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Introduction

In the last decade the theory of completely integrable non linear
systems, the so called “‘soliton theory”, has made remarkable progress,
in which intensive researches have been done by many physicists and
mathematicians. Among them the Toda lattice [36] has always been, to-
gether with the Korteweg-de Vries (KdV) equation, one of the most classi-
cal and important objects to be investigated from various points of view,
both physical and mathematical.

Several varieties of methods have been developed to reveal the pro-
found mathematical structure in the Toda lattice: Inverse scattering
method, spectral theory, Backlund transform [5, 7, 9, 18, 27, 37], algebro-
geometric method [3, 5, 6, 7, 8, 13, 28, 29, 30], Hirota’s method [10, 11, 19],
orbit method, group representation theory [2, 3, 4, 14, 15, 16, 17, 30, 31,
32, 35].

In the present paper, inspired by the recent developments in the study
on the Kadomtsev-Petviashvili (KP) hierarchies [20-25, 34], a hierarchy (a
series of mutually commutative higher evolutions) for the two dimensional
infinite Toda lattice is introduced. Its algebraic structure, the lineariza- -
tion, the bilinearization in terms of the = function, the reductions and the
special solutions are investigated in detail. Also its analogues of the B
and C types and the multi-component type are considered. Our method,
which is closely related with those used in [12, 20-26, 33, 34], has the ad-
vantage of making the treatment of the infinite lattice extremely clear and
algebraic.

Our investigation in the present paper is motivated by the following
observations:

The two dimensional infinite Toda lattice (hereafter we shall call it
simply the “Toda lattice” (TL)) is, by definition, the non linear wave
equation

©.1) 0,0, (s) = 491D — guis+-u),

Received January 21, 1983.



2 K. Ueno and K. Takasaki

where u(s) =u(s; x,, 1), 9, = 0/0x,, 3, =0/dy, and s runs over Z, the
totality of integers. Notice that (0.1) is subholonomic in the sense that the
general solutions depend on arbitrary functions of two variables.

(0.1) is represented in the form

-(0.2) ay'Bl — axlcl +[B,, C1]=0,

where the symbol [, ] denotes the commutator and B,, C, are the matrices
(of size ZX Z)

B,=(0:,;-1)i,5ezt+ (aylu(i)ai,j)i,j ez

d,u(—1) | 1

_ 9,0) 1

3,u(1)
| R

Ci=(e*7"CDG, 1 Digez

0

= eu(O)—u(—l) 0

PICETONN

If a 7 function z(s)=17(s; x,, ¥,) is introduced by

9., u(s)=3a,, log t(s+1) , O~ uisEd = o(s+1z(s—1)

2

z(s) z(s)*
(0.1) is transformed into the bilinear equation of the Hirota type
(0.3) 3D, D, w(s) - 7(s)+z(s-+ Dr(s — 1) =0,

where D, D, is one of Hirota’s D-operators [10] which are defined for
linear differential operators F(d,) by

©0.4) F(D)f(t)-g(t)=F@.)f(t+1)g(t—1")

Introducing another = function 7’(s)=e"*1z(s), we can rewrite (0.3) into
Hirota’s original form [11]

£ =0n
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0.5) 3D, D, t'(s)- /() + /(s + 1)/ (s— 1) —/(s)*=0.

The N soliton solution to (0.5) was obtained in [11]. A parametrization
of 7/(s) in terms of the Clifford operators was discussed in [19].

Starting from these observations, we shall develope our consider-
ation.

The plan of the present paper is as follows.

In Chapter 1 a hierarchy for (0.1) is investigated. In Section 1 our
hierarchy is defined by the equations of the Lax type

8,.L=[B,, L, 3, L=I[C, L,

(0.6)
angz [Bn: M]: aynM:[Cna M]7 n=1, 2: Ty

or equivalently by the equations of the Zakharov-Shabat type

aanm_aszn+[Bms Bn]z():
0.7) 0y,Cn—0,,Co+[Cn, C,]=0,
ayan_axmcn—'}_[Bma Cn]:()a m, n=19 23 te

which contain (0.2) as a special one. Here x =(x;, x,, ---) and y=
(¥1, Ve - - +) are independent variables, while L, M, B, and C, are matrices
of infinite size in certain algebraic relations stated in Section 1, and serve
as unknown dependent variables. In Section 2 the linearization is
achieved by the linear equations

LW=WA4, MW=WA4", A'=(00,;:)uicz

(0.8)
3, W=B,W, 8, W=C,W, n=1,2,--.

Two types of matrix-solutions W and W of infinite size are con-
structed and called “wave matrices” as analogues of the wave functions
in the classical inverse scattering theory. They are characterized by the
bilinear equation

0.9 WS, YIW O x, y) = WO, YW O(x, y).

In Section 3 the ¢ functions z(s; x, ) and ¢/(s; x, ») are consistently intro-
duced, and the hierarchy is transformed into an infinite number of bilinear
equations of the Hirota type. Also a close relation with the two com-
ponent KP hierarchy is revealed. Finally in Section 4 the reductions to
the periodic lattice and the hierarchy in the one dimensional sector are
discussed.

In Chapter 2 the hierarchies of the B and C types are investigated.
In Section 1 the Lie algebras o(c0), 3p(c0) and their subalgebras o(co),,
3p(c0),;, which were introduced in [23] in the study of the KP hierarchies
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of the B and C types, are reviewed. In Section 2 and Section 3 the Toda
lattice hierarchies of the B and C types are introduced in the “odd sector”
{¥2n=Y2,=0,n=1, 2, .. .} by imposing the conditions B,, C, € o(o0) for
n=1,3,5, .- (Btype), B,, C, € 8p(c0) for n=1,3,5, --- (Ctype) re-
spectively. Also the linearization, the z functions and the periodic reduc-
tions associated with o(o0);, and 3p(eo), are discussed. In Section 4
another definition of the ¢ functions is remarked.

In Chapter 3 the multi-component hierarchy is considered. In Sec-
tion 1 the hierarchy is formulated as an analogue of the multicomponent
KP hierarchy [22,34]. The non abelian Toda lattice is recovered in a special
sector of the dependent and independent variables. In Section 2 the
linearization, the characterization of wave matrices and a close connection
with the multicomponent KP hierarchy are discussed. In Section 3 a
generalization of the AKNS hierarchy [1] is derived as a reduction.

In Chapter 4 special solutions are constructed by two algebraic
methods. In Section 1 the aspect of the Riemann-Hilbert problem is
applied to the Toda lattice hierachies. Actually (0.7) implies

(0.10) WOCx, =W x, )4,  AeGL(e),

which is regarded as an analogue of the Riemann-Hilbert problem. In
this way the soliton solutions are recovered. Also a class of the poly-
nomial z functions of the KP hierarchy is constructed in the same way.
In Section 2 another algebraic method is discussed, which originates in the
construction of rational solutions [33] to the KP hierarchy.

In Appendix the recent results [12, 20-25, 33, 34] in the study of the
KP hierarchies are briefly summarized for the reader’s convenience.

In the recent preprint [40] we announced the results of Chapter 1. In
the present paper we shall discuss more fully the derivations and further
developments of these results.

The authors express their thanks to Professors M. Sato, K. Kashi-
wara, E. Date and Doctors T. Miwa, M. Jimbo for useful discussions and
encouragement. Also one of the authors (K. T.) thanks Professor H.
Komatsu for hearty care and encouragement, and the staff of RIMS for
hospitarity.

1. The Toda Lattice Hierarchy

1.1. Notations and preliminaries

First of all we fix notations to be used throughout this chapter, and
explain some elementary facts about the formal Lie algebra gl((co)).
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Let A’ be the j-th shift matrix, 4'=(5,.;,,),,.ez and E;; be the (i, j)-
matrix unit, E;=(3,:0,))s.ez. Let gl((c0)) be the formal Lie algebra
consisting of all Z X Z matrices;

gI((oo)):{i %}z ayEy|a; e C}.
A matrix A4 € gl((c0)) is written in a convenient form as
(1.1.1) A= 3 diagla,(s)]4’
JjEZ

where diag [a,(s)] denotes a diagonal matrix diag(- - -a,(—1), a,(0),a,(1),
--+), and diag[a,(s)]4’ is defined as the usual product of matrices.
Namely the expression (1.1.1) indicates

-
- a=D) (=D

A= a0 a0 a® .
a. () a(l)
L .

We call diag|a,(s)] the j-th coefficient of A4.

A matrix 4 e gl((c0)) is said to be a (strictly) lower triangular matrix
if ay(s)=0 for j=0 (resp. j >>0), while it is said to be a (strictly) upper
triangular matrix if a,(s)=0 for j <0 (resp. j<<0). We define the (+)
part of a matrix 4 by '

112 ).=_3 disglaf)d, (D-=_3_diagla,)4’.

al((e0)) is equipped with two gradations with respect to the order of
A I A=3_ .;<n diagla,(s)]4, it is said to be of order less than m,
it being denoted by ord A<m. On the other hand, if A=>,<;c.w
diagla,(s)]4’, it is said to be of order larger than m, and it being denoted
by ord 4 = m. In particular, if 4=>",<,<, diag[a,(s)]4’, it is called
bounded.

When matrices 4 and B are of order less (or larger) than m, the product
AB is well-defined. We remark further that A=) ..., diaga,(s)]4’
(resp. A=3 . <;c.. diagla(s)]49) with non-zero leading entries (i.e.
a,(s)50 for any s) has an inverse matrix of a form such as 3 ..;< =
diag[b,(S)147 (tesp. 3 -~ diag[b,())47).

A matrix 4 (1.1.1) naturally corresponds to a difference operator
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(1.1.3) A(s; €)= as)el’,
jez

where the action of the operator ¢/®: is defined by

el f()=f(s+)) for any s.

The (£) part of 2Z(s, €™) is defined in a similar fashion as (1.1.2).
Throughout this article, the differentiation will be denoted by 0, ,
etc., namely, 3,,B=3B/dx,, and so on.

1.2. Definition of the Toda lattice hierarchy

Set two copies of time flows x=(x;, X;, - - +), y=(¥s, ¥, - - ). Let
L, M, B,, C, e gl((0)) be

L= 3, diag[b,(s)]L with b,(s)=1 for any s,

—oZjs1

(1.2.1) M= >, diaglc(s)]4! with ¢_,(s)=0 for any s,
~1gj<+ o
B,=(L"),, C,=(M")_.

Each entry of L, M is a function in x, y i.e. b,(s)=b(s; x, y), c,(s)=
c;(s; x, ), and plays the role of unknown functions to be solved in our
scheme. Since L and M are assumed to have non-zero leading entries,
they are invertible.

The Toda lattice (hereafter we will abbreviate it to 7L) hierarchy is
formulated as a system of infinitely many equations of the Lax-type

aa:nL: [Bm L]a aan= [Bna M]:

(1.2.2)
3, L=[C. L], 8, M=[C,, M] n=1,2, --..

Since B,, C, are bounded, and ord L1, ord M > —1, the Lie brackets
above are well-defined.

The following theorem states that our system (1.2.2) is consistent,
namely, that the flows induced by this system mutually commute.

Theorem 1.1 (cf. [12, 20, 33]).  The TL hierarchy (1.2.2) is equivalent
to a system of equations of the Zakharov-Shabat type,

aanm__axmBn—*_[Bm’ Bn]zos
(1.2.3) 3,.Cri—8, Co+[Cn, C.]=0.
0y, Bn—0,,Co+[Bn, C,1=0, m,n=12, ---.

Proof. First we show that (1.2.2) reduces to (1.2.3). Let us intro-
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duce 1-forms w, &, 2, &, etc., by

w=i L*dx,, S:i M"dy,,
n=1 n=1
‘Qz(w)+’ .Qc=—((1))_, EZ_(S)-}-) Ec=($)_.
Note that
9,,L?=[B,, L*]

follows from (1.2.2) for any positive integer p. Hence the first equations
in (1.2.2) are encapsulated into the Pfaffian system,

do=[2, 0]" (=2,0+0,.2),

where d, (resp. d,) stands for the exterior differentiation with respect to x
(resp. ). (Henceforth we will abbreviate the symbol of the exterior pro-
duct.) Since [w, L*]1=0 for any p, the above equation reduces to

d,0Q2—dQ.=2-2.

Since d,f2, £2* are upper triangular while d,2,, £° are strictly lower trian-
gular, the above equation breaks up into

d0=0, d0=0.

The former equation yields the first one in (1.2.3).
Likewise one obtains

d,5=E",

d,8,=5.

The latter yields the second equation in (1.2.3).
Next we deduce the third equation in (1.2.3) from (1.2.2). The
second and third ones among (1.2.2) are rewritten as

do=[5,0]*, dt=[2,¢"

which further leads to
(1.2.4) df—I&,, Q1*=4d,2.—[5., 2],
(1.2.5) d.E.—[2, B} =d,E [, 5]*.

Using these equations, one sees that

dy‘Q+dzE’c'~[Ec> ‘Q]+= - x‘E’c_l_dy‘Qc_[Ec: Qc]+ (by (1'2'4))
——d0—d8—[5,Q". (by (1.2.5).
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All the matrices in the second line above are strictly lower triangular, while
those in the third line are upper triangular. Hence

dyg+dzEc_[Eca ‘Q]+:Oa

from which the third equation in (1.2.3) is derived.
Now we show the converse way. Note that the first equation in
(1.2.3) reads

az”Lm - [Bm Lm] = axn(Lm)— + aszn - [Bm (Lm)-]

Since all the matrices in the right-hand side are of order less than n—1,
the order of the left-hand side should be bounded for fixed n;

(1.2.6) ord(0,,L™—[B,, L")<n—1 for any m=0.
Suppose d,,L—[B,, L]#0. Then it is easy to see that

lim ord(@,, L™ —[B,, L"])= + oo,
which contradicts (1.2.6). Thus we have proved the first equation in
(1.2.2). Other ones among (1.2.2) can be obtained in the same manner
as above. Q.E.D.

The third equation with m=n=1 in (1.2.3) is the two-dimensional
Toda lattice, and this is the reason why we call (1.2.2) (or (1.2.3)) the TL
hierarchy.

Equations (1.2.2) and (1.2.3) arise as the compatibility condition for
the linear problem

(127 LW®™(x, ))=W(x, »)4, MWO(x, )=WO(x, 4,
(1.2.8) 3, W(x, )=B.W(x,»), 3, W »)=CW(xy) n=1,2, -

where W(x, y)=W)(x, y) and W®(x, y). (Hereafter we will often use

0

an abbreviated notation, W(“’)(x, y) instead of W(x,y).) This linear
system may be regarded as an analogue of the simultaneous eigenvalue
problem in the KP theory [20, 22, 23, 34] (see also the appendix in this
article).

We have the following theorem on an explicit expression of solution
matrices to the linear problem. The method of our proof is based upon
the ideas explored in Kashiwara’s lecture note [12].

Theorem 1.2. Suppose that L, M (1.2.1) are solutions to the TL
hierarchy. Then there exist solution matrices W (x, y), WO(x, y) to the
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linear problem (1.2.7), (1.2.8) such that
‘ W, y) =W (x, y) exp &(x, ),

(1.2.9) ;
WO(x, »)=W(x, y) exp &y, 4™,
and
W=, 1) =3, diag[#™)is; x, 147
(1.2.10) =0

s, 3= 33 4 ding i (54 153, 9)

with W{™(s; x, Y)=Ww§*(s; x, )=1 and W{"(s; x, y)Z0 for any s. Here we
have set &(x, A*)=727_; x,4*".
The solution matrix of such forms will be called wave matrices.
Wave matrices are uniquely determined up to arbitrariness

1.2.11) (&, y)—> =, ),

] 0
where f (“)(2)=Z;°=0 fi ”)Zi’ are formal power series in 1 with constant
scalar coefficients.

Proof. We proceed in steps. First of all we prepare the following
lemma. "

Lemma 1.3.. The TL hierarchy (1.2.3) is equivalent to

00n(L™) - — 3., (L") - +(L")-, (L™)-]=0,
(1.2.12) —8,,(M™)_+3,,(M")_+[(M")_, (M™)_]=0,
0z (M™)_+0,, (L") +I(L")., (M™)_]=0
or
— 00, (L")« +0,, (L") + (L"), (L™)]=0,
A213) 8, (M™),—0, (M"), (M., (M™).]=0,
0pn(M™)s 8, (L") — (L"), (M™),]=0.

Proof. We only show that the first equation in (1.2.12) is derived
from the TL hierarchy. Since the first equation in (1.2.2) reads as [9,,-+
(L"_, L™]=0, the first one in (1.2.3) implies

0=[0,,—L"+(L")., 05, —L™+(L™).]
=[0z,+ L"), 0+ L") ]1-1[0,,+ (L"), L™ —[L", 8, +(L™).]
=[0,,+(L")-, 8, +(L")-].



10 K. Ueno and K. Takasaki

Thus the first equation in (1.2.12) is obtained. Other equations among
(1.2.12) or (1.2.13) can be similarly verified. Q.E.D.

Applying this lemma we deduce the following proposition.

Proposition 1.4. Let L, M (1.2.1) be solutions to the TL hierarchy.
Then there exist matrices W (x, y), W®(x, y) of the form (1.2.10) satisfy-
ing the following equations;

(1214)  L=W® AW, M=W O, )47 WO, )7,

and
dotsy O OENHE) IO =0,

2. 8, W (x, 1) —(M™_ W (x, y)=0, n=1,2, ---,
aate O N—E) O =0,

3, W O, P+ (M WO(x, )=0, n=1,2, .

Proof. Thanks to Lemma 1.3, both (1.2.15) and (1.2.16) are com-
patible systems. Hence the Cauchy problems for them have unique

A (0
solutions. We observe that there exist WO(“’)(x, y) of the form (1.2.10)
satisfying

L=W§=)(x, AW (x, ), M=WO(x, )A WO(x, )

Let us consider the Cauchy problems for (1.2.15) anﬂd (1.2.16) with
initial conditions W (x, ¥)|,_y—o=Wi™(x, })|s=y=0 a0d WO(x, Y)|,oyoo=
Wi(x, ¥)|y=y—o- The previous remark assures that these problems have
unique solutions of the form (1.2.10). Then, by making use of (1.2.2)
and (1.2.15), one sees that
8, (LW — W [)
=[B,, LW — L(L")_ W 4 (L") _ W14
= —[(L")_, LYW — L(L"). W™ (L") _ W 4
=—(L")_(LW — W) 1),
and also that
8, (LW — W /)
=[(M™)_, LW 4 L3, W —3, WA
=10, W —(M™)_ W)+ (M™)_ LW
__(a“pf/o») WY e g
=(M")_(LW — W ),
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Hence one finds LW® — W 4 to solve the Cauchy problem (1.2.15)
with the initial condition

LW =W N,y g= LW = WD M) ooy 0 =0.

The uniqueness of solutions shows it toAbe a null solution, i.e. LW —
W= 4=0. Likewise one can prove MW O —W®4-'=0., Q.E.D.

We proceed to the proof of Theorem 1.2.

A (0
Proof of Theorem 1.2, Let W(“')(x, ») be the solutions to (1.2.14-16)

0
in Proposition 1.4. For them, we set W(”) (x,y) as (1.2.9). Since 4 and
&(x, 4*) mutually commute, (1.2.7) obviously holds. Moreover, by
making use of (1.2.7) and (1.2.15), one has

3o W= — (L") W+ W
=B W _ [ W 4 W
=B,W™ (since L"= W AW 1),

The other equations are proved by the same argument. Q.E.D.

Now we deduce a bilinear relation which characterizes wave matrices
of the TL hierarchy.
Let W™(x, y), W®(x, y) be wave matrices. Since

02, WX, ) WNx, ) 7'=0,,WO(x, ) WO(x,»)™" (=B.),
and

0y W (x, 1)- W (x, )71 =0, WO (x, »)- WO(x, )7 (=C),
one can show by induction that
(1.2.17)  3205W ) (x, ) - W (x, )~ =005 W O (x, ) - WO(x, )~

holds for any multi-indices a=(ay, s, - - ), B=(Bs, B2 - - +), Where 5=
05052+ - . Furthermore the infinitely many equations in (1.2.17) are
encapsulated into a single expression

W x, y)- WA, y) = WO(x, 3)- WO, y) !

(1.2.18)
for any x, x’ and y, y'.

In fact, considering the Taylor expansion of (1.2.18), one easily finds
(1.2.18) to be a generating functional expression of (1.2.17). This bilinear
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relation will play the crucial role in our scheme. _
The following theorem says that (1.2.18) completely characterizes
wave matrices.

