TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 301, Number 2, June 1987

TOEPLITZ OPERATORS ON THE SEGAL-BARGMANN SPACE

C. A. BERGER AND L. A. COBURN

ABSTRACT. In this paper, we give a complete characterization of those func-
tions on 2n-dimensional Euclidean space for which the Berezin-Toeplitz quanti-
zations admit a symbol calculus modulo the compact operators. The functions
in question are characterized by a condition of “small oscillation at infinity”.

1. Introduction. We consider the Toeplitz operators on the Segal-Bargmann
space H2(C™,du) of Gaussian square-integrable entire functions on C". Such op-
erators have been studied by Berezin and others [4, 5, 10, 11] and arise naturally
as “anti-Wick quantization operators”. Via the Schrodinger representation [7, 10],
there is a natural equivalence between Topelitz operators on H2(C",du) and a
generalization of pseudodifferential operators on L?(R™,dv), the so-called Weyl
quantization [9, 10].

Let P be the orthogonal projection operator L?(C",du) onto H2(C"™,du) with
du(z) = (2r)~"e~1#1/2dy(2) and dv(z) ordinary Lebesgue measure on C™. For f in
L>(C™), the multiplication operator My on L?(C™,dpu) is defined by Msh = fh.
The Toeplitz operator Ty is defined, for h in H?(C™,du), by

T¢h = PMsh = P(fh).

In this paper, we complete the program, begun in [6], of determining the largest
x-algebra Q) in L°°(C™) for which TyT, — T, is a compact operator for all f,g in Q.
Functions in @ are characterized by a condition of “small oscillation at infinity”.

It should be noted that the Weyl unitary operators [7] which generate the Segal-
Bargmann representation of the Heisenberg group on C™ [1, 14, 15| take the form
Wi = T, (2) exp{|rj2/4} for A in C", where [6] ex(z) = exp{iIm X - z} and Xoz=
A1z + Aozg 4 o+ Ap2p for 2 = (21,29,...,2,) in C™ and |A|? = (A2 + |X2]? +
-++ 4+ |An)%. Thus, the C*-algebra CCR(C") generated by the {W,} is just the
closure, in the operator norm, of

{Ty: f a trigonometric polynomial on C" = R}

[6]. Since CCR(C") is known to be simple [7], nonconstant trigonometric polyno-
mials cannot be in Q). On the other hand, we shall see that @ contains all functions,
such as e*V!#l_ which oscillate “less than linearly”. We shall also show that Q is
closely related to CCR(C™) in a more direct way.
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814 C. A. BERGER AND L. A. COBURN

For a precise statement of the main results, we require several definitions
I'={feL*(C"): Hf = (I — P)M;P is compact},
B = {f € L>*(C"): PM/P is compact}.

We also have the function algebras:

ESV = { f € L>(C"): 1{“1’20\ furf(llf(Z) - fw)] =0,
lz|>R

V={feL®(C"): Lim f(z)=0}

BC = Bounded continuous functions on C™.

We ignore sets of measure zero in the above definitions of ESV and V. We write
BCESV =BCNESV and Cy = BCNYV.

For f in L*°(C™), we make use of the convolution transform

f(a) = (2m)" / F(2)e V=12 du(z).

This transform is the Berezin symbol of the operator T [3] and is also the solution
of the heat equation on C* = R?" at time t = 1 with initial values f (4, 8, 10].
Let K denote the ideal of all compact operators on the relevant Hilbert space,
H. Let 7 be the usual quotient map from B(H) onto B(H)/K where B(H) is
the algebra of all bounded operators on H. We denote by 7(Q) the C*-algebra
generated by all Ty with f in Q.
Our main results can now be summarized.

PROPOSITION A. @ = {f € L*(C"): (I - P)MsP and (I — P)MfP are
compact}. For f in Q, TgTy — Tyy and TsTy — Tyy are in K for all g in L°(C™).
Q is the unique mazimal x-subalgebra of L>°(C™) with the property that TyT, — Ty,
s compact for all f,g in Q.

THEOREM B. (I — P)M;P is compact if and only if (I — P)MzP is compact.
Moreover, Q =T = ESV + QN B.

THEOREM C. The ideal QN B is given by QN B = {f € L®(C™): |f]2 € Co}.

THEOREM D. The commutant of n{CCR(C")} in B[H?*(C",du)]/K is
m{r(Q)}. Equivalently, [A,W,] is in K for all A in C"™ if and only of A — Ty
s itn K for some f in ESV.

THEOREM E. 7{r(Q)} ~Q/QNB~ESV/V ~ BCESV/C,.

It should be pointed out that the algebra @ is the homolog of the algebra QC
of quasi-continuous functions in the case of Toeplitz operators on the unit circie.
Moreover, I' is the homolog of the algebra H>® + C. Of course, on the circle,
QC # H> + C. The absence of nonconstant bounded entire functions on C™
seems to be reflected in the fact that Q@ =T.

