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Time-Space Fractional Diffusion Problems:
Existence, Decay Estimates and Blow-Up
of Solutions

Ruixin Shen, Mingqi Xiang, and Vicentiu D. Radulescu

Abstract. The aim of this paper is to study the following time-space fractional
diffusion problem

P u+ (=A)%u+ (—A)*0Pu = Af(z,u) + g(x,t) in QxR

u(z,t) =0 in (RV\Q) x R,

u(z,0) = up(x) in €,
where Q C RY is a bounded domain with Lipschitz boundary, (—A)® is the
fractional Laplace operator with 0 < a < 1, 8{3 is the Riemann-Liouville time
fractional derivative with 0 < 8 < 1, X is a positive parameter, f : @ x R — R
is a continuous function, and g € L?(0,00; L?(Q2)). Under natural assumptions,
the global and local existence of solutions are obtained by applying the Galerkin
method. Then, by virtue of a differential inequality technique, we give a decay

estimate of solutions. Moreover, the blow-up property of solutions is also investi-
gated.

Mathematics Subject Classification. 35K59, 35K55, 35B40.

Keywords. Time-space fractional problem, Decay estimates, Local existence,
Blow-up.

1. Introduction and the Main Results

Let © be a bounded domain in RY (N > 1) with Lipschitz boundary. We consider
the following time-space fractional problem
Pu+ (=A)u+ (=A)*0Pu = Nf(x,u) + g(z,t) in Qx RT,
u(x,t) =0 in (RV\Q) x RT, (1.1
u(z,0) = ugp(x) in Q,
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where 0 < B, < 1, N > 2a, A # 0 is a given parameter and g € L?(0, c0; L*(2))
is a given function. We assume that the reaction f is a continuous function on
Q x [0,00) and f(z,£) = 0 for all z € Q and £ < 0. Moreover, for all £ > 0, f
satisfies
(f1) fla,€) =[[P72¢ and 2 < p < 2%, := 20,
or the following Lipschitz condition:
(f2) there exists £ > 0 such that

|f(x,&1) — f(2,82)| < L] — & forall §,6& € R and x € €.

Here, the order 3 of Riemann-Liouville fractional operator 6,@3 is defined by
07w = 0y(J' P (u— u(0))),
where J'=# denotes the 1 — 3 order Riemann-Liouville fractional integral operator
and it is given by
1

T = u(0) = 55 /0 (t =) (u(r) — u(0))dr.

Here T" is the usual Gamma function. The fractional Laplace operator (—A)
to a normalization constant, is defined by

«

, up

ol — p(r) — o(y) N
(=) ele) =2 lig, RN\B, (2) | — Y[V T2 W, vk
for all ¢ € C°(RY). Here, B.(z) = {y € RV : |y — 2| < e}. For more properties
related to the fractional Laplacian and fractional Sobolev spaces as well as for
applications of variational methods to fractional problems, we refer to [3].

The fractional operators and related differential equations have important ap-
plications in many areas such as physics [15], mechanics chemistry, population dy-
namic [4,5], anomalous diffusion [29] and so on. Time fractional differential equations
can be used to describe some problems with memory effects. Moreover, both time
and space fractional differential equations have been exploited for anomalous diffu-
sion or dispersion where particles spread at a rate inconsistent with Brown motion,
see [9]. In the case of time fractional derivatives, particles with “memory effect”
propagates slowly, which we call anomalous subdiffusion. Different from the former,
spatial fractional diffusion equations are used to describe macroscopic transport and
usually result in superdiffusion phenomenon. So far, the works on problems involv-
ing the fractional Laplacian and its variants are quite large, here we just list a few,
see [8,10,20,21,31-34] and the references cited there.

To the best of our knowledge, until recently there has been still very little works
on deal with the existence, decay estimates and blow-up of solutions for time-space
fractional problems like (1.1). In [30], Vergara and Zacher considered the following
time fractional diffusion problem

O(k * (u —wup)) —div(A(x,t)Du) =0, t>0, z €,
u=0 t>0.x € 09,

where k % (u — ) fo (t — 7)(u(r) —uo)dr and k € Ly 1oc(Ry). Some useful
fundamental identities were obtamed Based on these identities, the existence and
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decay estimates of weak solutions were obtained. In particular, the decay estimates
of weak solutions were given by using the sub-supersolution method. In [17], Li et
al. studied the following time-space fractional Keller-Segel equation

§D7p+ (=A)2p+ V- (pB(p)) =0,

where § DY denotes the Caputo derivative, B(p) = —Sny Jan |I_;‘+?7+2,O(y)dy is
the Riesz potential with a singular kernel. The authors obtained the existence and
uniqueness of mild solutions. Moreover, the authors discussed the properties of the
mild solutions, such as mass conservation and blow-up behaviors. In [1], Bekkai et
al. studied the following Cauchy problem involving the Caputo derivative and the
fractional Laplacian

§ Deu + (—A)gu = ﬁ fot(t —s5)"%3)ds, x € RN, t >0,
u(r,0) = ug(x), =€ RV,

N>1,0<a<1, 0<f <2 First the existence of mild solutions of (1.2) was
obatined by the Banach contraction mapping principle. Then the authors proved
that the mild solution is also the weak solution. Furthermore, the authors showed
the local weak solutions blow up in finite time by choosing suitable test function. See
also [6,23,36,39] for similar discussions of the blow-up properties of solutions. Very
recently, Fu and Zhang [11] considered the following time-space fractional Kirchhoff
problem

(1.2)

O+ M(Julld ) (— D) = fulPu + g(o,8) in @ x RY,
u(z,t) =0 in (RV\Q) x R,
u(x,0) = up(x) in Q,

where M : [0,00) — [0,00) is a continuous function. Under suitable assumptions,
the authors obtained the global existence of solutions by using the Galerkin method.
Furthermore, a decay estimate of solutions was established.

