
hep-th/0312085
UW/PT-03-33
ITFA-2003-58
CERN-TH/2003-290
MAD-TH-03-5
HUTP-03/A083

Topological Strings and Integrable Hierarchies

Mina Aganagic,a Robbert Dijkgraaf,b Albrecht Klemm,c Marcos Mariño,d and Cumrun Vafae

a Department of Physics, University of Washington at Seattle
Seattle, WA 98195-1560, USA

b Institute for Theoretical Physics & Korteweg-de Vries Institute for Mathematics
University of Amsterdam, 1018 XE Amsterdam, The Netherlands

c Physics Department, University of Wisconsin at Madison
Madison, WI 53706-1390, USA

d Theory Division, CERN, Geneva 23, CH-1211 Switzerland
e Jefferson Physical Laboratory, Harvard University

Cambridge, MA 02138, USA

Abstract
We consider the topological B-model on local Calabi-Yau geometries.

We show how one can solve for the amplitudes by using W-algebra sym-
metries which encodes the symmetries of holomorphic diffeomorphisms of
the Calabi-Yau. In the highly effective fermionic/brane formulation this
leads to a free fermion description of the amplitudes. Furthermore we ar-
gue that topological strings on Calabi-Yau geometries provide a unifying
picture connecting non-critical (super)strings, integrable hierarchies, and
various matrix models. In particular we show how the ordinary matrix
model, the double scaling limit of matrix models, and Kontsevich-like ma-
trix model are all related and arise from studying branes in specific local
Calabi-Yau three-folds. We also show how A-model topological string on P1

and local toric threefolds (and in particular the topological vertex) can be



realized and solved as B-model topological string amplitudes on a Calabi-
Yau manifold.
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1. Introduction

Topological strings on Calabi-Yau threefolds have served as a unifying theme of many

aspects of string theory. They are a rather simple class of theories which relate to many

different aspects of string theory, including computing F-terms for superstring compactifi-

cations to four dimensions and equivalence with non-critical strings. Many deep phenom-

ena in string theory have a simpler and better understood description in the context of

topological strings, in particular large N transitions that encode the connections between

gauge theory and geometry.

The aim of this paper is to study the topological B-model on a special class of non-

compact Calabi-Yau threefolds and develop various techniques to solve it completely. In

the process of doing this we end up unifying a number of different areas of string theory. In

particular we will see that the topological B-model on CY backgrounds is the right language

to understand various properties of non-critical strings (see [1] for a review of non-critical

bosonic strings). For example it has been known that non-critical bosonic strings have two

different matrix model descriptions: a double scaling limit of a matrix model, in which

the string world-sheets emerge through the ’t Hooft ribbon diagrams as triangulations, as

well as a finite N matrix model, introduced by Kontsevich, in which the matrix diagrams

can be considered as open string field theory diagrams that triangulate moduli space. It

has also been known that Virasoro (or more generally W-algebra) constraints essentially

characterize the amplitudes. We will see that all these viewpoints are naturally understood

and unified into a single setting through the topological B-model on Calabi-Yau threefolds.

We will be mainly considering Calabi-Yau threefolds which are non-compact and can

be viewed as a hypersurface

zw −H(p, x) = 0, (1.1)

where z, w ∈ C and we consider cases where x, p ∈ C or C∗. One has a well defined

string theory of B-model on the corresponding Calabi-Yau geometry. We can then study

B-model in the target space of this geometry. This will give the Kodaira-Spencer theory

of gravity [2]. The observables of this theory (the modes of the ‘tachyon field’ in terms of

the two-dimensional non-critical string) correspond to variations of the complex structure

at infinity. In each patch this is described by the modes of a chiral boson φ(x), defined by