Theorem 1.5. Let W™ (x,y), WO (x,y) be mairices of the forms
(1.2.9), (1.2.10), and suppose them to satisfy the bilinear relation (1.2.18)
Jor any x, x" and y, y'. Then they are wave matrices of the TL hierarchy.
That is, setting

L=WS(0x, AW (x, 3)7Y, M=WOCx, N4 WO(x, )7,

and B,=(L"),, C,=(M™_, we then have 3,, W(g’) (x, y)=18, W(‘g’)(x, »,
8,7 P, = &, ).

n

Proof. Using (1.2.17) with @=(0, - - -, 1,0, - - -), =0, one see that
0, W -ty W(m)AnW<w>—1=a“W<0> o1

Since W is a lower triangular matrix with unit diagonal entries, 8, W
SWe-1 s strictly lower triangular. Note also that aan("’-W(")“ is
upper triangular. Consequently, taking the (+) part of the above equa-
tion, one has

@, WO W(O)‘1)+ zaan(o) Lot
: =(W(°°)A"VAV(°°)‘1)+
=(L")+ (Since L= W(‘”)AW(m)-l)'

Thus 8, W - W -1=5, WO . WO-'=B,,
Now setting =0, =(0, - -, 1,0, - - -) in (1.2.17), one sees that
aynpf/m) . W(eo)—l:a“pf/@ WO L WO Lo,
The (—) part above yields
3y, W W= (WOL WO =C,.
Thus 8, W™ - W -l=9, WO . WO'=(C,. Q.E.D.

Remark. If matrices W™(x, y)*', WO(x, »)*! such as (1.2.10)
. (0
satisfy the bilinear relation (1.2.18), then W("")(x, y)~* are automatically

~A (0
inverse matrices of W("")(x, ). This fact can be proved as follows:
Setting x=x’, y=)" in (1.2.18), one has
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W o, )W = (x, y) =W O(x, )W O(x, y)~L.

But the left-hand side above is a lower triangular matrix all of whose
diagonal entries are 1, while the right-hand side is a upper triangular
matrix. Consequently the both sides should be the unit matrix.

The bilinear relation (1.2.18) can be considered as an analogue of the
residue formula for the wave function of the KP hierarchy [22] (see also
the appendix in this paper). To see this claim, let us define wave func-
tions by

W s x, y; A=W s; x, y; DA exp &(x, 2),
Wi (ss x, p; =55 x, y; DA exp §(—x, 4),
wO(s; x, y; H=wO(s; x, y; HA° exp &(y, 277,
wOH(s; x, y; H=wOH(s; x, y; DA°E(—y, 7).

(1.2.19)

Here w™(s; x, y; 2), etc. are introduced through the entries of the wave
matrices as follows;

L2, . cn (2 e

w (S:x5y9 2)"‘2 w (SaX,J’)Z ]

(1.2.20) , -

Y (55 x93 =3 0¥ s x, .
=0

&(x, 2) is defined by &(x, H=> 7, x,4".
By a direct calculation, we obtain the following formula.

Proposition 1.6. The bilinear relation (1.2.18) is equivalent to the
Jfollowing residue formulae;

ff W (ss x, y; YW X7, 5 ) ﬁ
2w

1.2.21
( ) 272

2ri

or any x, X', y, V' and any integers s, s’.
Ly

= f (s x,y; WO 53 17

Here the integration contours are taken to be a small circle around 2= .

At the end of this section, we give a brief comment concering a link
between the linear problem of the 7L hierarchy and that of the KP hier-
archy. For the purpose, we rewrite our linear problem (1.2.7), (1.2.8) in
terms of difference operators (§ 1.1).

It is easy to see that the first equation in (1.2.7) reads as
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(1.2.21) L(s; &)W (s; x, y; = 2ws; x, y; 2),

where the difference operator L(s; e’ is introduced through the entries
b,(s) of L (1.2.1) as follows;

L(s; e?)= > b, (s)e’.

—wj=1

Set B,(s; €%)=(L(s; €’)"),. The first equation in (1.2.8) now reduces to

1220 0, x, 3 )= Buls; @ ws: x, s 2.

There also exist difference operators M(s; e*), C,(s; e’*), which correspond
to M and C,, such that

(1.2.23) M(s; wO(s; x, y; H=2"'w(s; x, y; A),
] 0
(1.2.24) aww("")(s; x,¥; A=C,(s; eas)w(°°)(s; X, ¥; A).

Equations (1.2.21-24) constitute a difference operator version of the linear
problem of the TL hierarchy.
By the way, (1.2.22) with n=1,

0., W (85 x, ¥; D)= (e +b(sHW(s; x, y; A)

means that the action of the operator e¢’?s on w®)(s; x, y; 4) is identified
withv(azl—bo(s-i- J=1)- - -(@,,—by(s)). Thus we find a differential opera-
tor B,(s; d,,) of order n such that

axnw(w)(s; X, ), Z)=§1L(s; axl)w(w)(s; X, Vs 2)9 n:25 3, tt s

This is just the linear problem for the KP hierarchy [20, 34], so the com-
patibility condition for this gives the KP hierarchy.

The relationship between the T'L hierarchy and the KP hierarchy can
be also described as follows: Let y=)" and s=s"in (1.2.21). Then we
have

ff W s; x, 3 IWH(s: o, y; ) T =0,
. 2ri

which is nothing but the residu¢ formula in the KP theory. Hence each
w)(s; x, y; A) (resp. w*(s; x, y; ) is, viewed as a function in x, a wave
function (resp. a dual wave function) of the KP hierarchy [20] (see also
the appendix 1 in this article).
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1.3. 7 functions and Hirota’s bilinear equations

As was seen in the introduction, ¢ functions of the Toda lattice satisfy
the Hirota’s bilinear equations (0.3). In this section we will formulate ¢
functions for the hierarchy, and show the hierarchy to be bi-linearized by
means of = functions. The existence of = functions for the KP hierarchy
(or the multi-component KP hierarchy) was formulated in [20, 22],
however any algebraic proof for this has not been presented.

Let w¢(s; x, ¥; 4), etc. be the formal power series defined by (1.2.20)
for the wave matrices. The main theorem in this section is the following.

Theorem 1.7. ¢ functions ©(s)=z(s; x,y) of the TL hierarchy are
uniquely determined up to a constant multiple factor so that

z(s; x—e(277), »)

W (s; x, y; D)=

(85 x, )
W k(s x, 3 A)= o(s; x+e(A7), ») ,
7(s5 X, ¥)
(1.3.1)
WO(s; x, 3 )= ts+1; x, y—e(2) ,
o(s; X, )
W“’)*(S; x, y; )= o(s—1; x, y+5('2)) ,
o(s; X, ¥)

where ()=, 525+, ).

The proof will proceed in steps. By virtue of the bilinear relation
(1.2.18) and the identities
(1.3.2)  exp&e@™), H=(1—2"4D",
(1.3.3) (1—2;‘/1)"(1~,22—1/1)'1=723227{(1~2;1/1)'1—(1-—2;’/1)“1}/1",
-

2
we deduce the following proposition.
Lemma 1.8. For any x, y, 2y, 1, we have

WeN(s; x, y3 AW ¥ (s 15 x— (A7), y—e(2); 2y)

(1.3.4) N .
=wO(s; %, y; RIVO*(s+ 15 x— (A7), y—e(2:); 2),

W s; X, y; AWK (s x—e(A7) —e(47), v 4)

1.3.5) A )
=W (s; X, ¥; WEK(s; x— (A7) — (A7), ¥;5 A),
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WwO(s; x, ¥; AWO*(s+2; x, y—e(A) —e(Ay); A1)

1.3.6
(1.36) —O(s; 5, 33 AIPOR(2; %, y—e(R) — ) 2.

Proof. Letting x’=x—e(47"), ¥y =y—¢(2,) in (1.2.18), one has

37 W (x, y) exp 8T, D)W O (x—e(A7Y), y—e(2,)) ™
" =W O(x, y) exp &(e(X), AW O(x—e(47Y), y—e(2)) %

Applying (1.3.2), one sees that

the 1.h.s. of (1.3.7)
=W ), Y1 =27 A) W O (x— (A7), y—e(A)

=37 diag[9§(s; x, )14~ 3 (G A)*
=0 =0

XZ/I Ldiag[Wi*(s+1; x—e(A7h), y—e(2))]
={ 23 (Z Ar* diag[wi=(s; x, YDA®

—coln<0 n=k
Jikz

+ 2 (Z A7 diag[Wi™(s; x, y)DA™}

0=n< 4o n=k—j
Frkz0

X 37 A" diag [ ¥ (s 415 x—e(A), y—e(2)]
m=0
={ 3 (3 " diaglf(s; x, y)DA"
k=0

—oonl n=k-—

Jrkz

+37 47 diag[9e(s; x, y; )14}
n=0

X 37 4™ diag e+ 1; x— (A7), y—e(A))].
m=0

Hence
the 0-th coefficient of the 1.h.s. of (1.3.7)
=W (s; x, y; AW¥(s+ 15 x— (A7), y—e(d;); 2).
Likewise one has
the 0-th coefficient of the r.h.s. of (1.3.7)
=WO(s; x, y; WO¥(s+1; x—e(A7), y—e(2y); 4.

Thus we have proved (1.3.4).
Next we set X' =x—ze(A7)—e(4;), 3=y in (1.2.18). Then



Toda Lattice Hierarchy 17

13.8) WX x, y) exp EE()+e(5), HW ) (x—e(A7) —e(X), »)
o =W OCx, W O(x—e(r) — (35, )
By means of (1.3.3), one has
the Lh.s. of (1.3.8)

N i} diag[W§™(s; x, y)] A~ f: {4 = @A)
22—21 j=0 k=0

X 37 A~ diag[R{=*(s; x— (D) — (), )14,
=0

Consequently
the (— 1)-th coefficient of the 1.h.s. of (1.3.8)

——%%{W(s; X, 3 W53 X —e(Ar) — e, Vi A
g T Ay

—WEU(s; x, y; BIWH (5 x—e(A) —e(A5), ¥; M)}

On the other hand, the (—1)-th coefficient of the r.h.s. of (1.3.8)=0.

Thus we conclude (1.3.5). Equation (1.3.6) can be similarly verified.
Q.ED.

Corollary 1.9. For any x, y, 2, A, A, we have

W (s; x, y; DWE*(s+1; x—e(27Y), y; D)
=W"(s; x, YRP¥(s+1; x—e(279), ¥),

(1.3.10)  W%s; x, y; YW (s; x—e(27Y), y; D=1,

(1.3.9)

(L3.11)  WO(ss x, p; YWO*(s+ 15 x, y—e(d); D=1,

PO*(s+1; x+e(AT), YIF*(s; X, ;5 2)
XKW (g4 1; x+e(A7D), y; Ay)

(1.3.12) .
=WO*(s+1; x+-e(27), Y)W*(s; x, 5 )
XWH (415 x-+e(A7Y), ¥; ),
(1.3.13) WOR(s; x, y+e(A); W O*(s+1; x, y; )

=WO¥(s; x, y+e(A); A)WO*(s+1; x, y; A,).

Proof. Equations (1.3.9) and (1.3.11) follow from (1.3.4) with 2,=co
and 4,==0, respectively. (1.3.10) is deduced from (1.3.5) with 2,=0. By
making use of (1.3.5) and (1.3.9), one sees that
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WPH(s+ 15 x—e(A7D), YW (s; x—e(A7) —e(457), ¥; 4)
XwEH(s+1; x—e(A5Y), y; ;)
=WO*(s+1; x—e(A7Y), PW*(s; x—e(AT) —e(A5D), v; Ap)
XWE¥(s4+1; x—e(A7h), ¥; A)-

Replacing x—e(47Y) —e(2;%) by x in the above, one obtains (1.3.11). One
can show (1.3.12) in the same way. Q.E.D.

Set
log W=¥(s; x, y; D=3, 152,
Jj=1
log w®*(s; x, y; 2)=i tP(s)2.
j=0

_ We note that the action of the nonlocal operator exp (8(3,, 27Y)
0,=0,,, 0, %0, + - +)) is given by

exp (63, ) (%) =f(x+e(A7).
Let p,(x) (j=0, 1, - - -) be a polynomial introduced through

(1.3.14) @D =37 p )X,
=0
More explicitly,
px)= u
v1+2vg+ oo+ Juj=4 yll. . .vj!

Now we are in position to prove Theorem 1.7.

Proof of Theorem 1.7. (1) First we show
(1.3.15) POt O(s) =1 (s—1)—£5)(s) for j=1,
(1.3.16) Py @tE()=pu(0.)15(s) for j, k=1,
(1.3.17) 9., log W *(s; x, y; A)=(exp (8(0,, A~)) — Dt{™(s).
Taking the logarithm of the both sides of (1.3.12), one gets

exp (£(0,, 4Y) log w*(s+1; x, ) +log W= %(s; x, u; )
+exp (£(0,, A7) log W *(s4-1; x, ¥; 25
=exp (§(3,, A7) log W*(s+1; x, y)+log we*(s; x, ; 4)
+exp (60, A1) log W*(s+1; x, y; 2).
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Expanding the both sides into power series in 4, and 2,, one sees that

io DGO+ DAz -+ i‘l £ s+ Dag?
j= j=

(1.3.18) )
=105+ D+ £59(5)257,
=1
and
> 1P+ 3 2 PG+ DA
J= J=1 =

(1.3.19)

J

=5 PGP+ DI+ 3 P+ Dir i

Equations (1.3.15) and (1.3.16) are derived from (1.3.18) and (1.3.19),
respectively. Equation (1.3.17) is a generating functional expression for
the special case of (1.3.16), 8,,2)(s) =p(3.,)t{(s) (j=1).

(2) A similar consideration for (1.3.13) as (1) enables us to obtain

(1.3.20) PAONO()=1P(s) —t (s 4+ 1) for j =1,
(1321)  pB)PE) =B )OG) for j, k=1,

(13.22) ayl(log %) = (exp (6, 1) — Dr(s).

(3) We wish to prove
1323 pG)r@=pCIP+D  for j k=1
Notice that (1.3.4) leads to

WENs; x+e(47), y+e(A); AW ¥ (s+1; x, ¥5 4)

(1.3.24) A
=WO(s; x4+e(A77), y+e(4y), IO (s+1; x, y; 4).

On the other hand, replacing x, ¥ by x—e(4;"), y+e(4,) in (1.3.10) (resp.
by x+e(A;h), y—e(4,) in (1.3.11)), one gets

W (s; x4, y+e(d); ) =W (s; x, y+e(4:); )7,

WO(s; x+e(A), y+e(d); 2)=WwWO*(s+1; x+e(Ay; 4) 7"
Substituting these into (1.3.24) and taking the logarithm of the both sides,
one sees that

—exp (§(0,, &) log W¥(s; x, p; ) +log w*(s+ 15 x, ;5 )
= —exp (£(0,, A7) log WO*(s+1; x, y; A) +log WO¥(s+1; x, ; ).
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Compairing the coefficients of 4772 (j, k=1) in the Laurent expansions
of the both sides, we conclude (1.3.23).
(4) Consider the following equations;

log W% (s; x, y; A)="(exp (§(0,, ") —1) log «(s; X, »),

IO Y5 D — (exp (66, D) 1) Tog (s 13 x, )

lo
£ W*(s; x, ¥)

asGsix )= CED D, ez

Equations (1.3.15-17) and (1.3.20-23) constitute the compatibility condi-
tion for the above equations to be solved. (We should observe that p,(d,),
2,8, (j=1,2, -++) form generators of the ring of differential operators,
Cl0,, 0ps «* #5 04y 0y - - +1.)  Consequently the solutions {z(s; x, ¥)}eez
are uniquely determined up to a constant multiple factor. Then we have

W5 x, y; A)= o(s; x+e(277), »)

T ws; %,

Z)= T(S; x’ y+5('2)) .
7(s; x, )

WO*(s; x, y;

Substituting these into (1.3.10) and (1.3.11), we obtain the rest of equations
among (1.3.1). This completes the proof. Q.E.D.

Remark 1. Theorem 1.7 can be also proved by means of the residue
formula (1.2.21).

Remark 2. The arbitrariness (1.2.11) of the wave matrices corre-
sponds to modifying = functions as

z(s; x, y)——>a® exp (b—{—i (c,x,+d, yn))r(s; X, ),
n=1
where a, b, ¢, and d, are constants independent of s.

Now let us discuss the bilinear equations of the Hirota-type satisfied
by ¢ functions of the 7L hierarchy. We prepare a lemma.

Lemma 1.10. Let a=(a,, a,, - - -) be indeterminates, and p ,(x) be as in
(1.3.14). Then

(1.3.25) jZilo P0Ju(x—a) Py (0 )0(x+a)=p () u(x —a)v(x+a)}
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holds for any integer k=0.

Proof. One sees that

the 1.h.s.=§l’“‘lu(x—a—e(l"’))v(x-{—a-f-e(l"l))“zél—
Tl

=§ 2 exp €6, 2 Dulr—apet-+ )} 2

=§ 271 32 pBx {ule—ayole+-a)} 2
i=o 2z
=the r.h.s.
Here the integration contour is a small circle around 1= co. Q.E.D.

Theorem 1.11. Let a=(ay, ao, « - +), b=(bs, by, - - -) be indeterminates.
¢ functions of TL hierarchy solve the following Hirotd’s bilinear equations

gﬂpmu(—Za)pj(ﬁx) exp ({a, D,Y+<{b, D,Me(s+m~+1)-z(s)

oo

(1.3.26) =Zop-m+j(—2b)Pj(5y) exp ({a, D) +<b, D,p)e(s+m)-z(s+1)

for s, me Z,

where D,=(D,,, i+D,,, - - ) are Hirota’s operators, and

<a; D.z‘> = i anDzn'
n=1

Proof. Letting x—~>x-—a, x'—x+a, y—y—>b, y'—y-+b in the bi-
linear relation (1.2.18), it reduces to
W x—a, y—bYW = (x+a, y+b)*

1.3.27
A ) =WO(x—a, y—b)WO(x+a, y+b)*

Substituting (1.3.1) into the above, one has

the 1.h.s. of (1.3.27)
=W ) (x—a, y—b) exp (§(—2a, W “(x+a, y+b)~!
< pi(au)z-(s X—a,y— b) -1 2 i
; [ o(s; x—a, y—D>) ]A XZPJ( a4

S - di [pk(aa)f(S+1,x+a,y+b)]
2 e z(s+1; x+a, y+b)
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= >, diag

4 7,k20

X A=,

[pj(——Za) -P0.)e(s; x—a, y—b) - p(0)r(s +j—i—k+ 1)]
t(s; x—a, y—bye(s+j—i—k-+1; x+a, y+b)

Set
&) ={e(s; x—a, y—be(s+m+1, x+a, y+b)}~".
Then, applying (1.3.25), one gets
the m-th coefficient of the 1.h.s. of (1.3.27)
=5 5 el —2000)e(s3 x—a y—b) 2,(0.)
Xt(s+m+1; x+a, y+b)
= (95, P —20P0,)e(s x—a, y—Bye(s+m+1; x+a, y+5)}

= () 35 P —20)pu(5) exp (K@, 0.)+, 02)
X{t(s; x—¢, y—d)e(s+m+1; x+¢, y+d)},ma=0
=3 Pni(—20)p(D.) exp (@, D> +<b, D,))
Xo(s+m-+1;x, ¥)-7(s; x, ),
Similarly one has
the m-th coefficient of the r.h.s. of (1.3.27)
=5 5 Ponos(— 2P @)els 13—, y—b)p,G)
Xz(s+m; x+a, y+b)
=(5): 3 P-ni —20)pu(D,) exp ((a, D.)+<b, D,)
Xt(s+m; x, p)e(s+1; x, ).
This concludes the desirous result. Q.E.D.

Equation (1.3.26) means a generating functional expression of the
bilinear equations of the Hirota-type satisfied by r functions. For in-
stance, non-trivial equations among (1.3.26) are

(1.328) D, D,z(s)-o(s)-+2e(s— 1) - (s +1)=0,

PeD)els—k+1)-2()=0,  puD)e(s+k—1)-2(s)=0

1.3.29
( ) for k=23, ---,
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2, 2= 2000,i(D.) exp ((a, Do)e(s) - (s)=0,
(1.3.30)

>, PA=25);.4(D,) exp (¢B, D,Y)e(s) - (s)=0.

