TILTING BUNDLES ON ORDERS ON P¢

OSAMU IYAMA AND BORIS LERNER

ABSTRACT. We introduce a class of orders on P? called Geigle-Lenzing orders and show that
they have tilting bundles. Moreover we show that their module categories are equivalent to the
categories of coherent sheaves on Geigle-Lenzing projective spaces introduced in [HIMO].

1. INTRODUCTION

Throughout we work over a field k. Moreover, for an order A we denote by mod A the category
of coherent left A-modules.

Weighted projective lines were first introduced by Geigle and Lenzing [GL] and play an impor-
tant role in representation theory (e.g. [Me, CK, KLM]) and homological mirror symmetry (e.g.
[KST, U]). It has been pointed out in both [CI] and [RVdB] that the category of coherent sheaves
on a weighted projective line is equivalent to the module category of a hereditary order on P!,
where by an order we mean a certain coherent sheaf of non commutative algebras. However, until
now, this has remained only an observation and has not been capitalised upon. In this paper, we
aim to show that the language of orders gives a quite effective tool to study weighted projective
lines and their generalizations.

Recently in [HIMO)], Geigle-Lenzing (GL) projective spaces were introduced as a higher dimen-
sional generalization of Geigle-Lenzing weighted projective lines, and their representation theory
was studied. In this paper we will introduce a certain class of orders on P% which we call Geigle-
Lenzing (GL) orders on P? and prove that they actually give the category of coherent sheaves on
GL projective spaces:

Theorem 1.1 (Theorem 3.6). Let X be a GL projective space and A be a GL order of the same
type. There exists an equivalence
coh X ~ mod A.

After Beilinson’s work [Be], various projective varieties are known to be derived equivalent to
non-commutative algebras: for example, Hirzebruch surfaces [Ki], rational surfaces [HP], homo-
geneous spaces [Kap, Kan, BLV] and so on. The notion of tilting bundles is crucial to construct
derived equivalences. In representation theory, tilting bundles on Geigle-Lenzing weighted pro-
jective lines [GL] play an important role since they give Ringel’s canonical algebras [R] as their
endomorphism algebras. One of the basic results in [HIMO] (see also [Ba, IU]) is the existence of
tilting bundles on GL projective spaces. Recall that T € mod A is a tilting A-module if it satisfies
the following two conditions:

e Rigidity condition: Ext’y(T,T) = 0 for all i > 0,
e Generation condition: DP(mod A) = thick T, where thick T is the smallest triangulated
subcategory of DP(mod A) which is closed under direct summands and contains 7.

The existence of such a tilting bundle gives rise to a derived equivalence between A and Endy (7).
We will give a simple proof of the following result in the language of orders:

Theorem 1.2 (Theorem 2.2). Let A be a GL order on P.
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(a) There exists a tilting bundle T in mod A.
(b) We have a triangle equivalence DP(mod A) ~ DP(mod End (T)).
(¢) A has global dimension d.

In fact, we will explicitly construct a tilting bundle T'. Crucially, our proof is geometric for it
uses the theorem of Beilinson [Be] regarding the existence of a tilting bundle on P<.

A similar construction of tilting bundles in a more general setup will be discussed in a joint
work [ILO] with Oppermann.

Acknowledgements. The authors thank Kenneth Chan for valuable discussion leading to this
work. They thank Colin Ingalls, Gustavo Jasso and Steffen Oppermann for stimulating discussions.

2. TILTING BUNDLES ON ORDERS

Let P¢ be a projective d-space and fix n > 1 hyperplanes L = (Ly,...,L,) on P? as well as
weights p = (p1,...,pn) with p; € Z>. We assume that the hyperplanes are in general position
in the following sense:

Assumption 2.1. For any subset {i1,...,i5}, the intersection (), L;, is codimension m in P%
or is empty if m > d.

For a triple (O, I,n) of a sheaf of rings O (or a ring), an ideal sheaf I of O (or an ideal) and a
positive integer n, let T,,(O, I) be the subsheaf

o1 .- 1 1
o o -~ I I
T,(0,I) = Do
0O 0 O I
0o o0 0o o
of the sheaf M,,(O) of full matrix rings.
For the structure sheaf O := Opa of P4, let
A = T,,(0,0(-Ly))
A=AL,p) = A ®o- ®oAn

which can be regarded as a suborder of My, ..., (Opa). We call A a Geigle-Lenzing (GL) order on
P4 of type (L,p). Note that the authors of [CI] call the transpose of this A the canonical matriz
form of its Morita equivalence class.