On the other hand, when «, § and s limit to 1, the Eq. (1.1) reduces to the
following equation

Oru — Au — Adyu = NulP~?u + g(z,t), O = gj, (1.3)
which is called pseudo-parabolic equation. Equations like (1.3) can be used to de-
scribe many important physical processes, such as unidirectional propagation of
nonlinear, long waves [2,27], the aggregation of population [25] and semiconductors
[14]. The study of Eq. (1.3) received much more attention in the past years, see
[12,18,35].

Recently, Tuan et al. [28] studied the initial boundary value problem and
Cauchy problem of Caputo time-fractional pseudo-parabolic equations

D (v — mAu) + (—A)u = N (u), (1.4)
where Df* denotes the Caputo time fractional derivative. The local well-posedness
of Eq. (1.4) was established. Further, the finite time blow-up of solutions was also

obtained. In [24], Nguyen et al. considered a class of pseudoparabolic equations
with the nonlocal condition and the Caputo derivative and obtained the existence
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and uniqueness of the mild solution. In [7], Chaoui and Rezgui dealt with a time
fractional pseudoparabolic equation with fractional integral condition. By the Rothe
time discretization scheme, the existence of weak solution was obtained. Moreover,
the uniqueness of weak solution as well as some regularity results were obtained.

Inspired by the above papers, we discuss in this work the existence, unique-
ness, decay estimates of weak solutions and solutions that blow up in finite time for
problem (1.1) involving the time-space fractional operators. Since our problem is
nonlocal, our discussion is more elaborate than the papers in the literature. Com-
paring with the papers in the literature, the main feature of this paper is that the
problem (1.1) contains the Riemann-Liouville time fractional derivative and the
fractional Laplacian. Definitely, this paper is the first time to deal with the local
existence and global nonexistence of solutions for problems involving the fractional
Laplacian and the Riemann-Liouville time fractional derivative.

Definition 1.1. We say that v € L>(0,7; H(2)) with dPu e L2(0,T; L2()) is a
weak subsolution (supsolution) of problem (1.1) if u(z,0) < (>)uo(z) and

/wﬂudﬂ/ (U(x,t)—U(y,t))(SO(:v)—w(y))dxdy
o t

R2N |z —y|NF2e

+/ (9 u(z, t) = 0 u(y, 1) (p(z) — o(y))
R2N

|z — y|NF2e

dxdy

< (Z)A/Qf(w,U)soder/Qgsodx

for any 0 < ¢ € H§(2) and a.e. t € (0,7). u is a weak solution if and only u is both
a subsolution and a supsolution. Here, we call u is a global weak solution of problem
(1.1), if the equality in above holds for any 0 < T < oo; w is a local weak solution,
if there exists T > 0 such that the equality in Definition 1.1 holds for 0 < T' < Tj.

The proof of the following existence results relies on the contract mapping
theorem and the Galerkin method.

Theorem 1.2. Assume that 0 < uy € H$(Q), g € L*(0,00; L?(Q)) and f(z,£) =0
for all x € Q and & < 0. If f satisfies (f1), then problem (1.1) admits a local
nonnegative weak solution. If f satisfies (f2), then problem (1.1) has a unique global
weak solution.

The following theorem shows the asymptotic behavior of global solutions to
problem (1.1).

Theorem 1.3. Assume that g = 0 and f(x,§) = 0 for all x € Q and § < 0. If
0 <up € HF(Q) and up(z) < nopi(x) with no > 0 for all x € Q, and f satisfies
(f2), then the unique solution of problem (1.1) satisfies the following decay estimates
c2p1(2)

0 <wu(zx,t) < T

where co > 0 and @1 > 0 is the eigenfunction corresponding to the first eigenvalue
of the fractional Laplacian.

forall t >0 and x € Q,

We also discuss the global nonexistence of local solutions for problem (1.1).
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Theorem 1.4. Assume that 0 < uy € H§ (), g = 0 and f(x,&) = 0 for all x € Q

and & < 0. Suppose that f satisfies (f1), and [, uo(x)ey(x)dz > ( )1/(p 2 where
ca > 0 and 1 > 0 is the eigenfunction corresponding to the ﬁrst ez’gem)alue A1
Then the nonnegative weak solutions of problem (1.1) blow up in finite time.

In what follows, the letters ¢, ¢;, C, C;, ¢ = 1,2, ..., denote positive constants
which vary from line to line, but are independent of terms that take part in any
limit process. Furthermore, for any p > 1 we denote ||ul, = [|u||Lr(q)-

2. Preliminaries

In this section, we provide some basic results which will be used in the next sections.
The fractional Sobolev space H*(R¥) is defined as

«@ Ny _ 2 N ))2
H(R)—{UEL (R //R?N ‘$_y|N+2addy<oo}.

endowed with the norm

(u(@) — u(y))?
[l Fe ey = //]R?N dedy—l— lullZ 2y
H§ () is defined as
HY Q) ={uec H*RY) :u =0 a.e. in RN\Q}.

in the sequel, we take

u(y))?
ollg ) = // |x_ o dedy

H§ () is a Hilbert space in which a scalar product is given by

o [, L=t

for any u,v € H§ ().
Denote by

O< M <Xl <A< g1 <<+

the distinct eigenvalues of the fractional Laplace operator and let wy be the eigen-
function corresponding to Ax of the following eigenvalue problem

(=A)*u = Au, z€Q,
u =0, z € RV\Q.
We obtain for k£ € N,

- 2
A = min IE )
u€Pp\{0} fQ ‘U ’ dx
where P, = H§(2) and
Py ={ue HF(Q) : (u,wp)mgo) =0,Yj =1,2, ...k —1}, k> 2.
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Lemma 2.1 ([3]). Let 2}, = 2%-. For any q € [1,2}], the embedding HG () —
L1(Q) is continuous. Furthermore, the embedding is compact if g € [1,2%).

The Yosida approximation of the time-fractional derivative operator is an useful
tool to deal with problems with Caputo fractional derivative operators. For more
details, we refer to [30,37,38]. Let 1 < p < 00,0 < # < 1 and X be a real Banach
space. Define fractional derivative operator

Bu= (g gwu).  D(B)={ue (0.7} X): gupwue War(0.7); X)),

where g¢1_g is given by

6-1
a(t) = F(ﬂ)t if t >0,
0 if ¢t <0.

