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1. INTRODUCTION

Throughout this paper all rings are commutative, with identity, and Noethe-
rian, unless otherwise specified. We introduce the notion of the tight closure
of an ideal in prime characteristic p and for algebras essentially of finite type
over a field of characteristic 0. Later, we extend the theory to submodules of
modules. As a consequence, we are able to give new proofs, which are remark-
ably simple in characteristic p (often just a few sentences), of several results
that were not thought to be particularly related, i.e., that rings of invariants of
linearly reductive groups acting on regular rings are Cohen-Macaulay, that the
integral closure of the nth power of an n generator ideal of a regular ring is con-
tained in the ideal (the Briangon-Skoda theorem), of the monomial conjecture,
and of the syzygy theorem.

(Cf. [HRI1, B, Ke, and Bor] for the background on invariant theory, [BrS,
Sk, LS, and LT} for information about the Briangon-Skoda theorem, and [Wal]
for the question of J. Mather that initially motivated the work of Briangon and
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32 MELVIN HOCHSTER AND CRAIG HUNEKE

Skoda. Cf. [PS1, Ho3, Ho4, Ho9, Rol, Ro$5, Ro6, Du2, EvGl, and EvG2] for
more about the monomial conjecture, the syzygy theorem, and the other local
homological conjectures.)

The new proofs yield much more general theorems. For example, we shall
show in [HH7] that if S is any Noetherian regular ring containing a field and
R is a direct summand of S as an R-module (we shall sometimes say, briefly,
that R is a summand of S to describe this situation: we always mean R — S
is R-split), then R is Cohen-Macaulay. This result was not previously known
in this generality. Moreover, this illustrates a general principle. The results
proved here using tight closure techniques but which do not refer specifically
to tight closure can be extended to the general equicharacteristic case by using
Artin approximation to reduce to a situation in which tight closure is defined.

One of the most important characteristics of tight closure is that in a regular
ring every ideal is tightly closed. We call the Noetherian rings all of whose
localizations have this property “F-regular.” This is an important class of rings
that includes the rings of invariants of linearly reductive groups acting on regular
rings. A key point is that if § is F-regular and R is a direct summand of S
as an R-module, then R if F-regular. It turns out that, under mild conditions
(like being a homomorphic image of a Cohen-Macaulay ring or a weakening of
the requirements for excellence), F-regular rings, which are always normal, are
Cohen-Macaulay as well. One of our objectives in the sequels to this paper is
to explore the theory of these rings, including its connection with the theory of
rational singularities. (The F stands for Frobenius. The reason for this usage
will become clear once tight closure is defined.)

Suppose, for simplicity, that R is local. One of the characterizations of the
Cohen-Macaulay (C-M) property for R is that for elements x , ..., x, that
are part of a system of parameters, (x,, ..., x,_;)JR: zx, =(x,,...,Xx,_;)R.
(Recall that I: gx =1:x = {r € R: xr € I}, the pullback of the annihilator of
x in R/I to R.) A critically important property of tight closure is that, under
mild conditions on R, (x,,...,X,_,):x, S (x;,..., x"_,)* . Of course, we
are not assuming that R is C-M. We describe this property briefly by saying
“the tight closure captures colons.” This gives an important form of control
of the cohomological obstruction to the C-M property. (Note that whenever
the tight closure captures colons and R is F-regular, R must be C-M.) What
is more, there is a similar result that is global and applies to a sequence of
operations (such as intersection, colon, sum, and product) on ideals generated
by monomials in elements that are locally parameters. There is an “expected”
answer, which is correct in the case where the x.’s form an R-sequence, and
the correct answer, in general, is in the tight closure of the “expected” answer.
See §7.

Suppose that R C S are domains for which tight closure is defined, and S
is regular (or F-regular). Another important point is that for any ideal / C R,
I'S = IS. In particular, the tight closure of an ideal / in a domain R is
contained in the contraction to R if IS for every (F-)regular domain S D R.
In consequence, the tight closure of an ideal is contained in the integral closure,
but is usually much smaller.
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TIGHT CLOSURE, INVARIANT THEORY 33

Combining this result with the preceding paragraph, one can show that, under

mild conditions on the equicharacteristic ring R, if x,, ..., x, are locally pa-
rametersin R and R C S, where S isregular, then ((x,, ..., x,_,): gx,)S=
(x5 ..., X,_,)S, a very surprising result.

Here is an example of a theorem proved using tight closure for submodules
that is closely allied to the result on colons cited just above.

Theorem (Vanishing Theorem). Let A C R C S be excellent equicharacteristic
rings such that A, S are regular domains and R is module-finite over A. Let M
be a finitely generated A-module. Then the map Torf(M ,R) — Torf(M ,S)
is 0 forall i>1.

We have not attempted to state the most general version of this result here.
Improved versions can be derived from the phantom acyclicity criterion of §9
of this paper, and this will be carried through in [HH4]. But we note that
the version given already implies that direct summands of regular rings are
C-M (using only the case M = K) and the direct summand (or monomial)
conjecture (using only the case where S is a discrete valuation ring). The proof
uses Artin approximation to reduce to a case where tight closure techniques can
be employed. One shows that appropriate boundaries are in the tight closure of
the cycles, which makes the homology vanish after one maps to a regular ring.

The structure of the manuscript is as follows. In the next section, we give
some important notation and conventions. In §3 we discuss the basic defini-
tions for tight closure for ideals. We felt it worthwhile to include the charac-
teristic 0 definitions for ideals, although the detailed study of characteristic
0 is postponed until [HH7]. In §4 we establish the basic properties for tight
closure in the case of ideals and prove that direct summands of regular rings
are Cohen-Macaulay in characteristic p. §5 deals with results related to the
Briancon-Skoda theorem.

In §6 we introduce the notion of a test element. In certain circumstances,
one can show that fixed elements of the ring can be used in all tight closure
tests. In §7 we study operations on ideals generated by parameters and prove
results about when they are contained in the tight closure of the answer one
would expect if they formed an R-sequence. The next section introduces the
notion of tight closure for submodules in characteristic p and establishes many
basic properties.

In §9 we introduce the notion of phantom homology. This occurs when the
cycles in a module of a complex are in tight closure, within that module, of
the boundaries. We give a criterion, referred to as the “phantom acyclicity
criterion,” for a free complex along with all its images under iterations of the
Frobenius functor to have higher phantom homology.

In §10 we explore various alternative notions of tight closure and use one of
them to give a new proof of the syzygy theorem. In §11 we refine our phan-
tom acyclicity criteria in the case where the ring is a homomorphic image of a
Gorenstein ring of finite Krull dimension. The present paper ends with §11, but
we want to describe briefly the planned contents of some sequels to this paper.

The techniques discussed here are still insufficient to deal with the case of
rings that are not locally equidimensional. In [HH4] we solve that problem by
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34 MELVIN HOCHSTER AND CRAIG HUNEKE

using the notion of minheight and the related notion of being weakly Cohen-
Macaulay, which are introduced in [HH4], as well as generalizing certain phan-
tom acyclicity results to the case of complexes that are not necessarily free.
These results are then applied in [HH4] to prove numerous vanishing theorems
for maps of homology and cohomology that may be thought of as enormous
generalizations of the Vanishing Theorem (for maps of Tor) discussed above.

In [HH4] we also study the notion of regular closure, which can be used as a
substitute for tight closure in characteristic 0. In a Noetherian domain R, an
element is in the regular closure of an ideal if it is in the contraction back to R
of the expansion of the ideal to every regular domain that contains R. The tight
closure is contained in the regular closure (which is obviously contained in the
integral closure, where one uses contracted expansions from discrete valuation
rings instead). Every theorem on tight closure in characteristic p has a weaker
version expressed in terms of regular closure which has the advantage of being
capable of generalization to the equal characteristic 0 case. The generalizations
are carried out in [HH7]. It should be noted that we do not know whether, when
tight closure is defined, it coincides with the regular closure. Regular closure
has the advantage of being defined much more generally. However, we cannot
prove any interesting results about it directly. What we know is a consequence
of tight closure techniques.

When R is not a domain, one considers contracted expansions for maps to
regular domains whose kernels are minimal primes. There is also a notion of
regular closure for submodules of a module that plays a similar role when one
studies tight closure for submodules.

In [HH4, Theorem 6.2] we give a new proof of a result of Roberts used
in his demonstration of the new intersection theorem in mixed characteristic
(see [Ro5] and [Ro6]) as well as a new proof of a greatly strengthened form
of the improved new intersection theorem in characteristic p using phantom
acyclicity techniques. This result is generalized to the equal characteristic 0
case in [HH7].

In [HHS] we investigate rings in which every ideal generated by parameters is
tightly closed. These are called F-rational by Fedder and Watanabe [FeW] and
may coincide with rings with rational singularities in the affine equicharacteristic
0 case. They coincide with F-regular rings in the Gorenstein case, and this fact
is used to prove some results on behavior of F-regular Gorenstein rings. This
theory has the important corollary that a Gorenstein local ring of characteristic
p 1s F-regular provided that one ideal generated by a system of parameters is
tightly closed.

In [HHS] we discuss the notion of a strongly F-regular ring. This class of
rings is in many ways better behaved than the class of F-regular rings, but the
notion is defined only for reduced rings R of characteristic p such that R'?
is module-finite over R. In the Gorenstein case, when strong F-regularity is
defined, it coincides with F-regularity and weak F-regularity. See also [HH3].
[HHS5] also gives a further treatment of test elements and discusses the behavior
of tight closure under smooth base change.

In {HH6] we discuss the notion of a phantom extension, which can be used
to give a new proof of several local homological conjectures in characteristic p,
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including the existence of big Cohen-Macaulay modules and strengthenings in
various directions of the direct summand conjecture. We also study a number
of splitting problems. We show that weakly F-regular rings are direct summands
of all module-finite extensions in characteristic p and that the converse holds
for locally excellent Gorenstein domains. One tool introduced in studying the
converse is a sort of “Artin-Schreier closure” of an ideal. We give a general-
ization of the Briangon-Skoda theorem for the case of an isolated singularity
whose statement does not refer to tight closure.

In [HH7], we develop tight closure theory and phantom homology theory in
the equicharacteristic zero case, and study connections with rational singulari-
ties in characteristic zero.

Tight closure ideas are used in [HH8] to prove some surprising splitting theo-
rems for cyclic R-modules generated by elements of small order in module-finite
extension algebras of an F-regular ring R.

In [HH9], ideas closely connected with our study of Artin-Schreier closures
of ideals in [HH6], with the theory of test elements for tight closure, and with
the notion of Cohen-Macaulay tight closure discussed in §§10 and 11 of this
paper are used to prove the following result.

If R is an excellent, semilocal, biequidimensional domain of characteristic
p, then the integral closure R* of R in an algebraic closure of its fraction
field is a big Cohen-Macaulay module for R (every system of parameters for R
in its Jacobson radical is a regular sequence in R"). Although the idea of the
proof ‘of the main result in [HH9] evolved from tight closure theory, the paper
has been written so as to make it largely independent of the other tight closure
papers.

Parts of this manuscript have been discussed in the announcement [HH1], in
the expository papers [HH2] and [Hu2], and in [HH3].

2. NOTATION AND TERMINOLOGY

Unless otherwise specified, 4, R, and S denote Noetherian commutative
rings with 1. By a local ring we always mean a Noetherian ring with a unique
maximal ideal. R° denotes the complement of the union of the minimal primes
of R. I and J always denote ideals. Thus, “given I C R” means given an
ideal I in the Noetherian ring R. Unless otherwise specified, given modules
M and N are assumed to be finitely generated.

(2.1) Definition. We say that elements x,,...,x, in a Noetherian ring R
are parameters if for every prime ideal P containing them, their images in R,

are part of a system of parameters (5.0.p.).

Note that, with this definition, elements that generate the unit ideal are pa-
rameters. Since no prime contains them all, the condition holds vacuously.

We recall that R is said to be a pure subring of S (or that R — S is pure)
if for every R-module W, the induced map of R®, W — S®, W is injective
(of course, the first module is simply W).

If R is Noetherian, this is equivalent to assuming that R is a direct sum-
mand, as an R-module, of every finitely generated R-submodule of S con-
taining R. In particular, it suffices that R be a direct summand of S as an
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36 MELVIN HOCHSTER AND CRAIG HUNEKE

R-module. If R is a complete local ring, then R C S is pure iff R is a direct
summand of S as an R-module. See [HR1] and [HR2).

We make the following notational conventions in discussing characteristic p .
We shall always use p to denote a positive prime integer. We shall use e for
a variable element of N, the set of nonnegative integers, and ¢ for a variable
element of the set {p°: e € N}. Thus, “for all ¢” is synonymous with “for all
e € N” while “for some g~ is synonymous with “for some ¢ of the form p°
with e € N.”

If R is reduced of characteristic p, we write R4 for the ring obtained
by adjoining all gth roots of elements of R. The inclusion map R C R4
is isomorphic with the map F°: R — R, where ¢ = p°, F is the Frobenius
endomorphism of R, and F* isthe eth iteration of F,i.e., F°(r) =r?. When
R is reduced, we write R for the R-algebra {J qu/ ?. Note that R is a
chronic exception to the rule that the rings we consider be Noetherian. When
R is a reduced Noetherian ring of characteristic p, we use (R*)° for the

complement of the union of the minimal primes of R™: (R*)° = q(Rl/ 7.
If I CR and g = p°, then I'Y denotes (i¥: i€ I) = FS(DR. If S
generates I, then {i%: i € S} generates I').

3. THE DEFINITION OF TIGHT CLOSURE FOR IDEALS IN CHARACTERISTIC p
AND IN CHARACTERISTIC O

In this section we give briefly the definitions of tight closure for both ideals in
characteristic p and for algebras finitely generated over a field in characteristic
0. We also give a definition for algebras essentially of finite type over a field of
characteristic 0.

(3.1) Definition. Let 7 C R of characteristic p be given. We say that x € I",
the tight closure of I, if there exists ¢ € R° such that ¢x? € I' forall ¢ > 0,
i.e., for all sufficiently large ¢ of the form p°. If I = I", we say that I is
tightly closed.

(3.2) Remarks. Note that if R is a domain, which is by far the most important
case, the condition that ¢ € R° is simply the condition that ¢ not be 0. Note
also that if R is reduced, then cx? € I'Y! iff ¢"“x € IRY?. Thus, if x e I",
then for some ¢ € R°, we have that ¢'/“x € IR™ forall ¢ (this condition gets
stronger as g gets larger). This gives a heuristic argument for regarding x as
being “nearly” in I, or, at least, TR™ . It is multiplied into /R*™ by elements
that, in a formal sense, are getting “closer and closer” to 1 (since 1/g — O as
g — o). See Remark (6.12) for an additional perspective on tight closure.

In a preliminary version of this manuscript a slightly different definition of
tight closure was used. It was required that cx? € I'¥! for all ¢ instead of all
sufficiently large g . This change does not affect what I” turns out to be when
I has positive height or when R is reduced (cf. Proposition (4.1)(c)) and yields
a more satisfactory theory in other cases.

(3.3) Definition. Let R be a finitely generated algebra over a field K of char-
acteristic 0, /C R, and x, c€ R. Wecall atriple (D, R, I},) descent data
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for R, I, x,and c if D is a finitely generated Z-subalgebra of K, R, isa
finitely generated D-subalgebra of R, and I}, is an ideal of R, such that

(a) I, and R /I, are D-free.

(b) The canonical map K ®, R;, — R induced by the inclusions of K and
R, in R isa K-algebra isomorphism.

() I=1I,R.

(d) x,ceR,.

(3.4) Remarks. Condition (a) also implies that R, is D-free. Note that if
we are given D, R, and I, such that all conditions but (a) are satisfied,
we can achieve (a) by replacing D, R,,, I, by their tensor products with D,
for a suitable nonzero element a € D, by the lemma of generic flatness (cf.
[Mat, Chapter 8, §22, p. 156] or [HR1, §8, p. 146]). When L is a D-algebra,
we use the subscript L to denote objects and images after applying L®, . If
D' denotes any finitely generated subalgebra of K containing D, then D',
R,y , I, also constitute descent data (one must identify R, with a subring
of R. This is possible because it is free and so torsion-free over D', and so,
if L denotes the fraction field of D', we have R p € R, € Ry = R). Strictly
speaking, we should use the compositum R D[D'] instead of R, but the two
are canonically isomorphic, and we identify them.

Note that descent data always exist, for if we represent R as 7/J, where
T = K[x,,...,x,] is a polynomial ring and J = (f, ..., f,,)T, choose
& ---» & €T whose images in R generate I, and choose w, u € T whose
images in R are Xx, c, respectively, then we may, as a first approximation,
take D to be the algebra generated over Z by the coefficients of all of the
polynomials f, g, w, u, take R, tobe D[x,, ..., x,1/(f}, ..., f,), take
I, = (g, : V)R,, and take x', ¢’ to be the images of w, u, respectively,
in R,. We then modify D by localizing at one nonzero element (without
changing notation) so that I,,, R, /I, and hence R, are D-free. If L is
the fraction field of D, it is clear that R, injects into L ®, R;, and hence
into K®; (L®, R,) = K®, R, = R by the presentation. Thus, R;, may be
identified with a subring of R. It is easy to see that x', ¢’ are identified with
x, ¢ once this is done, that K ®, I, = I,R = I, and that, in fact, all of the
conditions which must be satisfied by descent data hold.

We are now ready for

(3.5) Definition. Let R be a finitely generated algebra over a field K of char-
acteristic 0 and 7 C R. We say that x € I", the tight closure of I, if there
exist ¢ € R° and descent data (D, R,,, I)) such that for every maximal ideal
m of D, if k =D/m and p denotes the characteristic of «, then chZ € I,[f]
in R, =R, /mR,, forevery ¢ = p° > 0, where the subscript ¥ denotes images
after applying k®,. If I =1", we say that I is tightly closed.

It is not even clear from this definition that I” is an ideal. We return to this
and other basic characteristic zero issues in [HH7].
We next define tight closure in a slightly larger context.
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(3.6) Definition. Let R be an algebra essentially of finite type over a field
K of characteristic 0, and I C R. We define the tight closure, I", of I as
Uz NB)" , where the union is extended over all finitely generated K-subalgebras
B of R such that R is a localization of B. Again, if I =I", we say that I is
tightly closed.

(3.7) Remark. We do not know whether the notion given by Definition (3.6)
for fields K of characteristic p coincides with the characteristic p definition of
tight closure. The difficulty is that we do not know that tight closure commutes
with localization.

4. BASIC PROPERTIES OF TIGHT CLOSURE
FOR IDEALS IN CHARACTERISTIC p

The following proposition shows that tight closure has the usual characteris-
tics of a closure operation.

(4.1) Proposition. Let R be a Noetherian ring of characteristic p, and let T,
J be ideals of R.
(a) I' is an ideal of R containing I.
(b) If I C J, then I" C J*. The intersection of an arbitrary family of
tightly closed ideals is tightly closed.
(c) If I has positive height or if R is reduced, then x € I" iff there exists
c € R° such that cx? € I') forall g =p°.
(d) For every I there exists ¢ € R° such that ¢c(I*)4 Cc 19 forall 4> 0.
If I has positive height or if R is reduced, then ¢ can be chosen so that
the inclusion holds for all q .
() I'=1"".
) dnhH)'cIrrnJ*.
8 I+ = +J).
(h) (IJ)" =(I"J")".
(1) (0)° = Rad(0). In particular, I" contains the nilradical of R for all
ICR.
(j) Forany I CR, I'" is the inverse image in R of (IRred)‘.
(k) If I is tightly closed, then I : J is tightly closed for any ideal J .

Proof. (a) and (b) are immediate from the definition. To prove (c), note that
an ideal of positive height is generated by the elements in its intersection with
R®, since it is contained in the union of the ideal they generate and the minimal
primes. The set of elements satisfying the condition that ¢x? € I'! for all ¢
is an ideal contained in /™. It suffices to show that each element of I* N R°
satisfies the stronger condition. Suppose x € R° and cx? eI forall g >4 .
Then we may simply replace ¢ by cx? to see that x satisfies the stronger
condition. On the other hand, if R is reduced and cx? € I'¥ for ¢ > ¢' with
¢ € R°, then since S = (R°)™'R is a finite product of fields, IS is generated by
an idempotent and so [ g = IS for all g . It follows that for each g < ¢, we
can choose ¢, € R° such that X € 1" and if we then take ¢’ = c(l'[q<q, cq,) ,
we have ¢'x? € I' forall q.
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To prove (d), choose a finite set of generators f; for I”, and choose c; € R’
for each i such that ¢, f € 1'" for ¢ > g,. Then ¢ = [],c, has the required
property for ¢ > max,;{g;}. If I has positive height or if R is reduced, choose
the ¢, to work for all ¢.

To prove (¢), suppose that r € I** and choose d € R° such that dr? € (I")1¥!
for all ¢ > 0. Choose ¢ as in part (d). Then (cd)r? € I' forall ¢>0.

(f) is immediate from (b). To prove (g), first note that since I+J C I +J",
wehave (I+J) C(I"+J") . But, I', J*C(I+J)" by(b)andso I'+J" C
(I+J) ,and then (I' +J*) C(I+J)" = (I +J)* by (b) and (e). For h),
we have IJ C I'J" and so (IJ)" € (I"J")". To prove the other inclusion it
suffices to show that I"J* € (IJ)*. Butif cu’ € I'! and dv? € J'9 for all
g> 0, then cd(uv)? € 79 = (1)!9 forall ¢ > 0.

For (i), note that x € (0)* iff for some c€ R°, cx? =0 forall ¢ >0, and
this holds iff cx” = 0 for some ¢ € R° and some n € N. This forces x" into
all minimal primes of R, and so x is nilpotent. To prove (j), first observe that
the image of R® in R_, is (R_;)° and the inverse image of (R,,)° in R is
R°. Itis clear that I" maps into (/R,_,)". Now assume that for all ¢ > ¢, we
have cx? € I''+ N, where c € R®, i.e., x is in the inverse image of (IR_,)".

Choose ¢” such that N9 1 = 0. Then cx? € I’ for all ¢ > ¢'q", and so
xel.

To prove (k), first note that since 7: J = ﬂue ;11 u, we may suppose that

J = uR. Suppose ¢ € R° is such that cx? € (I: u)®! for ¢ > 0. Since
(I: ) c .y, c(xu)? € I'" forall g > 0, whence xu € I" = I and
xel:u. R

We note that * does not commute with N or : in general. For example,
if R =K[[x*, x’]] € K[Ix]] and m = (x*, x°), then (x’R)" =m, (x’R)* =
(x*, x*) (by Corollary (5.8), the tight closure of a principal ideal in a domain
is the same as its integral closure), and so (x’R)* N (x’R)" = (x*, x*), while
x’RNx’R = (xs, x6) , which is already tightly closed. Likewise, (sz)* :
(x3R)* =m: (x3 , x4) = R while x’R: x>’R=m is tightly closed.

Neither the sum nor the product of two tightly closed ideals is necessarily
tightly closed. In R = K{{x, y, z]}/ (x2 +y84 28) , where K is of characteristic
p>2, yR and zR are tightly closed, since R is a normal domain, but we shall

see in a moment that yR+zR is not. In fact, x € (yR+zR)" . In the same ring,

the maximal ideal m is tightly closed (by Theorem (5.2)), but x € (mz)* -m.

In fact, x% € (0%, 292 = x € (0%, 29)H)” = x € (y*, z))* (by Theorem
(5.4)), which is contained in both (m”)* and (yR+ zR)". The discussion of
Gorenstein rings in [HH5] and the discussion of rational singularities in [HH7]

are relevant.
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Our next objective is to prove that in regular rings every ideal is tightly closed.
We first note

(4.2) Lemma. Let R, S be arbitrary Noetherian rings such that S is a flat
R-algebra, and let 1, J be ideals of R. Then IS: (JS = (I: zJ)S, where
I:J={reR:rJCI}.

Proof. See [N, Theorem 18.1, part2]. W

(4.3) Corollary. In a regular ring R of characteristic p, for any two ideals I,
J we have I'V: J9 = (1: . N forall q. In particular, I'" : x* = (I : x)¥
forall q.

Proof. The statement is immediate from Lemma (4.2), since the iterated Frobe-
nius endomorphism F°: R — R is flat when R is regular (see [Kul, He, PS1])
and I'"=F(HDR. W

The following result, while easy, is extremely important.

(4.4) Theorem. If R is regular, then every ideal is tightly closed.

Proof. Suppose ¢ € R° and cx? € I'! forall ¢ > ¢’ but x isnotin 7. Then
these conditions are preserved when we localize at a prime containing I: x.
Hence, we may assume that (R, m) is regular local and that /: x C m. But
then ce o I x*=N...(I: x)9 ¢ N5 ™ = (0), a contradiction.
- >

(4.5) Definition. A Noetherian ring of characteristic p is called weakly F-

regular if every ideal is tightly closed. If every localization of R at a multi-
plicative system is weakly F-regular, we say that R is F-regular.

9249 9249

With this terminology, Theorem (4.4) immediately yields
(4.6) Theorem. A regular ring of characteristic p is F-regular.

We do not know of an example of a weakly F-regular ring that is not F-
regular. To the contrary, what we know suggests that weak F-regularity ought
to imply F-regularity, at least for well-behaved rings.

We shall ultimately prove numerous results that either generalize or are par-
allel to the next theorem. We prefer to give the result in its simplest form early
because the proof is transparent and covers many of the most important cases
in characteristic p.

(4.7) Theorem. Let R be a Noetherian ring of characteristic p module-finite
and torsion-free over a regular domain A. Let x,, ..., x, be elements of A
that are parameters in R (cf. Definition (2.1)). Then the colon ideal

(xl, ,xn_l)R:Rxn - ((xl, ,xn_l)R) .
Proof. We first note that (x,,...,x,_,)4: ,x, =(x;,..., x,_,)A. It suffices

> p—1
to check this locally. Since the equality is automatic if the first ideal in the colon
is the unit ideal or if x, is a unit, we need only consider the case where all the
x; are in the maximal ideal of 4. But then they must form an 4-sequence, for

if they were contained in a prime ideal of A4 of height less than n, they would
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also be contained in a prime ideal of R of height less than n lying over it. We
therefore need only prove Theorem (4.8) below. &

(4.8) Theorem. Let R be a Noetherian ring of characteristic p module-finite
and torsion-free over a regular domain A. Let I, J be ideals of A. Then
IR: ,JRC((I: ,J)R) and IRNJRC ((INJ)R)".

Proof. Let F = A' be an A-free submodule of R whose rank ¢ is equal to the
torsion-free rank of R as an A4-module. Then R/F is a torsion 4-module, and
we can choose a nonzero element ¢ € 4 such that c(RC F. Let x€ IR: JR

(resp. IRNJR). Then, forall g, x? € I''R: . JY'R (resp. RN J9R),
whence cx? € I''F : .J¥ (resp. I'"F nJYIF). Since F is A-free, we see
ex? e (I: JUNF (resp. (1" nJ9)F), and by the flatness of the Frobenius
endomorphism of A, we then have that cx? € (I: J)9F c ((1: ,J/)RY

(resp. (I nJ)9F € (I nJ)R)) for all ¢, which yields the desired result.
|

We note that the argument given is quite similar to the use of amiable systems
of parameters in [Ho3].

(4.9) Theorem. Let R be a Noetherian ring of characteristic p module-finite
and torsion-free over a regular domain A. If every ideal generated by parameters
is tightly closed, then R is C-M. In particular, if R is F-regular or even weakly
F-regular, then R is Cohen-Macaulay.

Proof. Let P be a prime ideal of R of height n. Then we can choose x, ...,
X, € PN A such that (x, ..., x;)4 has height { for 0 < i < n, since the
height of PN A4 is also n, and it follows that x,,..., x; are parameters
in R for every i. By Theorem (4.7), we have that (x,,..., x,_;)R: px; C
(X515 xl._l)R* =(X;,...,X;_)R forevery i,andso x,..., x, is a reg-
ular sequence in R, and depth, R = . Since this holds for every prime ideal
of R, RisCM. N

Later, we shall relax the condition that R be module-finite over a regular
ring in various ways. But we want to point out that the present result suffices
to prove

(4.10) Theorem. Let R C S, where S is regular of characteristic p, and sup-
pose that R is a direct summand of S as an R-module or, more generally, that
R is a pure subring of S (cf. §2). Then R is C-M.

Proof. 1t is easy to reduce to the case where R is complete local and S is
a regular domain. See the beginning of §7 of [HRI1, pp. 141-142]. In this
situation, every ideal of R is contracted from S. The result follows at once
from Proposition (4.12) below and Theorem (4.9), since the complete local ring
R is a domain and module-finite over a regular ring. MW

(4.11) Lemma. Let R, S be Noetherian rings of characteristic p. Suppose h
is a homomorphism from R to S. If h(R°) C S° (which is equivalent to the
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assertion that every minimal prime of S contracts to a minimal prime of R),
then we have the following.
(a) If IC R, then h(I') C (IS)".
(b) If J is tightly closed in S, its contraction to R is tightly closed in R.
In particular, (a), (b) hold if S is a domain containing R, if S is a localiza-
tion of R, and, more generally, if the going-down theorem holds for R — S .