Theorem 2.2. Let A be a GL order on P®.

(a) There exists a tilting bundle T in mod A given in (2) below.
(b) We have a triangle equivalence DP(mod A) ~ DP(mod End (T)).
(¢) A has global dimension d.

The construction of T is as follows: First we define a A-module P by
@)
o

P, = : emodA; and P:=P, ®Rp - Ro P, € modA.

SRS
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This is a direct summand of the A-module A and can be described as

10 0 0]
0 0 00
P = Ae, where e:= el®-~-®en€H0(Pd,A) for ej:=| ¢ ¢ .o EHO(IF’d7Ai).
0 0 0 0
0 0 0 0 |
Next for each i = 1,...,n, we define an invertible A;-bimodule J; by
[ O O O(-Li) -+ O(=L;) O(=L;) O(-L;) |
o O o o+ O(=L;) O(=Li) O(-L;)
o O o o+ O(=L;) O(=Li) O(-Ly)
e ' z
@) @) @) @ O O(-L;)
o @) o @) o @)
| O(L;) O @ @ o o |

The following can be easily checked:

Observation 2.3. Jf ®, P; is the (1 —¢)-th (modulo p;) column of A; ®o O([¢/p;]L;), where [x]
is the smallest integer a satisfying a > x.

We define an autofunctor (—)(Z;), which we abbreviate simply by (Z;), of mod A; by (%;) =
Ji®o—: modA; — mod A;. Then we extend this action to mod A by first introducing an invertible
A-bimodule I; by

I =AM ®o - ®oJi Qo Qo Ay
and defining an autofunctor (Z;) of mod A for each i = 1,...,n by

(fl) = I; ®x —: mod A — modA.
By a simple matrix multiplication, one can easily check the following:
Di Dpi
—_— —f

Observation 2.4. Since J; ®4, -+ Qn, Ji = A; @0 O(L;), we have I; @5 -+ @ I; = A®o O(L;)
and

(pifi) = — ®0 O(L;) =~ — ®o O(1). (1)
Next we introduce the following rank 1 group:

By (1), we get an objectwise action of L. on mod A.
Now we denote by L. the submonoid of . generated by Zi,...,Z,, and we regard L as a
partially ordered set by: & < ¢ if and only if ¥ — & € L. If we let [0,dc] :={Z €L |0 < ¥ < dc}

then the A-module
T:= P P (2)
Z€(0,de]
gives a tilting bundle in Theorem 2.2.

A proof of Theorem 2.2 is given in the rest of this section. The basic idea is to reduce our
problem for mod A to the corresponding one in mod O and use the following Beilinson’s result:

Theorem 2.5. [Be] @LO O(i) is a tilting bundle in coh P?.

In particular we have
o H (P4, O(f)) =0 for all i >0 and all £ with —d < ¢ < d.
o DP(coh P%) = thick @7, O(i).
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The second condition implies that, if X € cohP? satisfies H*(P¢, X (—¢)) = 0 for all i > 0 and all
¢ with 0 < ¢ <d, then X =0.

2.1. Proof the rigidity condition. In this section we prove the following:
Proposition 2.6. We have Ext} (T, T) =0 for any i > 0.
First we need the following observation:

Lemma 2.7. For any idempotent e of HO(P?, A), we have Ext}(Ae, X) ~ H'(P% eX) for all
X emodA and i > 0.

Proof. We only have to show the case i = 0 since both sides are the right derived functors. The
case ¢ = 0 follows from the following isomorphism of k-vector spaces.

Homp (Ae, —) ~ e Homyp (A, =) ~ eHO(P?, —) ~ HO(P?, e—),
where the middle equality follows from a natural isomorphism Homy (A, —) ~ HO(P?, —). d

Next we show the following;:

Lemma 2.8. (a) Let £ € Z. Then e;(P;(¢Z;)) =~ O(|£/p;]) where |x| is the largest integer a
satisfying a < x.
(b) For any Z,7 € [0,dc], we have e(P(y — X)) ~ O(¢) for some £ with —d < { < d.
Notice that e;(P;(#;)) can not be written as (e; P;)(Z;) since (Z;) is defined for A-modules, not

for O@-modules.