∂φ(x) = p(x).
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Quantum consistency of the Kodaira-Spencer theory of variation of complex structure

gives rise to Virasoro or more generally W-constraints. These identities in turn completely

fix the string amplitudes. The basic idea is very simple: The symmetries of the B-model

involve holomorphic diffeormorphisms which preserve the equation of Calabi-Yau (1.1) as

well as the holomorphic 3-form

Ω =
dz

z
∧ dx ∧ dp

(this is analogous to the symmetries of c = 1 strings [3]). If we turn off H(p, x) → 0 the

symmetries of the B-model will be enhanced. In fact arbitrary symplectic diffeomorphisms

of the (x, p) plane (which by definition preserve dx∧ dp) is the symmetry of this theory as

it now preserves (1.1). This is generated by arbitrary functions f(x, p) by the symplectic

flow. In the quantum theory this is theW-algebra symmetry. Shifting the background back

to H 6= 0 breaks some of this symmetry. However, the broken generators of this symmetry

corresponds to “Goldstone Bosons” which get identified with the “tachyon fields” which

deform the complex structure of the B-model. These symmetries are strong enough, as we

shall see in this paper, to completely fix the amplitudes.

The connection of the B-model to matrix model comes from two different directions,

both related to the B-branes: One is in the context of compact branes leading to large

N transitions; the other is for non-compact branes, leading to relation to Kontsevich like

matrix model with source terms determining the position of the non-compact brane.

For compact branes, as has been argued before [4,5] the topological B-model for the

class of CY given by (1.1) is a large N dual to a matrix model, where p(x) is identified

with the spectral density of the matrix, x with the eigenvalue, and H(p, x) = 0 is the large

N limit of the loop equations. The way this arises is by considering Calabi-Yau geometries

with compact B-branes wrapped over blown up P1 geometries and using the response of

the complex structure to the B-brane, which leads to a flux for the holomorphic 3-form Ω

over the three-cycle surrounding it. In particular if one is interested in having functions of

the form

H(p, x) = pr + xs + lower order terms

then one can take an Ar−1 quiver matrix theory (with adjoint matrices at the r− 1 nodes

and bifundamental for edges) and tune the potential for the adjoints suitably. The exact

finite N-loop equations for the matrix quiver theories can be derived using conformal field

theory techniques [6,5,7]. In the large N limit, with suitable tuning of these parameters,

one can end up with a function with the lower terms vanishing. This gets identified with
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non-critical bosonic string with the background corresponding to the (r, s) minimal model.

Note that this double scaling limit is not necessary to obtain a smooth string theory. It

is only necessary if one wants to get a specific non-critical bosonic string. The topological

string is a smooth string theory and does make sense for arbitrary H(p, x). The quadratic

case where

H(x, p) = p2 − x2 − µ

corresponds to the c = 1 non-critical bosonic string at self-dual radius [8].

On the other hand the variations of the complex structure at infinity can also be

induced by addition of non-compact branes to the geometry [9]. This is the topological

string analog of the back-reaction of the branes on gravity. This in particular implies

that we should be able to get the amplitudes of the closed string theory upon variation

of the complex structure at infinity, by introducing open string sectors corresponding to

branes and integrating this sector out. The open string field theory on these branes turns

out to be a Kontsevich-like matrix model whose classical action can be read off from the

Calabi-Yau geometry:

W =
1
gs

Tr
[∫

P (X)dX − ΛX
]

with P (X) obtained by solving H(p, x) = 0 and P = Λ give the classical position of the

branes. The case (r, s) = (1, 2) gives the usual Kontsevich model with action

W =
1
gs

Tr
[
1
3
X3 − ΛX

]
.

From this point of view it is natural to compute the change in the closed string partition

function, as a result of the back reaction to the presence of N branes, as a rank N matrix

integral. This explains why a closed string theory can be written both in terms of a large

N and a finite N matrix model, as it was the case for pure topological gravity.

Another interesting example we will study is given by the case where x, p are cylindrical

variables and

H(p, x) = ep + ex + 1.

This is the B-model mirror [10] relevant for the topological vertex studied in [9]. We will

show that the full topological vertex can be computed directly from the perspective of the

target space gravity.

