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1 Introduction

The engineering of supersymmetric gauge theories in string theory has provided quite an
amazing web of dualities connecting these theories. In recent years some supersymmetric
indices associated with supersymmetric gauge theories have been related to two dimensional
topological field theories [1-6]. It was shown in [7, 8] that the topological string partition
function of a Calabi-Yau threefold which is a C2 bundle over genus g Riemann surface in a,
certain limit can be obtained from a two dimensional topological field theory on the genus
g Riemann surface. It was shown in [8] that the topological field theory amplitudes are



given by open string amplitudes associated with certain Calabi-Yau threefolds and that
the underlying two dimensional topological field theory is q-deformed Yang-Mills.

The Calabi-Yau threefold which is a C? fibration over genus g Riemann surface gives
rise to, via geometric engineering, U(1) gauge theory with ¢g adjoint hypermultiplets. In
this paper we generalize this picture to the case of U(N) gauge theory with g adjoint hy-
permultiplets and show that the supersymmetric partition function of this gauge theory
can be built using two dimensional topological field theory rules from certain amplitudes.
Just like in the U(1) case these amplitudes, which are the building blocks of the gauge the-
ory partition function, are the open topological string amplitudes associated with certain
Calabi-Yau threefolds. These Calabi-Yau threefolds are pieces of the Calabi-Yau three-
folds which is a fibration over a genus g curve with fibers which are resolution of Ax_1
singularity. By splitting the base genus g curve in to cap, propagator and pair of pants we
get a corresponding decomposition of the Calabi-Yau threefold into pieces which are Ay_1
fibration over the cap, propagator and the pair of pants. The open string amplitudes ob-
tained by placing branes on the boundaries of these pieces give the corresponding TFT like
amplitudes. The two dimensional TFT to which these amplitudes belong is just the quiver
g-deformed Yang-Mills. The topological string partition function for the A; fibration over
a genus g curve was discussed in [9] and a conjecture for the N > 2 was made. Our results
are consistent with theirs for the unrefined case.

The paper is organized as follows. In section two we discuss the partition function of
the U(N) gauge theory with ¢g adjoint hypermultiplets. In section three we review the case
of the TFT amplitudes for the U(1) case. In section 4 we discuss the TFT amplitudes for
the U(N) case but for the omega background with €; + €2 = 0 i.e., the unrefined case. In
section 5 we generalize results of section 4 and discuss the refined TFT amplitudes. The
details of some of the computation and notation are given in appendix A.

2 5D gauge theory with g adjoint hypermultiplets

The 5D gauge theory with U(NN) gauge group and g adjoint hypermultiplets can be geomet-
rically engineered by taking M-theory compactified on a Calabi-Yau threefold which is an
Apn_1 singularity fibred over a genus g curve [10, 11]. The partition function of this theory
is given by an equivariant index on the instanton modulis space and can be obtained using
Nekrasov’s instanton calculus. The case of N = 1 was discussed in [12] and we generalize
their result for N > 1. Let us denote by My ; the U(N) instanton moduli space of charge
k. My k is given by a hyper-Kéler quotient with dimpg (M (N, k:)) = 4Nk and is defined
through the following quotient:

Moy /U(k) (2.1)

where
Mnk = {(B1,Ba,i,j) | [Bi, Ba] +ij = 0, B, B] + B, Bj] — ii" — jjt = (Id}
and By s € End(CF),i € Hom(C*,CV),j € Hom(CV,C*). The U(k) action is defined as

9(Bi1, Ba,i,5) = (gB1g~ ', gBag . gi, jg ). (2.2)



M (N, k) has a U(1)N x U(1), x U(1),, action defined on it:

(B, Ba,ij) = (€4 Br, e By,ie™ e ), (2:3)
where e = diag(e1,e2,...,en). As was shown in [13] the fixed points of this action are
in one-to-one correspondence with N-tuples of partitions (vi,...,vyN) such that |y +

...|lvn| = k, where |v| denotes the sum of the parts of the partition v. At a fixed point
labelled by (v1,vs,---,vy) the weights of the U(1)N¥+2? action on the tangent bundle,
denotes by w,, are given by

N
D e B T e T e R
a

a,f=1 (i) €va (0.5)€vs
Denote by EY; . the following vector bundle on My j:
E]gv’k =V, Lyp. (2.5)

In the above equation V, = (T*M va)@g is the direct sum of g copies of the cotangent
bundle, £,, = det(Wy ;)21 ~97P) where Wy is the tautological bundle over M(N, k).
The bundle £, , introduces the Chern-Simons coefficient in the partition function. The
partition function of the U(N) gauge theory with g adjoint hypermultiplets is then given by:

2% =Y QiZ (2:6)
k>0

2, = / Ch(L,,)Chy(Vy)Td(May ).
My

Where Td(X) is the Todd class of X and Chy(V) = [T?_, [I;_; (1 — yae™ ) is defined in
terms of the z;, the Chern roots of V. Integral over My} is calculated using equivariant
action of TV™2 on My . Z%;, gets contribution from the fixed points of T2 action of
My i, which are labelled by N—tuple of partitions {v,--- ,vn},

N g
-1 I1 —1Nu, (v Qﬂ )
Z]g\f,k _ Z Z]%Jj’ ngif,ﬁ:f§+g H aN V(V,eQa )cx (2‘7)
Tk af=1 vavg\Ya'&Ba

where Ny, () is the Nekrasov factor defined as

M) = [T (1 —wq st s JT 1 -ag o) (28)
(4.4)€N e

and {Qap; Yat = {eaegl, e?™ma} fm, |a=1,---,g} are the masses of the adjoint hyper-

multiplets. We have defined parameters ¢ and ¢ such that (q,t) = (', e*2). {eq,q,t}

TN+2

then are the parameters associated with the equivariant action on My . The factor

F2T97 1 is the weight of the line bundle £, as is given by,
, D Wtz 2 \ Pt
ngrg* — H <e;’ja|t2q_2> ) (2.9)
a=1

It is a product of factors corresponding to each of the Cartan U(1)’s given in [12].



After some simplification the partition function given in eq. (2.6) can be written as

(Ya) (2.10)

ZN(m €1,€2) ZQ|V|fp+g IHa 1 Lolya) R

AT

where

Lo) = T [haalii)ly [T st ly10.s TT [=hsalisy-r0.,

(4.4)€Eva a<fB \(i,j)eva (i,j)€vp
N o~

= H H aa(t, )]y H H [haﬂ(@j)]yQ(m H [_hﬁa(i7j>]yQaﬁ
a= ( 7])€V0¢ a<p (i,j)ella (i,j)GI/[g

Ly and Ry are defined in terms of relative hook lengths and quantum numbers which are
defined as

haﬂ(@f) = Vo, —J+1) - €1 (fo,j —1i), haﬁ(’b J) = haﬁ(l j)—1- 2

€
(2] = ¢ — /2 [z]g = ngx/g _ Q_éq_lx/;
In the limit m, — 0 we get
Z3(0,e1,6) =y QN I (Ly(1) Rp(1))07 (2.11)
v
and since for e = —e; we have Rz = Ly therefore the partition function becomes,
Z3(0,61,—er) = Y _ QU fpromt L2072, (2.12)

-

v

In the section 4 and section 5 we will see that Z3(0, €1, €2) is precisely given by a topological
field theory construction with TFT amplitudes being given by certain open topological
string amplitudes.

3 TFT amplitudes for local curve: a review

In this section we will review, following [7, 8], the case of the local curve i.e., a Calabi-Yau
threefold which is a rank two bundle over a curve of genus g which corresponds to N = 1.
We denote by X, the Calabi-Yau threefold which is the total space of L1 ® Ly +— X,. L1 and
Ly are line bundles on Y 4, the genus g Riemann surface, of degree dy and d respectively.
X is a Calabi-Yau threefold if

di+do=2g—2.

A well known g = 0 case of this is the O(—1) & O(—1) ~ P!, the resolved conifold. The
general g = 1 case O(p) ® O(—p) — T? was also discussed in [14].



The Riemann surface ¥, can be obtained by gluing certain number of pair of pants,
cylinders (which we will call the propagator) and the caps. When the Riemann surface
is split into these basic building blocks the Calabi-Yau threefold in which the Riemann
surface is embedded also splits into Calabi-Yau threefolds with boundaries. By placing
Lagrangian branes on these boundaries of the Calabi-Yau threefold building blocks the
amplitudes associated with each of these basic building blocks can be obtained using the
open topological strings. This was the point of view taken in [8]. The amplitudes associated
with the building blocks, coming from topological open strings amplitudes, can also be
considered as amplitudes of a two dimensional QFT on a Riemann surface with boundaries.
For the case of A-model amplitudes it was shown in [8] that this 2D QFT is related to two
dimensional g-deformed Yang-Mills theory.