Proof. To see (a), note that ¢ € R° and cx? € I') for all ¢ >> 0 implies that
h(c) € $° and h(c)h(x)? € (IS)D for all ¢ > 0. (b) is immediate from (a).
n

(4.12) Proposition. Let R C S be Noetherian rings of characteristic p such
that every ideal of R is contracted from S (which holds, in particular, when
R is a direct summand of S as an R-module or when R is pure in S) and
R° C S°. If § is F-regular or weakly F-regular, then R has the same property.

Proof. Since the hypothesis is stable under localization (cf. [Ho5], where the
contractedness condition is called “cyclic purity”), this follows immediately
from Lemma (4.11). 0

The characteristic zero version of this result will be given in [HH7]. It is
important to note that when a linearly reductive linear algebraic group over a
field K acts K-rationally on a K-algebra R, the ring of invariants RS isa
direct summand of R asan R®-module. If R is regular, F-regular, or weakly F-
regular, it will follow that RE has the same property and so is Cohen-Macaulay.
A result of this type was first obtained in [HR1], by reduction to characteristic
p . Other proofs were given in [Ke] and [B]. The results of [B] suggest a connec-
tion between F-regularity and rational singularity. This is pursued in [HH7].
See also [Bor, HoE, Hol, and HR2] for further background.

(4.13) Remark. Let R be a product Hk R,. We note that R° = Hf‘_ R;.
Every ideal I of R has the form H I, where I; C R;. We also note that

i=17i7 i
I' = Hf I, - The verification is stralghtforward and is left to the reader. It
follows that R 1S (weakly) F-regular iff each R; is.
We do not know, in general, how tight closure behaves under localization.
However, the situation with respect to localization at a maximal ideal could
not be better.

(4.14) Proposition. Let R be a Noetherian ring of characteristic p, and let 1
be an ideal primary to a maximal ideal m. Then (IR )" =I'(R,). Hence, if
I is tightly closed, so is IR, . Moreover, I * is the contraction of (IR,)".

Proof. Tt is clear that R° maps into (R,,)°, whence I" maps into (IR, )"
and 2 follows. Now let x be an element of R such that x/1 € (IR, )". We
must show that x € I". We can choose ¢ € R such that ¢/l € (Rm)° and
(c/1)(x/1)? e 'R forall ¢ > 0. We first claim that we can choose ¢ € R°.
To see this, let § be an element of R that belongs precisely to those minimal
primes of R to which ¢ does not belong. Then J is in every minimal prime
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contained in m, and so is nilpotent in R, . Replacing 6 by a power, we may
assume J/1 1s 0 in R, . We may then replace ¢ by ¢+ 4, which is clearly

in R°. Since I is m-primary, so is each I'. This uses strongly that m is
maximal. Since cx?/1 € I["]Rm forall g0, cx? eI forall g>0. =W

(4.15) Corollary. R is weakly F-regular iff R, is weakly F-regular for every
maximal ideal m.

This is immediate from Propositions (4.14) and (4.16) below. Proposition
(4.16) is clear from the fact that every ideal in a Noetherian ring is an intersec-
tion of ideals primary to maximal ideals.

(4.16) Proposition. A Noetherian ring of characteristic p is weakly F-regular
if and only if every ideal primary to a maximal ideal is tightly closed.

We conclude this section with a discussion of the obstruction to proving
that tight closure commutes with localization. In fact, we consider the easier
problem of proving that a localization of a weakly F-regular ring at an arbitrary
prime (and, hence, at an arbitrary multiplicative system) is weakly F-regular.
Since we can localize at maximal ideals and then move down to an arbitrary
prime by localizing repeatedly at primes of coheight one, we reduce at once
to considering the following situation. (R, m) is local and weakly F-regular,
P is a prime ideal of R such that dimR/P = 1, and we want to show that
every ideal of R, is tightly closed. It suffices to show that for each ideal 7
of R primary to P, I remains tightly closed upon localization at P. Let f
be an element of R whose image in R/P is a parameter. It suffices, then, to
show that a P-primary ideal / remains tightly closed when expanded to R,
for PR f is a maximal ideal of R , and so localizing at P does not present a
problem once we have localized at f.

Suppose that u is an element of R thatisin (IR f)* . We want to show that

u e I". We know that for a certain ¢ € R® and for all ¢, cu? e I['”Rf, and
so we know that for every g there is a positive integer N(g) depending on ¢
such that ¢f/M 4% ¢ 'Y forall ¢.

Approached this way, the problem is that we cannot prove a sufficiently good
bound for the integer N(g). It would suffice if we could show that there is a
constant integer B > 0 such that N(g) could be chosen < Bg for all ¢g. For
then ¢(f2u)? € I'Y for all ¢, and this yields fueI* =1 and then u e,
since it is P-primary.

The fact that cu? is killed by a power of f modulo I'¥) means that it
represents an element of Hp(R/I l4ly = H° (R/I'Y)). The limited problem of
localization that we are considering would be solved if we could show that there
is a fixed integer B > 0 such that /% kills HC (R/I 9}y for all q. However, we
have not been able to prove such a bound even for very good rings R (not even
for complete, normal, Cohen-Macaulay domains, and not even if R is weakly
F-regular). On the other hand, it appears to be possible that such bounds exist
even under much weaker hypotheses.

When R is reduced and every ideal of R is contracted from R'/? (and,
hence, from R% as well), it would suffice to prove instead that there is an
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integer B > O such that f% kills H - (R/IR*). This is equivalent to the
assertion that the annihilators of the powers of f in R®/IR* stabilize. This
version of the problem does not appear to be any more tractable than the other.
Of course, one may ask whether localization commutes with tight closure in
even more general situations. Attacking this question in general leads to similar
problems on bounding exponents that, naturally, are even more difficult.

5. INTEGRAL CLOSURE AND THE BRIANCON-SKODA THEOREM
IN CHARACTERISTIC p

(5.1) Remarks on integral closure of ideals. In the next four paragraphs we
suspend the conditions that rings be Noetherian and that the characteristic be
p and discuss integral closure of ideals in arbitrary commutative rings with
identity. We recall that an element x of a ring R is integral over an ideal I
provided there exists a positive integer £ and an equation

k—1

koo . . .
X X T i) i x 0 =0,

where i ;€ I for 1 < j < k. This is easily seen to be equivalent to the

assertion that there is an integer k£ > 1 such that xfer I+ Rx)k—1 , and this

holds iff (I + Rx)k =1I{I +Rx)k'l . From this last equation it is trivial to prove
by induction on m that

#) (I +Rx)**™ = " (1 + Rx)* ™!

for every integer m € N. Thus, x is integral over [ iff there exists a positive
integer k > O such that (#) holds for all m e N.

We also note that the set of elements I integral over I is an ideal, called
the integral closure of I. The integral closure of / may be characterized alter-
natively as follows. If ¢ is an indeterminate over R, the integral closure of the
Rees ring R[It] in the polynomial ring R[{] is

oo
Z(l’) P =R+It+ (12) £+ (I’) ?+o,
j=0

and when R is a normal domain, we may even characterize the displayed ring
as the integral closure of R[I¢] in its fraction field.

Yet another characterization of integral closure for ideals is given by valu-
ations. Let R be a ring with finitely many minimal prime ideals (this is, of
course, automatic when R is Noetherian) and 7 C R. Then x is integral over
I iff for every homomorphism /2 of R into a valuation domain V such that
Ker# is a minimal prime of R, h(x) € IV . If R is Noetherian, the same
result holds with V' restricted to being a discrete valuation ring (by which we
always mean a rank one discrete valuation ring).

Finally, we remark that if R C S is an integral extension of rings and 7/ C R
is an ideal, then ISNRC I .

We refer the reader to [L] for background on integral closures of ideals.

This completes our general discussion of integral closure of ideals. We now
return to our usual notational conventions. Moreover, throughout the remainder
of this section all rings will have characteristic p.
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(5.2) Theorem. Let R be a Noetherian ring of characteristic p and I C R an
ideal. Then I' C I~ . In particular, every integrally closed ideal, and, hence,
every radical ideal is tightly closed.

Proof. Suppose x € I" and ¢ € R° is such that cu? € I'Y for all ¢q. Let
h: R — V have as its kernel a minimal prime of R, where V' isa DVR. Then
h(c)h(u)? € (IV) for all ¢ and h(c) # 0. Thus, h(u) € (IV)" = IV (since
V isregular). W

Alternate proof. Let I = (x,, ..., x,) . Applying the discrete valuation v to the
equation cx? = " | r,x; vields v(c) + qu(x) > gmin{v(x,) : t}. Dividing
by g and taking the limit as g — oo yields the result. K

(5.3) Example. If x and y are any two elements of aring R, then (x", y")~
D (", X"y, L xTY, , x™ ! ™ = (x, »)", since the monomial
x"'y' satisfies z" — (x")"'(3»")' = 0. On the other hand, if R is regular or
F-regular, e.g., if R = K[x, y], where K is a field, then (x",y")" = (x",y"),
since every ideal is tightly closed. Thus, the tight closure is, in general, much
smaller than the integral closure. The tight closure is a “tight fit” for the original
ideal, which is the reason for the choice of the term.

We are now in a position to prove a result, at least in characteristic p , which
greatly generalizes the Briangon-Skoda theorem (cf. [BrS, LT, and LS}).

(5.4) Theorem (generalized Briangon-Skoda theorem). Let R be a Noetherian
ring of characteristic p, and let I be an ideal of positive height generated by
n elements, say u,, ..., u,. Then forevery me N, (I""™)” c (I"™")*. In
particular, (I"Y” CI".

Hence, if R is weakly F-regular and, in particular, if R is regular, then
(™™~ cr™ and (I"y CI.
Proof. If (I"™™)™ is contained in the union of (/™*')" and the minimal primes
of R, then it must be contained in one of them, and then it must be contained
in (I ml )", since height I is positive. Hence, we assume to the contrary that it
is not contained in this union, and we choose y € (I"*")™ = (I"*")* not in any
minimal prime of R. Let J = I"*™ . By Remark (5.1) we can choose an integer
k > 0 such that (J + yR)k+h = Jh+1(J +yR)k_1 for every h € N, and then
()y" € J* forall e N. J" = I"™"™ is generated by monomials of degree
hn+hm inthe u,. Then I"™"" C (u}, ..., u")™*' . (We may assume % > 0.
Consider a monomial generator v of 1""**™ in which the exponent of u; is b, ,
1<i<n,where 3, b, =hn+hm. Let a; be the integer part of b,/h for each
i. Then a,+1>b,/h,andso ) (a;,+1)=(3;a)+n>Q . b)/h=n+m,

so that ) .a,>m,ie, > ,a,>m+1, whence

B\ % h h m+1
() e (.. o)

!

m+1

and divides the given monomial generator v of [ hnthm .) Then we may take

¢ = y* € R°, and when 4 has the form g = p°, we obtain cy? € J? C

(i, ..., uy™ = (™" and so y € (I™"')". This completes the proof of
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the first statement. The second is simply the case m = 0. The final statement
is immediate from the definition of a weakly F-regular ring. W

(5.5) Remarks on analytic spread. 1f J C I =J  , where J has n generators
and height 7 > 0, then (I™*")” C (I”*")" in this case as well, since (”*")™ =
(™7 C (I < (™. If R is local with infinite residue class field,
then every ideal is integral over an ideal generated by at most dim R elements.
See [NoR1]. Hence, in this situation, we may take n to be the minimum of
the number of generators of / and the dimension of the ring in the statement
of Theorem (5.4). More generally, we may take n to be the analytic spread
a(I) of I (the Krull dimension of K ® gr, R) when R is local with residue
field K, since I is integral over an ideal generated by a(l) elements when
K is infinite. However, the assumption that X be infinite is not essential.
If K = R/m is finite, choose y in R as in the proof of Theorem (5.4) and
then carry through the argument in R(¢) (the localization of R[¢] at mR[T])
working with an a(I)-generated ideal I’ C R(f) over which I is integral. One
then obtains cy? € (I ¢ (™ R(¢). Then, since R(f) is faithfully
flat over R, we have cy? € (I R)), and the result follows. (Note that ¢ is
a fixed power of y and hence in R.) Formally

(5.6) Theorem. Let R be any Noetherian local ring of characteristic p. Let
I be an ideal of positive height. Then (I"**"™ ¢ (I™™"Y* forall meN. In
particular, I*Y" c I*

(5.7) Corollary. Let R be a weakly F-regular ring of characteristic p, and let
I be an ideal of positive height. Let a(I) = supa(IR,) for maximal ideals

m containing I. Then (I"™*Y~™ ¢ "' for all m € N. In particular,
(' cr.

Proof. If not, we can obtain a counterexample after localizing at a maximal
ideal m. But R, is still weakly F-regular, by Corollary (4.15), and we may
now apply Theorem (5.6). B

(5.8) Corollary. Let R be a Noetherian ring of characteristic p, and let x be
an element of R°. Then (x)" = (x)”.

Proof. (x)” € (x)” by Theorem (5.2). The other inclusion is immediate from
Theorem (5.4) by taking n=1, m=0. B

(5.9) Lemma. Let R be an arbitrary Noetherian ring such that no prime is
both minimal and maximal, i.e., such that Spec(R) has no zero-dimensional
component. Suppose that every principal ideal of R of height one is integrally
closed. Then R is normal.

Proof. Let N denote the nilradical of R. Every integrally closed ideal contains
N . For each minimal prime P of R, we may choose an element not in any
minimal prime and not invertible modulo P (if Q is any prime containing
P, Q is not contained in the union of the minimal primes). The product
a of these elements is in R° and not invertible modulo any minimal prime.
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N € N;(@'R)™ = N,(a'R), whence there exists an element r € R such that
bN =0 with b=1—ra. But then b € R°, and there exists an element ' € R
such that (1 —7’b)N =0, by the same argument, and so N = 0.

Thus, R is reduced. Let r/s, r, s € R, 5 a nonzerodivisor, be in the total
quotient ring of R and be integral over R. Then r is integral over sR, and
sor/seR. 1

(5.10) Corollary. Let R be a Noetherian ring of characteristic p such that no
prime is both minimal and maximal. If every principal ideal of height one is
tightly closed, then R is normal.

(5.11) Corollary. A weakly F-regular ring R is normal.

Proof. Since (0) is tightly closed, R is reduced. If R is a product with some
0-dimensional factors, they must be fields, while the other factors are weakly
F-regular by Remark (4.13) and hence normal by Corollary (5.10). W

6. TEST ELEMENTS

In the definition of tight closure, the multiplier ¢ is permitted to vary in R°
as I changes when one tests whether various elements are in I*. For many
important choices of R, it is not necessary to let ¢ vary. A single choice of
¢ can be used for all tight closure tests. We explore this phenomenon in this
section.

If R is a Noetherian ring of characteristic p, we shall say that c€ R° is a
q'-weak test element if there exists ¢’ such that forall / C R andall xe ",
we have ¢x? € I'Y for all ¢ > ¢’ . If this holds with ¢’ = 1, we call ¢ a test
element. Note that if J is the ideal of R generated by the (weak) test elements,
then every element of JNR® is a (weak) test element. It is not clear, in general,
whether R has a test element. Note, for example, that if R is weakly F-regular,
then 1 (and, for that matter, every element of R°) is a test element.

We say that an element of R is a locally stable q'-weak test element if its
image in every local ring of R is also a q'-weak test element. Finally, we say
that an element of R is a completely stable q'-weak test element if it is locally
stable and its image in the completion of each local ring of R is a g’'-weak test
element. When ¢’ = 1, we omit the phrase “g’-weak.”

We shall see, in fact, that a reduced ring R that is a localization of a torsion-
free module-finite extension of a regular domain 4 has a completely stable
g’-weak test element and that if R is, in addition, generically smooth over 4,
it has a completely stable test element. If R is reduced, equidimensional, and
either essentially of finite type over a field or a localization of a complete local
ring, then, likewise, R has a completely stable test element. Moreover, we shall
also see that the existence of test elements provides a technique for transition
between a local ring and its completion in studying questions about tight closure.

In §8, we shall show that the theory of test elements that we develop for ideals
in this section extends without essential modification to the case of tight closure
of submodules of a module. In all cases where we have been able to construct
test elements, they work for modules as well as ideals. However, we do not
know whether this is true in general. A test element for ideals is automatically a
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test element for modules if the ring is excellent and reduced (more generally, if
its local rings are approximately Gorenstein; see (8.6) and Proposition (8.15)),
but we do not know the corresponding fact for weak test elements. From §8 on,
we change terminology and use the term “(weak) test element” to mean (weak)
test element for modules. If we need to refer to the notion introduced in this
section, we use the term “(weak) test element for ideals.”

In [HHS5] (see also [HH3]), we use a different circle of ideas, connected with
the notion of strong F-regularity, to construct test elements (for ideals and mod-
ules) in the situation where R has characteristic p, is reduced, and RVP s
module-finite over R. We show there that, under the hypotheses just specified,
if ce R° and R, is regular (or, more generally, strongly F-regular, see [HH3]),
then ¢ has a power that is a completely stable test element. This circle of ideas
eventually yields a convoluted argument which shows that if R is reduced and
finitely generated over an excellent local ring of characteristic p, then every
element ¢ € R° such that R, is regular (or F-regular Gorenstein) has a power
which is a completely stable test element.

The following result establishes both the usefulness and some of the basic
properties of test elements.

(6.1) Proposition. Let R be Noetherian of characteristic p and c € R.

(a) ¢ is a q'-weak test element for R iff c/1 is a q'-weak test element for
R, for every maximal ideal m of R.

(b) If R has a weak test element, then the tight closure of I C R is the inter-
section of the tightly closed ideals containing I that are primary to a maximal
ideal.

(¢)If c € R isa q'-weak test element for the completion R of the local ring
R, then it is also a q'-weak test element for R. In this case, for all I C R and
x€R, xeI" ifandonly if xe (IR)", ie, I' =(IR)'NR.

(d) Let N be the ideal of nilpotents in R and suppose that N9 = 0. Let
¢ betheimageof c€ R in R . If ¢ is a q'-weak test element for R, then ¢
is a q'-weak test element in R_,. If ¢’ is a q'-weak test element in R__,, then

1"

g

red ° red ’

¢? isa q'q"-weak test element in R.

Proof. (a) Suppose that ¢ is a g'-weak test element for R. Suppose that
x/1 € (IR,)" and q > ¢'. We must show that cx?/1 € 'R . If not,
we can choose a positive integer ¢ such that cx?/1 ¢ mtRm +1 [q]Rm and then
cx?/1 ¢ (m' + DR _, which implies that cx? ¢ (m' + N and hence that
x & (m'+1I)", since c is a test element in R. But then Proposition (4.14)
implies that x/1 ¢ ((m' +I)R, )" andso x/1 ¢ (IR,)", a contradiction.
Conversely, suppose that ¢/1 is a g'-weak test element for R, for every
maximal ideal m of R. This implies that ¢ € R°. Suppose that I C R,

xel", and ¢ >4 ,but cx? ¢ I''. Then we can localize at a maximal ideal
m of R so as to preserve the last condition, and we still have x/1 € (IR,)",

which contradicts the condition that ¢/1 be a g'-weak test element for R, .
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(b) One inclusion is obvious. To prove the other, suppose that x e R—I".
We must construct an ideal J D I primary to a maximal ideal such that x ¢

J*. Since x ¢ I", we can choose ¢ > ¢’ such that cx? ¢ I'Y. We can
choose a maximal ideal m such that cx?/1 ¢ I[‘”Rm and then ¢ such that
cx?/1 ¢ m' R, +1 [‘”Rm . We then conclude exactly as in the proof of part (a)
that x ¢ (m' +1)".

(c) Since R is R-flat, R° C R°, andso I C (IR)* for ICR. Let ce R
be a g'-weak test element for R. The results claimed all follow if we can prove
that forall 7 C R and x € R, if x € (IR)*, then cx? € I' forall ¢ > ¢ .
But since ¢ is a ¢'-weak test element for R, we have cx? € (IR)W = [YR,
and since R is faithfully flat over R, this implies that cx? € I'?' | as required.

(d) We have that ¢ € R° iff ¢’ € (Rred)°. Suppose that ¢ is a ¢'-weak
test element in R. If I DO N is an ideal of R such that u + N € (I/N)",
then u € I" by Proposition (4.1)(j), and so cu? € I'! for all ¢ > ¢', which
implies that ¢'(u+ N)? € (I/N)! for all ¢ >4’ . On the other hand, if ¢’ is
a gq'-weak test element in R, and I is any ideal of R, then u €l * implies
u+ N € (I+N/N)*, which implies in turn that ¢'(u+ N)? € (I + N/N)¥¥! | and
so cu’ €I'" 4+ N for g > ¢'. Raising to the g” power yields e 1" for
all g>4'q". m

(6.2) Corollary. (a) Let ¢ be a locally stable q'-weak test element for R . Then
c/1 is a q'-weak test element for every localization U ~'R of R. In particular,
c is a q'-weak test element for R.

(b) In order that ¢ be a completely stable q'-weak test element for R, it
suffices that its image be a test element in the completion of each local ring of
R.

(c)Let R, N, ¢q", ¢, and ¢’ be as in Proposition (6.1)(d). If ¢ is a locally
stable q'-weak test element for R, then ¢’ is a locally stable q'-weak test element
in R_,. If ¢ is a locally stable q'-weak test element in R, then ¢ isa
locally stable q'q"-weak test element in R.

(d) Let R, N, ¢", ¢, and ¢’ be as in Proposition (6.1)(d), and assume,
moreover, that R has reduced formal fibers. If ¢ is a completely stable q'-weak
test element for R, then ¢’ is a completely stable q'-weak test element in R, .

red ’

If ¢ is a completely stable q'-weak test element in R, then c? isacompletely
stable q'q"-weak test element in R.

Proof. (a), (b), and (c) are immediate from Proposition (6.1) (note in (c) that
we can use the same ¢” to kill the nilradical in every localization). For part
(d), we need only remark that the hypothesis on the formal fibers implies that
the nilradical of the completion of a local ring of R is generated by the image
of N, so that again we can use the same ¢"'. B

The rest of this section is primarily devoted to establishing the existence of
completely stable q'-weak test elements for certain module-finite extensions of

regular rings. Because of our results on passage to R, our focus is on the
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reduced case. We begin by treating the generically smooth case. In the latter
parts of this section, we explain how to extend the results for this situation to
greater generality.

(6.3) Discussion. Let A be aregular domain of characteristic p, and let R be
module-finite, torsion-free, and generically smooth over 4. The last condition
means that L ® , R is smooth over the fraction field L of A, which in turn
means that L® , R is a finite product of fields each of which is a finite, separable
extension of L. This implies that we can find d € 4° such that R ;18 smooth
over A,. Note that R C R, which is regular and, hence, reduced. When § is
smooth and module-finite over the reduced ring B (which implies .S is reduced
as well), we have, quite generally, that S/? =~ B'? g 5 S, for all g =p°, where
the map from the second ring to the first is induced by the obvious B-algebra
maps from B'? and S into S'/%. (Both sides are module-finite over B/
and the issue is local on B'/? and so on B. Both sides are B'/?-flat and so free
in the local case, and by Nakayama’s lemma over BY/1 , it suffices to see that
we have an isomorphism after killing the maximal ideal of BY? . In this way,
we reduce to the case where the local ring B is replaced by its residue field and
S is a separable extension of a field.) Letting B = 4, and § = R, we see
that with d as above we have (R,)'? = (4,)?® R, (over 4,) from which
we deduce

(6.4) Lemma. Let R be a ring of characteristic p module-finite, torsion-free,
and generically smooth over a regular ring A. Let d be an element of A° such

that R, is A -smooth. Then d has a power b such that BRY? C 4'P[R] =
A" ® R. Let ¢ =b*. Then cR"* C 4'[R)= 4" ®,R forall ¢ =p°, and
hence cR™ C AC[R]= A @, R as well.

Proof. The natural map of 4'? ®, R into R'/? has image A'“[R]. Since
the map becomes an isomorphism after localizing at the element d and these
modules are torsion-free over 4, we see that 47 ® 4R = AY 9[R] for all
g . By a direct limit argument, we see that we may identify 4™ ® 4 R with
A®[R] € R™ as well. Since R'? > A'?[R] are finitely generated over A'/”
and become identical after localizing at d, it follows that there is a power b of
d that multiplies R'”? into 4"’[R], as claimed. Let h=1+1/p+---+1/p°.

We claim that 5”R'/?? ¢ 4'P9[R] for all ¢ = p® by induction on e. We
already know the case e = 0 (where # = 1) and taking pth roots repeatedly

yields b'/7R'"7 c A'P9[RY%] for all q whence, with 4’ =& — 1/q, we have
thI/Pq = bhlbl/qu/Pq
g bh/Al/pq[Rl/q]

g Al/pq[bthl/q]
_C_Al/pq[Al/q[R]]
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(since bRV C AYY[R] by the induction hypothesis) = 4'”?. Since "
divides &° (in 4"7) for all &, we have that 4°R"? C A"?[R] for all ¢, as
required, and the result for R™ follows by taking the union. B

We note that there is a different method for constructing elements ¢ as in
Lemma (6.4). The two methods have different uses. The second is especially
important for applications to finitely generated algebras over fields of charac-
teristic 0.

(6.5) Lemma. Let R be module-finite, torsion-free, and generically smooth over
a normalring A. Let r,,...,r; € R be a vector space basis for L'=1L ®,R
over the fraction field L of A, and let ¢ = det(Tr, / 1(r7;)). Then c € A° and

cR® C A%[R].

Proof. That ¢ is nonzero follows from the separability of L' over L. In
fact, it is equivalent to the separability. It is clear that ¢ € A4, since each
trace is integral over 4 and A is normal. The fraction field of 4°° may be
identified with L*°. Since L' is separable and L™ purely inseparable over
L, the r; are also a vector space basis for L' = L ®, L' over L™, and
¢ = det(Tr; 10 / Loo(rirj)) as well. Note also that 4 is normal. The result now
follows from the fact that R> is contained in the integral closure of 4% in

L' . Each element u € R™ has a unique representation as 27:1 A it with
the 4 ; in L™ . Multiplying by r; and taking the trace yields a matrix equation
(Tr(rirj))(li) = (Tr(ur;)) , and multiplying by the classical adjoint of (Tr(rirj))
shows that each cA; is in 4™, since all the traces are in 4% (cf. the remark
following the proof of Theorem 7 in Chapter V, §4 of [ZS, Vol. I]). ®

(6.6) Remarks on the norm. Let A be a normal Noetherian domain and R
an algebra module-finite and torsion-free over 4. Let L denote the fraction
field of 4. Then L®, R = § is a finite-dimensional L-vector space, and so
we may define N = NS/L : S — L to be the usual norm (i.e., N(s) = det(s)
viewed as a linear transformation on S over L). N(R) C 4 and, henceforth,
in referring to N we always mean its restriction mapping R to 4. We may
write N =N, /4 10 avoid ambiguity. Note that r is a nonzerodivisor in R iff
N(r) # 0, since tensoring with L does not affect the issue. Also note that r
always divides N(7) in R, since, by the Cayley-Hamilton theorem, r satisfies
the characteristic polynomial obtained by viewing multiplication by r as a linear
transformation on S, and the norm is the constant term of this polynomial.
Thus, r € R° iff N(r) is a nonzero multiple of r in A iff r has a nonzero
multiple in 4.

Also note that N is multiplicative. If R is reduced of positive characteristic
p, then N extends uniquely to a multiplicative map R™ — A via the formula
N(u) = N(u¥)'/? for any g > 0. The result is independent of the choice of 4.

On RY? | this agrees with the norm from R/? 1o 4'/9.

(6.7) Remarks on base change and generic smoothness. Suppose that R is
module-finite, torsion-free, and generically smooth over a regular domain A
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and that 4 C B, where B is an A-flat regular domain. Then B®, R is B-
torsion-free, module-finite, and generically smooth over B. Note that B®, R
is consequently still reduced. Moreover, an element of B® R isin (B®, R)®
iff it has a nonzero multiple in B, by (6.6). It follows that R° C (B®, R)°,
whence I° C (I(B®, R))" for any ideal I of R.

We also note that if ¢ € 4° is such that cR® C A™[R] and S = B®,
R 2B =B®1, then ¢S C B™[S], since 5 may be identified with
(B&AR)” = B¥® . R™ and so is generated over B by R™ (ie., 1®R™),
and cR®™ C A®[R]. Thus, ¢S™ C B[R] C B*[S] (of course, since S =
B ®, R, the last two terms are actually equal).