In all these models one can also use the brane perspective for formulating and solving

the W identities. Non-compact branes turn out to be fermions of the KS theory [9] in
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terms of which the W constraints are bilinear relations. This perspective not only gives

a natural choice for certain normal ordering ambiguities, but also leads to a very simple

solution: In terms of fermions the theory is free (i.e. the corresponding state is an element

of KP hierarchy).1 However these are not ordinary free fermions: The fermions ψ(x) are

not globally well-defined geometrical objects on the Riemann surface H(p, x) = 0. First of

all, they are related to the chiral scalar through the usual bosonization formula

ψ(x) = eφ(x)/gs ,

which is not defined globally but has a natural interpretation as wave functions defined on

patches of the Riemann surface. We find that the fermions in various patches transform to

one another not geometrically but rather by Fourier-type transforms dictated by viewing

H(x, p) = 0 as a subspace of the quantum mechanical x, p phase space. Even though we do

not have a deep explanation of this fact, we can motivate it and check it in all the examples

considered here. The fact that branes transform as wavefunctions rather than as ordinary

geometric objects on the Riemann surface seems to be related to holomorphic anomaly for

topological strings [2] and its interpretation in terms of choice of polarization of quantum

mechanical system, as in the closed string context [11] as we will sketch at the end of this

paper. The fermionic formulation turns out to be a powerful viewpoint which also leads

to a unifying simple solution to the quantum amplitudes. This encompasses not only the

fact that fermions lead to the simplest description of the c = 1 non-critical bosonic string

amplitudes [12], but also for the topological vertex.

From the viewpoint of Calabi-Yau geometry the complexity of the model will be related

to the number of asymptotic infinities in the geometry of the Riemann surface H(p, x) = 0.

For example in the case of the (1, r) Virasoro minimal model, H = x−pr coupled to gravity,

we have only one asymptotic infinity (represented by x→∞). For the c = 1 string at self-

dual radius and the mirror of topological string on P1 (which we relate to specific Calabi-

Yau threefold geometry) we have two asymptotic infinities given by (p± x) →∞. For the

topological vertex we have three asymptotic regions x→∞, p→∞, (x ∼ p+ iπ) →∞. In

general when we have k boundaries the amplitudes of the theory are captured by a state in

the k-fold tensor product of a chiral boson, whose positive frequency modes represent the

deformations of the complex structure at infinity of the corresponding patch. These states

1 This generalizes the situation for c = 1 non-critical bosonic string where the amplitudes only

involve phase multiplication of fermions.
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will be the tau-function of some hierarchy captured by the corresponding W-constraints.

The brane correlations are given by suitable (“quantum”) Wick contractions of the free

fermions.

The organization of this paper is as follows: In section 2 we discuss the general setup

of non-compact Calabi-Yau geometries and branes of interest. In section 3 we discuss

deformations of complex structure on this class of Calabi-Yau and the quantum Kodaira-

Spencer theory in this context. In section 4 we discuss the back reaction of B-branes on

complex geometry, and identification of non-compact B-branes as fermions. We also discuss

the action on the branes and how this can be used to compute closed string amplitudes.

We consider two distinct ways this can be done depending on whether one is using compact

(leading to ordinary matrix models) or non-compact B-branes (leading to Kontsevich-like

matrix models). In section 5 we present a number of examples and solve each one viewed

from closed string (i.e. KS) viewpoint, large N duality viewpoint and Kontsevich-like

matrix model view point. We will focus on four classes of examples: (r, s) minimal models

coupled to bosonic strings, c = 1 bosonic string, topological string on P1, and finally the

topological vertex:

(i) H(p, x) = pr + xs + ... ↔ (r, s) minimal models coupled to gravity

(ii) H(p, x) = p2 − x2 ↔ c = 1 self dual radius coupled to gravity

(iii) H(p, x) = ep + qe−p + x ↔ Mirror of topological string on P1

(iv) H(p, x) = ep + ex + 1 ↔ Mirror of C3 (topological vertex)

In section 6 we comment on connections to non-critical (super)strings. In section 7 we end

with some open questions and concluding remarks. In appendix A we collect some facts

about the c = 1 scattering amplitudes and in appendix B we discuss some amplitudes of

the topological vertex as solutions to W-algebra constraints.

2. Topological strings on non-compact Calabi-Yau geometries

In this paper we consider B-model topological strings on non-compact Calabi-Yau

manifold X given as a hypersurface in C4

zw −H(p, x) = 0.
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These geometries allow a Ricci-flat metric that is conical at infinity [13]. The holomorphic

(3, 0) form Ω can in this case be chosen to be

Ω =
dz ∧ dp ∧ dx

z
.

