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TIME-DOMAIN MODELING OF NONLINEAR LOADS 

Abstract 
The behavior of an antenna or s^atterer when loaded with . nonlinear 

impedance ran be changed greatly from that observed under 11m- condlt Urns. 
In some cities, the nonllncarity causes detrimental effects S-.H-U .IS the 
inlerraodulation products arising froa the nonlinear nixing of two frequencies. 
tn other cases, the nanllnc.irliy nay he exploited profitably, e.g., to reduce 
late-tine ringing on a pulse-excited antenna. 

In this report, wc describe and illustrate a procedure for treating 
general nonlinear loads. We also apply this procedure through .1 computer 
:>rogran, to several spec i f ic types of notil tnear It tctt. We develop the treatment 
»ft)iin the framework of the thin-wire approximation to the electric-field 
integral equation. As such, the treatment ran be applied to the large class 
oi objects modeled by vires. 

The nonlinear load tvpes that we consider Include those with nicet-wise-
linear voltage-current curves (e.g., one or aorc diodes). a load wich a 
time-varying i raped an' o (which permits modulating the fields scattered fron 
It), and n general nonlinear load represented by specified voltage-current 
functions. 

Introduction 
decent developments in direct procedures for solving time-domain psvbleas 

!H-.V make U possible tt> treat sonc nonlinear problems of Interest In electr-1-
1 "* magnetics. An example is the work of Merowether. ' He uses the differential 

torn oi Harwell's equations and a finite-difference numerical treatment to 
examine the transient currents on a conducting body located 'n a nonlirviir 
plasma medium. 

An alternate, integral-equation treatment has been developed bv 
"i it 5 

5chuman, l.iu and Tesche, and Barker and Hefner to study the influence of ,i 

nonlinear loud on tin. behavior of a linear wire antenna. The integral-equation 
approach is the one we r l i w here. However, it differs in tvpc from that 
used In Ref. 4, and it dif.'ors in numerical treatment from that utilized in 
Hef. 3, Also, It offers a more general method for analyzing nonllnearly 
loaded wire objects. 

..!_ 



Formulation and Numerical Treatment 
I'lu- integral equation oi interest can be written as 

H • E a,i) - -r_- J _ l - ~ ;p- Hs'.t') 

S — % — --—." Ks'.t') - c" ^ — ~ q(s'.t') (1) 

r* (r,tl = incident electric field at observation point r at time t 

s and s 1 = unit sectors parallel to C(r) at r and r* 

c - velocity of lifiht 

.. = permeability of free space 

r^'.c'. 1 and q(s'.t'> = current and charge, respectively, at point H* and 

retarded time (t - - ) , where R 

ffr) = structure contour, assumed for now to be perfectly 

conduct in^. 

Solving U ) numerically by the mot hod of moments (usins in this case point 

matching and a 9-point Layranftian interpolation scheme for the currents at 

si p.'i ,:e point r f. i = 1,. 

1 inear t'orn:i: 

and time step t , j = 1 M) reduces to the 

.. IXC z,f.i,.,.: i,i - 1,...,N, j = 1, 

i'.\ .' = i!" ' x(r.,t,J, the tangential scattered field at observation point 
1J . l 1 

E ! X C 

r. and time step t. due to currents at earlier time t.,,j' •' i 
J 1 

INC 

1
1 - , = ' < r i . , t j ) 

^indices tor a space-sampled quantity are i and k, while j is used for a time-
sannicd index. 



and summation over repeated indices is assumed. Quantity Z,.» is a time-
independent interaction matrix that relates the current sample value. I . at 

the present time step to the sum of the exciting field and Ch*. f*eld scattered 
from other parts of C(r). Because interaction between current values at 
different space pointy is permitted in th& treatmeni: by the interpolation 

and iliay,onnl lv dominant. 
SCA Nu'.e tii.it K c m .ilsu be expressed in terms of an impedance matrix 

i 1 ii 

= j 

> J 

with R , = ! r . - r , ' , 6 i s the solution tine-step size, and j is rounded 
ii ' i 

ol i ti) integer value. 
Thus, we ,ire able to obtain 

•,.,-V |Ef5J + E|?5|. (2) 