Proof. (a) Follows from Observation 2.3 and (1).
(b) By our definition of the group L, we can write

n
J— &= L+
i=1
for 0 < ¢; < p; and —d < ¢ < d. By (a), we have e;(P;({;Z;)) = O. Furthermore, using (1), we see
that e;(P;(¢¢)) = O(¢). Thus
e(P(y — 7)) = (e1(P1(1171)) ®0 -+ R0 en(Pn(ln@n))(€) = O(L). 0
Now we are ready to prove Proposition 2.6.
Let Z,7 € [0,dc]. Since (Z) is an autofunctor of mod A, we have

Ext) (P(Z), P(§)) = Ext) (Ae, P(§ — ©)).
By Lemmas 2.7 and 2.8, we have
Ext’y (Ae, P(§ — &) = H (P, e(P(§ — ))) = H' (P4, O(¢))
for some ¢ with —d < ¢ < d. This is zero by Theorem 2.5 and so the proof is completed. g

2.2. Proof of the generation condition. The proof is broken up into two parts: first we will
prove a seemingly weaker generation condition, and then show that in our case it is in fact sufficient.

Proposition 2.9. If X € mod A satisfies Ext’ (T, X) = 0 for all i >0, then X = 0.

Proof. We call an idempotent e; € HO(P? A;) standard if it has one entry 1 on the diagonal and
all other entries are 0.

Assume X € mod A satisfies Ext’y (T, X) = 0 for all i > 0. We need to show that ¢/X = 0 for
all idempotents ¢’ € H°(P?, A) of the form

6/26/1®"‘®€;,L
for standard idempotents e; € H°(P?, A;). We prove ¢’ X = 0 by showing H*(P¢, ¢/ X (—¢)) = 0 for
sufficiently many ¢ (depending on the support of ¢’ X) and then invoke Theorem 2.5. We proceed

by using the induction with respect to N := |{i | 1 < i < n, €, # e;}|. First we show when case
N =0 (ie. ¢ =e):
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Lemma 2.10. We have eX = 0.
Proof. For each £ with 0 < ¢ < d, we have ¢¢ € [0,dc]. By Lemma 2.7 and our assumption we have
HY{(P4, eX (—£)) = Ext’ (P(£), X) C Ext(T,X) =0 (3)
for all ¢ > 0. By Theorem 2.5, we have eX = 0. O
The case N =1 follows from the following two lemmas:

Lemma 2.11. Let Y be a A;-module such that e;Y = 0. Then for any standard idempotent
el € HO(P4, A;), the O-module €Y is annihilated by O(—L;).

Proof. Under the natural identification e;A;e; = O, we have e}Ae;Ae;, = O(—L;). We thus have
O(—L))eY = (ejAe;Ae)(elY) = (efAe;)(AeY) C ejAe;Y = 0. O
Lemma 2.12. Let e’ :=¢| ®ea ® -+ Re, € H'(PY A) where €} is standard. Then ¢’X = 0.

Proof. By Lemma 2.10, we have eX = 0. Furthermore the previous lemma implies O(—L1) (e’ X) =
O(—L1)(ef®1®- - ®1)(1®ea®- - -®ey,) (e’ X) = 0. Thus we can regard ¢’ X as a sheaf on Ly = P4~
For each ¢ with 0 < ¢ < d, and 0 < m < p; we have mZ; + ¢¢ € [0,dé]. Since Ae’ = P(mi), it
follows from Lemma 2.7 that
H{(PY &/ X (—)) = Ext)y (Ae’ (£8), X) = Bxth (P(ma) + £6), X) C Ext) (T, X) =0 (4)
for all 4 > 0. Thus we have
H{(P4L & X(—0)) = H(PL e/ X(=£) =0
for all £ with 0 < ¢ < d. By Theorem 2.5 (replace d there by d — 1), we have ¢/X = 0. O
The case N > 2 can be shown similarly:
By Assumption 2.1 and Lemma 2.11 if d — N > 0 we can regard ¢’ X as a sheaf on P~ and if
d— N <0 it is follows that ¢/X = 0.
On the other hand, by Ext} (T, X) = 0 for all i > 0, we have
H{(PY e/ X (—k) = H (PN, /X (~k)) =0
for all # > 0 and all k¥ with 0 < k < d — N. By Theorem 2.5 (replace d there by d — N) we have
X =0. O

We will now show that Proposition 2.9 implies the generation condition. To do this, we first
show that A has global dimension d.