One should consider B-model topological string theory as a quantization of the vari-

ation of complex structures on X [2]. If one only considers perturbation of the function

H(p, x), keeping the dependence on w, z fixed, the problem reduces essentially to one (com-

plex) dimension. In that case it helps to consider the Calabi-Yau X as a fibration over the

(p, x)-plane, with fiber the rational curve zw−H = 0. This fiber clearly degenerates — it

develops a node — on the locus

H(p, x) = 0.

This degeneration locus is therefore an affine non-compact curve.

Moreover the periods of Ω over three-cycles on X reduce, by Cauchy’s theorem, to

integrals of the two-form ∫
D

dx ∧ dp

over (real two-dimensional) domains D in the complex two-dimensional (p, x)-plane, such

that ∂D ⊂ Σ, where Σ is the analytic curve H(p, x) = 0. These integrals in turn reduce

by Stokes’ theorem (coordinate patch by coordinate patch) to∫
γ

p dx

where γ = ∂D denotes a one-cycle on the Riemann surface Σ. Thus the complex structure

deformations of the function H(p, x) are controlled by the one-form

λ = p dx.

This one-form is holomorphic in the interior of Σ, but will have in general singularities at

infinity.

There are a natural set of 2-branes (with a world-volume that has complex dimension

one) in this geometry [14]. They are parameterized by a fixed point (p0, x0) in the (p, x)

plane, and are given by the subspace

(z, w, p, x) = (z, w, p0, x0)
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where (z, w) are restricted by
zw = H(p0, x0).

That is, the brane wraps the fiber of the fibration of X over the (p, x) plane. This thus
gives us a one complex dimensional subspace which generically we can identify, say, with
the coordinate z. For simplicity we drop the 0 subscript from p0, x0 and denote them
simply by (p, x).

The worldvolume theory on these branes is given by a reduction of holomorphic Chern-
Simons down to two (real) dimensions. Its kinetic action will involve the term [14]:

1
gs

∫
dzdz p∂x

From this we see that in the brane probe the holomorphic symplectic form dp ∧ dx gives
rise to field variables p(z) and x(z) which should be considered as canonically conjugated.

In fact, from the action we read off that their zero modes, which can be identified with the
coordinates of the moduli space of these branes, will have canonical commutation relation

[x, p] = gs.

This Lagrangian structure and its quantum appearance will play a key role in this paper.

There is a more restricted class of branes, which will be very important for us. These
correspond to fixing (p0, x0) to lie on the Riemann surface C, that is on the degeneration
locus

H(p0, x0) = 0.

In this case the equation satisfied for (z, w) becomes

zw = 0,

and we can choose either z = 0 or w = 0 to satisfy it. In particular the brane in the ‘bulk,’

i.e. at arbitrary position (p0, x0), now splits to two intersecting branes on the boundary
given by H = 0. Taking any of these two branes, we can move it along the points of the
Riemann surface. In other words, the moduli of either of these branes is now given by a one
complex dimensional space that can be identified with the points on the Riemann surface
H = 0. There is a sense in which these two types of branes ‘annihilate’ one another.
What we mean by this is that, as discussed in [14], the branes in the bulk give rise to
zero amplitudes in the topological B-model. It is only after they split up on the Riemann

surface that they contribute to B-model amplitudes. In this sense we can think of these
as being ‘brane/anti-brane’ pairs.2

2 This is not strictly true as we can define the notion of anti-brane for either of these two

branes to be the same brane geometry but counting the brane number by a (−1) factor, as in [15].
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3. Classical and Quantum Complex Structure Deformation

We will be considering the B-model topological strings on non-compact Calabi-Yau

geometries which quantize the complex structure. Including the full gs corrections this

corresponds to the quantum Kodaira-Spencer theory of gravity [2].

At tree-level the B-model computes the variation of complex structure through period

integrals. In the case of a compact Calabi-YauX one picks a canonical basis of three-cycles

(Ai, Bi) of H3(X) and compute the periods

si =
∮

Ai

Ω, Fi =
∮

Bi

Ω.