If ¥, 5 is a Riemann surface of genus g with A boundaries in the Calabi-Yau threefold
Ly ® Ly — X, , then the Calabi-Yau condition requires that [7]

di+dy=29—2+h. (3.1)

In this section and later we will be using web diagrams to represent Calabi-Yau three-
folds and Lagrangian branes. The relation between degeneration loci of toric Calabi-Yau
threefolds and web diagrms was clarified and discussed in detail in [15] and also reviewed
n [16]. The role and description of Lagrangian branes in toric Calabi-Yau threefolds was
discussed in [18]. We refer the reader to these papers for a discussion of toric Calabi-Yau
threefolds and Lagrangina branes in them.

3.1 Cap and propagator amplitude

For the case of the cap we have (g,h) = (0,1) therefore d; + do = —1. We denote cap
with degrees (dy,ds) by C(41:92), Following the conventions of [8] the cap amplitudes

corresponding to C(®~Y and C(-19 are given by
_ _ _ RN
ZETVW) =Y O Tl . 25 OWU) =D Crgpa™ 2 Tl (3.2)
A A

where C},,, is the topological vertex [16] defined in eq. (A.2) of appendix A. In the above
equations the holonomy on the boundary has been denoted by U. The cap amplitudes given
above are open topological string amplitudes corresponding to the two toric geometries
shown in figure 1.

The two toric geometries shown in figure 1(a) and figure 1(b) differ from each other by
an SL(2,7Z) transformation on the fibred torus which changes the framing of the Lagrangian
brane. This change in framing appears as the factor qf% in the amplitude associated
with C(~10),

In the case that the Riemann surface is a cylinder so that (g,h) = (0,2) we have
di + dy = 0. We will denote the corresponding amplitude by A%~ Since gluing a
cylinder A(%0) to either of the caps C(-10 or €%~ should not change the caps, the
amplitude associated with A©9) ig

2000, U = X Tt Tt @+
A
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Figure 1. Two caps in C? with different framing.

where U; and U, are the holonomies on the two boundaries of A0, Ak can be
obtained from A by an SL(2,Z) on the torus fibration of the Calabi-Yau threefold.
This SL(2,Z) transformation changes the framing of the Lagrangian branes and gives an
addition factor related to the framing in the amplitude for A% as compared with the

amplitude A00)

Z7ED U, 1) = Zq 2 T\ Uy TeaUs . (3.4)

As discussed in [8] we can insert an additional factor if the propagator (the cylinder) is has
length ¢,
_ (N
ZT (U1, U05) = Y e g FE T\ Uy T Us
A
The cap C(%%=1) can be obtained by gluing C(®~1 and A**) and has corresponding
amplitude

Zé_k’k_l) = Z Chop g F U (3.5)
X

3.1.1 O(n—2)®O(—n)—P!

Since the degrees of the bundles add under gluing of the base curves, we can construct the
O(n—2)® O(—n) — P! by gluing C-mm=1) AEE) and ¢(=PP=1) such that m +k+p =
2 — n. The corresponding partition function is indeed the topological string partition
function of O(n — 2) & O(—n) — P! obtained from the topological vertex:

A /dUdVZ(C_m’m_l)(U)Z( kk)(U V) Z5PD v,

]Pl
=> e Crgp Crppa
A

r(X)

Ze 1A Cygp Cargp ¢V 72

3.1.2 O(—n)® O(n) — T?

This can be obtained from just the propagator glued to itself. The corresponding partition
function was discussed in detail in [14] and is given by

Zi.mm = / awz{mM o), (3.6)

:;e
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Figure 2. Gluing pair of pants and cap to obtain the propagator.

3.2 Pair of pants amplitude

For the Riemann surface corresponding to the pair of pants (g,h) = (0,3) and hence
d1 + do = 1. The pair of amplitude can be written as,

Z00) = 3 250 T U Uy

Auv

The gluing of pair of pants with a cap gives the propagator as shown in figure 2 and this
can be expressed as

/ dUsZ 8 zE D (Us) = Z2Em Py, vy) .

Eq. (3.4) and eq. (3.5) together with the above equation determines the pair of pants
amplitude completely and it is given by,

kn(z\)
2y N0 =3 qC)\;@ TraU; TralUs TraUs . (3.7)
A

3.3 Genus creating operator

The amplitude associated with the handle (g,h) = (1,2) is also the matrix element of
the genus creating operator. This amplitude can be obtained by gluing two pair of pants
amplitudes as shown in figure 3,

/ dUadUs Zg ™M (U, Uy, Us) Zig2 ™ (Un, Us, V) = GlaHhe2bk vy (3.8)

Using eq. (3.7) in the above equation we get,

kn(/\)
G(’ﬁ?*k)(m V)= Z a 22 Tr\UTr\V. (3.9)
A C)\@@

If we denote the genus creating operator by G*:2-k) then its matrix element is given by,

N km(g)
AIGE2R ) = 5y, L. (3.10)
Clo




Figure 3. Gluing two pair of pants gives the amplitude associated with the genus creating operator.