A critical ingredient in our analysis is an averaging operation over the Segal-
Bargmann representation of the Heisenberg group given, for A in B{H?(du)}, by

A= / Wi AW du()).
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TOEPLITZ OPERATORS ON THE SEGAL-BARGMANN SPACE 815

In Theorem 6 of §3, we discuss some useful properties of A and relate A to the
Berezin symbol A [3].
We recall that H?(du) has the reproducing kernels e®

o(a) = (g,67%/%) = (2m) ™" [ g(2)e® e 2 du(a).

2/2 g0, for g in H2(dy),

Normalizing, we have kq(z) = €&%/2-191*/4 with ||ko|| = 1 in H2(dy). In terms of
the k,, the Berezin symbol of any operator A on H?(du) is defined by [3]

Ala) = (Ak,, kq).

It is known that A(a) is a smooth function which is uniquely determined by A.
Moreover, it is not hard to check that A is in Cp for A compact and, for all bounded
A, A=T ';x where A is the average over the Heisenberg group defined above.

Let f(™) denote the mth iterate of f. The main idea in ‘the proofs of Theorems
B, C, D, E is to note that ESV is characterized by f — fim eV forallm >0
and use the fact that f(™) is Lipschitz with modulus of continuity converging to 0
as m — oo. We also use the fact that [ K(a)dv(a) is compact whenever K(a) is a
uniformly bounded weakly measurable compact operator valued function and v is
a positive measure of finite total mass.

We remark that Ty is bounded for f in a larger class than L°. In particular,
M; P is bounded if f is measurable and [ff\|5 is bounded.

In §2 of this paper, we discuss some analytic preliminaries. The function-
theoretic properties of f are discussed and the class ESV is described in terms
of f. In §3, Theorems B, C, D are proved. In §4, the algebra 7(Q) is analyzed using
earlier results. The index theory of 7(Q) is described. Finally, in §5, we discuss
extensions and generalizations.

We thank William Arveson, Rodger Howe, Richard Rochberg, Irving Segal and
William Zame for useful advice and discussions.

2. Preliminary results. We now discuss some analytic preliminaries. Beyond
the definitions in §1, we will use the space

A(e) = {f € BC: |f(a) — f(b)| < ¢la - b], all a,b}.

We note that ', B, Q, ESV,V, BC, Cy are all closed. V is an ideal in L*° and
Cp is an ideal in BC. ESV and BC are conjugate-closed algebras. It is easy to
check, as in [6], that T is an algebra and that B is a I' module so that I' N B is an
ideal in T".

We begin by sketching the proof of

PROPOSITION A. Q= {f € L*°: (I - P)M;P and (I — P)MfP are compact}.
For f in Q, T,Ts — Tyy and TyTy — Tys are in K for all g in L. Q 1is the unique
mazimal *-subalgebra of L°°(C™) with the property that TsTy — T4 1s in K for all
fig Q.

PROOF. See [6]. For completeness, note that
PM ;P = PM,{P + (I - P)}M;P
= (PM,P)(PM;P) + PM,{(I - P)M;P}.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



816 C. A. BERGER AND L. A. COBURN

It follows at once that T,Ty — Tyy is in K for f in I and g in L*°. On the other
hand
{I - P)M P} {(I - PYMyP} = PM 2P — (PMzP)(PM,P)

80 T5Ty — Tigp2 is in K if and only if g is in I'. The desired result follows at once.

For du(z) = (2r)~"e~121"/2 du(z) on C™, we recall that the subspace H2(dy)
consists of all entire functions in L2(du). For g in H?(du), we have the reproducing
kernels €2'?/2 with

o(a) = (g(2), €¥*/%) = (2m)~" / g(2)e /261212 o 2).

If P is the orthogonal projection operator from L?(du) onto H?(dp) it follows that,
for b in L?(du)

(Pb)(2) = (27r)_"/b(w)e“z’/ze_|“’|2/2 dv(w).
Denoting by M; the operator of “multiplication by f” on L%(du), we will need

to estimate the norms of [My, P| = M;P — PM; and PMs2 P. Such estimates
can be obtained by using the unitary map from L2?(du) to L?((2r)~™ dv) given by

(Ug)(2) = e~ 15" /4g(2).

PROPOSITION 1. For b in L%((27) "™ dv),
UM, PIU*b(z) = (27) " / k(f, 2, w)b(w) dv(w),
UPM,;PU*b(z) = (27)~" / R(If 12, 2 w)b(w) dv(w)

where
k(f,2,w) = [f(2) — f(w)]exp{~|z — w|*/4 +{Imw - z/2},

h(|f]?, 2z, w) = (2m) eIz I/
u— (zzw) 2/2+i1m <Z—2w ,—,)} dv(w).

