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1. Introduction

Geometric or large N transitions relating open and closed topological string theories [[L3]
have had a deep impact in the study of topological strings, and they have led to the first
systematic solution of these models on noncompact, toric Calabi-Yau threefolds through
the topological vertex of [P] (see [BI], BG] for a review). The study of topological strings on
Calabi-Yau orientifolds was initiated in [[I], where an orientifold of the geometric transition
of [[3] relating the deformed and the resolved conifold was studied in detail, and continued
in [[l] from the B-model point of view. The geometric transition of [[J can be extended to
more general toric geometries [, [, B, B], and in [[]] we proposed in fact a general class of
large N dualities involving orientifolds of non-compact toric Calabi-Yau threefolds. These
dualities involve U(N), SO(N) and Sp(/N) Chern-Simons gauge theories, and they make
possible the computation of unoriented string amplitudes. The results obtained through



large N dualities were also checked in [[] against independent localization computations.
Moreover, we found a topological vertex prescription to compute these amplitudes directly,
extending in this way the general formalism of the topological vertex to include the case
of orientifolds without fixed planes.

In this paper we continue the study of topological string amplitudes on orientifolds
initiated in [f. Our main goal is to extend the results in [[f to topological open strings on
orientifolds without fixed points. In other words, we consider orientifolds of non-compact
Calabi-Yau threefolds with D-branes.

An important property of topological string amplitudes is that they have an integrality
structure related to the counting of BPS states, as it was first realized by Gopakumar and
Vafa [[[4] in the case of closed string amplitudes. The integrality structure in the open
case was studied in [BS, P5]. As a first step in our study of topological string amplitudes
on orientifolds without fixed planes we analyze their BPS structure. What we find is that
the total orientifold amplitude is the sum of an oriented amplitude (the untwisted sector)
and an unoriented amplitude (the twisted sector) with different integrality properties. We
explain how to compute the contribution of the twisted sector in the open case. We also
spell out in detail the integrality properties of the twisted sector contributions.

This integrality structure provides a strong requirement on topological open string
amplitudes, and we check it explicitly on various examples involving orientifolds with D-
branes. To compute these open string amplitudes we use the new vertex rule introduced
in [[]. We also compute the associated Gromov-Witten invariants using independent local-
ization techniques developed in [f], [}, and find perfect agreement with the results obtained
with the vertex.

One of the most interesting applications of the large N duality between open and closed
topological strings consists in the determination of structural properties of knot and link
invariants related to the BPS structure of open topological strings. For example, from the
results of [B§, P one can deduce structure theorems for the coloured HOMFLY polynomial
of knots and links. The large N duality on orientifolds now involves SO(N) and Sp(N)
Chern-Simons theories. Therefore, the BPS structure of the amplitudes should lead to
the determination of structural properties of a different type of knot and link invariant:
the coloured Kauffman polynomial [R(]. Although for arbitrary knots and links we cannot
determine in detail the structure of the untwisted sector, we are able to derive general
structural results for the coloured Kauffman polynomial. We test again these predictions
on various examples involving torus knots.

The paper is structured as follows. In section P, we explore the BPS content of closed
and open topological string amplitudes on orientifolds and formulate their structural prop-
erties. We then compute explicitly the amplitudes for various examples in section B} the
SO /Sp framed unknot, the SO /Sp framed Hopf link, and an outer brane in P? attached
to RP?2. The independent localization computations we provide for all these examples cor-
roborate our methods and proposals. In section fl we formulate structural properties of
the coloured Kauffman polynomial. We discuss our results and propose new avenues of
research in section f Finally, appendix ] contains useful formulae, while in appendix
we give a full proof of the identity that was conjectured (and partially proved) in [ff]; this



identity shows that the new vertex rule introduced in [[] to compute amplitudes on orien-
tifolds agrees with the results of large N SO / Sp transitions. Appendix [ lists some results
for BPS invariants coming from SO Chern-Simons theory.

2. Topological open string amplitudes in orientifolds

2.1 BPS structure of topological string amplitudes

One of the most important results of topological string theory is the fact that topological
string amplitudes have an integrality, or BPS structure, which expresses them in terms of
numbers of BPS states. Let us briefly review the known results for both open and closed
strings.

In the case of topological closed strings on Calabi-Yau threefolds, the BPS structure
was obtained by Gopakumar and Vafa in [[4]. Let us denote by F,(t) the topological string
free energy at genus g, where t denotes the set of Kahler parameters of the Calabi-Yau
threefold X, and let

F(t,gs) 2929 2F,(t (2.1)

be the total free energy. Then, one has the following structure result:

g

F(t, gs) ZZZ d (q?? — d/2)2 2g e, (2:2)

d=1 g=0

where ¢ = €%, the sum over (3 is over two-homology classes in X, and n?, 3 (the so-called
Gopakumar—Vafa invariants) are integers. The factor (¢%%—q~%?)%9 comes from computing
a signed trace over the space of differential forms on a Riemann surface of genus g, while
the factor (¢%2? — ¢~%?)~2 comes from a Schwinger computation [[[4].

For open string amplitudes, the structure of the amplitudes was found in [B§], and
is much more delicate. To define an open string amplitude we have to specify boundary

conditions through a set of submanifolds of X, Si,...,Sr. To each of these submanifolds
we associate a source Vy, £ = 1,..., L, which is a U(M) matrix. The total partition function
is given by
L
ZWi,. Ve = Y Zgyery) ] TR Vars (2.3)
Ry, ,Rp, a=1

where R, denote representations of U(M) and we are considering the limit M — oo.
The amplitudes Z(p, . g,) can be computed in the noncompact, toric case by using the
topological vertex [P]. According to the correspondence proposed in [Bg], they are given
in some cases by invariants of links whose components are coloured by representations
Ry, ..., Rr. The free energy is defined as usual by

F,...,Vi)=—log Z(Vi,..., V) (2.4)



and is understood as a series in traces of V in different representations. We define the
generating function f(g, RL)( ,A) through the following equation:

© L
== 2 %f(Rh...,RL)((J",e_”t) I e v (2.5)

n=1 Ry,...,R[, a=1

The main result of [P5] is that f(Rl,...’RL)(q,e_t) is given by:

f(Rl,-~~,RL)(q7 e_t) =

L
=@ =23 N > ] crar 1SR (0) X (2.6)

9>0 B R|,R{- R, RYa=1

X N(R/1/7.A.VRZ)7975((]1/2 — q*1/2)2ge76't .

In this formula R, R, R label representations of the symmetric group Sy, which can
be labeled by a Young tableau with a total of £ boxes. cgr g gp are the Clebsch-Gordon
coefficients of the symmetric group, and the monomials Sg(q) are defined as follows. If R
is a hook representation

. (2.7)

with ¢ boxes in total, and with £ — d boxes in the first row, then
-1
Sr(g) = (=1)%q~ = *4, (2.8)

and it is zero otherwise. Finally, N(r, . Rr,)q are integers associated to open string am-
plitudes. They compute the net number of BPS domain walls of charge § and spin g
transforming in the representations R, of U(M ), where we are using the fact that repre-
sentations of U(M) can also be labeled by Young tableaux. It is also useful to introduce a
generating functional for these degeneracies as in [RH:

f(Rl,---,RL)(Qa eft) _ ZZN(Rl,---,RL),g,ﬁ(q1/2 _ q71/2)2g+L72€fﬁ-t ) (2‘9)
920 p

We then have the relation:

fy.ry (€7 Z HMRQR/ f(Rl, rpy(@eh), (2.10)

R/17 ,R/ a=1

where the matrix Mgp/(q) is given by
Mpr/(q) = crr rrSrr(q)
R

and it is symmetric and invertible [RH]. The f(g, . g,) introduced in (B.5) can be extracted
from Zg, . g;) through a procedure spelled out in detail in 3, 4, BF]. One has, for
example,

foo =Zoo —ZnZa, (2.11)
where . denotes the trivial representation. As it was emphasized in [R3] R4 RJ, this

structure result has interesting consequences for knot theory, since it implies a series of
integrality results for knot and link invariants. We will come back to this issue in section [



2.2 BPS structure of topological strings on orientifolds

We want to understand now the corresponding BPS structure of closed and open topological
string amplitudes on orientifolds without fixed points, like the ones considered in [0}, fi].
In [{] the closed case was studied in detail, in the noncompact case, by using large N
transitions and the topological vertex. Let us denote by X/I the orientifold obtained by
an involution on X. The total free energy has in this case the structure