Using the operator G*:2=F) we can write down the partition function associated with
a genus g surface as a matrix element of product of genus creating operators with various
framings. This essentially follows from the decomposition of the genus ¢ surface into g
handles and two caps,

Zg _ <Ca| é(kl,kal)é(kgﬁfkg) L é(kg,kag) |Cb>

g times
K(A)
PP
= 29—2
~ Choo
K(A)

where f =9 | ki —a—band (A\|C*) = Cygpq * = .

Another way in which a genus g Riemann surface can be obtained from handles is to
decompose it into g — 1 handles and one propagator (cylinder). In this case the partition
function is the same as before since the underlying theory is topological and does not care
how the Riemann surface is decomposed,

Z, = Tr( Gilkr,2=k1) Gilkz,2=k2) | Gilkg—1,2—kg—1) ﬁk)
g—1times
f@
q 2
=) s (3.11)

~ O

where f = Z?;ll k; — k and ﬁk is the operator corresponding to the framed propagator
. . ay P NLICY)
with matrix element (\|Pg|u) = 6xq " 2 .

The partition function given by eq. (2.12) for N = 1 becomes,

K(v)

=~ pegtl\p 42
Z3 (0,61, —€1) = Z(Q€1p i 29-2
v O@@u

Comparing the above with eq. (3.11) we see that two partition functions are the same for
Qefp*gJrl =1and f=—p.

4 TFT amplitudes for Ax_; fibration: the unrefined case

In the last section we reviewed the case of local curve and saw that the open string ampli-
tudes can be thought of as TFT amplitudes associated with various pieces of a Riemann
surface. The partition function associated with the genus g curve obtained from these



(a) (b)

Figure 4. (a) Cap x Ay_; with a stack of Lagrangian brane on the boundary of the cap. (b) The
toric geometry of Cap x Ax_; with Lagrangian branes giving the cap amplitude.

TFT amplitudes is equal to the supersymmetric partition function of the U(1) gauge the-
ory with g massless adjoint hypermultiplets. In this section we generalize this result to
the case of U(N) gauge theory with g massless adjoint hypermultiplets and show that the
partition function of this theory can be obtained from TFT like amplitudes by gluing cap,
propagator and pair of pants to form a genus g Riemann surface.

The TFT like amplitudes associated with cap, propagator and pair of pants in the
U(N) case as well are given by open string amplitudes on a Calabi-Yau threefold which
is a fibration of resolved An_1 singularity over the cap, propagator and the pair of pant
respectively. We will denote this Calabi-Yau threefold by Xév , X% and X¥ respectively.
The three amplitudes can then be used to determine partition function associated with any
Riemann surface with or without boundary. The Calabi-Yau threefolds Xév , X 1]4\[ and X g
have boundaries and therefore one can associate open topological string amplitudes with
these pieces.

In this section we will consider the unrefined case so that es = —e;. The refined case
and its amplitudes will be discussed in section V.

4.1 The cap

The Calabi-Yau threefold corresponding to the cap is Ay_1 x C with boundary of La-
grangian branes on C. We place N stacks of Lagrangian branes with topology S! x R? in
this geometry such that the S' of the Lagrangian branes wraps the topologically trivial S!
in C and R? extends in the resolved Ax_; direction as shown in figure 4.

The caps in the geometry are labelled by N pairs of numbers (kq 1, kq2) such that
ka1 + kq2 = —1. However, these numbers are not independent of each other, since the
various P!’s in the fiber are glued together, and are determined by a single k such that

k:: (ka,laka,Z) (41)
=(-k+LEk-1)+(a@-2,—a+1)=(-k+a—-1,k—a), a=1,--- ,N.

In the above equation the factor (—k + 1,k — 1) comes from choosing a reference framing
for the first curve and the fcator (a — 2, —a + 1) is the intrinsic framing of the curve in



Figure 5. (a) The geometry corresponding to cap amplitude for N = 2. (b) In the limit 7'+ oo
this geomery splits in to two patches each a C3 with two Lagrangian branes on them with different
relative framing.

our convention. To see this lets us consider the case of N = 2 in which the A; geometry
is shown in figure 5(a). If we take the size of the fiber P! to infinity then the geometry
decomposes into two patches each one a C3. From figure 5(b) we see that these two patches
along with Lagrangian branes on them corresponds to the two caps shown in figure 1 with
framing given by (a — 2, —a + 1) for a = 1,2 [16].

