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Tip Streaming from a Drop in the Presence of Surfactants
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Drop breakup in a linear extensional flow is simulated numerically using a nonlinear model for the sur-
face tension that accounts for maximum packing at the interface. Surface convection sweeps surfactant to
the drop poles, where it accumulates and drives the surface tension to near zero. The drop assumes a tran-
sient shape with highly pointed tips. From these tips, thin liquid threads are pulled. Subsequently, small,
surfactant-rich droplets are emitted from the termini of these threads. The scale of the shed drops depends
on the initial surfactant coverage. Dilute initial coverage leads to tip streaming, while high initial coverage

leads to the tip dropping breakup mode.
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Understanding the breakup of droplets under dynamic
flow conditions is of practical significance when immis-
cible fluids must be dispersed in each other to create emul-
sions, and in understanding the stability and rheology of
emulsions once formed. Surfactants are added to the fluid
mixtures to reduce the surface tension, reducing the work
required to create new interface. Under dynamic condi-
tions, surfactants alter the interfacial stresses in a complex
manner that depends on the surfactant mass transfer dy-
namics and the amount of surfactant adsorbed. As a result,
surfactants can either resist or enhance drop deformation
under flow. Surfactants can also cause droplets to break
under flow which would be stable in their absence. In this
note, surfactant-induced drop breakup is studied in a model
flow field, that of a drop in a linear uniaxial extensional
flow, as shown in Fig. 1.

We focus on a mode of drop breakup termed tip stream-
ing, first seen by Taylor [1] over sixty years ago, but only
recently linked to the presence of surfactants. As the tip
streaming phenomenon occurs, daughter drops of a much
smaller scale are ejected from thin threads formed at the
drop poles. Tip streaming occurs at flow rates significantly
below the critical flow rates for breakup of clean drops.
After a finite number of daughter drops have been ejected,
the parent drop can attain a stable shape. Drops in both ex-
tensional and shear flow have been observed to form highly
pointed tips (cusps) from which a nearly continuous stream
of daughter drops is ejected. This occurs only when the ra-
tio of the internal to external viscosity A < 0.2 [2-8]. In
the absence of surfactants, there is generally good agree-
ment between observed and predicted deformations and
breakup modes [9]. For example, drops with clean inter-
faces fail to fragment while the linear extensional flow is
in effect and are drawn into finer filaments with time. By
deliberately adding surfactant to the bulk suspending fluid
in a controlled manner, de Bruijn [5] demonstrated that tip
streaming occurs only at dilute surfactant concentrations in
a shear flow. The shed daughter drops had radii 2 orders of
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magnitude smaller than their parent drops and had signifi-
cantly reduced surface tensions. Janssen and co-workers
found the same was true in both shear [6] and hyperbolic
planar flows [7], and, at high surfactant concentrations, ob-
served another mode of breakup, tip dropping. In tip drop-
ping, the daughter drops are larger and are ejected more
intermittently. Experiments have established that surfac-
tants play a role in tip streaming; however, it is difficult to
measure dynamic surface tension on the interface of a tip
streaming drop. Numerical simulation provides a detailed
description of the transient drop behavior that is needed
to uncover the interaction between the velocity field, the
surfactant distribution, and the interfacial stresses to illu-
minate the mechanisms that determine drop breakup.
When a surfactant adsorbs to establish a surface con-
centration I', the surface tension y reduces from its clean
interface value 7y,. Thermodynamics dictates that the
dependence y(I") is highly nonlinear for finite changes in
surface tension. The primary mechanism behind this
nonlinear dependence is entropic; because surfactant
molecules occupy finite cross sectional areas, there is an
upper bound to the surface concentration, I'». A surface
equation of state which accounts for this effect is [10,11]

FIG. 1. Schematic of an initially spherical drop subjected to a
uniaxial extensional flow.
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vy =19, + RTT.In(1 — T'/T.). (1)

