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Abstract: In this paper, generation of optical vortices with
time-varying orbital angular momentum (OAM) and topo-
logical charge is theoretically demonstrated based on time-
modulated metasurfaces with a linearly azimuthal fre-
quency gradient. The topological charge of such dynamic
structured light beams is shown to continuously and
periodically change with time evolution while possessing a
linear dependence on time and azimuthal frequency offset.
The temporal variation of OAM yields a self-torqued beam
exhibiting a continuous angular acceleration of light. The
phenomenon is attributed to the azimuthal phase gradient
in space-time generated by virtue of the spatiotemporal
coherent path in the interference between different fre-
quencies. In order to numerically authenticate this newly
introduced concept, a reflective dielectric metasurface is
modelled consisting of silicon nanodisk heterostructures
integrated with indium-tin-oxide and gate dielectric layers
on top of a mirror-backed silicon slab which renders an
electrically tunable guided mode resonance mirror in near-
infrared regime. The metasurface is divided into several
azimuthal sections wherein nanodisk heterostructures are
interconnected via nanobars serving as biasing lines.
Addressing azimuthal sections with radio-frequency
biasing signals of different frequencies, the direct dy-
namic photonic transitions of leaky-guided modes are
leveraged for realization of an azimuthal frequency
gradient in the optical field. Generation of dynamic twisted
light beams with time-varying OAM by the metasurface is
verified via performing several numerical simulations.
Moreover, the role of modulation waveform and frequency
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gradient on the temporal evolution and diversity of
generated optical vortices is investigated which offer a
robust electrical control over the number of dynamic
beams and their degree of self-torque. Our results point
toward a new class of structured light for time-division
multiple access in optical and quantum communication
systems as well as unprecedented optomechanical
manipulation of objects.

Keywords: orbital angular momentum; optical vortex
beam; time-modulated metasurface.

1 Introduction

A light beam has two different forms of momenta, namely
linear and angular momenta. While the former is obtained
from P=hk , with / being the reduced Planck’s constant and
k being the wave vector, the latter can be decomposed into
two distinct contributions of spin angular momentum
(SAM) and orbital angular momentum (OAM) [1]. SAM is
directly related to the polarization of a light beam and can
get two values of +h (—h) for right (left) handed circular
polarization. On the other hand, OAM is associated with a
helical or twisted wavefront of a structured light beam and
can take discrete unbounded values of L=I#, with | being an
integer (i.e., I € Z) defining the number of phase windings
per wavelength which is referred to as topological quan-
tum number or topological charge (used for quantized to-
pological invariant quantities). The high-dimensionality of
Hilbert space consisting of OAM modes and mutual
orthogonality of distinct OAM states make them applicable
for a wide range of applications [2] such as optical com-
munications with enhanced capacity [3, 4], optical twee-
zers [5, 6], super-resolution microscopy [7, 8], and quantum
entanglement [9, 10]. Several methods have been proposed
to generate OAM-carrying beams [11], including spiral
phase plates (SPP) [12-14], holographic diffraction gratings
[15, 16], angular grating [17, 18], trench waveguides [19] and
transformation optics [20].

Optical vortices (OVs) are a generic class of
OAM-carrying structured light beams which possess an
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azimuthal phase dependence of exp (ilp) wherein I defines
topological charge. As shown in the seminal work of Allen
et al. [21], the optical field of these beams exhibits a topo-
logical phase singularity along the beam axis which leads
to a vanished intensity. As a result, the intensity pattern of
an OV beam shows a dark central spot in its cross-section,
whose radius increases by increasing the value of topo-
logical charge. Spatiotemporal optical vortices (STOV)
have been recently introduced as a new class of
OAM-carrying light beams whose topological charge has a
space-time dependence [22, 23]. These beams can physi-
cally exist if one could satisfy the condition of non-
collinearity between intrinsic OAM and linear momentum,
which is L{P. In particular, it is shown that the collinearity
of P and L will be broken upon the Lorentz transformation
because the momentum is transformed as a vector, while
the OAM is transformed as a part of the antisymmetric
angular-momentum tensor. STOVs have gained the atten-
tion of the scientific community due to their importance in
both theoretical and practical studies such as in describing
the particle collisions [24], optics of moving media [25, 26]
and quantum communications [27]. Several works have
been conducted to generate STOVs whose topological
charge has a spatial dependency along the propagation
direction [28—-30]. Such vortices are of particular interest for
(de)acceleration of the structured light. A common
approach used for this purpose is to superimpose two
structured light beams with opposite topological charges
and slightly different wave vectors. As a result, the ob-
tained beam after superposition possesses rotating
behavior while exhibiting angular velocity and radial ac-
celeration [29]. It should be mentioned that although the
generated beam will possess different topological charges
at different locations, yet the beam would appear “static”
at any instant of time. That is, in a specific position of
space, the radius of the vortex remains unchanged as time
goes on.

Therefore, according to the above-mentioned points, it
could be understood that another added layer of
complexity in this field of research would be the generation
and propagation of a “dynamic” spatiotemporal beam
whose topological charge varies with respect to time (i.e.,
I(t)) as it propagates through the space. To the authors’
best knowledge, the hidden physics behind such kind of
dynamic optical vortices had remained unexplored until
2019 by the pioneering work of Rego et al. [31]. As it has
been reported in this work, generating a time-varying OAM
beam is possible by employing two time-delayed, collinear
and linearly polarized infrared pulses possessing different
topological charges of [; and I, but at the same wavelength,
which are focused into an argon gas acting as a high
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harmonic generation (HHG) medium. The result of such a
nonlinear process is a pulse whose topological charge is
varying with respect to time along the pulse while being
bounded between two values of l; and I, (i.e., l; < 1(t) < ).
The angular momentum of the generated light will conse-
quently be a function of time since L (t) = I(t)h. This will, in
turn, cause the light to carry a constant optical torque
(T = dL/dt). This torque is referred to as “self-torque” to be
distinguished from the mechanical torque exerted on a
scatterer by static OAM-carrying light beams in that it re-
mains an inherent property of the light beam as it propa-
gates in free-space after being generated in the absence of
any external agent [31]. Such dynamic torqued light beam
could potentially be used in numerous applications such
as in optical tweezers [6, 32-34], attosecond pulses [35] and
fundamental studies of Bose—Einstein condensates [36].
The underlying operating principle of such a time-
dependent OAM pulse can be attributed to the azimuthal
frequency chirp imparted on the radiation emission at the
microscopic scale due to the coherent properties of HHG. It
should be noted that due to nonlinearity of HHG process,
this approach requires high intensity excitation. Moreover,
tuning the degree of self-torque requires control over the
time-delay and duration of two driving pulses which re-
quires bulky optical components with precise alignments.
In this paper, we aim at introducing an alternative
approach for generation of time-varying optical vortices
which relies on imparting an azimuthal frequency gradient
on the wavefront of light at the macroscopic level via a
linear time-modulated metasurface offering intensity-
independent operation and robust electrical tunability of
the self-torque.

Metasurfaces, planar two-dimensional arrays of sub-
wavelength unit cells, have been a subject of intense
research over the last decade by virtue of offering an
unprecedent capability in engineering the wavefront of
light by imparting abrupt resonant or geometric phase
shifts to the scattered light [37, 38]. The compact footprint
and ease of fabrication make metasurfaces ideal candi-
dates for developing flat optical components integrated
into on-chip devices. Moreover, metasurface-based optical
components yield a great potential for enabling novel
functionalities and/or outperforming their conventional
bulky counterparts in terms of efficiency. Owing to the
remarkable advantages offered by metasurfaces, they have
been widely used as a mean of generating OAM-carrying
light beams for different purposes including optical
communication [39-41]. However, despite these expedi-
tious growths in metasurface-based concepts both in
theoretical and practical aspects, a main drawback of static
metasurfaces is their fixed functionality. That is, their
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optical characteristics and response are set in stone after
they have been designed and cannot be changed after-
ward. This tantalizing characteristic of passive meta-
surfaces has led to new research on actively controllable
metasurfaces that allow for real-time control over the
wavefront of light by controlling an external stimulus [42—
45]. The constituent elements of such active metasurfaces
can also be modulated in time under application of a time-
varying external stimulus, rendering a space-time varying
surface which allows for extending the concepts of elec-
tromagnetic scattering in spatiotemporally modulated
media [46] into the realm of metasurfaces. This has led to
the emergence of time-modulated metasurfaces (TMMs) as
a new paradigm for light manipulation enabling a myriad
of new physical phenomena and further broadening the
range of possible applications of metasurfaces [47-49].