Equation (1.3.28) is nothing but the Hirota equation for the Toda lattice,
0
and (1.3.29) means the condition for W(“)(x, ¥)7* to be the inverse matri-

0
ces of W(‘”)(x, ») (see Remark after Theorem 1.5). Equation (1.3.30)
shows that our ¢ functions become those of the KP hierarchy (see the
discussion after Proposition 1.6) [22].

We give a decisive result concering a relationship between the TL
hierarchy and the 2-components KP hierarchy. Let 7, _(x®, x®) be the
7 functions of the 2-component KP hierarchy introduced in [22]. Then
we deduce;

Theorem 1.12. Our ¢ function z(s; x, y) given in Theorem 1.7 coin-
cides with ¢, _ (x®, x®) except for a simple factor;

1330 z(s; x, )=(=)yeD", _(x®, x®) with x=x®, y=y®".

Proof. Hirota’s bilinear equations satisfied by z,, _,(x®, x®) [22]
coincide with (1.3.26) by the above correspondence. Q.E.D.

This theorem asserts that the 7L hierarchy can be embedded into the
2-components KP hierarchy. However we should observe that the
totality of z functions of the 7L hierarchy does not exhaust that of = func-
tions of the 2-components KP hierarchy because a null - function
z(s; x, y)=0 should be excluded in our theory.

Finally we give another remark on ¢ functions.

As was mentioned in the introduction, we can slightly modify <
functions as follows;

(1.332) (53 3 9) =253 3, ) exp (3 mxuyn )
n=1
This modification changes the expression of the wave matrices to
Q) 5 (2) :
(1.3.33) W =(x, »)=V"""(x, y) exp (§(x, )+ &(y, 47),
where

(1.3.34) P&, )= 5, diag 163°)Gs; x, y14*7.
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Set

o

655, 33 9= 561 3, 2

Then they are represented by the new ¢ functions as

D= o/(s; x—e(27), ») ,
(s %, Y)
(s+1; x, y—e())

7%y

0(s; x, y;
(1.3.35)

00(s; x, y; )=

1.4 Periodic reduction of the Toda lattice hierarchy

Let I be a positive integer. The [-periodic Toda lattice ((TL),) is a
subfamily of the Toda lattice with the constraint u(s)=u(s+!) for any s
{or it is obtained from the Zakharov-Shabat equation (0.2) by imposing
therein the constraint b(s)=b(s-+-/), c¢(s)=c(s+!) for any s). That is,
(TL), is a system of differential equations given by

8,0, () =¥ 1= _ gutssn-ues), §=0, -, [—1

(1.4.1) with u(—1)=u(l).

We can impose a further constraint > =} u(s)=0 without loss of gener-
ality.
The one-dimensional Toda lattice is defined as

(1.42) —i—ailu(s)ze““')“““") N T YA

where u(s)=u(s; t,). These subfamilies are subholonomic systems in the
sense that their general solutions have arbitrariness of one-variable func-
tions.

In this section we will study the hierarchies attached to these sub-
families. Our main interest is how the hierarchies are reduced from the
original one.

To describe the (T'L); hierarchy, we need some preliminaries about
Lie algebras.

Let us denote by gl(co) the Lie algebra defined by

' gleo)={ 33 aBylay=0 for li—j>0}.

Let gl(co), (resp. gl({c0)),) be the subalgebra (resp. formal subalgebra) of
gl(oo) (resp. gl((0))) given by
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gf((OO))L={i ;/_::Z a;;Ey; € gl((00))|ayy=ay4,,4+, for any 7, j},

gl(c0),=gl((=0)), N gl(0).

It is well known that the map,

gl(Z, CIIE, T ID——>gl(=0))

w
A, 4,
AQ=3 AL —> A, A4, A5
A, A, -

tJ

defines the Lie algebra isomorphisms gi(/, C[[Z, ') = gl((e0)), and
gl(/, C[C, L") = gl(o0);. This isomorphisms can be interpreted also in
the following manner: Set

0 1

4©=] . L | €8 cle e,

Then (1.4.3) reads as
AQ)= 3, diag(@0), -+, a0~ ALY

(1.4.49)
A=Y diag(a,0), - - -, a(I—1) 4
fez
where diag (aj(O),‘ -+, a,(I—1))® stands for an l-periodic diagonal matrix
diag(' ¢ 'aj(o), s aj(l_'l)a aj(0)7 MRS aj(l_l)’ v ) € g[(oo)
Now we define the (TL), hierarchy. We impose on the T'L hierarchy
the additional constraint

(1.4.5) L'=/A"  M'=A"

The system of nonlinear differential equations (1.2.2) with this ‘constraint
constitutes a subfamily of the TL hierarchy, and is said to be the I-periodic
TL ((TL),) hierarchy. This is a subholonomic hierarchy.
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The [-periodic condition (1.4.5) may be regarded as an analogue of
the lreduced condition of the KP hierarchy [25]. In fact we have the
following proposition.

Proposition 1.13. Let L, M be solutions to the (TL), hierarchy, and
W (x, y), WO(x, y) be the corresponding wave matrices given in Theorem

1.2, Then L, M, W(x, y) ¢ gl((c0)),, and

wag = HOmn=1wO0y, 8,0 n=1-wD
Jor n=0 mod |/,

and
(1.4.7) d,,L=0, M=0, 9,L=0d, M=0 for n=0 mod /.

Hence the (TL), hierarchy involves the Il-periodic Toda lattice, and its
solutions are independent of the variables x,, y,(n=0 mod I).

Proof. Since L=W AW -1 M=W®O A~ ®-1 the [periodic
condition (1.4.5) implies

[47, W ]=[4", W®]=0  for n=0 mod /,
0
so that W(“), L, M e gl((c0)),. Thus the first assertion is proved. By the

definition of B,, C, and (1.4.5), one sees that B,=A4", C,=A4"" for n=0
mod /, from which (1.4.6), (1.4.7) follows at once. Q.E.D.

Let us interpret the periodic condition (1.4.5) in terms of = functions.
Let <’(s; x, ) be = functions as in (1.3.32). Taking into account the
arbitrariness of the wave matrices (1.2.11), we deduce the following corol-
lary to Proposition 1.13.

Corollary 1.14 (cf. [25]). Suppose L, M to be solutions to the (TL),
hierarchy. Then there exist a suitable wave matrices such that the corre-
sponding t functions are subject to the following conditions;

(1.4.8) (55 x, W)=7(s+1; x, ),
(1.4.9) 0,7 (8; X, ¥)=0,,7'(s; X, ¥) for n=0 mod .

Conversely, if T functions satisfy the above conditions, the corresponding L,
M solve the (TL), hierarchy.

Proof. First of all recall Remark 2 before Lemma 1.10. From the
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periodic condition, it follows that

P4(0.) log (z(s)/=(s+ D)= p,(©,) log (z(5)/z(s+1)) =0

for any s. Hence an appropriate modification such as 7’(s)—a’z'io)
makes ¢ functions satisfy (1.4.8). Thus we may assume (1.4.8) without
loss of generality. Set

WD =P exp (6x, M) +2(r, A7) (see (13.33)).

From (1.4.6) one obtains a,j(g)zawﬁ(g)z 0 for n=0 mod /. - There-
fore

9;, log /(s)=Cte. (=c,),

8,,log 7'(s)=Cte. (=d,) for n=0 mod /.

Since the constants ¢,, d, are independent of s, the modified = functions

€Xp ('—' ZO CnXap + dnyn)r/(s)
mtfi l

satisfy the both conditions. Q.E.D.

We investigate more explicitly the linear problem for the (T'L),
hierarchy. Proposition 1.13 allows us to identify L, M, W(‘g’)(x, y) with
L), M), W(‘g)(x, v; {) under the isomorphism (1.4.4). They take the
following form;

(1.4.10) LO=WA(x, y; D4QW < (x, y; 07,
M@Q=Wx, y; QAL WO(x, y; D)7,

and

W (x, y; O =W(x, y; C) exp &(x, 4(0)),
(1L4.11)  WO(x, ;=W O(x, y; £) exp &(», 40,

W(ooo)(x, y: C):g] diag[ﬁzgg’)(o), - Wj(i)(l_l)](l)Al(C)tj,
where exp §(x, 4(0)= S %, A0, and $(s)=15s; x,5) are the

entries of wave matrices.
We have the following proposition.

Proposition 1.15. (1) W™ (x, y; ) and WO(x, y; ) solve the
linear problem
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(1.4.12) 0., WQ=B.OW©, 9, W(O=C.OWO),

where B, (0)=(LQ)")., C.(Q)=M(&)")_. The symbols (). stand for the
nonnegative power part and the strictly negative power part with respect to
ALL). ' The compatibility condition for (1.4.12),

0ynCr(8) —0,,Cal0) +C(0), Cu(D)]=0,

gives the (TL), hierarchy.
@ B.O, CUYesl(, CIL LD

Proof. (1) The assertion is clear because B,({), C,({) are identified
with B,=(L"),, C,=(M™)_ under the isomorphism (1.4.4).
(2) From (1.4.10) and trace 4,()*'=0, we obtain (2). Q.E.D.

In particular, the proposition gives us the Zakhardv-Shabat repre-
sentation for the /-periodic Toda lattice (1.4.1) [17];

amBl(C) —3,,C(O) +[B(0), Ci(D)]=0,
where
bO 1 ) 0 £e(0)
PO
B(0)= '.1 > C@O=| . .
¢ (I —1) L =1 0

The one-dimensional Toda lattice (7L) hierarchy is defined as the
TL hierarchy with the additional constraint

(1.4.13) L+-L't'=M+M-"
First we show the following lemma.

Lemma 1.16. The condition (1.4.13) is equivalent to

@3, )W D x, )= W tr 4 477,

Proof. Suppose (1.4.13). Then L"+L"=M"4+M "™ holds for
n=1. Considering the (4-) part of the both sides, one easily gets B, +-C,
=L"4+L"=M"+M " Hence one sees that ‘
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(axn + avn) W(w) = (Bn + Cn) W(M)
=(L"+ L)W=
=WeA+ 477,
and also that (3,,+0, YW@ =WO(4"+A-"). Thus (1.4.14) is proved.

Next we verify the converse. By making use of (1.4.14) with n=1, one
derives

@uH0,) W =W A4 A7)
=(L+LYW,

which yields B,+C,=L+L"'. Likewise one has B,+C,=M-+M",
This completes the proof. Q.E.D.

To show that the one-dimensional T hierarchy actually contains
the one-dimensional 7L, we investigate the linear problem for the
hierarchy.

0
Let us express W' *)(x, ) as (1.3.33). Then from (1.4.14) it follows
that

(1.4.15) @ 49,07 e )=0  for n=1,

(0
so that 7*)(x, 3) depend on only t=(t, £, - - )=} (i =12, $Cc—2),
-+-). Namely, V©(x, y)=V(t). We set

V)=V (1) exp (&(t, H+&(—t, 47Y).

Proposition 1.17. (1) If L and M solve the one-dimensional TL
hierarchy, then they depend on only t.

(2) Under the same assumption as above, V() solves the linear
problem

Bi+CYHV(O)=V(t)( A+ 47,

(1.4.16)
3, V() =(B.—CHV(t), n=1,2, ---.

The compatibility condition of this system amounts to the one-dimensional
TL hierarchy
(1.4.17) 9, (Bi+C)=[B,—C,, Bi+C], n=12, ...

_ Proof. (1) From (1.4.15) and L= Ve (x, YAV ) (x, )L, M=
VOx, AV O(x, y)-', the statement is evident.
(2) It is sufficient to prove the second equation in (1.4.16). Since
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V@)= W) exp (65 e, 4)+6( e, 7)),

and 9,,=d,,—a,,, we have
0.,V (1) ={(0:,— 0, )W (x, »)}
—1 —1 -1
Xexp ($<T(x+y), A>+§(—2‘(x+y)’ 4 ))
=(B,—C)V(?). Q.E.D.

The Lax representation [9, 27] of the one-dimensional TL is derived
from (1.4.17) with n=1;

0,(B:+ C)=[B,—C,, B,+Cl],
where
S
'...b(—l) 1
B+ C— £c0) b0) 1
e(1) b(l)'.',

The entries of B,+ C, are related to the unknown functions in (1.4.2)
through b(s)=10,,u(s), c(s)=e*®-ut=D,

Finally we remark that the condition (1.4.13) are interpreted in terms
of = functions as follows: Let z’(s; x, ¥) be as in (1.3.32). The condition
(1.4.13) is true if and only if 7’(s; x, ) can be chosen so that they satisfy

(1.4.18) ©.,+9,,)(s; x, »)=0 for n=1.

2. The Toda Lattice Hierarchies of B-type and C-type

2.1. Generalized Toda lattices and orthogonal Lie algebra o(cc) and
symplectic Lie algebra 3p(co) ;

First of all we will give a brief account of the generalized periodic
Toda lattices studied by Bogoyavlensky [4] and Mikhailov, Olshanetsky
and Perelomov [17].

Let {ay, - - -, &)} (0,=(af?, - - -, &) € RY) be a simple root system
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attached to the extended Dynkin diagram of Euclidean Lie algebras of
the types B, C{", AP, D{®,, A®,, etc. For the simple root system of
AP, {e;—ep (i=1, -+, 1), e,—e,,,} should be taken, where {e;},<.c; is
the standard basis of R**'

Let u(s)=u(s; x, y) (s=1, ---, 1), and set {a,, ud=> L, aPu(s).
The generalized periodic Toda lattice associated with the Euclidean Lie
algebras are defined by

1+1
2.1.1) 05,0,,u(8)="2_ af exp {a, U).
k=1

and will be denoted by (7L) B and so on. The /-periodic Toda lattice
(TL), is just (TL) s, in this notation.

Table
Lie algebra Dynkin diagram simple root vectors
o1 az 4425 ay Q;=€;—E€;41 (i=1,-",l——1)
BO o——I— ceesan ——50
i
=€, & ——e1—¢e
a1 l s Qi+l 1 2
a=e;—esy; (=1,.--,1—1
o a1 oy ey o % 1 i+1 3 » )
Cl [o mmamete —0<—0
op=2e;, oy 1=—2e;
oy o X2 %-1 | @y=ei—eyn (=1, ---,1-1)
D ° I I °
ay=e;.1+e;, ®1=—e1—ey
ape1 dy 1=er-1t€, A4 1
ar o 2475 S 11 a=e;—eyn (=1,---,1-1)
...... —O<—0 ¢ v h ’ ’
A®
31-1
ay=2e;, Qi 1=—€1—e3
1 7%) 14 s 141
ay=e;—e; i=1,.-.,1—1
\ 041 a; ‘xl-l o 1 % i+1 ( ) 3 )
Aél) 50— ¢ s s e a0 ——>0
ar=e;, oa=-—2e
_ a=ei—epy (=1,---,1—1)
@ Qre1 0 -1 Ay
Dl+1 OL—— s s ¢ ¢ o o+ —(T—>0
ap=e;, Qi 1=-—€;1
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For instance, (TL)pg,, (TL) s, (TL)c are as follows:

azlaylu(l)ze"(l)-u@) ___e—u(l)’
(2.1.2) (TL)DﬁQl axlaylu(s)z —ermD - | puw-uerd (DL g< [ 1),

azlaylu(l) —_ eu(l—l) =u(l) + eu(l)’

a,laylu(l) — et -u@ __ 26'2“(1),
(213) (TL)A;? 6,16y11¢(s)= _eu(s—l)—u(s) —l—e”(s)—“(“l) (2§Sél— 1)’

azlaylu(l) —_—— eu(l—l) —u(l) + eu(l)’

azlaylu(l)ze”(l)‘u(z)__2e—2u(1)’
(214)  (TD)gpo {0,9,(s) = — e =40 guor-uteed (05 1),
amlamu(l):- RO, PO

In particular, (TL) g
0,0, u=e"—2e"™

is referred to as the Bullough-Dodd equation [17].

Now we will explain the Lie algebras 0(co), 3)(c0), and their /-reduced
subalgebras 0(o0),;, 8p(o0),, which were discussed in [23, 25].

0(o0) is the orthogonal Lie algebra on CZ={f(D=> fia* e C[2, 27}
equipped with the symmetric inner product

(£ 9o= 3 (—Vfig=[ FDe(=2dk

1+ 7=0

(rnewec?, aa=2),

i
Namely it is defined by

0(c0)={4 € gl(co) | JA+*AT=0}

2.1.5) o
={ 2 ayE;; e gl(co)|a;;=(—)"*"*"a_;_; for any iLjh
LJEZ

where J=((—)"0;,_,;):,;ez is @ symmetric matrix. The generators for 0(co)
are given by

Z’lj:(_)jEi, —j—(—)iEj,-—i'

Clearly A" € o(co) for odd n. We observe that if 4 e 0(co), then J4"4
(—)"**t4"J=0, and (4). € o(0). -
The I-reduced subalgebra o(co), is defined as
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9(00),=0(c0) N gl(e0),
(2.1.6) ={i ;_elz a;, Eyy e gl(e0) |ay=(=)""*a_; ;=15
for any 7, j}.
The formal Lie algebra o((c0)) is defined by replacing gl(co) by gl({oo)y
in (2.1.5), and 0((c0));=0((c0)) N gl((c0));.
For the lreduced subalgebra, we have the following Lie algebra
isomorphism,

Lemma 3.1 [25].
0(00), ={4(Q) e gl(/, C[E, £~D | T(DAD) +°A(— )T (£) =0}

@17 Jor odd 1,
o ~{AQ) € 3l{, CIZ, LD TLDAE) + AT (&) =0}
Jor even 1,

where

1

(g
Ji(0)= K )
C—-l
-t

Proof. Define a bilinear form { , »;; C?XC?—CI[L, Y] by
(fgd=T, U

=3, [rr@e-aac.

o(co), is the invariant Lie algebra for the bilinear form. In fact, 4 ¢
gl(oo0) leaves it invariant if and only if

AN+ ANTA=0

holds for any v ¢ Z. Letting v=0, 1, we see *AJ+JA4=0, and [4, 47}
=0. Hence 4 € 0(c0),. The converse assertion is evident.

It is easy to see that {f, g>,(0)={g, L) for even I, and that
{f, 82d0)=(g fH—0) for odd L

Note that CZ# are identifiable with C'QCIZ, & 1={f(Q)=>_,1’;

Yfi=(fior + - s f3.1-1) € C'} by the correspondence
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(2.1.8) Q= jzfjcf,_>§ ‘ZO £ A F(2),
For f(©), g(§) € C*'QCI[L, '], we introduce a bilinear form by
H(OI(De(©) for even I,

fOIQ)g(—8) for odd I

The left-hand side of (2.1.7) defines an invariant Lie algebra for this
bilinear form. Therefore, in order to prove the lemma, it is sufficient to
show that

(2.1.9) (S NO=LF Fru0),

holds under the isomorphism (2.1.8). Let / be even, and set foO=r¢
(f=(f -+, fi)). Then one sees that

(f, 0= {

LDO=(13+ 5 ()" ufiat ),

and that

LPUO=Tft [ #1d3E+ 5 (=) fuficn 3 [20070 120

=(£, (®.
Thus (2.1.9) is proved for even /. For odd /, the proof can be done in a
similar way as above. QE.D.

3p(oo) is the symplectic Lie algebra on CZ equipped with the skew-
symmetric inner product

(h8do=, T (~)figs=| #e(~d2
That is to say,

8p(c0)={A € gl(c0)| KA+ ‘4K =0}

(2.1.10) teiet
={i %:Z ayE; e g[(oo)]aij=(—) * a-j—l,—i—l}’

where K =/J is skew symmetric. The generators for 8p(co) are given by
Zw‘z('—‘)jEi.-j—l"_(—)“liji—v

A" e 3p(o0) for odd n as in the case of the orthogonal algebra. We note
also that if 4 € 8p(c0), KA"+(—)"*'A"K =0, and (4), € 3p(c0).
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The /-reduced subalgebra 3p(co), is defined as
3p(00),=3p(o0) N gl(c0),

2.1.11) o
={”Z€:Zai,-E“ € gl(oo) [ay=(=)"*"""a_; 1, s 1=y, 501}

The formal Lie algebra 8p((co)) and 8p((c0)), are defined as in the ortho-
gonal case. The following is an analogue of Lemma 2.1.