< [ If(u)lzexp{—
For f in L*°(C"™), we consider some properties of the convolution transform

PROOF. Direct calculation.
fla) = Cm)y ™ [ 1) au).

We denote by f(™) the mth iterate of this transform. The map f — f is a smoothing
operator which is clearly related to the heat equation on C* = R?". In fact,

F(t,a) = (4nt)~ / f()e1z=al 14t gy ()

is the unique solution of the heat equation with initial values (at ¢t = 0) f(z) [8].
Thus, f(a) = f(3,a) is the solution of the initial value problem for f(z) at t = 1.
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TOEPLITZ OPERATORS ON THE SEGAL-BARGMANN SPACE 817

We will need one estimate
LEMMA 2. For f in L™, we have
17 (@) = F™ )] < 2(2m) 7| floom™/?|a — b].
PROOF. The first step is to note that

fla) = f(b)=(2m)™ / f <z+ “_;_”) [e—lz—m—b)/w/a _e—lz+(a—b)/2|2/2J do(z).
It follows that
|F(@) = FOI < (2m) "1 flloo / e lam(@b)/2%/2 _ g=latla=b)/2%/2| gy (2).

Careful but routine analysis shows that the right-hand side of the last inequality is

exactly equal to
+la—b|/2

2027) 2| f oo / 12 .

—la—bj/2
It is immediate that

|f(a) = FO)I < 2(2m) 72| fllcola — bl.

Using the semigroup property of the heat kernel (or direct calculation) we see that
Fm @) = flmf2,) = 2rm) ™ [ 5(a)e 1= 12m do(a).

It follows that (™) (a) = §(a/\/m) with g(z) = f(2+/m). The desired result follows
by applying the Lipschitz estimate above to §.

In view of the central role played by the algebra ESV in our analysis, we next
provide some useful examples.

THEOREM 3. The algebra ESV includes (i) §(z) = g(z/|2|) for g continuous
complez-valued on S?"~1 = {z: |z| = 1}, (ii) f(|z|) for f in BC,ESV (see [8]),
(iii) {V + A1: A€ C}.

PROOF. (i) can be checked directly, using the uniform continuity of g on §%"~1,
We note that, for |z — w| < 1,

1
—_— ]Zl,

¥4 _ w
2| 2]

<
E B

2"

o | ¢ bl ol el

|w] |z]

so that
2

~ el

V4 w

LI

(ii) follows directly from the corresponding definition of BC,ESV [6] as the
radial version of BCESV defined above.

(iii) is immediate from the definition of ESV.

REMARK. It follows from Theorem 3 and discussion in [6] that exp(¢y/]2]) is in
ESV. On the other hand, exp(i Im(} - 2)) is not in ESV unless A = 0.

The following lemma exhibits the strong interaction between ESV and the trans-
form f.
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818 C. A. BERGER AND L. A. COBURN

LEMMA 4. For f in ESV, f— fisin V.
PROOF. We write

(@) - f@) = @) [(1(@) - f@)e = 2 do(e)

~ (2m)" / F(a) - fla+ 2=/ du(z).
Thus, for € > 0 and N = N(¢) large enough

e [ 1f@) - fla+ Dl 2 dofe)
|z{>N
< (27)"2) flloe / e1#1/2 du(z) <

|z|2N

€
2
and

3 € -n —1z|?

@)~ F@l < 5+ @0 [ 7@~ flat e i)
zi<
Now, using the definition of ESV, there is an R(¢) > O so that |f(a)—f(a+2)| < £/2
for |z| < N whenever |a| > R(g). The desired result follows at once.
We can now establish

THEOREM 5. The following conditions are equivalent
(i) fe ESV,

i) f-feV,

(i) f— f™ €V for allm > 1,

(iv) f €Neno(Ale) + V).

PROOF. ((i)—(ii)) If f is in ESV then f — f is in V by Lemma 4.

(({)—(i)) If f — f € V then, by Theorem 3 and Lemma 4, f — f? € V.
Iteration and addition show that f — f (m) ¢V for all m > 1.

((iii)—(iv)) Suppose f — f(™ € V for all m > 1. By Lemma 2, f €
NesolAE) + V).

((iv)—(i)) Suppose f € \,5o(A(e)+V). Then for each € > 0 we have f = g. +h,
for g in A(g) and h. in V. Suppose that |h.(2)| < € whenever |z| > R(e). Then

|f(a) = f(O)| < lgesa(a) — ges3(b)] + |heya(a)l + |he/3(b)]
< (e/3)la = b + |hes3(a)l + |hesa(b)].

Thus, for |a—b| < 1 and |a| > R(¢/3)+1, we have |b| > R(¢/3) and |h,/3(a)| < £/3,
|he/3(b)] < /3 s0 |f(a) — f(b)] <e. Thus, f is in ESV.