Lemma 2.13. Let (R, m) be a regular local ring of dimension d and (ay,...,ar) a reqular sequence
for R. Then the ring

B =Ty, (R, (a1)) ®r - Or Ty, (R, (ar))
has global dimension d.

Proof. 1t is enough to show that any simple B-module S has projective dimension d. Up to an
automorphism of B, we can assume that

R/m
0

where we regard B as a subring of M,, ..., (R).
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Let
R/(ay,...,ap) R/(a;)
0 ’ 0
M = : ~ ® : € mod B.
0 i=1 0
0 0
Since R/mis an R/(aq, ..., ag)-module with projective dimension d — ¢, we have an exact sequence

0—->My—y—>--—=My—5—=0

of B-modules with M; € add M. On the other hand, the B-module M has projective dimension ¢
since it has a projective resolution

(ai) R
‘ R R
Q|+ ||
=1 R R
R R
Thus the B-module S has projective dimension d. O
Proposition 2.14. (a) The order A, has global dimension d for all closed points x € P<.

(b) The order A has global dimension d.

Proof. (a) Note that O, := Opa , is a regular local ring of dimension d. Let I, := {i | 1 <i <
n, x € L;}. Then we have
(Ai)s = Tp, (O, (a;)) ifiel,,
vE M,,(03) ifi ¢ I,.
for a; € O, defining L; locally. Our Assumption 2.1 implies that (a;);ez, is a regular sequence of
R. Thus A, is Morita-equivalent to
® Tpi (0I7 (ai))7
iel,
and the statement now follows from Lemma 2.13.

(b) For X,Y € mod A, we need show that Ext} (X,Y) = 0 for all ¢ > d. We use an argument
similar to [BD, Theorem 1(4)].

We first prove that the support of the Ops-module &xt§(X,Y) has dimension at most d — g.
We need to show that &zt (X,Y), = 0 holds for any point x € P? with dimz > d — ¢. For a
closed point y on z, we know gl.dim A, = d by (a). Since A, = A, ®o, O, we have

gldimA, =dim 0, =d —dimz
(e.g. apply [IW, Theorem 2.17(2)=-(1)] with (R, A) := (O, A,) there). Therefore &xt} (X,Y), =
Ext?\m (Xz,Yz) =0 holds if ¢ > d — dim , and the assertion follows.

In particular, if p + ¢ > d, then HP (P4, &xt%(X,Y)) = 0 holds. Using the local-global spectral
sequence HP (P &xt% (X,Y)) = Ext}(X,Y) (e.g. [BD, Theorem 1(2)]), we have Ext} (X,Y) =
0 for all i > d. O

Now we are ready to prove that T generates the category.

Proposition 2.15. (a) DP(mod A) = thick T'.
(b) We have a triangle equivalence DP(mod A) ~ DP(mod End (T)).

We prepare some notions. Let ¢ and ¢’ be additive subcategories of DP(mod A).
We call ¢ contravariantly finite if for any X € DP(mod A), there exists a morphism f: C — X
with C € € such that
HOInDb(mod A)(Clv C) i> Home(mod A)(C/a X)
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is surjective for any C’ € €.
We define an additive subcategory € * €’ of D”(mod A) by

€ €' ;= {X € D"(mod A) | there exists a triangle C — X — C’ — C[1] with C € €, C' € €'}.
If ¢ and €’ are contravariantly finite, then so is € * ¢’ (see [Ch, Theorem 1.3]).

Proof of Proposition 2.15. (a) For any X € DP(modA), there exists only finitely many i € Z
such that Hompp (med a) (7, Xi]) # 0 since A has finite global dimension by Proposition 2.14. Thus
% := add{T[i] | i € Z} is a contravariantly finite subcategory of D?(mod A). In particular, € *- - -*%
(n times) is also contravariantly finite for all n > 0.

Let E := End(T). Then thick T is triangle equivalent to K"(proj E) [Ke]. Since FE has finite
global dimension n, we have

thickT=%*---%% (n+1 times)

(see e.g. [KK, Proposition 2.6]). In particular, thick T is contravariantly finite. Applying [IY,
Proposition 2.3(1)], for any X € DP(mod A), there exists a triangle Y — X — Z — Y[1] with
Y € thick T and Hompp (med a)(U; Z) = 0 for any U € thick 7. By Proposition 2.9, we have Z = 0
and X ~ Y € thickT. Thus the assertion follows.