The corresponding cap amplitude can be calculated using the topological vertex asso-
ciating framing determined by eq. (4.1) with each horizontal line and is given by,

Zon(U) =Y ZETr;U. (4.2)

A

We have denoted the set of N partitions {A1, Ao, -+, An} by X, Tr;U = Hivzl Try, U, and

N—-1
Z§ = Z (H Qim|> C@m)\l Cu’i#2/\2 o 'CNN—IQ)\N J (4.3)

i \i=1

where T; = —In(Q;) are the complexified Kihler parameters associated with the fiber P!’s.
Using the expression for the refined topological vertex given by eq. (A.2) and the Schur
function identities given in eq. (A.4) we can write the open string amplitude in eq. (4.3)
as a product,

N _ _ r(Xa)
i [Ta=1 (q( hta-1)73 C)\a@(2)>
ZA =Gy

A Thicacoeny Naun, (Qabs €)

where Qup = QqQu+1 -+ Qp—1 and we have defined an overall factor given by,

(4.4)

al+I2gl N kg
Gr= |11 Qs (H e;'“') , (4.5)

a<f a=1

which can be absorbed by redefining the holonomies but we will not do so for later
convenience.

~10 -



Using the following identities,

£(Aa) . oN—
Crnw=a + [ [G.5)]™ (4.6)
(4,5)€Aa
N . Nt1yr(Aa) Pal+Apl
H N)\a)\b(Qabvf) =q a=1 (=50 H Qab ’
1<a<b<N 1<a<b<N
< T o TT Frwdes
(4.7)€Aa (4.7) €N
we can write eq. (4.4) as
o
k_ A (4.7)
A Ly

with
N £(Xa)
fy= H egPal =72 ) . (4.8)
a=1

Thus the amplitude associated with the cap with framing k is,

k—

f)\
z Lx(1)

NP

Zeno(U) = Tr;U, (4.9)

Using the free fermionic Fock space H spanned by states labelled by partitions ]X> [17] we
can write the above as state in H,

AE
oWy = Z L}(l) I (4.10)
X

This state-operator notation for the amplitudes will be useful in the next section when we
discuss the refined amplitudes for which €1 + €5 # 0.

4.2 The propagator

The geometry corresponding to the propagator is X i‘V := A x Ay_1 where A is a cylinder.
IfU={Uy,---Un}and V = {Vp,--- ,Vy} are the holonomies at the boundaries of A then
the amplitude associated with A is given by,

Zs(U, V) =) Fy3(Qa) TrsUTrV
Xji

where, as mentioned before, T, = —In(Q,) are the complexified Kéhler parameters asso-
ciated with the fiber P'’s. In the limit Q, + 0 the Calabi-Yau geometry X ,]4\[ splits into
N copies of the X}l discussed in the previous section with the corresponding amplitude
becoming the identity. Therefore

Fyy =05+ 0(Qu). (4.11)

- 11 -



Since two propagators can glued to obtain a new propagator therefore,
[ 40 24U V) 24U W) = Z4(U. W),

which implies,

o= 2 FyaFr- (4.12)
i
The above equation together with eq. (4.11) gives FXﬁ = 5Xﬁ and thus,

V)=) Tr;UTi;V. (4.13)

The propagator with framing can be obtained by introducing framing factor for each
of the N stack of branes on the boundary of the cylinder, which are separated in the fiber
direction. The framed propagator is given by

Z 4 (U, V) Zf’“ﬂ SUT V. (4.14)

If we introduce a length for the propagator we can include that by scaling the holonomy
matrix as discussed in [8] to obtain,

Zp (U, V) =Y fre ™ U v, (4.15)
X
The operator acting on the Hilbert space H corresponding to the propagator is then given by

AR =3 R IXVN . (4.16)
X

4.3 The pair of pants

The pair of pants amplitude can be determined from the cap and the propagator as shown
in figure 2. If we denote by Zy(—x (U) = ZAM Z/\% Tr;Tr;Try the pair of pants amplitude
then gluing the cap on the boundary with holonomy U3 gives,

/dUs Z -0 (U1,U2,U3) Zew (Us) = Zp0(Un, Us) . (4.17)

Which implies,
-k ok _ 5.
Z Zik 25 = b5, (4.18)

Similarly gluing the cap onto the other two boundaries of the pair of pants give two more
conditions which together with the above imply that the pair of pants is given by,

Zy-0(U) =) (Z5) ' Tr; U Trg U Trs Us. (4.19)

A

- 12 —



U, Ufl

U, U;l

Figure 6. Amplitude associated with the surface of genus one with two boundaries can be obatined
by gluing two pair of pants amplitudes.