COROLLARY. The following conditions are equivalent:

(i) f is in BCESV,

(ii) /- f e Co,

(iii) f — f™) € Cy for allm > 1,

(iv) f €Neso(Ale) + Co).

PROOF. Clear.

REMARK. Theorem 5 implies that the class ESV has some significance in the
classical analysis of the initial value problem for the heat equation.
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TOEPLITZ OPERATORS ON THE SEGAL-BARGMANN SPACE 819

3. The symbol calculus for Toeplitz operators. We begin with a discussion
of the Berezin symbol [3] and a related averaging operation over a representation of
the Heisenberg group. This averaging operation appears to be of some independent
interest and is extremely useful in our subsequent analysis.

On H?(du), we have the unitary operator-valued map

Nim(a-z) —
a—W, = m@s = Texp{|a|7/4+i Im(a-z)}

for a in C™ (see [6]). The map a — W, extends to a map from C™" to unitary
operators acting on L?(du) by the formula [1, 8] W, = k.(2)t, where k,(z) =
expl{a - 2/2 — |a|?/4} and (t,f)(2) = f(z — a) for f in L%(du). For ey,(z) =
exp{iIm(a - z)}, we also consider the unitary operator-valued map a — M,, on
L3(dy).

It is not hard to check that both a — W, and @ — M., are weakly continuous
on L?(du). Using the identities

W Wy = ea(b/z)Wcﬂ—b’ MeaMeb = Meu+b7

it follows that a — W,, a — W3, a — M., a — M are all strongly continuous
maps.

For o, 3 complex numbers of modulus one, we now have representations of the
Heisenberg group on L2(du) and H?(du) via (a,a) — oW, and the foregoing
identities. Note that the multiplication law for the Heisenberg group is just

(a’a) ; (,3, b) = (aﬁea(b/2)’a+ b)

Of course, as is well known [7], the representation on L?(du) is reducible while the
representation on H?(dy) is irreducible.

For A a bounded operator on L?(du) or H?(du), we can now define an averaging
operation by

A= / W AW, du(a).

Note that the integrand is strongly continuous in a and uniformly bounded for each
fixed A. For a discussion of such integrals, see [7]. We note that A is determined
by

(1.9) = [ (W AW.1.9) di(a).
Recall that we defined
F) = @n)n [ @ 2 uta),
On H?(dy) we have the Berezin symbol [3]
AQ\) = (Aky, k»)

for any bounded operator A. It was shown in [3] that A()) is always a bounded
smooth function which A determines uniquely (for any polynomials p,q, (Ap,q)
is obtained by evaluating appropriate derivatives of A()) at A = 0). Since {k}
converges weakly to 0 as |A] — oo, it is easy to see that for A in K (a compact
operator) A(A) is in Cp. It is easy to check [3] that Tf = f.

The relation between A and A can now be determined.
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820 C. A. BERGER AND L. A. COBURN

THEOREM 6. We have A = T; for all bounded operators A on H?*(du). The
map A — Aisal-l norm-decreasing positwe linear map from all bounded operators
to Toeplitz operators with symbols in BC. We have Ty = Tf~ on H?(du) while, on

L2(dy), M; = Mj and AP = AP, PA = PA.

PROOF. By direct calculation W,k = ea(A/Z)k,\\+a SO A T and A = T;.
That A — A is 1-1 follows from the unicity of A and the fact that the symbol of
a Toeplitz operator uniquely determines the operator (T = 0 if and only if f =0
[6]). The remaining observations are checked easily.

REMARK. Theorem 6 shows that A — A is almost a conditional expectation
from all bounded operators to Toeplitz operators with BC symbols. Using Tf = Tf7
it is clear that repeated application of " increasingly smooths the symbol by Lemma
2. This property of ~ will be used in what follows and should have other applications.
The well-known irreducibility of the {W,: a € C"*} on H?(dyu) follows easily from
Theorem 6 since [A,W,] = 0 for all a implies A = A = Ty so A= A® and, by
iteration, A = A(™). Lemma 2 then implies that A()) is a constant function so
that A is a scalar multiple of I.

Using the Berezin symbol, it is easy to show

THEOREM 7. For f in B, f is in Cp.

PROOF. Recall that (Trk, kx) = Ty(A) = f(A). Now kx — 0 (weakly) as
|A| — oo so compactness of Ty implies that Tyky — 0 (strongly) and so f € Cy.

We also have

THEOREM 8. ESVNB=V.

PROOF. It is a direct calculation in [6] that for f in L° with compact support,
f € B. It follows from the fact that B is closed that V C B and, hence, V C
ESVNB. y

For the converse, suppose f € ESVNB. By Lemma 4, f— f € V while Theorem
7 implies f € Cy. It follows immediately that f € V.

We also have

LEMMA 9. V CQNB.
PROOF. By a direct operator-theoretic argument
IrNB={f:|f?eB}=QnB.