These periods are not independent, but satisfy the special geometry relation

Fi(s) =
∂F0

∂si

in terms of the prepotential F(s). Mathematically these identities express the fact that

the image under the period map of the (extended) moduli space of X forms a Lagrangian

submanifold of H3(X,C).

Quantum Kodaira-Spencer theory associates to these data, using the concepts of geo-

metric quantization, a quantum wave function |X〉 [11,16]. In the full quantum theory the

A and B periods become canonically conjugate operators, with commutation relations[∮
Ai

Ω,
∮

Bj

Ω

]
= g2

sδij .

The closed string coupling g2
s plays here the role of h̄. The topological string partition

function should be considered as the wave function of the quantum state in the coordinate

basis of the A-cycle periods si

Z(s) = 〈s|X〉.
In this way the tree-level prepotential F0(s) gets replaced by the full string partition

function, including all the higher genus quantum corrections

Z(s) = expF(s), F(s) =
∑

g

g2g−2
s Fg(s).

In the WKB approximation the B-cycle periods, that play the role of dual momenta to

the A-cycle periods si, are given by∮
Bi

Ω = g2
s

∂F
∂si

∼ ∂F0

∂si
.
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All of this is highly reminiscent of the way chiral blocks in two-dimensional CFT are

described.

The CY geometries we consider in this paper are non-compact and are given by the

hypersurface

zw −H(p, x) = 0.

In particular we will be considering complex deformations of the Calabi-Yau involving

varying H(p, x) only. We will consider situations where the complex structure of the curve

H = 0 can be changed at ‘infinity’ only. This is of course not generally the case, for

example when H defines a higher genus Riemann surface, which has normalizable moduli.

In such cases we decompose the Riemann surface to pants and apply our constructions

below to each of the components, and deal with the more general situation by the gluing

constructions.

Taking this into account, we thus consider situations where H = 0 corresponds to

a genus 0 surface with a number of boundaries. Near each of the boundaries we choose

a local coordinate x such that x → ∞ at the boundary. We also choose a symplectic

completion p(x) such that the canonical one-form can be written as

λ = p dx.

We now want to consider variations of the complex structure at this infinity x = ∞. To

this end we introduce a scalar field φ(x) such that

λ = ∂φ.

This we do at each boundary component. In other words, we have the relation p(x) = ∂xφ.

Classically, we choose the expectation value

〈φ(x)〉 = φcl(x)

such that

∂xφcl = pcl(x)

where pcl(x) is obtained by solving the relation H(pcl(x), x) = 0 near the point x = ∞.

If we consider H(p, x) as a Hamiltonian function on a phase space (p, x), the complex

curve Σ given by H = 0 is the level set of fixed energy and gets an interpretation as a

Fermi surface in the corresponding fermion theory. The one-form λ is nothing but the
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Liouville form pdx. From this point of view the equation pcl = ∂xφ is just the standard

Hamilton-Jacobi relation that gives the classical action φ(x) for a solution with H = 0.

The field φ(x) should be considered as a chiral bosonic scalar field, and arbitrary chiral

deformations of it correspond to complex deformations of the surface near x = ∞. When

we consider the most general deformation of the complex structure of the surface near this

point, according to the Kodaira-Spencer picture, this is equivalent to a reidentification of

p and x. Namely we can consider a general Laurent expansion around x = ∞ of the form

p(x) = ∂φ(x) = pcl(x) + t0x
−1 +

∑
n>0

ntnx
n−1 +

∑
n>0

Fnx
−n−1.

(Note that in some of our examples x is a periodic variable, in which case we consider

enx as the expansion series instead of the powers xn, i.e. we make a Fourier expansion

instead of a Laurent expansion.) Since the space is non-compact near x = ∞, there are

no restrictions on the coefficients tn. Since they multiply the non-normalizable modes of

∂φ they should be considered as boundary values, or in the language of the AdS/CFT

correspondence, as coupling constants. (The zero-mode t0, which is log-normalizable and

has no conjugated partner, should be discussed separately, as we will.)