= _ 1 

V = Z 

Using (2) we can then develop a solution for the induced current, from 
INC the specified E , , as a time-stepping procedure from an initial value 

problem. 
When the structure is loaded with a linear impedance, (2) can be 

expressed as 

zi'k v j I^-V l E ^ E ^ + ZX I,.,-1 O) 

http://tii.it


with Z , , the load Impedance matrix, which could In general concaln both 
i k 

self-terms and mutual terms. For the special case ot a single, ŝ lf-irap̂ danc*.* 
lumped load at 1 = L, we obtain from (3): 

, v LSCA P1NC] L , 
'LJ = Y L I ' Ei'j + Ei'j - \i.zi.i.'i.j • ( 4 a > 

I, . - Y , I Eff* + EJ.^ - Y„ ?.'• 1, ,, ij ii I i j 1 j it LI Lj' 

v|*ft**$|» i i L (4b) 

where 

JSCA _SCA , ..i- . 

with <5 . the Kronecker delta function. 

The j subscript appears In the I , terra because the spatial separation 
between the load point and the other current sample points delays the term's 
effect by the time R,,/c. 

We observe that: the only explicit effect cf the load is its 
appearance .'.n the equation that specifies the current through the load; the 
other current values are implicitly affected through E / as the fields 
resulting from I., propagate outward; and 

1, . - - ' •' , J ' • (5) 
L J 1 J. V 7 L 

wbich is analogous to the corresponding result for frequency domain. 
Note that if the self-impedance loading is linear but distributed, the 

result is not ?nuch more Involved than (5) and It leads to 

. _ VL LsCA , -INCJ . . . 
X 1 J - V V j + E i \ j ' < 6 ) 

Y l l ' * {hi' + 6 i i ' Z u) 



VOT tin- case of a single nonlinear load, (A) is formally the same. But we 
now idt-ntifv a time-dependent load ?.,. ., given bv 

whose functional form is yet to be given. Equation (5) still applies, but the 
formal dependence of Z,. upon the current, or time, leads to 

, _y_L_LJ—u.1 ( 8 ) 

i + y z 
LL LLj 

HO that the numerical solution for I , requires that (7) and (8) be siraul-
taneously satisfied. 

Observe that in writing ?... , in the forms given bv (7) „ we have allowed 
** L 

for two distinct types of load variations: a nonlinear dependency of Z . 
upon I., and a time-varying 2... that is independent: of I.. Examples of the 
former are a diode rectifier and square-law detector.. An example of the 
latter could result from applying a separate modulation voltage to a diode. 
{Some results for these two load types are included in the next section.) 

It is worthwhile mentioning that the current through a single load, 
linear or nonlinear, can also be written in terms of its no-load or short-

SC X L * 

where Y,, . .* is the inverse Laplace transform of the short-circuit input 
admittance of the antenna at the position of the load. 

Numerical Results 
Our purpose here is to demonstrate the nonlinear analysis capability, 

described above, for various possible applications. We present sample results 
for problems in both radiation and scattering. The load types ve consider are 
those thiit exhibit nonlinear, voltage-current (V-I) behavior and a time-
dependent impedance. Where convenient, we have chosen examples that seem 
relevant to practical problems of current concern, e.g.* EMP (electromagnetic 
pulse) protection devices. 



NONLINEAR V-1 I.i»AI)S 

The current and charge distributions on a I-m dI pole antenna tor never.il 
time periods are shown in Fig. 1. The antenna, which had an ideal diode 
(0 /". forward resistance, 100 k... reverse) at iis ci-nter. was excited S-, .i 
Gaussian voltage pulse. Also, Fie. • shows the sou.ve-sefinent current and 
the broadside radiated i ield as .: function oi time. The induced current roav 
be of interest Ir applications wher.* the radiated field is us»ed in pulse 
shaping, radar cross-section (,RCS) modification, etc. (*'.£•• KMF and ty.C 

(electromagnetic corcpat ibi lity) }. 
Initially, the current is identical to that for the no-load case, because 

the flow is in the forward direction through the diode. However, beyond the 
point where the current would change sign, a distinct departure from the 
no-load case oc ur~ Of particular interest Is the static charge distribution, 
which eventually results from the large va!-e of reverse resistance across 
the diode. 