Moreover, f € V if and only if |f|> € V. By Theorem 8, V C B so, for f in V, |f|?
isin Band fisin QN B.

We will need

LEMMA 10. f € Q if and only of [My, P} is compact.

PROOF. If [M;,P] is compact then (I ~ P)M;P and (I — P)M;P are also
compact so fisinI'NT = Q.
For the converse, note that for f in @ we have (I — P)M;P and (I — P)MP
compact. Hence, PM¢(I — P) is compact so
(I - P)MyP — PMy(I — P) = [My, P]

is compact.
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TOEPLITZ OPERATORS ON THE SEGAL-BARGMANN SPACE 821

Recall that U is the unitary transformation from L2(du) onto L2((27)~"dv)
given by

(Ug)(z) = eI /4g(2).

As customary, K denotes the ideal of compact operators.
THEOREM 11. ESV C Q.

PROOF. If f is in ESV then, by Theorem 5, f = g. + h. with g. in A(e) and h,
in V. By Proposition 1,

U[M,,,PlU"b(z) = (27r)_”/k(gs,z,w)b(w)dv(w)

and
[k(ge, 2,w)] < el — w]exp{~|z — w|?/4}
SO
UMy, PUH(2)| < e2m) ™ [ 1z = wle” = () do(w).
Let

(Bb)(2) = (2m)" / e~ ==l /41, _ wlb(w) du(w).

Then B is a bounded convolution operator. In fact,

IB| = (2m) " / =101/ do(w).

It follows that
([ M., PIll < ellBJ|.

Recall that, by Lemma 9, M;_P and PM}, are compact operators. It follows
that

I[My, P} + K|| < ¢l|B]|

and, since € > 0 is arbitrary, that [My, P] is compact. An application of Lemma
10 completes the proof.

REMARK. It should be pointed out that Theorem 11 can also be obtained as an
application of results in [11].

Suppose that X is a Borel space with v a positive measure on X and v(X)
finite. Suppose further that A(z) is a weakly measurable function on X with range
contained in the bounded operators on a separable Hilbert space H. Recall that
[ A(z) dv(z) = A is a bounded operator on H defined, for f,g in H, by

(Af,g) = / (A(2)f, g) dv(z).

The next lemma is essential for our analysis. We thank William Zame for this
simplified variant of our original version.
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822 C. A. BERGER AND L. A. COBURN
LEMMA 12. If||A(z)|| < M and A(z) is a compact operator for all x in X then
J A(z) dv(z) is also compact.

PROOF. For (ex: k = 1,2,3,...) an orthonormal basis for H, write Py for
the orthogonal projection operator with range spanned by (ej, ez, ..., ex). Clearly,
P A(z) P, — A(z) is weakly measurable. Given € > 0,

Ey ={z € X: ||PA(z) P, — A(z)|| < €}
is a measurable set since

[ PeA(z)Pe — A(z)ll = sup ([PeA(z)Pe — A(z)]f,9)

f.9€D

for D a dense countable subset of the unit ball of H.
Note that (J,»; Ex = X since A(z) is compact for all z in X. We define

k—1
E}, = Ek\ \UE;, Ei=E,
=1
so that the Ej} are measurable and disjoint with

UB=UE =X

k>1 k>1
Since v(X) is finite, there is an m so that ), ., v(E;) < &/M. We now have

/X Alz) dv(z) = kz::l [ PoA@)Pedv(a)

k

+ :; /E ; [A(z) — PcA(z) Pe] dv(z)

+/uk>mE' A(z)dv(z).

The last two terms on the right have norms less than ev(X) and ¢ respectively while
the first term has range contained in the range of P,,. Since ¢ > 0 was arbitrary,
the desired result follows immediately.

THEOREM 13. We have I' C ESV + QN B.
PROOF. Note that
QNB={f:|fl’eB}=TNB.
We will show, for f in T, that f — f is in QN B and that f is in ESV.
Since Tj = Ty by Theorem 6, it follows that

7,5 = [ (25 WiWaP du(o)
on H?(dy). Writing Hy = (I — P)MP and letting

dii(a) = €l*l"/* dp(a),
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TOEPLITZ OPERATORS ON THE SEGAL-BARGMANN SPACE 823

direct calculation shows that

T, ;= / PM,__ H;W,Pdji(a)

- H; / M,_. PW,P dji(a).

The fact that djfi has finite total mass and Lemma 12 together with the fact that
Hjy is compact for f in I' allow us to conclude that the first integral is a compact
operator.

Next, we compute

J = /Me_aPWa dﬁ(a)
_ / M,_, Pko(2)to P dji(a)
= /e_aea'z/ztapdll(a)

= /e“'g/Qtanu(a) =P

The last step uses Fubini’s theorem and the fact that the du(a) integral of an
analytic function of a is just the constant term in the McLaurin expansion. It
follows that

H? / M._,PWoP dji(a) = H}J = PM(I — P)P =0

so the second integral in the expression for Tf_ f is zero and Tf_ 7 is compact.
Hence f — f is in B.