It has been shown that introducing a space-time phase
gradient in a TMM can break the Lorentz reciprocity and
time-reversal symmetry [50-55]. Space-time coding has
also been recently adopted to develop digital metasurfaces
capable of light manipulation in space and frequency while
offering nonreciprocity [56-59]. In addition to non-
reciprocity, TMMs hold a great potential for a wide range of
applications such as wavefront engineering [60-63],
extreme energy accumulation [64], spectral camouflaging
[65, 66], wide band impedance matching [67, 68], signal
amplification [69], pulse shaping [70-72], and providing
multiple access through multiplexing and multicasting [73,
74]. A fundamental property of a TMM is frequency mixing
which leads to conversion of an incident frequency (f,) into
higher-order frequency harmonics. This allows for control
over the spectral content of light as well as its spatial
characteristics. In particular, the control over the fre-
quency of scattered light can be used for generation of a
frequency gradient which translates into a spatiotemporal
phase gradient and enables generation of dynamic
spatiotemporal light beams evolving in space-time at the
steady-state [75, 76]. Such a phenomenon has been initially
proposed in the framework of frequency diverse array
(FDA) in conventional radiating antennas [77]. Unlike
phased array antennas employing a progressive phase shift
in feeding the radiating elements of an array antenna,
FDAs apply a progressive frequency offsets in feeding the
radiating elements of an array antenna which results in a
periodic range- and time-dependent directive beam pattern
continuously scanning the space at the steady-state. While
the concept of FDA radars is well-established in the realm
of radio-frequency (RF) antennas [78], it has been recently
extended to the realm of metasurfaces as a new approach
for ultrafast beam-scanning with wide angle-of-view for
light detection and range (LiDAR). For this purpose,
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Shaltout et al. [79] have proposed a passive metasurface
which can focus different frequencies into distinct focal
spots at a focal plane under illumination of a frequency-
comb source which renders a virtual frequency array
leading to ultrafast spatiotemporal beam scanning. It has
also been demonstrated that TMMs can be used for this
purpose by varying the modulation frequency of their
constituent elements with a progressive offset [75, 76]. In
such a case, design of the metasurface for pure frequency
mixing (serrodyne frequency translation) gives rise to a
single spatiotemporal dynamic beam [76] while concurrent
conversion of the frequency into different sidebands
can lead to simultaneous generation of multiple dynamic
beams periodically scanning the space at different
rates [75].

In this paper, we will theoretically demonstrate gen-
eration of time-varying optical vortices based on TMMs
with azimuthal frequency gradient. The topological charge
of such a dynamic twisted light beam changes continu-
ously and periodically in time with a linear dependence on
time and azimuthal frequency offset in the TMM. The
temporal variations in OAM yields a self-torqued the light
beam which results to continuous angular acceleration of
the light beam. These time-dependent features are char-
acterized by a vortex with expanding and shrinking radius
in time as schematically shown in Figure 1. We will math-
ematically establish the generation of such a vortex beam
within a general theoretical framework and obtain a close-
form relation for its time-dependent topological charge. To
numerically authenticate the concept, we will consider a
reflective metasurface consisting of silicon nanodisk het-
erostructures integrated with indium-tin-oxide and gate
dielectric layers on top of a metal-backed silicon slab
which renders an electrically tunable guided mode reso-
nance mirror. By dividing the metasurface into several
azimuthal section wherein the nanodisk heterostructures
are interconnected via nanobars acting as biasing lines and
applying RF biasing signals with different frequencies into
each section, a TMM with angular frequency gradient is
realized. The direct dynamic photonic transitions of leaky-
guided modes to different temporal frequencies lead to a
frequency gradient in the optical field which subsequently
gives rise to a dynamic time-varying optical vortex by vir-
tue of coherent space-time path in the interference pattern.
We will explore the role of modulation waveform and fre-
quency gradient on the temporal evolution of twisted light
beams which clearly illustrate the robust electrical
tunability over the number of dynamic vortices and the
degree of self-torque offered by the TMM.

The rest of this manuscript is organized as follows. In
section 2, we will lay out the theoretical development of the
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Figure 1: The schematic demonstration of a time-varying optical
vortex generated by reflection of laser beam from a time modulated
metasurface with an azimuthal frequency gradient. The beam is
characterized by a ring-shaped intensity pattern whose radius in-
creases and decreases continuously and periodically in time due to
the variations in the topological charge.

concept. Section 3 discusses the design and numerical
implementation of frequency gradient TMM. The simula-
tion results are given in section 4. Finally, the conclusions
are drawn in section 5.

2 Theoretical formulation

In this section, we aim at establishing the concept through
a simplified theoretical formulation. Temporal modulation
of metasurfaces will cause transition of the fundamental
frequency (i.e., f,) to the higher-order frequency har-
monics (i.e., f},) given by f,, = f, + pf,, wherein the integer
p € Z indicates the order of generated frequency harmonic.
Therefore, in contrary to static or quasi-static tunable
metasurfaces, which are capable of controlling only the
spatial characteristics of the scattered light beams, TMMs
are able to manipulate the spectral content of the scattered
fields as well.

Here, we consider a reflective TMM which is modulated
via a modulation frequency that depends on the azimuthal
angle (i.e., f,, (¢)) under illumination of a normally inci-
dent Gaussian beam at the frequency of f, propagating
along Z direction. The reflected field from the metasurface
possesses a periodic temporal dependency that can be
expressed as a summation over higher-order frequency
harmonics via Fourier decomposition. Therefore, the inci-
dent and reflected waves can be expressed as

2

Ei(r,t) = Eoexp<— #)exp(iwot) exp(i%z)
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1

where wq = 21f, and w,, = 2n1f,, are the optical and mod-
ulation angular frequencies, respectively, r and ¢ denote
the radial and azimuthal directions, respectively, w is the
Gaussian radius at the waist, e,(r) is the coefficient
describing the radial dependency of the scattered field at
the pth frequency harmonic, c is the speed of light, and E,
is the amplitude of the incident field. We consider an
azimuthally linear gradient in the modulation frequency.
For this purpose, the metasurface can be divided into N
equal azimuthal sections separated by angular intervals of
Ag = 2r1/N which yields a discrete angle-dependent mod-
ulation frequency of

fm(¢):fm,0+lN‘P/27TJAf (2)

where f, , is a constant, Af is the azimuthal offset in the
modulation frequency, and |.| stands for the floor function.
This expression takes into account the discretization of
modulation frequency in a metasurface azimuthally
divided into N discrete sections such that the difference in
the modulation frequency of adjacent sections can be ob-
tained as Af,, = [NA@p/2m | Af = Af. Such a discretized
modulation frequency profile allows for defining the
overall temporal periodicity of scattered field from such a
frequency gradient TMM as T = 1/Af [76, 79]. Plugging
Equation (2) into Equation (1), the total reflected field in one
cycle of such temporal modulation (|t|<1/2Af) can be
expressed as

E (r,ot)= Eogep (r)exp(i(t + g) (wo + 2ﬂfm,o)>

><exp<i2rr(t + i)pAf[];[;Tp] ) 3)