(6.8) Remarks on order. Let (A, m) be a regular local ring. If x € 4, we
define ord(x) = ord (x) to be sup{h € N: x € mh} (which is +oo if x =
0). If 4 has characteristic p, we extend this to 4% by defining ord(ux) as
ord(u?)/q forany ¢ > 0.

The following result permits us to test for tight closure using a fixed ele-
ment ¢ independent of I ; moreover, in certain cases it will allow us to pass to
localizations and completions.

(6.9) Theorem. Let R be torsion-free, module-finite, and generically smooth
over a regular domain A CR. Let ¢ € A° be such that cR® C A°[R]. Then
the following conditions on an ideal I C R and an element x € R are equivalent.

(a) xelI".

(b) For every maximal ideal m of A, x € (IR, Y.

(c) For every maximal ideal m of A, x € (IR Y, where ﬁ denotes the
m-adic completion of R and is isomorphic to A ® R, where A denotes the
completion of the local ring A,, (which is zsomorphzc to the m-adzc completion

" of A).

(c®) For every maximal ideal » of R, x € (Iﬁm)* , Where ﬁm denotes the
completion of R .

(d) For every maximal ideal m of A, there exists a sequence of elements
{&,}, R™™)° such that ord(N(s NW—0as n—oo and ¢ er(R e
(N is the norm from (R™™ to (A m) described in (6.6); ord is the functzon
described in (6.8).)

() cx? eI forall q of the form p°.

Proof. We shall show that (a) = (b) = (c) = (d) = (e)= (a) and (¢)
< (¢°). (a) = (b) = (c) is clear from the discussion in (6.7). Since the
maximal ideals of R are precisely the primes lying over maximal ideals m of
A and since ffm ®, R is the product of the completions of R with respect
to maximal ideals lying over m, the equivalence of (c) and (c°) follows from
Remark (4.13).

We next show that (c) = (d). The key point is that if x € (JR™)", we
have d € (R™)° such that dx? € (JR™Y for all g, whence, as noted in
(3.2), d/7x € (IR™ for all ¢. Now ord(N(d"?)) = (ord(N(d)))"/*
ord(N(d))/q , which obviously — 0 as ¢ — oo, and so we may take ¢,
d'’? with ¢ = p". Since (e) = (a) trivially, we see that the only interesting

o
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implication is (d) = (e), which asserts that one of the weakest conditions that
might imply that an element is in the tight closure of an ideal is equivalent to
one of the strongest such conditions.

Assume (d) but assume that there exists e such that cx? ¢ , where
g=p°.Then c ¢ I': x?, and we can choose a maximal ideal m of 4 such
that this is preserved when we tensor with 4, . Then, since /fm is faithfully
flat over 4, , the condition is preserved when we tensor with Zm as well. By
(6.7), we may replace 4, R, I, x, c by their images after tensoring with /fm .
Henceforth, we change notation and assume that A4 is complete local. Consider
{e,}, € (R™)° suchthat &,x € IR forall n and ord(N(g,)) — 0 as n — co.
Let 6 =6, = N(¢,). Then 6 € 4~ , and éx € IR™, since J is a multiple of
¢, - Raising to the gth power and multiplying by ¢ yields 6%(cx?) e I WeR> ¢
I"4®[R]. Now A™ is flat over 4, and so A®[R] = A ® , R is flat over
R. It follows that 67 € I'"A®[R]: cx? (over A[R]) = (I': cx?)A™[R].
But R is a finite product of complete reduced local rings (R;, »~,) each of
which is module-finite, torsion-free, and generically smooth over 4. Since,
by choice of g, cx? ¢ I'Y', we can choose i such that I["]Ri: ex? Com,;.
We then have that for every n there is at least one choice of i depending on
n such that 5: € m,AT[R;]. At least one i must occur for infinitely many
choices of n. Passing to a subsequence of the J’s if necessary, we may assume
that 6: € miA°°[Ri] for a fixed i and all n. Let P denote a minimal prime
ideal of R;. Then P is disjoint from A4, and the local domain R;/P = R
with maximal ideal »’ is module-finite, torsion-free, and generically smooth
over 4. We have an 4®-surjection of A”[R,] to A”[R] C R"®, and this
yields that 67 € »'4°[R] for all n. But by Lemma (6.10) below, this implies
ord(d,) > 1/qd!, where d is the torsion-free rank of R’ over A, contradicting
ord6,)—+0asn—oo. N

I[q 1

(6.10) Lemma. Let A be a local normal domain of characteristic p and R an
extension domain module-finite and generically smooth over A, of torsion-free
rank d over A. Let »~ be a proper ideal of R. Let v be a discrete valuation
of A with values in Z that is positive on the maximal ideal of A. Extend v to
A% in the obvious way. Then for all u € nAT[RIN AT, v(u) > 1/d!. If the
extension of fraction fields is Galois, then v(u) > 1/d.

Proof. We first consider the case where the fraction field L’ of R is Galois over
the fraction field L of A. Then [L': L]=d. Let G be the Galois group. Let
Xy, ..., X, be aset of generators for »~ as an A-module. It follows that u =

EL a,x; , where the a; are in A% . Since u and the a; are purely inseparable
elements over L, we have that for each g € G, u = g(u) = ZL a,g(x;).
Multiplying these equations together we obtain an equation of the form u =
>, a’x,, where v = (v, ..., v,) runs through all d-tuples of nonnegative
. - v d v,

integers whose sum is d, a” =[], 4,", and x, denotes 3 [],.;8(Xs,)),

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



54 MELVIN HOCHSTER AND CRAIG HUNEKE

where f runs through all functions from G to {1, ..., d} which take on the
value i precisely v; times. It is easy to see that x, is an element of L integral
over A and fixed by G. Since 4 is normal, itisin A, hencein ~NA, and so
in the maximal ideal of A4. It follows that v(x,) > 1 for all v, and then since
all of u, the a”, and the x, arein 4™, we have that dv(u) > 1, as required.

In the general case, we choose a module-finite extension .S of R such that
the fraction field L” of S is Galois over L and as small as possible. Then
[L": L] < d!. The result now follows from the Galois case. W

(6.11) Remark. Theorem (6.9) remains valid if we replace ord in part (d) by
any discrete valuation of the regular ring 4, positive on m. The proof goes
through without change.

(6.12) Remark. We want to present a different perspective on tight closure.
Suppose for simplicity that R is reduced. Then x € I" iff N q(Im: 2xX7)
meets R°. When R is module-finite, torsion-free, and generically smooth over
a regular domain 4, this is equivalent to asserting that () (/ fal . zx") meets
A°. One of the main points of Theorem (6.9) is that it suffices to check an
enormously weaker (on the face of it) condition, that locally on A there is an
element 6, € (I tal X1 N A° of relatively low order as g = p” grows, in the
sense that ord(d,)/qg — 0 as n — oco.

(6.13) Theorem. Let R be module-finite, torsion-free, and generically smooth
over a regular domain A of characteristic p. Then every element d € A° such
that R, is smooth over A, has a power c in the ideal of test elements which, in
Jact, is a completely stable test element in B® ,R for every A-flat regular domain
B D A. A sufficient condition for ¢ to have this property is that cR™ C A*[R].
In particular, ¢ is a completely stable test element in every polynomial ring over
R.

Proof. Except for the last statement, this is clear from Theorem (6.9). All
hypotheses are preserved when we pass from A4 to B. We can assume B = A4.
Given any prime ideal of R, it lies over a prime ideal of 4. We may localize
to reduce to the case where A is local and the prime of R is maximal. Local
stability then follows from Proposition (6.1). Similarly, we may use Theorem
(6.9) to pass to the completion of A4, and then complete stability follows from
Proposition (6.1). The statement about polynomial rings follows because R[x],
where x may represent several indeterminates, is A[x] ®, R, and so we may
apply the result on base change. W

The situation is still quite good if R is reduced, torsion-free, and module-
finite over a regular domain A provided that 4 is excellent. Difficulties arise
when A is not excellent, since there are, for example, DVR’s 4 such that A4 is
purely inseparable over A (see [N, Appendix Al, (E3.3)]). We make a remark
and then prove two lemmas that enable us to deduce our main result, Theorem
(6.17) below, from the generically smooth case.

(6.14) Remark. If h: R — S is a homomorphism of reduced rings of charac-
teristic p, then / extends uniquely to a map from R'? 1o $'¢ by h(r'/?) =
h(r)'/? . More generally, if W is any subset of R, then % extends uniquely
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to a homomorphism from R[w'/?: w € W] to §’, where S C §' C S/,
provided that S’ contains a gth root of every element in A(W).

(6.15) Lemma. Let R be module-finite, torsion-free, and reduced over a regular
ring A of characteristic p .

(a) For all sufficiently large q, R[Al/ 1 is module-finite, torsion-free, and
generically smooth over A'Y .

(b) Suppose that A is excellent and local as well and that q has been chosen
so that the conclusion of (a) holds. Let A' = A% . Then there is a natural
isomorphism between S = (4')" ®, R[A'] and T = (A®, R[4 4] where
R[A'] is to be interpreted as a subring of R and T is to be interpreted as a
subring of (2®A R)'/9.

Proof. (a) is obvious. For generic smoothness we need only consider what
happens after tensoring with the fraction field of 4. But then R becomes a
product of fields and the field case is well known.

To prove (b), we first note that there is an identification of (4')” (which is
(4%~ with (4)"/?. Call this ring B. Both S and T are module-finite over
B, generated as B-modules by the image of R (or any set of generators for
R as an A-module). We shall exhibit B-algebra maps between them in both
directions, each of which is clearly the identity on the image of R. The result
is then immediate. ~

A crucial point is that both S and 4® R are reduced. The former holds be-
cause R[A'] is generically smooth over A’ and the latter because A4 is excellent
and R is reduced (since 4 — 4 is flat with smooth fibers, sois R — A®  R).

The fact that A® , R is reduced is needed to view (4® R)'/4
of A®,R. Note that T is consequently reduced as well.

To give the map from § to T, it suffices to given an A'-algebra map from
each factor in the tensor product. It is clear how to do this for the first factor.
For the second factor we use Remark (6.14). We have an obvious injection of

R into 4® 4 R and hence into T, and the map extends to R[A” 1 because
each element of 4 hasa gthrootin T.

Similarly, we have an obvious map of A® 4R into §, and the map extends
to T because the image of each element of A4 hasa gthrootin S. W

as an extension

(6.16) Lemma. Let R be a reduced Noetherian ring of characteristic p, and
let S be a Noetherian ring such that R C S C R Suppose that ¢ € S is
a q"-weak test element for S. Then ¢ is a (q'q")-weak test element for R.

If ¢ is a locally stable q"-weak test element for S, then ¢? is a locally stable
(q'q")-weak test element for R.

Proof. If xeI” in R, we have x € (IS)*, and so cx? e I'Is C 19RY4 for
all ¢ > q"”. Raising to g'th powers yields ¢ x?? e 1% forall g > 4", and
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{¢d'qg: ¢ >4¢"} isthe same as {g: ¢ > ¢q'q"}. The locally stable case follows
at once by localization. W

(6.17) Theorem. Let R be a reduced ring that is module-finite and torsion-free
over a locally excellefzt regular domain A of characteri.,szic p. If ¢ issufficiently
large so that R[AY%] is generically smooth over 4% and c € A° is such that
c" R® C A®[R] (such elements always exist), then ¢ is a completely stable
q'-weak test element in B® 4R for every locally excellent regular A-flat domain
B 2 A4 such that B ® R is reduced (this last condition holds, for example, if
the generic fiber of A — B is geometrically reduced, i.e., for every map of A
to a finite algebraic extension field L of its fraction field, L ® ; B is reduced).
In particular, ¢ is a completely stable q'-weak test element in every polynomial
ring over R (taking B = A[x,, ..., x;]).

Proof. Note that R[A4" ql]°° = R . We apply Theorem (6.13) to construct ¢/ ¢

in 4Y ¢ . The hypotheses are unaffected by applying B® , , and so we might as
well assume B = 4. We can localize at any prime of 4. Once A is local, with

A' = A7 we have that ¢"/? is a test element in (4" ® , R[A'], which, by
Lemma (6.15), we may identify with a subring of (4®, R)'/? . We may then

apply Lemma (6.16) to conclude that ¢ isa g'-weak test element for A 4R,
which shows that ¢ is completely stable for the original ring R. W

(6.18) Corollary. Let R be a reduced and locally equidimensional algebra of
characteristic p that is essentially of finite type over a field K. Then R has a
q'-weak test element ¢ that is a completely stable q'-weak test element in B® «R
Jor every locally excellent regular domain B 2 K such that B ®, R is reduced.

Proof. If SpecR has more than one component we can solve the problem on
each component separately. Therefore, we may assume that SpecR is con-
nected. We can represent R as a localization of a reduced finitely generated
K-algebra S at a multiplicative system U, and by localizing S at finitely many
elements we may also assume that SpecS is connected and that the minimal
primes of S correspond bijectively with those of R = U ~1S. We can also
assume that B®, S is reduced (localizing enough to kill the nilpotents).

We next claim that for any two minimal primes P, P of S, dimS /P =
dimS/P’. To sece this, note that there is a sequence of primes PR, OR,
PR, ..., Q,R, P'R of R, where each Pj , Qj is prime in S, such that

P=P CQ 2PCQ,2PC--CQ, 2P =P,

simply because Spec R is connected. (The P’s and (s alternate, as do the
directions of the symbols C, 2.) To complete the proof that dimS/P =

dim S/P’, it suffices to show that if Pj cQg?2 Pj +1 and Q@ does not meet

U, then dimR/P, = dimR/P, . The point is that since U™ 'R is locally
equidimensional, we must have ht QR/ PjR =htQR/ Pj 1R, which implies that
htQ/P, =t Q/P; in §. Choose a maximal ideal m of S that contains
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Q. Since S is catenary, htm /Pj = htm/ Pj +1 - Since all maximal ideals of a
domain finitely generated over a field have the same height, we get dim S/Pj =
htm/P, = htm/P, , = dimS/P, ,. We may therefore assume that for every
maximal ideal m of S and every minimal prime P of S contained in m,
htm/P = dim S, i.e., that S is biequidimensional.

It will suffice to prove the result for the biequidimensional ring S, for any
completion of a local ring of B®, U “ls=vy -I(B ®g S) 1s evidently a com-
pletion of a local ring of B®, 5.

By Noether normalization, S is a module-finite extension ring of a polyno-
mial ring 4 = K[x,, ..., x,]. The fact that § is biequidimensional implies
that it is torsion-free as an A4-module. Since B is flat over K, the regular
ring B' = Blx,, ..., x,] is flat over 4. We may now apply Theorem (6.17) to
conclude that there is an element of S that is a completely stable q'-weak test
element for B'®,S=B®,S. W

Similarly,

(6.19) Corollary. Let R be a reduced, equidimensional, complete local ring of
characteristic p. Then R has a completely stable q'-weak test element c.

We conclude this section with a sequence of results that will enable us to
deduce the existence of test elements from the existence of weak test elements
in several important instances.

We begin with

(6.20) Proposition. Let R be a reduced ring of characteristic p, and suppose
that ¢' is a q'-weak test element for R. Suppose there is an R-linear map
RYP _ R that takes on a value ¢’ € R°. Then ¢'c""* is a test element for R.
Moreover, if ¢ is a locally (respectively, completely) stable q'-weak test ele-
ment, then ¢'c" is a locally (respectively, completely) stable test element.

Proof. By Lemma (6.21) below, we can construct an R-linear map g : RY ‘

R, whose value on 1 is ¢”?. Now suppose that x € I* in R. Then ¢'x% €
1% for all g. Hence, (¢'x%)? € (I'N¥! which shows that ¢'x? € I''R"?

when we take g'th roots. Applying the given R-linear g then yields that ¢'c"
is a test element.

The final statement is a consequence of the fact that both ¢’ and ¢” will
retain their respective properties upon localization (respectively, localization

and completion) in the locally (respectively, completely) stable case. W

(6.21) Lemma. Let R be a reduced ring of characteristic p, and suppose there
is an R-linear map f: R'? — R such that f(u) = ¢ € R° for some element
ue R'P . Then there is an R-linear map g, " R s R such that g,(1)= .

Proof. We use induction on e, where ¢ = p°. If e = 0, this is obvious, and
if e =1, we let gp(v) = c¢f(uv). To complete the induction, suppose we

1/q

have such a map from R'/? — R. Taking pth roots gives an R'?_linear map
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from h: R'/” — R'” such that h(1) = ¢*”. Since 2/p < 1, we may let
8pg(W) = f(CI—(z/p)h(w)u) foral we R, =

Before giving the next result, we should remark that A" is not assumed to
be module-finite over 4. This is what makes the issue nontrivial.

(6.22) Proposition. Let A be a reduced ring of characteristic p and R a re-
duced module-finite extension of A, torsion-free over A. Suppose that there
exists an A-linear map f : A7 4 taking on a value in A°. Then there
exists an R-linear map h: R"? — R such that h(1) e 4° (C R°).

Proof. If f(u) = a, we may replace f by the map f , where f'(z) = f(uz).
Thus, we may assume that f(1) = a € 4°. Note that the torsion-free property
for A € R (and the fact that the rings are reduced) implies that 4° C R°.

Note also that the total quotient ring 4’ = (A°)_1A is a finite product of fields,
and hence that 4’ ® , Hom (R, A) = 4’ ®, R, since, locally on 4', 4’ isa
field and 4’ ® 4R 1s a finite product of fields. Let Q,, ..., O, be the minimal
primes of R. Let e, ..., e, be the idempotents of R=48 4R such that e
is in all the Q, except Qj. For each minimal prime P, of 4, let f, be the sum
of the e; such that Qj. lies over P;. Let i(j) denote the integer such that Qj
lies over P, . Choose a' € A° such that d'e; € R forevery j and a'f; € 4
for every i. It is easy to see that there is an A’-linear map g: R’ — 4’ whose
value on e; is f,.( ) for every j. This condition insures that g is a generator
of Hom ,. (R', A'). In fact, it is sufficient (but still not necessary) that for all j,
gle;) is a,f,, forsome a ;€ A'® for g to be such a generator. Now choose
a" € A° such that a"g(R) C A. Let g’ =a'"g|,. Then g': R— 4.

Taking pth roots, we obtain a map g''/?: R'? — 4'7 thatis 4'/"-linear.
Its value on a'ej is

1/p 1/
np 1 \? "p " P
(72((ee)")) " = ("5 ("))
1/
= (a%a®s)"”
— a”a'_f;, )
Composing with f yields a map ¢: RY? _ 4 that sends a'ej to aa'a” f;
and is A-linear. Applying Hom ,( , 4) to the inclusion R C R'? gives an
R-linear map 6 : Hom (R'”, 4) — Hom (R, 4). We then define A : RY? -
Hom (R, 4) by A(r) = 6(r¢). The map A is R-linear and A(l) = ¢|; is a
map from R to A whose value on d'e; is aa'a” f;. It follow that A(1) is a
generator of 4’ ®, Hom (R, A) = R as an R'-module. We can choose an
R'-linear isomorphism y: 4’ ®, Hom (R, A) = R’ that sends A(1) to 1. If
we multiply by a suitable element b of 4°, we have by(Hom (R, 4)) C R.
But then byi: R'? — R is R-linear and maps 1 to b. H
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(6.23) Proposition. Suppose that R is reduced and is module-finite and torsion-

free over a regular domain A. Suppose that A" — A splits. Then R has a
completely stable test element.

Proof. We aiready know that R has a completely stable weak test element. By
Proposition (6.22), we may apply Proposition (6.20) to conclude that R has a
completely stable test element. M

(6.24) Corollary. Let R be reduced of characteristic p and locally equidimen-
sional. Suppose that either R is essentially of finite type over a field or that R
is complete local. Then R has a completely stable test element.

Proof. If R is complete local, it is module-finite over 4, where A is complete
regular local. It suffices to observe that 4 — AP splits. It is pure, since AP
is faithfully flat over 4. The equidimensionality implies that it is torsion-free
over A.

The following argument, which is due to M. Auslander, shows that a pure
injection 4 — M of a complete local ring 4 into an arbitrary module A/
splits. Let E be the injective hull of the residue fieldof 4. A® , E—-MQ E
is injective, by the purity. Since E is an injective module, Hom ,(M®E, E) —
Hom,(4 ® E, E) is surjective. By the adjointness of ® and Hom, we may
identify this map with the map

Hom (M, Hom ,(E, E)) — Hom (4, Hom (E, E)) .
Since A is complete, A — Hom(E, E) is an isomorphism, and so
Hom (M, A) — Hom (4, A4)

is surjective. Thus, the identity on A lifts to a map from M to A, as required.

As in the proof of (6.18), when R is locally equidimensional and essentially
of finite type over a field, we can work with each connected component of
Spec R separately, and in the connected case we know that R is a localization
of a biequidimensional reduced ring over K . Thus, the question reduces to the
case where R is biequidimensional and of finite type over a field K. Then R
is module-finite over a polynomial ring 4 = K[x,, ..., x,], and it suffices to

observe that 4 — A/ is a free extension, and so splits: it is the composite
of the extension A — K'/? [x,, ..., x,], which is free because K VP s K-free,
and K'"?[x,,...,x,]C K'"[x|/?, ..., x)P], which is also free.

The next observation can be used to simplify the treatment of test elements in
this section but was only noticed by the authors at a late stage in the preparation
of the manuscript. Thus, we were not able to incorporate it into the main body
of this section, and exploit it fully. We note that the result (6.25b) on test
elements for ideals works equally well, without essential modification in the
proof, for test elements for modules (working with submodules of free modules
in place of ideals). See §8.

(6.25) Proposition. Let R be a Noetherian ring of characteristic p with mini-
mal primes P, ..., P,. Let N =(\; P, be the ideal of all nilpotent elements in

R. Let q" be such that NET = (0).
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(a) An element x € R is in the tight closure I of an ideal I C R if and only
if the image of x in R/P, is in the tight closure of IR/P, (over R/P;) for each
i.

(b) If each of the rings R/P, has a q'-weak test element, then R hasa q'q"-
weak test element. Hence, if R is reduced and each R/P, has a test element,
then R has a test element.

Proof. First note that if y, € R/P,— {0}, then there exists ¢, € R° which maps
to y;: if d is any lifting, we cannot have d + P, C {J ; P, unless Rd + P, is
contained in one of the Pj , by [Kap, Theorem 124, p. 90]. For the “if” part
of (a) (“only if” is clear), suppose that y, € R/P, — {0} for each i is such that
y X € (IR/Pi)m forall ¢ >q',ie,suchthatforall ¢>q', cx? € 194 P,
where ¢; is a lifting of 7, to R°. Let Z; € R be in all the Pj except P,. Then
A,P;C N, so that for each i and all ¢ >¢', 4,c;x" € I'! + N . It follows that

(E.A.c) x? €1 forall g > ¢, and it is easy to see that ZA.c, €R°,and

11
hence ¢ = dq” € R°. The proof of (b) is identical except that we pick y; tobe
a ¢'-weak test element for R/P, (independent of the choice of x and I) and
then observe that the argument for (a) shows that ¢ = (Zi,lic,.)"“ , where c¢; lifts
7; to R® and the A, are as above, is a ¢'q”-weak test element for R.

(6.26) Corollary. Let R be a ring of characteristic p and suppose that R is
essentially of finite type over a field or else that R is a complete local ring. Then
R has a q'-weak test element. If R is reduced, then R has a test element.

7. CONSTRAINTS ON SYSTEMS OF PARAMETERS
IN CHARACTERISTIC p

It has already been noted that when R is a module-finite and torsion-free

overring of a regular ring A4 in characteristic p and x,, ..., x, are elements
of A that are parameters in R, then we have
*
(xy5 ... x,_R: gx, C((x,,...,x,_,)R) .

In this section, we prove several generalizations of this result. See particularly
Theorems (7.9) and (7.15). For example, the result is valid in locally equidi-
mensional homomorphic images of a Cohen-Macaulay ring. It is not necessary
to assume that R is module-finite over a regular ring. (In [HH4], we show
that related results on Koszul homology hold with the local equidimensional-
ity condition relaxed, provided that more is assumed about the sequence of
elements.) There are similar results for ideals generated by monomials in pa-
rameters. There are related but incomparable results in several other contexts.

We shall also see that there are comparable results for ideals constructed by
iterated use of the addition, multiplication, intersection, and colon operations
on ideals generated by monomials in parameters and, likewise, on the expan-
sions of arbitrary ideals from a regular ring 4 under amap #: 4 — R under
certain conditionson 4, R, and 4. See Remark (7.2) below and the multipart
monster, Theorem (7.15), which details numerous situations in which results on
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iterated operations on ideals are valid. One always needs to assume, in effect,
that the heights of certain ideals of 4 do not decrease when they are expanded
to R in order to obtain such results.

Unless otherwise noted, all rings in this section are assumed to have posi-
tive prime characteristic p. In [HH7], the results proved here are extended to
characteristic 0.

It is worth pointing out that every result we prove here to the effect that a
certain colon ideal (or other result of an operation or sequence of operations)
is in the tight closure of a certain ideal implies that it is in the integral closure.
However, for sequences of operations, it is hopeless to try to prove a result
of this type working entirely with integral closures. The integral closure that
replaces the expected answer gets much too big, and one loses so much infor-
mation that it is hopeless to carry through. For example, our results imply that
for parameters x, y, under mild conditions on the ring,

(270 7)8): (o9) () s

If one approaches this by trying to use the fact that the given intersection 1s in
the integral closure of the expected answer, one only obtains that the intersection
is in ((x3 , y3 , x? yz)R)‘ . Since this integral closure contains xy2 , one gets no
information about the colon.

(7.1) Remark. It is worth noting that for every set of hypotheses for which we
can prove results on capturing the colon, we also obtain the result that F-regular
rings that satisfy those hypotheses are Cohen-Macaulay.

(7.2) Remark. We want to explain the close relationship between the results
on ideals generated by monomials in parameters and the results on ideals ex-
panded from regular rings. What one hopes is that if A4 is regular and 4 — R
is such that for all the ideals I of A in a certain family .¥ one has that height
IR > height! (this is true when R is a module-finite overring of 4, but also
when R is flat and in many other situations), then for all 7, J € .# one has
that /R: ,JRC ((I: 4J)R)" and that JRNJR C ((INJ)R)". However, we
can prove such results only after imposing special hypotheses of one sort or an-
other. The situation is better when dealing with ideals generated by monomials
in parameters. One useful point is that, after localization, completion, and pos-
sibly certain other manipulations, such as enlarging the set of parameters, ideals
generated by monomials in parameters X, , ..., X, can be viewed as arising by
expansion from a regular ring K{[x,, ..., x,]] to a module-finite extension.
Unfortunately, many technical complications arise in trying to carry through a
program of deducing the results about monomials from this case, partly because
subfields of a complete local ring do not always extend to coefficient fields in
characteristic p, and partly because, in working with tight closure, it is nec-
essary to assume the existence of completely stable test elements of some sort
in order to be able to reduce to the complete local case. We consequently are
forced to do a certain amount of proving of parallel results in order to get the
theorems we want. For example, although we can prove that ideals generated
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by monomials in parameters behave well in any locally equidimensional quo-
tient of a Cohen-Macaulay ring, we cannot obtain the result in this generality
by localizing and completing. We need to use a quite different technique.

The rest of this section is structured as follows. We first develop the material
we need to obtain our results on the behavior of the colon and intersection
operations for monomial ideals in locally equidimensional homomorphic images
of Cohen-Macaulay rings. (The equidimensionality condition is not needed if
one imposes height conditions modulo every minimal prime. We discuss this in
[HH4]. The context is somewhat different, however.) Theorem (7.9) is the first
culmination of this development. We then prove, in a very general form, the key
lemma we need, Theorem (7.12), to obtain results on iterated operations. We
can then combine Theorem (7.12) succesively with Theorems (7.9) and (4.8)
and results of §6 to obtain several situations in which our results on iterated
operations are valid. See Theorem (7.15).

(7.3) Discussion. Throughout this discussion and its sequel, we drop the re-
striction to rings of characteristic p , imposing it again when we come to The-
orem (7.9).