This equation adequately describes the behavior of a
wide range of surfactants [12]. At equilibrium, it predicts
that surface tension drops steeply as the fractional cover-
age of the interface (defined as x = I'cq/I'x) approaches
unity from below. However, it also predicts the unrealistic
behavior that for some finite value of x, the surface ten-
sion can become negative. In the absence of flow, this un-
acceptable behavior is not realized for soluble surfactants.
Initially, x increases in equilibrium with the bulk concen-
tration of the surfactant, which is in solution in monomeric
form at dilute concentrations. At some bulk concentration,
however, surfactant monomers form aggregates (micelles)
in solution, with the concentration of monomer in solu-
tion remaining fixed at the critical micelle concentration
(CMC). The surface coverage remains at xcmc in equi-
librium with the surfactant monomer for all higher bulk
concentrations. Since the surface tension in equilibrium
with xcmc is finite, in a quiescent system, y(xcmc) pro-
vides a lower bound to the surface tension.

When the surfactant is present on a droplet in an im-
posed flow, the surfactant is swept toward the drop poles,
where it can collect to concentrations in excess of those in
equilibrium with the bulk solution. These nonequilibrium
distributions are most pronounced at dilute bulk concentra-
tions, for which the rates of surfactant exchange by adsorp-
tion desorption and bulk diffusion are so slow compared
to the flow rate that the surfactant can be approximated as
being insoluble. This limit is studied here. (See [13] for
a detailed discussion.) In this circumstance, the surface
tension can reduce to extremely low values. However, no
lower bound on y need be imposed. The surface tension
remains finite because of the interplay of two mechanisms
in the interfacial stress balance. (i) Regions of low tension
deform to become increasingly curved to balance the nor-
mal stress jump, increasing the local area and diluting the
interface. This is expressed in the Laplace pressure term,
the product of the surface tension, and the mean curva-
ture of the interface 2H. (ii) Regions of high surface ten-
sion away from the drop poles contract strongly, exerting a
stress that slows the tangential flux of surfactant toward the
poles. This is the Marangoni stress, given by the negative
surface gradient in the surface tension, —V,y = ;—?VSF.
This stress increases very rapidly as x becomes finite, with
a singularity that is of higher order than that in the surface
tension. This strong tangential stress prevents the local
accumulation of surfactant from becoming large enough
to drive the surface tensions to zero. Including these two
mechanisms, the stress balance at the interface is

dy
[Lplln + [[n - T]] = ===V, + 2Hyn, ()
where n is the surface normal, p is the pressure, T is the
viscous stress tensor, and the square brackets indicate jump
quantities. In this work, the dissipative effects of surface
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viscosities, which are small for soluble surfactants, are
neglected [14].

In our simulations, the deformation of a droplet is stud-
ied beginning from an initial state of a sphere of radius
a with a uniform surfactant concentration I'.q and surface
tension y.q. Normalizing the surface tension with 7y.q, the
elasticity number E = RTI'»/7y.q appears as a dimension-
less number which couples the surface tension to the local
surface concentration; this coupling is typically weak, and
is set to 0.2 in our simulations. In the flow field of interest,
the velocity obeys the imposed linear extensional flow far
from the drop. The drop to suspending fluid viscosity ratio
A is fixed at 0.05. The velocities in the drop and exter-
nal phases are governed by Stokes’ equations; velocities
are continuous at the interface and equal to the interfacial
velocity v;. The shape of the drop is linked to the ex-
ternal flow field through the stress jump conditions at the
interface, and the kinematic condition which requires that
normal velocities be continuous across the drop interface.
Defining the strain rate of the far field flow as G, and the
viscosity of the suspending fluid as u, the capillary number
Ca can be defined as the ratio of the characteristic viscous
stresses that deform the drop to the surface tension which
resists deformation, Ca = (uGa)/yeq.