Considering the spatial continuity of the scattered fields
wavefront, the spatiotemporal azimuthal dependency of

the reflected field can be simplified as exp(i (t + ’;’) PAfN ga)
by setting aside the discretization errors. On the other
hand, the ideal profile of a Bessel beam with the OAM state
of |I) can be expressed as

Ei(r, ¢, t) = Agexp (—rz/wz)jl(k,r)exp<i<t +§>w0)exp(il(p)
(4)

wherein J;(.) is the I-th order Bessel function, A4, is a com-
plex constant and k, = 2m/r, is the radial wave number



DE GRUYTER

determined by the radius of the Bessel beam (ry).
Comparing Equation (4) with Equation (3), it can be infer-
red that each frequency harmonic order p in the reflected
beam from the TMM with an azimuthally linear frequency
gradient can be viewed as a dynamic optical vortex
whose topological charge has a spatiotemporal de-
pendency given by

Lt z) = pAfN(t + ‘Z) )

This expression is valid in range of |t| < 1/2Af corre-
sponding to one cycle of modulation in the frequency
gradient TMM and the topological charge will have a pe-
riodic behavior which repeats over time intervals of
T =1/Af. As such, the time-varying topological charge
resulting from pth order frequency harmonics is bounded
within —-pN/2 <1, (¢, z) < pN/2. It should be remarked that
the outlined derivation here relies on the assumption of a
discrete azimuthal frequency gradient profile to be able to
define the temporal periodicity of the scattered field from
the array as a function of azimuthal frequency offset. We
note that a continuous change in the frequency is non-
physical and yields N—oo and Af—0 making the temporal
periodicity of the frequency gradient array and the bounds
of time-varying topological charges ill-defined.

For optical TMMs, the accessible modulation fre-
quencies are a small fraction of the optical frequency
fm < fo due to the inherent speed of modulation mecha-
nisms and the operation is typically limited to the adiabatic
regime where the imparted energy to the system through
modulation only manifests itself in frequency conversion.

The significant difference between the scales of modula-
AfA
c
leading to the weak spatial dependence of topological
charge in dynamic vortices, i.e., the beam has to propagate
over a distance of 10°-10° times the wavelength to experi-
ence a change in the topological charge. We note that while
in general the optical vortices generated by frequency
gradient TMMs are varying spatiotemporally, given the
weak spatial dependency of topological charge in the
adiabatic modulation regime and the scope of the work
which is focused on time-varying topological charge, we
have neglected the spatial term in Equation (5) to safely
approximate the topological charge as I,(t) = pAfNt in
the nearfield regime. The time-varying topological charge
in the generated optical vortices by the frequency gradient
TMM leads to a time-varying OAM (per photon) of
L, (t) =hpAf Nt whose derivative with respect to time
yields a constant torque of T = Aip AfN acting on the light
beam as it propagates in free-space. This self-torque is an
intrinsic property of the generated light beams [31] due to

tion and optical frequencies in such TMMS yields % « 1
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the coherent space-time path in a beam with azimuthal
frequency gradient. It should be emphasized that the time-
varying OAM of L,(t) corresponds to the time-domain
vortex generated due to pth frequency harmonics and does
not quantify the OAM of total time-domain scattered field
from frequency gradient TMM which is a superposition of
different vortices generated by distinct frequency har-
monic orders. The OAM of the generated vortex beams due
to pth frequency harmonic order is also evaluated more
rigorously based on the canonical momentum method and
its mathematical derivation is given in section S1 of the
Supplementary Material which yields the same expression
of L,(t) =hpAf N t.

The temporal variations in the OAM also lead to
angular acceleration of the light fields corresponding to the
time-varying optical vortices which can be obtained by the
second-derivative of azimuthal position (¢) with respect to
time in the phase front of reflected light at a fixed distance
above the metasurface (I, (¢, )¢ + wot = const). Unlike the
light field of a static optical vortex which has a constant
angular velocity of Q = dg/dt = —wy/l and a zero acceler-
ation, the light field of the time-varying vortices possess
a time-dependent angular velocity of Q(t) = dp/dt =
—wo/[PAfN (t +z/c)] and angular acceleration of a(t)
= d’p/dt* = pAfNwo/[pAfN (t +z/c))>. As it can be seen,
the sign of angular acceleration can be controlled by the
sign of frequency offset along azimuthal direction (Af).

As it has been recently shown in several works, engi-
neering the modulation waveform of a TMM allows for
controlling the spectral diversity of frequency harmonics in
the output spectrum [62, 73, 76, 80, 81]. This enables con-
trol over the number of dynamic optical vortices in the
reflected field from the TMM. For example, engineering the
modulation waveform for serrodyne frequency translation
to fo+fn vields a single dynamic beam whose time-
varying topological charge is given as [; (¢) = Af N t. More-
over, control over the azimuthal frequency gradient profile
given in Equation (2) not only allows for adjusting the rate
of temporal variations in the topological charge by tuning
Af but also enables tuning the upper/lower bounds of to-
pological charge in each cycle by control over the
azimuthal division (N).

In order to gain a more intuitive insight into the oper-
ating principle of frequency gradient TMM, we consider a
reflective TMM aperture divided into four azimuthal sub-
apertures biased with modulation frequencies of f,, = nAf
with 1<n <4 denoting the index of the sub-apertures as
shown in Figure 2a. Assuming that the metasurface is
designed for pure frequency mixing (i.e., serrodyne fre-
quency translation into f; +f,,), the reflected wavefront
from each sub-aperture is shown as a plane wave
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Figure 2: (a) Aperture of a TMM azimuthally divided into four equal sub-apertures with a modulation frequency offset of Af. (b) The wavefront
of reflected fields from the sub-aperture depicted as plane waves propagating in time. The transverse planes show the variation of azimuthal
phase profile across the aperture as a function of time. (c) The azimuthal phase profile of the reflected light across the aperture at different

instants of time.

propagating in time in Figure 2b in the time interval of
|t| < 1/2Af. Looking at the transverse phase profile of re-
flected light across the aperture at different instants of time
illustrates an azimuthal phase gradient which corresponds
to the helical wavefront of an optical vortex. In particular,
the azimuthal coherent path of light in the resultant
interference pattern is a function of time due to the
azimuthal frequency offsets applied to the sub-apertures
which yields a change in the azimuthal phase variations.
Figure 2c demonstrates the phase profile of the reflected
light at the time instants of t = I/4Af with [ being an integer
ranging from -2 to +2. The results clearly show generation
of an azimuthal phase gradient of lp at each instant of time
which subsequently leads to generation of optical vortices
with a time-varying topological charge circumscribed
within the range of -2 < I(t) < +2.

3 Metasurface design

To numerically authenticate the idea of time-varying optical
vortex generation based on TMMs and verify the validity of
the theoretical discussions in previous section, we will
design and model a reflective TMM by configuring a guided
mode resonance mirror (GMRM) structure [82] as a dual-
gated field effect modulator whose geometry is depicted in
Figure 3a. For this purpose, we employ indium-tin-oxide
(ITO) as an electro-optical material and utilize Al,O;/HfO,
nanolaminates (HAOL) [83, 84] as the gate dielectrics. The
metasurface is consisted of a periodic array of sub-
wavelength Si/HAOL/ITO/HAOL nanodisk heterostructures
located on top of a silicon guiding core, followed by a silica
optical buffer and a gold back mirror. The metasurface is
azimuthally divided into 16 sections wherein nanodisk

heterostructures are interconnected with nanobar hetero-
structures serving as biasing lines while adjacent azimuthal
sections are isolated from one another by termination of the
biasing lines. The angular sectioning of the metasurface can
be seen more clearly in the top-view shown in Figure 3b
where the boundaries between the sections are marked by
the dashed lines. The proposed configuration allows for
addressing each azimuthal section independently from the
side with two sets of voltages addressing the top doped sil-
icon layer, ITO layer and bottom silicon layer via contact
electrodes, as illustrated in Figure 3a. The dual-gated
biasing leads to field effect modulation of carrier concen-
tration within the ITO layer and as a result two charge
accumulation/depletion layers will be formed at the inter-
face of ITO with top and bottom HAOL gate dielectrics [83].
The voltage-controlled tunability of carrier concentration in
these active regions enables a real-time control over the
light—matter interaction at nanoscale which can yield a wide
dynamic phase modulation via a proper photonic design of
the building blocks. In principle, the high drift velocity of
electrons in a field effect modulator allows for attaining
modulation frequencies up to several THz [85]. Nevertheless,
the modulation speed of electro-optical platforms is ulti-
mately limited by the speed of interconnects and the
capacitive delay of the elements, bringing down the acces-
sible modulation frequencies to several GHz [86]. Employing
RF biasing signals of different frequencies for modulation of
different azimuthal sections of the metasurface renders a
TMM with an azimuthal frequency gradient while offering a
robust electrical tunability.