Lemma 2.2. We have the following isomorphism

8p(00), 3{A(Q) e gl C[E, D KUDAQ) + A(— DKL) =0}

2.1.12) Jfor odd 1,
o ={AQ) e 81, CIE, D] KO AQ) +AQK () =0}

for even |,

where
—1
1
(_)Z—lc-—l
KL(C)z e T .
g
C—l

The orthogonal “group” O(oo) and the symplectic “group” Sp(co)
are defined as

(2.1.13) O(00)={W e GL(c0); J =1 WJ =W -1},
(2.1.14) Sp(c0)={W € GL(c0); K~ ‘WK =W "1},

Remark 1. The odd-reduced subalgebra 0(c0),;,, and 8p(o0),, ., are
isomorphic to each other under the outer automorphism of gl(2/+1,

CIL, D,
A>T (Ao (—E D) AC ) Ay (=),

1
where A4,,,.(€) was given in §1.4, and J =( K ) ) This fact is proved as
1

follows: Let A({) € 0(00)y.; i€, *A(—E) Ty (O)+ 5 1(D)A(D)=0. Set
S (4 BT O/ PN () il SN (o107 IR 4 it
AQ) = (Ao — )" AQY Ay o (O
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Then it is seen that ‘A(—OJy . Q)+ 0 (OA()=0. Notice that
jtjzl-rl(oj:(_)lC—lKZHl(c)'
Hence one has
*A(— DKol — L)+ Ko —LHA) =0,
where AQ)=JA(—¢)J. Thus A(—C") € 83p(c0)y 41 Q.E.D.
Remark 2 ([25, 42]). Set
02142, C[, £'])
={A(0) e 8lQ2I+2, C[L, TP [ Va1 1D AQ) +*A(0) o . o0) =0},
su(2l+1,CIE, &)
={AQ) e 8lQ2I+1, C[E, LD | o1 i QAQ) 4+ 2 A(— )11 4(0) =0},

sp(l, CIE, €&7'D
={4(©) e 82 CIE, £'D | Kol(DAQ) + A(DK(0) =0}

The Euclidean Lie algebras attached to the extended Dynkin diagrams
D® AL, C?M are realized as the one-dimensional central extension of
the Lie algebras 0(2/+2, C[Z, &), su2/+1, C[E, &', 8p(, CIE, C°1),
respectively.

2.2. The Toda lattices of B-type and C-type

In the Zakharov-Shabat equétion (0.2) for the Toda lattice, we
impose the following constraint on B,, C;; B,, C; € 0(c0), or equivalently,

2.2.1) b(s)=—b(—s), c(s)=c(—s+1) for any s.

The resulting equation is referred to as the Toda lattice of the B-type
(BTL). Namely BTL amounts to the difference-differential equations

Beic()=c(DB(1), B.c(8)=c(s)Bs)—bs—1) (s22),

(2.2.2)
9,.b()=c(s)—c(s+1) (s=1).

The Toda lattice of the C-type (CTL) is now defined by imposing
the following constraint; By, C; € 8p(c0), or

(2.2.3) b(s)=—b(—s5—1), c(s)=c(—s) for any s.

Hence it becomes the difference-differential equations
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05,c(0)=2c(0)6y(0), 9,,c(s)=c(s)(b(s)—b(s—1)) (s=1),
8,0 =c(®)—c(s+1) (s=0).
Both BTL and CTL are sub-subholonomic in the sense of the introduc-

tion.
For BTL, introducing ¢ functions z(s)=1(s; x,, y,) (s=1) through

by(s)=0,, log (z(s+1)/z(s)),  c_«s)=7r(s+ Dz(s—1)/z(s)’,
with z(1)=1z(0),

we obtain Hirota’s bilinear equations

(2.2.4)

2.2.5) DD, z(s) t(5)+2e(s+ De(s—1)=0, (s=1, z(1)=1(0)).
The = functions t(s) (s=0) of CTL are introduced through
by(s)=0,, log (z(s+1)/z(s)), c_i(s)=1(s+Dr(s—1)/r(s)",
with z(1)=17(—1),
and CTL is transformed into
22.6) D, D, (s)-o(s)+2¢(s+1)-z(s—1)=0, (=0, z(1)==7(—1)).

We remark that the Hirota equations of the Toda lattice reduces to (2.2.5)
and (2.2.6) by imposing on the ¢ functions the following symmetries with
respect to the discrete parameter s;

.2.7 (s+1; x, y)=1(—35; X1, 1) for BTL,

2.2.8) (83 x5, y)=1(—5; x5, 1) for CTL.

2.3. The Toda lattice hierarchies of B-type and C-type and their I-periodic
reduction

Let us recall the fundamentals about the 7L hierarchy: The 7L
hierarchy arises as the compatibility condition of the linear problem

L=W®(x, nAW S (x, )™, M=WO(x, pAWO(x, »)7},
@3.1) ) ©) © ©
aa:nW ~ (x= y)anW * (xa y)’ aan - (xa y)=CnW ® (X, y)’
where B,=(L")., C,(M™).. The wave matrices take the form
W) (x, ) =W =)(x, y) exp &(x, 4),

W (x, y)=i diag[W§=(s; x, IA=?  with Wi (s; x, y)=1,
7=0



38

K. Ueno and K. Takasaki

WO(x, »)=W O(x, y) exp &(, A7),
Vf/<°>(x, y)=i] diag[w{"(s; x, MIAT  with #Q(s; x, y)=0.
=0

They are not uniquely determined, but have the arbitrariness

(2.3.2)

W (x, P)——> W (x, p)f D,
WO, y)y——>WO(x, N)fO(4).

o 0
Here f CD(Z):Z fgw)li" (/& =1, f®+0) are formal Laurent series with
n=0

constant scalar coefficients.

We fix the notations to be used throughout this and the subsequent

sections.
Set x:(xla Koy * * ')7 i:(yla Vay ot ')- We abbreViate Xo=Xy="+"=)s
=y, = -.=0to xe::ye:()' Let
E:lee=1/e=0’ M Mlxe Ye=
§n=Bn|ze=ye=0’ C C Il‘e Ye=0>
and let

Wk, T _W(fg) W (s 3 _I,‘V(i)
& N= (C75) ] - & 9= (%, ) |zo=yeoe

Note that the wave matrices W (g, 7) take the form,

(2.3.3)

W&, =W (%, §) exp &%, A),
W(+)(ia ﬁ)IW(H(f’ j‘)') eXp ‘5(.}7: A_l);

where &(X, 4)= .00 X, A". Furthermore we set

W s; X, J5 D=2, wiH(s; X, A,
=0
2

WEH(s; X, 75 )= %, 7)2*,

where the coefficients are given by

W, )= diag[#i=(s; %, 1A,
7=0
W s, 5) =3 A+ diaglibg*(s+1; %, )]
=0

The Toda lattice hierarchy of the B-type (the BTL hierarchy) is a
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specialization of the 7L hierarchy in the sense that we impose the con-
straints

(2.3.4) L, M e o((c0))

on (2.3.1) at the expense of freezing the even time flows. Note that (2.3.4)
implies L™, M™ e o((c0)) for odd n, so that B,, C, € o(c) for odd n. Thus
the BT'L hierarchy is a set of nonlinear differential equations given by

azm§n+[Em: En]:o’ ayném_aymén'*‘[ém: én]=05

az Em_
(235 e
3,,8,—0,,C.+1B,, C.]J=0, n, m;odd.

The third equation above with n=m=1 is nothing but the BTL.
We will further deduce the following proposition on the wave
matrices, which is analogous to Proposition 1 in [23].

Proposition 2.4. Assume (2.3.4). Then W™ (X, §) € O(c0) under a
suitable choice of f(2), f@(2) in (2.3.2).

Proof. We will only show W (%, ) € O(o0).
Since B,, €, € (o), it follows that

8, (J VWIW N =0, (J VWD )=0
for odd n. On the other hand, [4, J W JW]=0 because
E=we AW " e o((c0)).
Combining these facts, one sees that
(2.3.6) J‘”W"’JW“’:g]Ogn/l‘” with g—1,
where g, is a constant scalar. Taking into account *J=J, one has also

EW W =3 g A" Since J A" =(—)"4"", one further sees
that :

(2.3.7) T WOJW O =37 (—)"g, A,
n=0

Comparing (2.3.6) with (2.3.7), one concludes that g, =0 for odd n.
Moreover let us modify W to W f(4), then

J“‘W“)JW(‘)=(z_.o(—)"ﬂm)/l_")-i( 5, ) (35 o)

7:even
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It is evident that a suitable choice of f<)(A4) makes the left-hand side be 1.
Thus W) e O(o0). Q.E.D.

The Toda lattice hierarchy of C-type (the CTL hierarchy) is also
defined as a specialization of the TL hierarchy with the constraints

(2.3.8) L, M e 3p((c0))

in (2.3.1) for which the even time flows are freezed. Then B,, C, € 3p(c0)
for odd », and the CTL hierarchy is a set of nonlinear differential equa-
tions such as (2.3.5). As in the orthogonal case, wave matrices W *)(%, 7)

belong to Sp(eo) under an appropriate choice of f @) ().

Now we will describe the orthogonal or symplectic conditions in
terms of ¢ functions. Though such conditions has been considered in
[26], the authors have also obtained an algebraic proof for them, inde-
pendently of [26].

[
Theorem 2.5. Suppose that W(”)(x, W lzpmye=0 € O(00). Then the cor-
responding t functions satisfy

2.3.9 o(s+1; x, y)=1(—s; «(x), ()

Sor any s, where we have set «(x)={(x;, — Xy, X3 — Xy, - +-). Conversely, if
7 functions are subject to (2.3.9), the corresponding hierarchy is of the
B-type.

For the proof, we start with the following proposition.

Proposition 2.6. The symmetry (2. 3. 9) is equivalent to that of wave
matrices such as

@23.10) 7= ), copT=H i, ).

Proof. First we show (2.3.9) to be deduced from (2.3.10). In view
of J=' A~ =(=)IA?, from (2.3.10) one obtains

T (dx), )T =ji0(—)’/1” diag [#5(—s; (x), (M),

which further leads to
(2.3.11) (=YW (—s; d(x), () =WiT*(s+1; x, y).

One has similarly
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(23.12 (=)YRP(—s5; «(x), ((P)=WP*(s+1; x, ¥).
By the way, notice that
(2.3.13) (=P A= 0)f(e(x))=p,(0.)/(x)

holds for any j. This follows from
€xp S(_gaw —Z)f(X) lz—u(m) =¢€Xp S(ém z)f(x)
Applying (2.3.13) to (2.3.11) and (2.3.12), one finds

1,0, log (z(—s; «(x), c(W)/e(s+1; x, 3))

(2.3.14) ¥
=Pp,(9,) log (z(—s; dx), c(M)/z(s+1; x, y))=0 for j=1,
and
@315 SostLidd, 0N _d=sidx, )|
o(s; X, ¥) Te=ye=0 t(s+1;x,9)  lze=ye=o

(2.3.14) implies that
Cte. X z(s+1; x, y)=1(—s; «(x), (),

and (2.3.15) assures that the above constant factor is independent of s.
Setting s=1 in (2.3.15), one sees that (z(0; ¢(x), ((¥)/z(1; X, YD) lsp=y.=0=1.
Hence one obtains (2.3.9).

The converse statement is evident. Q.E.D.

By virtue of Proposition 2.6, the proof of Theorem 2.5 reduces to
that of (2.3.10). To show this symmetry, some lemmata are required.

Lemma 2.7. va JPT=(—)"'P, J'QJ=(—)"'Q (m, ne Z), then
J-P, QU =(—)"+"*[P, Q.

Proof. Straightforward. Q.E.D.

Set [a|=2 7y, lalj=2151 (+ Da; for a multi-index « (a; =0, a;=0
for 7>0), and define f* for a function 1 by f*(x, ¥)=f(e(x), «(¥)).

Lemma 2.8. For any multi-indices a, f, we have
(2.3.16) I Y0505 By Lz, ye=odd = (=)W IV EGDIB, o e om0

(23.17) 0309B elsemysmo= (=)0 By |y -0
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The equations which is obtained by replacing B, by Cy in the above also
hold.

Proof. By induction for &), we will show (2.3.16) in the case of
B=0;
2.3.16) NGB spmye) = (V5B o

Since J 1 (L*,,oy,co =(—)*LF|;,_ .0 One sees, considering the (+)
part of the both sides, that (2.3.16) holds for «=0. Next assume

(2.3.16) to be true for |a¢|<M. Let 6;=0,, ---0 Since 8,L*=
[B,, L*], it follows that

Tipgraa'

oLk =0, - 00y, Biy s Lk]+Z [0z, - OaiyBiys
(2.3.18) d’

+ M +[Bm+17 [Bnp [ '[Bz'l’ Lk]] ]

s [Bio, LM

Here 9, - - -0, indicates excluding d,,, from 4, ---8,,,. Thanks to
&

i

Lemma 2.7 and the assumption of induction, the right-hand side of (2.3.18)
restricted to x,=y,=0 satisfles an identity such as J~'‘PJ=(—)I+*P,
Hence

I HOGL |y oo = (=) H@5L |1,y =0)-

Considering the () part above, one finds (2.3.16) to persist for |a|=
M+1. Thus it is proved.

(2.3.16) in a general case can be verified in the same fashion as
above. The second identity (2.3.17) is obvious. - Q.E.D.

Proof of Theorem 2.5. Set Y =J-1*W &)(x, y)~YJ, and
Z=W I elx), dy)7
We wish to show Y=Z. For this purpose, we prove
2.3.19) B3 Joymyo0 =0 |sp- om0

by induction on |a]. (2.3.19) is obviously true for «=0. Next assume
(2.3.19) to be true for [¢[<M. Let|a|=M. Since Y, Z solve the equa-
tions

05, Y =(=)""{(=)"(J 7B, J)Y — Y A"},
0,2 =(=Y"*"YB:Z—Z A"},

they also satisfy
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05,05 =(=)""{(=)" 2. 0(J~''B.J)-0,Y —35Y- A"},
B+r=a
9,,0:Z=(=)"*{ 3 8!B:-3.Z —3.Z- A").

B+r=a
Therefore the assumption of induction and (2.3.16) in Lemma 2.8 yield

0205 |zpmyoc0=04,05Z | s,=y,=0- Thus (2.3.19) holds for any multi-index «.
More generally one can show

a;ag Y [-Z‘e=1/e=0 = a;aiz l«776=?/e=0

for any mu}ti—indice§ @, B. One can also obtain the equation obtained by
replacing W) by W in the above. Therefore one concludes (2.3.10).
Q.E.D.

We can deduce a similar statement as in Theorem 2.5 also for the
symplectic case.

0
Theorem 2.9. (1) Suppose that W(x, y)|u.y,oo € Sp(c0). Then
the corresponding ¢ functions satisfy

(2.3.20) (s; x, Y)=1(—s; t(x), «(3))

for any s. Conversely, if t functions are subject to (2.3.20), the correspond-
ing hierarchy is of the C-type.
() The symmetry (2.3.20) is equivalent to that of wave matrices as

(2.3.21) K-! tvff(g)(z(x), (YNK = W('g’)(x, »

Remark. It is worthy to note that z functions with the symmetry
(2.3.9) (resp. (2.3.20)) are those of the 2-components BKP (resp. CKP)
hierarchy [23]. In particular, when the time evolution of y is freezed,
our 7 functions belong to the (one-component) BKP (resp. CKP) hierarchy.

. Now let us discuss the I-periodic BTL, CTL hierarchies. We will
denote them by (BTL),, (CTL),. They are subfamilies of the BTL, CTL
hierarchies with the /-periodic constraint

(2.3.22) L=/, M'=A",

besides (2 3.4), (2.3.8). As was considered in Proposmon 1.13, (2.3.22)

means L, M e o((c0)), for the (BTL), hlerarchy (resp. L, M e 3p((c0)), for
the (CTL), hierarchy). Consequently B,, €, € o(c0), for odd n (resp. B,,
C, € 8p(c0), for odd n). Furthermore

8, L=8, M=0, 3,L=5,M=0 for odd n=0mod /.
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Namely, the unknown functions of the I-periodic hierarchies are inde-
pendent of the variables x,, ¥, for odd #=0 mod /.

Denote the images of B,, C, under the isomorphisms (2.1.7), (2.1.12)
by B.(©), C.(©), which turn out to be tracefree by the same argument as
in Proposition 1.14. Then the (BTL), and (CTL), hierarchies amount to
a system of the Zakharov-Shabat equations,

(2.3.23) 0y, Cn(D)—0,,C(O)+ICn(©), Cu(D]1=0,
8y Bn(©)—8.,Co(0) +1Bn(©), Co(D]=0,
for odd n, m==0 mod /.

Now we will describe the characterization of  functions for the (BTL),,

(CTL), hierarchies. 7 functions must be /-periodic with respect to the

discrete parameter s (see § 1.4). Thus, combining this fact with Theorems
2.5, 2.9, we lead to the following characterization:

o(—s; dx), (M) =1(s+1; x, »),
t(s+1; x, y)=1(s; x, y), for any s,

o(—s; o(x), ((¥))=71(s; X, ¥),
z(s+1; x, y)=<(s; x, y) for any s.

(2.3.24) (BTL),; {

(2.3.25) (CTL),; {

(If we consider z'(s; x, y) instead of z(s; x, ¥), we may assume further
9,,7'(s; x, »)=0,,7'(s; x, ¥)=0 for n=0 mod /, besides (2.3.24), (2.3.25)
(see § 1.4).

We obtain the following claim (cf. [26]).

Proposition 2.10. If ] is odd, (BTL), is identifiable with (CTL), (see
also Remark 1 in §2.1).

Proof. We will show this proposition by considering an example.
Let [=5. By virtue of the periodicity, a set of ¢ functions {z(1), - - -,
7(5)} completely prescribes the (BTL), hierarchy. From (2.3.24) it follows
that this set reduces to

{z(1), 2(2), z3)=7'B)=='(2), =*(1)}
(z*(s; x, ¥)=1(s; e(x), «())). On the other hand, (2.3.25) shows that a set
of ¢ functions ,
{r(—=2), o(—1), 2(0)=7(0), z'(—1), z*(—2)}

perfectly characterizes the (CTL), hierarchy. Comparing these two sets
enables us to obtain the claim. Q.E.D.
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As was remarked in the previous section, 0(c0)y s 0(00)y . =
8p(00)y;415 8P(c0),; relate to the Euclidean Lie algebras D, AP, C{P®,
respectively. We will show that (BTL)y; .5, (BTL)y 41, (CTL),, give (TL) e,

(TL) 452> (TL)CEI), by writing down the Zakharov-Shabat equation [17]

(2.3.26)

8,80 —8,,CO+IB,(©), CiD]=0.

0
(T L)D;“,,’1
§1(C) =
¢
0
¢y
él(C) =

Then (2.3.26) reads as

(2.3.27)

aylbs =Cs—Cs115

axlcl—‘: by, azlc.s:cs(bs_bs—l); (2_§S_§_l-— 1)’

05,C1401=—Cr1bs

1

(I=s=D),

Introducing u(s) through b,=3,u(s) (1<sZ]), ¢p==e*®, ¢ =@ -106-D,

Q2ZsZl-1), ¢y=e @, (2.3.27) turns out to be (TL)D%.

0
(T L)Aﬁ’

1
b, 1

.bl.

—b, -
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0 Y

¢ O

~ .Cz

C1(C): c
i+1

C

Then we obtain

aylbs’__cs_csﬂa (1§S§1),
(2.3.28) 0,ci=Cby  nc,=cb,—b,.), (QZs=I),
05,C141= —2¢;.,1b,.

Settlng bs:amu(S), (1§S§Z)> C1=eu(1), cs:eu(s)—u(s—l), (2_<'——S§l)’ Cre1™=
2e2®, (2.3.28) becomes (TL) 4.

—b, 1
(TL)C?) b, 1
b1 : .
B(D)= . R
{(© b,
by .
o1
¢ —b,
0 —L e
¢ O
¢,
CD)= Cra
G
cz-1' )
c. O

Then we obtain
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aylbs:cs—cs+13 (1§S§l—1),
(2329)  8.0=2eby Ouci=c(b—b,.), (1<s<I—1),

0;,6,=—2¢;b,_1.

Setting b,=3,,u(s), (0=Zs<1—1), ¢=€"9, ¢,=e*@ 26D (15 —1),
€, =2e7™¢"Y, (2.3.29) becomes (TL)q-

2.4. Remarks on 7 functions of the BTL, CTL hierarchies

In this section we will briefly describe another definition of z func-
tions of the BTL, CTL hierarchies. We will keep the notations in the
preceding section.