Let x,,..., x, be elements of the ring R. By a monomial in the x; we
mean an expression of the form x” , where v is an n-tuple of nonnegative inte-
gers (v,,...,v,) and x” =[], x;". In the polynomial ring A[X,..., X,],
where A is any base ring, the sum, product, intersection, and colon of two
ideals generated by monomials in the X; can be computed by formal rules,
and the result is again an ideal generated by monomials. Suppose that each
of the ideals 7, J has a fixed finite set of monomial generators. Call these
B, C. Then I+ J is generated by BUC, IJ by BC = {bc: b € B and
ceC},and InJ by {LCM(b,c): b€ B and c € C}. Note that if b = x*
and ¢ =x", then LCM(b, ¢) = x™>¥*}  where the ith entry of max{u, v}
is max{y;, v;}. A similar rule may be used for the calculation of monomial
generators of the intersection of any finite number of ideals. If J is generated
by a single monomial ¢ = x”, then I: J is generated by the elements x“~,
where x” runs through a set of monomial generators for / and u-~v has as
its ith entry pu,—v;, = max{u, —v;, 0}. In general, we may compute /: J as
Neec I : (¢)- Cf. [EHo, Tay]. In fact, the formal rules described above are valid
not only for indeterminates over A, but also for any permutable possibly im-

proper regular sequence in any commutative ring. (Elements x,,...,x, € R
form a possibly improper regular sequence if for every i, 0 < i < n-1,
(X500 s X)R: px; (R = (x;, ..., x;)R. The ideal (x, ..., x,)R need not

be proper. Such a sequence is called permutable if Xoty> - > Xon) is a possibly
improper regular sequence for every permutation ¢ of {1, ..., n}.)

({IEHo] deals only with proper R-sequences. The fact that one may use the
same formal procedures for computing results of operations on monomial ideals
in the improper case can be deduced from the proper case. The issues are local,
and so one can assume that part of the sequence is a proper permutable sequence
and that the other elements are units. The verification is then quite easy.)

We note that the rules for computing the sum and product of two ideals are
valid for arbitrary ideals. Monomial generation is not required. However, the
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rules given for calculating intersections are rarely valid, and the rule for colons
is never valid unless one is working with a permutable possibly improper regular
sequence (the rule for colons implies the condition that (x,, ..., X;)R: gx, R

i+1
= (x,, ..., X;)R, which, in turn, defines such sequences).
If x,, ..., x, are elements of R and A is any ring which maps to R, e.g,,
the prime ring of R, then we can always map 4 = A[X,,..., X,] — R by

mapping X; to x; for every i. Every ideal generated by monomials in the X;
in R then has the form IR, where I is generated by monomials in the X, in
A. We can then express the result of [EHo], that operations on monomial ideals
constructed from permutable regular sequences can be calculated as though the
R-sequence consisted of indeterminates (generalized to allow possibly improper
regular sequences) as follows:

(7.4) Proposition. Let # denote any of the four binary operations on ideals
+, x, :,and N. Let x, ..., X, be a permutable possibly improper regular
sequence in R. Let I, J be monomial ideals in A (where A is defined as in
the paragraph just above). Then IR#JR = (I#J)R.

In order to prove our main results below, we need two corollaries of this
result.

(7.5) Propesition. With notation as in Proposition (7.4), suppose that R has
positive prime characteristic p. Then for all q = p®, and for all monomial ideals
I, JC A, IR¥W#URY = (1#))9R.

Proof. (IR)¥, (JR)¥ are the same as 'R, J'R. The result follows read-
ily from the rules given for calculating with monomial ideals in any permutable
R-sequence. B

(7.6) Proposition. Let S be a Noetherian B-algebra, where
B=AX,,...,X,,Z, ..., Z,]

is a polynomial over an arbitrary ring A. Let x; (resp. z j) denote the image
of X, (resp. Z j) in S. Suppose that for every subset T of {1,...,n} with t
elements, the depth of S on the ideal generated by the z ; and the x; for ie T
isatleast d+t. Let I, J be ideals of B generated by monomials in the X's
and Z's and containing Z,, ..., Z,. Let # denote either +, x, : , or N.
Then IS#JS = (I#J)S.

Before giving the proof, we note that the ring A is of no importance here.
Since I, J are monomial ideals in indeterminates, so is /#J , and it is com-
puted in a formal way from these monomials. The choice of A will not affect
the meaning of (/#J)S. Thus, given the x; and z ; we may always set up a
homomorphism as described by taking A to be either the prime ring in S, a
subfield of S (if there is a subfield), or § itself, and then sending the indeter-
minate X, to x; for every i (respectively, Z; to z; for every j).

Proof of Proposition (7.6). If # is + or x, there is nothing to prove, and so we
may assume that # is : or N. The result is local on S, and so we may assume
that S is local. If the maximal ideal m does not contain all the z IE then both
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ideals are the unit ideal, and we are done. Hence, we assume that (z j) jS Cm.
We next observe that it is sufficient to check the result working modulo the
1deal generated by the z i It is therefore sufficient to prove the result in the
case d = 0. But the hypothesis implies that the x; form a permutable possibly
improper regular sequence, and the result now follows from Proposition (7.4).
n

(7.7) Definition. We shall say that the x,, ..., x, € R are permutable param-
eters if every subset of [ elements generates an ideal of height at least { (i.e.,
either an ideal of height precisely i or else the unit ideal). This is equivalent
10 saying that every subset is a set of parameters.

(7.8) Remarks. Permutable parameters retain this property after localization
but not necessarily after module-finite extension. Represent

K[IX,Y,Z))/(XY, XZ) =K][x, y, z]]

as a module-finite extension of K[[y, x — z]]. This is possible since y, x — z
is a system of parameters. Then y, x — z are permutable parameters in the
regular ring K[[y, x — z]] but not in its module-finite extension K[[x, y, z]],
since y is in a minimal prime. This also illustrates the point that in a local ring
(R, m) parameters in m are not automatically permutable. If there are mini-
mal primes of different coheights, there are elements that are part of a system of
parameters that generate ideals of height 0. However, in a local ring that is an
equidimensional image of a Cohen-Macaulay local ring, or, more generally, in a
local ring whose completion is equidimensional (i.e., that is “quasi-unmixed” in
the terminology of [N]) parameters in the maximal ideal are automatically per-
mutable. In a C-M ring, x,, ..., X, are permutable parameters iff they form a
permutable possibly improper regular sequence. However, even in the best rings,
parameters may fail to be permutable, either because some subset generates the
unit ideal while other subsets are badly behaved, or for more subtle reasons.
For example, x, y(1 —x), z(1 — x) is an R-sequence in K[x, y, z] which is
not permutable, and these elements are also nonpermutable parameters.

We also note that x,,..., x, are permutable parameters iff for 0 < i <
n—1, x; , is not in any minimal prime of an ideal generated by a subset of
{xy5 00 x;}-

We are now ready for one of the main results of this section. At this point,
we impose again the condition that all rings be of characteristic p .

(7.9) Theorem. Let R be a locally equidimensional Noetherian ring of char-
acteristic p that is a homomorphic image of a Cohen-Macaulay ring. Let

Xy, ..., X, be permutable parameters in R, and map A = A[X,..., X,] to0
R by sending X; to x;, where A = Z/pZ. Let I, J be monomial ideals in
the X. in A, and let # be any of the operations +, x, : , and N. Then

i

(I#J)R C IR#JR C (I#J)R)" .
In fact, there is a single element ¢ € R° and an integer q' such that for all
924, cURRIR) C (I#7)R).
Proof. If # is + or x, then (I#J)R = IR#JR for any ideals I, J of A
for an arbitrary homomorphism 4 — R of commutative rings. Henceforth, we
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assume that # is : or N. The first inclusion is trivial, and we focus on proving
IR#JR C ((I#J)R)", the interesting part of the theorem. This will follow if
we estabhsh the final statement. The result for R follows from the result for

.(f ', ¢ work for R_, = R/N, ¢" is such that N91=0,and c isa
hftmg of ¢’ to R°, then for every element u € IR#J R in R, we obtam that
cu? € (IR + N)#(JR + N))["] + N for all q >4, and ralsmg to q" powers

yields 7 uqq € (IR#JR) forall ¢ >¢', whence ¢? u’ € (IR#JR)Y for
all ¢ > ¢'q".) Henceforth, we assume that R is reduced. If R is a product
ring, it suffices to prove the result in each factor separately. Hence, we may
assume that Spec(R) is connected. Write R as S/Q, where S is C-M and Q
is radical. We claim that the minimal primes Q, of Q in S (which correspond
to the minimal primes of R) all have the same height. To see this, let height
Q =d,let Q' be the intersection of those Q, that are of height 4, and let
Q" be the intersection of those that are not. Then QRN Q"R =0, and since
Spec(R) is connected, we cannot have Q'R + Q"R = R. It follows that some
maximal ideal m of S contains Q' + Q”, and then m contzins both Q, of
height 4 and Q; of height #d . Since S, is a C-M local ring, it follows that

R, is not equidimensional, a contradiction.

Let W =S8-UJ,Q,. Then w~lS isa semilocal ring in which all the maximal
ideals have height d. We shall show that there are elements z,,...,z, in Q
and liftings y,, ..., y, of x, ..., x, to S such that the height of the ideal in
S generated by z,, ..., z, and any subset consisting of ¢ of the y,, 0< ¢ < n,
has height at least d +¢. This is Lemma (7.10) below. Assuming this, we see
that the z’s form a s.o.p. in the local ring of § at each minimal prime of Q
(take t = 0). It follows that QW ™'S is Rad(z, ..., zd)W_lS, and hence we
can pick ¢’ € W and a fixed power ¢' of p such that ¢'Q? C(z,, ..., z,)S.
We shall show that the image ¢ of ¢’ in R and ¢’ satisfy our requirements.

Let B=A[Z,,...,Z,],and map B — § sending X, to y; for each / and
Z. to z f for each j. The induced map to R agrees with the original map on
A and sends all the Z ; to 0. Now suppose that s € S and its image r in

R isin IR#JR. Let I'=IB+(Z)B and J' = JB+(Z :);B . It is easy to
see that I'#J' = (I#J)B + (Z,)B . We have then that I' S#J S = (I'#J")S, by
Proposition (7.6). It follows that s € (IS+Q)#(JS+Q), and so forall ¢ > ¢’
we have (recalling that ¢'Q? C (2,),5)

ds?e (1[‘”3 + (z j)js) # (J“”S + (z J)js)
= (1“”#1“” + (zj)j) S
= ((I#J)“” + (z j)) S.

Taking images in R yields that cr? € (J#J) R = (I#J)R)¥ forall ¢ > ¢,
and the result therefore follows from Lemma (7.10) below. 1
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(7.10) Lemma. Let S be any catenary Noetherian ring, e.g., a Cohen-Macaulay
ring, and let Q be a proper ideal of S of height d. Let R=S/Q, and let x,,
1 <i<n, be elements of R that are permutable parameters. Then there exist
elements z,, ..., z, € Q and liftings y, of the x; to S such that for any set
TC{l,...,n} with t elements, 0 <t < n, the ideal generated by the z; and
those y;, with i € T has height at least d +t.

Proof. First lift the x; to elements y, of § inductively in such a way that
for every i, 0 < i< n-1, y,, isnotin any minimal prime of an ideal
generated by a subset of its predecessors. (Let y denote any element of S that
lifts x, ,. If there were no such lifting, then, by standard prime avoidance
techniques, for example Theorem 124 on p. 90 of [Kap], Ry + @ is contained
in a minimal prime P of (y,, ..., ,)S, where m <i. But then, since height
Q = d, since the images of the elements y,,...,y,, ¥y in R = §/Q, are
Xys..v» X, X, ,and since S is catenary, we have that P has height at least
d + m+ 1. On the other hand, height P < m, a contradiction.) Second,
choose z,,...,z, € Q inductively such that for every j, 0 < j<d-1,
Zip is not in any minimal prime of the ideal generated by (z,, ..., z j)S and
a subset of the y ;- (If this were impossible for a certain ¢ element subset of
the Y, say {r\>---,¥,}, it would follow that there exists a minimal prime
Pof (zy,...,2)8+(y,...,y,) that contains Q. Working in S, we have
that the height of the ideal Q + (y,, ..., y,) is at least d + ¢, since the ring is
catenary, height Q = d, and the y, reduce to the parameters x; modulo Q.
On the other hand, the height of P is < j+t, which contradicts the assumption
j <d-1.) It follows by induction on j that the height of the ideal generated by
(zy5 -0, zj)S and any ¢ element subset of the y, isatleast 1+, 0<j<d.
In particular, we know this for j = d, which proves the lemma. H

The next theorem will enable us to prove results for iterated operations. We
give it in a rather general form that can be applied in a number of different
contexts.

Before giving the statement, we need to consider certain special classes of
ideal-valued functions.

(7.11) Discussion. Let U,, ..., U, denote variable ideals. We consider ideal-
valued functions of these variables that can be constructed recursively from the
functions U, (technically, this is the ith projection), U, + U ¥ vu i un Uj s
and U;: U f by allowing the substitution of functions already constructed for
any of the variables U,, Uj in the functions listed above, subject to the restric-
tion that one may substitute only a function for the numerator U, of U,: U iz
and not for the denominator U ;- We call the functions that can be constructed
in this way permissible. For example, (U, : U,): U, is permissible as is
(U +((U;: Ty) - U))nU) 0 ((Us + (Ug 2 Ts)) = Uy)

However, U, : (U,: U;) and U, : (U,NU,) are not permissible. We note that
while U, : (U,+U,) is not permissible a priori, it can be rewritten as (U, : U,)N
(U, : U;), which is permissible. Likewise, U, : (U,U;) is not permissible a
priori, but can be rewritten as (U, : U,): Uj, which is.
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We shall call an ideal-valued function of ideals almost permissible if it can
be constructed recursively from the functions U;, U, + U fE u,nU B u:.Uu f
by substitution of functions already constructed from the variables, subject to
the restriction that a function substituted for U; in U, : U; must be permissible.
For example, U, : (U, : U;) is almost permissible, as is

(U, : U) + (Uyn0y)) + (UU,+ (U0 (Uy 2 Us)))) + (U s (U2 0y)) s
but U, : (U,: (Uy: U,)) is not almost permissible.

Given a homomorphism 4 — R and an ideal I of A4, where A, R are
Noetherian of characteristic p, then we shall say that I' C R is trapped over
Iif IRCI' c(IR)".

The following rather lengthy theorem will enable us to deduce results on
iterated operation in numerous situations.

(7.12) Theorem (key lemma for iterated operations). Let .# be a family of
ideals of a Noetherian ring A of characteristic p such that if I, J belong to
F thensodo I+J, 1J,1:J, InJ,and I'! forall g=p°. Let h: A— R
be a ring homomorphism.

Suppose that the following condition holds.

(xy Forall 1, J €%, (IR} A(JR)" € (INJ)R)" and (IR)": JR
C((I: J)R).

Then forall I, J € 7, (IR"N(JR)" = (INJ)R)" and (IR)": JR =
((I: J)R). What is more, if I, J € F, IRC I C (IR), and JR C
J' C(JR) (i, I' istrapped over I and J' is trapped over J), we have the
Jollowing.

(a) (J#J)RCI'#J C((I#J)R)" if # is +, x, or N.
(b) I: J)RCTI': xJRC (I: ,J)R) (which implies that I': J' C
((I: ,JIR)).

It follows that if & is a permissible (respectively, an almost permissible) ideal-
valued function of k variable idealsand 1, ..., 1, € %, I =(,,...,I,), and
IR denotes (LR, ..., I, R), then &/ (LR) is trapped over & (1), i.e., &/ ([)R C
& (IR) € ( (I)R)" (respectively, s/ (IR) C (& ([)R)").

If every ideal in .7 is a sum of principal ideals aA € .# such that a is a
nonzerodivisor on R, then for (xx) to hold, it suffices that for all I, J € .7,
(IR N(JR)" C(INJ)R)".

Finally, we note that if A is regular, a sufficient condition for the inclusion
(IR N (JR) C (INJ)R)" (respectively, (IR)": JR C ((I: J)R)") to hold
forall I, J € F is that tifere exist ¢ € R° and an integer q such thlat
cIRN IR (I n DR (respectively, c(I'R: JR c ((I: J)R)!¥))
forall I, J e #. Thus, if one has ¢, q' that satisfy the indicated conditions
for both N and : , then (x+) holds and the statements above on behavior of
permissible and almost permissible functions are valid.

Proof. The statement that the inclusions in condition (*x) imply equality is
trivial. The opposite inclusions follow from the facts that (IR)* N (JR)" and
(IR)* : JR are tightly closed; see Proposition (4.1). The fact that (a) and (b)
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hold is then obvious. There is no problem at all when # is + or x. (a) and
(b) can be paraphrased as follows. If I', J' are trapped over I, J € .7,
respectively, then I'#J is trapped over I#J, subject to the restriction that if
# is : then J' is equal to JR (and not just trapped over J ). The result
on permissible functions is then immediate from (a), (b) by induction on the
number of substitutions needed in the recursive construction of the function.
The result on almost permissible functions is also immediate by the same line
of argument, but now making use of the remark that when I', J' are trapped
over I, J,then I': J' C ((I: J)R)*, although I' : J' need no longer contain
(I: J)R.

It remains only to establish the sufficiency of the criteria for (**+) to hold
given in the last two paragraphs of the statement of the theorem. First, suppose
that every ideal of .# is a sum of principal ideals of .# generated by nonzero-
divisors on R. Suppose I, J € . are givenand J = (q,, ..., a,)4, where
each g; is a nonzerodivisor on R and each a,4 € ¥. Then (IR)": JR =
N;IR)" : (aR). If a =a, and z € (IR"): (aR) and we have that az €
(IR)*NaR C ((InaA)R)" = (a(I : aA)R)" , which implies that z € ((/ : a4)R)"
by Lemma (7.13) below. But then

(IR)": JRC(((I: a,)R)" € (U : a,A)R)*

(by repeated use of the property for intersections) = ((I : J)R)", as required.

The criterion in the last paragraph of the statement of the theorem is perhaps
the most interesting part. We must show under the hypothesis that ¢, ¢’ as
specified exist that if u € (IR)" N (JR)" (respectively, (IR)": JR), then u €
((InJ)R)" (respectively, ((I: J)R)"). We choose ¢’ € R° and ¢” such that
forall ¢ >¢", ¢'u? € UR)H(JR) = 'IR#JIR . Since I'!, J'9 are again
in 7, it follows that for all ¢ > ¢” we have c(c'u?)? e (I'#JHR)) =
((I#)IRYT (since A is regular) = ((J#J)R)1%Y}, which implies that for all

424'q", (¢ € (I#NR)Y.
This completes the argument, once we have established Lemma (7.13)
below. B

(7.13) Lemma. Let a be a parameter of R and J any ideal. If az € (aJ)",
then zeJ".

Proof. We can pass to R ., and so assume that a is a nonzerodivisor. We can
choose ¢ € R° such that for all large ¢ we have c(az)? € (a/)!¥ = o771,
Since a is not a zerodivisor, this implies that for ail large ¢ we have that
e =

(7.14) Remarks. (a) In order to prove that (IR)" N (JR)" = ((INJ)R)" (re-
spectively, that (IR)* : JR = ((I: J)R)") from the condition in the last para-
graph of the statement of Theorem (7.12), we did not really need to work with
such a large family .¥ . What we really needed in the argument is simply the
existence of a fixed element ¢’ € R® and a fixed integer ¢' such that for all ¢,
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C,((I[q]R n J[q])R)[q,] c ((I[q] N J[q])R)[‘I’] (respectively, CI((I[q]R . J[Q]R)[‘II]) c

(1'% JUYRY9I) | The result is stated in terms of a family so that it can be
applied to iterated operations.

(b) The condition that 4 be regular in the last paragraph of Theorem (7.12)
is not entirely essential. All we really need is that the Frobenius power opera-
tion (sending I to [ ["]) commute with : and N, which might be guaranteed
by other means, e.g., by assuming that various ideals have finite projective di-
mension.

(c) Suppose that I°R C (IR)" for each I € 7, which is automatic if A4 is
regular or 4° maps into R°. Then the conclusion of Theorem (7.12) remains
valid if we enlarge the classes of permissible and almost permissible functions
by allowing the substitution of U,.* for U;. The point is that if an ideal is
trapped over I, its tight closure is trapped over I”, and even over I, since
IRCI'RC(I'R)"=(R)".

(d) We may likewise enlarge both classes of functions by permitting the sub-
stitution U,.[‘” for U,, for if an ideal is trapped over I, this is preserved when

we apply ! . The key point is that (( R)*)[q/] c{ [q’]R)* . (For suppose ¢ € R°

and ¢y’ € I'R for ¢ > 0, i.e, y € IR)". Then ¢* (y"’)q € (I[q']R)[‘” for
g > 0, as required.)

We are now ready to state our main result on iterated operations, which gives
several contexts in which the result of performing iterated operations is in the
tight closure of the expected answer. The first of these, Theorem (7.15)(a) 1s
the culmination of the work we did earlier on permutable parameters in locally
equidimensional homomorphic images of C-M rings.

(7.15) Theorem (main theorem on iterated operations). Let 4 — R be a ho-
momorphism of Noetherian rings of characteristic p, and let ¥ be a family
of ideals of A. Then in each of the situations (a), (b), (c), (d), (e), and (f)
listed below, for every permissible (respectively, almost permissible) ideal-valued
function &/ of k variable ideals I, ..., I € if I denotes (I, ..., 1),
and IR =(I|R, ..., LR), then &/ (IR) is trapped over &/ (I), i.e., /()R C
& (IR) C ( (I)R)" (respectively, s/ (IR) C (& (I)R)").

(a) R is alocally equidimensional homomorphic image of a Cohen-Macaulay
ring, X;, ..., x, are permutable parameters, A=Z/pZ, A=A[X,, ..., X,],
a polynomial ring, mapping to R so that the image of X, is x;, and .7 s the
Jamily of monomial ideals in the X, in A.

(b) R is a module-finite extension of a regular domain A such that R is
torsion-free as an A-module or, more generally, such that R is locally equidi-
mensional, and 7 is the family of all ideals of A.

(¢c) A is a regular ring such that every residue class field is perfect, R is lo-
cally formally equidimensional and has a completely stable q'-weak test element,
h: A— R is such that every maximal ideal of R contracts to a maximal ideal
of A and such that for all maximal ideals » of A, height~R > height», and
F is the family of all ideals of A.

(d) h: A — R is a local homomorphism of complete local rings such that
(A, P) is regular, R is equidimensional, A has a coefficient field K that can
be extended to a coefficient field of R, height PR = dim A (so that regular
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parameters for A are part of a system of parameters in R), and ¥ is the
Jamily of all ideals of A.

(e) A is a regular ring finitely generated over a perfect field K, R is a locally
equidimensional ring finitely generated as an A-algebra such that for all maximal
ideals » of A, height=R > height.», and .7 is the family of all ideals of A.

(f) A is a polynomial ring in d variables over a perfect field K, R is N-
graded, locally formally equidimensional and has a completely stable q'-weak test
element, h: A — R is a graded homomorphism such that every maximal ideal
of R contracts to a maximal ideal of A and such that for the graded maximal
ideal = of A, height =R > d, and ¥ is the family of all homogeneous ideals
of A.

Before giving the proof of this result, we make some remarks and then prove
a result that shows that nilpotents may, in essence, be ignored in this context.

(7.16) Remarks and examples. The reason that the colon function U : V re-
quires special treatment is that as the denominator V' gets larger the value of
U: V gets smaller. In the case of all the other ideal-valued functions that
we are considering (as well as for the numerator U of U: V), enlarging the
value of the variable ideal enlarges the value of the function. For this reason,
I' : J' need not be trapped over I: J when J' is strictly larger than J . This
is what forces us to make the rather techmcal definitions of permissible and
almost permissible function.

Specifically, let (R, m) be a two-dimensional equ1d1mens10na1 local rmg of
characteristic p thatisnot C-Mand let x, y beas.o.p. (K [[u u v vi’ ]]
C K[[u, v]] is one completely specific example. We may take x = ut, y = vt )
Let A = Zp[X ,Y]. Since x, y is not a regular sequence, xR: yR is
strictly larger than xR, and so xR: (xR: yR) C m, and is not trapped
over XA: (XA: YA) = XA: XA = A, although it is contained in AR =
R . This is the kind of behavior we expect from an almost permissible func-
tion (i.e., U,: (U,: U;)) that is not permissible. Since m is nilpotent mod-
ulo (x, y)R, we can choose ¢ such that (xR: (xR: yR))' C (x, y)R, and
then (x, y)R: (xR: (xR: yR))' = R is not even contained in the tight clo-
sure of the expected answer, which is ((X,Y)4: (X4: (X4: YA))R =
(X,Y)4: A)R=(X,Y)R=(x,y)R (note that tth powers are obtainable as
iterated products). The function involved, U, : (U, : (U;, U4))’ , 1s not almost
permissible, since the denominator is not permissible.

(7.17) Proposition. Let h, A, R, and # be as in the first paragraph of
Theorem (7.12). Then condition (x+) holds iff it holds for h', A, R4, and

F , where k' is the composition of h with the canonical surjection R — R -

Proof. Let N be the nilradical of R and suppose that N (6”1 _ 0. First assume
that (*+) holds in the original situation, and let 7, J €. . Let u € R be such
that u+N € (IR ;)" N(JR_,)" (respectively, (IR_,)": JR ). Then thereisa

c € R° and ¢’ suchthatforall ¢ > ¢, (c+N)(u+N)? € IR+ N)n(JR+N)
(respectively, (¢ + N)(u + N)?JIR ¢ I'R + N). Raising both sides to the
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q" power, we find that for all ¢ > ¢'q", @ ul e IR JYR (respectively,
@ W JDR ¢ R), whence u € (IR)* N (JR)* C ((INJ)R)" (respectively,
ue (IR : JRC ((I: )R) ),andso u+ Ne((In J)Rred)* (respectively,
u+Ne((I: AJ)Rred) ) as required.

Now assume that (x+) holds after we pass to R, and let u € (IR)"N(JR)"
(respectively, (IR)" : JR). Evidently, u+ N isin (IR_4) N(JR_,)" (respec-
tively, (IR ;)" : JR,),andsoin ((INJ)R_,)" (respectively, ((I : J)R red) )-
The conclusion we need is now immediate from Proposition (4.1)(j). H

Proof of Theorem 7.16. (a) is immediate from Theorems (7.9) and (7.12).

(b) If R is locally equidimensional, we begin by passing to R_,. This is
justified by Proposition (7.17). The condition is equivalent to being torsion-free
over A once we know that R is reduced. It then suffices to show that there
exist ¢ € R® and ¢’ such that forall 7, J C A, c(IRNJR)Y' ¢ ((mJ)R)[“
by virtue of the criteria for (%) given in Theorem (7.12). But, precisely as in
the proof of Theorem (4.8), we may choose g =1 and ¢ to be an element
of A— {0} such that cR C F, where F denotes a free A-submodule of R of
maximum rank.

(c) By Theorem (7.12) all we need to check is that if I, J are ideals of
A, then (J/R)’N(JR)" C (UNJ)R)" and (IR)*: JR C ((I: J)R)". Let
& = (INJ)R (respectively, (I: J)R), and suppose u denotes an element
of (IR)° N (JR)" (respectively, (IR)": JR) that is not in the ideal %" on
the right in the respective inclusion that we are trying to prove. Let ¢ be a
completely stable g'-weak test element. Then cu? is not in & 4 for some
choice of g > g, and this will be preserved after localizing and completing
at a certain maximal m of R. Let S be the localized completion of R, and
let B be the completion of the localization of A4 at the contraction m’' of
m. Then since (IR)", (JR)" map into (IS)", (JS)", respectively, we get a
new counterexample in which 4, R, I, J arereplaced by B, S, IB, JB.
(We are using the fact that the image of ¢ is a g'-weak test element in S.)
Note that since m’ is maximal in 4, B is a complete regular local ring with
a perfect residue field. Note also that since dim B = heightm' < height m'R <
heightm'R_ = heightm'S, we can conclude that if x,,..., x, is a regular
system of parameters for B, then it is part of a system of parameters for S.
The height condition forces the map B — S to be injective. We have now
reduced to the situation of part (d), which is proved below.

(d) Let L be a coefficient field for R extending K, and let x, ..., x,
generate P,sothat 4 = K{[[x, ..., x;]]. Then we can enlarge x,, ..., x,; toa
system of parameters x|, ..., x, for § and then 4 by A = Li[x,, ..., x,11,
since A’ is faithfully flat over 4. Changing notation, we may assume that
A=A, and then R is module-finite over the regular local ring 4. The result
now follows from part (b).

(e) Since R, A are of finite type over K, we know that every maximal
ideal of R lies over a maximal ideal of 4. Since R is excellent, its local rings
are formally equidimensional, not just equidimensional. Moreover, R has a
completely stable q'-weak test element. Thus, part (¢c) applies.
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(f) We imitate the proof of part (c). The point is that we can choose the
maximal ideal of R at which we are going to localize to be homogeneous. It
then lies over a homogeneous maximal ideal of 4, which must be ~z, and the
rest of the argument is the same. B

8. TIGHT CLOSURE FOR SUBMODULES IN CHARACTERISTIC p

In this section, we extend the notion of tight closure for ideals to submodules
of a finitely generated module over a Noetherian ring R of characteristic p.
After giving the basic definitions and exploring some fundamental properties,
we extend the notion of test element for ideals to the module case, and develop
some results comparing the two notions. We also develop a criterion for one
submodule to be in the tight closure of another when their quotient has finite
length in terms of conditions on asymptotic growth of lengths as iterations of
the Frobenius endomorphism are applied. See Theorem (8.17). In a different
direction, we consider the extent to which the tight closure of a torsion-free
module embedded in a projective module is independent of the embedding
(this is the case for normal rings; see Proposition (8.18)).

