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Abstract. We define a new topological polynomial extending the
Bollobds—Riordan one, which obeys a four-term reduction relation of the
deletion/contraction type and has a natural behaviour under partial dual-
ity. This allows to write down a completely explicit combinatorial evalua-
tion of the polynomials, occurring in the parametric representation of the
non-commutative Grosse-Wulkenhaar quantum field theory. An explicit
solution of the parametric representation for commutative field theories
based on the Mehler kernel is also provided.

0. Introduction

In [15] the relation between the parametric representation of Feynman graph
amplitude [13,18] and the universal topological polynomials of graph theory
was explicited. This was done for theories with ordinary propagators of the
Laplace type, whose parametric representation is based on the heat kernel.
These theories were defined either on ordinary flat commutative space or on
non-commutative Moyal-Weyl flat non-commutative space. The parametric
polynomials turned out to be evaluations of the multivariate version of the
Tutte polynomial (see [21]) in the commutative case and of the Bollobds—
Riordan one in the non-commutative case [16].

However, heat-kernel based non-commutative theories such as the ¢3*
model show a phenomenon called UV/IR mixing, which usually prevents
them from being renormalizable. The first renormalizable non-commutative
quantum field theory, the Grosse-Wulkenhaar model [8,9,20], is based on a
propagator made out of the Laplacian plus a harmonic potential; hence the
parametric representation of these models involve the Mehler kernel rather
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than heat kernel. The physical interest of such theories also stems from
the fact that constant magnetic fields also induce such Mehler-type ker-
nels.

Since the Mehler kernel is quadratic in direct space, such theories have
computable parametric representations but which are more complicated than
the ordinary ones. The corresponding topological polynomials were defined
and first studied in [10], then extended to covariant theories in [19]. However,
a global expression has been found only for the leading part of these polyno-
mials under rescaling and a full explicit solution was not found until now. This
is what we provide here.

We have found that the corresponding universal polynomials, defined on
ribbon graphs with flags, are not based on the usual contraction-deletion rela-
tions on ordinary graphs but on slightly generalized notions which involve
four canonical operations which act on them, the usual deletion and contrac-
tion plus an anticontraction and a superdeletion. These last two operations are
analogous to contraction and deletion, but create extra flags. Moreover, our
new polynomial is covariant under Chmutov’s partial duality [7], thus extend-
ing the invariance property of the multivariate Bollobas—Riordan polynomial
[23].

This paper is organized as follows: In Sect. 1 the definitions of ribbon
graphs (with flags) and of partial duality are given.

Section 2 is a mathematical prelude to the study of the polynomials defin-
ing the parametric representation of the Grosse~Wulkenhaar model. There we
define bijections between several classes of sub(ribbon)graphs.

In Sect. 3 the new polynomial is defined, together with its reduction rela-
tion, relationship with other known polynomials and properties under partial
duality.

In Sect. 4 the Grosse-Wulkenhaar model and its parametric representa-
tion is recalled, following closely the notations of [10].

In Sect. 5 we prove that the corresponding topological polynomials are
particular evaluations of the topological polynomial of Sect. 3.

In Sect. 6 various limits of the model are performed. The particular case
of the commutative limit is computed, and the corresponding commutative
Mehler-based Symanzik polynomials are written down.

1. Ribbon Graphs

There are several equivalent definitions of ribbon graphs: topological, com-
binatorial, in between. We will first give the topological definition and some
basic facts about ribbon graphs. Then, we will give a purely combinatorial def-
inition which allows us to slightly generalize ribbon graphs to ribbon graphs
with flags.

Remark. In the following, and unless explicitly stated, when we write graph,
the reader should read ribbon graph.
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FIGURE 1. A ribbon graph

1.1. Basics

A ribbon graph G is a (not necessarily orientable) surface with boundary rep-
resented as the union of two sets of closed topological discs called vertices
V(G) and edges FE(G). These sets satisfy the following:

e vertices and edges intersect by disjoint line segment,

e cach such line segment lies on the boundary of precisely one vertex and
one edge,

e every edge contains exactly two such line segments.

Figure 1 shows an example of a ribbon graph. Note that we allow the edges
to twist (giving the possibility to the surfaces associated to the ribbon graphs
to be non-orientable). A priori an edge may twist more than once but the
polynomials we are going to consider only depend on the parity of the number
of twists (this is indeed the relevant information to count the boundary com-
ponents of a ribbon graph) so that we will only consider edges with at most
one twist.

Definition 1.1 (Notations). Let G be a ribbon graph. In the rest of this article,
we will use the following notations:

v(G) = card V(G) is the number of vertices of G,

e(G@) = card E(G) is the number of edges of G,

k(G) its number of components,

for all B’ C E(G), Fg is the spanning sub(ribbon) graph of G the edge-set
of which is E’ and

e forall B/ C E(G), E'“:=E(G)\E'.

Loops. Contrary to the graphs, the ribbon graphs may contain four different
kinds of loops. A loop may be orientable or not, a non-orientable loop being
a twisting edge (remember that those edges twist only once) with coinciding
endvertices. Let us consider the general situations of Fig. 2. The boxes A and
B represent any ribbon graph so that the picture 2a (resp. 2b) describes any
ribbon graph G with an orientable (resp. a non-orientable) loop e at vertex v.
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(a) An orientable loop (b) A non-orientable loop
FIGURE 2. Loops in ribbon graphs

A loop is said nontrivial if there is a path (i.e. an embedding of the unit inter-
val) from A to B in G — v, considered as a surface. If not the loop is called
trivial [4].

1.2. Combinatorial Maps

Based on [22], we slightly generalize Tutte’s notion of combinatorial map to
combinatorial map with flags. We will use it as a (purely combinatorial) defi-
nition for (possibly non-orientable) ribbon graphs with flags. Note that in con-
trast to Tutte’s definition, the term “combinatorial map” is usually reserved
to orientable ribbon graphs. In order to avoid any confusion, we will only use
“ribbon graph” with flags. Note also that a similar, but less general, notion
has been used by Moffat in [17], where such objects are called “arrow-marked
ribbon graphs”.

Definition 1.2 (Ribbon graph with flags). Let X be a finite set of even cardinal-
ity. Its members are called crosses. A ribbon graph with flags on X is a triple
(00,0, 01) of permutations on X which obey the following axioms:

Al 6% =0} =id and oy = 010.

A.2 0 is fixed-point free. Moreover if z is any cross, 0 and o2 are distinct.
A3 o090 =00y L

A.4 For each cross x, the orbits of oy through = and fz are distinct.

Let us now explain why such a notion describes naturally a ribbon graph
G with flags. The involution 6 being fixed-point free, the set X is partitioned
into pairs of the form {z, 0z}, namely the orbits of §. The involution o1 may
have fixed points. Note that if z is a fixed point of oy, so is 8 because 6 and
o1 commute, see axiom 1. The pairs {z, 6z} of fixed points of o form the set
F(G) of flags of G.

Let us denote by Fx the set of fixed points of ;. Then, X\ Fx=:Hx has
a cardinality which is a multiple of 4. Hx is partitioned into the orbits of 6.
The set H(G) of pairs {z,0x}, + € Hx is the set of half-edges of G. Hx can
also be partitioned into the orbits of the group Eg generated by 6 and o;.
Each orbit is of the form {z, 0z, c12,0102}. Thanks to axiom 2, the members
of a given orbit are all distinct. Each orbit contains two distinct half-edges and
is therefore called an edge. We write E(G) for the set of orbits of Eq on Hy.
It is the set of edges of G.
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FIGURE 3. A ribbon graph G with flags

The elements of the set HR(G):=F(G) U H(G) made of the orbits of 6
on X are called half-ribbons.

Finally, we describe the vertices of G. oy being a permutation, X can
be partitioned into its cycles. Each cycle is of the form C(og, z):=(x, ooz, . ..,
o' 'z) where m is the least integer such that of'z = x. Thanks to axiom 4,
the cycles through x and 6x are distinct. But they have the same length.
Indeed, o'z = 2 <= 0z = 0o, "z <= 6Oz = o§'0z thanks to axiom 3.

The cycle C(og,0x) can be formed from C(og, x):

C(op,0z) = (91’,0’091‘,...,0’6”7191') (1.1)
= (0z,005 'z, ... 00, ™ ) (1.2)
= (0x,00)" 'z, ..., 000). (1.3)

Thus, C(0g,0z) is formed from C(og,z) by reversing the cyclic order of the
elements and then premultiplying each by 6. We express this relation by saying
that C(og,x) and C(0y,0z) are conjugate. A pair of conjugate orbits of o is
called a vertex of G.

To draw a pair of conjugate orbits {C(o¢, ), C(0¢,0z)} as a vertex of a
ribbon graph, proceed as follows: Choose an orientation O of the plane. Draw
one of the two orbits, say C(og, x), as a circle marked with z, ooz, . .. ,06”7190
in the cyclic order of this cycle, respecting the chosen orientation. Then, mark
the circle with 0z, 00z, ... as follows. Place 6x just after z with respect to
O, oy Y92 just after ogx etc. The final marked circle is the boundary of the
vertex corresponding to the pair {C(o9, ), C(09,0z)}.

We now exemplify the previous definition with the ribbon graph G of
Fig. 3. The set of crosses is X = [1,12] N Z. Using the cyclic representation,
the three permutations defining this graph are

o0 = (1,3)(4,2)(6,9,11,8)(5, 7,12, 10), (1.4a)
6 = (1,2)(3,4)(5,6)(7,8)(9,10)(11, 12), (1.4b)
o1 = (1,5)(2,6)(3,8)(4,7)(9)(10)(11)(12). (1.4c)

As noticed earlier, the set X is partitioned into pairs which are the orbits of 6.
Those pairs which are fixed by o1 are called flags:

F(G) = {{9,10}, {11,12}}. (1.5)
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The half-edges of G are the orbits of 8 which are not fixed by o1:
H(G) = {{1,2},{3,4},{5,6} {7, 8}} (1.6)
and the edges of G are thus
EG)=1{{1,2,5,6},{3,4,7,8}}. (1.7)
Finally, G has two vertices:
v =4{(1,3),(2,4)}, vy =1{(6,9,11,8),(5,7,12,10)} . (1.8)

Remark. A ribbon graph without flag is represented by three permutations
00,0 and o7 obeying Definition 1.2 with, in addition, oy fixed-point free.

Definition 1.3 (Subgraphs). Let G be a ribbon graph, possibly with flags.
A subgraph of GG consists in a ribbon graph, the vertex-set of which is a
subset of the vertex-set V(G) of G, the edge-set of which is a subset of E(G)
and the flag-set of which is a subset of F(G). A cutting subgraph of G is a
graph the half-ribbon-set of which is a subset of HR(G). By convention, if the
half-ribbon-set of a cutting subgraph contains the two halves of an edge, the
subgraph contains this edge. The set of spanning (cutting) subgraphs of G is
S(@) (S(G)). For any A C E(G) (resp. A C HR(G)), we note F4 the spanning
(cutting) subgraph the edge-set (resp. half-ribbon-set) of which is A.

Moreover, if the edges and flags of G are labelled, the (cutting) subgraphs
of G inherit the labels of G with the following convention: the two half-edges
of a given edge of GG share the same label in the cutting subgraphs of G.

In contrast to a subgraph, a cutting subgraph may have flags coming
both from the flags of G and from half-edges of G. Each edge of G is made
of two half-edges. A subgraph contains, in particular, some of the edges of G
whereas a cutting subgraph may contain a half-edge of an edge without taking
the other half, see Fig. 4 for examples.

1.3. Operations on Edges

From a ribbon graph with flags, we can define two other ribbon graphs with
flags either by deleting an edge or by cutting it:

Definition 1.4 (Operations on ribbon graphs with flags). Let G be a ribbon
graph with flags and e € E(G) any of its edges. We define the two following
operations:

the deletion of e, written G — e,

the cut of e, written G v e, which consists in replacing e by two flags
attached at the former end-vertices (or end-vertex) of e, respecting the
cyclic order at these (this) vertices (vertex).

In the combinatorial representation of a ribbon graph G, an edge e cor-
responds to a set of four crosses: e = {x1,xe, w3, 24}, V1 <i <4, z; € X(G).
The graph G — e has X\e as set of crosses and the restriction of o¢, 8 and oy
to X\e as defining permutations.
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(b) A cutting subgraph of the graph of figure 1

FIGURE 4. Subgraphs

FIGURE 5. Cutting an edge

Let ¢ be any member of the group generated by og, 6 and oy. For any
subset E/ C X, we let ¢/ be the following map:

¢ onFE,
b= {id on X\E'=E'. (19)

The graph G v e is defined on the same crosses as G and given by g, 6 and
o1xs where X’ = X\e. For example, considering the ribbon graph of Fig. 3,
and if e = {1,2,5,6}, G Vv e is the ribbon graph, with flags, of Fig. 5.

1.4. Natural Duality

For ribbon graphs without flags, there is a well-known notion of duality, here-
after called natural duality, also known as Euler-Poincaré duality. From a given
ribbon graph G, it essentially consists in forming another ribbon graph G*,
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FIGURE 6. The natural dual of the graph of Fig. 5

the vertices of which are the faces of G and the faces of which are the vertices
of G. The edges of G* are in bijection with those of G.

Every ribbon graph can be drawn on a surface of minimal genus such
that no two of its edges intersect. To build the dual G* of G, first draw G
on such a surface. Then, place a vertex into each face of G. Each such face is
homeomorphic to a disk. Then, draw an edge between two vertices of G* each
time the corresponding faces of G are separated by an edge in G.

At the combinatorial level, if G = (09, 0,01), then G* = (0g001,01,0),
the cycles of ogfo; representing the boundaries of the faces of G. If G has flags,
we define its natural dual G* by (000m, 01,010 0Fy, 0y 01Fy ), see Fig. 6 for
an example.

1.5. Partial Duality

S. Chmutov introduced a new “generalised duality” for ribbon graphs which
generalises the usual notion of duality (see [7]). In [17], I. Moffatt renamed
this new duality as “partial duality”. We adopt this designation here. We now
describe the construction of a partial dual graph and give a few properties of
the partial duality.

Let G be a ribbon graph and E’ C E(G). Let F:=G v E’® be the span-
ning subgraph with flags of G, the edge-set of which is E’ and the flag-set of
which is made of the cut edges in E'® = E(G)\E’. We will construct the dual
GE' of G with respect to the edge-set E’. The general idea is the following:
We consider the spanning subgraph with flags Fz. Then, we build its natural
dual Fg,. Finally, we reglue the edges previously cut in E’°.

More precisely, at the combinatorial level, the construction of the partial
dual GF' of G goes as follows: By construction, o (F];i,) = 0p/, the restriction
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cut -
G= (007€701) FE’ = (007070-1E’)
partial duality natural duality
. glue .
G" = (000p 015, 016 0pe, 0150p) Fi = (000 01pr, 01505, 0)

of which to E’¢ is the identity. The gluing operation consists in replacing
o1 (FE,)\E/C = id by o1|gre. This leads to Ul(GE/) = 01pe0p.

Figure 7 shows an example of the construction of a partial dual. The
direct ribbon graph is drawn on Fig. 7a. We choose E' = {{3,4,7,8}} and the
subgraph Fg is depicted on Fig. 7b. Its natural dual FE, is on Fig. 7c. Finally,
the partial dual GE' of G is shown on Fig. 7d.

S. Chmutov proved among other things the following basic properties of
the partial duality:

Lemma 1.1 ([7]). For any ribbon graph G and any subset of edges E' C E(G),
we have

[ ] (GEI)E, = G}
G’E(G) = G* and
o ife¢ E, then GE'V{el = (GE"){e},

His proof relies on graphical and commonsensical arguments. Here, we
would like to point out that the combinatorial point of view allows very direct
algebraic proofs.