The external flow redistributes surfactant molecules and
alters the local surfactant concentration according to a sur-
face mass balance:

oI’ 5
o + Vs -(Tv;) +2HIm - v, — D,V:T =0. (3)
This balance requires that the rate of change in I' be
balanced by convective fluxes tangential to the interface,
dilution by surface dilatation, and redistribution by surface
diffusion. The surface diffusional flux is typically quite
small. Recasting this equation in dimensionless form,
the surface diffusion term goes as (CaA)~!, where
A = (yeqa)/ uDy; this latter dimensionless number is
large for typical surfactant solutions. In our simulations,
A= 10370/76q-

The response of the drop is studied by numerically solv-
ing the Stokes’ equations coupled with the mass balance
equation and the surface equation of state. The boundary
integral formulation of Stokes’ equations in a quasistatic
limit [15] is solved using standard techniques to obtain the
interfacial velocity [16]. The drop interface is displaced
according to the kinematic condition at each time step us-
ing a second order Runge-Kutta method. The time step
was made proportional to the minimum surface tension.
The mass balance equation is solved using standard sec-
ond order finite difference approximations with an implicit
time step. The convective term of the mass balance equa-
tion is discretized using an upwinding scheme to damp out
oscillations when concentration gradients are large. The
calculated steady state deformation of a clean drop as a
function of viscosity ratio was compared to second order
small deformation theory [17] for validation. For small
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deformations (<0.15) the difference between theory and
numerics is less than 2%. Strain rates under which the drop
either attained a steady shape or continuously deformed
with no stable shape were found by incrementing Ca from
an initial value of 0.01. For a given value of Ca, a steady
shape is found if the normal velocities everywhere along
the interface approach zero. That steady shape is used as
the initial condition for a new, higher value of Ca. The cap-
illary number was increased in this manner for a drop with
A = 0.05 and a clean (or surfactant-free) interface; the last
stable shape found for Ca = 0.095, while at Ca = 0.1 the
drop was unstable and was continuously extended into a
thinner thread by the external flow. Here we define the
critical capillary number Ca,, as the last value for Ca (in
increments of 0.005) for which a stable shape could be re-
alized, so Ca,, = 0.095 for the clean drop. Tip streaming
did not occur in a linear flow with a clean drop interface
in either our simulations or in experiments performed with
care to avoid surface active impurities [18].

Drop deformation was studied as a function of x for
A = 0.05; the deformations vary nonmonotonically with
surfactant concentration in a manner similar to drops of
unity viscosity ratio reported in [19], except that, because
of the weak internal viscosity of the droplets in this case,
surfactant was swept to the drop poles at all Ca studied, so
the deformations were always greater than the clean inter-
face case. The critical capillary number for stability, Ca,,
was also determined; it is compared to recent observations
made in [20] on drops with A = 0.1 in Fig. 2. Both the
simulations and the measurements show a minimum in the
critical capillary number over the range of surface tensions
studied. In the simulations, for small x surfactant accumu-
lates locally at the drop poles. As x increases, surfactant
remains distributed over the drop, requiring stronger flows
to drive breakup. Surfactant concentration at the drop poles
becomes comparable to the maximum packing as Ca,, is
approached.

The effect of equilibrium surfactant concentration on the
mode of drop breakup is studied for concentrations which
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FIG. 2. Comparison of the critical capillary numbers for drop

breakup, Ca,,. (@) Experiment, A = 0.1 [20]; (A) simulation,
A =005 x=0,0.1, 0.5, 0.75, and 0.99.
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were low (x = 0.1) and moderately high (x = 0.75). First,
consider the case for x = 0.1, for which Ca., = 0.06. At
this strain rate, surface convection has created a surfactant-
free region of the interface near the drop equator and a
surfactant-rich region near the drop pole (see left plot of
Fig. 3), where the surface concentration and corresponding
surface tension are I'pole = 0.881'w and ypore = 0.59,,
respectively. Incrementing the strain rate to Ca = 0.065,
the interplay of the surfactant distribution, the surface ten-
sion and the unsteady evolution of the drop shape are stud-
ied. The surface tension evolution is shown in Fig. 3; the
evolution of the drop shape is shown in Fig. 4. Surfac-
tant accumulates near the drop pole, establishing a local
concentration I'pge > 0.991; this strongly reduces the
surface tension to a value yp0e = 0.037,, and increases
the local curvature to a maximum value of 2H . = 288.
The surface tension distribution for this instant in time is
the dashed line in Fig. 3. Throughout this time period, sur-
face tension in the equatorial region remains near the initial
equilibrium value and provides a mechanism to resist de-
formation, while surface tension near the polar region of
the drop is severely reduced, creating a small region near
the pole that offers weak resistance to deformation.