Its Yosida approximation B, defined by B,, = nB(n + B)~! (n € N) possesses the

property that for any v € D(B), B,u — Bu strongly in LP([0,T]; X) as n — oc.
Here, we collect some important properties of g;_g and B,, which are listed in the
following;:

e The kernel g;_g3 ,, is nonnegative and nonincreasing for alln € N, and g1_3,, €
WE([0,T]).
® g1_pn— gi—p in L([0,T]) and B,u — Bu in LP([0,T]; X) as n — oo.

Lemma 2.2 ([30]). Assume that H is a real Hilbert space and T > 0 is a real number.
Then for any k € WH1([0,T)) and u € L*(0,T; H), the following identity holds

(Gt w.u0) = 3L WO + RO

+3 | R0 —u(e = )fds. ae. te ©.7),

Remark 1. Obviously, if k is a nonincreasing and nonnegative function in
WLL([0,T]), then we obtain for any v € L?(0,T; H) that

(jt(k*u)(t) u(t)) > 2 (ke OB, aete (0.7).

Lemma 2.3 ([30]). Let H € C*(R) and k € W([0,T)), for a sufficiently smooth
function u, then there holds for a.e. t € (0,T")

B (1)) ) (1) = 5 (b ) (6) + [~ H (u() + F () u(t) ()

+Awmw—m—me
— A (u(t)) (u(t) — ult — 5))][~k(s)]ds

Definition 2.4 (see [19]). Let ¢ > 0 be a real number and 0 < 7' < co. We say that
a function w : RT — R (RT = [0, 00)) satisfies a condition (g), if

e”Mw(u)]? < R(t)w(e %u?) for allu € RT, t €[0,T),

where R(t) is a continuous and nonnegative function.
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Clearly, if w(u) = u",r > 0, then w satisfies the condition (¢) with any ¢ > 1,
and R(t) = er—1at,

Lemma 2.5 (see [19, Theorem 1]). Let a be a nondecreasing, nonnegative C*-function
on [0,T), F be a continuous, nonnegative function on [0,T), w : RT — R be a contin-
uous, nondecreasing function, w(0) = 0,w(u) > 0 on [0,T), and u be a continuous,
nonnegative function on [0,T) with

u(t) < af(t) +/ (t— T)ﬁ_lF(T)w(u(T))dT, te0,7),

0
where B > 0. Then the following assertions hold:
(i) Suppose that 5 > 1/2 and w satisfies the condition (q) with ¢ = 2. Then

u(t) < QN R2a()) + (M2, t e [0,Th],

r2s—1) )
gl(t == 4,5 1 /R F

I is the gamma function, Q(v) = f: w(y), vg > 0, Q7" s the inverse of 1, and

Ty € RT is such that Q(2a(t)?) + g1(t) € Dom(Q™1) for all t € [0,T1].
(ii) Let 5 € (0,1/2] and w satisfies the condition (q) with ¢ = z+ 2, where z = %
Then

where

u(t) < {7 [Q27  a(t)) + g2(8)] 117, t € [0,Th],

where

Y

L1 —p)]""
pl_’Yp

ga(t) = 297 K1 /OtF(T)qR(T)dT, K, = [

oz _z+2
/}/— 7p_z+17

Ty € R is such that Q(29  a(t)?) + g2(t) € Dom(Q~1) for all t € [0,T1].

In particular, if w(u) = u, then there holds

Lemma 2.6 (see [19, Theorem 2]). Let 0 < T < oo, a(t), F(t) be as in Lemma 2.5,
and let u(t) be a continuous, nonnegative function on [0,T) with

u(t) < a(t) + / (t — )P (7 )u(r)dr,

0
where B > 0. Then the following assertions hold
(i) If B > 1/2, then

u(t) < V2a(t) exp <2F(Qfﬁ_1)/o F(7)2d7+t> Cteo,1).

(ii) If p = Zj_l for some z > 1, then

w(t) < (2971 Y90 (¢) exp <2q_

where K, is defined by K, = [%]1/{ D= in q=z+2.

T)da+t> , te[0,T),
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Lemma 2.7. Define an operator

1 t
I_g(u) = / (t — )P tu(r)dr
= =1 ), !
for any uw € L?(0,T;L*(Q)). If B > 1/2, then I,_5 : L*(0,T;L*(Q)) — L2(0,T;
L3(Q)) is a bounded linear operator; If 0 < 3 < 1/2, then I1_g : L"(0,T; L"(2)) —
L™(0,T;L"(R2)) is a bounded linear operator, where r > %

Proof. If B > %, then the Holder inequality implies that

( /0 (- 7’)5—1u(7')d7.)2 - /Ot(t 261 g, /Ot 2 (7 dr

1 t
IRy
271 Ou(T)T

T T
/ / (I1_p(u))?dzdt < C / / u?dxdt,
0 Q 0 Q

which yields the desired result.
Now we consider the case 0 < # < 1/2. By the Holder inequality, we have

/0 (= 1) u(r)dr

Thus,

= /Ot(t — 1) teTe Tu(r)dr

t o\
< (/ (t — T)Q(B_l)eq7d7'> </ u? (1)e 1 TdT)
0 0
odt t - Ve ;oo / e
= (ql(lﬁ)q/o T de Td’i') </0 u? (1)e quT)
ot 1/q t o
< (temra-a-0) ([ o)

where ¢ > 1 satisfying 1—(1—0)q > 0, and %—i—% = 1. Observe that 1—(1—3)qg > 0.

Thus, we get
T / T /
/ /(Il_g(u))q dudt < c/ /\u\qdfvdt,
0 Q 0 Q

which ends the proof. O

Lemma 2.8 (see [26] Fractional integration by parts). Let « > 0, p > 1, ¢ > 1 and
%—l—% <l+a((p#1, q#1 in the case when%—i—%zl—i—a}. If ¢ € LP(a,b) and
¥ € L(a,b), then

b b
/w@ﬂ&me=/¢MWﬁ@mm,
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where

12000) = oy | i

and

L")
I = dt.
Using Lemma 2.8, we can obtain the following result.