For example, an interesting exercise consists in checking that the
partial duality is an involution, namely that (GE)E = G: (GF)F
(GerfalE/ (01E/9E/c)E' (U1E~:9E/)E/, (UlE’CHE/)E’ (U1E/9E/6)E/c, (UlE’CoE’)E/C
(O’lEloE/c)E/) = (0'0, 9, 0'1).

We can also prove that for any subset £/ C F(G) and any e € E'°
(GE/>{e} — GE'V{e}

Proof. We define E”:=E" U {e}.

G = (000pro1pr, 015/ Opre, o1 pr05) (1.10)
) ((GE/){6}> = 0005015/ (01505 )e (01505 )e = 000p 015/0:01¢
= 000pro1E" (1.11)
0 ((GE/){e}) = (01E/c9E')e(01E/9E'c)ec = U1eUlE/9E/c\{e}
— il (1.12)
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(b) The subgraph Fg, with E' = {{3,4,7,8}}

(¢) The natural dual ', of Fi (d) The partial dual GE of G

F1GURE 7. Construction of a partial dual

o1 ((GE,){6}> = (01505 )ec (015 0mc)e = T1pre\ (e} 0 Oe
= O'IE//ceE// (113)
0

Bollobés and Riordan [4] have proposed an interesting definition of the
contraction of a loop in a ribbon graph. The partial duality allows a simple
formulation:

Definition 1.1 (Contraction of an edge [4,7]). Let G be a ribbon graph and
e € E(G) any of its edges. We define the contraction of e by

Gle:=Gle —e. (1.14)

From the definition of the partial duality, one easily checks that, for an
edge incident with two different vertices, the Definition 1.1 coincides with the
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A B A e B
€
A ribbon graph G with Gled
an orientable loop e
A B
Gle =G —e

Ficure 8. Contraction of an orientable loop

€ (]

A ribbon graph G with Gle
a non-orientable loop e

Vv B
Gle=Gl —¢
FiGure 9. Contraction of a non-orientable loop

usual intuitive contraction of an edge. The contraction of a loop depends on
its orientability, see Figs. 8 and 9.

Different definitions of the contraction of a loop have been used in the
literature. One can define G/e:=G —e. In [12], S. Huggett and I. Moffatt give
a definition which leads to surfaces which are not ribbon graphs anymore. The
Definition 1.1 maintains the duality between contraction and deletion.

2. Bijections Between Classes of Subgraphs

This section consists in a mathematical preliminary to the study of the
HU polynomial, introduced in Sect. 4. This ribbon graph invariant is a key
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ingredient of the parametric representation of the Grosse-Wulkenhaar model
amplitudes.

Let G be a ribbon graph. For any E’ C E(G), there is a natural bijection
between E(G) and E(GE'). This leads to a bijection between the spanning
subgraphs of G and those of GE'. In particular, it is true for B/ = {e} with
e € E(G). Representing a bijective map by the following symbol =, we have

5:9(G) = S(G1h), |S(G)| = |s(Gieh)| = 2lE@ (2.1)

The map s extends trivially on ribbon graphs with flags. In the following, we
will be interested in maps between different classes of subgraphs. We are going
to generalize s to odd and even (cutting) (colored) subgraphs. A special case
of these bijections will be used in Sect. 6.1 to prove the factorization of the
polynomial HU(G;t,1).

2.1. Subgraphs of Fixed Parity

Definition 2.1 (Degree of a vertex). Let G be a ribbon graph with flags and
v € V(G) be one of its vertices. The degree deg(v) of v is the number of
elements of HR(G) incident with v.

In other words, flags have to be taken into account in the degree of a
vertex.

Definition 2.2 (Odd and even graphs). A (ribbon) graph (with flags) is said
of fixed parity if all the degrees of its vertices have the same parity. It is odd
(resp. even) if all its vertices are of odd (resp. even) degrees. Given a ribbon
graph G, with or without flags, we denote by Odd(G) (resp. Even(G)) the set
of odd (resp. even) spanning subgraphs of G.

We would like to know if the bijection s of equation (2.1) preserves the
subclasses of odd (even) subgraphs. It is easy to see that it is not the case, as
the following example shows:

Let us consider the ribbon graph G made of two vertices and two edges
between those two vertices. G is sometimes called a (planar) 2-banana, see
Fig. 10a. We have Odd(G) = {{1},{2}}, Even(G) = {0,{1,2}} whereas
0dd(G1) = ¢ and Even(G11}) = {0, {1}, {2}, {1,2}}. This means that there
exist graphs and edges such that s does not preserve the classes of odd and
even subgraphs. Note, however, that there may be graphs G and/or subsets
E' C E(G) such that the natural bijection ¢ between subgraphs of G and
GP' let the classes Odd and Even invariant: ¢p (Odd(G)) = Odd(GF") for
example. This is trivially the case for self-dual graphs G and F' = E(G).
Classifying the graphs and subsets of edges such that s let some classes of
subgraphs invariant clearly deserves further study. Nevertheless, here, we will
restrict ourselves to bijections valid for any G and any e € E(G).

2.2. Colored Subgraphs

Going back to the example of Fig. 10, we have |Even(G)| = 2 and
|Even(G{1})| = 4 but 2°@|Even(G)| = 2°(¢"))[Even(G{1})| = 23. For any
graph g, 2°(9) is the number of colorings of V(g) with two colors. This means
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(a) G = a2-banana

(b) G{1} = anon-planar 8
F1GURE 10. Partial duals

that there exists a bijection between the colored even subgraphs of G and
G}, This is actually true for any ribbon graph with flags and any edge.

Remark. This is clearly not the case for the odd subgraphs, as shows the exam-
ple of the 2-banana. Note also that, in general, there is no bijection between
the colored subgraphs of a graph G and of its partial duals G{¢}, the number
of vertices of G and G1¢} being usually different.

Definition 2.3 (Colored graphs). A colored (ribbon) graph G is a (ribbon) graph
and a subset C(G) of V(G). The set of colored odd (resp. even) subgraphs of
G is denoted by Odd(G) (resp. Even(G)).

Lemma 2.1. Let G be a ribbon graph with flags. For any edge e € E(G), there
is a bijection between Even(G) and Even(G1¢}).

Proof.
Even(G) = {B C E(G) : Fp is even} (2.2)
= {B' C E(G) \ {e} : Fp is even}
U{B' C E(G)\{e} : Fpi e} is even} (2.3)

= U {Be{B',B'"U{e}}: Fp is even} (2.4)
B'CE(G)\{e}
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q
(a) The vertex v in Fp

p
.. L
(%1 @ (%]

! q

(b) The corresponding situation in Féz}{e}

FIGURE 11. Bijection in case of a loop

= |J  Evenp(G). (2.5)
B'CE(G)\{e}

For any B',B"” C E(G)\{e},B" # B”, Evenp/(G) N Evenp(G) = 0. More-
over, Evenp (G) may have a cardinality of 0,1 or 2. We define Eveng, (G) as
the colored even spanning subgraphs of G, the underlying subgraphs of which
belong to Evenp/ (G). We now prove that VB’ C E(G) \ {e}, |Eveng (G)| =
|Even g, (G1¢})|, which would prove Lemma 2.1.

We distinguish between two cases: either e is a loop (in G) or it is not.

1. e s aloop: let v be the endvertex of e. It may be represented as in Fig. 11a.
e p and ¢ have the same parity: v is even in F'g with or without e; then,
|Evenp: (G)| = 2 and |Evenp, (G)| = 2°(%) x 2. If p and q are odd, Fig
is even in G} iff e € B, see Fig. 11b. On the contrary, if p and ¢ are
even, Fp is even in G{¢} iff e ¢ B. Then, |Evenp, (G1e)]| = 20(G)+1 51,

e pand ¢ have different parities: |[Even, (G)| = |Evenp, (G| = 0.
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2. e is not a loop: using G = (G{e}){e}, this is the same situation as in the

preceding case with G replaced by Gt} O

It is interesting to note that Lemma 2.1 is actually also true for graphs, in

the following sense: Let G and H be two graphs (not ribbon graphs). If there

exist embeddings G of G and H of H such that there exists e € B(G), G{¢} =

H then |Even(G)| = |Even(H)|. This is simply due to the fact that for any
graph G and any embedding G of G, Even(G) is in bijection with Even(G).

2.3. Cutting Subgraphs

Both from a mathematical and physical point of view, it is quite natural to con-
sider not only spanning subgraphs but also spanning cutting subgraphs of a rib-
bon graph G. For any e € E(G), [S(G)| = |S(G1e})| = 2HE(G) = oF(G)+2E(G),
Thus, there exists a (natural) bijection between those two sets. What about
the odd (resp. even) cutting subgraphs?

Deﬁnitioy 2.4. Let G be a ribbon graph with flags. We denote by Oad(G)
(resp. Even(G)) the set of odd (resp. even) spanning cutting subgraphs of G.

It is easy to check that there is no bijection between 0dd(G) (resp.
Even(G)) and Odd(Gfel) (resp. Even(G{¢})). For example, let us consider
once more the graphs of Fig. 10. We have |0dd(G)| = [Even(G)| = 4 whereas
|0dd(GH))] = |Even(G11})| = 8.

2.4. Colored Cutting Subgraphs

Definition 2.5. Let G be a ribbon graph with flags. The set of colored cutting
spanning subgraphs of G is S(G). The set of odd (resp. even) colored cutting
spanning subgraphs of G is denoted by Odd(G) (resp. Even(G)).

§ As in the case of colored subgraphs, there is generally no bijection between
S(G) and S(G1}), because v(G) # v(G1°}) usually. Nevertheless, we have
Lemma 2.2. Let G be a ribbon graph with flags. For any e € E(G), there
is a bijection Xg} between Odd(G) (resp. Even(G)) and Odd(G{¢}) (resp.
Even(G{¢})).

Proof. Let us denote by e and € the two half-edges of e. Let us define
(e):= {?, E} Recall that, by convention (see Definition 1.3), when both halves
of an edge e appear in a subset H C HR(G), it means that e € E(Fg).

0dd(G) = {H ¢ HR(G) : Fy is odd} (2.6)

= U {A C (e): Fyua is odd} (2.7)
H'CHR(G)\(e)

= U Odd g (G). (2.8)

H'CHR(G)\(e)

We define Eveng. (G) the same way. We prove that Oddy, (G) and Odd,
(Gt} have the same cardinality for any H' € HR(G) \ (e). We let the case
of even subgraphs to the reader.
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Using once more G = (G{e}){e}, it is enough to prove it in the case e is a
loop in GG. The situation is thus again the one of Fig. 11, where now Fig. 11a
represents the endvertex of e in Frryaufe}-

e If p and ¢ have the same parity, in order F/4 to be odd, A contains one of
the two half-edges of e: e is a flag in Frya. Thus, [Odd ., (G)| = 29(¢) x 2.
If p and ¢ are odd, Fgrua is odd in GI¢} iff A = (), see Fig. 11b. On the
contrary, if p and ¢ are even, F/4 is odd in G1¢} iff A = {2, 2} Then,
0dd 7, (G| = 20+ x 1,

e If p and ¢ have different parities: Fiyry4 is odd iff A = () or {?, ?} which

implies |Odd ;, (G)| = 2°(%) x 2. Let us say that p is odd and ¢ even. There
is only one possibility for A such that Fg/ya is odd. Namely, A should
only contain the half-edge of e which is hooked to the vertex incident with
the other ¢ half-ribbons. Thus, [Odd,,, (Gie})| = 20(@)+1 x 1, O

We have proven the existence of a bijection between Odd(G) (resp.
Even(G)) and Odd(G*¢}) (resp. Even(G{¢})). To exhibit such a bijection, one
would need to choose a convention for the coloring of the vertices v; and vs,
see Fig. 11, depending on the color of v and on the fact that e belongs or not
to A, as an edge or as a flag.

Properties of Xée}. Here, we specify the bijection Xé?} of Lemma 2.2. This

will be useful in Sect. 6.

Definition 2.6 (Partitions by flags). For any ribbon graph G with flags, the set
0dd(G) (resp. Even(G)) can be partitioned into subsets of cutting subgraphs
labelled by their flag-set. For all F’ C F(G) U E(G), we write Odd(G) r F’
(resp. Even(G) £ F’) the set of all odd (resp. even) spanning cutting subgraphs
of G with flag-set F”.

For any I, I C F(G) U E(G), I" # F", we obviously have (0dd(G) r
F)N (0dd(G) r F") = (). Moreover,

0dd(G) = U 0dd(G) r F'. (2.9)
F'CF(G)UE(G)

These definitions of partitions and subsets of Oad(G) can be applied, mutatis
mutandis, to Odd(G), Even(G) and Even(G).

Let F' C HR(G) and F! be the set F'A {e}. Then, just by looking at the
proof of Lemma 2.2, one sees that Xée} is a one-to-one map between Odd(G) ¢
F' (vesp. Even(G) r F’) and Odd(G1¢}) f F! (vesp. Even(Giel) p F').

3. A New Topological Graph Polynomial

Graph polynomials are graph invariants which encode part of the information
contained in the graph structure. These polynomials allow an algebraic study
of graphs, which is usually easier than a direct approach.
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Recently, Bollobds and Riordan [4] defined such a polynomial invariant
for ribbon graphs. Here, we introduce a generalization of their polynomial,
defined for ribbon graphs with flags or external legs. It turns out that a cer-
tain evaluation of this new topological graph invariant Q enters the parametric
representation of the Feynman amplitudes of the Grosse-~Wulkenhaar model.

In the following, we will denote by bold letters, sets of variables
attached to edges or vertices of a graph. For example, given a (ribbon) graph
G, z:={2c} cp(g)- Moreover, for any A C E(G), we use the following short

notation: =TT 4 Ze.

Definition 3.1 (The Q polynomial). Let G be a ribbon graph with flags. We
define the following polynomial:

QG(Q, z,y, z,W, r):: Z Z qk(FA)IACmB“yAmBCZAmbACmBTV(FB),
ACE(G) BCE(GA)
(3.1)

where we implicitly use the canonical bijection between E(G) and E(G#), and

PV (FB).— HUEV(FB) Tdeg(v)-

Note that we could have defined Q without using the partial duality. In
that case, B would be considered as a subset of F(G) and the product in
rV(F5) would be replaced by a product over the faces f of Fgz C G, of Tdeg(f)
where the degree of a face is simply the number of incident edges with this
face.

The number of terms in Q¢ being 4¢(%)| we are going to give an exam-
ple of this polynomial for a graph with only one edge. We consider a ribbon
graph G made of one vertex and one orientable loop e. For A = (), G4 = G.
For A = {e}, G is the ribbon graph made of two vertices and one isthmus.
We have

QG<q7 xr,Y,z,w, T) = qxTo + qurTsy + q2y/r(% + qQZT%' (32)

3.1. Basic Properties

Proposition 3.1. Q¢ s multiplicative over disjoint unions and obeys the scaling
relations

Qi (g, M@, Ay, A\ 2z, 2w, - ) = NEOIFONQ (g, .y, 2,w,7) (3.3)

where |E(G)| is the number of edges of G, |F(G)| its number of flags and p-r
is the sequence (™1 )neN-

The proof of this proposition is obvious.