Next, using the fact that [W,, P] = 0 on L?(du) and Theorem 6, it is not hard
to see for Hy = (I — P)MyP that Hy = Hj. It follows from Lemma 12, that for f

in T, since Hy is compact, H s must be compact and so f isin I'. Thus, f - f is in
'NnB=QNB. o v

Since f — fisin B, f — f(® is in Cy by Theorem 7. It follows immediately from
Theorem 5 that f isin ESV.

Finally, we have the characterization

THEOREM B. T=ESV +QnNB=0Q.

PROOF. Combining Theorems 11 and 13 we see that ' ¢ ESV + QN B C Q.
But Q =T'NT C T so the inclusions above must be equalities.

Next, we establish a useful relation between |f(z)|? and m-é(a) where, as earlier

fla) = 2m [ 1@t o).
We have
Lemma 14. |77 < |[PMgpP| <4~ |ifP]_.

PROOF. Note first that for ky(z) = e*#/2=12"/4 we have
(PMs2Pska) = (V).
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Since ||kx||2 = 1, it follows that
I1PM 5P| 2 H|f|2H :
oo

The remaining estimate is more subtle. Using Proposition 1, we find that for b
in L2((27)~" dv)

UPMypPU"bE) = (20) " [ (11,2 w)b(w) dofw)
where
Ih(If12, 2,w)| < (2m) e~ lzmwl/8 f |f () |2e™1u Cew)/21/2 gy ()
<ot
It follows that
UPMigaPUNE)| < T @m [ e Bb(w) duw)

<[|ifP_ (at)
where
(Ab)(2) = (27)~" / e~ 1= /810 d(w).

Thus we have N
|UPM 2 PUB|, < 1A ||| _ Tl

and so 3
PMis2 Pl < [|A] Hlfl2\|oo~

An easy computation shows that the convolution operator A has ||A|| = 4™ and the
desired estimate follows.
REMARK. Using the lemma above, it is not hard to check that ||M;P|| is finite

if and only if ]/ﬂ-i is bounded even if f is not in L°°. We will return to this point
in the last section of this paper.
We can now give a complete characterization of Q N B.

THEOREM C. QNB={f € L*>: 17? € Co}.
PROOF. If f is in @ N B then My P is compact so (MyP)*(MsP) = PM 2 P is
compact and (PMs2 Pky, k) = |f12()) is in Cp.

—~—

For the converse, suppose |f|? is in Cy. By Lemma 9, V' C QN B. Let x, be the
characteristic function of {2 : |z| > p}. Then

MfP = MprP + Mf(l—Xp)P
and f(1 — x,) is in V so My(1_,,)P is compact. Hence, for MsP to be compact
(and f to be in QN B) it suffices to show that Lim,_. [| My, , P|| = 0. Using Lemma

——
14, it is enough to check for g,(A) = x,|f|?(A) that Lim, . |gp|lcc = 0. Note that
the functions g, are in Cy since |f|? is in Cy. Moreover, the g, are nonnegative
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with g, (a) < g,(a) whenever p’ > p and Lim,_,o g,(a) = 0 for each @ in C". An
elementary variant of Dini’s Theorem completes the prooﬁ.v

We have seen that V is in QN B while, for f in QN B, |f|? € Cy. This raises the
question of whether N B is larger than V. The anser is “yes” by a construction
which exhibits a somewhat surprising property of the heat equation.

EXAMPLE. On C, let D; be the open unit disc of radius 771 centered at j
for y = 1,2,3,... along the real axis. Let N = Uj D; and let f be a continuous
nonnegative real-valued function on Cwith 0 < f(2) <1, f(j) =1 (j = 1,23,.. )
and support (f) contained in N. Then f is clearly not in V but f and f2 are in
Cop by straightforward estimates.

Finally, we have

THEOREM D. For A a bounded operator on H?(du), [A,W,] is compact for all
a in C™ of and only «f A — Ty ts compact for some f in ESV.

PROOF. If A — Ty is compact for f in ESV then Proposition A, Theorem 11,
and the fact that W, is a Toeplitz operator (discussed earlier) imply that [A, W,]
is compact for all a.

For the converse, note by Theorem 6, A = Ty with f = A(X). Thus, we have

A-Tj=A-A= /(A W AW,) d(a) = /[A, W2 W, du(a).

By Lemma 12 and the fact that W} = W_,, we see that the last integral is a

compact operator. It follows that A — T y=f- fisin V. It follows from Theorem
5 that f is in ESV.

4. The algebra 7(Q)). We now use the analysis of §3 to determine the structure
of 7(Q). We first identify some function algebra relations which are implicit in §3.