Lemma 2.9. Let o > 0 and 1 < p. Assume that ¢ € C}(0,T) and ¢p € L?(0,T).
Then

T N __L T ,pT 90/(t) 2y .
| @z = s [ [ 2 E S - v

In order to show the existence of solutions to problem (1.1), we give some
properties of the operator L : H§(2) — (H0 (Q)) defined by

o, A0 1
for all u,v € H§ ().

Lemma 2.10. The operator L : H§ () — (H§(Y)) is a monotone and linear
bounded functional. Moreover, ||L(u)l| g )y < [u]a for all u € HE($2).

Proof. Let u,v € H§(2), we have
(L(w) — L(v),u—v) = [u—v%, > 0.

Thus, L is monotone. Clearly, L is a linear functional. It remains to show that
| Lull (g ) < [u]a- It follows from the Hélder inequality, we have

<L(U),U> < [u]a[v]aa
which means that || L(u)||(zg ) < [u]a- The proof is now complete. O
Lemma 2.11. The operator L : H§(Q2) — (H§ ()’ is hemicontinuous.

Proof. We are going to prove that the map ¢ — (L(u+tv),w) is continuous on [0, 1]
for all u,v,w € H§(Q), i.e,

tion (L + to),w) = (L(w), )
for all w € H§ (). We have,

(L(u+tv),w) = (u+ tv,w),.
We define G : [0,1] — R by
((u+tv)(x) = (u+tv)(y))

‘w — y|N+2a (w($) - w(y))

Gt(xa y) =

and set

6o, = D () - i),
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Obviously, lim;_qGy(r,y) = G(z,y) and there exists h € L'(R*M) such that
|G¢(x,y)| < h(z,y). Thus, by the Lebesgue dominated convergence theorem, we
obtain the desired result. U

To discuss the compactness of approximate solutions, we need the following
Lions-Aubin lemma.

Proposition 2.12 ([16, Theorem 4.1}). Let T > 0,8 € (0,1) and p € [1,00). Let
By, B, By be Banach spaces. Assume that By — B is compact and B — By is
continuous. Suppose that W C L} (0,T; By) satisfies;

loc

(i) There ezists C1 > 0 such that Yu € W,
1 /t B—1||, P
sup ——— t—s U s)ds < (1.
S 5, =l s <

(ii) There exist r € (1£,00)([1,00) and C3 > 0 such that Yu € W, there is
an assignment of initial value ug for u such that the weak Caputo derivative
satisfies

||D§U||LT(0,T;31) < Cs.
Then W is relatively compact in LP(0,T, B).

Remark 2. The Caputo derivative of an absolutely continuous function w is defined
as follows

By — 1 ¢ u'(T) .
Plu= 5 ) G

In view of the definition of the Riemann-Liouville derivative, we know that the
Riemann-Liouville derivative and the Caputo derivative have the relationship

DPy = afu.

3. Existence and Uniqueness of Weak Solutions

In this section by means of the Galerkin method, we establish the existence of local
solutions to the problem (1.1). Assume that {wy} is an orthonormal basis in L?()
and

m
: «
UQry, = g bmjw; — ug  in H(Q),
Jj=1

then we shall find Galerkin approximation solutions u,, = u,(t) of the following
form

m
U (t) =D amj(thw;, m=12,...,
j=1

where a,,; satisfies that

{(3fum7wj) + (s w)a + (0, wj)a = (Af (@, um) w)) + (9, w))

amj(0) = by, (31)
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for j = 1,2,...,m. Here, (-,-) denotes the inner product of L?*(£2). Problem (3.1)
is a nonlinear fractional ordinary differential system. Next, we show that problem
(3.1) has a unique local solution for every m € N.

First, by Lemmas 2.2 and 2.3, we give a prior estimate for problem (3.1).

Lemma 3.1. Suppose that u,, = Z;“:l amjw; solves problem (3.1). If f(x,&) =
|E[P~2¢ and 2 < p < 2%, then there exist T* > 0 and C; > 0 such that

|uml g @) < C1 for all t € [0,7%) and m > 1. (3.2)
Proof. Multiplying (3.1) by 81? @ and summing j from 1 to m, we have
(0 4 07 1)+ (=)t O 1t ) + (= 23) 0, 0] 1)
= At |2ty 0 1) + (9, 0 ). (3.3)

By the Yosida approximation of time Riemamm-Liouville fractional derivative,
Lemma 2.2 and Holder’s inequality, one can deduce that

(= A) Uy, 0t = (U, O ) g ()

e (%(gl—ﬁ,n * Um)7 Um)H(‘}(Q) _gl—ﬁ,n(uom, um)Hé"(Q) —Rmn(l)

d 1

> %(gl—ﬁ,n * HumH%{g‘(Q)) - 591—/3,nHU0mH§{€(Q) — Ry (1)

1
2
where

d d
mn(l) = | — —B,n m — UWom)) — 7, — m — U0m) ), Um .
Fon(1) = (o1 (m = vom)) = o1 ¢ O —womvm)

By using the Holder inequality and Young inequality, we deduce

([Pt 0 ) < Mt |7~ 20| por 0y 108 | L)

-1
< S*Hum”i(p—mq’ () HafumHHg‘(Q)

2(p—1
< Su(Cellumll 300, ) + 10 wmll g o)

2(p—1
< Su(Cellumlih q) + llOf wmllig )

where ¢ =23, ¢ = 15 = % and S, is the embedding constant from H§'(12)

to L2« (f2). Here, we have used the fact that (p — 1)¢’ < 2%, thanks to p < 2%. We
also get

(g,f)tﬁum) < HQHLZ(Q)HatﬁUmHLz(Q)

N

1 1
< 5”9“%2(9) + §||afum||i2(m-
Therefore, we obtain

1 1d
5”&?“?%”%2(9) + ||8£8Umﬂizg(9) + 5&(91—[% * ||Um||§qg(m)

2(p—1
< SMCelumll 535 + ellof wmllp o)

1 1
+ 591—5,n”u0mH§{g(Q) + Rimn(1) + §||9||2L2(Q) (3.4)