In contrast with the Tutte or the Bollobas—Riordan polynomial, Q satis-
fies a four-term reduction relation. This relation generalizes the usual contrac-
tion/deletion relation and reflects the two natural operations (see Definition
1.4) one can make on a ribbon graph with flags and on any of its partial dual.
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Lemma 3.2 (Reduction relation). Let G be a ribbon graph with flags and e any
of its edges which is not an orientable loop. Then,

QG(qvw,ya z, wvr) = erGfe(qvwe; yev zevwevr)
+yeQG67€(q7 w(’,? yev zea wev T)
+ZeQG6\/e(Q7 we7 y67 Ze7 we7 ”')

+weQGVe(qaweayeazeaweaT)7 (34)

where, for any a € {x,y,z,w} and any e € E(G), a®={ac}.cp e}
Moreover, for a trivial orientable loop e,

Qclg, @, y, z,w,r) = 2. Qc_c(q, 2, y°, 2¢, w°, r)
0 'yeQae—e(q, Y%, 2%, we, 1)
+q 2 Qaeve(q, 2%, Y, 2%, we, )
FweQave(q, °, y*, 2% we, 7). (3.5)
Proof. Let e be an edge of G which is not an orientable loop. Referring to the

definition (3.1) of Q, we distinguish between four cases, regardless of whether e
belongs to A or not, to B or not:

QG(Qawayasz7r) = xepl(q7we,ye7ze7we7,r,) + yeP2(q’we7ye’ze’we’,r.>

+ZeP3(Q7wea yev ze7we7,’,,) + w6P4(Qa xe7yea ze7 wea T’).
(3.6)

The polynomial P; corresponds to the case e ¢ A and e ¢ B. There is a canon-
ical bijection ¢_ (resp. ¢* ) between F(G) \ {e} and E(G — e) (resp. between
E(G*) and E((G — €)?-)). For any A C E(G) and any B C F(G*), we
have

A% = (p-(4)) U e}, B = (¢L(B))*U{e}  (3.7a)
gANB = g g(e-(ADNLB)T  YANB _ yo- (ANWL(B)"  (37h)
SANB _ e (A)Ne*(B) wANE — (e (AN (B) - (3.7¢)

Let us now check that rV(F5) = "2 ®) The loft-hand side of this equation
encodes the degree sequence of Fg C GA. But as B does not contain e, F
can be considered as a subgraph of G4 — ¢ = (G — )9~ and Fp is then
isomorphic to F_- (p). Their degree sequences are thus equal to each other.
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We have
il'ePl (we, ye7 zea we7 ’I")
_ Z Z qk(FA)xACmBCyAmBCZAmbACmBTV(FB) (3.8)
ACE(G)\{e} BCE(GA)\{e}
=z, Z Z qk(Fw,<A>)x(s0—(A))Cﬁ(w*_(B))cyW—(A)ﬁ(w*_(B))c
ACE(G)\{e} BCE(GA)\{e}
 2P—(ANE*(B) (9 (A)°ne* (B),.V (For (1)) (3.9)
=z, Z Z qk(FA)xACﬂBCyAﬁBCZAﬂBwACﬂBTV(FB) (310)
ACE(G—e) BCE((G—e)4)
=2.Qc—c(q,x° y°, 2% w°, r). (3.11)

As we have seen, the difficulty only resides in the proof of the conserva-
tion of the r-part. Thus, for the three other cases, we only focus on that. The
polynomial P, corresponds to the case e € A and e ¢ B. Let ¢ denote the
canonical bijection between {A C E(G) : e € A} and E(G/e). As B does not
contain e, Fig can also be considered as a subgraph of G4 —e = (G¢—e)A\Me} =
(G/e)?+(A) | This proves that Py = Qge_e.

The polynomial Py corresponds to the case e ¢ A and e € B. As e ¢
A, GA — e = (G — e)* and the vertex sets V(G4) and V(G4 — ¢) are the
same. But as B contains e, erasing this edge would produce a different degree
sequence for F - (p). So, we have to keep track of the contribution of e to the
degree sequence of Fg by cutting it instead of deleting it: Py = Qave.

Finally, the polynomial P; corresponds to the case ¢ € A and e € B.
Such sets A are in one-to-one correspondence with the subsets of E(G°® — e).
The vertex sets V(G4) and V ((G¢ — e)*\{¢}) are the same but once more, as
e € B, we cannot delete e but cut it instead: P3 = Qgeve.

In the case of a trivial orientable loop e, we have to notice that if e €
A, k(Fa) = k(Fp, (a)) — 1. O

Note that for ¢ = 1, Eq. (3.4) holds for any edge of G, including orient-
able non-trivial loops. This allows to give an alternative definition of the Q
polynomial at ¢ = 1:

Definition 3.2. Let G be a ribbon graph with flags and e any of its edges,
Qc(l,z,y,z,w,r) = 2.Qc_.(1, 2%y, 2% w’, r)
FYe Qae—e(1l, 2%, y%, 2% we, 1)
+2eQgeve(l, 2%, y°, 2% w, )
+weQave(l, % Y%, 24w, r). (3.12)

Otherwise, G consists of isolated vertices with flags and

Qg(].,w,y,Z,UhT') = H Tdeg(v)+ (313)
veV(G)



502 T. Krajewski et al. Ann. Henri Poincaré

Equations (3.12) and (3.13) lead to a well-defined polynomial in the sense
that it is independent of the order in which the edges are chosen. The proof of
the existence of such a polynomial consists essentially in the proof of Lemma
3.2. The polynomial which results of this recursive process is the Q polyno-
mial of Definition 3.1 at ¢ = 1. The uniqueness of the result is obvious since
if e € E(G) then Q¢ is uniquely determined by Qg_., Qge—c, Qave and
QGeVe [3]

3.2. Relationship with Other Polynomials

e The Bollobas—Riordan polynomial: if we set z = w = 0 and z = 1 for
all edges and r, = r (independent of n), we recover the multivariate
Bollobds-Riordan polynomial, in its multivariate formulation (see [16])

Qr(q,1,4,0,0,r) = > ¢ (H y> r(6%) (3.14)

ACE(G) ecA

where v(G*) is the number of vertices of G4, i.e. the number of connected
components of the boundary of F4. Note that the evaluation y = w =
0, x =1 and r,, = r gives the same result.

e The dimer model: if weset y=2=0,¢=2=1and r, =0 except r; =1,
then we recover, for a graph without flags, the partition function of the
dimer model on this graph

Or(1,1,0,0,w,7) = > (H we> : (3.15)

CCE(G) ecC
dimer configuration
with w, = % the Boltzmann weight. Here, each vertex contains a mono-
mer that can form a dimer with an adjacent monomer, if the edge e sup-
ports a dimer then its energy is —e.. A dimer configuration (also known
as a perfect matching in graph theory) is obtained when each monomer
belongs to exactly one dimer. In the recent years, the dimer model has
proven to be of great mathematical interest (see [14] for a recent review).
e The Ising model: for ¢ = 1,y = z = 0,z = cosh(8J.), w. =
sinh(8J.), rap, = 2 and ro,41 = 0, we recover the partition function of
the Ising model. Recall that the latter is obtained by assigning spins o, €
{=1,+1} to each vertex with an interaction along the edges encoded by
the Hamiltonian

H(J) = Z Jeavgv’a (316)
e=(v,v')EE

with J, an edge dependent coupling constant. The partition function is
the sum over all spin configurations of the Boltzmann weight

ZIsing = ZeiﬁH- (317)

Using the identity
ePleovo — cosh(B.J,) + 0,0, sinh(B8J,) (3.18)
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for each edge, we can perform the high-temperature expansion of the par-
tition function

Lising = Z { Z (H cosh(ﬁJe)> (H sinh(BJe)avav/> } (3.19)

o \CcE \egC eeC

Then, the sum over all spins vanishes unless each vertex is matched by an
even number of edges in C, so that

ZIsing = QG(].,LC,0,0,'[U,T) (320)
with the specified value of x, w and r. Note that the extra power of 2

arising from the sum over spins corresponds to ry, = 2.

3.3. Partial Duality of Q

One of the most interesting properties of the Q polynomial is that it transforms
nicely under partial duality, at ¢ = 1.

Theorem 3.3 (Partial duality). Let G be a ribbon graph with flags and e € E(G)
be any edge of G. We have
QG{C} (13 r,Y,z,w, ’I‘)
= Qc(LZr\(e}Y{e} TL} YR\ (e} ZE\ [} W{ec}s Z{e} WE\ (e}, T)-  (3.21)

Proof. Each monomial of Q is labelled by two sets of edges A C FE(G) and
B C E(G4):

QG(L T,Y,z,w, 'I°) = Z M(A,B)(G; r,Y,z,w, T) (322)
A.B

=: ZM(A’B)(G;w,y)/\/(AyB)(G; z,w)rV(FB). (3.23)
A,B

For any e € E(G), let ¢, be the following map:
6: |J AxE@GYH— |J AxE ((G{e})A’)

ACE(G) A'CE(G{eY) (3.24)
(A, B) — (AA{e}, B).

¢, is clearly a bijection for any edge e. Note that (G{e})AA{e} = G* which
implies (with a slight abuse of notation) that, for any Fpz c G4, rVF8) =
rV (Foe) where Fy By C (G1eh)2e(A) | Let a*{e} be TE\(}Y e} y*led be
T} YE\{e}> z*le} be ZE\{e)W{e} and w*iet be Z{eyWE\ (e} To prove the the-
orem, we prove that Md,e((A’B))(G{e};sc,y,z,'w,'r) = M(AﬁB)(G;w*{e},y*{e},
z*{e}’ ,w*{e}’ ’I°).

Audie} ifeé¢ A,
A\{e} ifeec A

N (1T T B

A=AA{e} = { (3.25)
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Ifee B,B°NA = B°NA and BN A = BN A°. Thus, in this case,
M¢e((A7B))(G{e}; x,y) is obviously equal to M4 py(G; a*led yrel) So let us
focus on the terms involving z and w.

;[ (BnA)U{e} ifee BNAS,
B“A—{(BmA)\{e} ifee BN A. (3.27)
e J(BNA\{e} ifeeBnA
BnA _{(BmAC)u{e} itee BN A (3.28)
Then, we have
_/\f(A/7B)(G{e}; zZ,w,r) = ZBOAT,BRAT
Z(BﬂA)U{e}w(BﬁAC)\{e} ifee BN AC7
= Z(BﬂA)\{e}w(BﬁAC)U{e} ifeec BNA
= N, (G; e} il ). (3.29)
If e ¢ B, we use exactly the same argument with A/ replaced by M, z by y
and w by x. O

Corollary 3.4. For any ribbon graph G with flags and any subset E' C E(G),
we have

QGE’(LEE,?J,Zawﬂ‘) = QG(LwE\E’yE’uwE’yE\EHZE\E’wE’yZE’wE\E’7r)

(3.30)
Proof. Tt relies on
/ , {e}
1. foranyec E', GE = (GE \{e} 7
2. a repeated use of Theorem 3.3. O]

4. Feynman Amplitudes of the Grosse—Wulkenhaar Model

4.1. The Action Functional
The Grosse-Wulkenhaar model is defined by the action functional

S[¢] = So[@] + Sins[4], (4.1)

where ¢ is a real-valued function on Euclidean space R?. The free part of the
action is

Solél = 5 [ dPzoo) (~a+87) o(o), (42)
where A is the Laplacian on Euclidean space R and O = % (with ©,60 > 0)
the frequency of the corresponding harmonic oscillator. In a system of units
such that i = ¢ = 1, the only remaining dimension is length and €2 is dimen-
sionless.
Its kernel Kg(x,y) defined by

/dDz 6P (x — 2) (—AZ + 52232> Kg(zy) = 6"z —y), (4.3)
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with 67 the Dirac distribution on R?, is the Mehler kernel

Q g da
Ke(z,y) = (%) /—~D/2
0 [SinhQQa}

X exp—% {(x—y)2 coth Qa+ (z4y)? tanhﬁa} . (4.4)

To avoid ultraviolet divergences, we introduce a cut-off as a lower bound on
the integral over «,

ﬁ D/2 o d
(0%
Ke(z,y) — <2W> / ——bp
e [sinhzga}

Q ~ ~
X exp 7 {(x —y)? coth Qo + (x + y)? tanh Qa} . (4.5)

Since this paper is not concerned with the limit A — oo, we will always self-
understand that the integration over o ranges over [+z,00]. Later on, it will
also prove convenient to introduce ¢ = tanh(Q«) as well as the short and long
variables

1

1
u=—(x— and v=—(x+vy), 4.6
\/5( y) \/5( y) (4.6)
so that the propagator reads

Ks (o)™ Ood (177" LD 2y 4.7
olz,y) = o /a[ o7 } exp—3 ?u—&— ve . (4.7)

1/A2

The interaction term is derived form the Moyal product

Fro@) = g [ APudE I G0 )

with © a real, non degenerate, antisymmetric D x D matrix, with D even.
In the sequel, we assume' that © = #.J, with § > 0 and J the antisymmetric

D x D block diagonal matrix made of 2 x 2 blocks (_01 (1)> We define the

interaction term as
dn n
Suldl = 32 [P (a), (49)
n>1

where g, € R are coupling constants. In the sequel, it will be necessary to
express explicitly the Moyal interaction as a functional of the fields

Slol = X 2 [P PYalonse o) o). (410)

n>1

1 Otherwise the amplitude cannot be written as (4.25) and the hyperbolic polynomial are
not defined.
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Vo(z1,...,1,) is a distribution on (RP)" invariant under cyclic permutations,
Vo(z1, 22, ..., 2n) = Vo(@n, @1, ..., Tpo1). (4.11)

In the commutative limit # — 0, it reduces to a product of Dirac distributions

Bm V(21 2n) = [ {60z — ;). 4.12
i Vaen,. o) = [[ 6w - ) (112)
J
i
which is invariant under all permutations of {1,2,...,n}.

Turning back to the noncommutative case 6 # 0, in lower degree we have
Vi(z1) = 1 and Va(w1,22) = P(x1 — 22). The first interesting interaction
is V3

2
Vs(x1,xo,x3) = exp—g{ml-Jx2+ac2~Jx3+x3-Jx1}. (4.13)

1
(m0)P
The last expression of Vs is very convenient since we can associate with it a
triangle with vertices x1, s and x3 drawn in cyclic order around its boundary,
oriented counterclockwise. In the sequel, it will be convenient to express higher
order vertices using triangles glued together in a tree-like manner.

Proposition 4.1. Let T be a plane tree (i.e. a connected acyclic graph embedded
in the plane) with all its inner vertices of degree 3 and its edges labelled using
the index set I and let iy,...,1, be the cyclically ordered labels of some of
the edges attached to the leaves (terminal vertices), in counterclockwise order
around the tree. Then,

Vn(l‘il,. N ,],‘in)

wdPa, H exp —% {4, - Jzj, + x5, - Jag, + Tk, - JTi,} (4.14)

(r0)P ’

v
vertices of T

with iy, ju, ky the labels of the cyclically ordered edges incident to v.