THEOREM 15. There are C*-algebra isomorphisms
QR/QNB~ESV/V ~ BCESV/Cj.

PROOF. Direct consequence of Theorem B (Q = ESV + @ n B) and Theorem
8 (ESV N B =V). We also use the fact that f — f is in V for f in ESV so that
ESV =BCESV +V.

We use the standard notation of 7(X) for the C*-algebra generated by {Ty: f €
X}. We now have

THEOREM 16. 7(Q) contains K and the map ¢(f) = n(Ty) induces a
*-1somorphism between BCESV /Cy and 7(Q)/K.

PROOF. Note that for x, the characteristic function of {z: |z| > p} we have,
as p — 00, Tr1_y,) — Ty weakly for all f in L*°. Since f(1 - x,) is in V it
follows that 7(L°°) is contained in the weak closure of 7(V). But 7(L°) contains
{W, : ain C"} (see §1) and this set is irreducible by an earlier remark. It follows
that (L), 7(Q), and 7(V'} are also irreducible. Since 7(V) C K, it follows from
standard C*-algebra results that K = 7(V).

Next, using Proposition A and Theorems 13 and 15, we see that 7(Q)) is the
closure of

S={Ty+K: f€BCESV, K € K}.
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For f in BCESV, let ¥(f) = n(Ty). Then ¢ is a *-homomorphism from BCESV
onto 7(Q)/K since the image of any *-homomorphism is closed. It follows that
7(Q) = S and that

BCESV/kery ~7(Q)/K.

Finally, we note that, by Theorem 8,
kery ={f € BCESV:T; € K} = BCESVNB
=BCNESVNB=BCNV =C(y.

Combining Theorems 15 and 16, we have
THEOREM E. 7n{r(Q)} =~ Q/QNB ~ ESV/V ~ BCESV/C.

In the rest of this section, we consider the Fredholm theory and index problem
for 7(Q). The following lemma and Theorem 18 appear in [12].

LEMMA 17. For f in BCESV, the following conditions are equivalent: (i)
there is a g in BCESV with gf — 1 in Cp, and (ii) for some R > 0 there is an
m > 0 with |f(2)] > m for all z with |z| > R.

PROOF. (i)—(ii). Suppose gf —1 = h € Cy. If there is a sequence {2} with
|zi| — oo and |f(2k)| < € for each € > 0, then

1+ h(zk)| = lg(z&) 1f(26)] < ellglloo

and, for ¢ small and & large, we have a contradiction.

(i))—(i). There are two cases depending on the dimension of C™.

CASE 1. n = 1. If f(z) has winding number r on |z| = R then the function
f(2)(Z/|2])" on {z| > R extends to F(z) on C! with |F(z)] > m’ > 0 and F in
BCESV by a standard homotopy argument. It follows that 1/F is in BCESV
and (1/F)f = (2/|2|)" for |z| > R. Let

[ (&1, |z| > R,
G(z)—{(z/R)’, 2] < R.

Then (G/F)f —1=0 for |2| > R and g = G/F will do.

CASE 2. n > 1. Here, f(z) on |2| > R extends to a continuous F(z) on C"
with |F(z)] > m' > 0 and F(z) in BCESV by a standard homotopy argument. It
follows that 1/F is in BCESV and, for g=1/F,gf ~1=0on |z| > R.

Now let o(z) denote the spectrum of z for z in any Banach algebra with identity.
We will be concerned with the abelian C*-algebra BCESV /Cy.

THEOREM 18. For f in BCESV and {f] the class of f in BCESV/Cy, we
have

o(lf]) = m closure(f(z: |z| > R)].

R>0

PROOF. Recall that X is in o([f]) if and only if there is no [g] in BCESV/Cy
with [g][f — A1] = [1], or, equivalently, if and only if there is no g in BCESV with
g(f — A1) — 1 € Cy. The desired result follows immediately from Lemma 17.

COROLLARY 1. o([f]) is connected for all [f] in BCESV/Cs.

PROOF. By Theorem 18, o([f]) is the intersection of a nested family of compact
connected sets and is, therefore, connected.
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Let M be the maximal ideal space of BCESV/Cy. We now have
COROLLARY 2. M 1s connected.

PROOF. If not, by standard facts, BOCESV/Cy would have a nontrivial idem-
potent element with spectrum {0, 1}. This is impossible by Corollary 1.
Recall that o.(A) = o[n(A)] for = the quotient map from B(H) onto B(H)/K.

COROLLARY 3. For f in Q, 0.(Ty) is connected.

PROOF. Easy from Corollary 1 and Theorem 16.

REMARK. Since CCR(C") contains nontrivial projections [13], o.(Ty) must be
disconnected for some trigonometric polynomials f.