For the BTL, CTL hierarchies, the bilinear relation (1.2.18) reads as

2.4.1) WNE, PYW K, §) =W (&, WX, §)

~

for any %, &, 7, /. From this we deduce the following proposition valid
for both the BTL and the CTL hierarchies.

Proposition 2.11. For the wave matrices W (%, 7), © functions
#(s; %, §) are uniquely determined up to a constant multiple factor so that

(S; x~-—§(2_1), JN])
#s; X, §)

#s; 2+, §)
#s; %, 9)
(s 5, 5; H=TEFLEI=ED)

#(s; X, §)
W(s: %, 3 )= 5'(3_1;37:)74‘5(2))
#s; %, 7)

W (s; X, 5 D=

2

2

WEVH(s; X, 73 )=
(2.4.2)

where 8(Q)=(22, 22, 22°, - - -). Furthermore they have the following sym-
metries;

(24.3) #H—8; %, P)=#s+1; %, 7) Jor the BTL hierarchy,

(24.4) #H—s5; %, P)=%(s; X, 7) for the CTL hierarchy.

Proof. We will only give a rough sketch of the proof. First of all,
note that the following equalities hold;

(24.5) exp EGAT), H=A+ 27 DA - 2747,
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exp EGQT) 4G, 4)

- 2(;2%"1) [A=2514)" = (1= 251 A) 1} A2,
27 M

Let & =%—2QY), 7/'=5—&(;") in (2.4.1). Applying (2.4.5), one gets the
bilinear equation

(2.4.6)

W ss X, 75 ¥ (s+1; =277, §—8(4); A1)
=WH(s; £, J; WWO*(s+1; X877, F—&(4); 4o)-
Next we set &/ =%— (A7) — (27, J'=7F (resp. & =X, ' =7 —&(2,)— (1))
By making use of (2.4.6), one derives the following bilinear equations;
WN(s; X, 3 AR (s; £—E7) —E(&), F5 )
=W(s; £, J; RWTH(s; X—2(A7) — (A7), F5 A),
W sy %, J5 AW *(s 425 £, §F—EQ) — &%) )
=W(s; £, §; LW (s +-2; X, §—82) —&(2); 4,).
Considering these equations, one can achieve the existence proof of the ¢
functions defined by (2.4.2), by the same discussion as in Theorem 1.7.

A similar consideration as the proof of Proposition 2.6 leads us to (2.4.3),
(2.4.4). Q.E.D.

Substituting (2.4.2) into (2.4.1), the BTL and CTL hierarchies are
transformed into the infinitely many bilinear equations of the Hirota type,

3 P (—2005/2D5) exp (@, D.)+(B, D, Yyels+mo+1)-£(s)

QA7) =3 Fonaf(—25)5/2D,) exp ((a, D.Y+<B, DY)(s-+m) (),
s, meZ.

Here d=(a,, a,, - --) is arbitrary, and D~x=(D$1,%Dzs, <), {d, D, y=

D noaa @uD,,, While fy(x) is defined by exp &(&, )= 5., F,(x)2".

Let us restrict our attention on the BTL hierarchy. Set m=s=0in
(2.4.7). Taking #(1)=%(0) into account, we obtain

> {8/ —205,2D.)— (257,25 )}
Xexp ({4, D,y +<b, D,))e(0)- #0)=0,

which is just the same as the equation to be satisfied by = function of the
2-components BKP hierarchy [24]. That is to say, #(0; %, ) may be
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thought of to be embedded into the 2-components BKP hierarchy.

Remark. In the reference [24], r function for the BKP hierarchy,
Tar (%), was introduced through

Tar (X =1(x) ]ze=0

where z(x) is the corresponding ¢ function of the KP hierarchy. From
the above discussion, it turns out that #(0; £; 0) corresponds to %, ().

3. Multi-Component Theory

3.1. Formulation of the multi-component hierarchy

The multi-component theory of the KP hierarchy is established in
[23, 34] (see Appendix 1). The multi-component theory is indispensable:
in the treatment of many concrete soliton equations as its specializations.
In this sense it is desirable to generalize our theory developed in Chapter
1 to a multi-component analogue.

The so called non abelian Toda lattice [18, 31] is regarded as a multi-~
component version of the original Toda lattice. However, compared
with the formalism of the multi-component KP hierarchy, the non abelian
Toda lattice seems to be insufficient in the sense that its evolution is
restricted to a special sector of the fully possible evolution (see Remark
3.2).

We shall proceed in the same way as the KP hierarchy was generali-
zed to the multi-component case.

Remember that the » component KP hierarchy is formulated by use
of matrix-(micro) differential operators of size » X, instead of scalar ones
used in the one component hierarchy (see Appendix 1). On the other
hand, as we noticed at the ends of Section 1.1 and Section 1.2, our hier-
archy of the Toda lattice can be reformulated in terms of scalar difference
operators. Hence the » component hierarchy of the Toda lattice must be
realized by use of matrix-difference operators of size r X r or, equivalently,
matrices of infinite size which consist of the blocks of size rXr indexed
by ZXZ.

According to the above observations, let us prepare some notations
of matrices of infinite size. In the r component theory we need the
matrices of infinite size acting on the tensor product C# ® C”. We shall
often use the Kronecker product P® Q of a matrix P of size Z X Z and a
matrix Q of size r Xr.

A matrix 4 acting on CZQ C" is expressed in the form
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A= ZZ diag [@’(s)]A!

a(—1) | a(=1) .
(3.1.1) =l , A=4®1,

a0 | a0 a0)
a (1) afl)

where a,(s) is a matrix of size r Xr and diag[a,(s)] denotes the block-
diagonal matrix diag (- - -a,(—1), a,(0), a,(1), - - ). 1, is the unit matrix
of size r Xr. We define (4). by

(4).= Jé diag[a,(s)]14’,
(A).= ]% diag [a,(s)] 4.

(.1.2)

The following notations are often used throughout this chapter.
o

0 ' )

(313) Ea=1Z®Ea, Ea= 1 (oz’ 0(:1’ cee, T

0
Here 1, denotes the unit matrix of size ZX Z. Wenoticethat E,, -- -, E,

and 4 commute each other, and that E, (¢=1, - - -, r) give partition of
the unity

(314) Zr: Eazlzxn EaEﬂzaﬂﬁEﬁ’
a=1

where 1,,, is the unit matrix in the whole space CZ2QC".

Now let us introduce a discrete variable s, independent variables
x=(xD, ., x), p=(3®, - - -, y) with x® =(x{”, x{?, - - ), Y =(¥{?,
¥y, -+ +) and the matrices L, M, U,, V, of infinite size of the form

J L= 3, diag[b(s)ld’, b(s)=1,
1

—~eaj<

als (M=_3 disgle©ld, e )=HERE—D

-1<i<



Toda Lattice Hierarchy . 51

Uo=_2,  diaglu ()4, u,(s)=E.,

~oof

Vo= Z< diag [, ()], Uy, s)="WP()E N (),
<F<oo

where by(s), ¢;(5), u;,.(5), U; (s) and w{®(s) are matrix-valued functions
of (s, x,¥) of rXrsize, b)(s)=b,(s; x, ), - - -, W(s)=wP(s; x, ¥), and
serve as unknown functions. W{® is assumed to be invertible. Further-
more we assume the following algebraic conditions.

[L: Ua] =0, [Um Uﬁ] =0,

UaZIwa UaUﬂzaaﬁUﬂﬁ
=1

4

(3.1.6) . Va0, 1V ¥,
SVl VFimbaVy @bl

We set

3.1.7) BW=(L*U),, C@=(M"V)..

Then the hierarchy of the r-component Toda lattice is defined by the fol-
lowing system of the Lax-type equations.
a,;a,Lz[ng, L], 8,;,a>Uﬂ=[B§;"), Uy,
a’y;f”L: [C;,a)a L]’ ayh‘”Uﬁ:[C;ﬂ): Uﬁ]:
(3.1.8) O, M=[B, M], 8,V;=[B{, V],
Oy M=[C, M], 8,V,=[C, V],
a, B=1,---,r, n=12,-.--.
Theorem 3.1. (3.1.8) is equivalent to the system of the Zakharov-
Shabat type equations
(009 BY —0.4BP +[BY, BE]=0,
ay;ﬁ)cﬁ)_ay%’cﬁ)—k[c;j): C;zﬁ)]:()a
0, B~ 0,0 CP+[BLY, CP)=0,

0[’18:1: cee ‘myn=1,2, ...,

(3.1.9)

Remark. It is obvious that in the case r=1 we recover the hierarchy
discussed in Chapter 1

We can prove Theorem in the same way as in the one component
case: :
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First we notice, in view of the algebraic conditions (3.1.6), that (3.1.8)
is equivalent to

am;La)(LU‘B)z [B7(Za)’ LUﬁ], ay;"a)(LUﬂ) B [C;:r), LUIQ]’
G18) {8, w(MV)=[BS, MV,], 8,0(MV)=[C®, MV},
a, p=1,--,r, n=1,2,---.

On the other hand the equivalence of (3.1.8”) and (3.1.9) can be proved
just in the same way as the proof of Theorem 1.1. We omit the detail.

Remark 3.2. The so called non abelian Toda lattice [18, 31] is
recovered, together with its hierarchy, in the sector of independent
variables

(3.1.10) xW=...=x" (=x), yP=...=y" (=y),

as follows: Let us set
B,=3 BY,  C,=3 C®
a=1 a=1

and consider the restriction of L, M, B, and C, to the sector (3.1.10).
Then they satisfy, with respect to x and y, the systems of the Lax type
and the Zakharov-Shabat type which are of the same form as (1.2.2) and
(1.2.3). They give a hierarchy of the non abelian Toda lattice.

3.2. Linearization and characterization of wave matrices

Now we shall investigate the linearization of the r component hie-
rarchy: Let us consider the following linear problem.

LW(°°) — W(W)A’ MW(O) — W(O)A—1’
(321) {UaW(w) — W(oo)Ea, Va W(O) — W(O)Ea,
(3.2.2) e W=BOW, 8,W=COW

for W=W®(x,y), WO(x, ), a=1, ---,rand n=1,2, - - -.
The following theorem implies that (3.2.1) and (3.2.2) serve as a
suitable linearization of the r component hierarchy.

Theorem 3.3. (i) Suppose that L, M, U and V are solutions to the r
component hierarchy. Then there exist two solutions W (x, y) and
WO(x, y) to (3.2.1) and (3.2.2) of the form
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W (x, y)=W(x, 3) exp > &(x, AE,,
a=1

W(O) y :W(O) : < (a)’ -1 ,
(3.23) SO =W Ox, 3) exp 3 &y, A7)E,

WO )= 3 ding 1971 . )14

with w§(s; x, y)=1,.
W and W are unique up to the arbitrariness
W) s WF, WO___sWog

where F=3 5., A9 Qf;, G=27.0 A’ ® g,, f; and g, are constant matrices
of size r Xr, fy=1 and g, is invertible.

(ii) Conversely if there are two solutions W and W® to (3.2.2) of
the form (3.2.3) for certain matrices B and C{, then the matrices L, M,
U, and V, defined by (3.1.11), or equivalently by

{L:W‘w)AW(“’"l, M=W®A- 19 o-1

(3.2.4) . . i i
Ua:W(w)szW(w)_lg Va:W(O)EaW(O)_l,

solve (3.1.8), and also satisfy (3.1.7).

Remark. Of course in the case r=1 we obtain the corresponding
results for the hierarchy discussed in Chapter 1.

Proof. Let us prove (ii). (3.2.2) is equivalent to
5 O BOW W L,
ay;a)W(w) et C;L")W(‘”),

By W O =BOWO,
8, WO =C@OW O _WOL-"E,

(3.2.5)

By a direct calculation (3.1.8) follows immediately from (3.2.5). On the
other hand (3.2.5) leads to the following two expressions of B{*.

BE=0,W @ WO BO—3 /W W p W frEW -,

The first one implies that B{ is upper triangular relative to r Xr blocks.
Hence, if we take the (), part of the second one and remember that the
diagonal blocks of W are constant, we have

B@ ____(W(“)A"Eul/f/("")‘l)+ =(LnUa)+.
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Similarly we can prove the second equality in (3.1.7).
Next, let us prove (i). (3.2.2) is rewritten in the form
Doy W +(LPU,) W =0,
By W —(M™V,) . W =0,
oW O —(L"U,), W® =0,
Do WO LM V,) WO=0, n=1,2,---.

(3.2.6)

The integrability conditions of (3.2.6) are guaranteed by (3.1.8) and
(3.1.9), as one can easily show in the same way as in the one component
case (cf. the proof of Lemma 1.3). Hence the remaining problem is the
choice of initial values (cf. the proof of Theorem 1.2). Thus we have
only to prove that there exist some matrices W= and W of the same
form as W and W such that

L=W&@AW &, M=WPA- WO,
S Aoy 15 £ 0y -1
Ua = W(() )EaWé ) 15 Va - W((] )EaW(() ) .

In the following we shall show only the existence of W . W can
be treated just in the same way.

At first let us choose a matrix W =3 7., diag [w{"(s; x, y)]4~7 such
that

M=WOAWO, wi(s; x, »)=w"(s; x, ).

We can actually construct such a W®, solving the linear equations for
w$" which are derived by comparing the both sides of MW® =W® 41,
Now we set VO =W"-1V WO (=1, ---,r). Then, from (3.1.6),

[Vg:l): A] =0, [fol)s V/(il)] = O;

(G-2.7) R 2e) (OR 7ge0 @®
Z Ve :lzxn Ve Vﬂ :5aﬂVﬁ s & ,B:“l: IR

a=1

From the first equality V" takes the form

vo=5 4o,
=0
vil,)o:Ea, azl, cee,

where v(?; is a matrix valued function of size rXr.

Now we claim that, for the matrices ¥ as above, there exist a
matrix W®=3 7, A’ @ w® with w®=1, and wP being a matrix-valued
function of size r X r such that
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(3.2.8) VO=W®EW®-' for a=1, .-.,r.

If such a W® exists, then we have only to set WO =WOW®,

Let us construct such a W® by induction on r. The case r=11is
trivial. Suppose r>1: As we constructed W® for M, we can choose a
matrix W®=3 7, 4@ w with w{ being a matrix of size rXr such
that

VO=WOEW®-1, wP=1,.

If we set VO=W®-VOW® (a=1, ---,r), then V® (=1, ---,r)
satisfy (3.2.7) in place of V. In particular,

VOE=VOV®=0, EVP=VOV®=0 for a=1, -, r—1.

Hence the r-th row and the r-th column of V¥ vanish. Extracting the
remaining (r—1) X (r—1) part of V@ for a=1, -- ., r—1, we can reduce
the problem to the case of size (r—1) X (r—1) instead of size r Xr.
Thus we have proved the existence of W®, and hence that of W{.
The last statement of (ii) can be easily verified. This proves Theorem
3.3.

In the following, as in Section 1.2, we shall call W and W the
wave matrices of the » component Toda lattice hierarchy.

A similar argument as we developed in Section 1.2 leads to a set of
bilinear equations which characterize the wave matrices W and W®:

Theorem 3.4. The wave matrices W and W of the r component
hierarchy satisfy the bilinear equation

(3.2.9) W )Nx, y)- W (x, y) 1 =320 W O(x, y)- WO(x, y)~!

for any multi-indices & and B. Conversely if some matrices W and W®
of the form (3.2.3) satisfy (3.2.9) for any « and B, then they are wave matri-
ces of the r component hierarchy, i.e., they solve (3.2.2).

Of course the bilinear equations (3.2.9) for all « and j can be rewrit-
ten into the generating functional form,
W x, W, Y) = WOk, WO, y)~

3.2.10
( ) for any x and x’,

Now we proceed to investigate the relation between our theory of the
multi-component Toda lattice and the multi-component KP hierarchy.
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We introduce the following matrices of formal Laurent series in 1 of
size rXr, which we call the wave functions of the r component Toda
lattice.

(W s; X, y; )=wUs; x, y; DA exp &(x, ),
wO(s; x, y; H=w(s; x, y; DA exp &(y, 277,
W (s; x, y; =W (s; x, y; DA™ exp §(—x, D),
B.2.11)  {WEOssx, y; D=w*O(s; x, y; DA™ exp &(—y, 27),

5 x, 33 =37 s 3, )7,

. -
w*(oo)(s; X,y D=3 v’f/;!‘(g)(s; X, )A*,
7o

N

[} 0
where %) was defined in (3.2.3) and #**) is defined by

G212 W x, ) =37 A diag [95 s +1; x, ).

j=0

Then the bilinear equations (3.2.9) and (3.2.10) are rewritten respec-
tively in the following integral forms.

@B (s; X, 73 AWK(S', x, 3 D
v
(3.2.13)
=§ @IWO(s; x, y; WO 3, 73 AT,
Yy

4; W (s; x, p; HwHENs"s X7, y'; D2
(3.2.14)
=§ wO(s; x, y; 7OWFO(s; X7, v 27272 A.

They are analogous to the bilinear equations for the wave functions
of the multi-component KP theory [22] (cf. Appendix). A direct com-
parison with them yields

Theorem 3.5. Let us denote by
Wix®, -, x50 and  WHE®, -+, x; 2)
with 1=y, - -+, b,), 235.:1;=0, the wave functions for the 2r component

KP hierarchy introduced in [22] (¢f. Appendix, (4. 44)), and define wi=), wi,
W, WEO by
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I/Vl(s)(xﬂ)’ sy x(”, y(l), . .,ym; Z)a,ﬂ

WiNs;s X, 5 A, g8 for 1<B<r,

{W£°>(s; X, V35 A Va5 287 for r+1<8<L2r,
W;k(s)(x(l)’ ceey, x(T)’ y(l)’ ceey y(f); Z)a,ﬁ
WEOAs; x, p; Do, 87 for 1<BLr,
{wz*‘")(s; X, Y3 A7 a5 A7 for r+1<B<2r,

I

(3.2.15)

where I(s)=1-+(s, - -+, 8, —8, -+, —5) (s for the first r components, and
—§ for the second ones), and the subindices («, B) and (a, f—r) indicate
the matrix-components. Then, for each I, w™, w®, wF? and w}® satisfy
(3.2.13), (3.2.14). Hence they are wave functions of the r component Toda
lattice.

Remark 3.6. Theorem 3.5 provides a class of solutions to the r
component Toda lattice hierarchy parametrized by the vacuum expecta-
tion values z;, [=(l,, - - -, L), 2.2, 1,=0]22] (sce Appendix 1). However,
to make the statements of Theorem 3.5 more precise, we must add the
following remark: It may happen that the w{™ and w{® do not make
sense for some s € Z. As far as we consider the infinite lattice they must
be excluded as the wave functions of the Toda lattice hierarchy. For this
reason the rational solutions and a class of soliton solutions to the multi-
component KP hierarchy do not induce solutions to the infinite Toda
lattice hierarchy.

At the end of this section we shall briefly comment on the linear
equations for the wave functions w? and w®:
Let us express B and C{ in the form

B =3 diag [B5)(5, x, A",

(3.2.16) -

sz“) :Z dlag [C‘i:}(s; X, J’)]Aj—n'
7=o

Then (3.2.2) is equivalent to the following classical formulation of lineari-
zation
05 0W(s, X, V3 2)=Zn] b&(s, x, Yyw(s+n—j, x, y; 2),
7=0

n—1
(.2.17) By W (s, X, y; D=2 c$(s, x, Yyw(s+j—n, x, y; 4),
n F=0

for w=w", w® and n=12,.--.
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Hence Theorem 3.3, (ii), implies that, if there are two solutions w? and
w® of the form as indicated in (3.2.11), then the matrices B{® and C{
defined by (3.2.16) solve (3.1.9), while the matrices L, M, U, and V,
defined by (3.2.4) solve (3.1.8). Of course in the case r=1 weg obtain the
corresponding result for the hierarchy discussed in Chapter 1.

In the construction of special solutions (e.g., soliton solutions, quasi-
periodic solutions, etc.) the linearization (3.2.17) is often effectively used.

3.3. Reduction to a system of the Zakharov-Mikhailov type

Zakharov-Mikhailov [41] investigated the zero-curvature equation -
0: A, n; )—0,B(E, n; +[AE, 15 2, B, 7; V]=0
and its linearization
0:0=A(, ; DD, 0,0=B(,7; ),

in which 4 and B depend on 2 rationally. In Chapters 1 and 2 we
encountered some examples of the systems of this type in the periodic
reductions. Among them the sine-Gordon equation is one of the most
typical examples, and can be obtained, together with its hierarchy, as the
2-periodic reduction as in Section 1.4.

