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Abstract In [1] Titchmarsh proved some theorems on the classical Fourier transform
of functions satisfying conditions related to the Cauchy-Lipschitz conditions on the
Euclidean space R. In this paper we extend one those theorems for the Bessel transform
for function on half-line [0,∞) in a weighted Lp-metric are studied with the use of
Bessel generalized translation.
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1 Introduction and Preliminaries

Integral transforms and their inverses (e.g., the Fourier-Bessel transform) are widely used
to solve various problems in calculus, mechanics, mathemAtical physics, and computational
mathematics (see, e.g.,[1, 7]).

In this paper, we use the Bessel generalized translation, it is one of the most impor-
tant generalized translations on the half-line R+ = [0, +∞) [4, 5]. The Bessel generalized
translation is used while studying various problems connected with Bessel operators (see
[3, 8]).

Titchmarsh ([1], Theorem 84) characterized the set of functions in Lp(R) satisfying the
estimate, namely we have

Theorem 1.1 Let f(x) belong to Lp(R) (1 < p ≤ 2), and let
∫ +∞

−∞

|f(x + h) − f(x − h)|pdx = O(hαp), (0 < α ≤ 1)

as h −→ 0. Then F(f)(x) belongs to Lβ(R) for

p

p + αp − 1
< β ≤

p

p − 1

where F(f) stands for the Fourier transform of f

The main of this paper is to establish an analog of Theorem 1.1 in the Bessel operators
setting by means of the Bessel generalized translation.

Let

B =
d2

dt2
+

(2α + 1)

t

d

dt
,

be the Bessel differential operator. By jα(t) denote the Bessel normed function of the first
kind, i.e

jα(t) =
2αΓ(α + 1)Jα(t)

tα
,

127
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where Jα(x) is the Bessel function of the first kind and Γ(x) is the gamma-function (see[4]).
The function y = jα(t) satisfies the differential equation By + y = 0 with the initial con-
ditions y(0) = 1 and y′(0) = 0. The function jα(t) is infinitely differentiable, entire analytic.

Assume that Lp
α(R+), α > −1

2 and 1 < p ≤ 2, is the Banach space of mesurable
functions f(t) on R+ with the finite norm

‖f‖ = ‖f‖p,α =

(∫
∞

0

|f(t)|pt2α+1dt

)1/p

.

In Lp
α(R+), consider the Bessel generalized translation Th (see [3, p.121])

Thf(x) =
Γ(α + 1)

Γ(1/2)Γ(α + 1
2)

∫ π

0

f(
√

x2 + h2 − 2xh cos t) sin2α tdt, α > −
1

2
, 0 ≤ h ≤ 1

which corresponds to the Bessel operator B.

It is easy to see that

T0f(x) = f(x)

If f(x) has a continuous first derivative, then

∂

∂h
Thf(x)|h=0 = 0.

If it has a continuous second derivative, then u(x, h) = Thf(x) solves the Cauchy prob-
lem

∂2u

∂x2
+

2α + 1

x

∂u

∂x
=

∂2u

∂h2
+

2α + 1

h

∂u

∂h

and

u|h=0 = f(x),
∂u

∂h
|h=0 = 0.

The operator Th is linear, homogeneous, and continuous. Below are some properties of
this operator (see [3, pp. 124-125]):

(i) Thjα(λx) = jα(λh)jα(λx)

(ii) Th is self-adjoint. If f(x) is continuous function such that
∫
∞

0
x2α+1|f(x)|dx < ∞

and g(x) is continuous and bounded for all x ≥ 0, then

∫
∞

0

(Thf(x))g(x)x2α+1dx =

∫
∞

0

f(x)(Thg(x))x2α+1dx.

(iii) Thf(x) = Txf(h).

(iv) ‖Thf − f‖ −→ 0 as h −→ 0.
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The Bessel transform defined by the formula (see [3, 4, 6])

f̂(λ) =

∫
∞

0

f(t)jα(λt)t2α+1dt; λ ∈ R+

The inverse Bessel transform is given by the formula

f(t) = (2αΓ(α + 1))−2

∫
∞

0

f̂(λ)jα(λt)λ2α+1dλ

The following relation connect the Bessel generalized translation, and the Bessel trans-
form in [2], we have

(̂Thf)(λ) = jα(λh)f̂(λ) (1)

For α > −1
2 , we introduce the Bessel normalized function of the first kind jα defined by

jα(x) = Γ(α + 1)

∞∑

n=0

(−1)n(x/2)2n

n!Γ(n + α + 1)
(2)

Moreover, from (2) we see that

lim
x−→0

(jα(x) − 1)

x2
6= 0

by consequence, there exist C > 0 and η > 0 satisfying

|x| ≤ η =⇒ |jα(x) − 1| ≥ C|x|2 (3)

2 An Analog of Titchmarsh’s Theorem

In this section, we give an analog of Titchmarsh’s Theorem 84 for the Bessel transform.