Another example that involves ideal diodes Is illustrated in Fin. 1. 

Here, a 1-tn dipole is again excited by a Gaussian pulse, but it is now 
loaded with 60 ideal diodes, one fcr each segment of the numeri-al model, lhe 
current through the source segment is again Gaussian as in Fig. ' . hut the 
radiated far field approximates a Gaussian derivative. In contrast to ttit-
situation depicted in Fig. 1 where the late-time field had a ringdown fn*r;uen.-v 
of about twice the fundamental frequency of c/2L. The changed far field is 
caused by the charge being trapped by the diode loads, resulting in a 
radiation pulse that occurs when the charge initially accelerates and when it 
decelerates (due to reflection) at the end. This example illustrates the 
potential of employing nonlinear diode loads for pulse shaping. 

Results of the broadside incidence of a Gaussian pulse are shown in 
Fig. 3. The pulse was scattered from a 21-m dipoie antenna, which had 
diode-type loads at its center with forward/reverse resistance valuer of 

5 3 10/10 , 10/10 , and 10/20 .Q- The backscattered field is shown as a function 
of time together with the corresponding frequency spectrum. Note the upward 
shift in frequency of the first backscatter resonance as the load's backward 
resistance is increased. 

Figure 4 exemplifies the results of loading a 9-m dipole at its center 
with a nonlinear resistor (R * l/|v|) and exciting it as an antenna. In (a) 
through (c), we observe the generation of a third harmonic of the 16-MHz 

-6-
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fD (2) (3) 

(4) (5) (6) 

'\y- - ~ 

(7) (8) (9) 

(a) 
Fifc, 1, Nonlinear loads in the time domain. (a) Current ( ) and charge 

( ) distributions on a 1-m centerfed dipole having a diode load in series 
with the generator. The diode presents zero impedance only to the current 
flowing in the initial direction, asid it effectively acts as an open circuit 
in the cpposite direction (iiiipedance luO kTi). Thus, the two halves of the 
dipole retain a static charge distribution at late times, (b) Comparison 
of the transient feedpoint current for the diode load and no load, (c) 
Comparison of radiated field showing a fundamental frequency twice that of 
an unloaded dipole. 
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0.12 

Frequency • 
(0 

Fig. 2. Potential for pulse shaping, using nonlinear distributed loading. A 
1-m dipole, modeled numerically by 60 segments, is loaded with a series of 
ideal diodes, one per segment, (a) Application of a Gaussian voltage pulse 
across the center segment produces this feedpoint current, (b) Broadside 
radiated field, (c) Frequency spectruu. Note the sharply curtailed time 
response of the field caused by the diodes and the absence of lace-time 
ringing. 
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200 
Time -

(a) Load current vs time (10/10JS2 
forward/reverse resistance) 

100 200 300 
Time - nsec 

400 

(b) Radiated field vs time (lo/io's 
forward/reverse resistance) 

200 400 600 800 
Frequency - GHz 

(c) a A vs frequency (10/10°a 
forward/reverse resistance) 

Fig. 3. Effect of the ratio of a variable forward-to-reverse diode resistance 
on fields scattered from a center-loaded 21-m dipole for broadside incidence 
of a Gaussian pulse. Note a smoothing of the frequency spectrum of the 
scattered field and an increase in frequency of the lowest order resonance, 
as the -reverse resistance increases. At the largest resistance value, the 
wire is behaving essentially as two dipoles of half the le gth of the wire. 
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Fig. 3 (cont.) 
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(g) Load current vs time (10/lOn 
forward/reverse resistance) 
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(h) Radiated field vs time (10/10fl 
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forward/reverse resistance) 