(b) We already observed D”(mod A) = thick T ~ KP(proj E). This is DP(mod E) since E has
finite global dimension. O

3. EXPLICIT CORRESPONDENCE BETWEEN GL ORDERS ON P? AND GL WEIGHTED P4

3.1. A graded Morita equivalence. In this section we show, given a ring graded by a commu-
tative group, how to modify the ring, so that it is graded by a subgroup.

Let G be an abelian group and A be a G-graded ring. We denote by Mod“ A the category of
G-graded A-modules, and by mod® A the category of finitely generated G-graded A-modules.

For a subgroup H < G with finite index, we fix a complete set of representatives I C G of G/H.
Let

A= @A), where (Al = (Aivjsn); jer - (5)
heH

Then A has a structure of an H-graded ring whose multiplication (A1), x (AH]),, — (AHD),
for h,h' € H is given by

kel

/ L /
(@ijin)iger - (@i_jip)ijer = <§ ai—k+h'ak—j+h’> :
ijel

It is easy to see that the ring structure of A! does not depend on the choice of I. Moreover the
choice of I does not change the graded structure of A up to graded-Morita equivalence in the
following sense.

Theorem 3.1. With the notation above, we have an equivalence of categories:
Mod® A ~ Mod® AlH]
which induces an equivalence mod® A ~ mod AH],

Although similar results already exist (e.g. [H, Mo]), we include a complete proof due to lack
of suitable references for our setting.

Proof. For M = @, My in Mod® A, define FM € Mod" Al by

FM := @ (FM), where (FM)y:= (Min)icr-
heH
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act,

Thus FM = M as abelian groups, and the action (A1), x (FM), 255 (FM)j,4p is given by

(@i—jrn)ijer - (Mipn)ier == <Z Ai—k+h mk+h’> :
i€l

kel

Let f: M — N be a morphism of abelian groups. Then f is a morphism in Mod® A if and only
if f induces the following commutative diagram for any 7, j € G:

t.
Ai X Mj 2% MiJrj

l”f lf

act,
Ai X Nj At Ni—i—j-
This is equivalent to that the following diagram is commutative for any h,h' € H:

(Ai—j-i-h)i,jel X (Mz‘+h')iel % (Mi—',-h—i-h/)iel

lle if
act.

(Ai—jin)iger X (Nign)ier —— (Nigh+n' )icr-

This means that f is a morphism in Mod A]. We conclude that F : Mod® A — Mod? AlH] ig
fully faithful.

Finally we show that F is dense. For i € I, let e; € (Alf])) be an idempotent whose (i,)-entry
is 1 and other entries are 0. For any N = @, . N, in Mod® AH] et

M., :=e;N, foriecl,he Hand M := EB M,.
geG

For g,¢" € G, we define the action Ay x Mg — My, 4 by
Ag X Mg/ = ei(A[H])hej X ejNh/ ﬂ} eiNthh/ = ]\4‘ng9'7

where i, € I and h,h' € H are unique elements satisfying ¢’ = j+h' and g =i —j+ h. It is
routine to check that M is a G-graded A-module satisfying FM ~ N.

It remains to show that F induces an equivalence mod® A — mod AH]. This is immediate
since F(A(i + h)) = (AH1(h))e; holds for any i € I and h € H. O

Remark 3.2. Theorem 3.1 can also be shown by the following argument: Let P := P, ; A(—i) €
Mod® A. Then the following statements can be checked easily:
e End§(P) = AlH],
e add{P(h) | h € H} = proj© A.
By a standard argument in Morita theory, one can show that the functor
F := @ Hom§ (P, —(h)) : Mod? A — Mod"" A"
heH

is an equivalence.

Example 3.3. Let A be a Z-graded ring. If we choose {0,1} as the representatives of the two
cosets of Z/2Z then

A122) _ @(A[m)i where (A22), — |:AA1‘ AA—1:| _
. i+1 1
1€27

A Z-graded A-module M = @, ., M; corresponds to the 2Z-graded APRZ_module Dicoz {]\/{\IL }
i1
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3.2. Geigle-Lenzing projective spaces. We now introduce Geigle-Lenzing (GL) projective spaces,
or more precisely, the category of coherent sheaves on them. The technique of studying a category
resembling a category of sheaves without ever explicitly mentioning a topological space is especially
prominent in noncommutative algebraic geometry. We use the same notation as in [HIMO] where
much more information can be found. Our goal is to show that the category of coherent sheaves
on GL projective spaces is equivalent to the module category of a GL order on P<.

