d s‘in2 ¢+§ (.b-ic)exp(ie )+(b+ic)exp(-16 )-}.‘
| | sin ¢ cos @ o '

D,,= a sin® g+d cos® ¢-{(b-ic)e'1(p(ie )+(b+ic)exp(-1 6 )_} .
' | _sinlﬂ cos @ | '

'D12=D§l = (d-a) sin # cos @ exp(-1 9)+(5-1C)‘cosz ¢ |
- (b+ic) sin® ¢ exp(-2186) o i (A7)
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‘that D will be diagonal if

_c sin ©

tan G = T o5 8
. o 2 2.1
tan 2¢ = (o *c¢)®

3(a-d)

iUsing sin26+ cos®® = 1, we obtain

sin 6. = ‘——2——2——1—0 |
o ‘b +c€)%z )
= b

‘cos B A

By sétting Dyp = 0= D"é‘l and solving fér O and &, we find

(A8)

(a9)

' By Euler's relation exp(18) =cos© + 1 sin® , we have

Thus, exp(~-1 6) is simply

b-ic ' N
((b+ic)(b-ic)'} =2

OrA le/aleﬁ .

If we let
| A = (024c?)?
M= %—(a-‘-.d)' -
' A “’=s’igri(y). }‘ ,
L | (2 e qBF

(A10)
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sih4¢;= & 5

(202+ VI @2 )} %

| - 1
. cos @ = (1-8_11‘12 #)*

[ cos & ' -sin @& T12
~ = sin ¢ H21 : | 12‘
B I

a cos? g+d sin® g+2 leé'Sin ¢ cos ¢

D22- a sin2 g+d 0052 Z- 2%312 sin @ cos ¢

‘_ D12‘D21 {(d a)sin ¢ cos ¢ +§t{12\ (cos? ¢ - sin2 ¢ }i

=0
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| Appendix B. Flow Chart for Computer Calculation

" The flow chart of our program is outlined below. The
fmatrix elements could have initially been set up in alge-

braic¢ form. Substitution of overlap and ﬁwo-center poten-

i tial integrals (evaluated in elliptical coordinates) and k

vectors would givé the Hamiltonian and overlap matrix

elemonts.. The Schmidt orthogonalization of the overlap

1 matrix and diagonalization of the transformed Hamiltonian

f matrix would then be an easy chore in terms of shorter

* computer time. However, when we go from cubic to say, hex-

agonal symmetry, the length of the tables necgssaryAwould
ihcfease. It is always désiréble to maké these calcﬁlations
as automatic as possible vié the computer, Ouf program,
therefore; eliminates ﬁhe'need for matrix element-tables'as

well as dveflap integrsal tablés, from which are sometimes

A difficult to interpolate accurate values. In a sense, the

TBA program generates all necessary tables within the
computer. When the k vector 1s read in, it rapidly makes -
algebraic substitutions and in about 60 seconds a 25 x 25

matrix problem 1s solved.
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INPUT DATA

l1.Tnit cell translation vectors
2.Translation vectors in TBA
interaction set '
3.0verlap,Coulomb-exchange,nuclear
attraction integrals calculated
by a previous program and stored
on tape -
Iy . Indexing parameters
5.Charge distributlons
6.0rbital energy parameters

1
CRYSTAL POTENTIAL

l1.Calculate ootential matrix ele-
ments, <Pl Vol o '>

2.Rotate spherical harmonics and
take & proper linear combination

of integrals over lattice sites

)
OVERLAP ANDL{, jV_{d
INTEGRALE™ 217

Rotate spherical harmonics and

take a proper linear combination

of integrals after orbital energies
are calculated

1
READ k VECTORS

|

CALCULATE MATRIX
ELEMENTS BETWEEN BLOCH
SUMS

ra !

'SCHMIDT ORTHOGON-
ALIZE BLOCH SUM OVERLAP
MATRIX

|

TRANSFORM HAMILTONIAN
MATRIX '

DIAGONALIZE H MATRIX
TO OBTAIN EIGENVALUES]|
1

‘CALCULATE EIGENVECTORS |
l
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[DETERMINE THE FERMI ENERGY]

MULLIKEN POPULATION ANALYSIS

1.Calculate the occupation numbers of
the Bloch sum basis set for each k
vector’ A

2.By proper weighting of the k vector
degeneracies in the éntire Brillouin
. zone, obtain the average charge dis-
tributions

3.With R =8 and usiné Equation 29 calc-
“ulate the assumed charge distribution
for the next iteration

]
GO TO STEP 5 IN INPUT UNTIL
SELF CONSISTENCY IS
ESTABLISHED
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Appendix C. Reduction of Double Sum to Single Sum

Since the sums over R4 ‘and@j are over the same vectors,
~we can write the double sum as N times the single sum, i.e.,

‘Z 2. F(R,, R,) - P(R:, R,) T (c1)
g ny BT NE TR |

where N is the number of unit cells in the crystal. The
proof is as follows: '
Because of the periodic boundary conditions