Fig. 3 (cone.) 
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(c) Radiated field * R / E I N C vs frequency 
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Fig. 4. Nonlinear impedances, in addition to those with piecewlse-linear 
behavior of the ideal diode, that can be analyzed. In this case, the load 
resistance is Inversely proportional to the voltage magnitude, requiring an 
iterative solution of Eq. (8) at each tine step. Generation of harmonic 
frequencies for this 9-m, center-excited and loaded antenna is seen in the 
frequency spectrum. 
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Gaussian pulse from the square-law Load. Other nonlinear loads having 
essentially arbitrary V-I curves could be readily treated in the same way. 
For example, when the current is clipped at a 10-mA level, Che results shown 
in Fig. 5 (a) through (c) are obtained; here, the third harmonic component is 
more pronounced. For comparison, the no-load case is shown in (d) through (f)„ 

Note that clipping the current at a constant level Is equivalent to 
using a time-varying load, whose resistance changes with time In such a way as 
to keep the load current from exceeding a selected value. Because the time 
variation is not specified, however, we include this example here instead of 
in the next section that deals with loads whose time variation is given. 

A clipping or current-limiting device is often used to protect circuits 
from excessive currents or voltages, e.g., in EMP hardening. For this 
reason, we modeled a 10-m dipole antenna that was illuminated by a normally 
incident, nominal EMP and loaded at its center by a current-limiting load. 
The results are shown in Fig. 6. We observe that the load-current spectrum 
is broadened with respect to the no-load case. 

TIME-DEPENDENT LOADS 

The use of a time-varying load has some interesting possibilities, 
including a shifting of the apparent frequency of the scattered field. An 
example is shown in Fig. 7, in which a 9-m dipole is illuminated by a 
broadside incidence of a plane-wave Gaussian pulse modulated at 16 MHz, The 
resistance of the load at the dipole's center varies at a 4-MHz frequency 
between 0 and 1000 fl in a square-wave fashion. The time-dependent scattered 
field is greatly altered from that of the no-lead case, which is shown in 
Fig. 5 (f) for purposes of comparison. Note the frequency spectrum of the 
scattered field. Here, appreciable energy is found in the bands that are 
harmonics of the sum and difference frequencies of the incident field and the 

Conclusion* 
The analysis of nonlinear effects is readily achievable in the time 

domain. A straightforward modification of a thin-wire time-domain code 
(WT-MBA/LLL1B) provides a computationally efficient way to analyze various 
types of nonlinear loads on wire-type structures. 

NonlinearLties chat can be modeled include arbitrary V-I relationships 
(among which are diodes, square-law detectors, etc.) and time-varying loads. 

-14-
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(a) Load current vs time 
(current clipped at 10-mA level) 

Fig. 5. A current clipper load that can generate frequency harmonics. (a), 
(b), and (c) show a 9-m dipole with a 10-mA current limiter in series witli the 
source. For comparison, the response of the dipole without the limiter is 
shown in (d) through (f). 
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(b) Radiated f i e l d * R vs t in» 
(current clipped at 10-mA level) 

Fig. 5 (cont.) 
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(cj E * R magnitude vs 
frequency (current 
clipped at 10-mA 
level) 

E-06 0 15 30 45 
Frequency — MHz 

Fig. 5 (cont.) 



(d) Load current vs time {no loan) 

Fig. 5 (cont.) 



Radiated f i e l d * R - V 



(f) E * R magnitude vs 
frequency (no load) 
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Jig. 5 (cont.) 



(a) 

0.81-

0.4 

¥. o.o •, M f 
I f ,' / ^ v ! 
L -0.4 ; 

0.3 

0.4 -

0.0 

j -0.4-

-0.8 1 L. 
0 100 200 300 400 

Time - nsec 

n 
pA'VvW' 

-0.8L 

(b) 

100 200 300 
Time — nsec 

400 

Fig. 6. Action of a current limiter or clipper, illustrated by a 10-m dipole 
that is illuminated by a broadside incidence EMP. (a) Dipole current when 
no limiting device is used. (b) Resultant current when a 200-A limiter is 
inserted at the center of the dipole. Note that the limiter element absorbs 
much of the dipole energy, (c) & (d) Frequency domain equivalents of (a) 
and (b), respectively. The action of the limiter tends to broaden the current 
spectra while decreasing the current component at-, the half-wave resonance of 
the unlimited response, (e) Value of limiter resistance as a function of 
time, where the peak value equals 1280 &. 
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Fig. 6 (cont.) 
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(a) Load current vs time 