Proof. Let us prove this result by induction on the number of inner vertices of
T. If T has a single inner vertex, then the equality for n = 3 is trivial, whereas
for n = 1,2 it results from the identity

ﬁ/dDyeXp—%{y-Jz}:(SD(z). (4.15)

Next, we suppose the result valid for all trees of order less than m and consider
a tree T of order m + 1. Cut an inner edge in T" with label 7y, which splits T'
into 7" and T". Without loss of generality, let us assume that i1,...,4,/,ig are
the labels of the leaves of T”. Then, we separate the vertices of T into vertices
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of T" and T" and use the induction assumption for 7" and 1",

exp —% {4, - Jzj, +xj, - Jag, + Tk, - Ji,}

/ ]._.[ 7z H (70)D

i€l—{i1,sin} verticgsofT

= /leiiO Vn/+1(l’i1 goee ,.Tin/ 5 $Z‘0) Vn—n’+1(xi07 l‘inurl, NN 71'in)~ (416)

To conclude, we need the following lemma:

Lemma 4.2. The vertices of Moyal interaction obey

/dDy Vi1 @iy - iy Y) Vo 11 (Ys @iy s -+ Ti ) = V(@500 T4,)
(4.17)

for any integer 1 <n/ <n —1.
Proof of the lemma.
/dDy Vn'-‘y—l(xila v 7‘1‘7;”/ ) y) Vn—n’-‘rl(y) xin/+1 3ty xin)

= /dDydDyldD (y - y/) Vn’-‘rl(x’hv s Ty y) VTL—TL/+1(y/7 min’Jrl PR xin)

de D D,/
= (27T)Dd yd Yy Vn’+1(x7ﬁ17"'7xin/ay>ek(y)

XVn—n’-‘rl(y/a Lipryqre - 7xin)€—k(yl) (418)

with ey (z) = expikx. Smearing out with functions f;,, ..., fi,, we thus have

/dDy dDmil .- -dDwi" Vg1 (Tigs o5 20,5 Y)
s @iy ) fir (%)) - fi (T3,)

XVn—n’+l(y7 min/+1 g

dPk
:/(QW)D /dDiﬂfn x-oex fi, K ep() /dDw/fin/H sorok fi xe_p(@)

D
= / (jﬂkD /defn *xoox fi, ($)€k($)/dDZE'fin,+l ok i (2)e—w(z)

= [Py fy @) Fo e o)

= /def'Ll *...*fin/ *fin’+1 **fln(m)
X /le’il e dP i, Vo @iy, 5@ fiy (2y) - fi (2, (4.19)
where we have repeatedly used

/def*g(:r) = /dD:Ef(gc)g(:E). (4.20)

The lemma ends the proof of (4.14).
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FIGURE 12. A heptagonal Moyal vertex

In what follows, we always assume that such a tree has been chosen for
every vertex, all choices leading to the same distribution V,,. Moreover, since
V3 is conveniently represented as a triangle, we represent the contribution of
each vertex of T as a triangle whose vertices are called corners, see Fig. 12 for
an example.

4.2. Parametric Representation and the Hyperbolic Polynomials

Formal perturbative quantum field theory can be compactly formulated
within the background field method. In this approach, the main object is
the background field effective action defined by the expansion over Feynman
graphs (we normalize the path integral in such a way that it takes the value 1
when all the coupling constants vanish)

~1og [ (D] exp— {Salx] + Siclo + x} = - 3
G connected ribbon graph
with f(G) flags

v(G

Sc:f / [[ dwidcr..ope) I o). (421)

1<i<f(Q) 1<i<f(G)

Since the interaction vertices are invariant under cyclic permutations (see
(4.11)), the sum runs over all orientable? ribbon graphs. The graph also have
f(G) flags, which are half-lines that carry the labels of the field insertions

2 Unless otherwise stated, the ribbon graphs considered in the rest of the paper will always
be orientable.
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¢(x1) - d(xpe)). Sa is the symmetry factor of the graph (cardinality of
the automorphism group of the graph, leaving the flags fixed), (—g)¥(¢) =
HUGV(G)(_gdcg(U)), with deg(v) the degree of v and Ag is the amplitude, to
be defined below.

In the sequel, it will prove convenient to allow edge dependent oscillator
frequencies €., so that we recover the amplitude appearing in (4.21) by setting

Q. =Q.

Definition 4.1. Let G be a ribbon graph with flags and let us attach a vari-
able 7; € RP to each flag of G and Q. > 0 to each edge. The (generalized)
amplitude of a ribbon graph with flags is the distribution defined as

AG[Q,x]:/ I 4

i¢F(GQ)
X H K:%& (yieﬁrvyie,,) H Vdeg(v) (yiv,p ce 7yiv‘dcg(v))a
e€E(G) veV(QG)

(4.22)

where we integrate over variables y; € R associated with each half-edge of
G, with the convention that for a flag we set y; = x5 without integrating over
Ti. Yi. . Yi. the variables attached to the ends of e (the order does not mat-
ter since the Mehler kernel is symmetric) and y;, ,, ... the variables
attached in cyclic order around vertex v.

s Yioy, deg(v)

In the commutative case § = 0, the vertex (4.12) enforces the identifi-
cation of all the corners (internal and external) attached to the same vertex
and is invariant under all permutations of the half-edges incoming to a vertex.
Therefore, the amplitude is assigned to ordinary (i.e. non ribbon) graphs, with
flags replaced by external vertices.

Definition 4.2. Let G = (V, V., E) be a graph with V., C V the external
vertices to which variables x, € RP are assigned. Let us attach a variable
Yy € RP to each vertex of G, with the convention that vy, = x, for an exter-
nal vertex. The (generalized) commutative amplitude of a graph with external
vertices is defined as

Agommutative [0 g ) — / I % [] Ko oeovo. ), (4.23)

vEV —Voxt ecE

with €2, the edge dependent frequency and v, and v._ the vertices e is
attached.

The commutative amplitude is recovered as a limiting case.

Proposition 4.3. Let G be a ribbon graph with flags and let V,.;(G) be the sub-
set of vertices of G carrying flags. Then, for the graph with external vertices
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G = (V(G),Veu(G), E(G))

mmutative =1 g
A tative [Q) 2 ] H H ay —xyp) p = gﬂ%AG [QQeMTf] )
vevert(@) | feF,
(4.24)

with G = (E(G),V(G), V(@) and F,(G) the set of flags attached to v in G
and (Ty)ev,,,() and (Tf)rer(q) independent variables.

Proof. Note that in the commutative case we use oscillators of frequency €2,
instead of %. Then, Proposition 4.3 follows immediately from (4.12). O

Even in the general non-commutative case, the integral over all the cor-
ners is GauBian, thanks to peculiar form of the Mehler kernel (4.5) and of the
Moyal vertex (4.14). Therefore, the amplitude can be expressed in parametric
form as follows, as was first shown in [10]:

Theorem/Definition 4.1. The generalized amplitude (4.25) of the Grosse—
Wulkenhaar model for a ribbon graph G (which does not contain an isolated
vertex with an even number of flags) with e(G) edges, v(G) vertices and f(G)
flags carrying variables x; € RP is

2T Q. (1 — 2 bfz
AG(x) _ Hedae He - ( e)
(270) (G (@G HU (0, 1)
1 HVG<Q,t,ZL‘)

_Z ANkt had 4.25

xexp 0{ HUG(Q6) [ (4.25)

where the first hyperbolic polynomial HUg(,t) is a polynomial in the edge
variables Q. and t. = tanh@%“e and the second hyperbolic polynomial

HV¢(Q,t,2) is a linear combination of the products x; - x; and z; - Jx;, whose
coefficients are polynomials in Q. and te.

Proof. The key idea is to write the amplitude (4.23) as a Gauffiian integral. To
begin with, let us first derive a more systematic expression of Ag. First, we
represent each vertex using a plane tree made of triangles, as in Proposition
4.1. The corners of the triangles attached to the flags of G are the external
corners while the other corners over which we integrate are called internal cor-
ners. The internal corners come in three types: related by an edge, common to
two triangles or isolated. In this last case, the variable attached to the inter-
nal corner acts as a Lagrange multiplier, as in (4.15). Since all the triangles
are oriented counterclockwise, we define an antisymmetric adjacency matrix ¢
between the corners (internal and external) by

Gj=1 if there is a triangle edge oriented from i to j,
Cij = —1 if there is a triangle edge oriented from j to 7,  (4.26)
Gij =0 if there is no triangle edge between 7 and j.

Let us denote by C** (resp. C&** ) the set of internal (resp. external) corners
attached to the vertex v and define the matrix « (resp. 3, ) by restricting ¢
to the lines and columns in Ci"* (resp. lines in Ci™ and columns in C¢**, lines
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and columns in C&**). Using (4.14), the contribution of the vertex v to Ag can
be written as

1 7

(m6)PIT P

X E aija:i-ij—&-Q E ﬂ”yzj.”[:j—‘r E ’yijl‘i-JfL'j ,
i,jeCint ieCint jeCext i,jECext

(4.27)

with |T,| the number of triangles used in the chosen tree-like representation
of v.

In order to define the short and long variables for all edges, we choose an
arbitrary orientation on the edges of G and introduce the incidence matrix e
between the edges and the internal corners

€ei = 1 if e arrives at 1,
€e; = —1 if e leaves 1, (4.28)
€e; =0 if e is not attached to i.

The long and short variables associated with the edge e are

Ue = % <Z ea%’) and v, = % <Z |eei|yi> , (4.29)

with x; the variables attached to the corners. We enforce these relations by
inserting d-functions with Lagrange multipliers A, and g, in the definition of

Ac
d. ) 1 i

2

and

/ (:g)eD exp *% {:U'e -J |:Ue — \% <Z eeiyi> } . (431)

Gathering all the terms together, the expression of the amplitude reads
1 N 1, ' C
Ac = [ [1.dee N x [ dV¥ X exp ~3 XAX +1 XB—&—? , (4.32)

where

2
X = \/;(ueave7>\8a,u67yi) (433)
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is a variable in RN with N = 4e(G)D + |C™()|D. A is a symmetric N x N
matrix

A
diag(Qe/te) ® Ip 0 ey ® J 0 0
0 diag(Qete) ®Ip 0 ZIe(G) ®J 0
| e e 0 0 0 @ |,
0 —’LIe(G) ®J 0 0 ﬁ|€| ®J
0 0 —ﬁ%@J ——|te|®J w®J
(4.34)

with Ip; the identity M x M matrix. B € RV and C € R are defined by

2
B:\/; 0,0,0,0 Z BijJx; and C’——— Z Yij Ti - Jaj.

jecext i,jeCExt
(4.35)

Finally, the normalization factor is

_42y1D/2 N/2
N = H 201 —2e) X . X ! X o ,
9 X 27r X 2t (70)2e(G)D ™ (79)IT(G)|D 2

(4.36)

whose respective contributions are the normalization factors of the Mehler ker-
nels (4.5), the ¢ functions for the short and long variables, the contributions
of the vertices (|T'(G)]| is the total number of triangles in the representation of
all vertices of ) and the Jacobian of the change of variables to X.

We are now in a position to perform the Gaufian integration over X in
(4.32),

(2m)N2 N 1, 1, C
.Ag—/]_[dE NV d /d Zexp{ 2BA B+2}, (4.37)
where we assumed A to be invertible, as it should be the case by its construc-
tion. Alternatively, one could have replaced A by A = Al with A large enough
and show afterwards that the limit A — 0 is well defined. For simplicity, we
do not do this here and will show, in Proposition 5.5, that det A > 0 provided
G does not contain an isolated graph with an even number of flags.

To simplify the normalization factor, let us first derive a topological rela-
tion between the number of triangles and internal corners of any represen-
tation of the vertices of G using triangles. In each case, the graph obtained
by joining the center of adjacent triangles is a forest (i.e. a graph without
cycles) with |T(G)| vertices and v(G) connected components, so that there
are |T(G)| — v(G) corners common to two triangles. Next, each triangle has 3
corners, which are either attached to flags or internal corners, with the inter-
nal corners common to two triangles counted twice. Accordingly, 3|T(G)| =
||+ £(G) + (IT(G)] — v(G)), so that

2AT(G)] = 1™ D] + F(G) - v(G). (4.38)
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Using this relation, we get

D/2 Cint(e)
(2m)P/? (2m9)! | — 9F(G)=1(G) (90) (@) ~e(O)~ ()

N (270)<C) (z9)ATG)]12]C™ )]

(4.39)

To define HU¢(£2, t) it is helpful to note that the matrix A can be written
as

A=D®lp+ R, (4.40)

with D diagonal and R antisymmetric. The matrix P~'+JP with P the D x D

? 2

block diagonal matrix made of 2 x 2 blocks <\? 1\5) is diagonal with

V2 V2
1 0

blocks (O 1

) . Therefore,

det A = [det(D + R)]”/* x [det(T — R)]”/? = [det(D + R)]°  (4.41)
since det(T — R) = det *(D — R) = det(D + R). Thus,
HUG(Q,t) = 2°(9) [[], t] det(D + R) (4.42)
is a polynomial in t. (because of the multiplication by [],t.) and in €. and

(2m)N/2 2/ (O], Q.(1 - 12) b

NVdetA | (2r0)e @+ (@@ HUG(Q, ) ’

(4.43)

which corresponds to the prefactor in (4.25).
Finally, taking into account (4.42), we define the second hyperbolic poly-
nomial as

HVe(Q,t,2) = 2" D9[] t.] det(D+ R) [BAT'B+C].  (4.44)

The only non-trivial assertion to check is its polynomial dependence on t.. The
latter follows from

A7 =(D+R) e () +(T- R e (352), (4.45)

so that [[],t.] det(D + R)A™' is a matrix of polynomials in ¢. since
[T1.te] det(D + R)(D + R)~* and [[], t.] det(T — R)(T — R)™* are. O

Remark. When expressed in term of (2 and ¢, both hyperbolic polynomials
HUg(Q,t) and HVg(Q,¢,2) do not depend on 6. This is the consequence of
the use of the Mehler kernel K¢ in the kinetic term, with Q= %. However,
there is an implicit 8 dependence in the relation between t and a.
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5. Hyperbolic Polynomials as Graph Polynomials
5.1. Reduction Relation for the First Hyperbolic Polynomial

In general, it is not very convenient to study the hyperbolic polynomials start-
ing from the relations (4.42) and (4.44). It is preferable to compute the deter-
minants by a series of successive reductions, instead of trying to manipulate
them in one go. This leads to the following reduction relation:

Theorem 5.1. The first hyperbolic polynomial HUg, defined by (4.42) for any
ribbon graph with flags, is multiplicative over disjoint unions, obeys the reduc-
tion relation

HUg = t. HUg_. + t. Q2 HUgve + Qe HUGe ¢ + Qct? HUgeye  (5.1)
for any edge e. Furthermore, for the graph V,, consisting of an isolated vertex
with n flags, we have

HUy, =

n

{0 if nis even, (5.2)

2 if nis odd.

Proof. Let us recall the defining relation (4.42) of the first hyperbolic polyno-
mial as a determinant,

HUG(Q,t) = 2°9 [[], t.] det(D + R). (5.3)

The multiplicativity follows readily from (4.42) since the adjacency and inci-
dence matrices of a disjoint union are block diagonal.

Although all the graphical operations appearing in the reduction rela-
tions can be performed on the lines and columns of D + R, it is much more
economical to derive them using technics from Grassmannian calculus (see
for instance [? | for a recent overview of Grassmannian calculus). To proceed,
write the determinant as a Gauflian integral over Grassmann variables with

{p7 J} € {Ue, Ve, >\€7 He, yi}73
det(D + R) = /Hdapdwp exp — {Z«pP(D + R),wwg} L (54)
P P,

Next, we perform the change of variables of

- _ 1 - Wb
vy = \?(Xp o) with Jacobian M =1 (5.5)
Yp = W(Xp + up), Do)

Because all Grassmann variables anticommute, the determinant is
expressed as

det(D + R)

1
= / [T [—edx,dn,) expe {Z dpxpnp} exp— {Z Ryo(XpXo + npna)} :
P o p.o
(5.6)

3 For the sake of clarity we use here the same letter for indices and the corresponding
integration variables in the previous section.
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with d, = ? (resp. d, = Qct.) for p = ue (resp. p = v.) and 0 otherwise. Note

that [ [1, dxpexp -3 {Zp’o_ Rpgxpxg} (or the equivalent expression using 7)
is the Pfaffian of the antisymmetric matrix R,,.