114 R. Shen et al. Vol. 90 (2022)

Choose € small enough such that S,Ae < 1. Then it follows from (3.4) that
1d
Ea(glfﬁm * ||UmH§{g(Q))

2p—1) , 1 1
< SAClfuml3f ) + 591-snllw0m g (0) + Bonn() + Slglliaia) (35)

Convolving (3.5) with gg and letting n go to co and selecting an appropriate sub-
sequence(if necessary), it leads to

1-8
2 2(p—1) 2 t 2
||umHH6¥(Q) <Cigp * HUmHHg(Q) + ||U0m”Hg(Q)+ (1-A)L(1-7) HQHLOO(O,oo;LQ(Q))’
(3.6)
where C7 = 2)S8,.C,,
— 2 _ -1 _ Gy —
In Lemma 2.5, let u(tl)_ﬁ— ||um||H€(Q)7 w(u) = uP™ F(f) = T a(t) =
Supm21 HU/OmH?{SL(Q) + m”gu%“’(&m;ﬂ(ﬂ))' When ﬁ > bR R(t) = 62(17—2)15,
res-1) [
9i(t) = (4§—1 ) / R(r)F?(7)dr = Cy(e?P=2" — 1),
0
Q(2a?) /QQW ! dy ! + C
= — = — — 3’
v YT (p—2)(2a(t)?)r—2
a0 = (47 - o-20)
. 4P-1cy _ 1
where C2 = so—yrag—nre > 0 O3 = G 0. Then we deduce from (3.6)
)07
that

2(171—2)
u(t) = ! : ; 2(p—2 .
Gam—z + C2(p — 2) — Ca(p — 2)e2(P~2)t

Considering the definition of Q=1 and using Q(2a2(t)) + g1(t) € DomQ 1, we
get

1 _
— (p — 2)(2a(t)2)p—2 + C,?, + CQ(@Q(P 2)t _ 1) < 037

which implies that

1
T S Gh 2

< 1
= Calp—2)2cqr2
InCy

where Cp = sup,,, >, HUOT”H%?&’(Q)' Then we have t < 57=4 := T3, where
1

- Ca(p — 2)(205)P—2

Therefore, for the case 5 > %, there exists 77 > 0 such that

04 +1>1.

lum g @) < Cs,
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forall 0 <t < Tj.
When g € (0, %)7 R(t) = P~ (422t

24141
1 1
q—1_q\ _ - _
Q217 a%) = /Uo yp—ldy o (p—2)(29-Laq)P—2 +GCs,

t
92(t) = 2q1qu/ FI(T)R(1)dr = Cg(eP~DEFDE 1),
0

1 1

—1 —1 _ =
Q (Q(Qq aq) + gQ(t)) - ((2q,1aq),p+2 + CG(p _ 2) - Cﬁ(p — 2)6(P*2)(z+2)t)p )

then we have

=)
1 a
u(t) < e (W + Co(p—2) — Cs(p — 2)6(p2)(z+2)t> ’
v>vh0erez: %,qzz-i-l K. = (%)%77: ST = %’Cﬁ - %
. Consider the definition of Q~!, we obtain
C(eP=2E+2t 1y o 2)(211(1(1)1)2 + C3 < (3,
which implies that ¢ < % :=T5. Here, C7 = 06@_2)(2{1—103)%2 +1>0.

Therefore, for 3 € (0, 1), there exists 75 > 0 such that Hum”%lg(a) < Cg for all
0<t<Th.

In conclusion, there exist 7% = min{7}, T2} and C > 0 such that ||um, | ge @) < C
forall 0 <t <T™. O

Lemma 3.2. Suppose that u,, = Z;nzl am;w; solves problem (3.1). If f satisfies
Lipschitz condition (f1), then for any T > 0 there exists C > 0 such that

uml g (@) < Co for all t € [0,T] and m > 1.

Proof. Since f satisfies the Lipschitz condition, there exists a positive constant C'
such that

|f(z,8)] < C(A+¢]) forall & €R.
Then a similar discussion as in Lemma 3.1 gives that
HumH%Ig(Q) < Cygp * HumH?{g(Q) + ||u0m”12qg(9)
ctt=F t=r )
+ 191175 (0,005 22(2))-
rl—-p) (1-I1-p)
By Lemma 2.6, we get (i) If 5 > 1/2, then
20%T(28 - 1)
HumH%{gL(Q) < V2a(t) exp (<ZBF(ﬂ)2 + 1) t) , t€][0,7),

1-8 1-8
where a(t) = SUPyy>1 H’UJOmH%Ig(Q) + g(llt_lg) + (1_5)1"(1_/6) HgH%m(O,oo;Lz(Q))'

+
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(i) If p = Z—}H for some z > 1, then

2071 K. O
lum g < ) a0 exo ( (Pt +1) ). te o)

v=Anp=Fadg=2+2.
In conclusmn for any 7' > 0 there exists Co > 0 such that |[u, || gg ) < Co for
all t € [0,7] and m > 1.

where K, = [Ll ’Yp)]l/p

1—~p

Based on Lemmas 3.1 and 3.2, we obtain the following estimate.

Lemma 3.3. Suppose that u,, = Z;":l am;w; solves (3.1), then there exists C3 such
that

107w | 120, 7:22(02)) + 1108 e | 20,7115 (02)) < Cs-
Proof. Choosing ¢ = ﬁ in (3.4), we get

1d
107 um () + 3107wl + 5 55 91-5m * i)

2(p—1
< S*)\C%HumH};g(Q;
1 2 Lo
+ 591—5,n||u()mHHg(Q) + Rmn(1) + §||g||L2(Q)‘

Integrating above inequality from 0 to 7" and letting n — oo, we obtain

||8fumH%2(o,T;(L2(Q))) + Hatﬁum”%z(O,T:Hg‘(Q))

T T
< 28*)\05/0 ”Um||§§g(??)dt+/o

+ ||9H%2(0,T;L2(Q)) +gl—ﬁ * Hu07m||§-15’(§2)

2
5(o)dt

By Lemma 3.1, it yields

107 wm 1320, 7:12(2y) + 107 132 (o,1:15 () < C.