F(X/T,92) = 5F(X,90) + F(X/1,5.) (212

unor ’

where g, is the string coupling constant. In the r.h.s. of this equation, the first summand
is the contribution of the untwisted sector, and it involves the free energy F(X, gs) of the
covering X of X/I, after suitably identifying the Kéhler classes in the way prescribed by
the involution I. This piece of the free energy has an expansion identical to (R.2)), but due
to the factor 1/2 it involves half-integers instead of integers. The second summand, that
we call the unoriented part F(X/I,gs)unor, is the contribution of the twisted sector, and
involves the counting of holomorphic maps from closed non-orientable Riemann surfaces to
the orientifold X/I. The Euler characteristic of a closed Riemann surface of genus g and
¢ crosscaps is Y = —2¢g + 2 — ¢ where c¢ is the number of crosscaps. We then have

(X/I QS)UDOY - f(X/I gs)unor + F(X/I gs)unor’ (213)

which corresponds to the contributions of one and two crosscaps. Following the arguments
in [[4] we predict the following structure

(X/I gs)unor == Z Zzngc 1 d/2 qid/2)29*16*dﬁ't’

doddg 0 8

Z Zzngc 2 d/2 qfd/Q)Qgefdﬁ-t’ (2.14)

dodd g=0 3

(X/I gS)unor

where n%’c are integers. The =+ sign in the ¢ = 1 free energy is due to the two different

choices for the sign of the crosscaps, and the restriction to d odd comes, in the case of c = 1,
from the geometric absence of even multicoverings. In the ¢ = 2 case this was concluded
from examination of different examples. The structure results in (R.12)), (R.13) and (P.14)
were tested in [f] through detailed computations in noncompact geometries.

We now address the generalization to open string amplitudes in orientifolds. We first
consider for simplicity the case of a single boundary condition in the orientifold X /I asso-
ciated to a topological D-brane wrapping a submanifold S. As in the closed string case,
the total open string amplitude will have a contribution from untwisted sectors, and a
contribution from twisted sectors. We will then write

1

5.7—"0r(V) + Funor (V) , (2.15)

F(V) =
The contribution from the untwisted sector, Fy,(V'), involves the covering geometry, which
will be given by X, the submanifold S, and its image under the involution 7(S). In other

words, the covering amplitude will involve now two different sets of D-branes, in general.



The covering geometry with two sets of branes has the total partition function

Zeov(V1,Va) = Y CryryTrr, Vi Tem, Vo, (2.16)
R1,R2

where V7, V5 are the sources corresponding to S and I(S) and represent open string moduli.
Since the two D-branes in S and (.S) are related by an involution, the two-brane amplitude
in (R.16) is symmetric under their exchange, i.e. we have

CriRy = CRyR, - (2.17)

In order to obtain F, (V') we have to make the identification of both closed and open string
moduli under the involution /. This means identifying the Kéhler parameters that appear
in Cr, R, (the closed background) but also setting V7 = Vo = V (the open background).
We then find

Zo(V) =Y ZZTrgV, (2.18)
R
where
Zg = > NEpCrir =) Crirm- (2.19)
R1,R2 R/

Here we have used that

Trp,V Trg,V =Y Nf g, TrrV (2.20)
R

and N 1}%%1 R, are tensor product coefficients. In (R.19) we also used these coefficients to define
skew coefficients with labels R/R’, as in (A.7). If we denote Cr = Cg., we have for example

Zy =2Cq, 23 =2Cm +Can, Zar:2CE| +Coo - (2.21)

It turns out that the quantities Z3 defined in this way have the integrality properties of a
one-brane amplitude, as it should. One finds, for example,

Tor __ 2 Pcov Tor __ 2fcov B 1 Tcov for _ chov B 1 Teov (2 22)

o — /0 > oD — 2/ m- 1/2 _ ,—1/2/00 H B 1/2 _ ,—1/27/00° :

q q q q

In these equations, the superscript “cov” refers to quantities computed from the two-brane
amplitude Cg, g, according to the general rules for open string amplitudes in the usual,
oriented case explained above. Onme can easily verify from the integrality properties of

le R, as a 2-brane amplitude that indeed ]/”\I%r has the integrality properties of a one-brane
amplitude. In fact, using the identity

/ 1
—1 R o R
Y MppNg g, Mg Mpyr, = mNRIR2 (2.23)
R',R|,R,

we can write

7 R Tecov
flo%r = Z NRlRQfg)lRQ ) (224)
Ri1R>

where we put fR. = (q



We would like to determine now the structural properties of Fypnor(V'). This is indeed
very easy. The analysis of [R5 to determine the structural properties of F(V) in the
usual oriented case was based on an analysis of the Hilbert space associated to an oriented
Riemann surface ¥, , with ¢ holes ending on S and in the relative homology class 3 €
H>(X,S). The relevant Hilbert space turns out to be

Sym (F* @ H*(Jy,) © H' (Mg9)) (2.25)

where J, , = T29+=1 is the jacobian of Y40, I is a copy of the fundamental representation
of the gauge group, M, 3 is the moduli space of geometric deformations of the Riemann
surface inside the Calabi-Yau manifold, and Sym means that we take the completely sym-
metric piece with respect to permutations of the ¢ holes. Since the bulk of the Riemann
surface is not relevant for the action of the permutation group, we can factor out the coho-
mology of the jacobian T29. The projection onto the symmetric piece can easily be done
using the Clebsch-Gordon coefficients cg g g of the permutation group S, [[J], and one
finds

> crr reSR(F) @ Sp(H*((S)) @ Spr(H* (Myep)) (2.26)

RR'R"

where Sy is the Schur functor that projects onto the corresponding subspace. The space
Sr(F®*) is nothing but the vector space underlying the irreducible representation R of
U(M). Sp/(H*((S')*1)) gives the hook Young tableau, and the Euler characteristic of
Srr(H*(Mgep)) is the integer invariant Npr 4 3. Therefore, the above decomposition
corresponds very precisely to (R.f) (here we are considering for simplicity the one-brane
case).

In the case of an unoriented Riemann surface, the above argument goes through, with
the only difference that now the jacobian is J, .o = T29-1+64¢ where ¢ = 1,2 denotes the
number of crosscaps. Therefore, the analysis of the cohomology associated to the boundary
is the same. We then conclude that

1 _
funor(v) = - Z Z Ef]%nor(qd, € dt)Tl“RVd, (227)
R dodd

and using again (R.1()) one can obtain new functions

/
E‘%ﬁor = Z M}g]l%, I as (2.28)
R
with contributions from one and two crosscaps:
Fior = T+ @ — VT, (229
and we finally have
Filg.e™) = Nf,(g"/? — q /227t (2.30)
9.6

Each crosscap contributes then an extra factor of q% — q_%, as in the closed case.



In real life, what one computes is the total amplitude in the Lh.s. of (R.15), in terms of

F(V)=—log Z(V) = —log (Z ZpTrg V) : (2.31)
R

and one wants to find the unoriented contribution to the amplitude after subtracting the

oriented contribution. The above formulae give a precise prescription to compute fp"°".

The results one finds, up to three boxes, are the following:

o =Zn-Cq,
1

nor 1 1
o :Zm—§Zé—Cm+§Cé—§f§ga

1 1 1
funor _ ZB — §Zé _CH + 50% - 5.]05057
1

1
WS = Zon — ZmZo + 328 — Com + CmCa — €8 —

1 nor
3 3 u © (q Qg) EI%VD I (2'32)

3

and
unor 2 3 2 3
4= funor(q Q3) _ _(fcov fCOV)

1
fénor = ZB ~ 2975 + gzg _CH ~CgCo + gcg —

1
3

The above considerations are easily extended to the case in which we have L sets of D-

unor(q Q3) fcov (233)

branes in the orientifold geometry. The covering amplitude involves now 2L D-branes, and
reads
Zeow = > Crisi-rs Trr, ViTrg, Wy -+ Trg, ViTrs, W . (2.34)
R1,51,Rr,SL
The oriented amplitude is obtained by identifying the moduli in pairs under I, and is given

by

ZF 0, =D NRls - NEts Crisirys, - (2.35)
Rl7 i
The equations (R.15), (B.27) and (R.30) generalize in an obvious way, but now we have
SRy orp) (@5 e ') = Z N(ch,...,RL),g,g(ql/Q o B AR (2.36)
9,8

1/2 _

where the extra L — 1 factors of ¢ q~/? have the same origin as in (P.9).