Let us select a particular edge e from the corner ¢ to the corner j and
expand the related exponential

det(D + R)

Qe
= /H [*Zprdnp] (1 + ZTnueXue +1QcteN, Xo. — (96)277%)(%771)6)(%)
P e

1
X expt Z dpXpnp ¢ €XP —3 {ZRpO'(XpXU + Upno)} . (5.7)
p,o

pFUe,Ve
Moreover, since the operations on the variables 77 and x are identical and inde-
pendent, we perform them explicitly only on 7. In the sequel, we repeatedly
use the following elementary result from Grassmannian calculus:

Lemma 5.2. Let F be a function of the Grassmann variables ny,no, ... (i.e. an
element of the exterior algebra generated by m1,m2,...). Then,
/dnlan(nlan27"'):F(07n2a"')7 (58)

and its corollary, the integral representation of the Grassmannian § function

/dnod?h expa{nom}t F(ni,n2,...)
=dnyad(m)F(ni,n2,...) =aF(0,n,...). (5.9)

It is convenient to explicit all the terms involving the edge e in the
Pfaffian

1 1
D Rootpte = Muetire + Mool + 75 (=) + s (g ) -

2
p,o

(5.10)

To alleviate the expressions, we make the convention that in the following we
only represent the part of the Grasmann integral affected by the equations.
The first term in (5.7),

/ dny, dny, dna, dny,

1 1
X exp — {nueme F X+ (= ) e (s 1) + } >
(5.11)

corresponds to the deletion of e in G since the integration over n,, and 7,,
sets 1y, = 1, = 0 by using (5.9). Then, the corners i and j remain as isolated
corners. Let us note that the factors of + cancel since we integrate over 4 pairs
XN, and that no extra sign arise form the commutation of dx, and dn,, since
the latter are always performed pairwise on x, and 7,.
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~.

FIGURE 13. A loop e

In the second term,

/ dnue dnve d"])\e dnue

1 1
XMy, €XP — {T]uen)\e +Av s, Jrﬁme (ij *773/1:) + \ﬁn/te (772/1 +77?/i) +oee } )
(5.12)

we have 17, = 0 and the integration over 7, sets n, = 0 with an extra sign.

The remaining integration over 7, enforces 6(n,, —n,,) after integration over

with an extra factor of —1/v/2 using (5.9). To relate this operation to the

deletion in the partial dual G¢, we need to distinguish two cases.

e Ifeisnot aloop, then G — e results from the identification of the corners i
and j (belonging to two different vertices) to get a single vertex, as required
by 1y, = ny,. Taking into account both Pfaffians and the prefactor 2v(G),

2
we get (%) x 2v9(G) = 9u(G“—e) " After taking into account the variables

X, and 7,, we integrate over an odd number of pairs, so that a factor of ¢
remains, which cancels with the one in (5.7).

e Let us suppose that e is a loop. Using the freedom we have in representing
the vertex using triangles, we may always assume that ¢ and j lie on adja-
cent triangles (ikl) and (jkm) with a common corner k and related to the
remaining part of the graph by two additional corners [ and m (Fig. 13).

The contribution of the two triangles to the Pfaffian is

exp — {1y, e e gy + M Tys + My s+ DMy + Ty - (5:13)
After the identification n,, =7, , the contribution of the triangles 1kl and
jkm reads

/dnyi dny, exp — {20y, 1y, + (Mg — My) My +10y,,)
= / dnydn- exp — {2n+77— + V2 (ny, + nym)} ; (5.14)

using the change of variables ne = nyli% Using (5.9), the integration
over 14 sets n— = 0 with an extra —2, so that the contribution of the two
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triangles is trivial. Therefore, we suppress the latter, which is nothing but
2

the deletion of e in G°. Finally, the factors of 2 are (%) x 22 % 2v(@) =

2 x 2v(G) = 2v(G"~¢) gince e is a loop. The signs and factors of ¢ also cancel

since we integrate over 7 pairs of variables.

The third term,

/ dnue dnve d77/\e dnue

1 1
XMy, €XP — {7)71877)\(3 TN M +\ﬁ77>\e (nyj _nyi) "‘ﬁnuc (nyj +77yi) I } 7
(5.15)

is very similar to the second one, except that the integration over 7, , .., 71,

results in
d n'!h + ny]
T/He €xXp — (nu/e) \/5 . (516)

Again, we distinguish two cases

e Ifeismnot aloop, let us set a new variable 7, = Tf (p does not correspond

to an existing corner in G), so that

Ty: + My, 1
/dme €Xp — {(me)yﬂy} = ﬁ/dnyp CXp — {nypnyi + nypnyj}'
(5.17)

This is the contribution of two triangles (pig) and (pjr) attached by a
common corner p with flags on ¢ and r, so that there are no terms in
Ny, = Ny,.0. Graphically, it corresponds to identifying the corners i and
j with two extra flags separating the two parts of the graph that were
attached to the corners ¢ and j. This is the cut of e in the partial dual G°.

e If ¢ is a loop, then we perform the integration over 7,, which enforces
Ny, +ny; = 0 with an extra factor \7—% As in the discussion of the second
case, without loss of generality we assume that ¢ and j lie on adjacent
triangles (ikl) and (jkm) whose contribution is given by (5.13). After the
identification n,, = —n,,, we are left with

/dnyi dny, exp —{ My, — My )My + (g + Ny )y,

= / dn.dn— exp — {\/in—nyl + \/§n+nym} ; (5.18)
ny’i# Using (5.9), the integration
over ny and 7n_ sets n,, = 7,,, = 0 with an extra factor of 2, so that
the contribution of the two triangles is trivial. Therefore, we suppress the
latter, which is nothing but the deletion of e in G°. As in the previous
case, all the factors of —1, 2 and ¢ cancel after we take into account the
contributions of both Pfaffians.

using the change of variables nL =
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The fourth term,

/ dnu, dny, dna, dny., Mu, M0, XD

1 1
— M. + v, + 5 (ny, —ny.) + 757 (ny, +1y,) +- ¢
(5.19)

represents the cut of e in G since the integration over 7, and 7,  sets n), =
Ny, = 0 by using (5.8). The remaining integrations over 7, and 7, can be
written as

/dfﬁdn‘ exp {nsmy; +n-my }  with 9y = % (5.20)
which imposes n,, = n,, = 0. Graphically, this means that the corners i and
j become flags, which yields G v e. Here, there are neither powers of 2, nor
extra signs arising from the operations. However, we integrate over 6 pairs of
variables, so that the Jacobians yield —1, which cancel with the sign in (5.7).

Finally, let us prove the assertion concerning the isolated vertices. In this
case, D+ R reduces to «, the antisymmetric adjacency matrix a of the internal
corners of the graph, defined in the proof of Theorem 4.1. For a vertex with
an even number of flags, we have an odd number of internal corners because
of the relation (4.38), so that

HUy,, = 2det(a) =0. (5.21)
In case of an even number of flags
HUy,, ., = 2det(a) = 2[Pf(a)]?. (5.22)

Recall that the Pfaffian of a 2n x 2n antisymmetric matrix is defined as

Pf(a) = Z (=1%o 1) @)W @)na)  An(ant)ym(anys  (5:23)
mell,

with II,, the subset of the permutations of {1,2...,2n} such that 7(2i—1) <
m(2i) for any 1 < i < n and 7(1) < 7(3) < .-+ < w(2n — 1). Accordingly, if
« is the adjacency matrix of a graph, its Pfaffian is a sum over all its perfect
matchings, with relative signs. In the case of the graph build with the edges
of the triangles pertaining to a vertex of odd degree and with all the exter-
nal corners and the triangle edges attached to them removed, it is easy to
show by induction on the number of triangles, that there is a unique perfect
matching on the triangle edges, with the convention that the empty graph has
a unique perfect matching, the empty one. Therefore, Pf(a) = +£1, so that
HUy,,., = 2. O

For a graph with e(G) edges, the reduction relation (5.1) involves 4°(©)
operations, many of them leading to terminal forms containing a vertex of
even degree. For E(G) > 3, it is therefore not very convenient to compute
HUg using the reduction relation. However, it is instructive to see how it
works on the simplest examples with 1 and 2 edges.
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Ezample 5.1 (Bridge with flags). Let By, be the bridge (i.e. one edge and
two vertices) with m flags on one vertex and n flags on the other one. Then,
the reduction relation reads

HUg,, . (Q,t1) = t1 HUy, vy, +tQTHUy, , ,ov,,, + 0 HUy,,

+Qlt% HUVm+71+27 (524)
so that we obtain
41,03 if m and n are even,
HUg,, ,(Q1,t) = { 411 if m and n are odd, (5.25)

201(1+13) otherwise.

Ezample 5.2 (Loop with flags). Let Ly, ,, be the loop (i.e. one edge and one
vertex) with m flags on one face and n flags on the other one. The reduction
relation

HU.,, (. t1) = Q HUy, oy, +tHUy, , + Q0 HOy, o,
+t19% HUVm+n+27 (526)
implies
40413 if m and n are even,
HUpL,, . (Q,t1) = ¢ 4 if m and n are odd, (5.27)

2t1(1+ Q%)  otherwise.

Ezample 5.3 (Cycle of length 2 without flags). Let us consider a cycle of length
two without flags. The reduction relation reads

HU cycle (Ql,QQ,tl,tQ) == tl HUBO,D (QQ,tQ)

2 edges, no flag

+t1 Q3 HUp, | (Q2,t2) + Q1 HU L, (Q2,t2) + Q1] HUy, | (Q2,12),  (5.28)
and we get, using the previous two examples,

HU  yae (0, Q0,t1,t2) =4 (t] +63) ©1Q2 +4(QF + Q3) tat2. (5.29)

2 edges, no flag
5.2. Some Properties of HUg as a Graph Polynomial
We are now ready to give the combinatorial expression of the first hyperbolic
polynomial.

Theorem 5.3. The first hyperbolic polynomial can be expressed as
HUG(Q,t) = Qa(1,t,Q, Q% Q2 1), (5.30)
with rop41 = 2 and e, = 0, or explicitly,

HUG(Q,t) = )

A,BCE(G)
admissible

o(GA
ecAcNB¢ ecA°NB ec ANB*¢ ecANB

(5.31)
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with (A, B) admissible if each vertex of the graph obtained from G4 by cutting
the edges in B and deleting those in B¢ has an odd number of flags.

Proof. Recall that for ribbon graph with flags the polynomial
Qc(x,y, z,w,r), depending on four variables (z., te, ze, w.) for each edge and
a sequence (1, )nen, is defined as

QG(‘L%?J,Z;U’,T) = Z qk(FA)
A,BCE(G)
X H Tdeg(v) < H xe)( H we)( H ye>< H Ze)
vEV(GA) ec A°NB° e€cA°NB ec ANB¢ e€ANB

(5.32)

The graph polynomial Qq, at ¢ = 1, can be characterized as the unique graph
polynomial which is multiplicative over disjoint unions, that obeys the reduc-
tion relation

Qc = 729G —c + weQagve + yeQGE—e + 2¢QGeves (533)

for any edge e € E(G) and that takes the value Qv (1,,y,z,w,r) = r, on
a isolated vertex with n flags, see Definition 3.2. These three conditions are
precisely the content of Theorem 5.1, with z. = te, ye = Qe, 2 = Qet?, W, =
teﬂg, ron, = 0 and 79,41 = 2. The relation rg,, = 0 reduces the summation to
admissible subsets (A, B) and 79,41 = 2 yields a factor of 2 for each vertex
o GA. O

This formula can be used to compute HUg(,¢) for simple examples
that admit many symmetries. Otherwise, there are many possibilities for the
subsets A and B that have to be treated, many of them being non admissible.

Ezample 5.4 (Planar banana with three edges). Let us consider the plane graph
with two vertices and three edges, all of three having both ends attached to
different vertices. With A = ), we must have | B| odd. Thus, we get four terms

Atytats(QF + Q3 + Q3 + Q10303), (5.34)

If |A| = 1, G* has a single vertex without flags, so that no cut could yield an
odd number of flags. When |A| = 2, let us suppose that A = {1, 2} for definite-
ness. Then, G4 is a cycle with two edges 1 and 2 and an extra loop 3 attached
to one of the vertices. We have four possibilities for B: {1}, {2}, {1,3} and
{2, 3}, that yield the monomials:

401 Qo (tt3 + tats + 151305 + t536303). (5.35)
By cyclic symmetry, we construct 8 other terms that correspond to A = {2, 3}

and A = {1,3}. Finally, with |A| = 3, G is a triangle and there is no way to
get only odd vertices after cutting. Therefore, we obtain

HU planar (Q,t)

3-banana

= 4 [tatats [QF + Q5 + OF + QTQQE] + 1100 [15 + 65 + QF (13 + 13)]
+o Q3 [t + 15+ Q36 + 13)] + ts Q2 [T+ 5+ Q5(8 + £3)]],
(5.36)
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A first consequence of Theorem 5.3 is the invariance of the first hyper-
bolic polynomial under partial duality, provided we interchange some of the
variables Q and t.

Corollary 5.4. For any A C E(Q), the first hyperbolic polynomial transforms
under partial duality as

HUga(24,t4) = HUg(Q, 1), (5.37)

with
{{QA}E =te, {ta},=Qc for ec A, (5.38)

{Qa}, =Q, {ta},=te for e¢ A

Proof. This an immediate consequence of the relation between HUg and Qg
and of the transformation of Q¢ under partial duality, see Theorem 3.3. [J

Remark. It is worth noticing that this is a rather strong result, since the dual-
ity holds with respect to any subset of edges for all graphs, in contradistinction
with the commutative case, where only the duality with respect to all edges
holds for a plane graph. Note that this property also holds for the non-com-
mutative field theories with Moyal interaction and heat-kernel propagator (see
Corollary 6.5), since in this case we obtain an evaluation of the multivariate
Bollobas—Riodan polynomial, which is invariant under partial duality.

Let us illustrate the use of the partial duality on a simple example.

Ezxample 5.5 (Non-planar double tadpole). The partial dual of a cycle of length
2 with respect to one of its edges is the non-planar double tadpole (i.e. the
non-planar graph with one vertex and two edges). Thus, using the result of
Example 5.3

HU non-planar  (t1,t2,$21,822)

double tadpole

= HU(/"2 (tl, 927 917 tQ)
=4(Q7 +13) 1 + 4 (t] + Q3) U to. (5.39)

Note that we obtain the same result if we perform the partial duality on edge
2, since they are symmetric. Partial duality with respect to both edges yields
another cycle of length 2, with variables all variables 2 and ¢ interchanged.

Before we deal with particular classes of graphs, let us show that HUg is
not identically 0, except for the particular case of isolated vertices. Note that
an isolated vertex has no incident edge but may carry flags, so that its degree
may be non trivial.

Proposition 5.5. HUg is identically O only for a graph containing an isolated
vertex of even degree.

Proof. We have already seen that on a isolated vertex HUg = 0 if only if G
has an even number of flags. Using the multiplicativity over disjoint unions
(see Theorem 5.1), it remains to show that HUg is not identically zero for a
connected graph with at least one edge. To construct a monomial with a non-
zero coefficient, let us choose a spanning tree 7' in G and an edge e € E(T).
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The tree T/(E(T) — {e}) obtained by contracting all edges of T' but e has two
vertices vy and vy. If v1 and vo both carry an odd number of flags, then set
A=E(T)—{e} and B = (. If v; and vy both carry an even number of flags,
then set A = E(T) — {e} and B = {e}. If one of the vertices carries an odd
number of flags and the other an even one, then set A = E(T) and B = 0.
Then, with these choices of A and B, the corresponding monomial in (5.31) is
always non zero. O

Remark. Since all the coefficients of the monomials of HUg are positive as a
consequence of the reduction relation, this shows that HUg(2,¢) = 0 is pos-
sible for t. > 0 and €2, > 0 if and only if G contains an isolated vertex with
an even number of flags. Thus, det A > 0 in the Gaussian integration (4.37) if
there is no isolated vertex of even degree.

For trees, it is possible to obtain a formula that collects the contribution
of various subsets A and B.

Proposition 5.6. For a tree T with flags, the first hyperbolic polynomial reads

HUp(Q,6) = > >

ACE(T) BCE(T)-A
(B,V(T/A))odd

x LPOEAR T Qo +2) [ 0t Il tep, (540
ecA e’/€EB—A e"€E(T)—(AUB)

with T'/A the graph resulting from the contraction of the edges in A and a graph
s said to be odd if all its vertices have an odd number of attached half-lines,
flags included.