There have been several recent experimental re-
alizations of ITO-integrated metasurfaces offering voltage-
controlled real-time tunability of the optical response [83,
87-89]. The proposed unit-cell can be implemented by
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Figure 3: (a) The schematic depiction of the proposed metasurface consisting of an array of subwavelength Si/HAOL/ITO/HAOL nanodisk
heterostructures placed on top of a silicon guiding core followed by a silica buffer and a gold back mirror rendering a field-effect tunable

GMRM. The metasurface is azimuthally divided into 16 equal sections wherein nanodisks are interconnected via nanobar heterostructures
serving as biasing lines, while adjacent sections are isolated via termination in the biasing lines. The geometrical parameters of the unit cell
shown in the zoomed-in view are chosen as D = 581nm, hs; = 362 nm, hyaoL = 28 nm, hiro = 9 nm, hsjg = 171 nm, hpg = 450 nm, w = 10 nm
and A = 613 nm. The metasurface is under illumination of a normally incident TE polarized wave. (b) The top-view of the metasurface where the
boundaries between the azimuthal sections are denoted by the dashed lines. (c) Demonstration of the wave coupling and light interaction
mechanisms in the GMRM. Multiple optical paths in reflection and particularly the elongated path through in-plane propagation of guided
waves yield enhanced tunability of the optical response through enhanced light-matter interaction with the active regions formed within ITO
layer under applied bias voltage. (d) Formation of charge accumulation/depletion layers at the top and bottom interfaces of ITO-HAOL and Si-

HAOL under field effect in the dual-gate biasing scheme.

using standard electron beam lithography (EBL) and mul-
tiple deposition steps. To this aim, the Au back mirror can
be deposited on a quartz glass substrate with the aid of
thermal evaporation. Then, the guiding core, which is
made of Si, can be subsequently sputtered and boron
dopants can be applied for achieving the desired back-
ground carrier concentration. Afterwards, the HAOL gate
dielectric can be grown on top of the Si guiding core using
the atomic layer deposition (ALD) process [83]. As the next
step, the ITO layer can be sputtered on the bottom gate
dielectric by using RF magnetron sputtering in an oxygen/
argon plasma where the flow rate of argon/oxygen gas can

be controlled to achieve different background carrier con-
centrations in the ITO layer. Subsequently, the top gate
dielectric can also be grown on the ITO layer by using the
ALD process. The top Si layer can be then sputtered on the
top gate dielectric layer, followed by doping through boron
dopants [87]. Finally, to attain the desired geometry shape,
the stack of Si, ITO and HAOL layers should be patterned
using EBL system by developing a photoresist film to define
the pattern. The photoresist eventually must be removed
via lift-off in acetone.

It should be mentioned that we have recently employed
a similar azimuthal division approach for achieving hybrid
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mode-frequency division multiple access via topological
space-time photonic transitions in angular-momentum-
biased metasurfaces [74]. While the underlying concept in
the previous work has been based on imprinting an
azimuthal modulation phase delay across the metasurface,
the current work relies on an azimuthal frequency gradient.
Moreover, the modulation mechanism of the time-
modulated metasurface considered in this work is based
on tuning a GMRM in an ITO-integratedsemiconductor-
insulator-semiconductors unit cell which yields a higher
efficiency and uniformity of amplitude compared to modu-
lation based on tuning of the magnetic dipole resonance
supported by the metal-insulator-semiconductor unit cell
utilized in the previous work.

3.1 Unit-cell design

ITOis a degenerately doped semiconductor which has been
commonly used in high-speed electro-optical modulators
via integration into waveguide geometries [86]. The
degenerate doping level of ITO (ranging from 10'° cm™ to
102 cm™3) brings its plasma frequency to the infrared op-
tical frequency regime. This can lead to formation of
epsilon-near-zero (ENZ) regions under applied bias voltage
yielding a significant enhancement of light—-matter inter-
action which can be leveraged for obtaining a widely
tunable optical response. ITO has been recently integrated
into several geometrically-fixed resonant metasurfaces
with different motifs in order to obtain a dynamic phase
modulation in reflection and/or transmission modes [83,
84, 88-93]. Due to the small volume of active regions
formed upon charge accumulation/depletion, limited
tunability of carrier concentration prior to the breakdown
of gate dielectrics and the high material loss of ITO, these
metasurfaces operate near critical coupling regime asso-
ciated with maximal absorption to achieve a wide phase
swing through modulation of absorption and transition of
the resonance between over-coupled and under-coupled
states [89]. This approach typically yields a limited dy-
namic phase span (less than 2m) with a dramatic variation
in the amplitude during phase modulation. Multigate
biasing has been recently proposed to increase the dynamic
phase span of ITO-integrated metasurface by increasing the
volume of active regions in the ITO layer [83]. HAOL has also
been proposed as a gate dielectric with optimal trade-off
between DC permittivity and breakdown field which can
maximize the accumulation of carrier concentration under
applied bias voltage, further increasing the span of phase
modulation [83]. Moreover, exploiting high quality-factor
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guided mode resonances (GMRs) in an ITO-integrated
GMRM has proved to be effective for mitigating the
nonuniformity of amplitude across the phase modulation
range [84]. This is attributed to the elongated lifetime of
photons and enhancement of field confinement within the
ITO-integrated resonators in GMRM [82, 94] which yield a
steep reflection phase spectrum and lead to a larger
tunability in the resonant response, thus allowing for
operation further from the critical coupling point.

Here, we employ a GMRM configured as a dual-gated
field effect modulator for dynamic phase modulation in the
reflection mode. The aim is to maximize the dynamic phase
span of the reflected light from the metasurface under illu-
mination of a normally incident transverse electric (TE)-
polarized plane wave while maintaining minimal variations
in the reflection amplitude. For this purpose, the structural
parameters of the building blocks are judiciously chosen to
support an over-coupled GMR with a moderately high
quality-factor in the absence of applied bias voltage. The
field effect modulation of carrier concentration in the ITO
layer integrated into the GMRM can drive the resonance into
the under-coupled state with an enhanced tunability by
virtue of elongated photon lifetime and field confinement
within the resonant structure. In order to gain more insight
into the physics of GMRM [82, 94], the coupling and radia-
tion mechanisms in the structure are schematically depicted
in Figure 3c. When an incident beam impinges on the
structure, it is partially reflected back from the first interface
formed by silicon nanodisks (interface reflection). Another
optical path in the reflection is consisted of multiple reflec-
tion of light between the optical buffer and the back-mirror
passing through the layered structure (back-mirror reflec-
tion). The rest of incident power will be coupled into two
counter-propagating guided waves supported in the silicon
guiding core and silicon grating which leaks into free-space
gradually while propagating in plane (guiding core reflec-
tion). This clearly illustrates the enhanced tunability of op-
tical response a result of multiple optical paths in reflection
and particularly the in-plane propagation of guided waves.