- F(Ry +:N1§IA+ Noto + N3§3)= F(Ry) | |  ' (ca)

whére NiNpN3 = N andAEl, 32 and'EB are the primitive cell
translations. o

We can also write

o -
i

By 1131 + 1232 + 1333 11,12,13 = integers

By = 31ty + Jabe * 338y 31535035 = integers
i ' (C3)

Hence ‘
2; :S ‘ Ny-1 Ny-1 'N3-1. N;-1 Np-1 N3-l
By By F(Ry-R,) = DIEEED DU I DD DD )

1,50 1,=0 1320 §;=0 jp=0 J3=0

F((J1-11)8) + (Ip=1p)kp + (13-13)3) (cl)
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- Let us consider the double sum for integral components
elong ty: . '

4y 5

where (J1-11) = F((J1-17)%;) .
If we expand the sum in the brackets above.

i
]
wé obtain

| 23'23 (57-17) = L0 (0-17) + (1-13) '+ (2-17) + «ous
Hha 4 IR -

+ (Ny-1-1y)

(0-0) # (1-0) + (2-0) + .... + (N;-1-0)

+

(0-1) + (1-1) + (2-1) + ...+ (Ny-1-1)
’ + . . . '

+ (0-N +1) + (1-Ny#1) + oans + (Nj-1-Np+1)  (C5)

Now if wé look at the first two fows above, we seg that‘the
'te?ms in each row are Jdentical except for the terms (Nj-1)
and (-1). However, frbm the periodic boundary conditions,
we know that F(Nyty)=F(0). Therefore, the two terms (Nj-1)
and (-1) are really identical | A

Similar arguments hold for any pair of rows‘and hence;

all N1 rows are identical, so,we can write
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Ny-1  Ny-1 | o
T i) =N 2 (-1)
13=0 . §;= o
-~Simiiar1y,

Ny-1  Ny-1

Z ' 2 (ja-.—i2) = N2 Z‘ (J2—12)
1,=0  j,=0 J2

and

W e I
L L (3513) =Ny T (313 - (ce)

1320 §4=0 iy " o <

' Therefore, we can write Equation CL

EZF(§,5)=NN‘N z s =
CEREOTTYOTE 0 g

F§(31-11)31+(j2-12)32+(j3-13)33)

=N %J,F_(gj-g_i)._ - - (c7)

Since Ej;gi is also a'crysﬁal traﬁslation, we caﬁ make the

';substitution

Rg. = B4R,

and then by summing'oveﬁ<§x instead of Bj’ we ﬁerely inter-
change the order of summation to obtain Equation Li3.
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‘Appendix D. Overlap and Related Integrals

The.two-center kinetic energy and overlap integrals

-.are evaluated using a method proposed by Silver and

Ruedenberg (83). | |

This method requires that the coordinate system of the
two centers be parallel with their z-axes pointing towardé
one'anothér. In.our calculations, however, the coordinata

systems at the two centers are both parallel to that of the

. crystal as a whole . ‘The,problem remains, then, to transform . -

the atomic orbltals at the two centérs into coordinate
systems of the type neceéssary for evaluation..
At the center, A, this will be a rotation and at the

center B, 1t will be an inversion of the z'-axes followed

.Aby'tbe same rotaﬁion as at A. Since the radial. part of the

atomic orbitals is invariant under such transformations,
we need only examine their effect on the spherical harmonics.

o

The inversion is given simply by .
Yxm(ﬁ: ¢) =Yxm(7r" 9‘:'53')
s(-1) Ay (g0, g (D1)

with'the primeé indicating the 1inverted system.

Since the spherical harmonics forms the bases for thé
irreducible representations bf the ;hree-dimensional'rotation
_gfoup, we can utilizé the matrix elements of these represen-

tations to accomplish the transformation.

i

y



18L -

For a complex spherical harmonic on center A

Yym( ©4:8,) = i_jm(o{ -6 ,-9) 3, (6 ) (p2)
where (S, ¢A)~ and (6 1\' Q’A) are the polar coordinates of
the unprimed and primed coordinate system’sA,l respectively,-
of Figure DI. '
oL, -0 and -¢ éré the Euler angles necessary to
‘rotate - the (Ix'y'z')- system into coincidénce with the (xyz)
system. O and ¢ are measured from the x! and x axes,
respectively, to the z-z' plané. € 1is measured from the ‘
z-axis to the z'-axié. | | |

The coefficients are given' by
2 - |
Dl e, B,%) = exp(~1k o Jexp(-imB)d_ (8 )

~ where

gy LTy [demiaem ol @] F
km = t..(-1) (A+k-t)} (R-m-t)l (t+m-k)! £}

kcés 'ﬂ/2)2f+k-m-2t(sinﬂ /2)2t+m-k
‘ . (D3)

the 1ndei, t, running from max (O,k-m) to min (} -m, f+k) .