Proof. If ¢(T) = 0, then T' = V,, is an isolated vertex and A = B = {), so
that (B,V(T/A)) = V,, and we recover (5.2). If ¢(T') = 1, then T = B,, ,, is a
bridge with flags and (5.40) reproduces (5.25). Let us now prove the result by
induction on e(T), singling out an edge e and using the reduction relation

HUr = Q. HUze o 4+ Qct? HUpeye + te HUp_o 4+ t.Q2 HUpye.  (5.41)

The graphs 77 = T° — e and Ty, = T° v e are trees whereas T'—e = T3 U Ty
and T v e = Ty U Ty are disjoint unions of two trees. All the trees have less
than e(T) edges so that we may apply the induction assumption, with a sum
over A;, B; C E(T;).

For the first two terms, we gather terms for which A;=As and define
A = A; U{e}. Then, with B = By or B = By, the graph (B,V(T/A)) is odd
if only if (B1,V(T1/A1)) or (Ba,V(T2/A3)) are and the powers of 2 agree,
QE(M)—|Al+1 — 9BE(T"—e)—[A1[+1 — 9B(T*Ve)—|A2[+1 Thjig reproduces the terms
in (5.40) such that e € A.
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In the case of T'— e, HUp_, factorizes as two independent summations
over (As, Bs) and (A4, B4) and we set A = A3 U Ay and B = B3 U By. The
graph (B,V(T/A)) is odd if only if (B1,V(T1/A;1)) and (B, V(T»/As)) are
and the powers of 2 agree, 2B(T)—IAl+1 — 9BE(T1)—[A1l+19E(T2)—[As|+1  Thig
reproduces in (5.40) the terms such that e ¢ A and e ¢ B.

For T v e, we proceed similarly with A = A5 U Ag and B = By U BgU{e}
and recover the terms in (5.40) for which e ¢ A and e € B. O

Let us illustrate the use of Proposition 5.6 on some simple examples.

Ezample 5.6 (n-star tree without flags). Consider the n-star tree x, is made
of one n-valent vertex, attached to n univalent ones, all without flags. Since
all the edges not in A are necessarily in B (otherwise, the leaves yield vertices
without flag),

HU,, (Qt)= Y (22 JTe.0+e2) [ Qete

ACE(*n) ecA e'€EE(x,)—A
|A|+n odd

(5.42)

Using partial duality, one can compute the first hyperbolic polynomial
for every graph made of loops attached to the vertices of a tree. Indeed, the
partial duality with respect to the loops transforms the diagram into another
tree.

Ezample 5.7 (Dumbbell). Let us consider the dumbbell graph (an edge labelled
1 attached to two vertices, each carrying a loop labelled 2 and 3). Let us per-
form the partial duality with respect to the loops 2 and 3 to obtain a linear
tree with two three edges and no flag, for which Proposition 5.6 immediately
yields

HU linear tree (97 t) = 16t1t29%t39§ + 4t19%92(1 + t%)Qg(l + t%)

3 edges no flag

F 420201 (1 + ) Q3(1 + 3) + 43020, (1 + 1) (1 +13).  (5.43)

Using the partial duality HUgumbben (21, Q2, Q3, t1, t2, t3) =HU tinear tree (1, t2,

3 edges no flag
Q3, t1, QQ, Qg) we get

HU qumpben (2, 1) = 16t1Qot3Q5t5 + 4t1Q3t5(1 + Q3)t3(1 4+ Q3)
F4 1201 (1 + t2)t3(1 4+ Q32) + 403120 (1 + t)ta(1 + Q3).  (5.44)

Beyond trees, it is also possible to give a useful formula for cycles, i.e. a
connected graph in which every vertex has valence 2.
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Proposition 5.7. For a cycle C' with m flags in one face and n in the other
one, the first hyperbolic polynomial reads

HUG(Q,t) =46 yym o | [ Q] D {Htg,}

e€E(C) ACE(C) \e'€A

|A|4n odd
coy oy e e
ACE(C) BCE(C/A) ecA e'eB

(A,V(C)) acyclic (B,V(C/A)) odd

X 11 ten o (5.45)

e €E(C)—(AUB)

where a graph is acyclic if it does not contain a (non-necessarily spanning)
subgraph isomorphic to a cycle.

Proof. We prove this result by induction on the number of edges of C, starting
with e(G) = 1. In this case, C' is a loop with flags and (5.45) reduces to (5.27).
Let us consider a cycle with e(G) > 1 edges, m flags on one face and n flags
on the other one and apply the reduction relation to an edge e,

HUc = Q. HUge_o + Qet? HUgeye + te HUg_o +t.Q?HUqve.  (5.46)

C*¢ — e (resp. C° v e) are cycles with e(C) — 1 edges and m flags on one face
and n flags on the other one (resp. m + 1 and n + 1), so that we apply the
induction assumption and express both of them using subsets A’ and B’ of
E(GQ) — {e} as in (5.45). Setting A = A" U {e} and B’ = B, these terms can
be collected and correspond to those terms in (5.45) such that e € A. The
numerical factors agree and (B, V(C/A)) is odd if only if (B, V ((C*—e)/A))
and (B',V ((C¢—e)/A")) are because the graphs (A,V(C)), (A, V(C®—e))
and (A, V(C®Ve)) are acyclic.

The graphs C'— e and C' v e are trees, so that we may apply Proposition
5.6 to expand HUqx_. and HUgy . using subsets A’ and B’ of E(C) —{e}. Set-
ting A = A’ and B = B’, terms in HU¢_, correspond to terms in HUg such
that neither A nor B contains e. With A = A’ and B = B’U{e}, the expansion
of HUgye reproduces those terms in the expansion of HUg for which e ¢ A
and e € B. g

Ezample 5.8 (Triangle without flags). Consider a triangle (cycle with three
edges) and no flags. Applying Proposition 5.7, we get
HU tiangle (2,8) = 421Q0Q5 (85 + 13 + 13 + £11313) + 400 (1 + 11)tata (23 + Q3)

without flag

+ 40 (14-13)t1t3(Q +Q3) +4Q3 (14+13)t12(QF + Q3).  (5.47)

As we perform the duality with respect to all three edges, we recover the planar
banana with three edges (see Example 5.4), with . < ¢, for all edges.
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Ezample 5.9 (Triangle with flags). For a triangle with one flag on each vertex,
all in the same face, Proposition 5.7 immediately yields

HU tiangte (2,1) = 8t1tatz(1+ Q3Q303) + 2t (1 + QF)Qa(1 + 13)Q3(1 + 13)

with flags

+2t5(1 + Q3)Q1 (1 + t1)Q3(1 + t3)
+2t3(1 4+ Q3)Q (1 4+ t1)Q2(1 + 13). (5.48)

Note that the first term in (5.45) vanishes, since there are three flags in one
face and none in the other one.

5.3. The Second Hyperbolic Polynomial

Let us now evaluate the second hyperbolic polynomial HV¢ in terms of HUg,
which is itself an evaluation of the graph polynomial Q.

Theorem 5.8. The second hyperbolic polynomial can be expressed as
1
HVG = ZHUG,AT% + 5 Z [HU(GU)WJ' —eij HU(Gij)eij \/ei]-] €Ty * ZZ?]‘
i i
1
+§ Z [HU(GU)e” —eij HU(GM)SU Vez‘j:| Ti - ij’ (5'49)
i#j

where G; is the graph obtained from G by removing the flag on the corner
i, Gy by joining the external corners i and j by an extra edge e;; and Gy; by

attaching an extra flag to G,; immediately after i in counterclockwise order
around the vertex i is attached.

Proof. Let us isolate two external corners i and j and write
HVg =ay; 1‘22 + aj; JJ? + 2(11']‘ T; X5+ QZbij € - Jl‘j + - (550)

where the dots stand for terms that vanish when x; = z; = 0. To determine
aii, we set xp = 0 for k # i and integrate over z;,

D
/d r; Ac 5o = Ag, 50 (5.51)

Comparing both sides with (4.25), we readily get a;; = HUg,.
Similarly, to compute a;;, we insert an extra edge e;; between the flags i
and j

/deidej Kﬁe, (Q’Ji,.’L‘j)AG

ij

2n=0 ZAG”. or=0 - (5.52)

k#i,k#j k#i,k#]

The integral is Gauflian over X = (?)
J

wk:()

/dD.Tile‘j Kfle. ) (J)i, J,‘]')AG
Y ki k]

1
zN/dQDXexp—itXAX, (5.53)
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with a normalization factor

D/2
ao [0 )] [T 21— ) nr
| 2n0t " 2@ @) (270) @ T @O HU (9, )

(5.54)
and
1 HUQ,,,; ( ei; T tﬁl..) +2a;; HUgS,, ( eij tj.,.) + 204
N OHUG HUGQ% ( €ij tel..) + 2aji HUGQ% ( €ij + t,}.) + 2ajj
0 2b;;
I * : .
RIp + - UG (_Qbij 0 ) ® 1 (5.55)
This determinant can be expressed as £2/2, with
9 72
&= |:0HUG:| [(Qe”HUG) + ajia5; — a?j + b?j
1 i + aj; 1
40 HUG (e, + — ) (%1% o, HUg (t, — — )ay|.
J ij teij 2 J J tei,j
(5.56)
We perform the Gauflian integration over X to obtain Ag,; ) ep—o and iden-
ki, k]
tify HUGU
2 2
QiG55 — aij + bij
HUG:j = (Qeig) €ij HUG HUG €ij
Qe
7 [(tery)* +1] (@i + aj5) = Qe [(te;,)* — 1] @iy (5.57)
Using the reduction relation, we identify the first term with (Qeij)2teij

HUGEU V e;j, the second with ., HUGCU — e;; (this proves that HUg divides®
AiiGj5 — a2 + b2, ;) and the sum of the last two terms with (2 HU(G )% —e +
Qe (t e”) HU(G )i Ve Thus, we have

€ij

1
aij = 5 HU(G i —ey; HU(C;U)%W%} . (5.58)

To compute b;;, we use a similar method but introduce an extra flag on the
vertex 4 is attached to, immediately after ¢ in counterclockwise order. Then,
we connect ¢ and j with an extra edge e;; to obtain G’ij. In terms of graph
amplitudes, this can be expressed as

/le‘idDJZdiyKﬁe_‘(y,xj)V3(l‘i,y,0)AG £,=0 Z.AG“ =0 " (559)
" ki, k%] ki, k%]

4 It is a simple case of the Dodgson condensation identities.
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z;
As before, the integral over X = | y | is Gauflian,
Ly

/ APz dPx;dPy K (y,25)Vs(2i,9,0)Ac| ,, o
+ ki,k#]

=N / d*P X exp —%tXAX, (5.60)

with a normalization factor

N Qeij(]‘ - tg,;j) b
N 210 te,
[T (1 - 2) SNV N
X 20(@—F(©) (270)«(@+F O~ (GHU4(, 1) X (70)D (5.61)
and
2(1“‘ 0 20,”'
1 0 HUGO, (o, + ) HUGO, (t, — )
fHUG i “/
2ai; HUGS, (te, = 75) 205+ HUGQ:, (te,, + 1)
0 2HUg 2b;
®Ip + —2HUq 0 0 ®1J (5.62)

HUc \ op;, 0 0

Its determinant is det A = £P/2 with

1 1
) b’Lj + leeij (teij + t

€ij €ij

8
£= eru <tei]‘ > +5295ij + &3, (5.63)

with &1, §2 and &3 independent of €, and t.,;.

We perform the GaufBliian integration over X to obtain AG”‘ ep—o and
k#i,k#j
identify the terms in Q. (tij - 1) to obtain
2b” = HU(G'”)CLJ —eij - HU(G”)CW Veij’ (564)

which proves our expression for the antisymmetric part of HV 4.
Let us note that up to a change of sign, we could have attached the extra
flag before i or on the vertex j is attached to. 0

As a consequence, the second hyperbolic polynomial is also covariant
under partial duality.

Corollary 5.9. The second hyperbolic polynomial transforms under partial
duality as

HVga(Qa,ta,x) = HVg(Q,t, ), (5.65)
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with
{{QA}e:te, {ta}, =Qc for ec A, (5.66)

{Qa}, =Qc, {ta}.=te for e¢ A
The variables = attached to the flags are left unchanged.

Proof. This follows immediately from the invariance of HUg and the fact that
partial duality commutes with the operations we performed on the flags. [J

Let us illustrate the computation of HV & on some simple examples.

Ezample 5.10 (Bridge). Consider the graph with a single edge, two vertices,
each with one flag, labeled 1 and 2. Thus, G; and G5 are graphs with one
edge, two vertices and a single flag, G5 is a banana with two edges and no
flag and G5 is a banana with a single flag. This immediately leads to

HVg = 2Q(t* 4+ 1) (2] + 23) + 4Q(t* — 1)z 25. (5.67)

Since we also have HUg = 4t, the amplitude reads

Q@1 —12)177?
AG(Q,Il,Ig) = /dOé |:(2m0t):|

Q 1 1
X exp —o, {(t+ t) (23 +23) +2 (t ~ t) 1‘1.132} . (5.68)

To compare this amplitude with the corresponding one in the commutative
theory (see Proposition 4.3), recall that we are working with an oscillator of

frequency &. Therefore, we have to substitute Q — %2

()= fu [ 05"
X exp—% {<t+t> (23 +23)+2 (t - 1) :1:1332} , (5.69)

which is nothing but the Mehler kernel of an oscillator of frequency 2, as it
should since there is no integration on the external flags. Strictly speaking,
the commutative amplitude is recovered after the limit § — 0, but the latter
is trivial since the #-dependence drops from Ag (%, t, 1, xg).

Ezample 5.11 (Tadpole). Let us now perform the partial duality on the unique
edge of the bridge treated in the last example. We obtain G¢ which is a loop
with a single vertex and one flag in each of its two faces. The corresponding
amplitude reads

—t2) D/2
AGe(Q t xl,l‘g /d |: 27T9) :|

t 1 1
xexp—w{(ﬂ—&-Q) (23 + 23) +2<Q—Q> xlxg}.
(5.70)

Let us note that we exchanged () and t in the hyperbolic polynomials, but
not in the prefactor. It is also worthwhile to point out that we have traded
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the simple graph with two 2-valent vertices for a more complicated one with
one 4-valent vertex. While a direct evaluation of the former is straightforward,
it becomes more complicated for the latter, because of the structure of the
4-valent vertex.

To compare it with the commutative case, we substitute 2 — ? and
take the limit § — 0, so that

9 1-2))"/? tQ
AG (2,251,(1}'2) = /dOZ |:((27T0)2):| eXp_Z (1’1 +x2)2

t 2
X EeXP 00 (z1 —22)". (5.71)
Then, using
(xl - $2)2 D
Jim, (2r02)D/2 XpmTH 5 T 67 (z1 — 22), (5.72)
we recover
0 (1-1)"”
() - o205
tQ
XexXp =~ (z1 + 22)°. (5.73)

This is indeed the commutative amplitude, since the 4-valent vertex reduces
in the limit # — 0 to a product of Dirac distributions (see (4.12)).