In this section we shall derive another type of examples in a reduc-
tion of the multi-component hierarchy. One of the typical examples is
the Pohlmeyer-Lund-Regge equation.

Throughout this section we assume the reduction conditions

(3.3.1) (W, 4]=0, [W®O, A]=0.

Proposition 3.7. Edch of the following conditions (i), (ii) and (iii) is
equivalent to (3.3.1).

(i) L=d4, M=A4"
(ii) wis; x,y; H=2w0; x,y; 1) for w=w, w,
(i) X DpW=WA", 3 0,0W=WA"

a=1 a=1

Jor W=W®, W gndn=1,2, - --.

This is an immediate consequence of (3.1.7), (3.2.1) and (3.2.2).
In the expression (3.1.1) of a matrix 4, we notice that

[4, A]=0&a,(s) . is independent of s for any j.

In this case 4 is expressed in the form A=} ;. A’ ® a,, where q, is a
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constant matrix of size r Xr. Also we notice that the correspondence

(3.3.2) A= N ® ay > AQ)= 3" a,’
jeZ jezZ

preserves sums, products and commutators. Here 1 is used as a formal
indeterminate.

Under (3.3.1) the matrices We Wo U, V., B® and C® commute
with A, as one can show easily from (3.1.7), (3.2.4). Hence let us denote
the matrices of size r X r corresponding to them through (3.3.2) by W (),
WO, UR), V(2), BL(A) and C(2) (or, more precisely, by W)(x, y;
A) etc., - - -, if we indicate the (x, ¥) dependence explicitly.) Also denote
w(0; x, y; ) and w®(0; x, y; ) by O (x, y;2) and O9(x,y;2). In
other words,

O(x, y; =03 x, y; ) diag (5D, - -, =),

3.3.3
¢33 {@(‘”(x,y;2)=W“”(0;x,y;l)diag(ef“’“”*“’,---,ef“"”’*“’)-

Then we obtain a system of the Zakharov-Mikhailov type together
with the Lax representation, the zero-curvature representation and the
linearization as follows.

Theorem 3.8. (i) (3.1.8) and (3.1.4) reduce to the following equations

2,40 UsD=[BL(), Uy, 8,40 UD=[COQ), Uy,

(3.3.4) {
Vo V(D =[B(R), VD], 8y Vi(D=[C(2), VD],

0,8 BSH(AD) — 0,50 BEP(A)+[B5(R), B (2)]=0,
(33.5)  {0,0CERN)—8,0CPR+ICP@, CL@]=0,
8, B — 0,0 CLA)+[BI(), CPA)]=0,

for o, =1, -+, r and m,n=1,2, -+ -.

(3.3.4) serves as the Lax representation, while (3.3.5) as the zero curvature

representation.
Furthermore if we expand U, () and V (2) in the form

U= b2~ with b,,=E.,
(3.3.6) =0

cd
V(D)= ZO Caih With C,o=WPE P,
£ «

then we have
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k3 n—1
B30 BOWM=>b, 1", CLRD=Y,c, 7"
i=0 j=0
(3.3.8) U D) =WSQDEW Q) V. ()=WOREW )",

UDUN=08.,U,D, > VD=1,
(3.3.9) -
V.(2) Vp(2)=6,,ﬁ Vﬂ(l), };}1 V.)=1,, «a B=1,.--,r.

(i) (3.2.2) reduces to the linear system
(33.10)  8,w0=BPND, 8,wb=COND for G=0=, OO,
which serves as a linearization of (3.3.4) and (3.3.5).

(i) Zl 5,0 Us(R) =0, Zl 8, U(A) =0

Sora,B=1, .-, r,n=1,2, ---. Also the same equalities hold for V2),
BP(D), CH().

This theorem is an immediate consequence of the contents of Section
3.1 and Section 3.2, Proposition 3.7 and the fact that (3.3.2) preserves
sums, product and commutators. Hence we omit the proof.

Remark 3.9. We can develope, for the system of the Zakharov-
Mikhailov type indicated above, similar arguments as we did in Section
3.1 and Section 3.2 for the r component Toda lattice hierarchy. For
example; (3.3.4) and (3.3.5) are equivalent to each other under (3.3.6),
(3.3.7) and (3.3.9); if (3.3.4) and (3.3.5) are satisfied, we can construct the
solutions @ and @ to (3.3.10); etc. We omit the detail.

The system obtained in Theorem 3.8 can be regarded as a generaliza-
tion of the so called 4AKNS systems [1]. In the rest of this section we
shall investigate its structure a little bit further.

At first let us consider the case r=2. This is nothing but the AKNS
case:

As we know (cf. Theorem 3.8, (iii)), the matrices U,(2), V.(1), B(2)
and C{(4) depend only on the differences x® —x® and y® —y®, Hence
we restrict the independent variables to the sector

(3.3.11) xV=—xO(=x), yP=—yO(=y),
and set
B, (A)=BPN)—BPQ), C)=CPR)—CPQ),
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Then (3.3.4) and (3.3.5) reduce to

9,V =[B.(), UQ)L 2,,UQD)=[C.(D), UQ)],

(3.3.13) {
00, V(D) =[B,(2), V(A], 9,,V(D=[C.(2), V2],

(3.3.14) 0y, Cn(D)—0,,,ClD+[Cr(D), Co(D]=0,

for m,n=1,2, -.-. Furthermore if we express U(1) and V(1) in the
form

UN=3.b27, V=3 ;2
j=0 =0
then

b0=J=[1 _1], Cy=BPTHO 1,

n n—1
(33.15) Bn(z)zz bjzn—]" Cn(z):Z lej"”' for n:l, 2, e,
=0

F=o

trace b;=0, trace ¢;=0 for j=0,1, - - -.

(3.3.14) is nothing but the AKNS hierarchy [1]. (3.3.13) serves as its
Lax representation in terms of the formal power series U(1) and V(2)
which are connected with B,(2) and C,(2) by (3.3.15). The last state-
ments in (3.3.15) follows from

UQ)=WQDIW ), VQ)=WOQJW O,

The following result, essentially stated in [1], is then recovered in our
formulation. The proof given here is due to M. Sato:

Theorem 3.10. For any j (=1) b, are differential polynomials of b,
with respect to x,, and c, differential polynomials of c, with respect to yi.
In particular (3.3.14) are regarded as non linear differential equations for
the unknown functions b, and c,.

Proof. We shall prove the statement only for b,. ¢; can be treated
just in the same way.
At first, from U(2)*=1,, we have

j—1
bobj+bjbo+iz_lbkbj_k=o for j>O0.
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On the other hand, from 6,,U(2)—[B,(2), U(A)]=0 in (3.3.14),
abj—l/axl"[bm bl —Ib,, b;_,]=0 for j>O0.
Hence we have

j—1
(33.16)  2bb,—0b,_Jox,+[by, b, ]+ bib,_,=0 for j>O0.
k=1

Since b, (=J) is invertible, b, are recursively determined by (3.3.10) as
differential polynomial of b, with respect to x,. This proves Theorem
3.10.

Now let us consider the general case (r >>2): (3.3.9) implies

7
ba,kbﬂ,]‘—k—_“aaﬁbﬁ,]’: ICZ_.'O Ca,1Ceyi—1==045Cs, 15
3.3.17) -

R £
I '] nd
= <o

”
ba,1=0,,0, Zl Cayy=05,05
P

while the equations 6,;5>U§a)(1)——[U{ﬂ>(;1), U(D)]=0 and Vo [Vi2(2)—
Vi@, Vi2(D]=0 yield

{aba,j—l/axl(.ﬂ) - [b,a,m ba,j] - [bﬂ,l, ba,j—l] =0,

(3.3.18)
0C,,1-1/0 VP '—[cﬁ,o, Ca,s1=0.

Hence b,,; and c,; (j=1) are recursively determined by (3.3.17) and
(3.3.18), and the components of b, ; and ¢, ; are differential polynomials
(with respect to x{?, - - -, x{", y{", - - -, ¥{") of the components of b, , and
¢g0 f=1, -+ -, r. This is a generalization of Theorem 3.10 to the general
case (r >2).

Theorem 3.8, (iii), implies that the evolution is trivial in a direction.
In the case r =2, we have extracted the essential evolution by introducing
new independent and dependent variables as indicated in (3.3.11) and
(3.3.12).

In the general case let us consider an example of the choise of new
variables:

Let t(u):(t{a), té"‘), N ) and f(a)z(f{lx), féa)’ . .), a=1,.--,r, be the
reduced independent variables, and take the sector of the independent
variables

x(a)=_t(a—1)+t(a) (a=2, ceey, r—I), x(l):t(l)’ X = _t(r-l),

(3.3.19) ) ) ; i}
PO = —FED L F@ (=2, « . r—1), yO=FO, pn= _fr-1

Let us introduce the following dependent variables,
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(3.3.20) Ba,n(2)=Bé”(l)—Bi:’;‘ZZl): ) .:,n(l) C@)—C @),
Notice that B, (%) and C, .(4) are trace free.

(3.3.21) trace B, ,(1)=0, trace C, ,())=0.
The zero-curvature representation (3.3.5) reduces to

048 B, m(2) — 0430 B, (D) +[Ba, m(2), By, (D]=0,
039 Coym(A) — 03500 C, D) +[C o, (D), C, ()] =0,
038 Bo, n(D) — 0439 Cp, D) +[ B, (D), Cp,(D]=0,
a p=1,.--,r—1, mn=12,...

(3.3.22)

4. Examples of Exact Solutions

4.1. Applications of an infinite dimensional analogue of the Riemann-
Hilbert problem

As is well known, the Riemann-Hilbert problem plays an important
role to analyse the two-dimensional (or subholonomic) soliton equations.
By means of this problem, the exact solutions of many classes have been
constructed, and the infinitesimal transformation groups acting on the
solution spaces have been discovered [18, 38, 39, 41].

We will briefly explain how to apply the problem to the soliton
equations. For example, let us consider the SU(n) chiral field [38, 40],

0:(g7'9,8)+0,(g'9:8)=0,
where g=g(&, 7) € SU(n), and &, % are the light cone coordinates. Let

iB
142

be a one-form with 3u(n)-coeflicients 4, B. Then the equation is represen-
ted as the O-curvature condition, d2=£* Hence the linear problem,

Q(D—- df ——dy

dY(2)=82)Y(2),
has a fundamental solution matrix Y(1)= Y(x, y; 1), such that
det Y()=1, YW)'Y()=1, Y(0)=1.

Here 7 is the complex conjugate variable of 4, and | indicates the hermi-



64 K. Ueno and K. Takasaki

tian conjugate matrix. Let C be a circle with the centre at 1=0, and
C.(C.) be the inside (outside) of C. We assume that Y (2) is holomorphic
in CUC,. Letu(l) be an nXn matrix-valued function, which is inde-
pendent of &, %, analytic on C, such that u(2)'u(2)=1, det u(2)=1. Then,
setting

H@)=YQu()Y @A),

A(0
we consider the Riemann-Hilbert problem to find matrices V("")(Z) such
that

@.1.1) PE@)=VPORNHG), AeC.

(0
Here we assume V(‘”)(Z) to be holomorphic in 2 and invertible on CU C,
(resp. C U C_), and satisfy the normalization con~dition VO{)=1. For
the solution to the problem, we define Y (1) and £2(2) as follows;

F)=VoWYQ) in C,, =VRD)YDu() in C_,
A= %d §——""_dy, where
A=4+3,V0), B=B—3,V(0).

The dot denotes the differentiation with respect to 4. Then we find;

(1) A, B are 3u(n)-matrices.

(@) Y(2) is a fundamental solution matrix of the equation d¥ =07,
and satisfies the same condition that Y (1) does.

These facts imply that £(2) provides a new solution to the SU(n)
chiral field. In other words, the Riemann-Hilbert problem induces a
transformation on the solution space.

As far as the authors know, there has not been any systematic ap-
proach to the construction of the exact solutions of the three dimensional
(or, sub-subholonomic) soliton equations such as the KP equation in the
framework of the Riemann-Hilbert problem.

The Riemann-Hilbert problem may be thought of to correspond to
the Bruhat decomposition of Euclidean Lie groups. So generalizing the
Bruhat decomposition to the category of GL(c0), we wish to construct
the exact solutions, namely, the rational or soliton solutions to the KP or
the TL hierarchy, etc.

To state our viewpoint more clearly, rewrite the bilinear relation
(1.2.8) in a little formal fashion as follows;

W x, )71 WO, ))=W(, y) WO, ).
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This equation must hold for any x, x” and y, ', so that the both sides do
not depend on these variables. Thus there exists a constant matrix 4 €
GL(c0) such that

WO, y)=WO(x, y)A.

This may be interpreted as the Bruhat decomposition of

H(xa y): exXp (&(x: A)"I'S(y’ A—l))A exp (E(_x: /1)+$(—y9 A-l))a

or an analogue of the Riemann-Hilbert problem. Of course, such a de-
composition may be meaningless in a general case. However we adopt it
as a fundamental setup. In other words, our strategy is to consider the
decomposition

“4.1.2) I7(°>(x, V)= I7(°°>(x, VH(x, y).

(0
Further we assume that V("f’)(x, y) satisfy the following condition:

VO(x,y) is an upper triangular, invertible
4.1.3) matrix, and ¥)(x, y) is a lower triangular

matrix with unit diagonal entries.

We will call (4.1.2) (with (4.1.3)) the RH decomposition. It should be
noticed that the wave matrices are recovered as

@1 O =7k, ) exp G, ) +E0, 47,

(as for 7*)(x, ), see Section 1.3 (1.3.30)~(1.3.33)).

As was remarked above, the RH decomposition may fail to make a
sense in a general situation. But, specifying the matrix 4 in various ways,
we will actually carry out this decomposition.

The following theorem describes how the matrix A characterizes the
wave matrices (4.1.4).

Theorem 4.1.  Suppose that the RH decomposition (4.1.2) with (4.1.3)
is achieved;
(1) Then the decomposition is unique.
(2) If [4, A1]=0, the resulting wave matrices solve the (TL), hierar-
chy.
(3) If [4, A+ A-"1=0, the resulting wave matrices solve the one-
dimensional TL hierarchy.
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A (0
@) I 4e 0(co), then WSx, )., yum0 € O(c0).
W (x, )=V, y) exp &y, 47, WOUx, »)=V(x, ») exp &(x, 4).)
Therefore the resulting hierarchy is of the B-type.
~ (0
(5) I A Sp(eo), then W (x, p)|o-yum0 € Sp(o0).
Therefore the resulting hierarchy is of the C-type.

(0
Proof. (1) Let Vz-(“’)(izl, 2) be two pairs of matrices to achieve
the same decomposition. Then one sees that

V:{O) VéO) -1 __ Viw) Vém) -1.

‘The right-hand side is a upper triangular matrix, while the left-hand side
is a lower triangular matrix with unit diagonal entries. Hence the both
)_p.©)

(0
(2) By the assumption, A"‘V("") A* also give the RH decomposition.

A (0
sides must be the unit matrix, so that ¥, G

A0 A(0
The uniqueness of the decomposition yields A"‘V(“)A‘=V(°°), so that

[W(g’), A=0. Hence we have the desirous result (see Proposition 1.13).
() Let L=W®™IAW®I ! M=WOA'W©-1 Tt is easy to see that
the assumption implies L4 L-'=M-+M-'. Thus the resulting hierarchy
falls into the one-dimensional sector (see (1.4.13)).
(4) First we observe that, if the RH decomposition is achieved by

(0
V(°°)(x, ¥), then the decomposition problem
4.1.5) X, 5)=X(E HH, )oyero-o

~ 0 «
(E=(xy X5, --+), and X () are assumed to be matrices of such form as

A0
(4.1.3)) has a unique pair of solutions, V("") %, Mz,=y,=o- From the as-
sumption of (4), it follows that H(x, y)|,,-,,-0 € O(c0), i.c.

JCH )=o) = H (%, )7 o=y 0
The uniqueness of the decomposition yields
-~ 0 ~(0
J(tV(N)(‘x’ y)“l Iﬂ?e:1/2=0)J_l = V(“)(x, y) ]xe=ye=0’

from which one obtains the desirous result.
(5) The proof goes in the same manner as above. Q.E.D.

Let y=0 in the RH decomposition. Then the resulting wave ma-
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trices correspond to the KP hierarchy (see § 1.2). Furthermore, if
A e O(c0) (resp. A & Sp(e0)), they correspond to the BKP (resp. CKP)
hierarchy because of the above theorem (4) (resp. (5)) and the remark in
Section 2.3.

Motivated by this observation, we will construct polynomial 7 functions
of the KP, BKP, CKP hierarchies. Before proceeding to the construction,
we state two lemmata, which are well-known, however fundamental in
the following discussion. The first of them is concerned with linear

algebra.

Lemma 4.2. (1) Let ‘a,=(a,, a,, ), ‘by=(b;, by, ---) e C”
(i=1, ---,r) (N denotes the totality of natural numbers), and assume *b,a,
converges for any i,j. Set

A=det (5“‘ + tbiaj)léi,jér:

and assume A+0. Then the N XN matrix (I+ 2 7., a,'b,) has the inver-
tible matrix

7 -1 7
4.1.6) (I+Z a, ‘bi) —14 3 xya'b,
=1 i

i,7=1
where x,; is given by
@.L7) (ciisigex=—{(0y +b,a;)150, 550}
(2) Then the following expansion formula holds:

@19 4=% 3 5 sen(l b (bay)

1=0 11<Cees<iy J1rores 7 TR
ih"':il il)"':il : :
Here sgn| . 2)=0 unless | 1) is a permutation.
]1’ ...’Jl Jl’ ..-,]l

Proof. The formula (4.1.6), (4.1.7) is casily verified by considering

the Neumann expansion of (I4>7_; @,'b,)~". We omit the details.
Q.E.D.

Remark. Let X=(x,) be a matrix of infinite size. Suppose that

!xijléaibjMa and K:Z‘libj< -+ 0. Then

1 1 Yo X
X)=14+_~- i+ -2.d t( . ”>
det (1+X) +1!§xi+2!§ ) i1 Xy
. Xy Xy Xy
4 Z det Xjo Xog Xgg [T

1 a7k
Xeo Xpg Xux
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is well-defined, and is absolutely convergent (See [33]). Note that

A=det (1+ S a, ’b¢>
=1
in this sense.

Lemma 4.3 [33, 34]. Let x(x) be the Schur function corresponding to
the Young tableau Y, and let Y* be the conjugate tableau of Y, which is
defined by converting Y with respect to the diagonal line. Then we have

)= (=) Ty (=),
In particular
4.1.9) Y —X)=(=)"""A s, ~m-1(%),

where X, (X)=(—)" 220 Pvon(—X)P,_ (%) m<OZLn) is the Schur func-
tion for the hook

—-m

Remark. If we further set

Lun(x)=1 for any m,
Lin(x)=0 for nz=0, m<0 or, n, m=0, n=m, or n, m >0, n+m,

(4.1.9) persists for any integers n, m
Let us consider the following RH decomposition:

(@4.1.11) VO (x)= V=) (x)H(x),

where
H(x)=exp &(x, A)(I+ 5 aEm) exp &(—x, 4)

(a; is a scalor constant), and V( )(x) are subject to the condition (4.1.3),
ie, (VOR).=0, PO =I+2Z, Z= (Zi)i,5ez With z,;=0 for i<j. This
decomposmon is carried out as follows: Taking the (—) part of (4.1.10),
we get
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[Z {I—|—ZZ:1 a; exp &(x, A)Emm exp &(—x, /1)}] i
= —g ai[exp E(x, A)Emin,; exXp E(_x’ A)]—'
Define

plm, 5)=p(m; $; X)=(Pn-i()pcs= :
Pr-sr(X)
DPmesea(X)
P 5)="p*(n; 5; X)="(Pp-nl— s =(" * * Pogon(—%); Ps_s1-n—X)),
2(8) =", ucs = (" * " Zy 5225 Z5,5-1)5

where we set p,(x)==0 for j<<0. Then the above equation reads
@11D) G143 apn: ) P )| = =3 aupn,- £ P4(013 ).
Let us apply Lemma 4.2 (1) to this equation. Set

{I +,i a;p(m;; s) ‘p*(n;; S)}‘1
(4.1.13) =1

=14 'Zl ax,(s)p(m;: s) ‘p*(ny; s).
iy j=
By (4.1.7) together with Cramér’s formula, x,,(s) is given by
Xo(s) = — ()™

L@ (03 5)p(ms3 ) -+ - - a, ¥ (s $)p(m, 5)
% det () ....... | () <—(j)
@119 4 )plems ) - -(T_-)- o $)pm, 3 5)
1
where

z(s)=1(s; x)=det (3;;+a; ‘p*(n:; )p(m;; $)igi,s5r
=det (0;;+ (=)™ 'aXsms-t,5-ni-1(—XDi1s4,55r
(4.1.15) ' (by (4.1.10))
=det (3;;+(—)""™a;X ;s ms- g1, 55r
(by (4.1.9))
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(In the last equation above we should set X, ,(x)=1 form< —1, L, .(x)

=0 for m=0.) We observe that if g, are very small, then z(s; )0 for

|x]|«1, so that the linear problem can be solved simulataneously for all s.
Set

(4.1.16) W s x; =143 2,24,

j=1
w)(s; x; H=w(s; x; DA exp &(x, 1) becomes the wave function for the
KP hierarchy. Furthermore we obtain the following.