If one dgfines the .real spherical harmonics, ‘Ei?m’ as‘.

e Yemy A gt ¢ L)Y gpm } (Bk)
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" Pigure D1. Coordinate systems,



Where 'Y% : m>O0
N(m) = % i m=20
Y1 m< 0

“and

| * {(41)m m3 0 N
I - 4 . .
then utiiiZing Equations D1 and D2 for the necessary trans-

 formations, we get as a final expression for the two-

' centered integfals

'_<Rn1(rA’ ‘\j‘?m( 9A¢A)l F\R 12 1(I‘B gg)yﬂum:(eB,ﬁBD
T N‘i"m>N<m'>‘-“ '{C‘°)<Rné'\{zo(GA'-‘*’A)IFI%'I'Yf'o"95'¢5)>

+‘min(9,£') Smimi+ Sm'lm'\ .
> [etr+(-1) cu(k)) Ry m((e

k=1 . :
o087}
‘with | |
c(k)=(-1)* foxp(1 xmt;zf)‘dk’fln;"f (-e'm('m.)exp(-i|§n{¢>akﬂ,m\ (-1} ’
'.{e;p(-i it B8 (-0) +4I(m,).e‘)'cf>(1lm"l ¢5df;_'\m;| -0}
N (D6)
The d;pendenée on the Euler angle o(has @roppéd out

‘corresponding to the one degree of freedom we have in
i , : :

i
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‘choosing the primed'coordinate System.
Equation D5 is the overlap integral if F=1'and the

potential integral if
BRI < P
F = V(E‘_ "_/_oj )

" If F includes coulomb and exchange operators, it must be

transformqg in a similar manner.
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Appendix E. Potentlal Integrals

The atomib potential used in the TBA method'consists of
three operators. These are Coulomb and exchange operators,
Mgiving rise to Coulomb and exchange lntegrals, and a third
_operator ‘2°ZB/EB for an electron attracted to'cénter B~
" that gives rise to nuclear attraction integrals. The
Coulomb and exchange integrals are evaluated by methods
programmed for the IBM 360-65 computer (24, 85). The

nuclear attraction integrals are of . the type

<An£m( § 'Tp) is\ Apr g rrl S"I’.A)>

wheretthe single-zata,'normalized STO's are

(2Xyrd . -
Anﬁm(k ’-_T_'_A) = -(—%S—)-Tr EAn-'l eIXP(‘X:PA)YQm(e,-Q,)‘ (El)

for a function located on atpmic center A. The nuclear
" attraction integrals are evaluated by the use of the

expression.
.4<An52m( S rA)k \ nt ,Q 'm'(S 2N )> =

Sm.(-l)m<2§ )“*4(23 n'+g [ Q+1)(zx'+1)/
. (2n)l « (2n' )\)

N . 2+ 4 : :
O R (MY )

0O 0 0 m-m O
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: [En+n'+L()°) M An+n'-L-1(P)J . | (E2:)v

The summation index L is limited by the constraint
that 2+X '+, = even, 1 L 23) 18 the Wigner 3J svmbol (8l),
: 1mem3 '
R = interatomic distance between centers A and B, P =
,

R( g '+§ ') and the functions Ek(/’) and A (L) are given
by (24 | |

1 . A .
.J? dt t¥ exp(-xt)

o

Ex(x)

Ag(x) = ~f” dt tk.exp(éxp); S  (E3)
A c |

- These functions are obtained using the recursion relations

: Ek(x). (k.E;k_l(.x)' - exp.(-x)]‘ /x

ae(x) = (K A (x) + exp(-x)] /x. (B

from the starting functions

. Eo(x). = {1 - éxp(.'-X)-) /x

ap(x) = exp(-x)/x. (ES)

In order to maintain uniform accuracy, an infinite serles is
used Tor computing E,(x) If the relation,
x <(0.0724 0.012k, ) Knax o ' - (Eb)

is satisfied:
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. C os _ 4 A |
E(x) = kl exp(-x) & x/(k+1+1)| . (E7)
: 1=0 o
The expression given for Equation E2 can .be derived by

: using the LaPlace éxpansion for rBi'l,'the inverse distance

between electron 1 and nucleus B:

-1 -2 (hw 2Li)% L - ( g,.)
TR T L, T/ :f:<+1B Lot 9a1ttat’ - (gg)
. - |

>

i.wher'e r<:(r >) is the lesser (greéten) of r,; and R, and
the'ﬁ LM are real normalized spherical harmonics. One can
then integrate the resulting expression direcfly and, by
'iﬁterchanging summaﬁions, arrive at Equation E2.
The Coulomb and exchange integrals necessary to obtain
the crystal potential in Equation 28 gre'evaluatad for
" single Slater type orbitals (STO's) which are subsequently
linearly cdmbinéd by an auxiliary progrem. The llnear
combination is necessary since the atomic orbital functions
used in the TBA calcﬁlation are multi-STO type; (Eqﬁation 5h).
The STO's used in the computer programs developed by
Silver (2!1) and Mehler (55) for Coulomb and éxchange inte-
gralg are real spherical harmonics. Since the rotation of
spherical harmonics described in Appendix Dvuses the ima-
ginéry spherical harmonics as a basis (only this type is an
eigenfunction of the 3-dim§nsiona1 rotation group), we must

be careful in using the integrals. Fortunately, we obtain a

i
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convenient identity whién'may be demonstrated for the real
P*‘énd-Pv functions. By'Equation D, we have after dropping

the radial part of P, and Py

e vl _ oyl
Pyo= Yl - v =Y.,
T2

and

-1 1
1(Y + Y -
The .real normalized spherical harmonics may be linearly .