However the coefficients Fn that multiply the normalizable modes, that are irrelevant

at x→∞, are expected to be fixed by the rest of the Riemann surface data. In fact, viewing

φ(x) as a quantum field, the positive and negative frequency modes are not independent. In

particular they are conjugate variables, with commutator proportional to g2
s coming from

Kodaira-Spencer action, just as was the case for the compact periods that we discussed

before. We can therefore view (in leading order in gs) Fn as

Fn = g2
s

∂F
∂tn

,

where F(tin) is the free energy of the theory (which at tree-level is given by Φ ∼ F0/g
2
s).

Here we consider the free energy as a function of the infinite set of couplings tin, where

i = 1, . . . , k runs over the number of boundary components and n ≥ 0. More precisely, in

the full quantum theory the coefficients Fn are realized as the dual operators

Fn = g2
s

∂

∂tn
.

Equivalently, we can think of the free energy F as defining a state |V 〉 in the Hilbert

space H⊗k, where H denotes the Hilbert space of a single free boson and k is the number
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of asymptotic infinities. The consistency of the existence of a unique function F and the

consistency of these expansion in each patch completely fixes F as we will discuss later in

this section.

This is best understood in terms of coherent states. If we introduce the standard

mode expansion of a chiral boson

∂φ(x) =
∑
n∈Z

αnx
−n−1, [αn, αm] = ng2

sδn+m,0, (3.1)

then the coherent state |t〉 is defined as

|t〉 = exp

(∑
n>0

tnα−n

)
|0〉. (3.2)

In this representation we have, with k boundary components, the relation

expF(t1, . . . , tk) = 〈t1| ⊗ · · · ⊗ 〈tk|V 〉. (3.3)

Note that in this representation of the state |V 〉 ∈ H⊗k as a coherent state wave function,

the annihilation and creation operators α±n are represented as

α−n = ntn, αn = g2
s

∂

∂tn
. (3.4)

3.1. Framing and the W algebra

Before discussing how F can be determined by this consistency condition, we will

discuss the notion of choice of coordinate, or what we will call framing.

Given an asymptotic point x→∞, and the choice of the one-form λ = pdx, we can ask

how unique this choice of λ is? We can in particular consider coordinate transformations

of the form

x→ x+ f(p)

keeping p fixed. These are canonical transformations in the sense that the pair (p, x+f(p))

is still symplectic conjugated. This type of change of variables we call framing.

Consider a general analytic expansion of f(p),

f(p) =
∑
n≥0

anp
n.
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For a quantum chiral scalar any change of the local coordinate δx = ε(x) is implemented

by the operator ∮
ε(x)T (x)dx

acting on the Hilbert space H, where

T (x) =
1
2
(∂φ)2

is the energy momentum tensor. In the case at hand we have

ε(x) = f(p(x)) =
∑
n≥0

anp
n(x) =

∑
n≥0

an(∂φ)n

thus the corresponding quantum operator that implements this framing is given by

1
2

∑
n≥0

an

∮
dx (∂φ)n+2 =

∑
n≥0

anW
n+2
0 , (3.5)

which is given by the linear combination of zero modes of a W1+∞ algebra. In one of the

examples relevant for this paper (the topological vertex) the x and p are periodic variables

and the only non-trivial framing deformation is of the form

f(p) = rp

where r is an integer. This leads to the action of the zero mode of the W 3 generator on

the Hilbert space,

W 3
0 =

∮
dx(∂φ)3, (3.6)

as we will note later.3 Notice that this operator, when written as a differential operator

on coherent wave state functions, is the “cut and join” operator considered for example in

[19].

3 The relevance of this W∞ algebra in the context of N = 2 gauge theory has been noted in

[17]. Its modification on the topological vertex as turning on arbitrary Casimirs on the edges as

propagators has been noted by [18].
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3.2. Broken W-symmetry and Ward identities

We will now turn to the general philosophy that we will use in this paper to deter-

mine the full partition function in the relevant examples. The starting point here is the

underlying symmetry of the problem. From the point of view of the three-dimensional

Calabi-Yau X these symmetries are obviously given by the global diffeomeorphisms that

preserve the choice of the holomorphic volume-form Ω (or equivalently the choice of com-

plex structure). When we consider the reduction the two dimensions, these symmetries

are implemented as diffeomorphisms of the (p, x) plane that preserve the symplectic form

or holomorphic area dp∧dx. Equivalently they are therefore given by general holomorphic

canonical transformations of the phase space variables (p, x).