We also consider a variant notion (finitistic tight closure) that is useful in
situations where modules are not necessarily finitely generated, and a notion of
absolute tight closure that gives rise to right derived functors.

Throughout this section, rings are assumed to be of positive prime character-
istic p unless otherwise specified.

(8.1) Discussion. We begin by briefly recalling some facts about the Peskine-
Szpiro functors F¢, where ¢ € N. Let S denote R viewed as an R-algebra
via the eth power of the Frobenius endomorphism. Then F° is simply S® R>a
covariant functor from R-modules to S-modules. However, since .S = R, this
is a covariant functor from R-modules to themselves. If we apply F°¢ to a map
R" — R” with matrix (r, ;) » we obtain the map between the same two modules
with matrix (r]), where g = p°. Note that the R-module structure on F*(M)
is such that r'(r® m) = (r'r) @ m. On the other hand, ' ® (rm) = (¥'rYom.
Also note that F¢(R/I) = R/T') where ¢ = p°.

We observe that there is a canonical map M — F°(M) that sends m to
l1@m. If ¢ = p° and x € M, we shall write x? for the image of x in
Fé(M). Note that (x + y)? = x? + y? and (rx)? = r?x? with this notation.
Note also that if x = (r,,...,r,) € M = R", then x? = (/{, ..., r%) if
we identify F°(M) with R". In particular, this new notation is consistent
with our notation for the case M = R. If N C M, we shall write N ) for
Ker(F¢(M) — F¢(M/N)). By the right exactness of ®, N may also be
identified with Im(F°(N) — F°(M)), and this is the same as the R-span in
F®(M) of the elements x? for x € N. N depends heavily on what M is (or,
more precisely, on what N — M is). If we need to indicate this dependence
on M in the notation, we shall write N)[‘Z] instead. With these conventions

M = F¢(M), and we sometimes write MY for F*(M).
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Note that if M = R and N =1 C R, then Ig” in this new notation is
identical with what was previously described as 7 fal

(8.2) Definition. Let N C M be modules over a ring R of characteristic p.
We say that x € M is in the tight closure N of N if there exist ¢ € R® and
an integer ¢’ such that forall ¢ > ¢, cx? e N}Z] .If N=N", wesaythat N
is tightly closed (in M) .

(8.3) Remark. The notation N” is often used for the dual of a module in
some sense. Therefore, we shall also use the alternative notation CI(N) for
the tight closure. Since the tight closure will depend on what M is as well,
we shall sometimes indicate the larger module in our notation by writing N;l ,
Cl,,(N), or CI(N, M). The problem will not arise significantly in the present
manuscript, since we have little or no need to refer to duals.

(8.4) Remark. It is easy to see that x € M is in the tight closure of N C
M if and only if x + N is in the tight closure of 0 in M/N. In fact,
ex? e NP iff c(x + M9 e o) =0 in F(M/N) = F*(M)/N'""), since
c(x + N)? is represented by cx?. One may always translate questions about
whether an element is in the tight closure of a submodule first to the case where
the submodule N is 0, and then, using the reverse trick, to the case where M
is free, by mapping a free module G onto M/N and studying the question for
G and the inverse image of the submodule 0.

We have given this definition without restricting M to being finitely gener-
ated. Our main interest is certainly in the case of finitely generated modules,
but, in the result just below, we keep track of which basic properties hold in
general. In the sequel, we make a blanket assumption that given modules are
finitely generated, unless otherwise specified. We should point out that later
in the section, we shall define the notion of the “absolute™ tight closure of a
submodule. It is of some interest to apply this to modules that are not finitely
generated, for taking the absolute tight closure of the 0 submodule of a module
is a left exact functor. Hence, it has right derived functors, and we need to
apply the notion to injective modules.

The following proposition summarizes many of the basic properties of tight
closure for submodules.

(8.5) Proposition. Let R be a Noetherian ring of characteristic p, let M be
an R-module, let N, N', etc. denote submodules of M, and let 1 denote an
ideal of R.

(a) Ny, is a submodule of M containing N .

(b) If NC N C M, then N,, C N,;. The intersection of an arbitrary family
of tightly closed submodules of M is tightly closed.

(c) If Anng M/N has positive height or if R is reduced, then x € N * iff there
exists ¢ € R° such that cx? € NJI“}] for all ¢ = p®. More generally, if x e M
and Anng(x + N) = N : pRx has positive height, then x € N * iff there exists
c € R® such that ¢x* e N forall q.

(@) If M is finitely generated, then for every submodule N C M, there exist
ceR° and ¢ such that ¢(N;)¥' € N9 forall ¢ > q'. If Anng M/N has
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positive height or if R is reduced, then ¢ can be chosen so that the inclusion
holds for all q.

(€) Assume that M is finitely generated. Then N* = N** forall NC M .

(f) (NAON)Y* CN"nN".

8 (N+N) =(N"+N").

(h) (UN)" = (I"N")".

(i) If J is the nilradical of R, N” contains JM for every NC M.

() If J is the nilradical of R, for any N C M, if N' denotes the image
(N+JM)/JM of N in M/JM, then N* is the inverse image in M of
CYN', M/JM), where the last tight closure may be computed over either R or

red *

(k) If N istightly closedin M, then N : , I (respectively, N : pN') is tightly
closed in M (respectively, R) for every ideal I of R (respectively, submodule
N of M).

() If x e CN, M), then x* € CUN | F*(M)) forall q = p°.

(m)IfN,, ..., N, aresubmodulesof M, ..., M, respectively, M = D M,
and N=@ N, C M, then CN, M) =@ CIN,, M,). Inparticular, C1(0, M)
=@Cl0, M,).

Proof. (a) and (b) are straightforward. To prove (c), we first prove the final
statement. The “if” part is clear. Suppose that x € N*, i.e., for some ¢ € R°,
cex? e N[,"] for all ¢ > q'. We know there exists ¢’ € R® such that ¢'x € N.
Then ¢? cx? € N for all g. The case where Ann M/N has positive height
is now obvious. Suppose, finally, that R is reduced. If we localize at the
multiplicative system R°, R becomes a finite product of fields. After localizing,

we have that xf € N{q] for large g, where the subscript indicates images after
localization. Over a finite product of fields, the Frobenius endomorphism is
faithfully flat, and so we can conclude that x, € N,, i.e., that we can choose
¢' € R° with ¢’x € N. (c) is therefore proved.

The proofs of (d), (e), (f), (g), and (h) are now essentially the same as their
counterparts in Proposition (4.1). We can deduce (i) from (h) with I = (0).
N*20"=((0)M)"2(0)’M 2 JM.

To prove (j), first choose a fixed integer g" such that J 4" _ 0. Note that
this implies (JM )[q”] = 0 (which may be used to give a different proof of (i)).
Note that when M, N are modules over R, , then N)[‘Z] is ambiguous. It may
be computed over R or over R_,. We shall write Nr[g(} for the latter. We first
observe that when N C M are modules over R, N* is the same whether
calculated over R, or over R. The point is that F ‘(M) calculated over R
becomes F°(M) over R, upon tensoring with R_,, and so N maps onto
NY¥ . The kernel of the map N — N is JF®(M)n N"¥. It is then clear
that if cx? € N (over R) forall ¢ > ¢, then ¢’x? € N over R_, for all
g > q', where ¢’ is the image of ¢ in R, . Conversely, if ¢'x? € Nr[gg for
all ¢ > ¢ (calculated over R_,), then cx’ € N9 L JF (M) forall ¢ > q'.
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But then ¢ x% & N1 The rest of the argument uses the same trick and
is omitted.

We next establish (k). We need only consider the case where I = Rx (respec-
tively, N' = Rx), since an intersection of tightly closed submodules is tightly
closed. Suppose that u is in the tight closure of the colon. Then for some
¢ € R° we have that cu? isin (N: Rx)", which is the R-span of elements
w? with w in N: Rx. It follows that cu?x? (or cx%u?) isin N for all
g>0,and so ux (or xu) isin N* = N, ie., u€ N: Rx, as required.

To prove (1), note that if cx? € N9 forall g > ¢’, then c(xq)q” =cx¥ e
N[‘M”] - (N[q])lq"] for all q” > q’ .

We leave (m) as an exercise, except to note that in proving € CI(N;, M,) C
CI(N, M), one multiplies the individually chosen ¢, together. W

Henceforth, in this section, we keep to our usual convention that modules
are finitely generated unless otherwise specified.

All of the results proved for ideals and tight closure earlier have counterparts
for modules, including the results on iterated operations. We shall not pursue
this here, however. Instead, we focus on applications of tight closure for sub-
modules peculiar to the case of modules, particularly results on vanishing of
maps of homology (see §9). We must first develop several additional basic facts
and explain how the theory of test elements developed in §6 extends to handle
the module case.

(8.6) Discussion. Recall that a local ring (R, m) is approximately Gorenstein
if there is a sequence of irreducible m-primary ideals Q, cofinal with the powers
of m. It is shown in [Ho35] that if dimR > 0, then R is approximately
Gorenstein iff its depth is positive and there does not exist a prime Q of R
such that dimR/Q =1 and R/Q@®R/Q can be embedded in R. In particular,
any local ring of depth 2 is approximately Gorenstein, and so every normal
local ring is approximately Gorenstein. Moreover, every excellent reduced local
ring is approximately Gorenstein, as is every excellent local ring that has no
embedded prime of dimension one. All in all, the condition that a ring be
approximately Gorenstein is quite weak.

(8.7) Proposition. Let R be a ring of characteristic p such that every ideal is
tightly closed, i.e., R is weakly F-regular. Then every submodule N of a finitely
generated module M is tightly closed.

Proof. Let x € M be an element of M not in N. We must show that x is
not in N . We may replace N by a submodule of M maximal with respect
to not containing x, and we may replace M, N, and x by M/N, 0, and
x + N . From the fact that x is in every nonzero submodule of A/, it readily
follows that x is killed by a maximal ideal m of R and so M is an essential
extension of K = R/m , which implies that M is killed by a power of m . Since
R is normal, R, is approximately Gorenstein, and there exists an irreducible
m-primary ideal Q C Ann M . The Artin ring R/Q is self-injective, and M is
an essential extension of K as an (R/Q)-module. It follows that A can be
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embedded in R/Q. It will then suffice to show that O is tightly closed in R/Q,
i.e., that Q is tightly closedin R. B

The proof of this proposition shows the following.

(8.8) Proposition. Let Q, be a sequence of irreducible m-primary ideals in the
local ring (R, m) of characteristic p cofinal with the powers of m. In order
that R be weakly F-regular, it is necessary and sufficient that each of the ideals
Q, be tightly closed.

In a different direction, we note the following.

(8.9) Proposition. Letr R be a ring of characteristic p, and let N C M be
finitely generated modules such that M|/N is killed by a power of a maximal
ideal m of R. Then (N )" =(N"),,.

Proof. As in the proof of Proposition (4.14), it suffices to show C. Let x bean
element of N such that x/1 € (Nm)* . Exactly as in the proof of Proposition

(4.14) we can choose ¢ € R° such that (c/1)(x/1)? e N, 1 = N[qlm. Since

(ex?)/1 € N forall ¢ > 0, cx? € N¥, since F*(M)/N is killed by a
powerof m. W

Remark. Instead of assuming that M/N is killed by a power of m, suppose
that x is an element of M whose image in M/N is killed by a power of m.
Suppose also that x is in the tight closure of N, in M, . Exactly the same
argument shows that x is in the tight closure of N in M . The only change
needed is to replace F¢(M)/N'¥ by (N + Rx)/N" in the last line of the
proof.

(8.10) Discussion. In §6, we introduced the notion of a g'-weak test element.
From this point on, we shall refer to these as “g’-weak test elements for ideals,”
for we are about 1o introduce a new version of the notion for the module case. So
long as the ring is mildly well behaved (e.g., if its local rings are approximately
Gorenstein) and g’ = 1, we can prove that the two notions coincide. In general,
a ¢'-weak test element for modules also is a g'-weak test element for ideals, but
we have been unable either to prove or disprove the converse. The results in
the two theories are entirely parallel. In every instance where we can construct
(weak) test elements for ideals, we can also construct them for modules.

(8.11) Definition. Let R be Noetherian ring of characteristic p. We say that
c € R® is a ¢'-weak test element if for every finitely generated module M and
submodule N, x € M isin N* iff cx? € N};] for all ¢ > ¢’ . We say that
c is a locally (respectively, completely) stable q'-weak test element if its image
in (respectively, in the completion of) every local ring of R is a g'-weak test
element.

(8.12) Remarks. In the definition, it suffices to consider the case where N =0;
it also suffices to consider instead the case where M is free. Moreover, if
cx? e N9 forall ¢ >4, then it is automatic that x € N*. It is the “only if”
part that is significant, for if ¢cx? ¢ N 9] for even one value of q>4q ,wecan
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conclude that x ¢ N*. Note that the condition cx? e N forall ¢ > g’ can
be rephrased as cx’ € N forall q.
As indicated earlier, the theory of test elements for ideals generalizes without

essential change to the module case. We sketch the main points rapidly. We
first note the following analogue of Proposition (6.1).

(8.13) Proposition. Let R be Noetherian of characteristic p and ¢ € R.

(a) ¢ is a q'-weak test element for R iff ¢/l is a q'-weak test element for
R,, for every maximal ideal m of R.

(b) If R has a q'-weak test element, then the tight closure of N C M is the
intersection of the tightly closed submodules N' O N such that M/N' is killed
by a power of a maximal ideal.

() If c € R is a q'-weak test element for the completion R of the local ring
R, then it is also a q'-weak test element for R. In this case, forall N C M and
XEM, xeN* ifandonly if x e (N)*, ie, N*=(N)'nM.

(d) Let J be the ideal of nilpotents in R and suppose that J la"1 0. Let ¢
be the image of c € R in R_,. If ¢ is a q'-weak test element for R, then ¢’
is a q'-weak test element in R . If ¢' is a q'-weak test element in R_,, then

”

? jsa q'q"-weak test element in R.

red ?
C

Proof. (a) Suppose that ¢ is a g'-weak test element for R. Suppose N C M,
x/1 € (N,)*, and ¢ > ¢'. We must show that ¢x?/1 € N,[,‘,’]. If not, we
can choose a positive integer ¢ such that cx?/1 ¢ m’Mm + N,[,‘,’] and then
cx?/1 ¢ (m'M+NY¥R | which implies that cx? ¢ (m'M + N)¥! and hence
that x ¢ (m'M + N)*, since ¢ is a g'-weak test element in R. But then
Proposition (8.9) implies that x/1 ¢ (m’Mm + Nm)* andso x/1 ¢ N ", a
contradiction.

Conversely, suppose that ¢/1 is a q'-weak test element for R, for every
ideal m of R. This implies c € R°. Suppose NC M, xc€ N*,and ¢ > ¢
but cx? ¢ N9 . Then we can localize at a maximal ideal m of R so as to
preserve the last condition, and we still have x/1 € Nm’ , which contradicts the
condition that c/1 be a ¢'-weak test element for R, .

(b) One inclusion is obvious. To prove the other, suppose that x € M —
N*. We must construct N' 2 N such that M/N’ is killed by a power of a
maximal ideal and x ¢ N™*. Since x ¢ N*, we can choose ¢ > ¢’ such that
ex? ¢ NY'. We can choose m such that cx?/1 ¢ N,[,‘,” and then ¢ such that
qu/ 1 ¢ m'Mm + N,[:,' ] , and we then conclude exactly as in the proof of part
(a) that x ¢ (m'M + N)".

(c) Since R is R-flat, R° C R°,andso N* C(N)" for NC M. Let ceR
be a g'-weak test element for R. The results claimed all follow if we can prove
that forall NC M and x€ M, if x € (N)*, then cx? € N¥! forall g > 4.
But since ¢ is a g'-weak test element for R, we have cx? € N9 = (N19)~
and since R is faithfully flat over R, this implies that cx? € N 9] ' as required.
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(d) The essential trick in the argument has already been given in the discus-
sion of part (j) of Proposition (8.5). W

We can now observe that the statement and proof of Corollary (6.2) apply
verbatim to the case of modules. Theorem (6.9) likewise generalizes. Since
some changes in statements are needed, we give an explicit version.

(8.14) Theorem. Let R be torsion-free, module-finite, and generically smooth
over a regular domain A C R. Let ¢ € A° be such that cR® C A* . Then the
Sfollowing conditions on finitely generated R-modules N C M and an element
X € M are equivalent.

(a) xeN".

(b) For every maximal ideal m of A, x€N,*.

(c) For every maximal ideal m of A, x € N™ in M™, where J/M: ™ denotes
the m-adic completion of M and is isomorphicto A, ® ,M , where A, denotes
the completion of the local ring A,, (which is isomorphic with A .

(c°) For every maximal ideal = of R, x€ N_* in M_*, where M_ denotes
the completion of M , .

(d) Let G be a finitely generated free module mapping onto M, let H be
the inverse image of N, and let y be an element of G that maps to x. Then
Jor every maximal ideal m of A there exists a sequence of elements {¢,},

in (R™)®)° such that ord(N(e,)) — 0 as n — oo and &,y € H(R™)™, the
(R™)-submodule of G®(R™)™® spanned by H. (N is the norm from (R™)%
to Em described in (6.6); ord is the function described in (6.8).)

() cx? € N9 for all q of the form p°.

Proof. There is no loss of generality in assuming that M is free (we can replace
N, M by H, G as in the statement of part (d)). As in the proof of Theorem
(6.9), we show (a) = (b) = (¢) = (d) = (¢) = (a) and (c) < (c°). The
argument is nearly the same. We discuss only the most interesting implication,
(d) = (e), and that only minimally.

Assume (d) but that there exists e such that cx? ¢ N9, where g = p°.
Exactly as in the proof of Theorem (6.9), we can reduce to the case where 4
is complete local. The rest of the argument is the same except N replaces [/
throughout. A

Next, we remark that Theorem (6.13), Lemma (6.16), Theorem (6.17), and
Corollaries (6.18) and (6.19) extend to the case of modules with no changes
whatsoever in wording and no significant changes in their proofs. Likewise,
Proposition (6.20) is valid for modules. The proof is the same for N C R as
for I C R, and one then obtains Proposition (6.23) and Corollary (6.24) for
the module case as well.

The next result establishes our earlier assertion that test elements for ideals
are automatically test elements for modules in the approximately Gorenstein
case.

(8.15) Proposition. Let R be a Noetherian ring of characteristic p whose local
rings are approximately Gorenstein. Let ¢ € R° be a test element for ideals in
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R. Then c is a test element (for modules). Moreover, if ¢ is (completely) stable
as a test element for ideals, it is also (completely) stable as a test element (for
modules).

Proof. First note that the final statement is immediate from the earlier one,
since the hypothesis is retained in passing to the (completed) localization.
Rephrased slightly, the problem is to show that if x € N*, then for all
g =p°, cx? € N9 Since x € Ny, x' e N["]*F,(M). We replace N,
M, x by N9 FM), x?. Thus, it suffices to show that if x € N,,, then
cx € N. If this fails, we can replace N by a submodule of M containing N
and maximal with respect to the property that cx ¢ N. We can now replace
M, N by M/N and O, and we are then in the situation where N =0 and M
is an essential extension of R/m for a suitable maximal ideal m of R. Since
R, is approximately Gorenstein, we can choose an m-primary irreducible ideal
I such that M embeds into R/I. It will still be true that x is in the tight
closure of 0 in R/I. Let y € R lift x. Butthen ye I in R,andso cy €1
in R and cx is 0 in R/I and hencein M. W :

Our next main result, Theorem (8.17), relates when an element is in the tight
closure of a submodule to the growth of certain lengths as iterations of the
Frobenius endomorphism are applied. We use / to denote length.

We need the following lemma first.

(8.16) Lemma. Let N C M be finitely generated modules over a Noetherian
ring R of characteristic p that has a q'-weak test element c€ R°. Let x€ M,
and suppose there exists d € R® such that dx? € N in FC(M) (= M)
for infinitely many values of q. Then x € N, . Hence, if x ¢ N,,, then
dx? ¢ N (in FC(M)) forall ¢ 0.

If R is reduced, M is free, and N [".]R°° denotes the submodule of
F*(M)®g R™ spanned by the image of N9 then x ¢ N, =>dx’ ¢ NUIR>
forall g > 0.

Proof. To establish the first part, we shall show that 4% x% € N9 for all

g > 0. First note that whenever dx? € N | we have ¢d? x? e N9 since
c isa gq'-weak test element. Now, given any g, we can choose a larger one, say

qQq’, such that cd? x?% e N¥9) and so (cdx?)% e (N'9)9) Hence,
forall Q', 1(cdx?)??2 ¢ (N2 2] which shows that cdx? € N'7* for all
g . But then, since ¢ is a g'-weak test element, c(cdx?)? € N1 forall ¢,

ie, ¢ *'d9x7% e N9 for all g, which shows that x € N*.
The last statement now follows from the observation that if V is free and
W CV,then WR®NV C W, applied with W = N} and V = F*(M), for

if ve WRY AV, then v? € WY and, as above, 1977 € W7 ! for all
1"
g . 1

(8.17) Theorem (length criterion for tight closure). Lez R be a Noetherian
ring of characteristic p, and let N C W C M be finitely generated modules
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such that W /N is killed by a power of a maximal ideal m of R. Let d be the
height of m.

(a) If W C N,,, then for all q, l(ijj]/N}[‘Z]) < Cq%"! for some constant C
independent of q .

(b) Conversely, if R, 1is analytically unramified (i.e., its completion is re-
duced) and formally equidimensional (i.e., its completion is equidimensional)
and has a completely stable q,-weak test element c¢ (or a q,-weak test element
¢ that is also one for (R,)”) and if liminf _ l(W}}’]/N][;])/qd = 0, then
W C N,,. Hence, in this case, ‘

(i) W C N;, & (i) (WP N < Cq”™" for some C and all
ooy e {al ,~dql\ , d
< (iid) qlggol(W; /N /g" =0
& (iv) liminfI(Wif/NiD/g" = 0.

Proof. (a) Choose ¢ € R° such that ¢ ¢ N forall g>> 0. Let J be an
m-primary ideal such that JW C N. Let b bound the number of generators

of W. Then W!'¥/N'Y has at most b generators and is killed by J¥' + ¢R,
so that ’

z(W“” /N[‘”) < bl(R/ (J“” + cR))

= bR,/ (cR+J™) ).
Let S = R, /cR,,. Since ¢ € R°, dimS < d - 1. Now /(WYNW) <
bl(S/J[q]S). IfI=y,,...,y;_,)S,where y,,...,y, , isas.o.p. for S in

JS, the latter number is bounded by b/(S/I'Y) < bI(S/Ig" ™", since S/I'V
has a filtration with qd—l factors, each of which is a homomorphic image of
S/I.

(b) (i) = (ii) follows from (a) and (ii) = (iii) = (iv) is obvious. Hence,
it will suffice to show that (iv) = (i). Assume (iv) and suppose that there
is an element x € W such that x N*. It will suffice to show that there
is a constant y > O such that I(WA}]/N};]) > y¢° for all ¢ > 0. By the
remark following Proposition (8.9), we may replace R, N, W, M by their
localizations at m, and x by its image in W, . The remark guarantees that
we still have x ¢ N;,. Note that Frobenius commutes with localization and
that the lengths we are discussing will not change. Hence, we may assume that
(R, m) islocal. Choose ¢ > g, such that cx' ¢ N9 This condition will be
preserved if we complete R, and so the condition x ¢ N* is preserved if we
complete. The length condition is unaffected. Thus, we henceforth assume that
(R, m) is complete local, reduced, and equidimensional. It is then module-
finite and torsion-free over a complet”e regular local domain 4. Mor;over, we
can choose ¢” such that S = R[4'/7 ] C R™ is separable over A /4" By the
results of §6, we can choose d € 4° such that dS'% C S[4"%% ] for all q.

Moreover, R® =S is flat over S[A4"/ ‘””].
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Without loss of generality, we can replace M by a finitely generated free
module mapping onto it and N, W by their inverse images in the free module.
Thus, we may assume that M is free. Since x € W is not in the tight closure

of N, by Lemma (8.16) we can choose g’ such that dx? ¢ NYR™ for all
g>q . Let oJ C A be the ideal of elements a € 4 such that ax? e N9,

We first note that A4/ o’ injects into W[Q]/N[Q] (the map is A-linear). Simply

send the class of a to the class of ax?. Since 4 and R have the same
residue class field, it will suffice to show that there is a constant y > 0 such that

1(4/oJ) 2 7Q? forall Q0.

Assume that Q > ¢q'q”, and write Q = ¢¢’'q”. Then a € of = ax® e
N o gl/ad" x4 o NIaIR/ad” (i.e., the submodule spanned by N [4] jnside the
free module M1 @, R4y = da'/%" x% ¢ N¥)(d5"7) ¢ NS 4"/90" ) =
NIS@ S[419"] (since S[4'47] is S-flat). We thus conclude that ¢'/%" &
(N(qI]S®SS[A1/ qq"]) s dx? = (N[q’]S : deql)S[Al/ ‘”"] , again using the flatness
of S[4%"] over §. Now N¥Is: .dx? c NYIRYY . dx? since S C
RV By the choice of ¢, dx? ¢ NWIR/ad” ,and so NYs: dx"l is

contained in the maximal ideal m'% of RY9 . This shows that al/ 4’ ¢
m'/" R = g e m'%. Thus, if Q > q4’'q", then o/ C m IR A 4. We

can choose an integer D, still a power of p, such that mP Cm 4R, where m
is the maximal ideal of 4, and then

Q

v 1

[Q/qq ]RﬂACmQ/qq RﬂACmQ/qq DRnACm(Q/qq D)—t

for a certain constant 7, by the Artin-Rees lemma, and for large Q this is
C mQ/B where B = q'q"Dp . But then I(A_/QJ )= l(A/mf/ B ), and the latter
is polynomial in Q/B of degree d with leading coefficient 1/d!. We may then
choose y to be any positive real number less that 1/(d !Bd) .

We shall see that this length characterization of tight closure combined with
the phantom acyclicity criterion of the next section yields a powerful tool. We
pursue this further in [HH4], where we give a new proof of the improved new
intersection theorem (in fact, of a much stronger result) using these ideas.

The next proposition is aimed at showing that the tight closure of a sub-
module of a projective module over a normal ring is independent of how it is
embedded in a projective module.

(8.18) Proposition. Let R be a reduced Noetherian ring of characteristic p,
and M, N, F, G be finitely generated modules.

(a) If M/N s torsion-free, then N is tightly closed in M . More generally,
N;, may be identified with a submodule of N' = Ker(M — (R°)™'(M/N)). If
N s torsion-free, N' C(R°)™'N

(b)If NC G C F, where G is projective and F is any module, then N;ﬂG =
N.. Hence, if G is tightly closed in F, then Ny = N_.
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(¢) If R is normal, and G C F with G projective and F torsion-free, then
G is tightly closed. If an arbitrary module N has embeddings in two possibly
distinct finitely generated projective modules F and G, then N;. = N; canoni-
cally.

Proof. (a) For the first statement, we may assume that N = 0, and that M is
torsion-free, and so embeddable in a free module. But 0 is tightly closed in
R, and so in any free module, since R is reduced. The second statement is
immediate from the first, and the third statement from the second.

(b) Suppose, to the contrary, that x is an element of G in N; but not
in N;. By localizing at a suitable maximal ideal (one containing N : x) we
may assume that (R, m) is local and that G is free. By killing a maximal
submodule of F disjoint from G, we may assume that G C F is essential.
This implies that F is torsion-free of the same rank as G, and so F can be
embedded in a free module so that the extension is essential. Thus, there is no
loss of generality in assuming that F is free of the same rank as G. Identify
F and G with R" , and let the embedding G C F be given by a size 2 matrix
A = [a;;] with det(4) € R°. We can think of the Frobenius endomorphism

as acting coordinatewise in F and G and identify G} € FI¥ = F¢(F) with
the map R - R given by A9 The hypothesis that x € RF =G isin N;
translates to the statement that for some ¢ € R°, ¢(4x)? € (AN)! ¢ for all
g 0 or A9cx?) € AN . Since det(4?)) = det(4)?, A9 is one-to-one,
and so cx? ¢ Ng” for all g > 0, as required.

The second statement in (b) is then immediate.