Finally, we can establish an index theorem for 7(Q) along familiar lines. Using
the characterization of S = 7(Q) in the proof of Theorem 18, it suffices to consider
Ty for f in BCESV.

THEOREM 19. For f in BCESV, Ty is Fredholm if and only if | f(z)] > m > 0
for all z with |z| > R for some R. For such f, indez (Ty) = — winding number
(flizj=r) when n =1 and index (Tf) =0 for n > 1.

PROOF. It is easy to check that T is Fredholm if and only if {T] is invertible in
7(Q)/K. By Lemma 17 and Theorem 16 this is true if and only if {f(z)| > m >0
for all z with |z| > R for some R.

Suppose f in BCESV satisfies | f(2)| > m > 0 for all Z with |z| > R. Forn > 2,
as noted before f — g is in Cg for some g in BCESV with |g(z)| > m’ > 0 for all 2.
For n = 1, there is an integer r and there is a g in BCESV with |g(z)| > m' > 0
for all z so that (2/|2])" f(z) — g(2) is in V. Moreover, g has winding number zero
around any circle in C. An easy calculation in [6] shows that index T(;/|,y» = 7,
which is the winding number of f around |z| = R. The previous discussion of 7(Q)
and standard Fredholm theory show that r 4 index Ty = index T, for n = 1 while
index Ty = index T, for n > 2. Thus, it will suffice to check that index T, = 0.

Since |g| is bounded below and ¢ is in BCESV, 1/|g]| is also in BCESV and,
for G = g/g

index Tg = index T + index Ty g)-

Since t(1/]g|) + (1 —t)1is an arc of invertible elements in BCESV, index Ty /g = 0
and we need only check that index Tg = 0 for G in BCESV with |G| = 1.

By monodromy, G has a continuous argument F' on C™ (of course, F need not be
bounded) so G(z) = exp{tF(2)}. We can check that F(z) is an ESV -like function
in the sense that

Lim sup |F(2)~- F(w)]=0.

P8 zi2e

lw—z|<1

Choose 6(g) so that |e** — 1] < é(¢) and |a| < 1 implies ja] < . For e > 0
given, consider a fixed z with |z| large enough that |G(z) — G(w)| < 6(¢) for
lw — 2| < 1. It follows that for all such w, there is an integer-valued function
k(w) with |F(z) — F(w) — 2rk{w)| < e. By continuity of F, k(z) = 0 and k()
must be constant so [F(z) — F(w)| < e. It follows that, for any integer m > 0,
H,, = exp{iF/m} is in BCESV with (H,,)™ = G. Hence,

index T = index T = m index Tw,,
and so index T = 0.
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EXAMPLE. Consider the function on C

f(z):{ z, |z| < L,

z/lal, el 21
It is easy to check that f is in BCESV and Ty is Fredholm with index (Ty) = —1.

5. Extensions and generalizations. In this section, we discuss some exten-
sions and possible generalizations of our results.

We note, first, that Theorems B and C hold when L is replaced by the function
space N

L = {f measurable: |f|2 € BC}
in the definition of ', B,Q. For f in L, Lemma 14 shows that Ty is a bounded
operator. Asfor fin L, f = f+(f—f) gives a decomposition of Q as ESV +QNB.
Note that ESV can be defined as before: the unbounded part of f is absorbed in
QNB.

Analogs of our results are likely to hold for the classical domains. In particular,
the Bergman space of the unit disc D, in C!, has been profitably studied. The
group SL(2,R) acts on H%(D, dA) by linear fractional transformations and this
group plays a role like that of the Heisenberg group on H?(C", du). K. H. Zhu
has recently obtained a characterization of the algebra @ on H?(D, dA) in terms
of oscillation near the boundary [16]. The following result is useful in the analysis
of @ on general classical domains.

THEOREM 20. Let Q1 be a bounded Cartan domain in C" with dv the usual
volume measure. Suppose P is the usual orthogonal projection from L?((1, dv) onto
the Bergman subspace of holomorphic functions, H?(Q1, dv). Then P| Leo(Q) 18 @
compact operator from the Banach space L=(Q) to H?({1, dv).

PROOF. Let E be the injection of L>°(Q2) into L%((1, dv). Then P|je () = PE
and, for M, the operator of multiplication by the characteristic function of the
compact set o, o C {1, we have

PE = PM, E + PM,_E.

X\o

Note that PM,, is a compact operator since P is an integral operator with smooth
kernel away from the boundary 9. Choose o so that v(Q2\ ¢) < €. Then, for
If leo<1, we have

1PMyar, BI Il = [1PMyxave I, <llxonell, < Ve

so that “PMXQ\GE || < y/e. Hence, PE is a norm limit of compact operators.

From the viewpoint of quantum mechanics, it may be of interest to extend our
results to “infinitely many complex variables” (see [2, 15]). This extension appears
to work and the results remain approximately the same. We expect to treat this
problem in a subsequent note.
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