For the case f satisfies the Lipschitz condition, by Lemma 3.2 and a similar
discussion as above, one can obtain the desired result. O

Now, we prove the local existence of solutions for system (3.1).

Theorem 3.4. Under the assumptions of Theorem 1.2, system (3.1) has a unique
solution for all t € [0,T], where 0 < T < T* if f = [u[P72u and 0 < T < oo if f

satisfies (f1).
Proof. First, problem (3.1) is equivalent to the problem

{afwt) + AY(t) = BR(4(t)) + BG(1)
$(0) =¢

where §(t) = (am;(t)) € R™A = diag(z5-)mxm: B = diag(15 ) mxm, & =
(bmj) € R™, = (X;) € R™, R(¥(1); = M|um["?um, wj), G; = (g,w;). By

(3.7)

<
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Laplace transform or convoluting with gg, we transform (3.7) into the following
Volterra type system

U(t) =&+ gpx B(R(Y(t) + G(t))) — gp x Ap(t). (3.8)
Therefore, we only need to prove that system (3.8) admits a unique continuous
solution.
Notice

[um (D122 () = Zamﬂ IO fn = Y am; (D)
j=1

Then, [lum ()| L2() = [[¥(t )IIRm [um ) L2(0) < Sllum (bl mg @) Let
Ry = SCy.

Then we obtain a prior estimate ||[¢(t)||gm < Rp.
Define the operator as

PY(t) =+ gg * B(R(Y(t) + G(1))) — g5 * AY(1)
for all ¢ € Ep, where
Er ={¢ € C(0,T;R™) : ¢l co,rirm) < 2Ro}-

Set d(v1,%2) = maxeo, 7 ||[¥1(t) — Y2 (t)||rm. Since C(0,T;R™) is a Banach space,
it follows that (E7,d) is a complete metric space. Then

[@[|rm < [[€]lrm + |Bgg * (R(¥(t) + G(¢)))[[rm + [|Ags * 1 () ||lrm.
Observe that
g * B(R(¥(t) + G(t )))HRm

m 2
1
< 3521 ( Y gp * \um] umwjdx + Ton y gs * /ngjdm>
S >\||w3||p 1wl ?
< p— n=Jgie
< ( * lumllp™ 4 7 W/ lgl2

—_

_7:

= <1—ﬁ>2r2< —5)
and
A2 §20-8)
| Ags * 6(t)|2m < (g5 * || A (2) !

2

m <

R)—(1+)\)( 3)2Ir2(1— Za]
J:1

A2 2(1=F) )
= (14 A1)2(1— 3)2I2(1 - B) [ (E)]|fm -

Thus, we have

1@l < [[€]lrm +

C (p—1) _
i—pra—pf  +RTT
A TP
Tarwa-pra - p e
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Now we assume that 7T is small enough such that
C A TP
(1-B)T(1-p) (IT+A)(A=pr1 -7
Then || U)|rm < 2Ry, which means that ® maps from Er to Ep.

Next we show that ® is contractive in Er.
._ 2N
If2<p<2; =55,

(R + Ro)T'* +

|IBR(y™M) — BR($@)|[2.

m 1 2 B B 2
<3 () (= = -2l

2Ry < Ry.

Vol. 90 (2022)

m 1 2 2
<003 (15 ) ([ 0u2p2+ sy — ufd i
m 1 2
< \2C (1) p—2 (2) =212 (1) _ (22 112
SNCY (HA ) N2 + @202 s I 235 g i3
\2C
< oy e Mgl = i gl = g o
A2C NP1
S R Al [ eV e RS
N2 NP .
< SR O + WO 2P - o
PRIO) Vouk R
mR P=D)p® — @2, (3.9)
thanks to the following basic inequality:
[l P2l — [l P2al) < O P72+ a2 ) — ).

Then
lgs * BR(¥»™M) — g x BR(®)||gm
< gp* |BR®"Y) — BR®®)||pm

ACAnz RE~D71-5

(1) @
1+M\ T(1-p) ™, 97).

Observe that

“ \j
(1 _ @2 _ 1 (2
49 = Ap P = 3 (1 =9 0)"

2 m
< > P 22
+ =1
A

J

- () W v,
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Thus,
lgs * ApM) — g+ Ap® ||pm

S (1) ()
< O Eo e e ). (3.10)

Gathering (3.9) and (3.10), we arrive at
d(@(yM), ewW)) < DT Papt, @), v O v € Br,

where

_AONE RYTP a1

1+ M TA-8) 1+ A, T(1-8)
Consequently, we prove that ® is contractive on Ep provided T is small enough
such that DT'~# < 1. Thus, by the Banach contraction mapping theorem, we know
that the map ® has a unique fixed point on some small interval [0, Tp]. Therefore,
we prove that system (3.7) has a unique solution on [0, Tp].

On the other hand, if f satisfies the Lipschitz condition, the existence of unique
solution of system (3.7) on some small interval [0,7] can be proved similarly as
above.

Finally, we show that the local solution can be extended to (0,77]. Let Ty and
um(To) be the initial data. Then repeating the same process as above, we can get
a unique continuous solution on [Tp,27p]. Divide [0,7] into [(k — 1)Ty.kTp] with
k=1,2,... K and T/K < Ty. Then we can obtain a unique continuous solution in

[0, 7. In conclusion, we show that system (3.1) has a unique solution in C'(0,7; R™).
]

Proof of Theorem 1.2. Gathering Lemma 3.1 and Lemma 3.2, we get
{tm} is bounded in L=(0,T; HS () N LP(Q2))
and
{8Pu,} is bounded in L2(0,T; H§(Q)).