Proposition 4.4. Let  (s; x) and W(s; x; 2) be as in (4.1.15),(4.1.16),
respectively. Then we have

(s; x—&(27)

4.1.17) W (s; x5 )=
(85 x)

2

where e()=(2, 2%+ 2, - - ). Hence t(s; x) (4.1.15) is a = function of the
KP hierarchy. '

For the proof, the following lemma is needed.

Lemma 4.4. We have

(4.1.18) P — (2 = p,(0) — 1", (x),
(4.1.19) PA— x4 =3 py— 01,

p*(n; s; x—e(A))p(m; 55 x—e(271)

(4.1.20)
="p*(n; s; X)p(m; 3 X) = 2" P (X)Ps-1-a(— X +2(277)).

Proof. (4.1.18), (4.1.19) follow from
. ee(:x;e(z-x),h) =(1 —llll)tlee(ix’h),
respectively. (4.1.20) is deduced from the former equalities. Q.E.D.
Proof of Proposition 4.4. From (4.1.12), (4.1.13), one sees that
U) == 3 0P P01 )T+ 33 axa(s)plon;; )03 )}
e Jak=
= _iél ajpmj—s(x){aji—i-kZ::l a; tp*(nj; s)p(m,,; S)xki(s)} ‘p*(ny; 5).

Since the definition of x;,(s) reads as
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5j¢+k}=:1 a; tP*(nj; S)p(my; 8)x,(8)= '—xji(s):
one finds
tz(s)=izj__;l aij,—s(x)xji(S) p¥(ng; s).

Hence, by the definitions (4.1.14), (4.1.16) together with the above results,
one sees that

W (s; x5 2)

=) {e0)= 3 270,p0, - X, IPsms-n — (7))
=T(S)“1{‘L'(S)— zl 2
I+a,'p*(n;; s)p(my; s) - - - - - a, 'p*(n;; s)p(m, ; s)
(4.1.21) :
X det @uPya(R) e @ Pmi¥) 4
a, 'p*(n,; )plmy; s) - -+ - 1+a, p*(n,; $)p(m, ; 5)

)t
Oﬁ the other hand, applying (4.1.20) to (4.1.15), one easily finds
o(s; x—e(2))=det (3;;+a, ‘P*(ns; s)p(my; s)
=27 Py )P 1 (— X H(A7))).
Compairing (4.1.21) and (4.1.22), one concludes (4.1.17) Q.E.D.

Corollary 4.6 [20, 33, 34]. Let n,<.---<n,<0Zm,<..--<m,.
Then

(4.1.22)

z'(x) = det (X'n,ﬂnj(x))léi,.iér

is a t function of the KP hierarchy. This is the Schur function for the
Young tableau,

r ml——-r+1

—Hy—r L—"T—l
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Proof. Since the 7 function has constant multiple arbitrariness,
T
(T a*)e(05 ) =det (=)~ ™1a7 8+ Luem isiser

is also the = function of the KP hierarchy. Letting a,— oo, we obtain the
corollary. Q.E.D.

Next we consider the BKP, CKP hierarchy. Recall that the gener-
ators of 0(e0), 8p(o0) are given respectively by (§ 2.1)

ZB,mnz(—)nEm,—n—(——)mEn,—ma
Zc,mn:(—)nEm,n—l"(_)m“E ,—m—1e

If we assume m+n=+0, m, n=0 (resp. m-+n==0), exp (aZy n)=1+aZp uy

e O(o0) (resp. exp (aZ; n,)=14aZ; ., € Sp(e0)). Then applying The-
orem 4.1 (4), (5) and Proposition 4.4 to this case, we obtain examples of
the = function of the BKP, CKP hierarchies;

1 - max—n—s m-s - m+1ax~n-s n-s
r5(s)=det (( +)(n X) ’ (l—l-)( yeiay ' >,
—) Al s, m—s —)"*a -Mm-8,n=8
(4.1.23) ’ ’
1‘+(_)m+1ax—n—1~—s,m—s (—)m+lax-n—1—s,n—s
T(s)y=det ) .
(—')n+ A mm1-s,mms 1+(—)n+1x—m~1—s,n—s

To construct an N-soliton solution of the TL hierarchy, let us con-
sider the following RH decomposition;

VO(x, )=V (x, NH(x, ¥),
@124)  HEu )= exp @n D500 A1+ X, ,)
Xexp (§(—x, DH+E(—y, 47Y),
where a; >0, and 0<gy<<- - - <q,;<p;<- - - <py, and X, is defined

(4.1.25) Xpo= 2. P"q " "Eny.

mynEZ
(0
V(“’)(x, ¥) should satisfy the condition (4.1.3), that is,

VO=®) vQ=0fori>j), V&=I4+2Z,
Z=(z;;) (z,;=0for i<j).

Define
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e(p; s)=e(p; s; x, »=(p"e"™), <y,
te*(q; 5)="e*(q; s; x, ) ="(q *e- "), ,,

where 7(p)=&(x, p)+&(», p™").  Set ‘z(s)=(2,1)i<,» By the same argu-
ment as the preceding one, it turns out that (4.1.24) reduces to

N N
21+ 3 acepii ) e ) = — 3, aupien 'ex(a,; ),
=1 i=1
which further leads to

N
(4.1.26) 2s)= 25 apier®Px(s) ‘e (gs; ),
Jj=

i,5=1

where x,,(s) is defined by

X;4(8)= — (')

1+a,'e*(q,; s)e(prss) v -- ay ‘e*(qy; s)e(py; 5)
4.1.27) : :
w det 0 cevens 1 ... 0 <)
. 4 .
a,'e*(qn; 8)e(ps; 5) - - (I) - 14-ay 'e*(qy; s)e(py; 5)
I
and

(4.1.28) (s)=1z(s; x, y)=det (0:;+a; ‘e*(q:; S)e(Pj§ $i<i,jene

We will show below that the ¢ functions (4.1.28) are expressed as
(4.1.35). From the assumption on g, and p;, g;, it follows that ¢,; <0 for
i<j, and a,(s)<<0. Hence the z functions are positive for real x, y, so
that the above linear equations can be solved simultaneously for real x, y.
(Of course, the = functions (4.1.35) themselves is well-defined for mutually
distinct p,, gq;).

The following equalities will be useful later.

4.1.29) te*(q; s)e(p; s):ﬂ(p/q)sen(p)-n(q)’
1—qlp ,
'e*(g; 53 x—e(27"), y)e(p; 53 x—e(277), ¥)
(4.1.30) o
=te*(q; s)e(p; s) __q___(p'/q)seﬂ(p) -2,

1—gq/2
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te*(q; 5; x, y—e(D)e(p; s; X, y—e(d)

4.1.31)
="'e*(q; s)e(p; s)+ (p/q)ter®=1®,

1— 2/
Set

0™(s; x, y; 2)=1+i Zy5 277,
j=1

)

09(s; X, y; D=2, 05,2

Then we 'get the following proposition.

Proposition 4.7. We have

(4.1.32) 553 X, 3 )= (53 x—e(271), ) ’
7(s; %, ¥)

(4.1.33) 50(s; x, y; H=L L%y =)
7(s; %, ))

which means, by the remarks in Section 1.3 ((1.3.32)~(1.3.35)) “together
with (4.1.4), that

(4.1.34) o(s3 %, Y)=7(5; % ) exp (—i nxny,,)
n=1

is a © function for the TL hierarchy. Furthermore it is expressed as

N
T/(S; ‘x, y)=lZ(:) X Z ) c’ir--i;ail(s)' ¢ 'aiz(s)
(4.1.35) o<

Xexp (:é 7(Ps,) —v(qi,,))

where

a(s)=ay(p./q:)"

2 i

Con= TI Conn cy="Pr=PN&=4)
1se0iy It 2
1gprsl (pi—a;Xq,—p;)

Proof. From the definition of §¢(s; x, y; ) and (4 1.26), (4.1.28),
it follows that

8(s; x, 73 z)=r’(s)-*{r'<s)
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1+a,*e*(q,; s)e(ps; 8) + - v - ay ‘e*(qy; 5)elpy; 5)
N . .
— > det| alpfg)erPr-n@a .ol ay(palq.)er®m -1t
i=1 . .
a,'e*(qy; s)e(pi;s) oo v 1+ay tg*(ézv? s)e(py;s)
>< qi/z }.
- l1—gy2

On the other hand, applying (4.1.30) to (4.1.28), one finds
o/(s; x—e(27Y), y)=det (5ij+aj ‘e*(qy; S)e(P/§ 5)

oA 5 2B -1
—a JL_(p]/qi) e'](Z’J’) 0(111))15{1]21\,.

(4.1.36)
"1—g/

Compairing these identities leads us to (4.1.32).

Next we wish to prove (4.1.33). For the purpose, we prepare the
following notation: Let M be a matrix. By M®, we mean a matrix
obtained from M by setting the (k, ), (j, k) (j#k) entries to be 0, and
leaving the other entries.

By the way, it is easy to see

0O(s; %, ¥5 )
1

4.1.37)
1—2/q, |

N
=] +Z ak(pk/qk)seﬂ(pw-vz(Qk)l’)‘(w)(S; X, V; pk)
k=1

Using the notation prepared above, one finds 0¢(s; x, y; p,;) to be given by

08 X, Y5 py)

_ )
@138 _ )t det (5“_ ta, ! PP 4ilpy (pj/qi)se,;(pj)-q(m) )
1—aq./p. 1—ap,

On the other hand, applying (4.1.31) one sees that

(5415 %, y—e(D) =) + 3 det
%=1

k
{
1+a,’e*(q5)e(p.s) - - --—QI/—quI‘*e’“““ - ay ‘e*(qys)e(pys)
: 1—q./ps :
X alpieﬂ(m) ....... 1 ............ aNpﬁveﬂ(pN) -k
a,'e*(qus)e(ps) -+ _lPe_goseran 1t ay R (gys)e(pas)

1—qx/ps
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(4.1.39) 1

X, Spn{Pr)~7(qk) |
& 1= a. (Pe/q)

In the above determinants, let us perform the following fundamental
operations: Multiply the k-th line by ((g./p0)/(1—q./p:))g; e~ 7“9 and
subtract it from the i-th (i=~k) line so that the (k,7) entries becomes O.
After these operations, further perform fundamental operations to let the
(i, k) entries (i=£k) be 0. Substitute (4.1.38) into (4.1.37), and compare
(4.1.37) with (4.1.39).  Noting that (1—p/D/(1—q/D)-(q/p)/(1—q/p)=

(a/p)/(1—q/p)—(a/)/(1—q/2), we conclude (4.1.33).
The expansion formula (4.1.35) is easily verified by applying Lemma

4.2 (2) to (4.1.27). Q.E.D.

The r function (4.1.35) coincides with the N-soliton ¢ function
discussed in [19]. We denote the = function (4.1.34) by

4.1.40 A v )
(4.1.40) ~T(S pgs - padn’ 7
Next we consider a N-soliton solutions of the (7L), hierarchy, the

one-dimensional TL hierarchy, and so on.
The (TL), hierarchy: In (4.1.35), we set [21, 25]

(4.1.41) g;=wp;, (o'=1,0#1,1<j<N).
It is evident that the resulting = functions ¢/(s; x, y) satisfy
9,7/(s)=0,7z/(s)=0 for j=0 mod1, ¢'(s+1)=2'(s).

Hence they belong to the /-periodic hierarchy. We remark that if we
set ¢;=ap; in (4.1.24), then the infinite series ‘e*(g,; s)e(p;; s) diverges.
Namely the RH decomposition cannot be directly solved under this con-
straint.

The one-dimensional 7L hierarchy. In the RH decomposition
(4.1.24), we impose the following constraint compatible with the assump-
tion on p,, q; (see (4.1.29));

(4.1.42) pq;=1 for 1Zj<N.

After a little computation, we find [X,,-i, A+ 47" ]=0. Thus Theorem
4.1 (3) assures that the resulting wave matrices fall into the one-dimen-
sional sector. The 7z function (4.1.35) takes the form

N

(s 8)=2, 35 Cuififs)- - -d,(s) exp (éj(m,,))

T=0 (1< <iy
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where t=(t,, t;, - - )=GFx;—»1), $0,— ), - - ), and

© 23
Wp)=23 (0" —p ™, als)=a—Fic,

pi—1
2 5 x _ (pi—p)
Chyenriy = Criiy Coyy= 21—,
fueie 1§}.‘1_<[v§l i" ! (p:p;—1)
The BTL, CTL hierarchies: Define
. .4 —a - 4y —day .
) =15, 5 X, s
(4 1 45) TB(S y) T( D —q q —p,-- 'pN’ gy qN, —pN y)
N N N s 3 AU i B i P
7ols3 %, 7) T<S’P1, Gy Gi» ~P1 *** Pys —qnx qn> — Py’ »r)

Then we have

Proposition 4.8. The ¢ functions t4(s; x, y), t(s; X, y) have the sym-
metries,

(4.1.46) (=95 X, )=t +1; (), (),
(4.1.47) To(—55 %, Y)=1(s; dx), ).
Proof. Note that there are more general symmetries,

LGy e Ay
T(S,pﬂl' < Dxgy’ * y)

a

I ary . _ —
_T<s, —Di—4q1- - —DPy—qx’ 4), t(y))

4.1.4 '(pl/ql)al"'(pN/qN)aN. )_—: ( Ly e Ay, )
( ) 7:(S’ pgy -+ Pydy %y T s+l’p1q1. W X,y

(4.1.48)

LGy e Ay,
T(S’l%% coe Pagy’ * y)

(et T )
T( St q1D1 -+ 9yPx A

(4.1.50)

It is an easy task to verify these symmetries. Applying these to our case,
we see that

Ta(s+1; dx), ()

—a(s L, G T, D)

v —Yq1 41, —Di-
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= . 4 Aty — 4.1.48

(sts 0 o i—x—y) by @148)
—t(—s; % G by (4.1.50
(=5 0 g g (by (4.1.50))
=75(—5; X, ¥).

Likewise we can show the symmetry of the C-type (4.1.47). Q.E.D.

The ¢ function (4.1.45) are N-soliton ¢ functions of the BTL, CTL
hierarchies [23, 26]. These ¢ functions may be thought of to come from
the following RH decomposition (however, it is impossible to achieve it in
a rigorous sense):

We set

XB,pqzm;eZ {(—")"Em,—n—(_)mEn,-—m}pmq_n

=X, -q—Xg-p€ 0((0)),
XC,pqzm;EZ {(—)nEm,—n—l}_(—)m+1En,—m—l}pmqwn

= '_q—lXp,—q—p—qu,—p € Qp((oo))

We apply the RH decomposition to the matrices

H, (0, 9)=exp (5, A)+£0. A1+ 4 X,
X exp (§(—x, H+&(—y, A7),

Hx, ) =exp (6Gx, D+E0 AT+ 0.,
Xexp (§(—x, +&(—y, 47).

Then Proposition 4.7 suggests that the resulting ¢z functions should be
given by (4.1.45).

At the end of this section, we give some remarks.

Remark 1. Though we have not considered here, it is possible to
generalize the RH decomposition to the multi-components. In the -
reduced KP or TL hierarchy, the RH decomposition reduces to the ordinary
Riemann-Hilbert problem. These topics will be investigated in detail in
a future paper.

Remark 2. Taking into account the remark after Lemma 4.2, the ¢
functions in Propositions 4.4, 4.7 take the form
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z(s)=det (4} exp &(x, A)A exp &(—x, A)A,)
where A4 is the matrix that appeared in (4.1.11) or (4.1.24). The rect-

angular matrices A¥, A, are defined by

A;k:(gmn)m<s’ As:(amn)meZ'
neZ

ns

In fact, it is known [33, 34, 22] that the ¢ functions of the KP hierarchy
are expressed in the above form (see also the Appendix 1 in this paper).

Remark 3. Let X(p, g) be the vertex operator [22]

X(p, q)=et@»-t@D o=@ D +eGamn

By a simple calculation we see

N ay

b1 X(P1.q1) , - - =7{0: a; - : X, )
l=1e exp( nZ=:1nx"yn> T( >Pigi Dy Y

where b,=((q,/p)/(1 —q./p))a;. Expanding X(p, ¢) into a formal Laurent
series in p, ¢, ‘ ' '

@.1.51) X, )= 5 Zur'a,

1—q/p ,j€Z
then we see that the coefficients Z,; satisfy the same commutation relations
that the matrix units E;; do [22]. Hence X,, (4.1.25) can be identified
with (4.1.51).

4.2. Special solutions of the Wronskian type

In this section we shall show a direct method for the construction of
special solutions of the Wronskian type, which is a modification of the
construction in [33] of rational solutions to the KP equation (see Appendix
1) and in a special case coincides with Date’s method [6] for the soliton
solutions.

In the following we shall mainly consider the one component case.

Consider the following functions

4.2.1) P, y)=jEZZ P (0P (») (e Z).

p{x) and p,(y) are polynomials, while p,(x, y) is an infinite series of x and
y with the generating function

422 é pix, y)A'=exp [§(x, H+E(p, 7))
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As the data for the solution we give constant vectors f;=(f} )icz
j=1, .-+, N, of infinite size, and set

(423) fi(sy X, y)=i§Z: pi—s(xs y)f;.f'
Furthermore we assume the following condition

4.2.4) det[fi(s+i—1;x, V]ijur,....nE0, s€Z.

Then we can define the functions w,(s; x, »), - - -, wy(s; x, y) such that

N-1
(425 fils+N; %0+ 2 wy-ds; 6 Nfs+i5%,)=0, j=1,.--,N.

Using Cramer’s formula we have

_ =1, .-, k
Sis+i—1;x,) (}=1: .. -,N)

..........................

(42.6)  wy=—det|fis+N;x,5) (=1, -+, N)

..........................

‘ i—k+2, -+, N
J”j(s—!—z——l;x,y)(;.:Il‘:'j_’.’N, )

/det [fis+i—1; %, Mijer,n
for k=1, .. -, N. In particular

Wy= —det [f;(s+l: X, y)]i,j=1,'-"N

“4.2.7)
[det[fi(s+i—1; x, Mis=1,0.,wFEO

for any s ¢ Z.
Now we set

N
(4.2.8) Wy(x, y)=>_ diag[w,(s; x, DIAY 1, wys; x, »)=1,
=0

W, y)=Wyl(x, )4 exp [§(x, )+&(r, 4],
WO(x, y)=Wx(x, y) exp [§(x, D+, 47)].

Then we have

(4.2.9) {

Theorem 4.8. W and W solve the linear problem (1.2.8) for
certain suitable matrices B, and C,, so that they solve the Toda lattice
hierarchy. The corresponding © function ©/(s; x, ¥) is given by

(4210) T’(S; X, y):det [f;(S—l—l— 1 s X, y)]t,j=1,...,N-
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It is remarkable that the = function is obtained in the Wronskian form
(cf. Lemma 4.11). Therefore we call the solution obtained above a
special solution of the Wronskian type.