To define GL weighted P?, as before we choose n hyperplanes L = (Ly,...,L,) in ]PLTi’o:---:Td
satisfying Assumption 2.1. We may assume the hyperplanes are given as zeros of the linear poly-
nomials

d
G(T) = X T5.
7=0

Also fix an n-tuple of positive integers (the weights) p = (p1,...,pn) and let
k[T, X] =k[Ty,...,Ta, X1, ..., Xy]
hi == X7" = 4;(T) (6)
Now consider the k-algebra
R=R(L,p) :=k[T,X]/(h; | 1 <i<mn).
As in the previous section, let
L=0L(p) = (Z1, -+ @, 0)/(pi@ — | L <i<n)

We give R an LL-grading by defining deg X; = 7; and deg T; = C.
We will soon encounter several different graded rings so it useful to establish the following
notation:

Definition 3.4. Let G be an abelian group and A = ®g€G
ring which is finitely generated over k£ and dimy A, < oo for all g € G. We denote by mod® A the

category of finitely generated G-graded A-modules, and by mod(? A the full subcategory of mod® A
of finite dimensional modules. We let

qgr A := mod“ A/ mod§ A.

Ay be a right noetherian G-graded

We apply this definition to the setting of GL projective spaces:
Definition 3.5. For the L-graded k-algebra R = R(L, p), we call
cohX = coh X(L, p) := qgr R(L, p)

the category of coherent sheaves on GL projective space X of type (L, p).

In the rest of this section, we will prove the following connection between GL projective spaces
and GL orders.

Theorem 3.6. Let X = X(L, p) be a GL projective space and A = A(L,p) be a GL order of type
(L,p). Then we have an equivalence

cohX ~ mod A.
For the subgroup Zc of L, we have
7é~7 and L/Zé~ || Z/piZ.

i=1
A key role in the proof is played by a Z-graded subring

S = @R@g

which is isomorphic to the polynomial ring k[T]. By (6), we have X" = ¢,(T) € Sforall1 <i <n.
Now let us consider the Z-graded ring RI%.
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Proposition 3.7. We have an isomorphism of Z-graded k-algebras
R~ T, (S, X1 @5 -+ @5 Ty, (S, XE),

where we regard Tp, (S, XF") := T, (S, (X)) as a Z-graded k-algebra whose degree {-part consists
of elements such that lower diagonal entries are in Sy and upper diagonal entries are in X' S,_;.

Proof. Let I := {} 1", a;@; | 0 < a; < p; — 1} be a complete set of representatives of L/Z¢. Let
Si=k[XP]for1<i<n. ForZ=)> " a;% and ¥ =) ., b;Z in I, we have

Rz g7z = (H Xiai—bi"réipi)s — (Xil1—b1+61p1 51) Ry -+ O (X'ZT,,—b,,,—i—enpnSn)7
i=1

where ¢; := 0 if a; > b; and 1 otherwise. Thus we have isomorphisms

S;  XPUUS o X2, XS

Lloxs S - XS XPS;

Rlza — ® : : . : :
EULXPTRS XPRS S XPLS,

XPThS XPTRS - XSS

1

Tpl (SlaXfl) Ok -+ Ok TPn (SH’X'ZW)
= T;Dl(S7X1p1)®S"'®STP7L(SaX£n)
of Z-graded k-algebras. g

Let A= A(L,p) and L = A ®» O(1) which is a A-bimodule. We define a Z-graded ring
B(A, L) := @ H (P4, L) .
£=0
Proposition 3.8. We have an isomorphism of Z-graded k-algebras:
B(A, L) ~ R%,
Proof. Clearly we have

éHO(Pd, O(¢)) ~ S = k[T).
£=0

and so we get a category equivalence
®:= P HO(P*, —(£)): cohP* ~ mod” S/ mod§ S = qgr S.
£=0

Since the divisor L; is the zero set of the polynomial ¢;(T), the functor ® sends the natural inclusion
O(—L;) — O to the natural inclusion ¢;(T)S — S. Thus we get
B(A,L) ~ Ty, (S,61(T)) @g --- @5 Ty, (5, £,(T))
=T, (S, X") ®s -+ ®5 Tp, (S, XE)
— Rlza, O
To see the role played by B(A, L) we first need the following more general set up introduced by

