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1. In our previous pap2r [1] we have intro- 
duced the notion of the degenerative dispersion 
law. Let us imagine a medium with one type of 
waves with dispersion law co(k) and consider 
the process of sc~ttering of n waves into m 
waves. This process is described by the 
resonant conditions 

L~(k,) + .  • • + .,,tk.) = ~a(k., ,) + •.  • + to(k.  ,, .). 

k - + - - . + k .  : k , , ~ + . . . + k  ..... 
(1) 

This condition defines the resona~ ~ manifold F 
in (k~, k:) space. 

The dispersion laws to(k) ,  f~(k~ ~,re degenera- 
tive with respect to the process ot interaction 
(3) if there are two functions /" and g which 
satisfy on the manifold F to the equations 

f (k , )  + [(k..) = ~(k~ + k9 (4) 

and 

Eqs. (I) define some manifold F in the 
(k~ . . . . .  k ..... ) space. The dispersion law co(k) is 
called degenerative with respect ~o the process 
(1) if there is a function f ( k )  z e A~o(k) + (a .  k )  + 

B which satisfies on the manifold F to the 
equation 

f ( k , ) 4 - . . + f ( k , , ) = f ( k , , ~ , ) 4  . . . .  + f(k,,,,.). (2) 

Here A, B are arbitrary constants, t~ is an 
arbitrary constant vector. 

The notion of the dispersion laws, degenera- 
tive to processes including several types of 
waves may be defined by analogous way, Let us 
consider, for example, the process in which one 
~ave with dispersion law 11(k) is formed as a 
result of the interaction of two waves with 
d~:~peJsion law o(k). Such a process is described 
%' ~he resonant condition 

~,:Ok0 + ~o(k2) = II(k: + k..). (3) 

.t'(k) .~" A~o(k) + ((~. k). g(k) t AgI(k) + (~. k). 

As was demonstrated in [1], the questiqn of 
the degeneration of the dispersion law of some 
nonlinear system to appropriate nonlinearity is 
very important in connection with the problem 
of integrability of the correspondent nonlinear 
system or with the problem of existence of the 
additional motion invariant of that system, In [1] 
the starting point was that the motion: invariants 
of the dynamic equations must generate motion 
invariants of the appropriate kinetic equations. 
This leads to the following important result: if 
the dymunic motion invariant I has the quadra- 
tic part I, of the form 

I, = f f(k) . .~,  dk (5) 

and waves a~ have the dispersion law (o(k) then 
there are only two alternative possibilities: 
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1) the dispersion law o~(k) is degenerative to 
the major nonlinear process. This occurs when 
the matrix element T~,,,,~, of this n-particle 
process is nonzero on the resonant manifold. 

2) If the dispersion law is nondegenerative, 
then T~).,,~, = 0 on the resonant surface. When 
several types of waves are present the same is 
true for the set of the dispersion laws and 
appropriate matrix element. 

In this paper we do not need the generaliza- 
tions of this result, but in fact the kinetic equa- 
tions in the above argumentation may be 
replaced by S-f tional (the classic analog of 
the S-matrix): 

The system (6) arises in nonlinear optics, for 
example in the problem of interaction of waves 
with different polarizations considered in [2]. 
This system is to some extent universal from 
the point of view of its arplications to physics. 

System (6) has the following trivial invariants 
of motion: 

l,= f lO,r'dx; I~= f lo..l~'dx; 

f * , I3 = (0)01x+020:~)dx; I4=H. 

In paper [3] it was shown that in the case 

c~=r,,; a = / 3 = y  (8) 

By doipg this one can see 'that the above alter- 
native is true not only for major nonlinear 
process, but for any process of scattering of n 
waves into m waves. Of course, the matrix 
element of the major nonlinear process T~,.,,.t. 
should be replaced in the above alternative by 
the amplitude W~,...~,:~,.,... ~ of the scattering 
of n waves into m waves. However, this 
generalization is not the aim of the present 
paper. 

In paper [1] we have proposed to use the 
alternative raentioned above for systematic 
checking of the integrability of some nonlinear 
systems or, in other words, the existence of the 
additional motion invariants with the quadratic 
major terms. 

In the present paper we consider the system 
ot two coupled nonlinear Schr6dinger equations 

ig, u = C,0t~ + 2a10,1%, + 2/31¢,2120,, 
, 0 ~  + 2~1~.,I 02+ 2~1~,,I 0., 

(6) 

with the Hamiitonian 

H = 1 {e'lO'~l~ + c~l@~):+ ~1@,t ' +  2~1@,)~1@~1 ~ 

+ ~1~1'} dx. (7) 

the system (6) has a infinite set of motion in- 
variants and may be solved by the inverse scat- 
tering method. 

The aim of the present paper is to show that 
besides (8) there is another integrable system of 
the type (6) 

c t = - c 2 ;  a = - # = %  (9) 

In all other cases except (8), (9) the system (6) 
does not have any additional motion invariants 
of the type (5). 