By Proposition 2.12, we deduce that there exist a subsequence (still denoted by
{um}) and uw € L>°(0,T; H§(2) N LP(€2)) such that

U — U weakly star in L°°(0,T; H'(2) N LP(§2)),

U, — U strongly in L?(0,T; L?(%2)),

Uy — U a.e. in (0,77 x Q. (3.11)

By the Vitali convergence theorem, one can show that

n}iimoo/T/Qf(x,um)vdx:/OT/Qf(x,u)vd:c

0
for all v € C1(0,T; H§ (2)).
Since {8fum} is bounded in L2(0,T; L?(Q2)), up to a subsequence we may
assume that

P up — x in L2(0,T; L*(Q)).
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Next we show that y = 8tﬁu. By Lemma 2.8, we obtain

/T/ O umpdrdt = — /T/ /T S_gplis)l_ﬁds(um — U (0))dtdz.

It follows from (3.11) that

/ /xgpdmt— / // Sflgz 3 ds(u — ug)dtdz
:/0 /Qafugodsv,

which means that y = 8”u. Further, by (3.1) we conclude that

/ /aﬁuvdmdt+/T< V)a dt+/T<aﬁu ) o dt
—)\/ /f x,u vd:cdt+/ /gvd:vdt (3.12)

for any v € L2(0,T; H§(
Next we show that

/ Pupde + (u, 0)a + (000, )
Q

—/\/Qf(:c,u)wdx—i—/ﬂgcpdx (3.13)

for any ¢ € H§ (Q).
For any ¢t € (0,T), let x(o,;) denote the characteristic function in (0,¢). Let
@ € Hi (). Taking v = @x(o) in (3.12), we get

/ 8ﬁug0dxdt+/t<u ©)a dt+/ (0Pu, ) o dt

—)\/ /f x,u gpdxdt+/ / gedxdt. (3.14)
Since

[ dtups + (. p)a+ 0 )o = [ sewpde— [ gotr e 10.T),
Q Q Q

we differentiate (3.14) with respect to ¢ and get that

/ Pupde + (u, 0)a + (000, )
Q

—/\/Qf(:r:,u)wdx—i—/ﬂgcpdx

for any ¢ € H§ () and a.e. ¢t € [0,T]. Thus, (3.13) holds.
It follows that u is a weak solution of problem (1.1). O

In the next lemma we shall show that under some assumptions the solution of
problem (1.1) is nonnegative.
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Lemma 3.5. If f(z,£) < 0 for any £ <0, g > 0 and up > 0 a.e. in Q. Then the
solutions of problem (1.1) are nonnegative.

Proof. Let u be a weak solution to problem (1.1). Clearly,
u” = max{—u,0} € L>(0,T; Hg(2)).

Taking v = —u~ in Definition 1.1, we obtain
| a0ty @) da + (u(o), ~um (O + (07 utt)—u" (1)
—/ flz,u(t)u™ (t)dedt — | gu™ (3.15)
Q Q

Observe that for a.e. z,y € 2,
—u(y))(—u (z) +u (y))
u”(2) —u” (y)? +u (@)u(y) +u (z)u”(y)
> |u”(x) —u™ (y),
Then
(u(t), —u™(t)a > [lu”|IFg-

Moreover, g(—u~) < 0 and f(z,u)u” =0 a.e. x € Q.
To apply Lemma 2.2, we can use the same regularization discussion as above.
For convenience, we omit this process. In view of Lemma 2.2, we have

- (Goaru0)w ) = 3 5 0s <l OB

and

Q.‘g‘

(915 [l ()1 7g)-

N | =

<5t(91 g*u(t)), u(t)>a >

Combining these facts with (3.15), it yields

1d 1d _
S (g1 (O18) + 5 5 (01w~ @) ) + w= @))% < 0.

This implies that
1
31— [u”()]3) + (91 o [lu”(®)l1Fe) /Ilu )adt

1 _
5(91-p % llug I Zz)-

1 _
< Slor-g* g 13) + 5

Since ug > 0 a.e. in €2, it leads to
g1—p * (Jlu=(@®)]13 + llu™(B)ll75) < 0
Then convoluting above inequality with gg, it leads to
lu=(®)]3 < 0.

Thus, we get u~ () = 0 a.e. in © and for any ¢ > 0. Hence, u(z,t) > 0 a.e. in © and
for any t > 0. O
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At the end of this section, we study the uniqueness of solutions of problem
(1.1).

Theorem 3.6 (Comparison theorem). Assume that f satisfies (f2). Let u be a sub-
solution of problem (1.1) and let @ be a supsolution of problem (1.1). Then u < w.

Proof. We deduce from Definition 1.1 that
/ 98 () da + (u(t) — T(t), vya + (OF (u(t) — T(1)), V)
<A / — f(aa(t)vd,

for any 0 < v € H{(R). Taking v = (u — u)* = max{u — w,0} and applying
Lemma 2.2 and (f3), it leads to

1d

5 olon o= lu(e) —m(0) 1) + [(ault) — (1)) T2
;jt@l o (l(u(e) - () *2)
<AL )2 da.

Set Y(t) = [|(u(t) —u(t)) Hz [(u(t) —(t))*]2. Then
d
dt

Convoluting above inequality with gg, it follows that

Y (t) <2XLgp * Y (t).

By Lemma 2.6 and Y'(0) = 0, one can get that Y(¢) = 0. Thus, we get u < @ a.e. in
Q x (0,T), which ends the proof. O

—(g1—p *x Y (1)) < 2ALY(1).

Lemma 3.7. Assume that f satisfies (f2). Then the solution of problem (1.1) is
UNIQUE.

Proof. Assume that u; and uy are two solutions of problem (1.1). Then we deduce
from 1.1 that

/Qatﬁ(ul(t) —up())vdz + (ur(t) — ua(t), v)a + (0f (ua (t) — ua(t)), v)a
=2 [ (e (®) = @) ds,
for any v € H§(Q). Taking v = u; — ug, we get
/Q(Ul(t) — ua(1))0) (ua(t) — ua(t)) da + [ur () — ua(t)]2
+ (0 (un (£) — ua(t)), ua () — ua(t))s
= [ (Flaun(e) = £ a®))ur(t) — wa®) do-
Q
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Using a similar discussion as above and applying Lemma 2.2 and (f3), it leads to

%%(91_6 | (un (8) — w2 (8)13) + [ur () — ua2(t)]2 + 31(91—6 # ([ (1) = ua(1)]3))

it
< AE/Q|u1(t) — us(t)2 da
Set Z(t) = [[(ur(t) — uz(t)||5 + [ui(t) — ua(t)]2. Then

%(gl_ﬁ « Z(t)) < 2ALZ(L).