Artin-Zhang in [AZ]. Let C be a k-linear abelian category, P € C a distinguished object. For any
M € C we define H°(M) := Hom¢ (P, M). Assume that:

(H1) P is a noetherian object,
(H2) Ap := H°(P) = End¢(P) is a right noetherian ring and H°(M) is a finitely generated
Ap-module for all M € C.
Furthermore, let s be a k-linear automorphism of C satisfying the following assumption:
(H3) s is ample in the following sense:
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(a) for every M € C, there are positive integers {1, . .., £, and an epimorphism @?_, sTtpP —
M in C,

(b) for every epimorphism f : M — N in C there exists an integer ¢y such that for every
¢ > {y the map HO(sf) : HO(s*M) — H°(sN) is surjective.

Using this setup, we can construct the following Z-graded ring;:
(o)
B:= D H(s'P)
£=0

and we have the following crucial result, which can be viewed as a generalization of Serre’s theorem:

Theorem 3.9. [AZ, Theorem 4.5] B is right noetherian k-algebra, and there is an equivalence of
categories

C~qgrB
given by M — @,o, H(s*M).

Now we are ready to prove Theorem 3.6.
Using Theorem 3.1 and Propositions 3.8, we have equivalences

cohX = qgrR
~ qgr RI%4
~ qgrB(A,L).
We specialise Artin-Zhang Theorem 3.9 to our case by letting C := mod A, s := — ®, L and

choosing A € mod A as the distinguished object. It follows easily from ampleness of O(1) on P9
that s is ample. Therefore we have

mod A ~ qgr B(A, L),
which completes the proof. O

4. EXAMPLES

To get a better feel for the tilting bundle T from Section 2 let us compute Endy (7') in the case
d = 1. In this situation, [0,¢] ={0,¢,a;7; |1 <a; <p; —1}. If i # j, 0 < a; < p; and 0 < a; < p;
then

HomA(P(a,;fi), P(ajfj)) = ];IO(HDd7 P(a]‘fj - alf,)) = HO(]Pd, O(*l)) =0
whilst
HomA(P(aia?i),P((ai + 1) fz) = I{O(Pd7 O) =1.

Hence the endomorphism algebra is given by the following quiver with relations:

P(fl) —T1> P(Qfl) —T1—> ... e P((pl — l)fl)

wl/P(.fQ) —a2> P(2%5) -t2—> . .. .. —22>= P((pa — 1)@2)
e o~
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To see the relations, note firstly that by writing down our order we have implicitly chosen an
n; € HO(PY, O(L;)) for all 1 <i < n. If n > 3 then necessarily for all i > 3 we have 1; = £;(11,72)
for some functional ¢;. The relations are thus

2V =0 (2 2h?),  fori > 3.

Example 4.1. In this example we would like to show the relationship between a GL weighted
]P’lTO:T1 and the corresponding GL order on P'. Here, O = Op: and we choose A\; = (1 :0),\y =
(0:1),A3 = (1:1) be three points on P*. Consider

-[2 “e[2 “Pelp 7

In this case, L = (#1, T2, T3, C) /(271 = 2&5 = 2Z3 = €) acts on mod A where the action #; is given
by:

— ol = —®a ({081) g} o [g 0(8)\2)] o [g 0(8)\3)]>

and similarly for the actions of #5 and #3. In this case

oG e g -] - 4

and similarly for P(#2) and P(Z3). The tilting bundle is
T =P® P(Z)) ® P(iy) ® P(¥s3) ® P(1)

with endomorphism algebra given by

We can always choose coordinates such that O(—\;) — O is given by T;_; = 0 for ¢ = 1,2 and
O(=X3) — O is given by Ty — T = 0 Thus the relation is 23 = z? — 23. The corresponding

L-graded ring is then

R = k[Ty,T1, X1, Xo, X5/ (X7 — To, X5 — Ty, X5 — (To — T1))
~ k[X1, Xa, X5]/ (X5 — (X7 - X3)).
Example 4.2. Finally, we would like to present the simplest example possible on P7, 1. .. : one

with 4 weights, all equaling 2. Here O = Op2 and we let L; be the hyperplane given by T;_1 = 0
for 1 <4 <3 and let Ly be given by Ty + T + T = 0. Consider

=16 %Moo @0 efo “o]elo o)
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In this case |[0,2¢]| = 17 and the endomorphism algebra is given by

P(% + @)

with relations:
Tilj = TjT;

2 2 2 2
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