2. Let us make some preliminary note. In the 
one-dimensional case any dispersion law to(k) is 
degenerative to the process of scattering of two 
waves into two waves 

to(k) + to(k0 = to(k,.) + to(k3). 
it0) 

k +k~=k2+k3. 

Indeed, the system of equations (10) has only 
two solutions 

k~=k,;  k3=k, 

k2=k; k3=kl 

irrespective to the form of the function ~o(k). 
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Obviously, the same statement is true for the 
process of interaction of different types of 
waves which have coi:lciding dispersion laws, 
But if these dispersion laws are different (for 
example cot(k) and coz(tQ) then the.y are in the 
general case nondegeJ crative with respect to 
the process 

c~ !~,k) + co:(k~) = cot(k,) + ~,~.,k~, (12) 

k + kt = k z +  k~. ', 

The example wt a~', intere:,~ted ~ is 

' = c" ~ ±I. (13) cot(k)=r,k ~, coz(k)=c:-~, p ct 

Equations (12) describe ~.t any cot(k), to:(k) the 
two-dimensional manifold Ft in the four-d~:men - 
sJonal space (k,k~,k2, k~). One can check 
directly that in the case (13) the manifold F~ can 
be parametrized in the following way: 

k = ~ l k ~ +  +~ 

k:~ := P--~I kl + ~ " [  k : . 2  

(14) 

Let ate, azk be the amplitudes of wave~ w~th 
di~,persiua laws cot(k), co:(k). If there is an ad- 
ditional motion invariant 1 with the q~Ja6ratic 
pa:t of the form 

l= f h(k)ia,J2dk + f h(k)la:,l~dk, 03) 

then the functions f t(k),  f,~(k) are to satisfy to 
the equations 

h ( k ) + h ( k 3  = f2(k:)+f,(k~), 

k + k , = k 2 + k ~  
06) 

on the manifold Ft. (Because the matrix element 
is nonzero on the resonant manifold Ft (12) 
w h e n / ~ f 0 .  Using the parametrisation (14) we 

find that f~,.(k) satisfy to the lunctionai equation 

[t(P-~-2 | kl+ +e---2 | k~)+h(kO 
07) 

If we differentiate (17) two tLnes by kl and one 
time by k2 and assume tha~ kt = k., = ~/p, we 
find: 

( p " -  i)(p - l ) fT(~) = (P~- l)(p + I)f'~(O. 

Hence if p~" ~" I we have 

fT(O = o. f ,(O = A~-'+ BE + C. 08)  

Substituting (18) into 06)  we find after some 
simple calculations: 

f~(~.) = pA~ ~" + B~ + D. (19) 

Let us note that the dispersion laws cot(k), co2(k) 
are defined up to arbitrary constants and equal 
linear terms. With this accuracy f t (k)  = col(k), 
f:(k)=co:(k).  Herce  at p2,.~l the dispersion 
laws (3) are n~,ndegenerative. 

At p = ! co~ = to:, and the dispersion law is 
degenerative. It is degenerative at p = - 1 also. 

It is a consequence of a more general fact that 
dispersion laws col(k), co.,(k) are degenerative 
with respect to the process (12) /f t~:(k)= 
- col(k), and col(k) ~ col( - k). 

Let us return to the system (6). Let ale(t), 
an( t )  be the Fourier (~mponents of Ol(x, t), 
d,:(x, t). It follows f r c a  the fact of nonde- 
generativeness of the dispersion laws when 
c~ f c.~ that this system may have an additional 
motion invariant with the quadratic part of the 
form 05), provided that the matrix element of 
the process (12) turns to zero on the manifold Fi 
only. But this matrix element is the constant 
value g. Hence the necessary condition of  the 
existence of an additional motion invariant of  
the system (6) is /3  = 0. I f /3  = 0 the system (6) 
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splits into two independent nonlinear 
Sehr~inger  equations whose integrability is 
well known. 

3. As we have seen in section 2, the set of 
dispersion laws (13) is degenerative to the 
process (12) when p = ± i. Therefore we can not 
make any conclusion about the existence of an 
additional invariant I and have to consider the 
second order process of scattering of three 
waves into three waves. Otherwise, in the lan- 
guage of paper [!], the four-particle interaction 
is trivial and the first nonvanishing terms in the 
appropriate kinetic equation are six-particle. 
The kernel of this kinetic equation is the 
squared second order matrix element in the 
perturbation theory [3]. It is more convenient 
for us to deal with the general case c~ ,~" c ' .  Let 
us consider the process described by the 
resonant conditions of the form: 

k +k~+k.=k;+k~,+,.~. 
(20) 

Eqs. (20) determine a four-dimensional mani- 
fold F~, in the six-dimensional space (k . . . . .  ks). 
In the case under consideration the manifold F, 
is rational and may be parametrised by the 
formulae 

k = T + 2 ~ +  R 

+ +-| ÷-| -(l 
l + 2 p  u v 

3P 2R 
k~, = 1 + 2p u 2 R u ,  (21) 

3 P  + -2-~- 2Ru, 
k~= I +2~ 

3 - - ~ - + R [ u - l + ( l + 2 p ) ~ +  -l] 
k~= i +2p v !" 