As a state in the tensor product H* @ H ® H it is given by
AR =3 (2571 () @ 10 19 (4.20)

A
By gluing two pair of pants amplitude we can obtain the matrix element of the genus
creating operator as shown in figure 6 and also discussed in section 3 for N =1 case.
The amplitude obtained by gluing two pair of pants according to figure 6 is given by,
kN —
Za(U, V) => (Z5) *TrsUTrV . (4.21)

—

A

If we denote by G®) the genus creating operator with framing &k then its matrix element
is given by,

GM = Z P2 =D N (L) N (4.22)

A

4.3.1 Example 1: An_; fibred over P!

We can obtain the partition function associated with P! by gluing two disks together using
a propagator:
Zp1 = (C*1)| Ak2) | ka)y | (4.23)

Using eq. (4.10) and eq. (4.16) we get

(2a—2—k—r)=3a)
ZGQ hHa g% "= Cx.00Cx,00
H1§a<b§N N>\a>\b (Qab)2

ff“

This is precisely the partition function given in eq. (2.12) where p—1 =ky + ko + ks — N
If we introduce the modified propagator given in eq. (4.15) then we get,

(2a—2—k—r) K(A“)

Zor = Z —thz fh 12 q C,00C .00

R H1<a<b<N N)\a)\b(Qab)

_Z —t\AI f

p—1
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(=N +1,1) (=p+1,1)

a N
T~

(1,1) (-N-p+1,1)

Figure 7. The web diagram of Calabi-Yau threefold which are resolved Ay _; fibration over P'.

This is precisely the supersymmetric partition function of the pure U(N) gauge theory
with —p being the Chern-Simons coefficient. This is also the topological string partition
function of the a Calabi-Yau threefold which is a resolved Ax_; fibration over P'. There
are N + 1 such fibration labelled by the Chern-Simons coefficient —p =0,1,2,--- , N. The
web diagram of the corresponding Calabi-Yau threefolds is shown in figure 7.

In the above diagram we can see that the compact part of the Calabi-Yau threefold is
obtained by gluing N — 1 Hirzebruch surfaces. The local geometry of the base P! in the
a — 1-th and a-th Hirzebruch surface is given by,

O(-N —p+2a—2)®O(N +p— 2a) (4.24)
i
Pl
witha=1,2,---N.
4.3.2 Example 2: An_; fibred over T2

The T? partition function can be obtained in two different ways. It can be obtained by
gluing the two boundaries of the propagator,

Zya =Tr AW =3~ ¢k (4.25)
X

and it can also be obtained by gluing the caps onto the (g,h) = (1,2) Riemann surface
whose amplitude is given by the genus creating operator,

Zps = (CED| G| CRs)y (4.26)
. k1+ka+k:
_ Z fj\’l 2tk
X

4.3.3 Example 3: An_; fibred over X,

The partition function associated with ¥4, genus g surface, can be obtained in many
different ways by gluing the three building blocks: cap, propagator and the pair of pants.
For example, by gluing 2¢g pair of pants and then gluing two caps onto the resulting surface

— 14 —



we can obtain X, with corresponding partition function,

Iy, = (Cc®|GR) ... Gla) |00y | (4.27)
=3 (L)%,
X

where h =k + {0+ (k1 +---+kg) + (9 — 1)N. We can also obtain X, by gluing 2¢g — 2 pair
of pants and then gluing the remaining two boundaries by a propagator,

Zs, = Tr(@(kl) ... Gkg-1) ;wc)) , (4.28)
=D [H(Lz))¥ 2,
X

where s = k+ (k1 + -+ kg—1) + (g — 1)N. The above partition function is the same as

eq. (212)forQ=1landp=k+ (k1 +- - kg—1) + (g —1)(IN —1).