Theorem 2.1 Let f(x) belong to Lp
α(R+), (1 < p ≤ 2), and let

∫
∞

0

|Thf(x) − f(x)|px2α+1dx = O(hγp), (0 < γ ≤ 2)

as h −→ 0. Then f̂(x) belongs to Lβ
α(R+), for

2pα + 2p

2p + 2α(p − 1) + γp − 2
< β ≤

p

p − 1
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Proof: For a fixed h the Bessel transform of Thf(x) is jα(hx)f̂(x). Hence the Bessel

transform of Thf(x) − f(x), as a function of x, is (jα(hx) − 1)f̂(x).
Hence
∫

∞

0

|jα(hx) − 1|p
′

|f̂(x)|p
′

x2α+1dx < K(p)

(∫
∞

0

|Thf(x) − f(x)|px2α+1dx

)1/p−1

< K(p)hγp′

From formula (3), we have

∫ η/h

0

|hx|2p′

|f̂(x)|p
′

x2α+1dx < K(p)hγp′

Then

∫ η/h

0

x2p′

|f̂(x)|p
′

x2α+1dx < K(p)h(γ−2)p′

let

φ(ξ) =

∫ ξ

1

|x2f̂(x)|βx(2α+1)p′

β dx

Then, if β < p′

φ(ξ) ≤

(∫ ξ

1

|x2f̂(x)|p
′

x2α+1dx

)β/p′ (∫ ξ

1

dx

)1−β/p′

= O(ξ
(2−γ)p′ β

p′ ξ
1− β

p′ )

= O(ξ
2β−γβ+1− β

p′ )

Hence
∫ ξ

1

|f̂(ξ)|βx2α+1dx =

∫ ξ

1

x
−2β−(2α+1) β

p′ φ
′

(x)x2α+1dx

= ξ
−2β−(2α+1) β

p′ ξ2α+1φ(ξ) + (2β + (2α + 1)
β

p′
− (2α + 1))

∫ ξ

1

x
−2β−(2α+1) β

p′
+2α

φ(x)dx

= O(ξ
−2β−(2α+1) β

p′
+2α+1+1−γβ+β( p+1

p
)
) + O

(∫
∞

1

x
−2β−(2α+1) β

p′
+2α

x1−γβ+β( p+1

p
)dx

)

= O(ξ
−2β−(2α+1) β

p′
+2α+2−γβ+β( p+1

p
)
)

and this bounded as ξ −→ ∞ if −2β − (2α + 1) β
p′

+ 2α + 2 − γβ + β(p+1
p

) < 0 i.e, if

β >
2pα + 2p

2p + 2α(p − 1) + γp − 2

This proves the theorem.
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3 Conclusion

There are many theorems known about to classical Fourier transform can be generalized for
the Bessel transform, among them Titchmarsh’s Theorem. In this work we have succeeded
to generalise this theorem for the Bessel transform in the space Lp

α(R+). We proved that if
f(x) belongs to Lp

α(R+), and that

∫
∞

0

|Thf(x) − f(x)|px2α+1dx = O(hγp), (0 < γ ≤ 2)

as h −→ 0, then its Bessel transform f̂ belongs to Lβ
α(R+) for

2pα + 2p

2p + 2α(p− 1) + γp − 2
< β ≤

p

p − 1
,

where 0 < γ < 1 and 1 < p ≤ 2.
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[6] Trimèche, K. Transmutation operators and mean-periodic functions associated with
differential operators . Math. Rep. 1988. 4(1): 1-282.

[7] Zayed, A. L. Handbook of Function and Generalized Function Transformations. CRC.
Boca Raton. 1996.

[8] Zhitomirskii, Y. A. Cauchy’s problem for systems of linear partial differential equations
with differential operators of Bessel type. Mat. Sb. 1955. 36(2): 299-310.