(c) Suppose that x € F is in the tight closure of G but not in G. This
is preserved when we localize at a minimal prime of G: x. Hence, we may
assume that (R, m) is local normal and that the image of x in F/G is killed
by a power of m. Since F is torsion-free, 0 - G— G+Rx - R/(G: x)— 0
cannot split if dim R > 0 and so represents an element of Ext}z(R /(G: x), G)
that is nonzero. But the Ext vanishes if dim R > 2, since G 1s free and R is
normal. It follows that dim R < 1. But then, since R is normal, R is regular,
and G is tightly closed, a contradiction.

The last part of (c) is then obtained as follows. Given embeddings of N into
F, G, we can form a pushout F @, G, that contains both F and G. The
torsion in this module meets neither F nor G. Embed the quotient in a free
module D. It then suffices to compare N (resp. N;) with Np . Thus, there
is no loss of generality in assuming that G C F. Since G is tightly closed in
F by the first part of (c), the second part of (b) shows that Ng = N; when
G C F . The uniqueness of the isomorphism follows from the last statement in
(a). W

We next want to define the absolute tight closure of a module N in a module
M . In this definition, we allow modules that are not finitely generated. We
first introduce a variant of the notion of tight closure that has advantages in
considering non-Noetherian modules.
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(8.19) Definition. If R is a Noetherian ring of characteristic p and N C M,
we define N ;{ £ | the finitistic tight closure of N in M , as the union, taken over
the finitely generated submodules of M’ of M, of the modules (M’ NN);, .

(8.20) Definition. If R is a Noetherian ring of characteristic p and N C M,
we define N ;;bs , the absolute tight closure of N in M, to be the set of all
elements x € M such that for some module Q2O M, x € N(’;_f £,

(8.21) Discussion. First note that N*®° is a submodule. This follows from

the fact that any two extensions Q, Q' of M are contained in a common
extension Q @,, Q' . In fact, if E is any injective module containing M , e.g.,

an injective hull of M, then N'® = N*/¥ 0 M. For suppose x € M is
M E

in Néf ¢ for Q D M. Then this is also true with Q replaced by Q0 & w E -
Thus, we might as well assume that Q O E. But then Q = E & W, and
any finitely generated submodule of Q is contained in the sum of a finitely
generated submodule of E and a finitely generated submodule of W . The rest
of the argument is straightforward. We now connect these ideas with the theory
of test elements and the ideal they generate.

(8.22) Definition. Let R be a Noetherian ring of characteristic p. We de-
fine the test ideal t(R) of R, as (,,Ann,0),, where M runs through all
finitely generated R-modules. For each prime i1deal P, we define 7(R; P) as
N, Anng 0},, where M runs through all finitely generated R-modules whose
only associated prime is P.

(8.23) Proposition. (a) ¢ € ©(R) ifand only if whenever N C M and x € N;l,
then cx? € N9 forall q.

(b) R has a test element iff T(R) is not contained in any minimal prime of
R. In this case, ©(R) is the ideal generated by the test elements, and 1(R)NR°
is the set of test elements.

(c) Let Ex(R/P) = E(R/P) denote an injective hull over R of the prime
cyclic module R/P. Then t(R; P) = Ann 02{§ /Py -

(d) 7(R) = N, t(R; m) = Ann, 0;/%, where E = @, E(R/m), and m
runs through all maximal ideals of R. In particular, if R is local, then 7(R) =
(R;m).

(e) If (R, m) is local and R has a q'-weak test element that is also a q'-weak
test element for R, then ©(R) = 1(R)NR.

() If (R, m) is local and {1} is a sequence of m-primary irreducible ideals
cofinal with the powers of m, then ©(R) =\, Anng(I7 /1) =,1,: I (where
I] is the tight closure of 1, in R).

(Such a sequence exists iff R is approximately Gorenstein.)

Proof. (a) Suppose cx? € NJ[‘Z] for all ¢ whenever x € N;{ for a finitely
generated M . Applying this when N = 0 and ¢ = 1, we see at once that
¢ € 1(R). For the converse, suppose that ¢ € 7(R) and x € N;{ . We must

show that cx? € N9 forall q. Since x € N, , x? € N  But then, applying
M M
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the definition of 7(R) and noting that x? + N¥ is in the tight closure of 0 in
MYYNY | we see that cx? € N9,

(b) is then immediate from (a) and the definition of test element.

(c) The key point is that any finitely generated module whose only associ-
ated prime is P can be embedded in a finite direct sum of such modules each
of which is an essential extension of R/P, and these can be taken to be the
same. It follows that 7(R; P) is the intersection of Ann(O’,'u) taken over all
finitely generated modules M such that M is an essential extension of R/P.
Since E(R/P) contains every other essential extension, this is the same as

Ann OZ{fQ /Py -

(d) It is clear that 7(R) C 7(R; P) for every prime P. Now suppose that
¢ € 1(R; m) for every maximal ideal m but that ¢ ¢ t(R). Then there exist
a finitely generated module M and an element x € 0;, such that cx # 0.
Choose N C M maximal with respect to not containing cx, and replace M
by M/N and x by x + N. The new M is killed by a power of a maximal
ideal m, and we obtain ¢ ¢ t(R; m), a contradiction.

(e) The modules of finite length over R are identical with those over R.
When M has finite length, F°(M) is independent of whether it is calculated
over R or R. The existence of the q'-weak test element that can be used
for tests both over R and over R implies that the notion of tight closure for
submodules of modules of finite length over R is the same as over R. The
result now follows because 7(R) = 7(R; m) is the intersection of a certain
family of m-primary ideals in R (the ideals Anng 0;{ for finite length M),
1(§) is the intersection of the extensions to R (or completions) of these ideals,
and every ideal of R is contracted from R.

(f) If M 1is an essential extension of R/m of finite length with annihilator
J 21, then M canbe embedded in R/I,, and Anng(0},) 2 Anng(0y , ). But

the tight closure of 0 in R/I, is I/I,. W

The notion of absolute tight closure enables us to define several left exact
functors on R-modules. The derived functors appear to be quite interesting.
We first need the following observation.

(8.24) Proposition. Let R be a Noetherian ring of characteristic p, and let
h: M — N be a homomorphism of arbitrary (not necessarily finitely generated)
R-modules. Let W be any submodule of M .

(a) h(W;™) Ch(W)™.
(b) If h: M C N is an inclusion, W;,™ = W™ M.

Proof. The map h extends to a map 4’ of injective hulls E(M) — E(N) by
virtue of the injectivity of E(N), which is an injection in case (b) (because

M — E(M) is essential). Since W, ™ is Wg(fﬁ) NM,and A’ maps WE'(fAf)

into h(W)'E{f;,) and M into N, it follows that A(W;,>) C h(W)};™. The
second part follows from the observation that E(M) is a direct summand of

E(N). ®

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



TIGHT CLOSURE, INVARIANT THEORY 85

(8.25) Discussion and definitions. It follows that if L is a left exact functor
that assigns to each R-module a submodule of itself and acts on maps by restric-
tion (e.g., the zero functor, the functor that, for some fixed ideal 7, sends M

to Ann, I (= Homg(R/I, M)), or the local cohomology functor Hf (whose

value on M is |J,Ann,, I')), we can define a new functor, L**, whose value
on M is the absolute tight closure of L(M) in M. It is immediate from

Proposition (8.24) that L*™ is a left exact functor, and so has right derived

functors R'L™ . These are of interest even if L is the zero functor! For in

that case L*™(M) is O;;bs. When L is a zero functor, we shall write ABS’

for R'L™ . Note that if R is weakly F-regular, then ABS'(M)=0 for i> 1.

(8.26) Definition. We say that a local ring R of characteristic p is 7-complete
if R has a test element and 7(R)”™ = 7(R).

We conjecture, but cannot prove, that the local rings for which we can prove
the existence of test elements are 7-complete. Of course, any complete local
ring is 7-complete.

(8.27) Proposition. If (R, m) is t-complete and M has finite length, then
ABS'(M) = Exty(R/1(R), M) as functors of M .

Proof. The key point is that M has an injective resolution by injectives each of
which is a direct sum of copies of E(R/m). It therefore suffices to show that
02( M) ‘is the same as Anng . (M), and our hypotheses allow us to pass to
the case where R is complete. In this case, taking annihilators gives bijections,
in both directions, between submodules of E(R/m) and ideals of R. Since
Ann, OE(R/m) = 1(R), Anng . T(R) = OE(R/m) , as required. W

(8.28) Remark. If we do not know that R is 7-complete but we do know,

at least, that R has a test element that is a test element in R, we still have
ABS'(M) = Extx(R/t(R), M) for M of finite length, by the same argument.

9. PHANTOM HOMOLOGY AND THE PHANTOM ACYCLICITY CRITERION
IN CHARACTERISTIC p

In this section, we introduce the notion of phantom (co)homology for a com-
plex of modules over a Noetherian ring of characteristic p. A complex has
phantom homology at a given spot if the cycles are in the tight closure of the
boundaries. See the detailed definitions below. We give criteria for phantom
acyclicity for free complexes (this means that the positively indexed homol-
ogy is phantom) by proving parallels of the Buchsbaum-Eisenbud criterion for
acyclicity of free complexes [BE]. However, in order to do this, we must prove
“acyclicity” lemmas with denominators. We do not assume that complexes are
actually acyclic, but keep track of an element, or a power of it, that kills ho-
mology. In fact, not only an element acts, but a power of Frobenius as well.
The role of depth is replaced by (¢, ¢)-depth, where ¢ is an endomorphism of
R (the identity when R does not have characteristic p, and the identity or a
power of the Frobenius endomorphism if R does have characteristic p). This
means that the c¢ kills a certain family of Koszul homology modules. When
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¢ is the identity and ¢ = 1, this notion coincides with ordinary depth, and the
theory developed here then specializes to the situation of [BE].

In §9, all of this worked out under the assumption that R is a locally equidi-
mensional quotient of a Cohen-Macaulay ring.

In §10, we introduce a family of alternative notions of tight closure that
includes our original notion. One of these is used to give a new proof of a
generalization of the syzygy theorem. In §11, we give improved versions of
some of the results of this section under the stronger hypothesis that R is a
homomorphic image of a Gorenstein ring of finite Krull dimension. One of the
payoffs is that one knows in this situation that if R, is Cohen-Macaulay, then

¢ has a power ¢ that kills the higher homology of any complex G. of free
modules that satisfies the phantom acyclicity criterion Theorem (9.8), and all
of the higher homology images F°G. under iterations of Frobenius as well.

In [HH4], we study the notion of the minheight of a module on an ideal, and
introduce the notion of a weakly Cohen-Macaulay ring or module. This enables
us to prove analogues of the phantom acyclicity criterion for free complexes
tensored with an arbitrary module, as well as to obtain results when the module
or ring is mixed. The point is to work with minheight instead of height, and
likewise, to work with ¢ such that R_ is weakly Cohen-Macaulay. These results,
as well as some very general acyclicity criteria with denominators, are developed
in the early part of [HH4], where we then use our theory of phantom acyclicity
to prove several extraordinarily powerful vanishing theorems.

(9.1) Definition. Let G. (respectively, G') be a nonnegative left (respectively,
right) complex of finitely generated modules over a Noetherian ring R of char-
acteristic p. We say that the /th homology (respectively, cohomology) module
H/(G.) (respectively, H'(G')) is phantom if every element in the kernel Z, of
G, — G,_, (respectively, Z' of G' — G'*') is in the tight closure, within
G, (respectively, G'), of the image B, of G,,, — G, (respectively, B' of
G,_, — G,). If this holds for all { > 1, we say that G, (respectively, G') has
phantom homology (respectively, cohomology), or is phantom acyclic.

We shall say that an element of a homology module of a complex is phantom
if it is represented by a cycle that is in the tight closure of boundaries in the
appropriate module of the complex. In this case, every representative cycle is
in the tight closure of the boundaries. Thus, a homology module is phantom iff
every element is phantom.

(9.2) Remark. Note that H,(G.) is phantom if and only if it is in the tight
closure of 0 in G,/B,.
One of the key points about phantom homology is

(9.3) Theorem. Let R, S be Noetherian rings of characteristic p. Let G, be
a complex of finitely generated R-modules. Suppose that R — S maps R° to
S°.If H(G.) is phantom and S is weakly F-regular, then the induced map
H,(G.) = H(G.®yS) is zero. The same result holds for cohomology.

The result also holds for any complex G’ of finitely generated S-modules to
which G, maps.
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If R has a (weak) test element, the condition that R° map to S° may be
weakened to the condition that at least one (weak) test element in R map to S°.

This rather easy result will produce a multitude of powerful vanishing the-
orems when coupled with the fact that the Koszul homology of a system of
parameters is always phantom under extremely mild conditions on the ring. In
order to prove Theorem (9.3), we establish a more general result.

(9.4) Theorem. Let R, S be Noetherian rings of characteristic p. Let G. be
a complex of finitely generated R-modules, and let G. be such a complex of
S-modules. Suppose that R — S maps R° to S°, or else suppose that R has
a weak test element that maps into S°. Suppose also that a map ¢.: G. —» G.
is given. If x € H(G.) is phantom, then its image in Hi(Gf) is phantom. If
every submodule of G; is tightly closed, then the image of x is 0. In particular,
if S is weakly F-regular, then the image of x is 0. The same result holds for
cohomology.

Proof. Let z € Z, represent x. We know that cz? e Bl[‘” forall ¢ > 0,
with ¢ € R° or with ¢ the weak test element specified. The map G, — G’
induces a map F*(R)®, G, — F*(S)®¢G,, ie., of F(G,) (over R) — F*(G))
(over §). Since ¢(B;) C B; , it follows that ¢(c)¢(z)? € B;[q] forall ¢ > 0.
This establishes the first statement. The remaining statements are clear. Over a

weakly F-regular ring, every submodule of a finitely generated module is tightly
closed. H

(9.5) Discussion. Our next objective is to prove an analogue of the Buchsbaum-
Eisenbud criterion for the acyclicity of a complex (which is closely related to
the Peskine-Szpiro acyclicity lemma; see [BE] and [PS1]). The Buchsbaum-
Eisenbud criterion guarantees the acyclicity of a free complex under certain
conditions when specific ideals associated with it have sufficiently large depths.
Our results assert that the complexes have phantom homology H, for positive
i when the same ideals have sufficiently large heights. This yields very strong
vanishing theorems when the complex is mapped to a complex over an F-regular
ring.

The criterion we give is stable under application of F° and so implies that
not only the original complex, but also all of its images under tensoring with
Frobenius, have phantom homology. (Complexes that have phantom homology
can, in the general case, lose this property under tensoring with iterations of
Frobenius. See Example (9.19).) We shall show that, modulo nilpotents, a
criterion similar to that of [BE] but with height replacing depth is necessary
and sufficient for a finite nonnegative free complex and all its images under
tensoring with iterations of Frobenius to have phantom homology in positive
degree. Some hypothesis on the ring is necessary. As indicated in more detail
in the introduction to this section, various generalizations of this result are
developed in §§10, 11, and the early sections of [HH4]. The most striking
applications are given in [HH4].

(9.6) Notation. In this paragraph, we fix some notation to which we refer re-
peatedly below. Let R be a Noetherian ring, not necessarily of characteristic
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p, and let G, be a complex of finitely generated free modules
0-6G6,-6G,_,——G,—:—=G —=G,—0.

Denote the map from G, to G,_, by «a,. Let b, denote the rank of G,,

with the convention b, =0 if i > n or i <0, and let r, =¥ (-1)""'p,,
1<i<n,while r,_, =0. The r, are the unique integers such that r, , =0
and r, ,+r,=b;,, 1<i<n.

By the rank of a map of free modules a : G — G’ we mean the largest integer
r such that the induced map A"a: A"G — A’ G is not zero. I (a) denotes
the ideal generated by the size ¢ minors of a matrix for «. It is independent of
the choice of bases for G and G’ . By convention, I,(a) = R, even when a is
the zero map between modules, one or both of which are zero, while () = (0)
if ¢ exceeds the rank of either the domain or the target of the map a. Thus,
rank o is the same as the largest integer r such that 7 (a) #0.

Many times throughout this paper we refer to “a complex as in (9.6).” This
automatically introduces all the notation, conventions, and conditions of the
above paragraphs. This will be convenient because both the criterion of [BE]
for the acyclicity of a free complex and our various phantom acyclicity criteria
are applied primarily to complexes of the type described.

We comment on two differences from [BE]. One is that we allow maps to
be zero, which corresponds to allowing the numbers ranka; to be zero. Our
convention about I(a) yields correct results in this case. Second, for simplicity,
we have tended to restrict our treatment to free complexes. Since the results are
local, one gets immediate extensions to the case of projective modules which,
for the most part, we have not bothered to state. However, in [HH4], we go to
an opposite extreme, and consider complexes in substantially greater generality
than when the modules are projective. Instead, we place a condition on the
“codimension” (in an appropriate sense, which may be that of depth, c-depth,
height, or minheight) of the non-locally-free locus). We have purposely confined
this level of technicality to one section in [HH4]. The reader can bypass most
of that material if he is interested only in the case of free complexes over locally
equidimensional rings.

(9.7) Discussion and definitions. We say that a complex as in (9.6) satisfies
the standard condition on rank, if, for 1 < i < n, ranka; = r;, (equivalently,
b, =rankq,  +ranka;, 1 <i< n). We say that a complex as in (9.6) satisfies
the standard condition for depth (respectively, height) if the depth (respectively,
the height) of the ideal I, = I (o;) isatleast i, 1 < i < n. Note that the depth
(and height) of the ideal I is 400 if I =R whileif I is proper its depth is the
length of any maximal R-sequence contained in /. Thus, the depth or height
condition is satisfied whenever I, is the unit ideal. Recall that if r = 0, we
make the convention that I (a) is the unit ideal.

(Later we shall consider functions on ideals taking values in NU{+o0} other
than depth and height. E.g., we can consider the depth, height, or minheight
(this is defined in [HH4]) of an ideal on a fixed module. We can then say that
G. satisfies the standard condition for, say, depth on N , meaning that the depth
of I,on Nis >i, 1<i<n.)
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With this terminology, the acyclicity criterion of [BE] asserts that a complex
as in (9.6) is acyclic iff it satisfies the standard conditions for rank and depth.
(There is also a version for the result of tensoring G, with a module. We return
to this point in [HH4].) The results we obtain on acyclicity with denominators
will recover this result.

We can now state one of the results we are aiming for, although we shall not
be able to give the proof until several preliminary results have been established.

{9.8) Theorem (phantom acyclicity criterion). Let R be a Noetherian ring of
characteristic p . Suppose that R is a homomorphic image of a Cohen-Macaulay
ring and is locally equidimensional. Let G. be a free complex over R with

notation as in (9.6). Let a?ed be the result of tensoring with R, . Suppose that

rank a;ed =r;, 1 <i<n (equivalently, b, = rank a?idl + rank a:ed, 1<i<n,
and suppose that the height of the ideal I, = I (o;) isatleast i, 1 <i<n.
Then H(F°G.) is phantom for all e N and all i>1.

Conversely, let R be an arbitrary Noetherian ring of characteristic p > 0,
and let G. be a free complex over R with notation as in (9.6). If H(F°G.) is

phantom for all e € N and all i > 1, then rank afed =r, 1<i<n,and the
height of I, =1 (a;) isatleast i, 1 <i<n.

(9.9) Discussion and definitions. The development of the tools needed to prove

this result and the proof itself will occupy most of the rest of this section.
Before proceeding further, we introduce the following terminology. Let R

be any Noetherian ring, not necessarily of characteristic p. Let G. be a free

complex as in (9.6). We shall say that G. satisfies the phantom acyclicity cri-

terion if Gfed satisfies the standard rank condition, and G, (or, equivalently,

G™?) satisfies the standard height condition.

Notice that if G, satisfies the phantom acyclicity criterion, it continues to
do so after tensoring with any ring S such that htJS > htJ for all ideals J
of R. This condition is automatic if .S is an integral extension of R (it need
not be an extension provided that the elements that map to O are nilpotent) or
if S is flat over R, e.g., a localization. If S = R and the map is a power of
the Frobenius endomorphism, the question of whether the phantom acyclicity
criterion holds is unaffected. Thus, if we show that satisfying the criterion is
sufficient for phantom acyclicity for G., it is clear that it will be sufficient for
phantom acyclicity for F°G. for all e € N. It is then clear that in order to
have the converse hold, we must impose the condition that F¢G. have phantom
homology for i > 1 for all e > 0. It is easy to give examples where G. is
phantom, but this is not preserved when we apply Frobenius. See Example
(9.19) below,

With this new terminology, we can restate Theorem (9.8) as follows.

Theorem (9.8)°. Let G. be a free complex as in (9.6), and suppose R is Noethe-
rian of characteristic p . If H(F °G.) is phantom forall i > 1 and forall e >0,
then G. satisfies the phantom acyclicity criterion. If R is locally equidimen-
sional and a homomorphic image of a C-M ring, then H.(F°G.) is phantom for
all i > 1 and all e if and only if G. satisfies the phantom acyclicity criterion.
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One of the tools we shall use in the proof is a technical generalization of
the sufficiency of the Buchsbaum-Eisenbud criterion that is a refinement of the
following observation. Suppose that the hypothesis of the Buchsbaum-Eisenbud
criterion is satisfied after localizing at ¢. Then there is a power of ¢ that kills
the homology of G.. Note that this statement is a trivial consequence of the
Buchsbaum-Eisenbud criterion. What we want to do is set up the hypothesis and
conclusion in such a way that the power of ¢ in the conclusion is bounded in
a manner independent of the maps in the complex, so that, in characteristic p,
the same power can be used even after applying the Frobenius endomorphism.

We can handle this by assuming that ¢ kills the higher Koszul homology
of sequences of elements of appropriate lengths in the ideals I; arising in the
Buchsbaum-Eisenbud criterion, and also the homology of the sequences formed
by taking their powers. Unfortunately, this result is not strong enough to achieve
the theorem we want. For technical reasons, we need to consider a situation in
which ¢ kills the image of the Koszul homology of the type described above
after tensoring with a certain fixed power of the Frobenius endomorphism. The
point is that we can construct elements ¢ with this weaker property for a large
class of rings. For this reason, we need a sort of Buchsbaum-Eisenbud criterion
with “denominators” (the denominator in question is ¢) in which a certain fixed
endomorphism of the ring is also allowed to play a role. In the applications in
this paper, the endomorphism in question will turn out to be either the identity
or else some fixed positive power of the Frobenius endomorphism.

In §11, by limiting attention to images of finite-dimensional Gorenstein rings,
we are able to show that it is not necessary to use the fixed power of Frobenius
referred to above. One can kill off homology as necessary simply by multiplying
by a suitable element. However, we need the more general set-up to handle
homomorphic images of C-M rings. In this section, we consider only complexes
of free modules, and we assume that the ring is locally equidimensional. In
[HH4], we discuss how the theory can be extended to more general settings.

(9.10) Discussion and notation. In order to make a precise statement, we need
to be careful about the sense in which one achieves the required depths upon
localizing at ¢. Let R be an arbitrary Noetherian ring, not necessarily of
characteristic p. Let ¢ be a fixed endomorphism of R. Let ®"(R) denote R
viewed as an (R, R)-bimodule where the left action is given by the identity map
and the right action by ¢". Given a left R-module M , we write ®"(M) for
the left R-module ®"(R) ®, M . Note that ®"(R) = R and ®"(Coker|a, =
Coker[¢"(a,;)]. When ¢ = F, @" is precisely the Peskine-Szpiro functor F".
If x=x,,..., X, isasequence of elements of R,let x'=x, ..., x;, and let
H j(x'; M) denote the jth Koszul homology module of the R-module M with
respect to x'. Note that H,(x'; R) maps into H,(¢"(x); ®"(R)) (the map is
not R-linear but is ¢"-linear). If d € R is such that 4 kills the image of this
map, we shall say that “d®” kills H j(x’ ; R).” More generally, for any complex
G., H,(G.) maps (¢"-linearly) to H j(CD"(G,)) , and if d kills the image, we
shall say that “d®" kills H/(G.).”

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



TIGHT CLOSURE, INVARIANT THEORY 91

(9.11) Definition. Let ¢ be an endomorphism of a Noetherian ring R that
is either the identity map or else a power of the Frobenius endomorphism. We
shall say that an ideal I C R has (¢, c)-depth > n on an R-module M if for
every integer { with 1 <i < n, there are elements x_, ..., x; € I such that for
every integer j > 1 and for every integer ¢ > 1, ¢c® Kkills Hj(xi > eee s x;; M).
If ¢ is the identity, we may omit it from the notation and use the term c-depth.
If M = R, we refer to the “(¢, ¢)-depth of I” instead.

(9.12) Remarks. If ¢ is the identity and ¢ = 1, this condition is equivalent
to the condition depth, M > n. In general, when ¢ is the identity, it implies
that depth, M_ > n. However, it is a substantially stronger condition, since it
bounds a p;iori (with bound equal to one) the exponent on ¢ needed to obtain
a power of ¢ that kills all the Koszul homology. It is not clear, in general, that
one can use a power that is independent of ¢.

If c=1 and ¢ is a power of Frobenius, it i1s not so clear what the condition
means. For example, the ideal I will have (F¢, 1)-depth > n for large e
provided either that the depth of 7 on R or the depth of IR, on R_, is at
least n.

We next need to introduce some functions. If n is a nonnegative integer,
we shall define On recursively by the rules 00 = 1 and D(n+ 1) = On' +
SroOt+n+2. Thus, Ol = 1+1+2=4, 02 =4+(4+1)+3 =12,
03=12+(124+4+1)+4 =33, etc. (It is routine to show that On = on+2 -1,
where f, denotes the nth Fibonacci number. fy=f =1and f,,, = f,+/,_,,
n > 1. We shall make no use of this fact.)

If g is a positive integer and n € N, we shall write ¢g(n) for :’;01 q' . Thus,
q(0) =0, 1(n) = n, and, of course, g(n) =(q" —1)/(g—-1) if ¢>1.

If ¢ is either the identity homomorphism on R or else the eth iteration of
the Frobenius endomorphism, and we let ¢’ = 1 in the former case and ¢’ = p°
in the latter case, the,n for any element ¢ € R we have, by a trivial induction on
N, that (c<I>)N =T MY a5 maps from a complex G. of R-modules to the
complex ®"G., and hence as maps of homology H(G)) — Hi(<DN G.). Note
that in the composition map (c(D)N the jth copy of ¢® counting from the
right should be interpreted as a map from ®~'G, to ¥’G., 1 < j < N. Thus,
(c®)" kills H(G.) if and only if ¢ M®" kills H(G.), ie, ¢¢ ™ Kills the
image of H/(G.) in H,(®"(G.)).

We can now state one of our main technical lemmas. It can be viewed
as a generalization of the sufficiency of the Buchsbaum-Eisenbud criterion for
acyclicity. The original situation for the Buchsbaum-Eisenbud criterion is the
case ¢ = 1, with ¢ the identity on R. The proof contains, as a special case, a
new proof of the sufficiency of the Buchsbaum-Eisenbud criterion. In a certain
sense, the argument is more “constructive” than previous ones.

(9.13) Theorem (free acyclicity criterion with denominators). Let R be an
arbitrary Noetherian ring and ¢ a fixed endomorphism that is either the identity

or else a power of the Frobenius endomorphism. Let ¢(c) = cql . g may be 1
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(and must be 1 in characteristic 0). Let G., b;, r;, and «; be as in (9.6).
Suppose for 1 < i < n that ranka; =r,, andlet I, = I («,). Finally, suppose

that the (¢, c)-depth of I, is > i for 1 <i < n. Then (¢c®) = 7 O g
kills H,_(G.), 0<t<n—1.

The crucial point here is that the exponents q'(0t) and Ot depend only on ¢'
and t. In particular, if we apply an iteration of the Frobenius endomorphism,
we can use the same exponents to kill homology no matter how high a power
of Frobenius we apply.

Before giving the proof of this rather technical result, we want to show how it
implies the sufficiency of the phantom acyclicity criterion, Theorem (9.8). We
first need

(9.14) Theorem. (a) If R has characteristic p, is a homomorphic image of a
Cohen-Macaulay ring, and is locally equidimensional, there is an element ¢ € R°

and a fixed integer e’ such that for every ideal I of R the (F° , c)-depth of I
is at least the height of I.

(b) If R is an arbitrary Noetherian ring (i.e., not necessarily of characteristic
D), R isreduced, R = S/Q, where S is Cohen-Macaulay, and S;z is regular
Jor each minimal prime ¢ of Q, and R is locally equidimensional, then there
is an element ¢ € R° such that for every ideal I of R the (idy, c)-depth of I
is at least the height of I.