5 TFT amplitudes for An_; fibration: the refined case

In this section we will discuss the refined case when €1 + €2 # 0 i.e., ¢ # t. Apart from
amplitudes depending on both ¢ and ¢ this case will be different from the unrefined case
in two other ways. The cap amplitude was obtained by slicing the base P! into two caps
and taking the open string amplitude associated with one of the caps as shown in figure 4.
In the refined case both the left and the right cap give the same amplitude, however, in
the refined case the two amplitudes are not the same. For this reason we will introduce
the left and the right cap and the corresponding amplitudes. The other difference will
be the holonomy factor. In the unrefined case we had the factor Tr U for each brane.
The factor TryU = s)(x) where x is the set of eigenvalues of the holonomy matrix U.
In the refined case this factor changes from the Schur polynomials of the eigenvalues, to
the Macdonald polynomial of eigenvalues [19, 20]. The Macdonald polynomials Py and
their dual, with respect to the Macdonald inner product, () form the correct basis for the
expansion of refined open topological string partition function as was shown in [19, 20].
To write down the TFT amplitudes we will consider a Fock space such that P;(U;q,t)
are the wavefunctions corresponding to the states and |X> € H and QX(U_l; q,t) are the
wavefunctions for the dual states (A| € H* such that () = 05z The various states and
operators are then given by:

Right Cap: |CTF) e H (5.1)
Left Cap: (CLF| e H*
Propagator: A€ H @ H*
Left Pair of Pants: Hy € H® H* @ H*
Right Pair of Pants: Hrp € H®H @ H*
Genus Creating Operator: G € H ® H*

~15 —



Figure 8. (a) The left cap and (b) the right cap.

5.1 The cap amplitudes

The cap amplitudes are obtained by considering the Calabi-Yau threefold which is Ay_1
space fibered over P! and slicing the base P! to two caps as shown in figure 8. The cap
amplitudes C’?’k and C)%’k are the open topological string amplitudes associated with the
left and the right portions if we cut the of the web diagram shown in figure 7 in half by
dividing the N horizontal lines by a vertical line.

The left and the right cap amplitudes can be calculated using the refined topological
vertex [21] and are given by,

> H[ (= Qs ! f, (@) fi (£,0) Coen, ()]

Py N a=1

. iR 1 H rA) . . . .
with fa(t,q) = (5) q 2 and C)y(t,q) is the refined topological vertex given in

eq. (A.2) in appendix A. The left cap can similarly be calculated using figure 8(a). After
some simplification they can be written as:

Rk_ 120, o (£, )9+ Cypa, (£, 9)
X A s A 1 N A I
’ Ti<acven Tigpens (1= Qapa =7t~ ) [T jyen, (1= Qapt ™= g Aoiti )
k=5
N . (5.2)
R3(1)
and
N _
Lk_ o [Ta=1 2 (t:0)**Coore (¢. 1)
X A i A —4 At i1y o)
’ [Li<acven [ jer, 1= Qapg i 717057 ) T]; 5ex, (1—Qapt @i gt
k=5
Sk (5.3)
L;(1)
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(a) (b)

Figure 9. Two distinct pair of pants Hy, and Hpg.

We define the corresponding states as,

CTky = Zc X), (PR =N, (5.4)
X

5.2 The propagator, the pair of pants and the genus creating operator

The argument similar to the one for the unrefined case shows that the propagator in the
refined case is also diagonal. The framed propagator is then given by,

AW =37 NN (5.5)
X

Unlike the unrefined case their are two distinct pair of pants which we will denote with Hp,
and Hp, as shown in figure 9, such that

HE|CROy = AR (L0 gk = AR (5.6)

Using eq. (5.2), Eq. (5.3) and eq. (5.5) together with eq. (5.6) gives,
k

k
E=2 gae WAL HE =3 S5 R IR
X X

By gluing the left and the right pair of pants we can obtain the (g, h) = (1,2) surface

corresponding to the genus creating operator,
k

’”0=§jaﬁéﬁﬁﬁxﬂ, (5.7)
Ejﬂ*NL Ry(D)IX) (4.

5.2.1 Example 1: An_; fibration over P!
To obtain the genus zero partition function we can glue the left and the right cap using a

propagator,

b = (CLF ARz | O Tk (5.8)
ki+ko+kz—N

_ X
_ZX: Ly(D)R5(1)

This precisely gives the partition function in eq. (2.11) for Q=1and p—1 =k +ky+ks—N
The modified propagator can be used to introduce ) hence obtaining the refined topological
string partition function of the Calabi-Yau threefold with web diagram given in figure 7.
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5.2.2 Example 2: Axn_; fibration over genus g

The refined partition function associated with ¥, is given by,
Ty = Tr(@(km@(kz) ... Gkg-1) Ak (5.9)
g

= Zf§+9—1 (Lx(l)Rx(l))g_l
X

where p = k + Zf;ll ki + (g — 1)(N —1). As discussed in last section Zyx, can also be
obtained by gluing left /right pair of pants together with left /right caps,

Zs, = (CBR |G ... GRa) | Y (5.10)
_ 9—1
=3yt 1<LX(1)RX(1)) ,
X

where p =k + 0+ (g —1)(N — 1) + Y9, k;. Both eq. (5.9) and eq. (5.10) give the same
result which is also equal to eq. (2.11) for @ = 1.
The refined N = 1 case was also discussed in [20] where it was shown that in the refined

case the two dimensional topological field theory is the two dimensional (g, t)-deformed
Yang-Mills.