The corresponding Lie algebra of infinitesimal transformations is given by the infinite-

dimensional algebra W1+∞. The Hamiltonian vector fields that generate these transfor-

mations can be locally identified with general polynomials f(p, x). The infinitesimal action

of these Hamiltonians is just

δx =
∂f(p, x)
∂p

, δp = −∂f(p, x)
∂x

. (3.7)

(Subsequently, we will often assume these canonical transformation to be linear transfor-

mations, i.e., to be Sp(2,R) ∼= SL(2,R) transformations, but that is not necessary at this

point in the discussion.)

However these symmetry considerations do not yet take into account the presence of

the curve

H(p, x) = 0,

which is the locus where the fibration over the (p, x) plane degenerates. Only if H vanishes

identically (or is a constant), the full symplectic diffeomorphism group will act as unbroken

symmetries. If H is not identically zero, most of this symmetry group will be broken. A

typical transformation will deform the level set H(p, x) = 0 and therefore will generate

a deformation of the complex structure. In fact, the Kodaira-Spencer field φ(x) can be

viewed as the “Goldstone boson” for these broken symmetries.

Typically we have one Goldstone boson for each broken symmetry. Here, the story

is slightly different: We consider the Cartan subalgebra of W1+∞ and realize it as the

analog of “Goldstone bosons”. In the x-patch these correspond to generators xn, giving

the tn generators. The rest of the generators of W1+∞ are not independent and can be
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written in terms of the corresponding tn modes. For example, another natural Cartan

subalgebra given by generators pn, which as we discussed in the last section are identified

with the framing, can be written in terms of the zero modes of (∂φ)n. This is similar to the

situation considered in [20] where some spacetime symmetries are broken and only a subset

of broken symmetries are realized as Goldstone bosons (the simplest example being a flat

D-brane which breaks both translational and rotational symmetries but only translational

symmetries are realized as massless Goldstone bosons on it).

Precisely because of this realization of the symmetry algebra we have a huge left-over

constraint: One for each generator of the W1+∞, which are far more than the Cartan

generators. Apart from this fact, the situation is just as in other physical applications:

even though the symmetry group is broken, the broken symmetries are still important –

they give rise to Ward identities that can be used to constrain (and sometimes even solve)

the scattering amplitudes of the Goldstone bosons. This will be the approach that we take

in this paper. We will implement the Ward identities of the broken W-symmetries and

thus solve for the full string free energy F(t) as a function of the coupling constants or

deformation parameters tn at the boundaries. We will now sketch the general features of

this approach, leaving details to later sections when we discuss explicit examples and when

can use the full power of the reformulation in terms of D-branes.

Note that the subgroup of W1+∞ of the form H(p, x)f for any f will still be a sym-

metry even after we shift the vacuum. This is responsible, as we will discuss later for the

fact that the brane amplitudes are annihilated by H(p, x).

Let us first consider the classical (tree-level) situation. So we ignore all gs effects.

We consider deformations of the curve H(p, x) = 0, where we allow singularities at the

various points at infinity. We parameterize these points at infinity with local coordinates

{xi = ∞}, with i = 1, . . . , k and k the number of boundary components. At each of these

points we have an expansion of the KS field of the form

pi = ∂φi = pcl
i (xi) + ti0x

−1
i +

∑
n>0

ntinx
n−1
i + g2

s

∑
n>0

∂F
∂tin

x−n−1
i , (3.8)

for a single, global function F(t1n, . . . , t
k
n).

The local symplectic coordinates (pi, xi) around the points xi = ∞ are related by

canonical transformations, as we will see in more detail in a moment. For a two-dimensional

phase space general canonical transformations are just area-preserving diffeomorphisms.

Of course there is at each base point x = ∞ a local framing ambiguity, given by the Cartan
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subalgebra of W1+∞ that fixes the conjugate variable p. This is captured by the action of

the generators on the local coherent state |ti〉, as we discussed in the previous section.