The structural parameters of the unit cell shown
in Figure 3a are fixed as A = 613 nm, hio = 9 nm, hg; =
362 nm, hyaor = 28 nm, hsig = 171 nm, D = 581 nm and hop
=450 nm based on a careful and comprehensive para-
metric study. Both silicon and ITO layers are considered to
be n-type doped with the background carrier concentra-
tions of Ng =1x10°cm™> and Ny =3 x10®cm>3,
respectively. The optical response of the metasurface is
calculated by utilizing rigorous coupled wave analysis
(RCWA). In the optical simulations, the permittivity of
HAOL is considered as egaor = 4.29 and the dispersive
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permittivity of gold substrate is expressed by the Drude
model as exy (W) = Eoo — culf,/(cu2 + iTw) in which &, = 1.53,
I'=2m x17.64THz and wy, = 2 x 2.069 PHz. The dielectric
permittivity of the ITO layer is also described by a Drude
model in which &, =39 and I =180THz. However,
the plasma frequency (i.e., wp) of the ITO is related
to the electron carrier concentration (i.e., Nirg) as
wp = \Niroe?/eom* wherein e is the electron charge, &, is
vacuum permittivity, and m* = 0.35my is the electron
effective mass with mg = 9.1 x 107! kg being the electron
rest mass [82]. The carrier-induced changes in the permit-
tivity of silicon layers are also taken into account by uti-
lizing Plasma-Drude model which expresses the
permittivity of silicon as &goped-si (W) = Eundoped-si (W)

_e N + p
gow \ myw+ie/uy = mpw+ie/up

>, wherein N (P) is the electron

(hole) density, py (up) is electron (hole) mobility, and
mj, (m}) is electron (hole) conductivity effective mass. In
this work, each of the mentioned parameters are selected to
be py =80 cm?V 'S, pp =60 cm?VIS, my = 0.27mo
and mj, = 0.39my [86]. The electro-optical response of the
metasurface is rigorously characterized by linking the
carrier dynamics in ITO and Si layers to the optical
response via carrier-dependent dispersion models while
accurately taking into account the inhomogeneous profile
of permittivity within active regions through a fine multi-
layer discretization. The simulation of carrier dynamics is
carried out using Lumerical Device software which self
consistently solves the Poisson and drift-diffusion equa-
tions via finite-element method while using Fermi-Dirac
statistics for drift-diffusion.

Under the application of two sets of negative bias
voltages between the lower/upper doped Si and ITO layer,
free electrons will be depleted at the top and bottom
ITO-HAOL interfaces that leads an increment in the real
part of ITO permittivity and a decrement in its imaginary
part. Meanwhile, electrons will be accumulated at the in-
terfaces of Si-HAOL to satisfy the charge conservation as
shown schematically in Figure 3d. On the other hand, when
the applied bias voltages are positive, free electrons will be
accumulated at the top and bottom ITO-HAOL interfaces as
depicted in Figure 3d which will result into the decrement
in the real part of ITO permittivity while simultaneously
increasing its loss (i.e., imaginary part of ITO permittivity
will be increased). By further increasing the applied bias
voltage, real part of ITO permittivity continues to decrease
until it eventually crosses the ENZ region where
-1<Re{emo} <+1, which subsequently results in the
change of active layers from dielectric to plasmonic. It
should be noted that under positive applied bias voltages,
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electrons will be depleted at the Si-HAOL interfaces before
the length of the depletion layer reaches its maximal value
at a certain positive threshold voltage (Vr). When the
applied bias voltage exceeds this threshold voltage, Si will
be inverted from n-type to p-type at Si-HAOL interfaces
which gives rise to accumulation of hole carriers in these
regions by increasing the applied bias voltage. While the
tunable optical response of the metasurface predominantly
relies on the charge accumulation/depletion at ITO-HAOL
interfaces, the carrier-induced changes in the permittivity
of Si at Si-HAOL interface are also accurately taken into
account in our modelling. Further details regarding device
simulation and electro-optical modelling are provided in
section S2 of Supplementary Material.

The amplitude and phase of the reflection from the
dual-gatedITO-integrated GMRM are calculated and
plotted in Figure 4a,b, respectively as functions of incident
wavelength for different applied bias voltages. As it can be
seen from the results, the metasurface supports a resonant
mode at no-bias which can be identified by the dip in the
reflection amplitude spectrum and the spectral phase
accumulation of ~ 2m. The nearfield distributions of mag-
netic and electric fields within the unit cell heterostructure
are demonstrated in Figure 4c,d, respectively at the reso-
nant wavelength of A =1.552 pm at no-bias in the x — z
plane. The magnetic field shows an in-plane standing wave
pattern corresponding to the interference between counter-
propagating guided waves which is a manifestation of
GMR. This is while the electric field is strongly localized at
the HAOL/ITO/HAOL stack which enables substantial
tunability of light—matter interaction at nanoscale by for-
mation of charge accumulation/depletion layers at the top
and bottom ITO-HAOL interfaces under applied bias
voltage.

Increasing the applied bias voltage from V = -10V to
V =5V, the resonance blueshifts toward shorter wave-
lengths as a result of decrement in the real part of permit-
tivity of active regions within the ITO layer with a
simultaneous decrement in the amplitude of resonant dip
due to increased carrier-induced loss as can be observed in
Figure 4a,b. The resonance is at the over-coupled state for
applied bias voltages below V' = 5V which can be observed
from the wide spectral phase agility. At V=5V, a near-unity
absorption is attained at the resonance with a slip in the
phase spectrum which corresponds to the critically-coupled
resonant state due to the formation of ENZ regions at the top
and bottom ITO-HAOL interfaces. Increasing the bias voltage
beyond 5 V, the resonance undergoes transition from over-
coupled to under-coupled state as identified by the flip in the
phase spectrum. At the same time, the direction of the
spectral shift of the resonance is reversed as a result of
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Figure 4: (a) The amplitude and (b) phase of reflection calculated as functions of wavelength at different applied bias voltages. The vertical
dashed line marks the operating wavelength of Aq = 1.552 pm yielding maximal dynamic phase span with minimal variations in the amplitude.
The calculated nearfield distribution of (c) magnetic and (d) electric field within the unit cell in the x-z plane. The (e) amplitude and (g) phase of
reflection calculated as functions of applied bias voltage at the operating wavelength of Ag = 1.552 pm.

change in the property of ITO active regions from dielectric to
plasmonic which leads to shrinking of the effective thickness
of dielectric regions in the HAOL/ITO/HAOL stack.

The transition of the resonance from over-coupled to
under-coupled state and its simultaneous spectral shift
under applied bias voltage yield a wide phase swing at
the operating wavelength of A = 1.552um which is deno-
ted by the dashed line in Figure 4a,b while avoiding
dramatic variations in the reflection amplitude. The
calculated amplitude and phase of reflection at this
wavelength are shown in Figure 4e,f as functions of
applied bias voltage ranging from -15 to 22 V prior to

reaching the breakdown field in the HAOL gate dielectric
layers (E = 7.2 MV/cm) [83]. A dynamic phase span of 270°
is attained with reflection amplitude varying between 0.6
and 0.2.