5.3 Beyond topological

So far we have considered partition function with m, = 0 which was needed for the corre-
sponding amplitudes to be understood as amplitudes of some underlying topological field
theory. With m, = 0 we can glue the basic building blocks to form the Riemann surface
in anyway but getting the same partition function.

For m, = 0 we saw in eq. (5.9) that one representation of the partition function
associated with ¥, is as a trace of product of genus creating operators. For generic m, we
can also write down the partition function as a trace of product of genus creating operators
which depends on m,. Define the genus creating operator which depends on m as follows,

G (m) = 3 FAN Ly(@™™) Ry ™)X (A
X

where m = 0 gives the operator we discussed earlier. Also define the modified propagator
which also depends on m as follows,

The modified propagator is the refined open topological string amplitude of the geometry
obtained by blowing up N times the geometry shown in figure 4 and assigning the same
size m to each blowup.
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The partition function of the U(V) gauge theory with ¢ adjoint hypermultiplets of
mass m, given by eq. (2.10) can then be written as,

Zg=Tr (é(kl)(m1> 2 G (my ) A (mg)>
X(627rima) Rx(e%rima)
Ly (1) Ry (1) ’

g
_ —T'X pptg—1 [lo=1 L
= E e I+
— X
X

where p=k+(g—1)(N—-1)+ f;ll k;. The g = 1 case was also discussed in detail in [22].

6 Conclusions

In this paper we considered a decomposition of the resolved Ay_; fibration over ¥4, a
Calabi-Yau threefold, given by the decomposition of ¥, in to cap, propagator and the pair
of pants. Using open topological strings we associated with the cap, cylinder and pair of
pants pieces of the Calabi-Yau threefold certain TFT-like amplitudes. We have shown that
the partition function of the U(N) gauge theory with g massless adjoint hypermultiplets can
be expressed in terms of these TFT-like amplitudes using the rules of the two dimensional
topological field theory. This generalized the case of N =1 studied in [7, §].

It will interesting to study the relation of the correlation function of chiral operators
in the gauge theory with the correlation functions in the two dimensional topological field
theory. For the N = 1 case when the gauge group is U(1) the corresponding topological field
theory is known to be the g-deformed Yang-Mills theory [8]. For N > 1 the corresponding
topological theory is g-deformed quiver Yang-Mills theory whose details and relation with
black hole physics will be discussed elsewhere [23].
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A Notation and conventions

In this section, we collect some useful formulas which have been used in text. Throughout
the text we have denoted by Greek letters A, i, v partitions of natural numbers and the
notation (7, 7) € u simply means the (4, j) box in the Young diagram corresponding to the
partition p. The index i takes values in the set {1,2,---,¢(u)} where ¢(u) is the number
of parts of the partition. For a fixed ¢ the index j then takes values in the set {1,2,--- , u;}
where fi; is the i-th part of the partition. Given a partition p we denote by u! the transpose
of the partition obtained by reflection of the Young diagram of p in the diagonal.
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We used several functions defined on the partitions which we define below:

£() £()
= gy Nl = (A1)
=1 =1

k() = [|pl? = I[p]]?.

We interchangeably used (€1, €2) and (g,t) at several places in the text. The relation
between them is given by:

(q:t) = (e, e7").

The refined topological vertex is defined as [21]:

Ot = (§) 1" L) (22)

[l M=
t

(3T st s ),
n
where s/, (x) is the skew-Schur function and

Zot,a)= ] (1—qujt”§—i)_1. (A.3)

(i,7)€V

For ¢ = t it reduces to the usual topological vertex [16].

an/A Sn/u(¥) = H (1 = ziy;) ZSM/T X)$x/7(¥) - (A.4)
t,j=1
Z Snt/)\(x)sn/,u(Y) = H (1 + l’iyj) Z S,LLt/T(X)SM/Tt (Y) . (A5)
n i,j=1 T
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