g combined to give the imaginary normalized spherical harmonics:

x "~ Y
A PR
and _
Y} = (P + 1P))
v
| V2

If we consider tﬁe,charge @istributions vi-1, Yil and
_Y?lo Y% for electron 6ne; the corresponding Coulomb . integrals
of ﬁbe electrostatic interaction between these distributions -
and an erbitrary charge distpibutidn JD(Z) for electron

two are: S o |
bR o VI E)) ={< Pepi| P12 +<pyp ) P (2))} /2
<Y{ e f(;)} = {<PxPx\ P(2)>' +<ryPyl P(a)}} /2
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‘Therefore, < Y] Yil‘f(z)) = <Y31~ Y] \_Jo(a)>. Since
<P3Px\f(2)> =<PyPy [f(2)> , there exists a one to one
!qorrespondence between ths imaginary and real spherical

.Ag!‘harmonicg, e;~g. (}fllylli.ﬁ(?)) ==< Y% YH}D(Z)> .- Thé ide‘n-

! ) .
itity allows one to use the numerical values of Coulomb and

exchange Iintegrals obtained from real functions to represent.

i
1
!
1
!
i
!
|
'

i
i
!

!
!
-’!the imaginary case.

| ' '
| Some difficulty arose In the evaluation of Coulomb and

1

‘?exchange integrals when RAB-(S.A* SB) = 360 where R,p '}is the
' .internuclear distance expiessed in Bohr units and SA and S B
are the orbital exponents of STO's located on centers A and
B respectively. In auxiiiar'y functions used in the eval-
uation, exp(#R,g( s;A +§B)) occurs and the computer limit of
an exponentiél is +174. ' Apparently, the present programs
are not written to handle this situation. Therefore, we had
to apply a reasonable apprbximation to integrals -w‘nere this
problem arose. The rhenium 54 énd 6p functions ;nave large
orbital 'exponents in inner radial ‘region (as have been seen
in the discussion on orbitai functions) which are neglectéci 1n
integral evaluations. 'Therefore, renormalization of these
orbitals is necessary since a small part has been cut out.

The normalization constant of the 5d 1s 1.01709 and 6s is

1.004342.
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Appendix F. Atomic Orbital Energy Parameters

The one-electron terms which.are generally referred to.
‘as the core energy, I, is the sum of the kinetic energy and

potential energy from the field of- the bare nucleus.

The core energy is evaluated from the followlng

integral : : S .
[~ -] 2 .
- d 2z , % |
I‘ ~ 50 Pi {\ - -d’-;a - -ﬂr-— + _...___.E(?; ,.1_)_ } Pidv
where Pigr) = % Cjan'-ﬂjl(r)r. = ?Cij gxp(- kjr)rnj'.. k

Integration gives upon expansion of Py

_% S Y O O
I -Z; ?CiCjNiNj - ?i.(ni-:-nj)!
(§yr ypmamy™
. (2'OniS» 1-22) (ni+n1-1)f
(Fg% § 400140

- (03+9)(ng- ] -1) (ny+n;-2)1 1} |
(§ i+ kj)niﬂqj-l )

The Slater-Condon parameters, F¥ and Gk, are calculated

via the following integrals:



B

194

w .

LRk ' . 1 2 )+ '
G*(ns L n£)==J~PPY(n n, f,)dr
| 1 X038y ) 5 PP i 1 Ags ny KXy
where the potential function Yk(i,j) is

| - r . . T e
Yk(i’j)z r k j 'rk PiPJdI‘ + I‘k+1 II‘ Pin r (k+1)dr.

| Brown-Fitzpétrick.(25) and RoéfScﬁuit (36) express the
%1ater5Conddn parametérs in terms of Slater tvpe orbltals. |
@he latter formulation has been programed to obtain param-
éters for the g(i,j) terms in Equation 31,

 The derivation of the FK and GK expressions are

lengthy but straight forward If one utilizes the standard

integral
b - o n it - n
f x' exp(-rx)éx = 3 ‘—;nﬁ:_i"(.‘b e$p(_-r1b)+a exp(-ya))

\

a- . - i=o r
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Appendix G. TBA Results bf‘RGOB

The 1 th energy band corresponding to the crystal
orbital'Qith'function]qri(g,g) is numbered along the left
 column. The eigenvalues of'@’i(g,g) are listed in Table Gl.
‘The % rheniﬁm; Cl, 0, and 0y atomic orbital contributions to:
ﬁyk(k r) ere listed in Tables G2, G3, cly and G5 for k =
(O.O,O.OQQ.O),( 0.0, O 0), (~,_,O 0) and (mﬂﬁﬁf) respectively.
‘Thus, we have the symmetry points gamma (I"), X, M and R
' represented. The subscripts labeling the oxygen atoms Oi, 05
and-03 are indiéated in'parehthesis.