3. Examples of open string amplitudes

In this section we study in detail some examples and verify the above formulae for the
unoriented part of the free energy. In order to do that, we have to compute the total
amplitudes Zg in orientifold geometries. These amplitudes can be obtained in three ways:



RP’

Figure 1: Toric diagram for the quotient X /I of a local, toric Calabi-Yau manifold with a single
RP?.

by using the unoriented localization methods of [fl, fl], by using mirror symmetry [[], and
by using Chern-Simons theory and the topological vertex. For the examples of open string
amplitudes studied in this section we will use the topological vertex of [f], which can be
adapted to the orientifold case [[]], and also localization. We first summarize very briefly
the results of [f] on the topological vertex on orientifolds, and then we study in detail
three examples. Finally we check some of the topological vertex results with unoriented
localization.

3.1 The topological vertex on orientifolds

Let us consider a quotient X /I of a local, toric Calabi-Yau manifold X by an involution
I without fixed points which can be represented as in figure ] We have a bulk geometry,
represented by the blob, attached to an RP? through an edge with representation S. Let
us denote by Og the amplitude for the blob with the external leg. In [f] we proposed the
following formula for the total partition function:

7 — Z OSQZ(S)/2(_1)%(Z(S)HFT(S)) (3.1)
S=8T
where the sum is over all self-conjugate representations S. Here r(.S) denotes the rank of
S, Q is the exponentiated Kihler parameter corresponding to the RP?, and the F sign is
correlated with the choice of + sign for the crosscaps. In [[]] the above prescription was
used to compute closed string amplitudes, and we conjectured the following identity:

! {(R)/2 Lo(R)Er(R
SSOTTSH) Z Cy iy nQ /2 (— 1) BT _
00

T QR o o) 52
where C RTRR, is the topological vertex of [F], Wz?é]:)/ Se(V) 55 the SO /Sp Chern-Simons

expectation value of the Hopf link with linking number +1 (after setting the Chern-Simons
variable \ defined in (.4) to be A = Q1), and SSO(N)/ SP(V) s the partition function of
SO/Sp Chern-Simons theory on S3. We refer the reader to [Bl], fjj for explicit formulae
for the Hopf link invariants. The identity (B.9) was used in [ff] to show that the results
obtained with (B.1]) coincide with those that are obtained from large N transitions involving
SO/Sp gauge groups. In the examples that follow we will use (B.1]) to compute open string
amplitudes on orientifolds, making use as well of the identity (B.2]). We provide a proof

of (B.9) in appendix B.



RP’

Figure 2: A D-brane in an outer leg of the orientifold of the resolved conifold.

3.2 The SO/ Sp framed unknot

We start with the simplest nontrivial Calabi-Yau orientifold, namely the orientifold of the
resolved conifold. The resolved conifold X is a noncompact Calabi-Yau threefold which
admits a toric description given by the following toric data:

X X X3 X4

cr 1 1 -1 -1 (33)
Therefore, it is defined as the space obtained from
X124 X = [ XG — [ Xaf =t (3.4)
after quotienting by the U(1) action specified by the charges in (B.3). The involution
I: (X1, X0, X3,X4) — (Xo,—X1,X4,—X3). (3.5)

leads to an orientifold model whose target X/I contains a single RP? obtained from the
quotient of the P! of X by I. This geometry was first considered in [0, [ and further
studied in [f].

Let us now put a D-brane in an outer leg of the orientifold geometry. In the oriented
case, the open string amplitude labelled by R is computed by the Chern-Simons invariant
of the framed unknot with gauge group U(N) (see for example [BI], B2]). We want to study
now the unoriented case. In order to extract the unoriented string amplitudes, we have to
compute both the total amplitudes Zr and the covering amplitudes Cgr,r,. Let us start
analyzing the covering amplitude.

The covering geometry involves both the original D-brane and its image under the
involution I, and a simple analysis shows that we have to consider two D-branes in oppo-
site legs as qdepicted in figure f| The amplitude for this two-brane configuration can be
computed by using the topological vertex of [P (see appendix [ for a list of useful formulae
and properties of the vertex). A simple application of the rules in [P gives

1 1
CR1R2 = ?Pl Z CR1R-CRT-R2(_Q)Z(R) = Tpl Z WRIRTWRRQ(—Q)Z(R) s (3.6)
R R

,10,



R,

Figure 3: The covering configuration contains two D-branes.

where Q = e~!, Zp1 is the partition function of the resolved conifold

o0

Zp = [J(1—Qd")*, (3.7)
k=1
and the quantities Wg, g, are defined in (A-4). The above quotient of series can be com-
puted in a closed way by using the techniques of [[[7, [[0], and in fact one obtains two
equivalent expressions. The first expression is

CR1R2 - WR1 WRQ H(l - qu)Ck(RLRQ) ) (38)
k

where the coefficients Ci(R1, Ry) are given by (A.13) or (|A.14)). Notice that (B.§) is a
Laurent polynomial in qi% and a polynomial in ). There is, however, a second expression

for Cr, r, which involves skew quantum dimensions. The derivation uses the representation
of the vertex in terms of skew Schur functions given in (A.6). Define first:

Wi = (dim{™MR) (A =Q71), (3.9)

where ) is again the Chern-Simons variable ([£4)), and the quantum dimension is defined

in (A.9). Then we have, after using (A.10),

"Ry TRRy  £(R1)+L(Rg)
Crima=a~ 2 Q@ 2 > (=) Wgr pWer pr . (3.10)
R

We now compute the total amplitude for the configuration depicted in figure P} To do this
we can use (B.1]), where Og is now an open string amplitude given by C.gg. One finds

1 / 1 / /
T = S Crp QU2 (—1) bR ()
ZX/I R'=R'T

= ¢ FWP, (3.11)

where we have used the formula (B.2) to express the amplitude in terms of SO/ Sp quantum
dimensions. We then see that the total brane amplitude in figure J] is given by the Chern-
Simons invariant of an unknot for gauge groups SO/ Sp. To obtain the unoriented piece of

— 11 —



this amplitude, we have to subtract the covering contribution, which involves a nontrivial
combination of quantum dimensions for U(N). For a framed D-brane one should simply
change

Zr — (1) 0P 7,
KRy THRy

CR1R2 - (_1)(Z(R1)+Z(R2))pqpfchRz’ (312)

since in the covering configuration one has to put the same framing in both legs, by sym-
metry.

We can now compute f3"" by using the results of the previous section. We will present

explicit results only up to three boxes. The first thing one finds is that f f;z vanishes at

this order in R. For f&=! one finds (we present here the results for SO(N); for Sp(IN) one

only has to change the overall sign of the ¢ = 1 contributions):

f5! = (-1rQ'?,
ey TP (1=¢" = ¢+ ¢"PP) QY2 (14 Q)
= (¢—1(g+1) ’

g =’ 3.13
G (= 12+ 1) | (313)
and
oot _ CUPETP L4 )1+ gHNQIP (14 Q)
- (~1+ ) 1+’ + ¢ +q")

X [=q+¢% + ¢ (1 = q+2¢" =) + P2+ g —¢" — ) +
+ QU+ — ¢ +¢"P(1-2¢") + PP (=2 — g+ ¢") + *UHP (14 ¢"))]
P e e R LA
B 1+ +92(0+¢ +4¢%)
< [q(=14¢")(1 4+ ¢" + ¢""P(1 = 2¢") + @) (=2 = 29) + > (1 + ) + ¢* 7)) —
— QU+ q)(—1+¢" (=1 43¢") + "7 (2+ 3¢ — 3¢") +
+ q3(1+10)(_2 _ 36]2) + q4(1+:0) 4 q5(1+1?)) +
+ QX (14" (-1+2¢") + (24 3¢+ ¢° — ¢") +
4 q3(1+p)(73 _ 2q o 2q2> + q5+4p + q6+5p)] ,
S G i el W e ¢RVA(-14Q)
H (—1+9)1(1+q)2(1 +¢* + ¢%)
X [—q(1+¢""P(1+q— ") + (=2 =20 - ¢*) + PP (1 + ) +4°7)) +
+ QU+ +q) + ¢ (-1 -2¢-2¢° — ¢°) + (¢ + ¢°) + ¢

One can indeed check that, for any integer p, the above polynomials are of the form
predicted in (2.30) (they are polynomials in (¢%/2 — ¢~'/2)? with integer coefficients).