Ezample 5.12 (Sunset). Consider the graph with two vertices related by three
edges labeled 1,2 and 3 and one flag on each vertex, both in the face bounded
by the edges 1 and 3. It is simpler to compute the hyperbolic polynomial of
its dual, which is a cycle with three edges and two faces, each broken by a
flag on the vertex not adjacent to the edge 2, All the graphs involved in the
expression of the hyperbolic polynomial are cycles or trees with flags so that
an immediate application of propositions 5.6 and 5.7 provides us with

HUcycle with 3 edges
2 broken faces

= 401 Q5 [1+ 6383 + 1363 + 1363] + AQutats (1 + 13)(Q3 + QF)
+4Qot1t3(1 + t2)(QF + Q2) + 403t 1t (1 + 13)(QF + Q3) (5.74)
and

Hchc]e with 3 edges (1,'1, x2)

2 broken faces

= [2] + 23] [St1tats(Q3 + QTQ3) + 2t1QQ5(1 + QF) (1 + 13) (1 + 13)
+2t2 0 Q3 (1 + Q3) (1 + ) (1 +3) + 2t50 Qo (1 + Q3) (1 + ¢3) (1 + £3)]
21 2o [16t1t2t3(Q5QF — 1) 4+ 4ty (L + £3) (1 + £3)Q22Q3(QF — 1)
+dta (14 17)(1 4+ 13) 0 Q3(Q3 — 1) + 4t5(1 4+ 17) (1 4 13)2Q2(QF — 1)]
1 Jro [4(1 + 1)tats (05 — Q3)
+4(1 4 83)t1t3Q2(Q3 — OF) + 4(1 + 13)t1£2Q35(Q5 — QF)] . (5.75)
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We readily obtain the hyperbolic polynomials of the sunset by interchanging
Q. and t. for all edges,

HU,uneer = 4t1tats [1+ Q705 + QIQF + Q3Q3] + 4t (¢5 + 13)Q2:Q3(1 + QF)
4ty (12 + 120 Q3(1 + Q3) + 4t3(t2 + 12)0 (1 +Q2)  (5.76)
and
HVunset (71, 72)
= [2] + 23] [8UQQ3(83 + £113) + 2Qutats(1 +15) (1 + Q3)(1 + Q3)
+20ot1t3(1+3)(1+ QF)(1 + Q3F) + 2Qstta (1 +43) (1 + Q) (1 + Q3)]
21 22 [16Q Q36585 — 1) 4+ 40 (1 + Q3)(1 + Q3)tats (5 — 1)
+4Q(1 4 QF) (1 4+ Q3)tts(t3 — 1) + 4Q3(1 + QF) (1 + Q3)t1ta (85 — 1)]
21 Jro [4(1 + Q) QQsty (8 — 13)
+4(1 4 Q) Qsta (85 — £]) + 4(1 + Q3) 0 Qats (15 — 17)]. (5.77)
In the commutative limit, we keep only the lowest order terms in 2 in the
hyperbolic polynomials and we recover the product of three independent
Mehler kernels for the amplitude. Moreover, if we denote by a (resp. b, ¢)
the coefficient of the term in (2?2 + 23) (resp. half of the coefficient of z12,

half of the coefficient of z1Jz3), then the Dodgson condensation identity
a® — b + ® = HUguneet HU3 banana iS obeyed.

Ezample 5.13 (3-star tree with flags). We compute the hyperbolic polynomials
for the 3-star tree is made of one trivalent vertex, attached to three univalent
ones, each with one flag. The first hyperbolic polynomial results from a direct
application of Proposition 5.6

HUs star tree = 203 Q0Q3(1 4+ t2)(1 4+ t3)(1 +t3)

with flags
+80 (1 + 13)tats + 8Qa(1 + t2)t1ts + 8Q3(1 + t2)t1ta.  (5.78)

All the graphs involved in the computation of the second hyperbolic polyno-
mial reduce to trees and cycles after a single use of the reduction relation, so
that propositions 5.6 and 5.7 yield

HVsz.star tree (1'1, o, (Eg) = .’E% [Stltgtggg + 4Q%t1(1 + t%)QQ(l + t%)ﬂg

with flags
+405to (14 t1)Q1 (1 + t3)Q3 + 4Q5t3(1 + ¢1)Q1 (1 + £3)Qs]
+z1 -z [8(1 = t1)(5 — 1)Q1Qat3] + 2 cyclic permutations
+x1 - Jag [4(1 — 1) (1 — 13)21Q22Q3] + 2 cyclic permutations.  (5.79)

6. Various Limiting Cases

6.1. The Critical Model 2 = 1

When we set ), = 1 for all edges, the hyperbolic polynomial HUs can be
factorized over the faces of G (i.e. the connected components of the bound-
ary). Before we give a combinatorial proof of a general factorization theorem
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at =1, let us present a heuristic derivation of this result for ribbon graphs
without flags, based on the matrix basis.

The Moyal algebra of Schwartz functions on R” is isomorphic to an alge-
bra of infinite dimensional matrices M,, whose indices p,q are elements of
NP/2 and whose entries decrease faster than any polynomials in p,q. Using
this isomorphism ¢ — M, the interaction (4.9) can be written as

Siuc[M] = (276) 3 %" Tr [M™], (6.1)

which is the standard interaction familiar from matrix models. The associated
vertex reads

Vn(pia q1,P2,92, - - - Pn, qn) = (27T0) 66]1,[725@7[)3 cee 5!17171710715(171,]91' (62)

The quadratic term reads

1
SolM] = 5 > MygApgrsMys. (6.3)

b,q,7,S
In the critical case 2 =1,

4(|p| + lq] + 1)

Apgrs = (270)6psdqr 9 )

where [p| = p1 + - +p/o for any multi-index p = (p1,...,pp/2) € NP/2,

Because of the Kronecker symbols 0, the multi-indices are identical
around each faces (as in ordinary matrix models), so that the amplitude fac-
torizes over the faces for a graph without flags,

AG:/Hdae
. dae 1
e I X oo <|pe|+2>

o faces of G eedges i.€ND/2
bounding o }

(6.5)

Summing up the geometric series and expressing the amplitudes in terms of
te = tanh 2‘56, we obtain

Ag = /I_Idoze

_14 D/2

1 1—te 1_te
. (2w9)e<G>—v(G>X1:[1+te I - I

o faces of G e edges
bounding o

(6.6)
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Then, identifying a face o of G with a vertex v* of G*,

II a+to— JI a-t)=2 > T[]t (6.7)

e edges e edges ACE,*, e€A
bounding o bounding o IA‘ odd

with F,- as the set of half-edges of G* incident to v*. Comparing with the
general expression of the amplitude (4.25), this suggests that

HU(1,t) =2 ] > JItey- (6.8)

v*eV(G*) | ACE,*, e€A
|A] odd

Ezample 6.1 (Dumbbell). Let us consider the dumbbell graph (an edge labelled
1 attached to vertices, each carrying a loop labelled 2 and 3). The graph has
three faces and we get

HUgumbben (1, ) = 8tats [2t1(1 + tats) + (1 + 1) (2 + t3)] - (6.9)

Let us now prove the factorization of HU at 2 =1 in a completely com-
binatorial way. To this aim, we will use the bijections introduced in Sect. 2.
Moreover, the polynomial HU can be extended to ribbon graphs with flags and
we show that the factorization (6.8) holds in this case too.

Statement of the problem. Via the z-space representation, we computed the
parametric representation of the Grosse-Wulkenhaar model, see Sect. 4. This
representation involves a new ribbon graph invariant Q, see Eq. (3.1). In fact,
this is only a special evaluation HU of Q which is used in the Feynman ampli-
tudes:

HU(G;t,Q) = Q(G;1,t,Q,1*Q, Q2 r) (6.10)

with ry, = 0 and 73,41 = 2. Then, with a slight abuse of notation, and using
Definition 2.3, the polynomial HU can be written:

c e\ 2
HUG:t Q) = Y ot Y (tB”A ) QB2 (6.11)
ACE(G) BeOdd(GA°)
Note that if G is a ribbon graph with flags, HU is also well-defined.
On another side, we computed the parametric representation of the

critical (€ = 1) Grosse-Wulkenhaar model via the matrix base. It involves
the following polynomial, see (6.8) and Definition 2.5:

UGity= >t (6.12)
Heodd(G*)
Uniqueness of the parametric representation implies
HU(G;t,1) = U(G;t). (6.13)
Our task is now to give a bijective proof of (6.13). To this aim, given a ribbon

graph G with flags, we are going to present a bijection xg between the colored
odd cutting subgraphs of G* and the colored odd subgraphs of all the partial
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duals of G. Finally, the monomial in HU corresponding to a subgraph g will
be proven to be equal to the monomial of xg(g) in U.

A bijection between colored odd subgraphs.

Lemma 6.1. Let G be an orientable ribbon graph with flags. For any total
order < on the set E(G) of edges of G, there is a bijection xg between
P::USCE(G) 0dd(G?®) and Odd(G™).

Before entering into the proof of Lemma 6.1, let us first give a preliminary
definition:

Definition 6.1 (Restrictions). Let G be a ribbon graph with flags. For any
E' C E(G), the restriction of the map x¢ to Odd(GE') is denoted by xq .z :
0dd(GF") — 0dd(G™).

Proof. We first explain how the map x¢ is defined. Let G be a colored ribbon
graph with flags. Let g € USCE(G) 0dd(G®) be a colored odd subgraph of a
partial dual of G, say GE' for E' C E(G). The subgraph j:=x¢(g) € Odd(G*)
has edges in E(g) N E’ and flags in E’°. Here is how it is constructed from g.

Each of the maps xg g is defined as the composition of |E’¢| maps that
we describe now. In Sect. 2.4, we introduced bijections

x5 0dd(G) = odd(Fieh. (6.14)

We saw that given any flag-set F’ of G, these maps restrict to bijections
X 0dd(G) F F' = 0dd(G) F F. (6.15)
Given any order on E(G), we can write E'°=: {el, € B } Then, we define
XG,EN:X{e‘E/C‘} O OXéfff}} OXé*el}- (6.16)

PO ejpre }

This map is well defined and is a bijection from Odd(GF") to Odd(G*) r E’,

as shown by the diagram. This proves Lemma 6.1. O
X&' i
0dd(G*) ¢ Odd(GF YU F e} << 0dd(GFYere}) 1 e, e0}
X{Ge{gﬁ}l"’ﬂ}
XG,E
{erme }

XGE@\{E‘E,C‘}

Odd(G*) r E"
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Factorization of HU. Let us define the monomials of HU (for 2 = 1) and U by

geP
UGit) = > My(Gh). (6.18)
heOdd(G*)

Let g € Odd(GA%), xa(g) € Odd(G*) i A. Moreover, E(xa(g)) = E(g) N A°.
Thus, My (G*; xa(g)) = tA(tP90A)2 = My (G, g). This implies

HU(G;t,1) = > Muu(G;g) (6.19)
gepr
=Y Mu(Gixalg) = Y, Mu(Ghg)  (6:20)
gep g’'€0dd(G~)
= U(G*t). (6.21)

Ezample 6.2 (Triangle with flags). Consider the triangle with one flag on each
vertex, all in the same face. In this case, one face has an even number of flags
while the other has an odd number, which yields
HUtrigngle(l, t) =4 [tl +to + 13+ tltgtg] []. + L1t + t1ts + tgtg} R (622)
3

ags

in accordance with (5.48).

6.2. An Algorithm for Computing HU (€2, t) Based on the Critical Model

The previous factorization over faces of G provides us with a useful algorithm
to compute HUg(2, ), for any ribbon graph with flags. HUg(1,¢) has indeed
the same monomials in ¢ as HUg(,¢): all its coefficients are positive and
no cancellation is possible. We only have to write each of the coefficient of
each monomial in ¢ as a polynomial in €. To proceed, we first determine the
monomials in HUg(1,¢) by expanding

HUG(1,t) =2 ] > IItey- (6.23)

v*eV(G*) | ACE,x, e€A
|A] odd

Then, for each monomial (discarding the prefactor)

e perform the partial duality with respect to the set A of edges with an even
power of t. and multiply the monomial by [], Qe,

e cut in G4 the edges with a factor t2 (edges in AN B) and delete those with
t0 (edges in AN B¢),

e sum over all possibilities of cutting the edges not in A, with a factor Q2,
or deleting, with a factor 1,

e multiply by 2u(Gh),

At the end, it is useful to check the result by evaluating it at 2 = 1. The interest

of this algorithm is that we are performing the operations only on the subsets

A and B that are admissible, in contradistinction with the general expansion
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formula (5.31), where the admissibility can be tested only after having per-
formed the partial duality and the cuts. Therefore, we avoid non-admissible
sets right from the beginning.

Ezample 6.3 (Non-planar 3-banana). In the case of the non-planar banana,
the critical model yields

HUnon planar (17 t)

3-banana
=2 [8titots +2t1 (1 +13) (1 +3) + 2t2(1 + 83) (1+3)+2t5(1+t) (1 + £3)] -
(6.24)
Applying the algorithm, we deduce
HUng,r},)g:g:r(Q, t) =4 [titats [QF + Q3 + QF + Q7Q303]
+1199Q3 [t5 + 85 + QT (63 + 13)] + t201Q3 [t + 13 + Q35 + 3)]
+i301 Qs [t] + 85+ Q3(15 + 13)]] - (6.25)

6.3. The Non-Commutative Heat Kernel Limit Q2 — 0

In this section, we study the amplitude (4.22) and the first hyperbolic polyno-

mial HUg(2,¢) in the limit of vanishing oscillator frequency. In order to avoid

a lengthy discussion of the second hyperbolic polynomial, we restrict ourselves

to graphs without flags. The general case can be treated along the same lines.

Without further loss of generality, we also assume the graph to be connected.
In the limit €2 — 0, the Mehler kernel reduces to the heat kernel,

. 1 7 da r—y)?
élrr}) Kg(z,y) = Ko(z,y) = L / D3 eXp—( ia ) . (6.26)
1/A2

Notice that Ko(z,y) only depends on x — y, so that it is invariant under trans-
lations, Ko(z + a,y + a) = Ko(z,y). Because the heat kernel and the vertex
are both invariant under translations, the integrand in (4.22) only depends on
2e(@) — 1 variables for a connected graph without flags. Therefore, the integral
over the variables attached to the half-lines is trivially divergent and the limit
) — 0 of the amplitude is not defined.

In order to cure this problem, graph amplitudes with heat kernel prop-
agators are usually defined by an integration over all variables associated to
the half-lines, save one.

Definition 6.2. Let G be a connected ribbon graph without flags and let us
attach a variable y; € R to each half-edge of G, with the convention that
Yi, = 0 for a fixed half-edge ig. The (generalized) amplitude of a ribbon graph
in the heat kernel theory is defined as

Alréeat kernel

= / H dDyz H ]CO (yie,+ ) yie,7 ) H Vdeg(v) (yiu,l s oo Yy, deg(v) )7

iio e€E(G) veV(G)
(6.27)
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10 Jo

g A

(a) An edge e made of 2 half-edges ip and jp in a graph G

N\ o Jo_ f \ (
/_

(b) The transformed edge in G,

FIGURE 14. From G to @io

with y;, . ,v:, _ the variables attached to the ends of e and y;, ...
the variables attached in cyclic order around vertex v.

) yiv. deg(v)

After the removal of one of these integration variables, the limit Q@ — 0
is well defined and related to the first Symanzik polynomial Ug of a non-
commutative field theory, which is itself an evaluation of the Bollobas—Riodan
polynomial. In order to see how this results from the limit 2 — of an amplitude
with Mehler kernel, we first define a new graph whose amplitude is obtained
by integrating over all half-lines but iy.

Proposition 6.2. Let G be a connect ribbon graph without flags and ig one of
its half-lines. We define éio as the graph constructed by replacing the half-line
i9 by a flag on the vertex it is attached to in G and inserting a bivalent vertex
with one flag on its other end, see Fig. 14. Then, the amplitude of éio with
variables © = 0 for the two extra flags is

Aéi (Q, 0)
/ H dDyz H KQ yze 4o Yie H Vdeg(v) (yiv,u s Yy deg(v) )’
iio e€E(Q) veV(G)

(6.28)

with the convention y;, = 0.