The eigenwalﬁes in TaSle Gl are listed in Fortran
notétion where E Ox demotes X 10%, The energles are in
Rydberg units. o | |

The Fermi ‘energy is -1 u828 Rydbergs.
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TABLE Gl
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ENERGY SYMMETRY POINT
. BAND - GAMMA X M R
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of KTaO: o .
3

Using-the same notation as in Appendix G, Table Hl

contains the ‘eigenvalues
for the-i th energy band
' pondiﬁg % atomic orbital

The Fermi energy is

of crystal orbital runction1¥i(5,£)
and Tables H2 to HS are the corres-
contributions,

-3,8905 Rydbérgs.
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lAppendix I. TBA Results of Ne WO, (x=1.0)

:x; Using the same notation as in Appendix G, Table IX
qcntains the eigenvalues. of crystal orbital funCtioniyi(E,g)
.5for the i1 th energy band and Tables I2 to IS5 are the corres-
lponding % atomic orbi tal coﬁtribﬁtions.

The Fermi energy is F3,2252 Rydbergs.
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Appendix J. Translational Symmetry

The TBA approximation depends on a successful-amalgamQ

‘ation of a LCAO (linear combination of atomic orbitals)

" with the translational symme try possessed by a crystal. Let

' us discuss the translational symme try aspect of the problem

and show how the LCAO approach enters into the TBA method.
Vectors Ep=pi£l+p2£2+p333 connect equivalent points
in ordinary space. The unit cell is defined by the basis
vector set t. For an infinife crystal, the components
(pl,pz,pB) can assume any integral value. Such vectors R
are defined as translation vectors.
Let Tl,T2 and T3 be translation operators connected

with the primitive translations El’ t respectively.

-2 3
Generally Tv(v=1,2 or 3) operates on some function f(r)

and t

to give
T,f(r)=C(r+t,). ’
In terms of =a translation vector ap’ a translation operator

T(p) is defined as

Pl P2 ,P3
T =7 T T
(p)=Ty" %2 "3 e Tgl f(r)=f(r+pyt;).

However, if we take a microcrystal,eg. p1=1000=p2=p3, in
a bulk solid, we still have the translational symmetry of
the particular cfystal. That 1s, the microcrystél is re-
‘pqated throughout the crystal in a périodic fashion, In

general we shall define the microcrystal as containing

G unit cells.
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By restricting the size of. the microcrystal‘to'some
finite ‘size, namely G unit cells, we obtain the Born-

' t :
von-Karman (43) cyclic boundary condition,i.e.

f(r+Gt ) = f(r).
In other words, we never pass through the surface of the
microcrystal, but instead circle back to the origin. Then
each microcrystal contains G3 lattice points defined by
the inequality O<p 4G-1 (v=1,2,3). Lowdin(86) calls this
inequality the "ground domain (G) ". Other equally good

ground domains are
14p 4G and
~(6-1)/24p ¢ (0-1)/2.

~The Implications of the above boundary conditions are two-
. Told
1) 10 =1,
v .

2) The three translations will now be cyclic operators
of order G having eigenvalues exp(2xyi k /G) where k, equals
an integer. .

The second implication deserves some‘discussion.'The,

translation operator on a function f(r) gives us the usual

eigenvalue problem where-

S me) f(x)= A r(zeR).

} . 1s the elgbnvalue of translation.R
P o . and

o * Since <ro)| e

U e TS
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and'<f(p) f(r)\T(p)‘f(rf}have the same value because of

translational symme try (that is, f(r)= f(r+5p) 7\ is a com-

plex number of modulus unity of ) =exp(16 )) b is related
p A

" to the translation vector Bp by the expression

07k Ry ‘
which i1s the inner product 6f Eé end the wave vector k in
reciprocai space, This identification is maae via the
definition of a wave vector k

k=2x(K)b

1 + KZEZ + K333) or

k=k b, +k_ 39.2+1<z.b_3
where the basis set b 1is ihversely related to t . As in
recent literature on energy band theorx)& compopents a;e
expressed by (kx’ky’kz) which are not integers whilekK,
(v=1,2,3) are.
The function f(r) is characterized by a pertiéulan

vector k which appears in the eigenvalue of each transla-.