3.3 P2 attached to RP?

The next example we consider is the orientifold studied in [f, [, with a D-brane located in
an outer leg. In this case, the covering space consists of two P?’s connected by a P!, with
two D-branes in opposite legs (the geometry is shown in figure fl}). Let us now define the
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Orientifold

Figure 4: A D-brane in an outer leg of the orientifold of the two P?’s connected by a P!.
following operator corresponding to the P? with an outer D-brane:

Ors = Z qziﬂRi (—1)21-Z(Ri)CSRaR,{C.RQRgCRIRgReftEiz(Ri) ,
R;

where S is the representation attached to the D-brane. Using the topological vertex rules
we can write, for arbitrary framing p (Z¢joseq 1S the amplitude without D-branes):

1 5K K
Cs,5, = Feor Z(_l)p(f(&)Jré(Sz))qg( 51+ SQ)ORSIORTS2(_Q)Z(R)
closed g

and
ed =14>_ OrOpr.(-Q)"H), (3.14)
R

where in the last equation we have singled out the term where all the representations are
trivial. As we do not have a closed expression for Cg, s, we have to evaluate Z,, order by
order in Q) and e~ ’.

Let us compute now Zg by using the topological vertex rules for orientifolds developed
in [B]. We find that

1

Zg = ~ (_1)p5(5)qp%s Z (')RSQZ(R)Q(_D%(Z(R)ﬂFT(F’/))7
closed R=RT
where
Zdosed = 1 + Z OR.Q B/2(_1)sURFr(R) (3.15)

R=RT

Using the results in the previous section, we can compute the functions fg(q, Q,e7 ). We
find the following results at low order, for arbitrary framing p (again we present the results

,13,



Orientifold +

Figure 5: Two adjacent D-branes in the outer legs of the orientifold of the resolved conifold.

for SO(N)):

Aézl — (<1)” [_@1/26715 4QV2e 2t (35 + 82)Q1/2673t i
+ (4004-3442411222 +1323)Q 1/ 2e 4 —2Q%/ 22 1+ (30 + 62)Q%/ 23 —
— (488 4359z + 10422 + 11 2%)Q%2e 4 — 3Q% 273 +
4 (1324592 +822)Q% 2% 4 . ] :

Aézz _ _(_1)p [Q2673t _ (15+7Z+22)Q2674t —|—2Q4674t—|— e

—p+1 —p+1 2

feel = g Pt (—1+qp)(—Q+qp)Q1/2 —t 3¢P(=1+¢P) Q22 4 ...
(¢—1)*(¢+1) (¢—1)?

P AR VUl Y e

=TTy Ce

Foe=l g P = 1)(¢P - 1)Q1/2€—t _ 3¢7P(¢"P = 1) Q22 4 ...

H (@—1)%@+1) (q—1)? ’

femo _ 4 P(¢P — 1)2Q26—3t 4.
(¢ —1)? ’
where z = (¢1/? — ¢~1/2)2.

By comparing with (P.30), it is easy to see that the results above have the expected
polynomial form with integer coefficients for any p. In contrast to the example above of
a D-brane in the orientifold of the conifold, in this example there are nonzero amplitudes
with an even number of crosscaps.

3.4 SO/Sp Hopf link invariant

Our third and final example is the orientifold of the resolved conifold with two adjacent
D-branes in the outer legs. The covering geometry now involves four sets of D-branes in the
outer legs of the resolved conifold, oppositely identified by the involution. The geometry
is shown in figure [

— 14 —



Using the topological vertex, we find for the covering amplitude (for arbitrary framings
p1 and po):

1 S ()P AP+ (PP o

Crip,rspy = 7o

x q3 PR H R k) () ) Cpr iy, - (3.16)

To obtain the oriented amplitude from (B.16]) we have to identify the moduli Py (P) with P3
(Py) as explained in (2.35). We can rewrite (B.16) by using the expression of the topological
vertex in terms of Schur functions (A-G):

1

CP1P2P3P4 = %(p(zz LR, )3 T(qp)ngT(qp) X

% Z m)SRQT/m (qﬁ(Rl)-i-p)SRZ/m(qﬁ(Ra)-l—p) %

1,72

T T
X Y srr gy (—Qa ) s, (¢ BT (3.17)
R

By using the identities (A.9)), (A.10) and (JA.15) we finally obtain that

4
Cripypypy = q2 =170 s ()5 r (¢7) [T (1 — QP (REHS) (3.18)
k

5 Z Q)Lm Sk Jrd K(R1)+p’Qq—ﬁ(Rg)—p)st/n(qf(Rs)an,Qq—f(RlT)—p),

where we defined the functions

s5r/Q(:Y) Z‘SR/U Sn/QY) (3.19)
n

and the coefficients Cy(RT, RL) are defined in (AI3) or (A:I4). Notice that (B.1§) is a
polynomial in Q.

Now that we have our final expression for the covering amplitude, let us look at the
full amplitude. The vertex rules for orientifolds developed in our previous paper [f tell
us that, for the amplitude where there are two D-branes in the outer legs, one has (for
arbitrary framings p; and p9)

Zs,5, = Z)l(/l Z (_1)p15(51)+p25(52)q%(pllisl+p2lisg Cs, 5, RQZ(R /2( )%(Z(RFFT(R))
R=RT
— (= 1)PrUS)+PL(S2) g (Prrisy +p2rsy) g 315, () 3 (USD+(S2) )y SO/ Sp(N) (3.20)

5155 7

where we used again (B.J). This time, we see that the total amplitude of the two D-
brane configuration in the orientifold of the conifold is given by the SO/ Sp Chern-Simons
invariants of the Hopf link.

By substracting the oriented piece from the unoriented amplitude, and using the results

of the previous section, we can compute the N (CSL $2).0.8 integer invariants through the fgl Ss

functions. As noted in (P.9) we now expect a slightly different structure for the J/”;‘il Sy
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functions than the one given by (R.30)), since L = 2. Namely, we expect
Féisa =D Nisy 5,050 2 g 2)HQI (3.21)
9,8
with the J/”;‘il s, functions defined as in (R.29).
We obtain the following results for SO(V):
o = ()P - Q)¢ g7,
(1)@ (1~ Qg

oo = qg—1 (—g+2¢""P — ¢ 4+ Qg% + ¢ — 2¢'PY)),
. -1 2p1+p2Q1/2 1-Q q*p171/2
faa = = p _( N ) (—(=1+¢""7)? + Qq(—1+¢")?). (3.22)

It is straigthforward to show that for any fixed framings p; and po the J/‘\functions (B.22)
have the structure predicted by (B.21)) with integer invariants N (csl Up to the order
0(S1) + £(S2) = 3 the contributions with two crosscaps vanish.

752)7.97:8.

3.5 Localization computations

In the previous subsections we found many open BPS invariants using the topological
vertex prescription of [f] and the structure predictions of section ] As far as we are aware
these invariants have never been computed before. Therefore it would be nice to have an
independent check of our results which does not rely on large N duality.

In [{, f] localization techniques were defined to compute closed unoriented Gromov-
Witten invariants of Calabi-Yau orientifolds. In this section we will extend these techniques
to the case of open unoriented Gromov-Witten invariants, therefore providing an alternative
and independent way to compute the invariants of the previous subsections.