Proof. The amplitudes Az (€2,0) and Ag only differ by the vertex and the
0

edge involving the half-line ig. Since the two flags of Gio carry « = 0, the
relevant variable in the interaction and in the propagator is set to 0, which
reproduces (6.28). Then, the heat kernel limit follows immediately from iso-
lating ], Q¢ in (4.25). O

Remark. If G60 is the graph obtained by encircling iy by an extra loop e, then
G = Geo V eq.

Then, the heat-kernel limit can be taken as follows:
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Theorem 6.3. For a connected ribbon graph without flag,

1
heat kernel
A= [T | oormarmgg) 02

|AHV (G)H
Ug(a,) = > (Z) { 11 ae} : (6.30)
e¢g A

ACE(G)
(A,V(GQ)) quasi-tree

[Sls]

with

where a quasi-tree is a ribbon graph whose boundary is connected.’
Proof. Using Theorem 4.1, we can express Az (£2,0) as
20
D/2

2/(Gio) T, (1 — £2) (6.31)

A= (2,0 :/ da, - = = ,
Gio( ) I (QWQ)Q(GiU)+f(GiO)*’U(GiO)HUé‘ (Q,1)
0

since the variables attached to the flags vanish. Then, using Proposition 6.2,
we take the Mehler kernel limit 2 — 0 and get

»
dim Ag (9,0) = Ag e = / [ de [(477)6(G)—U(;)+1UG(0%9) ’
‘ (6.32)
with
o\ “(Grv(@H HUg (1)
Ue(a, 0) = <2) S%lin%)w (6.33)

and t, = tanh 25{%"6. To express this limit in terms of quasi-trees, recall that
Theorem 5.3 shows that

é (Q,1)
H
~ t
_ Z {gwcfg)( 1 Q)( I m)( 1T t2>}
A,BCE(Gy,) ecAenpe ¢ e€A°NB e€ANB

admissible

(6.34)

In the limit 2 — 0 with ¢, = tanh %, only those terms with B = () do not
vanish. Accordingly7

. é( t) V(GH) Qe

S IS {2 I )p- 6
ACE(G) ecAc
(A,0)admissible

5 A connected ribbon graph with a single face, in the quantum field theory terminology.
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~

Next, notice that (A, 0) is admissible if and only if the boundary of (4, V(G,,))
has two connected components, each carrying one of the flags. To conclude,
we need the following lemmas: O

Lemma 6.4. The natural bijection between the edges of G and of @io induces
a bijection

(A, V(G)) — (A, V(@io))7 (6.36)

between spanning quasi-trees of G and spanning subgraphs of @io whose
boundary has two components, each carrying one flag.

Proof. In éio, let us call v the additional vertex, as in Fig. 14b. The set Qg
of spanning quasi-trees in G is the union of two disjoint subsets, respectively,
Qg and QF, who either contain or do not contain e. Let @ € Qg. By defi-
nition, e ¢ E(Q). In @io, v being connected to the rest of the graph only be
e, the subgraph Fgq) C éio has obviously two boundaries: the boundary of
v and its flag jo, and the boundary of its other component, which is a quasi-
tree. On the contrary, let F' C @ig be a subgraph with two boundaries, each
of which bearing a flag and such that e ¢ E(F). Then, one boundary of F
is the boundary of v and its flag. The rest of the graph F' has thus only one
boundary and is therefore a quasi-tree: F' C G is a quasi-tree.

Let us now consider the case of subgraphs, which do contain e as an edge.
First of all, notice that the subgraphs of éio which contain e are in one-to-
one correspondence with the subgraphs of G v e, and that this map is also a
bijection on the subgraphs with two boundaries, each of which bears a flag.
So we are going to prove that Qg . is in one-to-one correspondence with the
spanning subgraphs of G v e with two boundaries, one flag per boundary.

For any ribbon graph with flags G and any e € E(G), (G v e)* =
(Gt} voe Let Q € Qc.e. Its dual Q* is a one-vertex ribbon graph. The
edge e is a loop in Q* which implies that (Q*){} v e = (Q v e)* has two
vertices, each of which bears a flag. It is exactly the dual of a subgraph of
G Vv e with two boundaries and one flag per boundary.

On the contrary, let FF C G v e be a subgraph with two faces, one flag
per face. Its dual has two vertices and one flag per vertex. To map it to a
subgraph of G*, one needs to uncut e that is glue the two flags together and
perform a partial duality wrt e. This new edge links the two vertices of F' so
that its partial dual has only one vertex. Its (natural) dual has therefore one
boundary and is then a spanning quasi-tree of G. O

Therefore, we always have 2”(6%) =4 and

A (%3 _ 3 {H 22‘6’ } (6.37)

a—0  4]], Qe e byl
(A,V(G)) quasi—tree

Finally, (6.30) follows from the factorization of powers of 4.
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Ezample 6.4 (Planar banana and non planar banana). In the case of the planar
and non-planar bananas (see Examples 5.4 and 6.3) bananas, let us remove
one of the half lines of edge 1. Then,

HU — (1) =40 (1 +17) [QQ3(85 + 13) + tats(1 + Q3Q3)]
3-banana

+4ty [t2(1+t3) + t3(1+t3)] (6.38)
and

Q1) = 4Q1 (1 + 13) [QQ3(1 + t3t3) + tats3(1 + Q303)]

o (
non planar3-banana

+4ty [t2(1+t3)> + t3(1+t3)] (6.39)
from which we deduce
Usp{)lanar (Oé, 9) = Qg + 13 + Qa3 (640)
and
0\ 2
UI)BOI]):) planar(a7 e) = 19 + Q103 + Qo3 + <2> . (641)

All the terms in (6.40) and the first three terms in (6.41) correspond to the
spanning trees. The last term in (6.41) is the quasi-tree made of all edges.

In fact, Ug is an evaluation of the multivariate Bollobds—Riordan poly-
nomial Z(a,q,c)

0 e(G)v(GH1 20
Ug(a,0) = | = limc ' Z6(=-,1,¢). (6.42)
2 c—0 0
Equivalently, it can be expressed in terms of the polynomial Q as
0 e(G)v(GH1 9
Uc(a,0) = <2> Qu(1, %,1,0,0@, (6.43)

with 1 = 1 and r, = 0 for n # 1 This suggests that Ug has a natural
transformation under partial duality.

Corollary 6.5. For any A C E(QG), the first Symanzik polynomial transforms
under partial duality as

v(@)—v(G?) a
Uga(a,d) = (Z) (H 296) Ug(aa,6), (6.44)

ecA

with {aa}, = 2 ifec A and [aal, = ac ife ¢ A.

doe

Proof. First write (6.43) as
<2) (G (GA M

7 Uga(a,0) = Qga(l,2,y,0,0,7), (6.45)

_ 2ae

with 7. = =3¢ and y. = 1. Then, partial duality for Q reads
QGA(]-,I',:Z/,O,O,T) = QG(l,x/,y/,O,O,r) (646)
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with 2/, = 1 and y, = 29= for e € A and 2], = 22= and y, = 1 for e ¢ A. Next,
we expand

;o B 200, 20v,
QG(I,x,y,0,0,T’)* E {( |I 0 |I 0
A'CE(G) e€A’°NA® e€A'NA

(A", V(Q)) quasi-tree

A'CE(G) eEA’CﬁAC eeA’cmA 0 2a.

(A, ,V(G)) quasi-tree

(I %) (I 2%)} (%)
ec A'NAe Qe ecA'NA ecA

20 0
X e
A’CZE(G) { <eeAl:[nAc 0 ) (eelz'[ﬂA 2ae> }

(A/,V(G)) quasi-tree
= QG(l LL’”,y” 0 0 7") (647)

with 2/ = ;% fore € Aand 2/ = 20‘6 fore ¢ A and y/ = 1 for all e. Reverting
to the Symanmk polynomials Ug and Uga, we get the announced result. [

Ezample 6.5 (Non-planar double tadpole in the heat kernel theory). The partial
dual of a cycle of length 2 with respect to one of its edge is the non-planar
double tadpole (see Example 5.5). For a cycle of length two, we have a sum
over 2 spanning trees

Ucyele with (01, i, 0) = a + «ua, (6.48)

2 edges
from which we deduce, using partial duality,
0 2
U non-planar (Oél, 042,0) = (19 + (> . (649)
double tadpole 2

Finally, in the commutative limit & — 0 we recover the well-known expres-
sion of the first Symanzik polynomial as a sum over spanning trees.

Corollary 6.6.

lim Ug(a,0) = > {Hae}. (6.50)

ACE(G) et A
(A, V(G)) tree

Proof. In this limit, only the subsets A such that |A| —|V|+ 1 = 0 contribute

0 (6.30). This condition characterizes spanning trees. O

6.4. The Commutative Mehler Kernel Limit 6 — 0

In this section, we derive a combinatorial formula for the first hyperbolic poly-
nomial in the commutative limit § — 0 in terms of trees and unicyclic graphs.
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First of all, to recover a commutative quantum field theory with the Meh-
ler kernel corresponding to an harmonic oscillator of frequency €2 instead of
Q= 22 we have to substitute Q — % in (4.25).

In order to simplify the analyblb we restrict ourselves to graphs without
flags.® For such a graph, the commutative limit of the amplitude reads (see
Proposition 4.3)

D
2

79 He Qe(l )
hm Ag( 5 ) = hm /Hdae [ 4n) te) (27m0)~ v(G)HUG( )
— Acommutatlve(Q). (651)

In the limit  — 0, the only terms that survive in (<) HUg (% 29 1) are associ-
ated with subgraphs of G having at most one cycle per connected component.

Proposition 6.7. For a ribbon graph G without flag,

0Q
al—%e ¢ ( 2 ’t>

- ¥ M« I we@nb,

A'CE(G)s.t. (A", V(G)) | e€eE(G)—A’ K connected components
commutative admissible of (A", V(QG))

(6.52)

where a spanning subgraph is commutative admissible if its connected com-
ponents are trees (with a least one edge) and unicyclic graphs (i.e. connected
graphs with a single cycle). If K is a tree T, its weight is

Wr(Q,t) =213 02, [ Qo+t2) (6.53)

teT e’eT—{e}

and if K is a unicylic graph U with cycle edges C, its weight is

Wy (Q,t) =221V 3~ {HQetg 11 Qe,(1+t§,)}. (6.54)

c'cC ecC’ e'ceU—-C
|C’| odd

Proof. First recall that
HUg(Q,t)

5 () () (1) (1,00
A,BCE(G) ec AcnBe ecAcNB ecANBe ecANB

admissible

(6.55)

with (A, B) admissible if each vertex of the graph obtained from G by cutting
the edges in B and removing those in B¢ has an even number of flags. After

6 Otherwise, there are extra powers of § on the external corners that arise from Dirac
distribution on the flags, as we have seen on the examples in Sect. 5.13.
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the rescaling Q0 — %, it follows from the # — 0 limit of (4.25) (for a graph

without flags) that only those graphs for which
|A] +2]A° N B| < v(G) (6.56)

contribute to the commutative limit (6.52). Let A’ = AU (A° N B) and let
{K,} be the connected components of (A’, V(G)). We first show that each K,
is either a unicyclic graph with no edge in B or a tree with one edge in B and
then compute its weight.

Let A/, denote the edge set of K,,, V,, its vertex set and B,, = A/, NA°NB.
Thus (6.56) can be written as a sum over connected components

ST = Vol + |Bal < 0. (6.57)

n

With (A, B) admissible, this implies that for each n

Indeed, if this is not the case, then there is ng such that |A;], |—=|Vy,|+|Bn,| # 0.
Without loss of generality, we may assume that |A], | —|Vy,|4|Bp,| < 0, since
if it is strictly positive in one connected component, it has to be strictly neg-
ative in another one to obey (6.57). Then, [A], | — [V, | + 1 + |B,,| <0, but
since | A}, | — [Vy,| +1 (the dimension of the cycle space of K,,) and |B,,,| are
non negative, this implies that [A;, | — [V, | + 1 = |By,| = 0. Therefore, Ky,
is a tree and A/, N B C A, which means that all the edges of K,,, belong to
A and no edge in B N A€ is incident to a vertex of K,,,. In the partial dual
G4, K,, gives rise to a single vertex with loops and the cuts of the edges in B
always yields an even number of flags since there is no edge in BN A€ incident
to this vertex. This is in contradiction with the fact that (A, B) is admissible,
so that (6.58) holds.
Let us rewrite (6.58) as

|ALl = [Val + 1+ By = 1=0. (6.59)

Because |A}| — |V,| +1 >0, |B,| > 2 is impossible. With |B,,| = 1, we have
|AL] = |Vi| +1 =0 so that K, is a tree with a single edge in B. For |B,| =0,
we obtain |A!| — |V,| + 1 = 1, so that K, is a unicyclic graph with no edge
in B.

To compute the weights, let us first note that E — A" = A° N B¢, so
that the contributions of the connected components K, factorize and each
e € E — A’ yields a factor of t.. If K,,, is a tree, then the partial duality with
respect to A yields two vertices with loops attached joined by the edge in B.

2
%, the edge in B % and there is an

Each loop contributes a factor of
additional factor of 4 since ky,, yields two vertices in G*. Summing terms that
only differ by the position of the edge in B on the tree, we obtain (6.53). If
K, is a unicyclic graph, then in the partial dual it becomes two vertices with
loops, joined by the cycle edges. Each loop contributes a factor of %ﬂg) and

we cut an odd number of cycle edges for (A, B) to be admissible. Finally, this
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yields two vertices in G so that we have an additional factor of 4. This proves
(6.54). O

Ezample 6.6 (Dumbbell). For the dumbbell graph (see 5.7), the commutative
limit is

0Q
gii% 07 *HU gumbben (2, t) = 41, Qot3Q31t3 + 411 QFtot3

+4001301 (1 + 17)t3 + 403301 (1 + 7)o,
(6.60)

which corresponds to the covering by two disjoint cycles, one tree and the two
unicycles.

Ezample 6.7 (Planar banana and non-planar banana). For the planar and non-
planar bananas (see Examples 5.4 and 6.3) bananas, we have

lim 9_2 HU planar @,t = lim 9_2 HUnon planar @ t
0—0 2

3-banana —0 3-banana 2 ’
= t1tols [Q% + Qg + Qg] + 119203 [t% + tg]
+o 01 Q3 [t] + 3] + ts0 Qs [T+ 83] . (6.61)

The first term corresponds to the contribution of the three spanning trees
and the last one to the three cycles with two edges. As expected, there is no
difference between the two polynomial since the two graphs only differ by a
non-cyclic permutation of the half-lines at one of the vertices.

7. Conclusion and Outlooks

Motivated by the quest of an explicit combinatorial expression of the polyno-
mial appearing in the parametric expression of the Feynman graph amplitudes
of the Grosse—~Wulkenhaar model, we have introduced a new topological poly-
nomial for ribbon graphs with flags. This polynomial is a natural extension of
the multivariate Bollobds—Riordan polynomial, with a reduction relation that
involves two additional operations and that preserves the invariance under
partial duality. This work raises the following questions:

From a purely mathematical point of view, the Bollobds—Riordan poly-
nomial is intimately tied with knot theory. This relation relies on its invariance
under partial duality so that it is natural to inquire whether our newly intro-
duced polynomial could also be related to knot invariants.

Moreover, graph theoretical techniques have proven instrumental in the
evaluation of some of the Feynman amplitude as multiple zéta functions [5,6].
This may also be the case for Grosse-Wulkenhaar model with special properties
expected to occur in the critical case 2 = 1. A first step towards a study of the
Grosse-Wulkenhaar amplitudes from the point of view of algebraic geometry
has already been taken in [2].

Finally, attempts at a quantum theory of gravity based on generalized
matrix models yield new graph polynomials, as pioneered in [11].
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