Atibn operator. Thus, f(r), if a periodic function, gives

f(r+R )=exp(ik-R )f(r).
This relation is;refgrfed to as Bloch's theorem (87).
If a localized function f(g) is nop a funcﬁion of 5;
but 1s still periodic, we can use Bloch's suggestion (87)
to obtain f(k,r) by multiplying f(r) by a phase factbr

eXP(JE’Ep) for each translation Ep} This can be shown for

v
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.the q th atomic orbital function ¢ for an electron located
at r- £ (see Figure 1) or § (r- J’) For instance, a
- = ‘ Qs — —8

translation -gp corresponds to the elgenvalue equation

.T(-pjﬁ (r-l’)—¢ (r- -R )—exp( 1k.Ry ¢(£ f’

The position vector r _-i; gp) is shown in Figure 2. Then
f(5’2)=¢q,§£"_9 )=exp(ik Ep)ﬁqgg _fﬁ-gp). In general, we
define the sum of f(E'ﬁ) for all possible translations

as the Bloch sum bthE’z) which corresponds to'the‘q th.

atomic orbital located on atomic site B. That is,

. pR
b (k,r)= N2 2 1k R -P-R ).
e = N2 Doxptien, ), (o f R)

The normaiization constant Nq of Bloch sum bqﬂis obtained
_ ; A

b& the evaluation of the self-ovérlap of un-normalized

Bloch sums. | |
We are now equipt to expand the crystal orbitals

}P;(E,E) into a linear combination of Bloch sumé which

for the m th crystal orbital function becomes

Volk,r)=2 b (k, r)c (k).

a7 4de
3 .
(k) i1s the corresponding expansion coefficient.
qm — ‘ , : o :
With a knowledge of the linear combination of Bloch

sums after one evaluates the coeffilents C;;(g) for the
wave vector coordinates,i.e. (kx’ky’kz)’ one can classify
the energy band symmetry to the proper irreducible represw

entations of subgroups of the space group to which the - | _ é
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crystal bélongs. Available group theoretical éharacter
-tables for all of the subgroups of the Oh space group (88)
facilitates this classification for perovskite transition

. metal oxides which are simple cuble or Oi.
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. Appendix K. Uhitary Transformations

Ziman(ly) shows how Wannier functions are obtained from
Bloch sums using a unjfary transformation. In the tight-
binding limit, atomic orbital functibns are obtained in the
same manner:

) : ym
" exP(_fig E()bq _]E’I'_z“

-3 E
qu Z\ vexp(ik (R -Rl)) ;zfx(_r_f‘x gp)

N= R =R

a.Bp BpR ¢q P )
. | | | |
i PalEd 7Ry B
ax |

The crux of this unitary trsnsformation is the 1déntity’(h)

T exp(ik-(R B ) = G

where G equals the number of unit cells in the microérystal.

We will use the unitary transformation to obtain

%;e(r) and n (note that the position vector r is label-

ax
ed to facilitate easier notation)

The Fock operator on electron £ in state k is'}(k rr)

defined,in Equation 17.‘;kg,£r) averaged over k space

‘yields
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. Zz exp(‘-i,lf_"ﬁ 831‘?( il{-.zv).'

RR,
-
3, ?2(91 (r s Rg ¢ A2 PEV)‘
| L T = :
. -(ﬁqx(r JD R)\¢t13 yf } (K3)

Bringing the phase factors exp(iig_°_R_Z) into the double

sum over the translation vectors in Equation K3 and using

Equation K2 we obtain the transformed expression

/3: (pot= - Z\ r . .
N é S T 2§ § gCouIOmb
q Ry R,

« ts R§ _1_ &exchange( o
) =

Ry, R
Nth §) A ==k Loperators
x =

and rearrangement after summing over E_tgand B_Vyields
(r )=- TZZ /r 2 ——a J28F_ (r-L-R)F (r-f-R)‘
:}/ I L {‘ qx,tp N2 NE AKX =y=x =" Lpy Sy

"N L
- @ fR)\Q' _Y_F_i_
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e
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E‘I’k(Q“; tﬂ)

. | | ' (Kly)

@ |

If we let r= '+§v and make substitution into Bquation Kl,

we obtain using §p=§§- R, (also dropping the prime over

the dummy index)

Ave jz}
(r, )= - 27 t
Gy C@ 3 j/r/“ q«, tp (q« F)
' GG . _
wd vt 32 Jouleg i) Fsizes)|
q - - - -
B SrefR )|z f) § 0 (x5)
Ave

where p~  (qX,tg) 1s the average bond order matrix over

k space.

In Appendix C, we find basis for making a further

simplification of Equation K5 whereby the product of G and

the Coulomb and exchange operators for a particular trans-

vectors where p ranges from 1 to G. Then Equation K5 becomes

Ave |
F(r) =-¢ -Zzzk/r v 2 pA‘"’(q«,tp)

9%, tp 11
N Nt
Coulomb and.z q

W

g o
* 7 { exhange op~- (K6)

. p=0 erators
We 1nc1ude §=O to the sum in EQuatioané in ofder'to est;
ablish the convention qQq=t Qnd'R =O._
Let us now proceed to make a similar transformation

of the Flodmark population analysis. From Equation 2u we
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have an expression for nqo;amenable;to the unitary trans-
formation. The resulting set bf-equations for the uni tary

transformation 1is

2 My X ' ]
n =2 v % n (k) exp(1kRy)exp(-1kR

A J)

= s Z\ EZC o) 8 (b (k,r Jexp(-1k R,
k mts btﬁ(* ,r )exp(- ik-Rj)>

_2 Z My <t 5 |

- G 2— Z CQm(E)Ctm‘(K) "

k m t B8

* exp(ik(-R¢R ))exp(ig'(ﬁ;ﬁj)) N;%NE% .