In order to compare our results with localization computations we have to extract open
Gromov-Witten invariants from the f polynomials. First let us recall the definition of the

[ functions (R.5):
[e's) L
c L. _
FWi V) == Y Zftary@he ™ H Trg, VY, (3.23)

d=1R1,,Ryp,

where we added the superscript ¢ for the number of crosscaps. As usual, we can also work
in the k basis. In this basis the free energy reads (see B4):

1

Fe(Vi,...,V, Z W(I:Fll;n) Cmm TTE(Q)(VQ) , (3.24)
{ka k(o)
where we defined the connected vevs W((gff;n_?_’cg( Ly’ and z; = L. Ep!mFm . Since g = €95,

we can expand the r.h.s of (B.24) in g,. We find a series with the structure [P4]:

) 29—-2+c+ Y5, k(@
fc(Vh o VL) = Z Za 1|k H_CFgc(k(l) k(L))g g—2<+c Z 1l ‘Tk(a)(v )
g=0

L
1 conn),c
- (H )W((E(l) ; k(L))T i (Va) (3.25)

o FE@
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C
where Fg,(E(1)7---7E(L))

genus ¢, with ¢ crosscaps and fixed boundary conditions given by (E(l), ceey E(L)). The

is the generating functional for open Gromov-Witten invariants at

L oo . . .
factor of iXa=1 IF@+e i necessary to compare Chern-Simons (or topological vertex) results
with localization computations [B2]. Thus, we see that to extract open Gromov-Witten
invariants we have to compute the connected vevs p (conn).e

(RO, R0 from the f functions. Such
a relation has been deduced in [P4]:

L
conn),c ()| 7o o _
W oy = 20 =S T CHEGD G oy (a7 (3:20)
d|E(@), d odd {Ra} =1

where C' (E) is the conjugacy class associated to a vector E, which has k; cycles of length j,
and xp is the character of the symmetric group Sy. In (B.2() the vector El /d 1s defined as
follows. Fix a vector k, and consider all the positive integers d that satisfy the following
condition: d|j for every j with k; # 0. When this happens, we will say that “d divides E”,
and we will denote this as d\lg We can then define the vector El /d whose components are
(El/d)i = kq;. In (B:26) the integer d has to divide all the vectors £, a =1,..., L. Note
that in (B.24) the sum is only over d odd: this is because in the unoriented case only odd
multicovers contribute.

Using (B.25) and (B-26) one can find expressions for the generating functionals of open

Gromov-Witten invariants in terms of f functions. Let us define the all genera generat-
ing functionals for open Gromov-Witten invariants with ¢ crosscaps and fixed boundary
conditions given by (k... k():

o0
_ 2g—24c+ 3 E_ | k(@)
Fio, fwy = ZF;,(;;<1)7,,,7;;<L))98 B (3.27)
g=0

For configurations with one representation (L = 1), one finds

(& -l—C pcC (& Z‘ic (& C (& Z.lic (& (&
F(l,o,...) = ! f|:|, F(z,o,,,,) = 7 <f|:|:| + fH) ) F(o,1707,,,) = T <f|:|:| - fH)

c i e L e . i .. .
F(370»~~) -6 (fEED + 2fHZ| + fﬁ) ) F(1,1,0,...) =9 <f|:|:|:| - f@)
C ilic c c c c(. 3 ,—3t
Foo10.) = 3 Jam — pr + fﬁ + falg®.e™) |, (3.28)
For configurations with two representations (L = 2), one finds
C c—C pC c ilic c c
F1o,.0,00.0 =@ Joor  Feo.,00.) = "5 <f|:|:||:| + fEu) ,
C i c c
F(0,1,0,.),(1,0,..)) = > (fmu - fEu) : (3.29)

3 c
Using the above formulae, we can compute the F(E(1)7,,,,E(L))

put them in the form of (B.27) by expanding in gs. This will extract the open Gromov-
Witten invariants from our previous results.

generating functionals and
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I. The SO/ Sp framed unknot. The topological vertex gives the following results:

F(cfol,o,...) = (-1)rQ"/?,

F5o0..) = % :(HP)QQUQ“ - Q)]gs - 4—18 [(1 +p)2(1+4p+2p*) QY (1 — Q)]g§’+- -
Fitoy = [1+pQ21-Q)] - i |3+ 11p+ 1207 + 9p")QY2(1 = Q)| g2 + -+,
F5o0..) = é (—1PQY2(1+p)*(1+3p — 6Q(1 +p) + Q%5 +3p)) | g + -+,
oy = [(FDPQV2(1+p)(1+2p — 4Q(1 + p) + Q*(3+20)) g, + -

Fion.) = é :(—1)1’@1/2(3(1 +p)(2+3p+ Q%(4 + 3p)) — 2Q(8 + 18p + 9p2))} 4o

In order to compare with the localization computation, we introduce first some nota-
tion. We will consider the following real torus action on the resolved conifold X:

ei¢ ' (X17 X27 X?n X4) = (GMI(le, 6i>\2¢X2, 6M3¢X3, 6i>\4¢X4) .

The weights of the torus action on the local coordinates z = X1 /X9, u = XoX3,v = XXy
are given by A, = A\ — Ao, Ay = Ao 4+ A3, A\, = Ao + Ay respectively. Note that from
the compatibility of the torus action with the antiholomorphic involution it follows that
Ay + Ay + A, = 0. Now we can present the localization results:

=1 1
F(claovov"') - Q2 ’

[<af1)2¢?5<1—@>] - g [P Q- @) gt

c=1 _ -
F(Q,O,O,...) - - 48

1 [ala+1)3a—1) .1
S e R A

1
>
F(%,f,o,...):[ “ Qﬁ(l—@]

_ 1 a S la+2 6a
Fe=1 _ _ 212 _ 2,
(3,0,0,...) 6 [Q 01 a_1 a_ 1@ + gs +-
2
_ +1 4a
fre=1 _ _|ple(_2 a _ ) g -
(1,1,0,...) [Q a—1 a—1 a-1 @+ gs F 0t
_ 1 3a(2a+1)  2(8a% +2a—1)
Fod =2 |QY? -
(0,0,1,...) 6 |:Q (a — 1)2 (CL — 1)2 Q + + )
where a = —\,/A,. After making the substitution a = 1 + %, we find that the above

results coincide with the expressions obtained from the vertex computation up to factors of
+(—1)P. The sign difference is due to different choice of conventions between the vertex and
the localization computations. As an example, we present below the graphs contributing
to the unoriented open Gromov-Witten invariant for genus 1 maps with degree 3 RP? and
winding vector (0,1,0,...), as well as their contributions. The contributions of the above
graphs are computed according to the rules explained in [J]. We obtain:

o3)(a) _ (Au = 220) (220 — Ao) Ao + 200) (A3 4 6A2 N, 4+ A A2 +2)03)
0,1,0,...) — 483 \4 ’
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¢

2 2
3 g o .
of 2,7
" <
@ (b) ©

(d)

2 . — . 2 . — . 2/
o e o : [ 3
» b . °
2 - — . 2 < .
® ®) ()]

Figure 6: One crosscap, genus 1 and three crosscaps, genus 0 at degree 3 RP?, and winding vector
(0,1,0,...).

o906 _  Qu =2 +20) 030 _ Au+2M)

(0,1,0,...) — 48X2\2 T OL0) T 240,02
C13).d) _ AR A A +2)) 03 _ A3 (Au + 20) (A3 — 20,02 — 2)3)
(0,1,0,...) 24N ’ (0,1,0,...) 123 )4 ’
o _ _Qut 200) A3 (A — 200) o0 _ Qut 20)A3 (A — 2Xy)
(0,1,0,...) 6Au AL 17010, 2N '

I1. P? attached to RP2. The topological vertex gives the following results:

Fig ) = (F1)PQY%e 7 [—1 = 2(—2+ Q)e ™" + (=35 + 30Q — 3Q%)e * +
+ 4(100 — 122Q + 33Q%)e 3t + -] + -,
Fig ) = —(=1)PQ% ¥ [1+4 (=154 2Q%e " + .. Jgs + -+,

_ 1
Fio.) = §Q1/2€7t [P+ (3+6p+6p*)e "+ ]gs+ -,

_ 1 .
Fody = —3@ 1+ +2 . g2+,

F(cofl{o,...) = Q1/26*t [—p—l— (3 + 6p)eft + .. ] + o
F(coj%o,...) = Q%1 +2p+gs+ -

For the localization computations, we will use the same notation as in [p]. We present

below some of the localization computations we performed. First, we obtain

- 1 Ao — A\ 2 3(2X2 — 2\, )\, + A2)
=1 _ 1A1/2 —t|_ [ 2T M u e = IEEEE
F(Q,O,---) QQ € [ <>\v — 2)\u> * < (2)\u - )\v)2 ) ©

gs+

We present the graphs contributing at degree 2 hyperplane class in the expression above,

as well as their contributions.

0(200,.),(a) _ Ao = Ao)?(3Au — 2)) C(20.0,::),0) _ Qw2
(-1,1,2) 22 (A — 2X,)? T AZ(Ay = 20,)%
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Figure 8: Two crosscaps graphs at degree 4 RP?, degree 3 hyperplane and winding vector (2,0, ...).