Convoluting above inequality with gg, it follows that
Z(t) < ALgs + Z(2),

which together with Lemma 2.2 and Z(0) = 0 yields that Z(¢) = 0. Thus, we get
u; = ug a.e. in Q x (0,7"), which ends the proof. O

4. Decay Estimates of Solutions

In this section, we give a decay estimate for problem (1.1) in which f satisfies (f2).
Let @1 be the corresponding eigenfunction to the first eigenvalue A; of the
fractional Laplacian. Clearly, ¢1 > 0 and ¢; € L>®(Q). Let 0 < ug(z) < nop1(x),
where 79 > 0. Assume that there exists hg > 0 such that f(x,£) < ho for all z € Q
and £ > 0.
Set v(z,t) = p1(x)n(t), where n satisfies

a7 n(t) + 252 (t) = 0 for all t > 0,
1(0) =m0 > 0,

where 0 < A < 2—;
By [30, Theorem 7.1], there exist ¢1,co > 0 such that
C1
1+tP
A simple calculation gives that
Pv(z,t) + (—A)v(z, t) + (—A)*0 v (z, 1)
= @1(2), (1) + Mpr (@)n(t) + Mpr ()9 (1)
= 1(2)(/n(t) + Mn(t) + M9 n(t))
= @1(x)Ahon(t) = Ahov(z, t) > Af(z,v).
Since v(z,0) = ¢1(z)no and 1 (x)ny > up(x), we know that v(z, t) is a supersolution
of problem (1.1). Then by Theorem 3.6, we obtain that the unique solution u of
problem (1.1) satisfies
u(z,t) <wv(z,t) for a.e. (x,t) € Q x (0,00).
Further, (4.1) implies that

2
<n(t) <
== 1%

for all ¢t > 0. (4.1)

a1 ()
0 <u(z,t) < T

forallt >0 and z € Q.
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5. Blow-Up of Solutions

In this section, we consider the blow-up property of solutions of problem (1.1). Some
techniques are inspired from [23] and [39]. Let ug € H§(Q2) satisfy ug > 0. If 2 < p
and [, uoppidz > (31)/ P2 then the solution of problem (1.1) blows up in finite

time.

Proof of Theorem 1.4. Taking ¢ = @1 (x)¢2(t) with s € C1(0,T) in Definition 1.1

and integrating over (0,7), we get

T T T
/ / OPu(t)pripa dadt + / (u(t), prpa)adt + / (OPu(t), ora)adt
0 Q 0 0

T
- / A / ()P prn dadt,
0 Q

which gives that

T T T
/ / P u(t) 1o dudt + A / / u(t)prpadrdt + A / / AP u(t)prpodudt
0o Jo o Jao o Jo

T
:/ )\/ [u(t)|P~ o109 dadt.

Set H(t) = [qu(x,t)p1(x)dz. Then

(14 M) /0 C OP H () oa(t)dt + A /O () (0

T
:/\/ / lu(t) [P~ 100 dadt.
0o Jo

It follows from Jensen’s inequality that

(1+ A1) /OT Of H(t)ip2(t)dt + Ay /OT H{(t)po(t)dt

-/ Y / u(t)prda)P oo ()t

—A/H J(t)dt,

thanks to p > 2. By Lemma 2.9, we have

(14 ) / CH () - HO) bt + 2 / " ety

>/T>\(/ w(t)prdz)P Lo (t)dt

—)\/H 2(t)dt,
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where

12 (1) = F(lﬁ) / (r — ) Bl (r)dr.

On one hand, choose o = Ig_gﬁ(t) with ¢ € C}(0,T) and @ > 0. Then we deduce
from [13, Lemma 2.21 | that

T T
/ (AHP~Y = M\ HDIZ_g(t)dt < (1+ )\1)/ (H — H(0))@dt. (5.2)
0 0

Applying Lemma 2.8 to the left of (5.2), it leads to

T T
/ I5 (AHP™ = M H)@(t)dt < (1 + )\1)/ (H — H(0))gdt.
0 0
The arbitrary of ¢ gives that
I5 OHP™Y = M H) + (1 4+ M) H(0) < (14 M) H().

Since H(0) > (3)Y®=2) we have H(t) > (3)" =2 as ¢ small enough. Then we
have
H(t) > H(0) > (%)WH) for all ¢ € [0,T].

On the other hand, choose ¢ = (1 — %)%, t € [0,T], k > max{1, (p —1)3/(p —
2)}, in (5.1). By a direct calculation (see [13]), one can show that

I _oalt) = T
Then
T 3 i
—/0 (H(t) — HO)T?_ g (t)dt — (k = / Ht)(1— Lyk=5gt
Tk + 1 0)T1-5

(k:—l—l—ﬁ)(k‘—i—l—ﬁ)
By the Holder inequality, one has

/ H(t)(1— =) Pat
; 1/(p—1) T ; (p—2)/(p—1)
< p—1 _ 2k N e o = )
< (/0 H (1)1~ 1) dt) (/0 (1-%) bt

Further, using the Young inequality, for any € > 0 we get

1 H(t)(1 - ’fﬁ
( +/\1)F(k+1_ / dt

< 5/ HP ()1~ 2)kdi 4+ C(e)T' 019/ 02,
0



126 R. Shen et al. Vol. 90 (2022)

We know that there exists a constant C' > 0 such that
D(k+1) H(0)T'A
(k+1-0)k+1-p

T
/ (AHP™ = X H)adt + (14 M) 1
0

T
§6/ HP™ Y podt + C(e)T' =18/ (p=2)
0

Choosing & small enough such that H(0) > (L)Y ®=2 we get H(0) <
CTP=(=1B8/P=2) for some C' > 0. If problem (1.1) has a global weak solution,
we obtain H(0) = 0 by letting 7" — oo, which contradicts H(0) > (%)_1/(1”_2).
Therefore we show that the global nonexistence of problem (1.1). O
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