Proof. We first give the proof of (a), and then describe the changes that need to
be made to prove (b). If R = R, xR, and we have such a ¢, for each component
R, , then it is easy to see that the element (c,, c,) solves the problem for R. It
follows that there is no loss of generality in assuming that Spec R is connected.
In this case, when we write R = S/Q with § Cohen-Macaulay, we know, as in
the proof of Theorem (7.9), that Q is equidimensional and hence that if W is
the complement of the set of minimal primes of Q, we can choose z,,...,z, €
Q whose images in the semilocal ring WS area system of parameters and
such that z,,..., z, is an S-sequence. It follows that there is an element

¢, € W and an integer ¢' = p° such that le[‘” C(z;,...,2;)SC Q. Let
¢ be the image of ¢, in R. Then ¢ has the required property. To see this,
let I be an ideal of height n in R. It is easy to see that the inverse image
of I in S has height n +d. It follows that z , ..., z, can be extended to

a regular sequence z,,...,Z;, X;,...,X, in I. Let x; be the image of
x;. in R. Given a Koszul cycle z in K j(x’ ; R), we can lift it to an element
z' of K;(x'; R)), where R' = S/(z,, ..., z,). It is now only a cycle modulo
0K j(x' ; R'). However, clz'[q’] is a cycle, and, hence, a boundary, since x and,
hence, x', is a regular sequence in R, and it follows that ez isa boundary
if j > 1. This is equivalent to the assertion that cF ¢ annihilates H j(x'; R)
if j>1.

{b)—Let the minimal primes of Q be {z,;} and, as before, let W =S -, ¢; .
Then W'S is regular, and QW_IS , which is an intersection of maximal
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ideals of the same height, say, d, is an ideal-theoretic complete intersection (this
is clear after completion with respect to the Jacobson radical, which does not
affect the issue). Moreover, by prime avoidance, it is possible to pick generators

for QW_'S in Q that generate an ideal of height 4 in S. (Suppose we choose
Z,,..., 2, € Q that generate QSﬁ for each ¢ =4, . Altering z, by an element
in Q2 does not affect this property, since Q2 S? = (¢Sy)2 when g = ¢,. It
suffices then to observe that if z,, ..., z, have been modified by elements in
Q2 so that they generate an ideal of height ¢, 1 <d, then z, , can also be so
modified. Otherwise, z, ,+ Q2 would be contained in the union of the minimal

primes of (z,, ..., z,)S, and then Q2 would be contained in one of them (see
Theorem 124 on p. 90 of [Kap]), contradicting the fact that height Q2 =d.)
With z,, ..., z; constructed as above, since

~1 -
oW 'S =(z,,..., 2 )W's,
there is an element ¢, € W with ¢, Q C (z,, ..., z;)S. The rest of the argu-
ment is now precisely the same as in part (a), except that we can use Q where
we used Q[q ! , and we make no use of the Frobenius endomorphism. H

Next we observe

(9.15) Lemma. Let R be a Noetherian ring of characteristic p, and let G. be
a free complex with notation as in (9.6).

(a) If H(F °G.) is phantom for all i > 1 and all e > €', then it is phantom
forall i > 1 and all e. More precisely, if a cycle z in G, has an image 27
that is phantom in H,(F e,G_) for some €', then z itself is phantom.

(b) Let G™° = G. ®z Ry If H(F°G.) is phantom for all i > 1 and all
e €N, then G, thought of as a complex over R,y has the same property.

(c) If G. satisfies the phantom acyclicity criterion, then for all sufficiently large
e, rank F'(a;)=r,.

(d) If c € R® kills H(F°G.) for all e (or for all sufficiently large e), then
H(F°G.) is phantom for all e. If R has a test element ¢ € R°, then H,(F°G.)
is phantom for all e iff H(F °G.) is killed by ¢ forall e.

Proof. (a) It suffices to show that H,(G.) is phantom, / > 1, since every F°G.
satisfies the same hypothesis as ., and for this it suffices to prove the second

7 in F° G, is a cycle in the tight closure of the boundaries,

statement. Since z
there is a ¢ € R® such that ¢(z?)? is a boundary for all sufficiently large g .
Note that, by the right exactness of tensor, the module of boundaries in F¢ ™G,

may be identified with B["IH‘” , where B is the module of boundaries in Z,. It
follows that z is in the tight closure of B.

(b) If suffices to show that Hi(G’fed) is phantom over R, for i > 1. Let
2" beacyclein G Let z be a lifting of it to G, . While z does not need
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to be a cycle, we can choose ¢’ such that z? is a cycle in F® G. Since it is
then in the tight closure of the boundaries, we obtain that for some c € R° we

have that ¢(z?)? € B9 for all sufficiently large ¢, and this continues to hold
when we tensor with R, .

(c) The hypothesis of the phantom acyclicity criterion implies that the size 7,
minors generate an ideal of positive height and that the size r, + 1 minors are
nilpotent. For large ¢ we then have that the size r, minors generate an ideal
of positive height (and so are not all zero) while the size r,+ 1 minors are zero,
as required.

(d) The hypothesis that ¢ kills every H,(F °G.) implies that if z is a cycle

in the ith spot in any of these complexes, F’G., then cz? is a boundary in

F**'G. for all g’ (respectively, for all sufficiently large ¢'), which, by the
right exactness of tensor, is exactly what we need to see that z is in the tight
closure of the module of boundaries in its complex. On the other hand, if all
the H,(F “G.) are phantom and c is a test element, it is clear that ¢ kills all of
them, since it kills B;/B for every pair of finitely generated modules B C G.
|

Proof of sufficiency in Theorem (9.8). By Lemma (9.15)(a), it suffices to show
that H,(F °G.) is phantom for sufficiently large e, i > 1. Replacing G. by

FeIG, , we may assume, by Lemma (9.15)(c), thatrank o, =r;, 1 <i<n,and
that this continues to be true when we apply F°.
Choose ¢ and €' as in Theorem (9.14). For each integer e, we let g = p°

and apply Theorem (9.13) to F°(G.) with ¢ = F® . Since applying F° replaces
I, by I }q] but does not change its height, we conclude from Theorems (9.13)

and (9.14) that @ Om EO7 il H,(F°(G.)) forall e. Since ¢'(On) and On
do not depend on e, it follows that G, has phantom homology for i>1. W

The proof of Theorem (9.13) depends on the following lemma.

(9.16) Lemma. Let R = Ry — R, — --- — R, be a chain of ring homomor-
phisms, and let ¢; be an elementof R;, 1 <i <n. Let M, be a nonnegative left
complex of R-modules such that c; kills In(H(R,_, ®, M.) - H(R, ®, M.))
Jor 1 <i<n—1. Let 8, denote the map from M, to R, ® M, induced by
tensoring M, with the map R — R,. Let P be a nonnegative left complex of
projective R-modules. Note that elements of R; act on R j-modules ifi<ij,
since we can map them to R ;-

(a) Suppose that we are given a map f from Hy(P.) to Hy(M.). Then
ez € (6,_, 0 f) lifis to a map of complexes P, — R, | ®, M. through

C C

n—1
(b) Suppose that we have two liftings g. and g of f to maps of complexes.
Let d; be the differential P, — P,_,, and let e; be the differential in M, or
any complex obtained from it by tensoring. Then there exist maps h,: P, —
R, ®x M, —-1<i<n (where P_, = Hy(P), M_, = H(M.)) such that

i+1?
h_, =0 and such that cncn_locl(ﬁno(gi—g;)) =e,_ h;+h,_,d for 0<i<nm.

n
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Proof. (a) The argument begins precisely as in the usual case, and we simply
give the inductive step. We may assume that f* = Cp—y - € (8,_50f) has been
lifted toamap g : P. — R, _,® M, outtothe (n— 1)ststage. Let c=¢,_,
and w: R, ,®M — R, _,®M..

e

e e
Rn—l ®Mn - Rn—l ®Mn—l - Rn—l ®Mn-—2

)I\ Tew Tew
e €
Rn—2®Mn—1 - Rn—2®Mn—2 ) —
Tg Te
P, -4, P_, -4, P_, 4, ..

We must show that is it possible to fill in the map indicated by the dotted arrow
in the diagram above so that it commutes. Since &, ,d, is 0, we know that
8y, 4, =€, 8&,_,d,=0,andso Img,_,d, CKere, ,. Since cw Kkills
H,_(R,_,®M,), it follows that cwgd(P,) C e(R,_, ® M), and so cwgd
can be lifted to a map P, — R, | ® M, as required. This proves (a).

(b) By taking differences of maps, we may assume that f and g’ are 0. We
assume inductively that maps #,: P,— R, _, ®M, , have been constructed out
through i = n — 1 with the required property. The early part of the argument
is the same as in the standard construction of homotopies, and we assume that

n>2.Let g7 denote ¢,_,---c,0,_,g. Let w denote themap R, , ® M —
R, ® M,. We replace the earlier 4; by h; = c,wh;, and it then suffices to
show that one can fill in the dotted arrow in the diagram below with a map
h, = h' such that c,wg, = c,wh,_d, +e, A, ie., such that e 4 =

c,w(g, —h,_,d,). Now,
e, (g: —hn_ldn) =e g —eh d

n+l

nen n'n—1%n

= g;—ldn - enhn-ldn
= (g:—l - enhn—l) dn
= hn—2dn—ldn =0,

so that Im(g,” — h,_,d,) € Kere, .

R,®M,,, R, ® M, : R, ®M,_, . R,®M, , —— -

Y‘" Teqw Teyw Te,w
cpug”™ - R,_,®M, —— R, @M, | —— R, ®M, , ——
.. Ig~ ‘X Tg~ \ TgN
L - ".Pn - Py - L <

Since c¢,w kills H,(R,_,® M), it follows that Imc, w(g,~h,_,d,) C Ime, ,,
and this permits us to fill in the needed map. W
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Remark. In the situation of Lemma (9.16)(b), if we are given some of the A’s,
say h ; for j < i, the argument shows that we may construct #,, ..., &, after
multiplying the difference of the maps of complexes by operators that kill the
homology at the ith through nth spots.

Proof of Theorem (9.13). Let ¢(c) = ¢? . When n = 0, there are no values
for ¢ in the specified range, and the result holds vacuously. We proceed by
induction on 7, assuming »n > 1. We indicate the inductive step. Assume the
result for complexes of length #n — 1 and consider a complex of length n. The
conclusion we want, except at the H, spot, follows simply by considering the
complex of length » — 1 obtained by omitting G, . Consequently, we consider

a fixed cycle, represented by z € G,. We must show that (c(D)D("'l)z is a
boundary. If this fails, we can preserve the failure after localizing at a prime.
Our hypotheses all remain valid. It follows that we may assume that the ring is
local.

Let x,,...,x, be a sequence in I, as in the definition of (¢, ¢)-depth.
Our hypotheses are stable under localization at x;. If we localize at x;, the
minors of the last matrix in the resolution generate the unit ideal. We claim that
when the maximal minors of the last matrix in G, generate the unit ideal, then

H(G.) =0 while (c®)" kills H,_,_,(G.) for 0 <t < n—2. The statement
for H, is well known. If the statement for 0 <t < n —2 were false for some
t, this could be preserved while localizing at a maximal ideal. However, once
the ring is local, the fact that one of the maximal minors of the last matrix
is a unit implies that, after a change of basis in G, , we may assume that G,
is generated by a subset of a free basis for G,_; and that the last map is an

inclusion. The hypotheses are then valid for the complex
0— Gn-—l/Gn - Gn—2 o GO’

and the statement we want follows from the induction hypothesis applied to
the displayed complex. We therefore conclude that z' = (cCD)D("’z)[z] is a
boundary after localization at x;, which means that its homology class is killed
by a power of Xx;.

(At this point, we inject a comment about the case n=1. Let z€ H,(G,) C
G, . Then some power of x, ,say x,’, kills z. But this means z € H,(x,’; G,),
a direct sum of copies of H, (xi” ; R), and so is killed by ¢®. Henceforth, we
assume that n > 1.)

Since this is true for every i, we may choose w such that x;” g eees x;" all

kill the image z” of z' (= (¢®)"""?[z]) in the module
M = Coker (7"77G, — @°" G, ).

We change notation and write x, instead of xf.” . Then there is a map from
R/(x,,...,x,) to M that sends the class of 1 to 2", which is induced by

the map from K (x; R) =R to o2 g, that sends 1 to z'. From Lemma
(9.16)(a), we obtain a lifting of a certain “multiple” of this map to a map
from the Koszul complex K {x; R) to a complex (truncated at the beginning)
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obtained from ®~""?G. by further tensoring, using the fact that (cd>)D' kills
the homology of each complex ®°G, atthe (n—¢)thspot, 0<t<n-2. (We
are using the fact that each of the complexes @°G. satisfies the same hypothesis
as G., and we are using the induction hypothesis repeatedly.)

To be precise, let G;.L =G, if j20, G, =0if j <0, and let the

differential on G be the same as on G. (except on G, , which we have replaced
by 0 in G7). Then Lemma (9.16)(a) yields a map from the Koszul complex
K. = K.(x; R) to ®°@"""?G"), where S =0O(n—2) +--- + 00, which, in
degree 0, sends 1 to (c®)°z' = (c®)5*7"~2 2 . We depict the situation in the
diagram below.

Each number in the row of numbers at the top indicates what power of ¢®
is needed to kill homology in ®°G, at the spot directly beneath it. We have
used a variable s to remind the reader that s varies in the proof of Lemma
(9.16)(a). The map we start with sends the generator 1 of K|, to (c(D)D(”"Z)z ;
each of the numbers in the row of exponents gets added during the course of
construction of the vertical arrows, and the sum of these numbers is S.

0 0o O~ 1) Omn—-3) Om-2)
1

G - G, - G, —o 06 -SO°G - PG - 0
10 1 1 T i T T
Kn — Kn~l P Kn—l —_ s> K2 —’Kl—’ KO B 0

The map from K|, is, of course, 0, since G: = G,,, = 0. This map from

K (x;R) is ¢S-linear, and we may replace K (x; R) by its tensor product with

<I>S(R) , 1e., by CDSK,(x; R) = K,(xs; R) to obtain an R-linear map.
Now apply Homg( , R). This produces a map g. from

Hom, (¢*"~G", R) — Hom, (K. (x’; R) , R) .

Note that the dual of the Koszul complex is a Koszul complex, and that the
“first” map (to the dual of K, (xs; R)) is zero, since G,,, = 0. If we think of
the numbering as reversed, we are in the situation of Lemma (9.16)(b). Recall
that ¢® kills the homology of any Koszul complex on powers of the x, no
matter what the exponent is!

We write ¥ to indicate Hom z( > R). The situation is depicted in the diagram
below. The row of 1’s is a reminder that the exponent on ¢® needed to kill
homology at the spot directly below in KY is always 1: ¢® Kkills all such
homology.

L 1 1

0_— K ,\l/ - K;/_l — K;/
\ \ \

0 - &G - qu*V @SG;_Z - G, , - &G,

The exponent s is S+ (n—2). We have two maps of coraplexes, g and 0_,
inducing the same map on augmentations. We now apply Lemma (9.16)(b) to

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



98 MELVIN HOCHSTER AND CRAIJG HUNEKE

construct diagonal arrows as indicated. We write A, for the map whose domain
is ®G'Y,. We obtain such 4, after replacing g. by (c®)"g. Note that the
powers of the x’s in the Koszul complex have changed from S to S+ n in the
course of the argument. We now apply ®” to the bottom row so that we may
assume that the vertical and slant arrows are R-linear. We continue to use g.

and h, for the vertical and slant arrows: g : "G — K.(x>*"; R). Let
h=h, . Then g, = hd" . Dualizing again we obtain that g(;’ =dh". But
g, (1) = (c®)**"z is then the image of d, which proves that (c®)**" Kkills the
typical cycle represented by z. Since we have

s+n=0n-2)+S+n
=0r-2)+@On-2)+---+00)+n
=O(n-1),

we can conclude that (CQ)D(”'” kills H,(G.), completing the inductive step.
n

We need one more fact before proving the necessity part of Theorem (9.8).

(9.17) Proposition. Let G. be a possibly infinite complex of finitely generated
projective modules over a Noetherian ring R of characteristic p. Suppose that
M = Coker(G,,, — G,) is projective and that H,(G.) is phantom for i > h.
Then the complex

iG> G

i o1 — G~ M—0

is split exact.

Proof. Since the modules are projective, it suffices to prove exactness, and it
will, in fact, suffice to prove exactness at G,_,, for the hypotheses are stable
and exactness at each successive point will then follow. Since M is projective,
0—-ImG,,, — G, — M — 0 is split exact, and so P =ImG,_, is projective.
Thus, 0 - Z — G, — P — 0 is split exact, where Z = Ker(Gh+1 - G,),
and we can express G, ., = Z ® P. Since Z is in the tight closure of B =
Im(G,,, = G,,,) in G, , ~Z & P, we have that Z is in the tight closure of
B in Z, by Proposition (8.5)(m). But this implies that Z = B. (Otherwise,
we can enlarge B to B’ so that Z/B' = R/m for a maximal ideal m. If Z
were in the tight closure of B, it would also be in the tight closure of B’, and
this would imply that 1 € R is in the tight closure of m.) R

Proof of necessity in Theorem (9.8). Now let G. be a fixed free complex, with

notation as in (9.6), such that H,(F°G.) is phantom for i > 1 and for all
e > 0. First note that each H,(G.), since it is phantom, is killed by an element

of R°. It follows that G. becomes acyclic if we tensor with (R°)"IRred , which

is isomorphic to the total quotient ring of R, . It is then clear that the rank of

a?ed is r;, and that I, has positive height for i > 1. Assume there exist a ring R

and a complex for which the result fails, and choose 4 as small as possible such
that 1, fails to have height at least d . By localizing at a minimal prime of I,
we obtain an example in which (R, m) is local and dim R < 4. The condition
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that every H,(F °G.) is phantom is preserved by the localization. Likewise, we
may replace R by its completion and so assume that R is complete. By Lemma
(9.15)(b), we may replace R by R_, and thus assume also that R is reduced.
If one of the maps G,,, — G, has a free cokernel, then we may use Proposition
(9.17) to split off the last part of the complex. Hence, using induction on the
length of the complex, we may assume that all the /, are contained in m.
By Corollary (6.26) there is a test element ¢ € R°. In particular, ¢ kills the
homology H,(F°(G.)) forall e andall i>1.

If dimR =0, then R is a field, phantom acyclicity implies acyclicity, and
I, € m = 0 implies that o, = 0, a contradiction if 4 > 1. If dimR =1,
then R is C-M. If d is at least 2, then the last three terms of G. also give a
counterexample. We might as well assume that d = 2 is the length of G. Since
htZ, > 1, I, contains a nonzerodivisor and «, is injective. By splitting off
a summand of G, if necessary, we can also assume that o,(G,) € mG,, and
hence that (F°a,)(G,) C m[‘”G1 . We can choose e so large that m!? C ¢’R,
since ¢ is a parameter for R. Let b be an element of the free basis for G, .
The b is part of a free basis for F°G, and, if § = F°a,, we can write
B(BY) = *w for some w e F G, . We shall obtain a contradiction by proving
that w represents an element of H (F °G.) not killed by c¢. Since c is not
a zerodivisor on the free module F°G, and cz(Feal)(w) = (Feal)(czw) =
(Ffa,)(F°a,)(b) = 0, we have that (F°a,)(w) = 0, so that w does, in fact,
represent an element of H,(F °G.). To complete the argument, it suffices to
show that cw is not a boundary. Suppose we had cw = B(g) for g& F er .
Then c’w = B(cg) = B(b), and, as already noted, B is one-to-one, whence
b = cg, a contradiction, since ¢ € m and b is a minimal generator of F°® G,.

Now suppose that dimR > 2. We can choose x € m N R° such that the
ideal (¢, x)R has height two. Let R’ = R/xR. We shall show that if G. is the
complex obtained from G. by tensoring with R’ and replacing the G0®R' term
by 0, numbered so that G = G,,, ® R', then, working over R, H,(F°G’) is
phantom for j > 1. This will contradict the minimality of 4, since dimR’ <
d—1 and I,_, for the complex G’ is contained in mR’'. By Lemma (9.15)(d),
it will suffice to show that ¢ kills H (FG) (with F* calculated over R') for
all e, for the fact that {x, ¢)R has height two implies that the image of ¢ in
R’ isin R'°. But Hj(Fer) =H,_ (FG ®R') for j > 1, and the short exact
sequence 0 — R 5% R — R’ — 0, tensored with F°G,, yields a long exact
sequence for homology that includes

-~ H,, (F'G)—H,, (FFG.oR) » H (F'G.) - ---
Since ¢ (a test element) kills the first and last of the three terms shown, ¢ kills
the middle term for j>1. ®

We conclude this section with two examples.

(9.18) Example To see the need for calculating ranks in R_ rather than R
in the statement of the phantom acyclicity criterion, consider the following
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example. Let K be a field of characteristic p, and let
R=K[S, T,U,V,X,Y|/J,

where J is generated by US+ VT, XS+YT ,and (UY -V X)', where ¢ isan
integer > 2. Let o have matrix [] and let B have matrix [} )], where the
lower case letters denote the images of the corresponding capital letters. Then

0-RARELR S0

satisfies the phantom acyclicity criterion, and so this complex has phantom
homology for i > 1, but # has the wrong rank (rank 2) if we compute over R
instead of R, .

(9.19) Example. Let (R, m) be a C-M local ring of characteristic p with
dimR = n. Let x;, ..., x, be a system of parameters and y € m be such
that if J = (x,,..., x,)R, then I: ;yR C I'. We shall show below that
there exist many examples of this type, even with R a local isolated hypersur-
face singularity. In this situation, the Koszul complex K (x,,...,x,,y;R)
has phantom homology for i > 1, but this is not preserved when we apply
F° . Indeed, it cannot be, since the complex is too long to satisfy the phantom
acyclicity criterion. The Koszul homology here is 0 for i > 2 since the x;
form a regular sequence. To see that H, is phantom, we must show that any
relation p = (r;,...,r,,s) on Xx,..., x,,¥ is in the tight closure of the
trivial (or Koszul) relations. Since s€I: yR C I", we can choose ¢ such that
cs? € I'Y for all g > 0. It follows that we can subtract a linear combination of
gth powers of trivial relations from p? so as to make the last entry 0. What
remains is, essentially, a relation on the elements x7, ..., x7, and is thus a
linear combination of trivial relations on these. But each such trivial relation

is a gth power of a trivial relationon x, ..., x,.
Specifically, let S be either K[X,,..., X,, Y] , where »~ is the homoge-
neous maximal ideal, or K[[X,, ..., X,, Y]], let R be the local hypersurface

S/HS , where
H=Y- (Xf' +---+X;’n) ,

and let y, x; be the images of Y, X,, 1 < i < N. As above, let I =
(%, ..., x,)R. For any sufficiently large choices of the d,, y will be in I *
in R for all but finitely many choices of the characteristic of K . This follows
from the results of [HHS] on Gorenstein rings (a Gorenstein local ring is F-
regular if and only if the ideal generated by one system of parameters is tightly
closed) and [HH7] on rational singularities (if R has isolated singularities and
is F-regular, then the Spec R must have rational singularities). Over a field of
characteristic 0, the hypersurface will be an isolated but not rational singularity,
and since it is Gorenstein, it will follow that I is not tightly closed for almost
all choices of the characteristic. But y generates the socle modulo 7/, and
so must be in I" if I* # I. Note that I: ,y = my; = I + yR, and so
I:py=mpClI *,since y € I'", and this is what we needed. (The results of §5
on the Briangon-Skoda theorem can also be used to show that y € I™ if the d,
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are sufficiently large, independent of the characteristic. E.g., if all the d, > 2n,
then y> € I** =y € (I")” CI" by Theorem (5.4).)

10. THE SYZYGY THEOREM AND VARIANT NOTIONS
OF TIGHT CLOSURE IN CHARACTERISTIC p

In this section we introduce, for Noetherian rings of characteristic p, a family
of notions of tight closure. Our original notion is one of them, the one we feel
is best “for general purposes.” However, the others will clearly be of some
importance. We shall use one of them, later in this section, to give a direct
proof of the syzygy theorem in characteristic p. Another of these notions
is explored in some detail in the next section. It strengthens the conclusions
one can derive from the phantom acyclicity criterion, and plays a key role in
the proof that direct summands of regular rings containing a field are Cohen-
Macaulay (a result that is obtained in [HH7] in complete generality for the first
time).

(10.1) Definition. Let R be a Noetherian ring of characteristic p, and let &
be a nonempty family of ideals of R directed by 2, i.e., forall C, C 'e®,
there is an ideal C”" € CNC’ suchthat C’" € €. If N C M are R-modules,
we say that an element x € M is in the tight closure of N in M with respect
to %, denoted N, or Cl (N, M), if there exists an ideal C € & such that
forall ¢ >0, Cx? e N9 C F(M).

We shall say that x € M is in the small tight closure of N in M with respect
to %, denoted o N,;, if there exists an ideal C € € such that Cx? € N9 for
all g.

We shall say that a complex of modules M’ — M — M" has phantom
homology with respect to & at M (or that the homology at M is & -phantom,
or that the homology at M is phantom in the sense of tight closure with respect
to %) if the cycles in M are in the tight closure, in M, of the boundaries with
respect to the family % .

(10.2) Discussion and examples. We omit the subscripts M and & whenever
they are clear from context. Note that we could allow arbitrary subsets of R in
% instead of ideals, but that we get the same notion. We may replace each of
these sets by the ideal it generates. For any given choice of €, N* C N*, of
course.

Our standard notion of tight closure is the one obtained by letting & =
{cR: c € R°}. Note that when R has a test element c, we get the same notion
by letting & = {cR} or by letting € = {t(R)} (7(R) is the ideal generated by
all the test elements). When R is reduced or has a test element, the notions of
tight closure and small tight closure coincide for & = {cR: ¢ € R°}. When
the tight closure and the small tight closure are different, it is often problematic
to decide which is the “better” notion.

We shall see in [HHS5] that, if R is reduced and R'” is module-finite over
R, we also get the standard notion of tight closure by letting # be the set of
powers of any ideal defining the nonregular locus in Spec(R). The key point is
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that for such an R, every element ¢ such that R_ is regular has a power that
is a test element. See also [HH3).

The condition that the family & be directed is needed to ensure that the
tight closure is closed under addition.

If # = {R}, the small tight closure of N is N itself, while the tight clo-
sure is the Frobenius closure of the submodule, i.e., the elements that are in
the contraction of its expansion with respect to some power of the Frobenius
endomorphism.

If € = {(0)}, the tight closure of N in M is always M. Because this
notion is completely uninteresting, one tends to feel that one ought to place
a nondegeneracy condition on ¢ in the “all-purpose” notion of tight closure.
However, it turns out that even when c¢ is nilpotent (and, perhaps, very badly
a zerodivisor in other ways), the notion of tight closure with respect to {cR}
yields information. This point will be illuminated by the proof of the syzygy
theorem below. It depends on the following.

(10.3) Lemma. Let N C M be finitely generated modules over a local ring
(R, m), and let € be a family of nonzero ideals of R directed by 2. Then
gN;, C N+ mM. Thus, if x represents a minimal generator of M/N, then
x ¢ oN,,.

Proof. We may kill N without affecting any relevant issue. It suffices then to
show that mAM is tightly closed in M with respect to % , and we may then kill
mM . In this way, we reduce the problem to showing that 0 is tightly closed in
M/mM , which is a finite direct sum of copies of K, and so it suffices to show
that m is tightly closed in R with respect to % . But if not, we would have

C19 ¢ m!9 for all ¢ > 0 for a fixed nonzero ideal C of R, a contradiction.
n

Before using this fact to prove the syzygy theorem, however, we want to
discuss one more very important example of a variant notion of tight closure.

(10.4) Definition. Let R be a Noetherian ring of characteristic p, and sup-
pose that Z = {P € Spec(R) : R, is not C-M} is closed. Let

J=(){P:PeZ}={ceR: R isCM},

the radical ideal defining the non-Cohen-Macaulay locus in Spec(R). Let %
be the family {J': ¢ is a positive integer} . We refer to @’/‘N;J (respectively,
gN;;) as the Cohen-Macaulay tight closure or C-M tight closure of M in N
(respectively, the small C-M tight closure), and denote it N, (respectively,

N,;™). As usual, the subscript M is omitted whenever possible.

(10.5) Propesition. (a) With notation as in Definition (10.4), N*™ € N*" C
N*.
(b) If R is Cohen-Macaulay, N*“™ = N while N*" is the Frobenius closure.

Proof. (a) The first inclusion is trivial, while the second follows from the fact
that J (and hence every J') meets R°. J cannot be contained in a minimal
prime, since O-dimensional rings are C-M.
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(b) follows at once from the fact that when R is C-M, J is the unit ideal.
|

(10.6) Remarks. There are Cohen-Macaulay rings of characteristic p such that
every submodule of every module is contracted with respect to the Frobenius
endomorphism, but which are not weakly F-regular. K[X, Y]/(XY) is an
example. Thus, in general, N*™ is smaller than N*. However, we shall show
in the next section that, under mild restrictions on R, when a complex G.
satisfies the phantom acyclicity criterion, the cycles are in the C-M tight closure
of the boundaries. It turns out to be important to know this for the following
reason. Suppose we map R to S, where S is regular, in such a way that for
some ¢ € R such that R, is C-M, the image of ¢ is not zero. (This condition is
enormously weaker than requiring that R — S be injective!) Because a power
of ¢ can be used as a “test element” for C-M tight closure, it follows that the
map H/(G.) = H(G.®S) is 0, i > 1. This is one of our main motivations
for considering alternative notions of tight closure. The issue is discussed in
detail in the next section.