0(2,0707“,),(0) _ 2)@ — 2\ + A% C(Q,O,O,...),(d) _ Aii
(-1,1,2) 200, — 2X0)2 | (-112) 2(Ay — 20,)2

O200.).(¢) _ As (A = Ao)? (200.).(5) _ Qu—A)? 020.0,-):(9) _ Ay
(-1,1,2) 2)\%()\1) _ 2Au)2 > (-1,1,2) 2()\1} _ 2)\u)2 ) (-1,1,2) 2)\% .

In the expressions above, the subscript of the contributions is (x,d1,d2) where x is the
unoriented genus of the closed component of the map and d; and dy are the RP? and
hyperplane degrees respectively. Then, for the same winding vector, at 2 crosscaps we

obtain
_ 1
Fg..) = _§Q2€

Lo [2XA2 — 22,0, + A2
(Ao — 2)\y,)2

The two crosscaps configurations were discussed at length in [[]. The graphs come in sets

N

and there is a single set such that the sum of the contributions of the corresponding graphs
does not vanish. That set and the graphs contributions are presented below.

C(200..),(a) _ (A2 — My + A2) (202 — 2\, )\, + A2)

(0:4,3) - 2X2(A\y — 2),)2 ’
0200.0,0) _ 112000, _ _ Ao (202 = 20, + A2)
(0,4,3) T 97(043) - 2X2(\, — 2)0,)? ’
C200.0,(d) _ _ ~(200.),(e) _ (s +22) (202 — 22\ + 27)
043 — “Couzy = 222(Ny — 20y )2
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We also obtain

F(c(fll,o,,,,) — QY2 [M 3 (L) ot +] T

o= 20\ — 2,
_ A
=2 2 -3t
Fo 10,9 = Q€ [(A_i”%) +} e (3.30)
We note that for this geometry we obtain agreement with the vertex computation if we set
Ap—Au
P= =X "2

ITI. SO /Sp Hopf link invariant. The results obtained from the topological vertex are:

- 1
F{i,.0,00,.) = (CDPTPQUA(1 = Q)gs — 51 (-1 T2QY2(1 - Q)gl + -+

F{0,.),(10,.)) = 5(—1)”@1/2 [1+ 2p1+2p7 —2Q(1 + 2p}) +Q*(1—2p1 +2p7)] g3 + - -,

The localization results are:

1
c=1 _ 1/2 _ o 1/2 - 3 .
F{10,.),000,.) = @77 (1 = Q)gs = 5@ (1 = Q)gs + -+

—

= 1 A2 4 2\, )\ + 202 A2 4 o) 2
=1 1/2 | Mu uAy » u v
F2,0,.),10,.)) = ~5¢ / [ v — 20 <T>
AZ 20,0, + 202
+Q2< v )]gng...’
c= )\u + 2)\1) )\U >\u _ 2)\1)
F{010..).10..9) = @ {T —4e <A_u> - (T)]gs +oe (3:32)

To obtain agreement with the vertex result for this D-brane configuration, we need to set
p1 = Ay/Ay. These computations offer strong evidence of the equivalence between the
vertex computation and the localization on the moduli space of stable open unoriented
maps.

4. Application: the BPS structure of the coloured Kauffman polynomial

One of the most interesting applications of the above results is the determination of the
BPS structure of the coloured Kauffman polynomial. In contrast to the results obtained
for orientifolds of toric geometries above, we won’t be able to give a full determination
of all quantities involved for arbitrary knots, but we can still formulate some interesting
structural properties of the knot polynomials similar to those explained in [B§, R3], 5, R4].
We will first recall the results for the coloured HOMFLY polynomial, and then we will
state and illustrate the results for the coloured Kauffman polynomial.

4.1 Chern-Simons invariants and knot polynomials

Let us consider Chern-Simons theory on S? with gauge group G. The natural operators in
this theory are the holonomies of the gauge connection around a knot K,

WK(A) =P expj}{CA. (4.1)
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If we now consider a link £ with components K., @« = 1,..., L, the correlation function
G K K
WRl-"RL (ﬁ) - <WR11 e WRLL> (42)

defines a topological invariant of the link £. In this equation the bracket denotes a normal-
ized vacuum expectation value, and we have indicated the gauge group G as a superscript.
It is well-known [2] that Chern-Simons produces in fact invariants of framed links, but in
the following we will consider knots in the so-called standard framing (see [[[5], for a
review of these topics). The correlation functions ([.2) turn out to be rational functions of

+1/2 \£1/2

the variables ¢ The variable ¢ is defined as ¢ = €%, where g, is the effective

Chern-Simons coupling constant
27

k is the coupling constant of Chern-Simons theory, and y is the dual Coxeter of the gauge
group (therefore it is N for U(N), N — 2 for SO(N), and N + 1 for Sp(/V)). The variable
A is defined by

gs (4.3)

P (4.4
where
0 for U(N),
a=4q —1 for SO(N), (4.5)
1 for Sp(N).

The vacuum expectation values of Wilson loops are related to link invariants obtained from
quantum groups [fJ]:

1. f G=U(N)and Ry =--- = R = 0, then
U(N )\1/2 _ )\—1/2
WD-(--D) (E) = )\lk(l:) <W PE(Qa >‘) ) (4'6)

where P (g, \) is the HOMFLY polynomial of £ [[L]], and 1k(£) is its linking number.

2. If G=SO(N) and Ry =--- = Ry, = 0, then
SO(N )\1/2 _ )\71/2
WD_,_(D )(ﬁ) = k(£ <1 + m Fr(q, M), (4.7)

where F(q, ) is the Kauffman polynomial of £ [B{].

We will call ng(_]_\_zl)h (£) and W}S%?(]}\% (£) the coloured HOMFLY and Kauffman poly-

nomials of £, respectively. Note that there is a slight abuse of language here, since these
Chern-Simons correlation functions are not polynomials, but rather rational functions.

4.2 BPS structure: statement and examples

In [BY], Ooguri and Vafa extended the duality of [[J] between Chern-Simons theory on
S? and topological strings on the resolved conifold by incorporating the correlation func-
tions ([.J). We will consider the case of knots, although everything we will say has a
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straigthforward generalization to links. The results of [B§] are the following: first, to any
knot K € S one can associate a lagrangian submanifold Sx in the resolved conifold.
Moreover, the generating functional of knot invariants

Zyy(V) =Y W (K)Teg v, (4.8)
R

where V' is a U(M) matrix, is the partition function for open topological strings propagating
on the resolved conifold and with Dirichlet boundary conditions associated to Sk (after
some appropriate analytic continuation). Equivalently, we consider M branes wrapping
Sk, where M is the rank of V, and compute the partition function of topological string
theory in this D-brane background. Since open string amplitudes have the BPS structure
explained in (R.§) and (R.6), this leads to structure results for the knot invariants Wg(N) (K)
(which play the réle of Zg). This is explained in detail in [R3], BF, P4

The large N duality of [[3] can be generalized by considering an orientifold of the
two geometries involved in the geometric transition, namely the resolved and the deformed
conifold @] The deformed conifold is defined by the equation z1z4 — 2023 = p and it
contains an S3. If we wrap 2N branes on the three-sphere, the spacetime description of
the open topological string theory is Chern-Simons theory on S? with gauge group U(2N)
and at level k (the level is related to the open string coupling constant). We now consider
the following involution of the geometry

I: (21, 29,23,24) — (24, —Z3, — 22, 21) (4.9)

that leaves the S? invariant. The string field theory for the resulting open strings is
now Chern-Simons theory with gauge group SO(N) or Sp(N), depending on the choice of
orientifold action on the gauge group. The orientifold action on the resolved conifold is
given by (B.J). It then follows from the results of [B§] and the orientifold action considered
in [iJ] that the Chern-Simons generating functional

Zso jsp(V) = Y W2 P (K)Ter V., (4.10)
R

where V is again a U(M) matrix, is the total partition function for open strings propagating
on the orientifold of the resolved conifold with M branes wrapping Sk. In particular,
the logarithm of (f.1() will have the structure explained in (R.15)), where the oriented
contribution is obtained by considering a covering geometry with both Sx and its image
under the involution (B.5), I(Sx). We can then translate the structure results presented in
section [ into structure results for the coloured Kauffman polynomial.