Fig. 7. Time-varying load in a time-domain computation, illustrated by a 
9-m dipole that is illuminated by a broadside incidence of a 16-MHz modulated 
Gaussian pulse. Load resistance at the center is square-wave modulated. 
Scattered energy appears in bands, harmonically related to the modulation 
and illumination frequency. This shows the possibility of scattering signals 
in desired bands other than the frequency band of the incident signal. 
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We have presented examples of each type. Their applications include: nonlinear 
behavior resulting from large amplitude excitation (e.g., that caused by EMP 
and lightning); the influence of protective devices like spark saps and 
electrical surge arresters (ESA's); intermodulation resulting I" rum inadvertent 
nonlinear!ties (i.e., the "rusty bolt" effect); pulse shaping through the use 
of diode loads; and spectrum spreading and uiodifIcation, using time-varyinR 
loads. 

Acknowledgments 

The work reported here was supported in part by the Engineering Rt-i--.iri.-h 
Division of LLL's Electronics Engineering Department and tn part by the Defensi 
Nuclear Agency under Subtask R99QAXEB075. 

-26-

http://Rt-i--.iri.-h


References 

I . D. !:. Men-wether. "Transient Currents Induced on a M e t a l l i c Body of 
Revo lut ion bv an FJcct roroagnet ic P u l s e s " -'££'£ ?lrrr.s. Eleatpatnagne tic 
• ••: i--V ••;••;., v o l . EMC-13. no . 2 , 41 ( 1 9 7 1 ) . 

2. D. K. Merewether and T. F. t z e l l , "The I n t e r a c t i o n of C y l i n d r i c a l P o s t s 
and Radiat ion-Induced E l e c t r i c F i e l d P u l s e s In Ion ized Media," IEEE 

.•••••.•. . . . •. .•-:.. v o l . S S - 2 I , no . 5, 4 ( 1 9 7 4 ) . 

1. II. K. St-hunan. "TiM-Domaln S c a t t e r i n g from a N o n l i n e a r l v Loaded Wire ," 
.:.-•; ••.••.-. ,!•:•*.:.:...- .: .•• : ; . ; . •• . . v o l . AP-22. no. 4 , 611 ( 1 9 7 4 ) . 

4. T. K. Liu and F. X. Text-he. "Ana lys i s of Antennas and S c a t t e r e r s w i t h 
Nonl inear Loads," \1."." ..••..••:.•. Ar.ieKvca Pr;riTat., v o l . AP-24, no . 2 , 
111 ( I 9 7 h ) . 

>. T. K. S.-irkar and i>. U. U'ciner, " S c a t t e r i n g A n a l v s i s of K o n l l n e a r l y Loaded 
Antennas ," r-r > •:.-. ,;..:. <:'•-;* Prorapi:., V O 1 . ' A P - 2 4 , no . ?, 125 ( 1 9 7 6 ) . 

6. E. K. K i l l e r , A. .'. i 'ogglo , and C. J . Burke. "An I n t e g r a - D i f f e r e n t i a l 
K<:u.il:on Technique for the Time-Domain A n a l y s i s of Thin Wire S t r u c t u r e s . 
I , rhi- Numerical Hothod," • • '<"r:<:. ih^s.. v o l . 1 2 , n o . 1 , 24 ( 1 9 7 3 ) . 

7. J . A. Landt. K. K. M i l l e r , and H. Van Blaricum, W-KBA/LLL1B: A :omputer 
•-.-• ..-.'• L-. .-' .- -.;• ?'"• -."vc-i2*': .".'-- L'tivn?*:? •:.• rxsycKSe cf Thin-Wire 
.••-;•. ••:<!• .-. Lawrence Llvcmwre Laboratory, Rept. UCRL-51585 ( 1 9 7 4 ) . 

B D J / g v / v t / g v 