¥
< Seels Rl o8R0

A In a manner no different than the unitary transformation

4~§f the Fock operator we obtain

, ‘ e G
nar L7 lamt®) 3 <A (o f-ﬂz\?’
o8 -
| T

All conventions used previously are ufilized for the
unitary transformation of fhe Flodmerk population analysis,
Thus the quantity n “can be interpretted in terms of the
atomic orbital QX wherebv the number of electrons 1n that
orbital on any o« site is the average value obtained from

the occubétion‘numbers-overAall k space.
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Appendix L. Matrix Elements Between Atomic Orbitals

If F(r ) =], we obtaln expressions for the overlap
matrix elements A 3ﬁ(g) . Using Equation Lbwe directly
obtain Equation )_L9 for  case «{#Pand qfs. Other cases,
i.e. "(=P,q7‘s; A=$ ,q=8 ', need to be specially considered
in order to insure that all interactions are Included in

AN
the sum over interaction vectors. Thus, the conwention

used to define R f:@.‘. D(Kfor A=/ no longer applies'
since one 1nteraction ;ictor, j =1, is usvally taken as
zero. Obviously, -Pj #O (j=1,...,V) for general cases,
Therefore, v}e shall use a definition bf g-p which applies
to. the ‘special case X =B :

. XX i :

‘§p=_f3 (§=0,1,2,...V) where

XK _
.P =0 for the. origin of atom type

located at -‘-Po( in the unit cell.

The latter cholce satisfies the "ground domain(G)"
discussed in Appendix Jda
Using the above convention, we write A (W gg
QA Sk
i
A (k) = GN_ N 2
W~ s ?”-xp( 1k F ). v
§=0 .

<¢ - )l¢5°( '(> : | (L].A)

e TR
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Equation L1 can be expressed in a form compatible with
economic usé of the computer; namely, we shall use Euler's
relation to convert the exponential terms in Equation Ll
into cosineAana sin terms which are more -practical to
evaluate., Using a parity term derived in Appendix M, we
are able to write Equations in the text which apply to
the case &=pP and qfs. |

In the case =8 and q=3, we obtain the diagonal elements

‘Which are obtalned from Equation L1 via the Euler relation

and are written in terms of cosines

A_q“q&@ Glig (qu« )l;d (2)>

& ot Ko o8 Mtz

: , : (L2)
If the atomic orbital functions are normalized, the overlap

term cdrresponding to the null vector is equal to one,
If the Bloch sums are normalized to'unity,i e. ZXQink)
equals one, we need only rearrange Bquation L2 to obtain

an expression for the normalization constant N which is
_ qQx

_ o
Nq«w{h 2 jZl‘ Zcos(k Fj )(yf ?*fj)l ¢q0((gr)>.

Before Qe.move on to a diacussion of fhe Hamiltonian matrix

elements, we should comment on the orthogonality of atomic
orbital functions, |

The diatomic overlap 1ntevral<75 (r )\ ¢ K >wh1ch

'results for the null- vector fj occurs for‘(—ﬁand q#s.
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It_isAimportant to stress that this integral is generaily
non-zero. FOr‘instancg, 1f'non-brthogona1 analytical atomic
orbital functions are used, the overlap integral is non-
zero wheﬁ the following conditions on the quantum numbers
for orbitals gqo«Cand écxare met: .nq%né;lg=42; and mq=ms.
However, if the Schmidt process is appliéd to the non-
orthogonal basis set, the resulting orthogonal functions
will automatically'giye a zero value for the integral with
égi quantum number set. In any case, the TBA computer pro-
grah is written to handle either orthogonal or nonsorthogonal
functions for atomic orbitals oﬁ A'given atom, o

If F(rH) equals the TBA Fock operator defined in
Equation 26, off-diagonal (q;‘s,o(#ﬁ) matrix elements of P(k)

can be written using Equation L6

-1 -1 v ﬁkﬁ(x

o<(r-J° ) ‘Av“(rr)lﬁsﬂ(zﬁb}. S (w3

In order to express the energy matrix elements, we need to
arrange terms In the Fock operator ﬁo give integrals from
Equation L3 which can be simplified by Various approximations..
First of all, we can separate V (r 'j§9 from the double sum
in Equation 26 to give |

Ave G =

r -)y=-R ).