The main problem in making this translation precise is that, given an arbitrary knot /C,
we lack a precise prescription to compute the contribution of the covering amplitude. The
covering amplitude Cg, r, is defined as the oriented amplitude in the covering geometry in
the presence of two sets of branes wrapping Sx and I(Sx), with representations Ry, Ra,
respectively. If one of the representations is trivial, we recover the oriented amplitude in

U

the presence of Sk, therefore Cr = WR(N) (K). But in the general case it is not obvious

how to determine Cg, g,. Although there are proposals for the geometry of the lagrangian
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submanifolds Sk [23, [}, a direct Gromov-Witten computation of the corresponding open
string amplitudes seems to be very difficult. One possible way of determining Cg, r, would
be to translate it into a pure knot-theoretic computation in the context of Chern-Simons
theory, but we haven’t found a completely satisfactory solution to this problem.
Although we don’t know how to compute the covering amplitude for an arbitrary knot,
SO(N) ()

we can still extract the ff%: amplitudes from the knowledge of Wp . This goes as

follows. Let us define the rational functions gr(gq, \) through the following equation

1
log Zso(V) = >~ EgR(qd,)\d)TrRVd, (4.11)
R dodd

and define as well
Z RR/ Q)9gr(q, \) - (4.12)
RR'
Clearly, since we are not substracting the covering piece in the L.h.s. of ({.11]), we cannot
expect much structure for gr(g, A). However, one has that

00 = 5 (3@ A7) — (-1 Pgalg, -2)). (413)

2
This follows from parity considerations. The invariants WU( )(IC) have powers of A2 of
the form ¢(R) + 2k, while WEO(N) (K) have powers of Az both of the form ((R) + 2k and
¢(R) 4+ 2k + 1. The first ones correspond to both oriented and ¢ = 2 contributions, while
the last ones correspond to ¢ = 1 contributions. Also, the covering contribution Cg, g,
(being an oriented amplitude) contains only powers in AZ of the form U(Ry) + U(R2) + 2k.
It is now easy to see from the results in section P that ]/”\1%:1 does not involve at all the
covering contributions, and can be computed solely from the SO(NV) invariants, precisely
in the way specified by ([.13). We can then formulate the following conjecture concerning
the structure of the coloured Kauffman polynomial:

Conjecture. Let gr(q,\) be defined in terms of the coloured Kauffman polynomial by
(.11) and ({4.13). Then, we have that

1 /. - _ 29

5 (@ 22) = (1) Pgr(q,~2)) = S N ls (a2 =a72) "N, (a4)
9,8

where N %fg{ﬁ are integer numbers. They are BPS invariants corresponding to unoriented

open string amplitudes with one crosscap.

In the case of WSO(N) (¢, A), which is the unnormalized Kauffman polynomial, we
can be slightly more precise, since we know that Cg(q,\) = Wg (N) (g, \), which is the

unnormalized HOMFLY polynomial. We then deduce that

WM g, A) = W™ (g, n) =

ZNC L (g2 = ¢~1/?) 29)\6+ZNC 2 (qM? — g1 /2)29t1NE (4.15)
9,8
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On the other hand, it follows from integrality of the oriented amplitudes that

W™ (g, 0) = Sl ()2 — g 22t (4.16)
g>0

where pf (M) is an odd polynomial in AEY2Z Tt then follows that the structure of the
unnormalized Kauffman polynomial is given by

WM (g0 = S pE N @2 — g 2, (4.17)
b>0

where pf()) is an odd (even) polynomial in A*1/2 for b even (odd). Moreover,

Py () =’ (A).- (4.18)

This structural prediction turns out to be a well-known result in the theory of the Kauffman
polynomial, see for example [P§], page 183]. One can easily compute N 57:;’52 for various knots
by computing the corresponding Kauffman polynomial. For example, the results of RG]
imply that

N&Z5=0 (4.19)

for all torus knots.

Let us now turn to checks of the conjecture above for different knots and higher rep-
resentations. The simplest case is of course the unknot, but this case has been already
checked in section J (indeed, in the case of the unknot we know even how to compute the
covering amplitude for arbitrary representations). In order to test the conjecture, we have

to compute the invariants WEO

) (K) for arbitrary R. A class of nontrivial knots where
this is doable are torus knots. In the case of U(N) invariants, this was done in [f3] by using
the formalism of knot operators [R1] and the results of [RZ]. For SO(N), the formalism of
knot operators was used in [Pf] to compute invariants in the fundamental representation,
but this has not been generalized to higher representations. For torus knots of the form
(2,m), however, one can use the results of [BJ to write down a formula for the invariants

in any representation of any gauge group. The formula reads as follows:

WE (Kom) = Y (dimgS)(cs(R, R))™, (4.20)
SER®R
where CntCn o
cs(Ri, Ry) = €3 pog— 7 4 (4.21)
In this equation, C'g is the quadratic Casimir
Cr=kr+4R)(N +a), (4.22)

where a is given in ([£5), and 61%1 R, 18 @ sign which counts whether S appears symmetrically
or antisimmetrically in the tensor product Ry ® Rs. In case S appears with no multiplicity,
there is an explicit expression for this sign given by [BH]

€hym, = (—1)PHhemAs) (4.23)
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3=1 2 3
g=0] 3 -3 1
1 1 -1 0

Table 1: BPS invariants IV, E:gl 5 for the trefoil knot.

3=3/2 5/2 7/2 9/2 11/2
g=0 8 -39 69 —53 15
1 6 —61 146 —126 35
2 1 —37 128 —120 28
3 0 -10 56 —55
4 0 -1 12 -12 1
5 0 o 1 -1 0

Table 2: BPS invariants N, Eélg 5 for the trefoil knot.

3=3/2 5/2 7/2 9/2 11/2

g=0] 16 —69 111 —-79 21
1 20  —146 307 —251 70
2 8 ~128 366 —330 84
3 1 —56 230 —220 45
4 0 -12 79 -78 11
5 0 -1 14 -1 1
6 0 0 1 -1

Table 3: BPS invariants N, ézlﬂ for the trefoil knot.
.9,

where Ay, As, Ag are the highest weights of to the representations R1, Ra, S, respectively.
Using ([£.20) one can easily compute the invariants of the (2,m) torus knots in the SO(N)
case, and extract gr (hence Nﬁfg{ B) for various representations. In all cases we have found
agreement with the above conjecture. We now present some results for the BPS invariants
for the simplest torus knot, the (2,3) knot or trefoil knot, for representations up to three
boxes. All the invariants that are not shown in the Tables are understood to be zero.

The results for representations with three boxes are listed in appendix [

Although we have focused in this section on the case of knots, it is straightforward to
extend the conjecture above to the case of links, and extract the ¢ = 1 piece from the SO
Chern-Simons invariants. Framed knots can be also considered by using exactly the same
rules that are used for U(N) invariants [B2].

5. Discussion

In this paper we extended the results of [[] in order to study open string amplitudes
on orientifolds without fixed planes. We found the general structure of the twisted and

untwisted contributions, we determined the BPS structure of the corresponding amplitudes,
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and we checked our results in various examples. We want to remark that, although our
main testing ground have been orientifolds of noncompact, toric Calabi-Yau orientifolds
with noncompact branes, the general results about the structure and integrality properties
of the amplitudes should be valid in general.

One of the motivations of the present paper was to extend the results of [R5, P4] on the
BPS structure of the coloured HOMFLY polynomial to the coloured Kauffman polynomial.
Although our general structural results on open string amplitudes on orientifolds give a first
principles answer to this problem, as it has been made clear in the analysis of the framed
unknot and the Hopf link, we haven’t been able to determine the covering contribution
for arbitrary knots. This is an important open issue that one should resolve in order to
obtain a complete picture of the correspondence between enumerative geometry and knot
invariants implied by large N dualities.

We have also seen that the predictions obtained from the topological vertex in the
unoriented case agree with unoriented localization computations in the examples that we
have worked out. It would be very interesting to derive a more general and precise corre-
spondence between these two approaches, following the lines of the mathematical treatment
of the vertex given in [f, R7, and maybe connect the unoriented Gromov-Witten theory
sketched here and in [fl, f], with a moduli problem involving ideal sheaves, generalizing
in this way the results of [B3]. Finally, our results both in this paper and in [f] cover
only orientifolds without fixed planes, and more work is needed in order to understand the
general situation from the point of view of topological string theory.
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A. Useful formulae and Schur functions.

In this appendix we will list some useful identities of Schur functions and their relations to
the unknot and Hopf link invariants. For a more detailed discussion of Schur functions see
for example [B{, [Z]. Applications of these results to topological string computations can
be found in [B7, [Ld, [[6, f[g].