3.2 Time-modulated response of the
designed building-block

In this subsection, we will characterize the frequency
conversion performance of the designed metasurface
upon introducing temporal modulation. In a time-
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modulated GMRM, the frequency conversion can be
described as the direct dynamic photonic transitions of
guided modes due to vertical frequency shifts in the
dispersion band diagram [52]. The frequency conversion
performance of a TMM is determined by the temporal
evolution of the amplitude and phase at the steady-state,
i.e., a desired spectral diversity of frequency harmonics in
the output spectrum dictates the temporal variations of
the fields. In the adiabatic regime of modulation
(fm < fo), a one-to-one mapping can be made between the
steady-state scattered fields from a TMM at each instant of
time to the quasi-static fields corresponding to the applied
bias at that time instant [62, 73, 76]. This allows for a
control over the spectral diversity of frequency harmonics
by adjusting the modulation waveform. Nevertheless,
ideal realization of an output frequency spectrum re-
quires an independent control over the temporal varia-
tions of amplitude and phase which proves to be
prohibitively challenging in tunable optical meta-
surfaces. While phase-only temporal modulation can be
adopted to arrive at a non-ideal output spectrum, utilizing
an evolutionary algorithm for optimizing the modulation
waveform can yield a more optimal response by taking
into account the correlation and trade-offs between phase
and amplitude. Following this approach, we express the
modulation waveform of TMM in the form of a truncated
Fourier series with eight terms as V (t) = Zﬁzl a,Cos (Nwpt)
+bysin (wpyt) while assuming a modulation frequency of
fm =10 GHz, and employ genetic algorithm (GA) to opti-
mize its coefficients toward obtaining the desired spectral
diversity of harmonics. The output spectrum is obtained
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by constructing the steady-state time-domain reflected
field through mapping the response at each instant of
time to the quasi-static response corresponding to the
instantaneous bias voltage and subsequently taking the
Fourier transform. Specifically, we have considered two
cases of pure frequency mixing and concurrent dual-
frequency generation. For this purpose, we have defined
the objectives of the optimization to be maximized as the
normalized conversion efficiency to the desired frequency
harmonic which are given by the reflected power residing
at the desired frequency harmonics over the total reflected
power. The objective functions corresponding to the
cases of pure frequency mixing and concurrent dual

frequency conversion are expressed as |r,;|*/Y|r;|* and
i

(ral®+ |r,1|2)/Z|ri|2, respectively, wherein r; denotes the
1

reflection coefficient corresponding to the ith frequency
harmonic. The optimized modulation waveforms and
their corresponding normalized output spectrum fre-
quencies are obtained and plotted in Figure 5.

Figure 5a shows the optimized waveform corresponding
to the case of pure frequency mixing which exhibits a
sawtooth-like pattern with broken time-reversal symmetry.
This is consistent with the phase modulation prescription for
serrodyne frequency translation which requires a sawtooth
temporal phase profile modulating the quasistatic phase
linearly over 2m span at each cycle of modulation
(2r(t) = wy t) [62, 76, 80, 81]. The output spectrum of the
TMM corresponding to this case is shown in Figure 5b by
plotting the normalized conversion efficiency of different

frequency harmonics defined as |ry, ilz = |r;|*/3|ri|*. Asit can
i

*
01 2 3 4 _5
AT
* ) - .
Figure 5: (a) The optimized modulation
waveform and (b) the calculated normalized
conversion efficiency of the TMM to
different frequency harmonics,
corresponding to the case of pure frequency
I mixing. (c) and (d) show the same for
==l _ concurrent dual frequency generation. The
. 1 2 3 5

desired mixing products are marked by star
0" m in the output spectra plotted in (c) and (d).
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be seen, most of the power is residing at the first up-
modulated frequency harmonic (i.e., f,; = f, + f,,,) marked
by the star with a normalized frequency conversion effi-

ciency of |r,1|>/3|ri|* = 81%. The non-unity conversion effi-
i

ciency is attributed to the limited phase span and
nonuniform amplitude of the quasi-static response. It should
also be noted that despite the relatively high normalized
frequency conversion efficiency, the overall frequency con-
version efficiency is limited as the total reflected power is
8.88% due to the high dissipative loss in the metasurface
metasurface operating near the critical coupling point.
Figure 5c demonstrates the modulation waveform
corresponding to the case of concurrent dual frequency
generation exhibiting a rectangle-like pattern with time-
reversal symmetry. This waveform is in accordance to the
required temporal phase modulation for conversion of the
incident power to the first frequency sidebands given by a
binary 0O/m profile at each cycle of modulation
(2r(t) = 2cos(wn t)) [62, 76]. The output spectrum of TMM
corresponding to this waveform is shown in Figure 5d by
plotting the normalized conversion efficiency to the fre-
quency harmonics, indicating most of the power residing at
the up- and down- modulated frequency harmonics
marked by the stars. The normalized frequency conversion
efficiency to the first-order frequency harmonics is quan-
tified as (|r,1|° + [r.1|?)/Y|ril* = 76%. The imperfect sup-
i

pression of fundamental frequency and other undesired
mixing products in this case is due to the non-ideality in the
temporal variations of amplitude which cannot provide a
balanced modulation of loss and gain at each cycle of
modulation required for conversion of the reflected power
to the first sidebands with unitary efficiency [62, 76]. The
total reflected power in this case is 17.42% in the account of
dissipative loss which limits the overall frequency con-
version efficiency of the ITO-integrated metasurface.

4 Generation of time-varying
optical vortices

In this section, we will theoretically demonstrate generation
of time-varying optical vortices and verify the predictions of
simplified analysis in section 2 for the temporal profile of
topological charge, through simulation of an azimuthally
divided finite metasurface based on the unit cell design in
section 3. For this purpose, we will employ the optimized
waveforms for pure frequency mixing and concurrent dual
frequency generation in order to temporally modulate the
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metasurface while incorporating a progressive offset in the
modulation frequency of azimuthal sections to render a
TMM with azimuthal frequency gradient. A metasurface
consisting of 31 x 31 unit cells is considered which is divided
into N = 16 azimuthal sections as described in the previous
section. Due to the expensive computational cost associated
with full-simulation of such large-area finite metasurface
with multiscale features in space-time, we use adiabatic
analysis in time while employing field equivalence principle
based on the assumption of local periodicity in the response
of azimuthal sections to obtain the steady-state optical
response of the metasurface in space-time [73, 76]. For this
purpose, we have calculated the steady-state time-domain
local response of unit cells through one-to-one mapping of
reflection amplitude and phase at each instant of time to
their quasi-static counterparts obtained from full-wave pe-
riodic RCWA simulations, according to the applied modu-
lation waveform and frequency to each azimuthal section.
The obtained local fields are then used to calculate the
equivalent time-domain electric and magnetic surface cur-
rents across the aperture of the metasurface at each instant
of time in the steady-state. The time-domain scattered fields
can be subsequently found anywhere in the space by
adopting proper Dyadic Green’s functions. It should be
noted that imprinting a frequency gradient on the meta-
surface aperture requires independent addressing of each
azimuthal section. As such, the biasing lines connecting the
nanodisk heterostructures within each azimuthal section
should be terminated at the edges of each section which
affects the local phase modulation and frequency conver-
sion of the metasurfaces in these regions. In the following
analysis, we have dismissed such a local perturbation in the
optical response by assuming that the voltage-dependency
of the optical response does not vary across the metasurface
aperture. The effect of termination of biasing lines on the
performance of TMM is studied comprehensively in section
S3 of Supplementary Material. It is shown that the adverse
effects of such perturbation can be compensated by
enlarging the metasurface aperture as it increases the
number of interconnected unit cells. It is noteworthy that
due to the topological robustness and self-healing property
of optical vortices, the functionality of OAM-generating
metasurfaces is robust against structural nonuniformities
and local perturbations.