Example 4.9. Suppose that f; ; takes the form

M .
(4.2.11) Jui=25kiay,p,

where k, and @, ; (I=1, ---, M, j=1, - - -, N) are constants. Then

(4212 [ x0)=3 Ka, exp [60r k) +E0, kL,

and we obtain a soliton-type solution.
Furthermore if M =2N and

311 (ESEY) 7. (<ISN),
a; == =
Y Bsene; (NH1SIZ2N), Pi-w (N+1=IZ2N),

1=

then we recover the classical soliton solution of the Gram determinant type
(up to simple exponential factors)

N
(55 x, y)= 'U1 er40gs . Il;[] (9:—9;)

s (Pi—aqp T1 (pj—qz)]
(#5)
T i=1,ne,

X det 5i_+c_en(w)—n('1j)<p_f>
[ Y (pi—4) I1 (@—a)

4 N
Applying the expansion formula for det (1 +X), remarked in the previous
section, to the last determinant, we get

N
T'(s; x, y)= [[1 e g 11 (q.—q))
(4.2.13) = =

N

l
X2 ) 20 CuyreCan () - ag(s) exp 2 (W(Pip)_ﬂ(%u))-
=0 i<y W=
Here the notations are the same as in (4.1.35) and
4 H (pi—q)

L(#1)

H. (9:—q)

L(+7)

a;=

Thus we get the soliton solution (4.1.35) up to the trivial multiplier
T2, er9gs- T[>, (9.—g;) which can be absorbed in the trivial arbitra-
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riness of wave matrices indicated in Theorem 1.2.

Remark 4.10. In the expression of the solution there appeared
infinite series of the form > .., ¢, p.(x, ), where c,(n e z) are constants.
Using the integral representation

— 1 -j-1 -1
PAS D=5 A epIEG D0, 1A,

‘we can estimate | p,(x, ¥)|, where the integration contour is chosen to be
in the convergence domain of the Laurent series &£(x, )+£(y, 2~9). In
this way we can easily prove, under the condition lim. sup,,,_..|¢,[/*< oo,
that the series ), .5 ¢, P.(x, ) converges absolutely in the domain

lim. sup. |x,|"*-lim. sup. |c, /<1,
Nn—co n— o0

lim. sup. |y, ['/*-lim. sup. |c,| /<1,
N—oo Nn— -

lim. sup. [x,[/"-lim. sup. |y, |/"<1.

N—> 00 N0

Now we proceed to the proof of Theorem 4.8.
We prepare two lemmas.

Lemma 4.11. We have the following formulas.

0,24%, Y)=Dps- (X, ), 0y, DX, Y)=Pi+4(x, ¥),
azjf;c(s; X, y) =f;c(s+]; X, y): ayjfk(s; Xy y) =f;c(s_j; X, y)

This is an immediate consequence of (4.2.2) and (4.2.3).

Lemma 4.12. For any matrix U=, diag [u;(s)]4? there exist two
matrices Q and R uniquely such that

{UZQWN+R:

(4.2.14) ¥
0=7, diaglg, ()4’ R=2, diaglry(s)]4'.

Similarly, for any matrix U’'=3},_, diag [uj(s))A’ there exist two matrices
Q' and R’ uniquely such that

U'=Q'WyA-¥+R,

4.2.14y { ,
Q’=]Zsodiag lg5()]4, R’=j 25 diagris)la’.

Proof. Equating the coeflicient matrices of A4’ in the equalities
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U:QWN+R’ U,=Q’WNA-N+R’3

we get a series of linear equations for g;, r;, g5, r}. Since w,=1 and wy

is invertible (cf. (2.2.7)) we can solve them recursively and uniquely. This
proves Lemma 4.12. Q.E.D.

Let us prove, by use of these lemmas, that there exist an upper
triangular matrix B, and a lower triangular one C, of infinite size such
that the following equations are satisfied for n=1,2, . - -.

4.2.15) 0y Wyt Wyd*=B, Wy,
(4.2.16) 0y Wy+Wyd"=C,Wy.
Rewrite (4.2.5) in the form

@.2.17) Wyfix,»=0 (=1, ---,N),

where we set f;(x, V)=(f}({; X, ))icz. Differentiating (4.2.17) with respect
to x, and using Lemma 4.11, we have

(aanN+ WNAn)f.;'(xa y):() (]219 ttty N)'

On the other hand the former half of Lemma 4.12 implies that there exist
certain matrices B, and R, of the form

B,= diagb,,,(5: %, DA, Ry= 3 diag [r. (53 %, )4
such that
0. Wt WP =B, Wy R,
Hence
RAGD=0 (=1, W),
or equivalently,

(ros -+ s rN—l)(fj(s‘l‘i; X, y))i,j:l,...,N=0'

In view of (4.2.4) we conclude R, =0, and hence (4.2.15).
Similarly, from the equalities

@ Wa A=)+ (W d=DA-)Af(x, )=0  (j=1, ---, N),

we can show (4.2.16), using the latter half of Lemma 4.12.
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(4.2.15) and (4.2.16) implies that W and W defined by (4.2.9)
solve the linear equations (1.2.8). Hence B, and C, solve the Toda lattice
hierarchy (cf. (if) of Theorem3.3).

For the proof of (4.2.10) it suffices to prove the following.

5 : v _det [fi(s+i—1; x—e(), Wi jmsooe
14+ 2wy 832, AT = J _ FEIRIN §
é} ! det [ff(s+l_1;x5y)]i,j=1,...,1v

5 o it Gt L5+ %, y— e yar,.n
2N+ w —-i(s: X, y)'2 = I - ¥ Ak LA T A
iZ=:0 iy det [ff(s+l_1;x5 y)]'i,j:l,...,N

(4.2.18)

If we notice the formula

Silss x—eQ7), )=fs; X, ) =2 s+ 1; x, »),
Jis; x, y—e)=fi(s; x, ) —2f(s—1; x, y),
we can show (4.2.18) by a simple calculation of linear algebra, comparing

(4.2.6) with the right hand side of (4.2.18). (4.2.19) is an immediate
consequence of the formulas

(4.2.19) {

{pj(x—e(l‘l), N =px, y)—2A"p;,_(x, »),
Pj(x: y—e(2) =Pj(x: Y)— ADj. (%, ),

which are derived from (4.2.2) and the formula
exp &(—&(2), A)=1—-2a1".

Thus we have proved Theorem 4.8.
Next, let us consider a condition for the [-periodicity, i.e. a condition
under which we have

(4.2.20) [, 41=0, [WO, A1]=0.
Theorem 4.13. Suppose that for the ZXN matrix f=(f ez,
3=

v N
there exists a constant N X N matrix C such that

(4.2.21) Af=fC.
Then (4.2.20) holds. Moreover we have
Wy, A']=0,
(4.2.22) {[ w A1
0s,,Wy=0, 8, Wy=0, n=1,2, ...

Proof. Set f(x, »)=(f{T; X, )iez, - (2.2.21) implies
G=1,0e0,N
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Af(x, »=F(, »)C,
and in view of (4.2.17) it leads to
Wy d' f(x, »)=0.

Then we can show, as we derived (4.2.15), that there exists a matrix Q=
>k diag [g,(s; x, )14’ such that

(4.2.23) Wydl=0W,.
Hence we have two expressions for Q in terms of L= W AW -1 and
M=W A= 0,
QW MW =1L QO g1 p,
which immediately imply the following.
(4.2.24) L'=M-‘t=4, Q=1.

From (4.2.23), (4.2.24), (4.2.15) and (4.2.16) we have (4.2.21) and
(4.2.22). 'This proves Theorem 4.13.

At the end of this section we shall briefly comment on the multi-
component case. Also in this case special solutions of the Wronskian
type are constructed in the same way as we have just discussed. 'We shall
show only the results:

In the r component case f; ; and w; are replaced by matrices of size
r Xr, and we set

(4'225) ff(s; xa y): Z=:1 i;:zpi—s(x(a): y(a))Eaﬁyj'

w, (i=1, - - -, N) are defined by (4.2.5) under the condition (4.2.4).
Since Lemma 4.12 is also valid in the multi-component case under the
condition that wy, is invertible, we can derive

uies Wyt WyA"E,=BO Wy,
(4.2.26) { o Work W y

ay?(‘a) WN+ WNA_nE”: C7(za) WN’

for the matrix Wy=73 %_, diag [w,(s; x, y)] 4"~ with wy=1,. Hence W
and W defined by

W =Wy A~ exp (‘i“l &(x@, HE,+ Z:; (@, AJ)E“)’

W=, exp (3 669, DE.+ 3 60, A7)E.),
a=1 a=
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solve the linearized equation of the » component theory.

Similar argument as in the proof of Theorem 4.13 leads to a con-
dition for the reduction to the system of the Zakharov-Mikhailov type:
If there exists a constant matrix C of size Nr X Nr such that

(4.2.27) Af=fC for f=(fidiez,

.....

then we have

(4.2.28) (W, A]=[W, A]=[Wy, A]=0.

Appendix. A Brief Summary of the KP Theory.

In this appendix, for the reader’s convenience, we shall briefly sum-
marize the recent results [12], [20-25], [33], {34] in the study of the KP

hierarchy.

1.1. Microedifferential operators.

Let O be a differential algebra with a derivation 8. A microdifferential
(or pseudodifferential) operator with coefficients in @ is, by definition, a
formal sum 37,.; a,0’ with a; e @ and a,=0 for any sufficiently large j
(the integer m=max {j; a,70} is called the order of >,., a,0"), and the
sum and the product of two microdifferential operators are defined by the
following.
4; ajaf—l—; ba' =22 (a;+b))d",

J

A. D 2.a;0°-2.b,37=>"¢c,;3' where
J J J
— J\, A«
6= ( )ak 5°b,.
*,1EZ,a20 \ &
ktl—a=7

We denote by & (resp. &, £-") the totality of microdifferential
operators (resp. differential operators, microdifferential operators of order
<0). Then 2 is a subalgebra of &, and there is a direct sum decomposi-
tion

E=®EY,

(A.2) { © .
2L a8 =73 a0’ + 3 a0
JjezZ j=0 J<0

We denote by (). the projections to & and £¢Y;
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(A.3) (> ad).=> a0, (3 ad).=3 a0
JjeZ jz0 jez <0

The formal adjoint P* of a microdifferential operator P is defined by

(A. 9 (; a@’y =3 (- a;,

7

which induces an anti-isomorphism of &.

1.2. One component theory

In this case @ is a suitable differential algebra consisting of functions
in the independent variables x=(x,, x,, - - -) with the derivation

(A.5) 9=0,,.

As the dependent variable we introduce a microdifferential operator
L of the form

(A. 6) L=0+u @ '"Yu_ 07+ -+, u=ux)ed.
We set
(A‘ 7) Bn=(Ln)+: n=1’ 2: Tt

Then the one component hierarchy is defined by the system of the Lax-
type equations

(A' 8) aL/a.rn:[Bm L]: }’l:l, 29 tt s

where 6/0,, denotes the differentiation of the coefficients of L with respect
to x,.

(A. 8) is equivalent to the system of the Zakharov-Shabat type
(A.9) 0B,[d,,—03B,[3, +[Bn B,]=0, m,n=1,2,---.

The equation 9B,/d,,—8B,/0,,+[B,, B;}=0 is nothing but the KP
(Kadomtsev-Petviashvili) equation

(A. 10) 3uy, +(—du,+u,, +6uu,), =0,

where u=u_, and (x,y, t)=(x,, x;, ;). Thus (A.8) and (A.9) give a
hierarchy for the KP equation.
The linearization is achieved by the system

(A. 11) ‘ Lw=2w,
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(A. 12) 9, ,w=Bw, n=1,2 ...,

where w=w(x; 2) is a formal Laurent series of 2 of the form

s D=3 50077 exp £(x, 2,

{(A. 13) .
wj(x) € @’ Wo(x) = l’ S(xi 1)':2 xnzn:
n=1
or equivalently, given by
{w(x; =W (x;d) exp &(x, 2),

(.19 W(x;8)= 20 (087 € 8.

Remark. Here we used the convention that the action of microdif-
ferential operators on exp &(x; 1), or on a series of the form

22027 exp &(x, 2) (3 b0 € &),
7 7
is defined by the formulas
(21 a;07) exp §(x, ) = 2 a;4’ exp §(x, 2),
7 7

(A. 15) {
(}j] aja’)(z; b’ exp &(x, 2))=; c; 47 exp &(x, 4),

where ¢; is the element defined in (A.1). Thus exp &(x, 2) generates a
free &-module of rank one.

We notice that in terms of W, (A. 11) and (A. 12) are rewritten in
the form

(A. 16) L=WaWw -1,
(A.17) oW, =B,W —Wor, n=1,2, ---.

The equivalence of three systems (A. 8), (A.9) and (A. 11)+(A. 12)
are established in the same way as we did in the case of the Toda lattice,
We call a solution to (A. 11)+(A. 12) a wave function of the KP hierarchy.

The wave function w(x; 2) is characterized by the following bilinear
equation

(A. 18) § w(x; Yw(e'; )da=0 for any x and X',

where the integration contour is a small circle around 1= o0, while
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(A.19) w(x; D= (x, )" exp &(—x, 2),

and W* is the formal adjoint operator of W. (A. 18) is a generating
functional expression of infinitely many equations with the indeterminate
x—x'.

The = function 7 (x) is consistently introduced by the formula

. t(x—e(A D)) exp &(x, 2) ay_f5-1 AP
(A.20) w(x; 2)= 2 e )

Then the original hierarchy for the dependent variable L is transformed
into the bilinear equation for the ¢ function of the form

DI2
2

2

A.21) 3 pi(—20)p;.i(D)e Pz =0, 11=(D,1,
j=0

which is a generating functional expression, with the indeterminate u=
(uy, 4y, -+ -), of infinitely many bilinear equations of the Hirota type.
The first one is :

(A.22) (Di,+3D%,—4D, D, ) -t=0,
which is equivalent to (A. 10) with u=3d*(log 7)/ox3.

Remark. The wave functions of the BKP and CKP hierarchies [23~
25] are characterized by the following bilinear equations
(A. 23) ff; w(x, Dw(x’, —DA"di=4d,, for any x, x/,
(n=0 for BKP, n=1 for CKP), where the evolution is restricted to the
odd sector {x,=x,=---=0}.

Sato [34] discovered a remarkable fact that the structure of the =
functions is completely discribed in terms of the (infinite-dimensional)
Grassmann manifold as follows:

t(x)=det ('f, exp (x, A+x 42+ - - ) f)
= 2 Xy(X) S,

Y:Young diagram

(A. 24)

where f and f, are constant matrices of size Z XN°¢, f=( f,-j);6 z 5 Jo=
JENE®
0iiez » N°={—1,—2,.-.}. fy is the Pliicker coordinate of the
JENC

“frame” f corresponding to the Young diagram Y. y,(x) is the character
polynomial (the Schur function) which we encountered in Section 4.1.
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We omit the precise definitions of these concepts (cf. [34]).

The rational solutions, i.e. the solutions with polynomial ¢ functions,
are constructed and parametrized as follows [33]: As the data we give’a
constant matrix f=(/,)i=—m1-m.....1 Of size (m~+n)Xm (m and n are

F=—mal =My ees, -

positive integers), and set
(A.25) f (x)=(fu(x));;: “mtom e n o = EXP o d+x, 454 - ),
where A=(5,_;:1)1,/= —m,1-m,-..,n-1- Notice that we have the Wronskian
structure
(A. 26) fo(X)=0""f_p %), i=—m,1—m, -, n—1.
We assume the condition
(A.27) rank f=m.

Then det (f;, (X))s, j= —m,1-m, ... -1 0. Hence the functions wi(x), - - -, wa(x)
are uniquely determined by

(A.28) (@ +wd™ '+ -+ wy)fom, (X)=0, j=—m, ---, —1.

Furthermore in the same way as we discussed in Section 4.2, using a
division theorem for differential operators instead of that for matrices of
infinite size, we can conclude that the microdifferential operator W=1+
w4 - Fw,d"™ solves (A. 7). Hence the L defined by (A. 16) solves
the hierarchy. The corresponding = function is given by

2()=det (fy exp (ed+ XA+ - - )8)
= Z Xl-—m"-l—x(x).fl_m--vl-_v

—mElap<ree <1<

(A. 29)

where

(511);.. ==l Xi et () =det (pr,- j())s, 5o —myeve, -1
and f;_,..._,=det (fi;, )i 1= —m,ee,-1-

The transformation f+— fC(C ¢ GL(m)) changes = into = det C. Thus
the polynomial = functions are parametrized, up to constant multipliers,
by the equivalence classes of “frames” f (i.e. (m+n)Xn-matrices with
(A. 27)) with respect to the equivalence relation f~ fC(C e GL(m)),
namely by the Grassmann manifold GM (m, n).

We note here that the method stated above is also valid in the case
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n=oc0, m<oo. Then we obtain the special solutions of the Wronskian
type to the KP hierarchy (cf. § 4.2).

The formula (A. 24) is established in a suitable limit procedure as
m, n—>oco,

An alternative expression of the ¢ functions is given in terms of the
vacuum. expectation values of Clifford operators [20, 22].

1.3. Multi-component theory

In the r component theory we introduce the independent variables
x=0x®, .. xM), x@O=(x{", x{?, ---) (@=1, -- -, r), and 0 is a suitable
differential algebra consisting of matnx—valued functlons of x of size r Xr
with the derivation

(A. 30) =>4,

As the dependent variables we consider microdifferential operators L
and Uy(a=1, - - -, r) of the form (cf. § 3.1)

1
L= 3, u;0’ with u; €0, u;=1,, u,=0,
(A.3D) .
U= >, u, 0 withu,,e0,u,,=E,
J==—c0
(our notations are slightly different from those used in [34]), and assume
the following algebraic conditions

[La Ua] = 0’ [Ua’ Uﬁ] = 0’

A. 32 v
(A.32) S U=, UUs=6,Us af=1l,---,r
a=1
We set
(A. 33) B =(L"U),, a=1,---,r,n=12,-.

Then the r component hierarchy is defined by the system of the Lax type

aL/az("’ - [sza)a L] aUﬂ/az;‘” = B7(1,a)a Uﬁ],

A. 34
( ) a,ﬁ:l,---,r,n=1,2,---,

which is equivalent to the system of the Zakharov-Shabat type

0B[0,» — 0B (3, + B, BY]=0,

(A.35)
a’,‘3=1,‘--,r, m,n=112:'
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The linearization is achieved by
(A. 36) LW=W, UW=WE, a=1,.---,r,
(A.37) O W=BPW, a=1,---,r,n=12,.--,

where W= W(x; 2) is a matrix-valued formal Laurent series of 2 of the
form

(A.38)  W(x; =31, ()3 -exp (Z E(x®), Z)Ea>, W, € 0, w=1,.
7=0 a=1
Using the microdifferential operator
(A.39) W(x;8)=3 w,(x)o",
Ze

we can rewrite (A. 36) and (A. 37) into

(A. 40) L=WaWw-', U=WEW-,
(A. 41) W (3 0= BLOW ~WE,o".

In the r component case we need several = functions 7(x) and z,4(x)
(ae=+f) which are consistently introduced by

tx—e (AT exp EX D) (g
z(x)

Ta(X =2 (27) eXp EX R, D) (g
(%) ’

(A. 42) Wi(x; Dps=

where e,27 )=, ---,0, e((ﬁ)“), 0, ---,0), and the subindex («, §) indi-
cates the («, 8) component of a matrix of size r Xr.

The = functions have a parametrization like (A. 24) in terms of the
(infinite-dimensional) Grassmann manifolds. Also in terms of the vacuum
expectation values ¢,(x) (=(,, - -+, 1) e Z" with > 7_, [,=0) introduced
in [22] they are parametrized as follows.

(A. 43) {‘f (x)=(a signature factor)-z,...,(x)

,4(X)=(a signature factor)-z,....... .y...o(X)
(a) (B)

The wave functions W(x; 2) and Wi(x; A) are introduced by the
formula
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(A. 44)
| Wl(x; z) = O'aﬂ(l)le---lau...lﬁ—1---lr(x'—5#(2_1))Zlﬂ+§a‘5—1 exXp E(x(ﬂ), '2)

7(X)

Wi(x; 2= O'a,e(l)le---la—l-.-z,g+1-.-z,(x+5ﬂ(2_l))2_lﬁ+5"ﬁ_l exp &(—x®, 2)

74(X)

and satisfy the bilinear equation

(A. 45) ff Wix; 'WE('; )di=0 for any !/, I/, x and x’,

where g, (/)=(—1D=*(a<p), 1 (a=p), (—D¥+++e(g>f), and
(- Lx1---I;F1. 1) is replaced by (/;- - -1,) when a=p. (Here our
normalization of wave functions is slightly different from the original one
used in [22]))
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