Later we shall introduce the notion of weakly C-M rings and modules. See
[HH4]). When the ring is not locally equidimensional, one gets corresponding
results for the family {&’: ¢}, where .% is the defining ideal of the nonweakly
C-M locus in R, at least if R is a homomorphic image of a Gorenstein ring of
finite Krull dimension. We have not introduced special names for this kind of
tight closure.

We now turn to the proof of the syzygy theorem mentioned earlier. First
recall that if x is an element of M , where M is an R-module, the order ideal,
0,,(x), of x is defined as {f(x): f € Homy(M, R)}. Although the syzygy
theorem of Evans and Griffith (see [EvG1, EvG2]) ostensibly deals with the
ranks of modules of syzygies, the heart of their result is really the following.

(10.7) Theorem (Evans-Griffith). Let R be a local ring that contains a field.
Let M be a finitely generated kth syzygy of finite projective dimension, and let
x be a minimal generator of M. Then the order ideal O,,(x) has height at
least k.

The condition that M be a finitely generated kth syzygy is equivalent to the
existence of an exact sequence

2
(#) 0-M—G_, - —GAXG_ - -G,

where the G, are finitely generated free modules. We give an improved version
of this result in which we show that the depth of R on O,,(x) isatleast k. The
proof, in characteristic p, is extremely simple. The general equicharacteristic
case then follows by standard techniques of reduction to characteristic p , which
are discussed in [HH7]. Explicitly,

(10.8) Theorem. Let (R, m) be a local ring of characteristic p. Let M be
a finitely generated kth syzygy of finite projective dimension, and let x be a
minimal generator of M . Then the depth of R on the order ideal O,,(x) is at
least k.
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Proof. We may think of M as Ker¢, | in a free resolution of a module N.
If the result is false, we can choose a maximal regular sequence y,, ..., ), in
I =0,,(x) with d <k and c€ R—J, where J = (y,, ..., y,)R, such that
¢l C J. Since x is a minimal generator of M, we can choose a minimal
generator ¢ of G =G, that maps to x (G maps onto M). Let B =Ker¢,
where ¢ = ¢, , sothat M = G/B. Let R' = R/J, G. = G.®, R/J, and
let B’ be the image of B in G/JG = G'. We shall show that the image g’
of g in G’ is in the tight closure of B’ with respect to {cR'} over R'. The
point is that, since pdy N is finite, F ¢ is exact when applied to G.. Now
Tork(R/J, F°N) =0 (because pdR/J =d < k), and so H,(F°G.® R') =0,
and F°G. ® R' may be identified with F°(G') computed thinking over R’.
The definition of / implies that every map from M to a free module H maps
x into IH. Since ¢ factors through M and sends g to x, #(g) C IG,_,

and F°¢(g?) C I'F°G,_, . Working modulo J, we obtain that

Fe¢/ (cg/[q]) _ CFe¢I (g/[q])
c cIFG,_,
CclF eG;(_l

!
CJF°G,_, =0,

so that cg'm is a cycle, and the vanishing of Torf(R /J, F®N) implies that

cg"¥ is a boundary, i.e.,isin B (using, tacitly, the right exactness of tensor).

This is exactly what we needed. Since g’ is in the tight closure of B’ in G,
its image in G'/B' = M/JM is in the tight closure of 0 in M/JM . But the
image of g’ in M/JM is the same as the image of x, and so is a minimal
generator for M/JM . But then Lemma (10.3) implies that the image of g’
cannot be in the tight closure of 0. This contradiction establishes the theorem.
]

It is not difficult to present a version of the above argument in which any
explicit reference to notions of tight closure is suppressed. See [EvG3]. How-
ever, we feel that the above argument gives a certain kind of insight into what
is happening that is lost any other way. Notice that, except possibly in the case
I = J, the image of ¢ in R/J is, in fact, a zerodivisor, since ¢/ C J.

We conclude this section with several corollaries of the above result. We first
note the following result, which does not appear to be available in exactly this
form in the literature, although it is quite similar to results in [AuBr] and [BrV]
and is readily deducible from a result explicit in [BrV].

(10.9) Lemma. Let R be an arbitrary Noetherian ring, and let M be a finitely
generated R-module. Suppose pdg M < co. Let k € N. Then the following
two conditions are equivalent.

(a) M isa kth syzygy of a finitely generated R-module N .
(b) For every prime ideal P of R, either M is free or depth M, > k.
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Proof. First assume (a). If M, is not free,
depth M, = depth R, - dePMP
= depth R, - (pd, N, - k)
= depth N, + k,

by the Auslander-Buchsbaum theorem (appligd twice).

Since (b) evidently implies the condition (S,) defined in Proposition (16.29)
on p. 213 of [BrV], it follows at once from Proposition (16.33) on p. 215 of
[BrV]that (b) = (a).

We next observe the following consequence of Theorem (10.8).

(10.10) Corollary. If x,, ..., x,, where 1 <t < k, are part of a minimal set
of generators for a kth syzygy M of finite projective dimension over a local ring
R of characteristic p, then F = Rx,+---+Rx, is a free module with x_, ..., X,
as free basis, and M/F is a (k — t)th syzygy. Moreover, the ideal J of R such
that ¢ € J precisely if 0 — F, — M_ splits has depth at least k —t+ 1. (If
t=1, J is the same, up to radicals, as the order ideal of x = x, .)

Proof. If t = 1, we know that the order ideal of x = x; has depth at least
k > 1. Since x can be mapped to a nonzerodivisor in R, Anngx = 0, and
so Rx = R. We must see that M/xR isa (k — 1)th syzygy. But if we localize
at a prime P that contains the order ideal of x, then depthR, > k, and
so depthM, > k (since M, is a kth syzygy), and then depth(A//Rx), >
k — 1, while otherwise (M/Rx), is a direct summand of M, and so is free
(respectively, has depth > k) if M, satisfies the condition. This shows that
M/Rx is a (k — 1)th syzygy, as claimed.

Now assume that the result has been established for sequences of minimal
generators of length less than 7. Let J, be the order ideal of the image of
x, in M, = M/F,, where F, = 3 j<i Rx;. From the induction hypothesis,
Jys..., J,_, have depths at least k, k—1,...,k —1+ 2, respectively, and
J, has depth at least kK — ¢+ 1 because the image y of x, in M, is a minimal
generator in a (k — ¢ + 1)th syzygy of finite projective dimension. The fact that
Ry = R shows that F is free, and if we localize at any element in J = ﬂ;=1 JJ s
we see easily that F splits off from M (by splitting off the images of the
cyclic free modules generated by Rx,, Rx,, etc., one at a time). Moreover,
depthJ = min, depth J, > k —t+ 1. The result now follows from the case ¢ = 1
applied to the element y in M,. W

Note that Coroilary (10.10) is a rather strong form of the original syzygy
theorem. If M has < k minimal generators, it will be free, while otherwise it
will have a free submodule of rank k (generated by any k element subset of a
set of minimal generators).

We conclude this section with a matrix interpretation of Corollary (10.10).

(10.11) Corollary. Let R be a Noetherian local ring of characteristic p, and
let G. be a finite free resolution over R. Consider a matrix « for the map of
free modules G, —» G,_,, let ImG, = M C G, _,, and consider the matrix f
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formed from any t columns of o corresponding to elements f, ..., f, in the
free basis for G, that map to part of a minimal set of generators of M, where
1<t<k. Then I(B) has depth >k —t+1.

Proof. If not, we can localize at a prime containing /,(f) in such a way that the
depth of the ring becomes < k~¢+1. Since depthR < k—1 and Cokera isa
(k — 1)th syzygy, Cokera is free, and so M is a free summand of G=G,_, .
By Corollary (10.10), the submodule F generated by the images of f|, ..., f,
will be a free summand of A . Thus, F will be a free summand of G, which
implies that Coker 8 is free of rank r — ¢. But a necessary and sufficient
condition for Coker f to be free of rank r — ¢ is that I,(8) be the unit ideal,
a contradiction. W

(10.12) Remark. Note that when ¢ = 1, I,(f), the ideal generated by the
elements of a column corresponding to a minimal generator x of M, is always
contained in the order ideal of x. More generally, in the situation of Corollary
(10.11), if N = Cokera, A'a gives a presentation of A\’ N, and [N NS
maps to a certain element u in Im(A’a) (which is a first module of syzygies
for A’ M). The order ideal of u in Im(A’a) contains I ,(B) and so has depth
atleast k—t+1.

11. PHANTOM ACYCLICITY FOR IMAGES OF GORENSTEIN RINGS

In this section, we are concerned with showing that under mild conditions on
a Noetherian ring R, there exist fixed elements ¢ € R° that kill all higher Koszul
homology on parameters. For example, when R is a locally equidimensional
image of a Gorenstein ring of finite Krull dimension, every element ¢ such that

. is Cohen-Macaulay has a power that has this property. Results of this type
are not dependent on any assumptions about the characteristic. We then use
the techniques of §9 to show that each such ¢ has a power that kills the higher
homology of every complex that satisfies the phantom acyclicity criterion. In
consequence, we are able to show that in such a complex the cycles are in the
C-M tight closure of the boundaries (in the sense of §10). Roughly speaking,
this gives us a larger class of elements that can be used as test elements.

The availability of elements of R° that kill all higher Koszul homology of
parameters noticeably simplifies the arguments of §9. There, in order to obtain
the results for images of arbitrary C-M rings, it was necessary to apply fixed
powers of the Frobenius endomorphisms as well as multiplication by a fixed
element of R° to kill such homology.

Several of the results of this section are close cousins of Theorem 1 of [Rol].
Theorem (11.5) can easily be deduced from it. The arguments given here are
a bit more elementary, in that the use of dualizing complexes and spectral se-
quences is avoided. In the excellent case, similar results can be obtained by
using the idea that occurs in the proof of Theorem (4.8) of this paper (and in
the proof of the existence of big C-M modules in [Ho3]). After reducing to
the complete case, one can arrange that a power of the constant ¢ multiplies
the ring being studied into a free module over a regular ring. These results
are an important ingredient in the proof in [HH9] that the integral closure of
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a biequidimensional, excellent, semilocal domain of characteristic p in an al-
gebraic closure of its fraction field is a big Cohen-Macaulay module for the
original domain.

Until the contrary is specified, after the statement of Theorem (11.8), there
are no assumptions on the characteristics of the rings in this section. However,
all given rings are assumed Noetherian.

Before beginning our systematic study of images of Gorenstein rings, we
note one other situation in which we know that elements ¢ € R° as mentioned
above exist. This result is simply a restatement of what was proved in Theorem
(9.14)(b), with the language of “c-depth” suppressed.

(11.1) Proposition. Let R be reduced, locally equidimensional, and a homo-
morphic image of a C-M ring S, say R = S/Q. Suppose also that for each
minimal prime ¢ of J, S? is regular. If Spec(R) is connected, then there
exists an ideal J, C J generated by a regular sequence and an element cdesS
not in any minimal prime of J such that ¢'J C J,. If ¢ is the image of ¢
in R, then ¢ € R°, and for every ideal I of R such that htl > n, there exist
X[ ..., X, €I such that c annihilates H/(x,, ..., x.; R) forall i, t>1.

If Spec(R) is not necessarily connected, an element ¢ € R° can be con-
structed componentwise by carrying through the procedure above for each com-
ponent separately, and it will again have the property that for everyideal I of R
with ht > n, there exist x,, ..., x, € I such that ¢ kills H,(x, ..., x,; R)
forall t>1 andall i>1.

(11.2) Remarks. The statement above is a bit subtle. The ¢ we construct

above kills all H,(x;,..., x,; R), i 21, t >0, but not for every choice of the
x; such that ht(x,, ..., x,)R = n. Rather, given I of height n, Proposition
(11.1) guarantees that we can choose x,, ..., x, € I such that ¢ kills the

H(x';R) forall i >1, t>0. However, Theorem (9.13) guarantees that a
fixed power of ¢ will kill all H,(x,,..., x,; R) for parameters x;, at least
if there is a bound on n, e.g., if Krull dim R is finite. First, we restate the
special case of Theorem (9.13) where the endomorphism ¢ of R is the identity
(still avoiding the “c-depth” terminology of Definition (9.11)). Recall that the
function Ot is defined following Remarks (9.12).

(11.3) Theorem. Let R be an arbitrary Noetherian ring. Let G. be a finite
complex of finitely generated free R-modules, and let b,, r, and o, be as in
(9.6). Suppose for 1 <i<n that ranko, =r;, andlet I, =1, (o). Let c € R,
and suppose that for every i, 1 < i <n, forevery j, 1 < ] < i, there exist
Xy, a5 X; € I, such that ¢ kills Hu(x;, cen x;;R) forall v, t > 1. Then

¢ kills H_(G.), 0<t<n—1.
Our primary goal in the remainder of this section is to develop other sit-
uations in which there is a fixed element ¢ € R° that kills all higher Koszul

homology of parameters. Our main result along these lines is Theorem (11.5)
below.
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(11.4) Theorem. Let R be an arbitrary Noetherian ring.

(a) Suppose that R is locally equidimensional and a homomorphic image of
a Gorenstein ring of finite Krull dimension. Let c be any element of R such
that R, is C-M. Then ¢ has a fixed power that kills H('Z(RQ) forall i <htQ
for all prime ideals Q of R.

(b) Suppose that R has finite Krull dimension < d. Let ¢ be an element of
R that kills H'Q(RQ) for all i <htQ for every prime ideal Q of R. Then for
every sequence of elements x,, ..., x, of R such that ht(x ,...,x,)R > n,

d
& kills Hi(x;, ,x,',;R) forevery i > 1 and forall t e N.

Postponing the proof for a moment, we first state the following immediate
corollary.

(11.5) Theorem. Let R be an arbitrary Noetherian ring. Suppose that R is a
homomorphic image of a Gorenstein ring of finite Krull dimension and is lo-
cally equidimensional. Suppose that ¢ € R is an element such that R, is
Cohen-Macaulay. Then there is a fixed power ¢’ of ¢ such that for every se-
quence of elements x,, ..., x, of R such that ht(x,,...,x, )R> n, ¢ kills
H,.(xf, ,x,',;R) forall i, t>1.

(11.6) Remark. In both Theorems (11.4)(b) and (11.5), the hypothesis that
ht(x,, ..., x,)R > n is preserved when we replace the x’s by their ¢th pow-
ers. Thus, we could have omitted any reference to ¢ in the statements of these
theorems without actually weakening their conclusions. We chose to include ¢
to make it obvious that the hypothesis of Theorem (11.3) holds in later appli-
cations.

Proof of Theorem (11.4). (a) We may assume Spec(R) is connected, for we can
construct the needed power working on each connected component separately,
if necessary. It then follows that R = §/J, where S is Gorenstein of finite
Krull dimension and all minimal primes of J have the same height, as in the
proof of Theorem (7.9). Let & be the height of J. We claim that there is a
power of ¢ that kills each of the modules Extg(R ,S), j# h. To see this, note
that it suffices to prove that these R-modules, which vanish for j > dim .S, and
which are finitely generated, vanish after localizing at ¢, and hence to prove
that they vanish after localizing at any prime &£ of S such that ¢ ¢ £ and
22J.Let Q=¢/J. Then R, = S? /J S? is Cohen-Macaulay, heightJ Sﬁ =h
(since all minimal primes of J have height %), and so Extg Ry, Sy) =0 if
#

Jj # h, as required. _

Let ¢’ be a power of ¢ that kills the modules Extg(R ,8) for j # h. Then,
given a prime O of R, we may think of it as # /J for a certain prime ¢ of §,
and localizing at &£ we find that ¢ kills Extg (Rp> S?) . By local duality over

E4

Sﬂ (see [GrH]), Hé(RQ) is the dual, into the injective hull of Sy /7S? over
Sy , of Extg (RQ s S?) , where j =dim Sy —i. It now follows that ¢’ kills each
4
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H’Q(RQ) for i <htQ, since i # htQ if and only if j = dimSy —i# h. This
establishes (a).

(b) As observed in Remark (11.6), it suffices to consider the case t = 1. Let
D=Dd)= 29 1. Suppose that P fails to kill Hx,...,x,;R), i>1.
Then this remains true for some localization of R. Thus, we may assume
without loss of generality that (R, m, K) is a local ring in the statement of
the theorem. We may then assume that the Xx; are in m, since otherwise the
Koszul homology vanishes. We use induction on 4.

If d = 0, then the sequence of x’s must be empty, and H; will be 0 for
i > 1. Henceforth, we assume d > 1. Let N denote the ideal an(R) =
U,Ann, m’. Let R = R/N. Note that ¢ kills N, by assumption. It will

suffice to show that ¢”@~' kills H(x,,...,x,; R'), i > 1, by virtue of the
long exact sequence for Koszul homology induced by the short exact sequence
0-N—-R->R -0,
.- H,(x; N) - H,(x; R) - H, (x;R’) e

for then c¢ kills the leftmost term and ¢”“~! kills the rightmost term, which
implies that cP@ Kills the middle term. We change notation and write R for
R', assuming that depthR > 1. Let C = ¢*®~Y _ Since D(d)—1=2D(d~-1),
what we must show is that C kills H;(x; R) when depthR> 1.

Consider a nonzerodivisor y in m. Let T = R/yR. The long exact se-
quence for local cohomology shows that for any prime ideal Q of T, which
we may write as ¢/yR for a certain prime ¢ of R, we have

) i i+1
= H,(R)—Hy(Tp) ~H" (R) =,
and if i <htQ, then both i and i+ 1 are < htg. Thus, ¢® Kkills all the
H’Q(TQ) for i < htQ, and dim7 < d — 1. It follows from the induction

hypothesis that (cz)D(d°” = C kills H(z; R/yR) for i > 1 and any sequence
Z=2,...,2; in R such that ht(z,, ..., zj)(R/yR) >J.

We consider two cases. If » < dim R, by prime avoidance we can extend
X,,...,X, to asequence x,,...,X,,y such that y 1s not a zerodivisor in
R and ht(x,,...,x,,y)R = n+ 1. Now suppose that C does not kill a

certain element w € H,(x; R). Represent w by a Koszul cycle v € K;(x; R).
Let T, = R/y'R. For ¢ > 0, the image of Cv in K,(x; 7,) will represent a
nonzero element of H,(x; 7,). (Otherwise, if B denotes the module of Koszul
boundaries in G = K (x; R), we would have Cv € B + y'G for all ¢, which
contradicts the fact that G/B is m-adically separated.) But this contradicts the
discussion of the preceding paragraph, since y’ is a nonzerodivisor in R for
all ¢ and ht(x,,...,x,,y)=n+1=ht(x,,...,x, )T, =n.

The second case is the one where # = dimR. In this case, we know the
depth of R on (x,,...,x,) = J is atleast 1, and we can pick a minimal
generator y for J which is a nonzerodivisor in R (this only requires avoiding
mJ and a finite set of primes). We can extend y to a minimal set of genera-
tors for J. If we use these new generators to calculate the Koszul homology,
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we get the same result. Therefore, there is no loss of generality in assuming
that y = x, is a nonzerodivisor. In this situation, H,(x,,...,x,_,,¥; R) =
H(x,,...,x,_;; R/yR). (This is easily seen if one thinks of the Koszul ho-
mology as a Tor as in [S, p. IV-6], and then uses the long exact sequence that is
the degeneration of the spectral sequence for change of rings for Tor (cf. [S, p.
V-17, second paragraph from the bottom of the page]). Alternatively, because

the sequence 0 — R % R — R/yR — 0 is exact, the homology of
K (xl,... ,xn_l;R) ®p (0—+R—}—’>R->O) =K. (x,,...,x,; R)

n

equals that of
K, (xl, ...,xn_l;R) ®r R/yR=K, (xl, cees n_l;R/yR).

But then our earlier argument shows that C kills the latter module and, hence,
the former. B

(11.7) Definition. In discussing complexes satisfying the phantom acyclicity
criterion in §9, the emphasis was on rings of characteristic p. But the conditions
used in the criterion, which we review below, make sense and were defined
over an arbitrary Noetherian ring R. However, we need to be able to refer
to complexes that satisfy the condition on ranks even if one does not kill the
nilpotents. We recall the conventions of (9.7). If G. is a finite complex of
finitely generated free R-modules with notation as in (9.6), we shall say that
G. satisfies the standard rank and height conditions if the rank of o, = r,,
1 <i<n,and height/, > i, 1 < i< n. With this terminology, G. satisfies
the phantom acyclicity criterion iff G, ®, R, satisfies the standard rank and
height conditions over R_, .

Using this terminology, we can put Theorems (11.5) and (11.3) together to
get

(11.8) Theorem. Let R be an arbitrary Noetherian ring, not necessarily of
characteristic p. Suppose that R is a homomorphic image of a Gorenstein ring
of finite Krull dimension and is locally equidimensional. Let ¢ be an element
of R such that R, is Cohen-Macaulay. Then there is a fixed power ¢ of c
such that for every finite complex G. satisfying the standard rank and height
conditions, ¢' kills H(G.) forall i>1.

Hence, if & is the defining ideal of the non-Cohen-Macaulay locus in R,
there is a power ' of &/ such that for every finite complex G. satisfying the
standard rank and height conditions, &' kills H(G.) forall i>1.

(11.9) Remark. One can get more specific information by tracing through the
ideas in the proof of Theorem (11.5). In the connected case, let R = S/J
with § Gorenstein of finite Krull dimension. Let 4 = dim R. Replace ¢ by

a power ¢” that kills all the Exti(R,S) for j # htJ. Then ¢"® " Kills

d
the higher Koszul homology of any sequence of parameters, and c'@-had=1

kills the higher homology of any complex G. satisfying the standard rank and
height conditions. (Note that if the length #n of G. is > d = dim R, we must
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have that 7, is the unit ideal for / > d. After one splits off the part of the
complex containing the terms for i/ > d, if there are such terms, the complex
that remains, which gives rise to all the homology of the original complex, has

length at most 4, and so we can use the exponent [)(d — 1) on Pl .) Of
course, once a power of each element of &/ kills all such homology, so does a
power of &7 .

For the remainder of this section we assume that given rings have character-
istic p. What we have proved yields the following result at once.

(11.10) Theorem. Let R be a Noetherian ring of characteristic p that is a
homomorphic image of a Gorenstein ring of finite Krull dimension and is locally
equidimensional. Let &/ be the defining ideal of the non-Cohen-Macaulay locus
in R. Then there is a power &' of &/ (chosen as in Theorem (11.8)) such
that the following conditions on any finite complex G. of finitely generated free
R-modules, with notation as in (9.6), are equivalent.

(a) For all sufficiently large e, F°G. has phantom homology for i > 1.

(b) For all e, F°G. has phantom homology for i > 1.

(c) For some element ¢ € R°, ¢ kills H(F°G.) for all sufficiently large ¢
andall i > 1.

(d) G. satisfies the phantom acyclicity criterion.

(e) F*G. satisfies the standard rank and height conditions for all sufficiently
large e.

(f) For some power oV of &, & kills H.(F°G.) for all e > 0 and all
i>1.

(8) &' kills H(F°G.) forall e 0 andall i>1.

(h) For all i > 1 and all sufficiently large e, the cycles in F "Gi are in the
small C-M tight closure of the boundaries.

(i) Forall i > 1 and all e, the cycles in F "Gi are in the C-M tight closure
of the boundaries.

Moreover, if these equivalent conditions are satisfied, then ' kills
H(F°G), i > 1, for all e such that F°G. satisfies the standard rank and
height conditions. In all of the statements above that refer to sufficiently large
e, the statement will hold when e is so large that the standard rank condition
holds for FG. . In particular, if the standard rank and height conditions hold for
G, itself, then each statement referring to “all sufficiently large e” is equivalent
to the corresponding statement with “all e” instead. Thus, if R is reduced (so
that G. satisfies the phantom acyclicity criterion iff it satisfies the standard rank
and height conditions), then “all sufficiently large e” can be replaced by “all e”
throughout to obtain a new set of equivalent statements.

Proof. The equivalence of (a), (b), (c), (d), and (e) follows from Lemma (9.15)
and the phantom acyclicity criterion of §9. Note that once the standard rank
and height conditions hold, they continue to hold. Fix e’ so that they hold
for e > ¢'. Theorem (11.8) shows that for e > ¢, M'HI.(FeG,) =0,i>1,
and so we have that (¢) = (g) = (f) in a strong form that shows that (g), (f)
hold for e > ¢’ when (e) does. But (f) = (i) by the definition of C-M tight
closure and the same idea as in the proof of Lemma (9.15), and (i) = (b),
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which we already know to be equivalent to (e). The argument given justifies the
two statements that follow the list of equivalent conditions, and the remaining
statements are straightforward consequences of the first two. W

(11.11) Discussion. The next two theorems assert that under mild conditions
on the ring R, the “kind” of phantom homology that “arises” from the phan-
tom acyclicity criterion is killed if one maps to a regular (or sufficiently good
weakly F-regular) ring S, provided that some element ¢ such that R, is Cohen-
Macaulay is mapped into S° . This simply means, geometrically, that the image
of every component of Spec(S) meets the Cohen-Macaulay locus in Spec R.
Thus, the kind of phantom homology that arises from the phantom acyclicity cri-
terion may be thought of as a consequence of the failure of the Cohen-Macaulay
property in R . It is worth noting that this is not the only kind of phantom ho-
mology. Cohen-Macaulay rings are not, in general, weakly F-regular. We also
note that, in mapping to S, the height conditions are lost. If they were retained,
we would get the vanishing we want from the Buchsbaum-Eisenbud criterion,
and we would not need to impose any F-regularity condition on S. Only the
Cohen-Macaulay property would be needed. We would then get that the ten-
sor product of the original complex with S is acyclic, not just the more subtle
result that the induced map of homology is 0. Moreover, we would not need
any restrictions on the characteristic. The Frobenius endomorphism would not
come into it.

The power of the theory presented here is that there is no necessity to preserve
heights under the map to S, only to keep one element ¢ such that R is C-M
from being “too degenerate” in S'.

The vanishing theorems for maps of homology follow.

(11.12) Theorem. Let G. be a finite free complex of finitely generated free
modules over a Noetherian ring R of characteristic p, as in (9.6). Moreover,
suppose that R is a homomorphic image of a Gorenstein ring of finite Krull
dimension, and is locally equidimensional. Suppose that G. satisfies the phantom
acyclicity criterion. Let ¢ € R be such that R_ is Cohen-Macaulay, and let S be
a regular (or weakly F-regular ring). Suppose that h: R — S with h(c) € S°.
Then the induced map H,(G.,) — H(G.®,S) is 0 for i > 1, and the same is
true for the map H/(G.; — Hi(Gf) for any complex G. of S-modules to which
G. maps.

Proof. Consider a cycle z € G.. We can assume that G' = G. ®, S, since
i R

the map to G will factor through G. ® g S - From Theorem (11.10), we know
that ¢ has a power ¢’ such that ¢'z? € B for all sufficiently large ¢, and
it follows that A(c)h(z)! € B in F¢(G') for all e > 0, where B’ is the
module of boundaries in G;. Since A(c’) € S°, we have that h(z) € B” = B’,
as required. H

We can prove the same vanishing theorem under somewhat different hypothe-
seson R and S.

(11.13) Theorem. Let G. be a finite free complex of finitely generated free
modules over a Noetherian ring R of characteristic p, as in (9.6). Moreover,
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suppose that R has C-M formal fibers and is locally formally equidimensional.
Suppose that G. satisfies the phantom acyclicity criterion. Let ¢ € R be such
that R, is Cohen-Macaulay, and let S be a regular ring (or a weakly F-regular
ring with a completely stable test element). Suppose h: R — S with h(c) € S°.
Then the induced map H,(G.) — H,(G. ®,S) is 0 for i > 1, and the same is
true for the map H(G.) — H,.(Gf) for any complex G. of S-modules to which
G. maps.

Proof. If we have a counterexample, we can replace .S by its localization at a
suitable maximal ideal, and we still have a counterexample. We can then replace
S by its completion. We can localize R at the contraction of the maximal ideal
of § to R without affecting any of our hypotheses and then complete. When
we tensor G, with the completed, localized R, it still satisfies the phantom
acyclicity criterion. Our hypotheses guarantee that the complete local ring R’
is equidimensional. The fact that R has C-M formal fibers implies that Rg is
C-M. But now R’ satisfies the hypotheses of Theorem (11.12), and this gives a
contradiction. W
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