H e ~  P, R, u, ~ are independent variables on the 
manifold F:, 

Using parametrisation (21) it is easy to prove 
that dispersion laws (13) are nondegenerafive 
with respect to the process (2,0) even in the case 
o~ = -+ c~2(p = -+ I). 

Indeed, if we substitute (21) into the equation 

f~(k) +.fl(kO +.f2(k2) = f2(k3) + fI(k4) + It(ks) (22) 

and differentiate three times by R and assume 
that R = 0 we find .f'~'.2(~) = 0. 

From the nondegenerativeness of the process 
(20) it follows that the system (6) may have an 
additional motion invariant if the matrix element 
corresponding to the process (20) turns to zero 
on the manifold (21). If we assume in (20) that 
k,, = h3 or k = ks we obtain the two-dimensional 
manifolds of the typ," (12). Those submanifolds 
of the manifold (21) should be excluded from 
our consideration, because they correspond to 
the scattering of two waves into two waves. The 
six-particle matrix element may be obtained 
directly by applying the perturbation theory [3] 
to the system (6) and by summation of the terms 
of the second order. Those simple but rather 
extensive calculations result in 

[ , 
x ~o j (k ,  + k2 - k3) + co:(k3) - ~ 2 ( k 9  - o~l(km) 

I + 
t o , ( k  + k~. - k3)  + to , (k~)  - co2(k2) - t o j ( k  ) 

! 

to1(k + kl - k4) + tot(k~) - tel(k) - to1(kl) 

, ] 
+ ,o,(k + k,'- k~') + to,(ks)'- to,(k) 'L toi(l~,) 

,[ I 
- 2/3 "to,(k + k2 -- k4) + to!(k4) - to2(k2) "- tel(k) 

I + 
co..(k + k., - k.O + c*~(ks) - ~,.(k9 - ~i(k) 

I 
+ o~.,(kl + k.,-kj) + ~i(~)- ~:(k9 - ~,,(k3 

I ] 
+ 

t~2(kl + k2 - ks) + ~i('ks) - o~z(k2) - tm(kl)J 

(23) 
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Substituting (21) into (23) we find after some 
calculations 

I ,) 
+ ~ p [ . ap  - / 3 ( i  + p")~ + u~'(l + 2p):(2/Jp - 2c~) 

-2, p'(/3 - ~,,)}. " 4 )  

one  can see from (24) that T turns ' a  zero in 
two cases only: 

1) p =  1. a = / 3 = ~ , ;  
2) p = - I . ~ = - f l  ~,. 

The first case in (6) corresponds to the well- 
known vector nonlinear SchrOdinger equation 
integrated by the inverse scattering method in 
[4]. In ~he case when # = - I ,  c~ = - ~  =',/  we 
have a rather exotic system of equations never- 
theless integrable by the inverse scattering 
method also. Indeed, the inverse scattering 
method is applicable to the ,~ystem [5] 

i'qrf = qtx~ + qtX~P' ,  
(25) 

where qr and X are matrices. Let us take 

/26) 

and consider the reduction 

~, =~ A ~ ' ,  (27) 

By unitary transformation 'V-- -S~ A may be 
reduced to the diagonal form: A ~ J ~ ,  There- 
fore after the gauge transformations at n = 2 we 
find that besides the vector Schr6dinger equa- 
tion there is only one integrable system 

i~/,,, = t~t,~ + ( l~ , l"- l f f . ' [")~' , ,  
(29} 

i0,:, --- ~z~  + (1¢',1:- k0:l:)~.,. 

If we assume i~. (6) that c~ = c, c., = - c, a = 
- / 3  = ~, and change the variables 

we find that qh, ~., obey the system of equations 
coinciding with (29). 

Let us summarise the results. It is shown that 
the system (6) does no! have any additional 
motion invariant having the expansion in 
powers of 0r. ~/,., with the quadratic part of the 
form (15) and hence cannot  he solved by the 
inverse scattering method. There are two 
exceptional cases 

c, = c-, a = / 3 = %  (31) 

c l = - c - . ,  ~ = - / 3 = y .  (32) 

From our point of view the above consideration 
reveals the effectiveness of testing of the in- 
tegrability of the nonlinear wave systems based 
on the concept of the degenerative dispersion 
laws. The results of such type of testing of some 
nonlinea~ systems being important from the 
viewpoint of their applications to physics are to 
be published elsewhere soon. 

R e f e r e n c e s  

~¥here A is the Hermit(an matrix. ] 'hen we find 
the system 

(,'~,,, = tO,.,. + U O . ,  m = 1 . . . . .  n .  (28)  

where U = ",FAV is the real function. 
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