- tegs 'V T 5}3 "3 %;sv"("?f?f“’) (11)

Then we substitute g;rpflignto Equation Lh.giVing,affer

dropping the prime as a dummy index of 1htegratioﬁ;

E T T o s
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Ave
1378 " “

. BY
in terms of 1n‘teraction vectors !; Furthermore, Equation

- I% can expended further to give the operatbr form which

enters into Equation L3
Ave . 2
(r )= +'V(r)+v(r-f))+
R SRR AR Ve
' (L&)
The primes over the summation signs indicate that theeinter-

action vector defined by p=j and Y= <xis removed from the

‘double sum. Therefore, Equation 1,3 becomes

gy e (PO
qusﬁ(g_)z GN l\:sﬁ [2__ . exp(-ik (P Jo
.[1 (J)+Il(3)+z) 2' I (J,p,‘d}]
where. I,0(3) ==<¢qx(r;13 )l V +V (rr)*ﬁsﬁ(’r(‘ )
1,09 < _T\f; )!vq/(r Sﬁ(zr)>
=< - (P - ,.A
I,(3,p,9) ‘”qa}ﬁpf’l"x‘-p,—f )| ¢sﬁ(gr))

-‘We use Equatioﬁ 36 to approximate I (j)A as

Ib(i)-‘:{ﬁq JO )|¢Sﬁ+ ‘ﬁf-Ii(j) is ap:p:*oxi-

mated via Equat‘ion h.O to be

I, (j)—(ﬂqo((zp-_j )|¢ (rr>>€q0<

"< L - v\ o D,

| . 2 |
¥ (@)= -v " vglr) v 2, v a5 (L5)

e AT T
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Finally, I (j,p,X)' 1s simplified by the Mulliken approxi-

mation used in Equation 32 to give

5 IL(1,p) = 39, _,,-_j >\¢
(<¢ (r,]v‘u-( Em -r)>
+<g (r' )lV (r f’ slﬂf ﬁ(r{‘»}

-The above approximations are used to eécpress qu{s(_l_{)
f.’m Equation 49; t_he form used to make ‘computation of meatrix
E.elements». o
In the case of q=s (or q#s) and =P ,we define the
matrix elements for l.{‘(g)‘ in Equation 50 using conventions
proposed for the corresponding overlap matrix elements.
and using essentiallj the same approximations as sbove to
simplify integrals. The TBA Fock operator is treated
similiarly as above, but potential terms for instead of.
gai‘e separated'from the double sum to give the following
form used in Equation 50
1%6(2#) = 'Vi. +V (rr‘ (51121“;(+§i', ﬁo("'
V (r-F |
The double. primes denote that the ¥ th vector for X— is

removed from the double sum.
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Appendix M. .Parity of Overlap Integrals

We want to examihe'the‘value of an overlap integral on:
a translation of codrdinate éystem B (Figure M1l) by 2R along
the Z, axis (Figure M2). |
" Tet us investigate the angular part of an overlap type
integral Between two orbitals haviﬁg quantum numbers n,X,h
and n',Q',m' and being separated by the vector R=(R,0,#).

That is, we shall use Equation D6 to define
.<’yfm.(gA’¢A)\llZm'(gB"¢B)> - A(E)AB

Then,

I

A(R), --N (m)N(m') (-1) Z( 13

. [exp( ﬁfm)d (B) + I(m) exp(ilmt?f) d (B)]
k - |mt k m|

. (‘pr(inm\')dg(B ) + I(m")exp(-1Jm) d (9))

k -(m ok m
<YRlY D |
. : (M)
where X= # and F=-¢. . :
Now if we examine[&(-E)AB we have that e

-R=(R, 76,1 +f). |
Then B'= -(r=0)= @-7w = (F+7n) and ¥ = -(F+n)==For=Y¥-n
for Euler angles in the‘ displaced system (Figure M2). Since
eXp(i.m(Y-)r))=f3xp(1mX)exp‘(-1mn)=(-1)mexp(im75) and ‘

' R+m k'

) , 9 '
d (-8-%) =a (B+1 ) = (-1) - a(8)
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- Figure Ml. The usual overlap coordinate systém.}
L ‘
l(—- ‘ -—9l
' X o K
R X

A,

Y

Figure M2. B is transiated 2R'along*the'22 axis.
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‘'via the symmetry properties of d‘g as defined by Edmonds

' ' km o
(84), we have for the expression in the first bracket in
Equation Ml

4 | - 9
(-F-n) + I(m) exp(i(m(¥-x))d(-f-r)=

(exp(-1(m| (¥-n) a
k -\m| k (m\

o +m A .
= (-D" (-1} (exp(-1ma(8) +I(m)exp(1imNa’(8) .
. -k -|m{ & (ml
The traneformation of the quantlty in the second brackets
in Equation Ml leads to a similiar form with the parity '
:factors appearing out in front (because of orthogonality
of ¢ dependent functions m=m' so we are left with a
parity factor in,ﬂand4ﬂonlv.
Since <YxiYk> (v, \Y >(8l4), substitution of the

above form into Equation Ml merely changes the order of

summation and we have that

«Q+1/
A(g) = (-1) . A(-R) (2)
~ AB. A
A
If F(rr)-v(rPio ), we st111 would have (-1) in o/

front of the negative -R 5ntegra1 Therefore, Equation
M2 1s a general rcsult te be used in both_overlap and

Hamiltonian matrix elements,