We consider an azimuthally linear frequency gradient
as fn, (@) = 16(9/2m)Af imprinted on the time-modulated
metasurface with Af = 1GHz that yields a time-interval of
T = 1 ns for temporal variations in topological charge. This
choice of frequency offset has been made to attain an ul-
trafast dynamic twisted beam with a maximal modulation
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frequency of 16 GHz which can be realized by electro-optical
modulation [86]. For this purpose, we assign a modulation
frequency of f,, =iAf to each azimuthal section
(i=1,2, ..., 16) of the metasurface as shown in Figure 6a. It
should be emphasized that in the adiabatic regime of mod-
ulation (f,, < f,), the spectral diversity of generated fre-
quency harmonics by the TMM is independent from the
modulation frequency, and f,, merely determines the spec-
tral position of harmonics. The metasurface is illuminated
by a normally incident Gaussian beam with a waist radius of
w = 13A. Employing the modulation waveforms corre-
sponding to pure frequency mixing and concurrent dual-
frequency generation while incorporating the azimuthal
frequency gradient in biasing leads to generation of one and
two dominant dynamic optical vortices in time-domain re-
flected field, respectively by virtue of the space-time
coherent path in the interference pattern of the
first-order frequency harmonics (p = +1) whose temporal
evolution are schematically depicted in Figure 6b,c,
respectively. The spatiotemporal modulation waveforms in
these cases can be expressed as V(t) = Zﬁﬂ a,cos
(2nnf,,, (p)t) + bysin (2ninf,, (p)t). According to the given
formulation in section 2, the topological charge of these
vortices changes periodically in the range of -8 < L4 (t) < +8
within time intervals of T = 1/Af = 1 ns at the steady-state. It
should be noted that such temporal variations in the topo-
logical charge can be characterized by measuring the
azimuthal frequency gradient of the light beam. Rego et al.
have reported experimental measurement of an ultraviolet
time-varying OAM with a topological charge varying be-
tween 17 and 34 within 20 fs time interval generated via a
nonlinear process, by exploiting a cylindrical mirror-flat-
grating spectrometer to transform the azimuthal frequency
chirp into a spatial chirp [31].

Figure 6d,e demonstrate the calculated real-part and
intensity of the electric field reflected from the TMM biased
with the sawtooth-type waveform optimized for pure fre-
quency mixing while including the azimuthal frequency
gradient, respectively across the transverse x-y plane
located at a distance of 2A; above the metasurface at
different instants of time ¢t = I/16Af within one cycle of pe-
riodic modulation of the frequency gradient system
(=1/2Af < t <1/2Af). The real-part of the fields clearly shows
the time-varying twist in the wavefront of light associated
with the phase winding number of an optical vortex with an
OAM state of |L,1(t)) = |16Aft) at the time instant of t.
Moreover, the intensity profiles illustrate formation of an
optical vortex with a dark central spot whose radius is
varying in time. In particular, the radius of the vortex is
maximal at t =-1/2Af associated with the OAM state
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approaching |l,;) = |-8) which shrinks by time-evolution
prior to reaching zero at t = 0 associated with the OAM state
of |I,1) = |0). Beyond this time instant, the radius of vortex
starts to increase until reaching its maximal value again at
t = 1/2Af corresponding to the OAM state approaching
|L;1) = |+8). It can also be seen from the presented results
that the field profiles at t = -1/2Af and t = +1/2Af are
exactly the same due to periodicity of the temporal varia-
tions in the generated dynamic beam. The periodicity con-
dition and continuity in the OAM states leads to generation
of a superposition OAM state of |+8 ) +|-8) at the time in-
stants of t = —1/2Af and t = +1/2Af. The temporal evolution
of this dynamic optical vortex in 3D space can be seen more
clearly in the Supplementary Movie 1. We note that the
nearfield profile of time-domain reflected field is perturbed
and lacks the mode purity compared to the ideal donut-
shaped profile of an optical vortex which is attributed to the
coexistence of several time-varying vortices in the time-
domain field with different rates in temporal evolution of
topological charge I, (t) = pNAft corresponding to the un-
desired frequency mixing products (p = +1). As discussed
and shown in section 3.2, the normalized efficiency of pure
frequency mixing to the up-modulated frequency harmonic
(p = +1) in the designed unit cell is limited to 81% due to the
limited dynamic phase span and nonuniform variations of
amplitude across the phase modulation range. This means
that 19% of the reflected power is residing at undesirable
harmonics which perturb the nearfield profile of the time-
domain reflected field compared to a single time-varying
optical vortex. In order to further clarify the effect of
imperfect frequency mixing in perturbation of the time-
domain nearfield profiles, we have calculated the results for
a case with near-unity frequency conversion efficiency
afforded by the full dynamic phase span and uniform
amplitude of the quasi-static response and the results are
included in section S4 of the Supplementary Material
which show a significant improvement in the nearfield
profile of the generated time-domain field and its mode
purity.

Next, we adopt the rectangle-like waveform optimized
for concurrent dual frequency generation to bias the fre-
quency gradient TMM. The theoretical formulation in sec-
tion 2 predicts generation of two dominant dynamic beams
due to coherent space-time path in the interference be-
tween up- and down-modulated harmonics such that the
reflected light exhibits a dynamic superposition of state of
|1 (8) ) +]1_1 () = |-16Aft ) +|16Aft). The results of calcu-
lated real part and intensity of the reflected light from the
TMM in this case are shown in Figure 6f,g across the
transverse x—y plane at different instants of time given by
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Figure 6: (a) The spatial distribution of modulation frequency across the metasurface aperture. The schematic illustration of the temporal

evolution of dynamic optical vortices generated by frequency gradient TMM biased with (b) the sawtooth-like modulation waveform optimized
for pure frequency mixing and (c) the rectangle-like waveform optimized for concurrent dual frequency generation. The calculated (d) real part
and (e) intensity of the reflected electric field from the frequency gradient TMM biased with sawtooth-like waveform across the transverse x-y
plane at a distance of 24, above the metasurface at different instant of times within time-interval of T=1ns in the steady-state.(f) and (g) show
the same as (d) and (e) for the frequency gradient TMM biased with the rectangle-like modulation waveform. The normalized spatial mode

purity of the reflected light from the azimuthally divided frequency gradient TMM calculated as functions of OAM state and time for the cases of

(h)sawtooth-like waveform and (i)rectangle-like modulation waveform.

t = I/16Af at one cycle of temporal periodicity. Similar to
the previous case, the results abide well with the theoret-
ical predictions showing an interference pattern of two
dynamic optical vortices at each instant of time. The field

profiles in this case exhibit a time-reversal symmetry due to
symmetric modulation waveform with the intensity of the
time-domain field at t = I/16Af being the same as that at
t = -l/16Af. The perturbation of time-domain field
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compared to the dynamic interference pattern between two
ideal time-varying optical vortices with the superposition
state of |11 (t) ) +|I.1 (t)) = |-16Aft ) +|16Aft) is a result of
coexistence of other vortices in the time-domain field as a
result of imperfect concurrent dual-frequency generation.
The normalized frequency conversion efficiency in this
case is limited to 76% indicating that 24% of the reflected
power is residing at undesirable frequency mixing prod-
ucts leading to perturbation of the nearfield profile of the
time-domain field. Supplementary Movie 2 shows the
temporal evolution of this dynamic beam in 3D space.

In order to rigorously calculate the topological
charge of the generated dynamic optical vortices as a
function of time and clearly distinguish between the two
cases with different modulation waveforms, we utilize
the Fourier-Bessel decomposition in order to obtain the
contribution of distinct orthogonal OAM states at each
instant of time, as

5

dodrE(t, 1, 9)E; (1, @, t)

e (t) = (6)

o'—.8 o-_‘g
o —Ylo—,

dedr E; (1, @, t)E[ (1, ¢, t)

wherein E(t, r, ) is the reflected field profile at the time
instant of t and E; (¢, r, ¢) is the ideal profile of a Bessel
beam given by Equation (4). Equation (6) is applied to the
scattered time-domain fields obtained from simulation of
the azimuthally discretized frequency gradient TMM
(E(t, 1, @)) to obtain the spatial mode purity at each instant
of time. We define the normalized spatial mode purity as

M (t) = |em(t)|z/2|e”>(t)|2 at each time instant which is
11y

calculated and plotted for reflected light beams from the
frequency gradient TMM biased with the sawtooth-like and
rectangle-like waveforms in Figure 6h,i, respectively.