As the simulation proceeds, a thin thread is pulled from
the drop pole. As the thread is pulled, the interfacial area
at the drop pole increases and surfactant concentration de-
creases from its maximum with a corresponding increase in
surface tension (see right plot of Fig. 3). The curvature at
the drop pole decreases from the maximum attained at the
critical point as the thread is drawn further into the higher
strain regions of the flow. As the surface tension decreases,
the thread begins to neck. The thinning of this neck leads
to formation of a daughter drop, shown in Fig. 4(b). The
emitted daughter drop has an average surface tension of
0.51y, and volume of 1.325 X 10~* (which would corre-
spond to a sphere of radius 0.032). The ratio of daughter

FIG. 3. Evolution in time (left to right) of the surface tension
profile along the drop interface from the equator (s’ = 0) to the
drop pole. The surface tension decreases from nearly 1 at the
equator and reaches a minimum of 0.03 (dashed line) before a
jet is emitted from the drop pole.
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FIG. 4. (a) The evolution from a stable prolate spheroid to a
drop undergoing tip streaming for x = 0.1 (b) A close-up of the
droplet shed from the poles for x = 0.1. (c) The evolution from
a stable prolate spheroid to a drop undergoing tip streaming for
x = 0.75.

to parent radii is the same order of magnitude reported by
de Bruijn in shear flow. Much of the surfactant is on the
thin thread of average radius 0.03, while much of the par-
ent drop interface is clean. Further emission of daughter
drops provides a mechanism that leaves a cleaner parent
drop that would be stable at this strain rate, as was ob-
served in experiments.

The effect of a higher initial concentration on the mode
of drop breakup is examined by simulating a drop with x =
0.75 with initial conditions provided by the stable drop
at Ca = 0.05 and incrementing the strain rate to Ca =
0.06. Again, surfactant concentration at the drop pole ap-
proaches I'., followed by thread formation at the drop
pole. The mechanisms that lead to jet and daughter drop
emission are the same as the low coverage case; however,
the thread and emitted drop are larger; see Fig. 4(c). The
thread is pulled from the region near the pole where the sur-
face tension is reduced, which covers far more of the drop
at this higher initial concentration. The thread has an ap-
proximate radius of 0.10. The daughter drop has average
surface tension 0.777y, and volume of 3.1 X 1073, corre-
sponding to a sphere of radius 0.09. The thread also necks
at the parent drop-thread juncture. If the drop were to snap
off at this neck, the entire thread of volume 0.062, with
corresponding radius 0.24, would form the much larger
daughter drops of the tip dropping phenomenon [7,20].

Based on these simulations and experimental observa-
tions, we can begin to qualitatively describe the mecha-
nisms that lead to the appearance and cessation of tip
streaming as surfactant concentration is increased. For
trace surface concentrations (well below x = 0.1), surface
tension effects are negligible and the critical strain rate
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for a clean interface is reached before I'. is approached
at the pole. The drop becomes unstable and extends as a
continuous thread, with the possibility of surfactants alter-
ing the breakup of what already has become an unstable
drop. At dilute concentrations (e.g., x = 0.1) convection
drives surfactant towards the pole and I'. is approached
at strain rates below the critical strain rate for the clean
drop. Surface tension at the pole approaches (but does not
reach) zero and sharp gradients in surface tension lead to
the emission of a thread. These simulations and experi-
ments [7,20] show that thread size increases with concen-
tration. If significant surface tension gradients are present
at high concentrations the thread diameter will be compa-
rable to the parent drop diameter, leading to drop fracture.
Current work focuses on studying the effect of extensional
rate on thread diameter and closely examining the pressure
and velocity fields surrounding the thread during daughter
drop formation.
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