Let R be a partition associated to a Young tableau. Let ¢(R) be the number of boxes
of the Young tableau and [;(R) be the number of boxes in the i-th row. We define the
quantity

Wr(q) = sr(q”), (A1)

where sp(gP) is the Schur function with the substitution sp(z; = ¢~*+/2), where i runs
from 1 to co. Wg(q) is the leading order of the U(N) quantum dimension dimg(N) R (in
the sense defined in [ff]). We also recall the general formula for quantum dimensions of a
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group G:

L Gp_ (A + p, )]
dim; R = H o) (A.2)

where Apr is the highest weight of the representation R, p is the Weyl vector, and the

Q’GA+

product is over the positive roots of G. We also defined the following g-number:
2] = ¢"/* = q7"/2. (A-3)
Another important object is

WR1R2 (Q) = SRy (qp)3R2 (qz(Rl)er) ) (A'4)

where sg, (¢‘F2)+P) = sp. (x; = ¢"(F2)="+1/2) This is the leading part (again in the sense

of [fl]) of the Hopf link invariant ng(g;

The topological vertex formula derived in [P reads

CR1R2R3:q%(RR2+HR3) Z NRl NR:t’) WREQlWIbQQ

C R T FaQa A5)
O1RYVO2R , (
Q1,Q2.R W,

where kp is defined by kg = >, l;(R)(l;(R)—2i+1). Using (A.I)) and (A.4) we can express
the topological vertex in terms of Schur functions (this was first done in [B7])

Lk K t
ChyRoRy = q2 2T R?’)SRg(qp) Z3R1/Q(QZ(RQHP)SRg/Q(QZ(RQHP)7 (A.6)
Q

where we have used skew Schur functions defined as
sp/m (@) = > N gsq(@). (A7)
Q

Schur functions satisfy some useful identities. First, we have

spi(q) = q "% %sp(q) = (—1)" P sp(q™), (A8)

and similarly
sp/ry (@) = (—1) PO s p pe (q). (A.9)

The two following formulae are also important:

> srym @ srr W) = [T =2w) ™D sryyo@)sr o),

R 1,7>1 Q
> swm@)sreyr, W) = [T O +20) Y srejo@)spe g W) (A.10)
R 1,521 Q

The following result was proved in [[L0]. Let us define the “relative” hook length

hR R, (i, J) = li(R1) + [j(R2) —i —j + 1, (A.11)
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and the following functions

Ir(q

Z li(R)— ),

)
D (@) fra(0) + Fr (@) + Fra(a). (A12)

leRQ( ) =

=)

Let us denote the expansion coefficients of fr, z,(q) by

fRiR2(9) =D Cr(Ra, Ro)g" . (A.13)
k
Alternatively,
Wgio W
> Cu(Ry, Ry)gF = 22028 2 (A.14)
k WR1 WR2
Then it was proved that
[ 1 —Q¢"mmt0) =TT — Qd")F [J(1 — Qg*)“kfirf2). (A.15)
ij>1 k=1 k

Let us now present a useful result proved by Littlewood [R9], B0]:

[e o]

3 sp(a) (-1 BFE) —TJa+a) [ Q- ), (A.16)

R=RT =1 1<i<j<o0
where r(R) is the rank of R. The final formula that we will need reads as follows [[[f]
n
H(l — Quiy;j) = exp | — Z Z AT (A.17)
2,J n=1

from which we can deduce the identities

i~ :|:1 nyn/2
H(lZFQl/Q - 1/2) exp [Z n( n/2) Q—ﬂ/?)] ’

% n=1
iti— c- Q"
gu Qg = exp [— ; P qn/2)2] . (A.18)

B. A useful identity

In our previous paper [[J we conjectured the relation (B.2) between the topological vertex
and SO/Sp Chern-Simons expectation values of Hopf links. This identity showed that
the new vertex rule introduced in [[J] to compute amplitudes on orientifolds agrees with
the results of large N SO/ Sp transitions. In [[] we only presented a partial proof of this
relation; we will now present the full proof. We will only consider here the Sp case for the
sake of clarity, but the proof for the SO case is similar.
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Let us start by considering (B.2)) for trivial representations R; = Ry = -. In this case
we have to show that

Z CR”QZ(R)/2(_1)%(Z(R)Jrr(R)) _ Sg(lj’(N). (B.1)
R=RT

The Lh.s. can be rewritten using (A.6), (A.§) and (A.16) as

o0

> s(@ P T = Tla+ @Y [ (1 -Qa™

R=RT i=1 1<i<j<o0

B e i i Y BT Y i

(
12, (1 — Q12¢i-1/2)1/2 (B.2)
Using ([A-T§) we find that the r.h.s. becomes
1o ()" = 1e™? RS Q"
P15 Zl n(qn/2 — g—n/2) R Y Zl g2 — g—n/2)2 (B3)
. . Sp(N) .
which is exactly Spy" , so (B.) is proved.
Let now R; = - be the trivial representation and Ry = u be any representation. We
must now show that
L 1 T
Sp(N Z C (E(R) =) g (_1)2(5(R)+ (R) _ WSP(N)' (B.4)
R=RT
Using ([A.6) and (A.§) the Lh.s. can be rewritten as
1 _ 1 .
S Q) 3 (IO sp(QU2g ). (B.5)

00 R=RT

From ([A16), the first line of (B.2) and the definition of Wr(q) = sgr(¢”) in terms of
g-numbers (see [J, eq. (7.5)]), we find, after some algebra:

Q~tw/2 H i+l —i - J + g1 [li‘— l]‘» + 4 — ] y
1<i<j<d(u) [—i=j+lg-1[j — 1]
d(p) 1—ZSp(N)2l—2l+1 1 l; I —i—wv—d 10
% H } S[N) ]Q HQl/Q[z 21—V . (/L)—i— ]Q 17 (B.G)
=1 [l —l—l—zQpl [—2i + 1]g-1 ;5 [v—i+d(u)]
where d(u) is the number of rows of u, and we used the g-numbers [z] = qr/2 _ q—x/27

2]y = AV2g2/2 _ \=1/2¢=2/2 and £ ]Sp(N) A4 i2z-1) _ /\71/4q—§(2m—1). One can see
that the two factors of @ cancel out of (B.€]), and the remaining expression is exactly the
definition of the Sp(N) quantum dimension of u for A = Q1 (see [f, eq. (4.9)]). But
WSP(N) = dimgp(N) (A = Q™1). Therefore (B4) is proved.

We are now in position to prove (B.2)) in the general case, namely we have to show that

1 1 - _FRy 1 Sp(N
S5 Z CRIRQTRQK(RW(_UQ(E(RH (R) = ¢~ = QQ(Z(R1)+€(R2))WR[1>$%2)‘ (B.7)
00  R=RT
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Let us first rewrite the Hopf link expectation value in terms of quantum dimensions, us-
ing [, eq. (4.19)]. The r.h.s. becomes:

Z NP Rz

W ONE N g g2 (=) Qa (L Yy Sp(N) (B.8)
MaAlv)‘QvAZ’)

where we expressed the Sp tensor product coefficients in terms of Littlewood-Richardson
coefficients [[J]. We can now rewrite the r.h.s. using (B.4) and ([A.6)) as

1 1 L
Sp o) Z Q3B (1) 3 URIFT(R) 5 (gP) g3 (KR HRR)

S R=RT
R R /(R
% Z Ny N Naong $r (@ (Ryey . (B.9)
“’)‘17>‘27>\3

The sum in the second line can be explicitely evaluated by using (A.8), - the definition
of skew Schur functions ([A.7) and the fact that sg, (z)sg,(z) =Y.z N Rle sg(x):

R R z R) /(R
Z N)\ll)\gN)qQ)\gNgg)\g uT ( +p ZSRT/,\T )SRQT/,\lT(q( )+p)- (B.10)
“’)‘17>‘27)‘3

Inserting (B.10) in (@) gives (using the fact that R = RT):

Z Q HR) (— % (R)+r(R)) o

00 R RT

1
x a2 m T s (00) D s, (s, (0O | (B.11)
A1

The term in brackets is exactly the definition of Crrpp, in terms of Schur functions

(see ([A.6)). Therefore (B.11)) is equal to the Lh.s. of (E?I) and the identity (B.2) is proved.

C. BPS invariants for the trefoil knot

In this appendix, we list the BPS invariants foglﬁ for representations R with three boxes.
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