As expected, in the case of pure frequency mixing the
temporal variations in the spatial mode purity shown in
Figure 6h indicates a dominant optical vortex whose OAM
state of reflected light has a linear dependence on time as
L1 (t)) = |16Aft) varying between —8 < L, (t) < +8 within the
time intervals of T = 1/Af = 1ns. We note that the normal-
ized spatial mode purity obtained in this case is asymmetric
with respect to t = O within the time interval of |t| < 0.5ns
due to broken time-reversal symmetry in the sawtooth-like
modulation waveform. Moreover, the mode purities are also
asymmetric with respect to |l) =0 due to absence of
azimuthal symmetry in the frequency gradient TMM (mod-
ulation frequency increases by increment in the azimuthal
angle). Specifically, the normalized spatial mode purity in
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this case increases from 46.12% at the state of
|11 (=500P%)) = -8 to 99.94% at the |L,; (OP%)) = O and then
decreases to 16.84% for the topological charge of
|L;1 (+500P%)) = +8. The decrement in the mode purity with
increment in the topological charge can be attributed to the
more pronounced effect of azimuthal discretization as the
azimuthal phase variations become more rapid. It should be
remarked that the mode purity enhances significantly by
minimizing the undesired frequency mixing products which
is shown in section S4 of the Supplementary Material.

On the other hand, the results in Figure 6i show two
linearly time-varying trajectories with opposite slopes
and one time-variant trajectory which point toward
dominant generation of two dynamic beams with time-
varying OAM states of |L.; (f)) = |+16Aft) and a static beam
with a fixed OAM state of |ly) = |0). While the dynamic
beams are attributed to the coherent space-time path in
the interference between up-modulated and down-
modulated frequency harmonics, the static beam is due
to coherent interference of imperfectly supressed
fundamental frequency harmonics as shown in the
output spectrum in Figure 5d. The presence of this static
beam as well as other vortices resulting from undesirable
higher-order frequency harmonics are the main under-
lying reasons to the perturbation of time-domain near-
field profile and the lack of mode purity compared to
ideal optical vortices as discussed in section S4 of the
Supplementary Material. The normalized spatial mode
purities of dynamic beams in this case are symmetric
with respect to t = 0 within the time interval of |¢| < 0.5ns
due to time-reversal symmetry of the rectangle-like
modulation waveform. Nevertheless, they are not sym-
metric in the Hilbert space with respect to |[[) =0 as a
result of broken azimuthal symmetry of the frequency
gradient TMM (increase in the modulation frequency by
increment in the azimuthal angle). Specifically, the
normalized spatial mode purities of dynamic beams
in this case increase from 49.12 and 17.75% at
|L;1(-500P%)) = -8 and |L_;(-500P%)) = +8, respectively
t0 99.94% at the state of |I.; (O%)) = 0 and then decrease
to 17.75 and 49.12% at |L;(+500"%)=+8 and
|L_; (+500P%)) = -8, respectively (more details on the ef-
ficiency and mode purity are provided in section S4 of the
Supplementary Material).

It should be remarked that although the reflected light
is decomposed into integer OAM states forming an
orthogonal basis, according to the given theoretical
formulation, the topological charge of generated dynamic
twisted light beams varies continuously and linearly as a
function of time (I = NAft) yielding fractional or non-
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Figure 7: (a) The spatial distribution of modulation frequency across the metasurface aperture. (b) The schematic depiction of temporal

evolution of the dynamic twisted light beam generated by the frequency gradient TMM biased with the sawtooth-like waveform. The calculated
(c) real part and (d) intensity of the reflected electric field from the frequency gradient TMM biased with sawtooth-like waveform across the
transverse x-y plane at a distance of 24, above the metasurface at different instant of times within time-interval of T= 1 ns in the steady-

state.(e) The normalized spatial mode purity of the reflected light from azimuthally divided frequency gradient TMM calculated as functions of

OAM state and time.

integer values. The phase of fractional optical vortices
could be mathematically expressed as exp (iX¢) wherein in
contrary to conventional optical vortices, X is not neces-
sarily an integer number (i.e., X € Q). Since these kinds of
structured lights correspond to multi-dimensional vector
states residing in the OAM Hilbert space, they have been
exploited to reveal the high-dimensional quantum prop-
erty of an entangled system as well as optical microma-
nipulation [95].

While the nearfield profiles of time-domain reflected
field are perturbed by the coexistence of parasitic vortices
due to undesired frequency mixing products, the optical
responses of the frequency gradient TMM in both cases are
dominated by the self-torqued time-varying optical
vortices with topological charges of L. (t) whose time-
varying OAM and torque can be calculated as
L, (t) = £16hAf t and 7., = +16hAf. The angular accelera-
tion in the twisted light fields generated by TMMs and the
degree of their self-torque can be simply controlled by
adjusting the frequency offset between different azimuthal

sections of the metasurface (Af). Moreover, adjusting the
azimuthal frequency gradient profile can yield control over
the upper and lower bounds of temporal variations in the
topological charge. To illustrate such a capability, we
imprint an azimuthally linear frequency gradient as
fm (@) = 8(¢/2m)Af across the TMM via biasing each two
adjacent azimuthal sections with the same modulation
frequency as shown in Figure 7a. Adopting the sawtooth-
like modulation waveform yields generation of a dominant
dynamic optical vortex whose topological charge is vary-
ing in the range of -4 <1,; (t) < +4 within time intervals of
T = 1/Af at the steady-state whose intensity is schemati-
cally illustrated in Figure 7b. Figure 7c,d demonstrate the
calculated real-part and intensity of the reflected electric
field from the TMM, respectively across the transverse x-y
plane at a distance of 2, at different instants of time within
temporal periodicity cycle of —1/2Af < t < 1/2Af. The results
clearly show the evolution of OAM state of the optical
vortex from |-4) at t = —1/2Af to |0) at t = O with a decrease
in the radius of vortex, followed by an increase in the
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radius associate by evolution of OAM state of |0) at t = O to
|+4) at t = 1/2Af. The temporal evolution of this twisted
light beam is also visualized in the Supplementary Movie 3.
The normalized spatial mode purity of the reflected light
from the TMM is plotted in Figure 7e as a function of time,
verifying the linear dependency of topological charge on
time as I(t) = 4Aft. The mode purity in this case increases
from 41.49% at |l,;(-500P%)) = -4 to 99.94% at
|L;1 (OP%)) = O and eventually decreases to 41.49% for the
topological charge of |I,; (+500P%)) = +4 (for more details
regarding the mode purity of other states, please refer to
section S4 of the Supplementary Material). The self-torque
acting on the dominant time-varying optical vortex in this
light beam can be quantified as T = 4hAf.

The results presented in this section clearly illustrate
the capability of TMMs with azimuthal frequency gradient
to generate time-varying optical vortices possessing self-
torque whose evolution and diversity can be flexibility
controlled by tuning the frequency gradient profile and
modulation waveform.

5 Conclusions

In this paper, we have established a novel paradigm for
generation of dynamic twisted light beams with time-
varying OAM via time-modulated metasurfaces with
azimuthal frequency gradient. The topological charge of
these structure light beams varies continuously and
periodically at the steady-state with a linear dependence
on time and the modulation frequency offset between
azimuthal sections of the metasurface, which yields a self-
torqued light beam. As a proof-of-concept, we considered
an ITO-integrated GMRM consisting of nanodisk hetero-
structures configured as a dual-gated field effect modu-
lator. The metasurface is azimuthally divided into several
subsections wherein the nanodisks are interconnected via
biasing lines which are terminated at the edges of each
section. This configuration enables addressing each sec-
tion independently via an RF biasing signal with a
different modulation frequency, thus allowing for
imprinting an azimuthal frequency gradient on the met-
asurface. We verified the capability of the proposed met-
asurface platform for generation of time-varying optical
vortices and theoretically demonstrated its flexibility in
tuning the degree of self-torque and temporal evolution of
the beams by exploring the role of modulation waveform
and azimuthal frequency gradient profile. The concepts
and the results presented in this paper point toward a
route for generating a new class of structured light
beams for time-division multiple access in optical and
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quantum communications as well as unprecedented
optomechanical manipulation.
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