Now consider the action of a W1+∞ element generated by a Hamiltonian f . In local

coordinates (pi, xi) this Hamiltonian is given by the function f(pi, xi). Let us assume that

it is of the form

f(pi, xi) = pn
i x

m
i .

This element implements the transformation

δxi = npn−1
i xm

i , δpi = −mpn
i x

m−1
i .

Ignoring all quantum normal ordering ambiguities, which we will return to after we discuss

branes and fermions in the next section, this generator is implemented in the KS theory

as the mode Wn+1
m of the W-current

Wn+1(x) ∼ 1
n+ 1

(∂φ)n+1,

namely

Wn+1
m =

∮
Ci

xm
i W

n+1(x) ∼
∮
Ci

xm
i

1
n+ 1

(∂φ)n+1

Here the contour Ci encloses the given puncture. When written in terms of the local

parameters tin these W-generators act as order n + 1 differential operators. Particularly

relevant is the case of the spin one current W 1 = ∂φ. Its modes correspond to the

Hamiltonians f(p, x) = xm. They generate the pure deformations of the field ∂φ(x) = p

δx = 0, δp = mxm−1.

That is, they generate (locally) the linear flows ∂/∂tin.

In this way we get a local action of the W-algebra at each puncture. But there is

one very important and non-trivial relation between all these actions: they should all

parameterize the deformations of the same analytic curve. That is, if we introduce a

deformation (3.8) at the puncture Pi = {xi = ∞}, this will induce deformations at all

other punctures Pj = {xj = ∞}. The deformed functions pj(xj) which are given in terms

of the local expansions of the Kodaira-Spencer field φ should all describe, in different

coordinate patches of course, one and the same analytic curve.

16



This condition relates the various local actions in terms of a global Ward identity.

This identity takes the symbolic form〈∑
i

∮
Ci

W

〉
= 0. (3.9)

Equivalently, one can think of deforming the contour Ci around Pi over the Riemann surface

into contours Cj encircling the other punctures Pj . We claim that this Ward identity is

sufficient to solve for the partition function. However, in order to do so, we first have to

relate the mode expansion of the W currents in the local patches. For this we have to

know how the Kodaira-Spencer field φ(x) transforms from patch to patch.

3.3. Canonical transformations and Kodaira-Spencer field

For simplicity let us assume there are two punctures with local coordinates x and x̃.

At each puncture we have the canonical one-form that can be written as p dx respectively

p̃ dx̃. These two one-forms should coincide up to a gauge transformation, so we have a

relation of the form

pdx− p̃dx̃ = dS.

This expresses the fact that the pairs (p, x) and (p̃, x̃) are related by a canonical transfor-

mation, if we extend the coordinate transformation to the full (p, x) plane. That is, we

have

dp ∧ dx = dp̃ ∧ dx̃.

That this symplectic two-form is preserved is of course also obvious from the fact that is

given by the reduction of the holomorphic three-form of the Calabi-Yau space.

In general such a canonical transformation is given in terms of a generating function

S(x, x̃) that satisfies by definition

p =
∂S(x, x̃)
∂x

, p̃ = −∂S(x, x̃)
∂x̃

. (3.10)

At each puncture we can introduce the local Kodaira-Spencer scalar fields

p(x) =
∂φ

∂x
, p̃(x̃) =

∂φ̃

∂x̃
. (3.11)
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If we plug-in this form for p and p̃ into (3.10) we get

∂φ(x)
∂x

=
∂S(x, x̃)
∂x

,

∂φ̃(x̃)
∂x̃

= −∂S(x, x̃)
∂x̃

.

(3.12)

Note that in this formulation the variable x̃ starts out as a function of both x and p.

Once we give p = ∂φ(x) the relation between x̃ and x is implicitly determined by (3.12).

In the final equations the function S should be regarded as given once and for all (it

just determines the coordinate transformation) and the two functions φ and φ̃ should be

considered as the variables that are expressed into each other.

Each of these fields has a mode expansion of the type (3.8) given (at tree-level) in

terms of the genus-zero free energy F0 and the couplings

∂φ(x) =
∑
n>0

n tnx
n−1 +

∑
n>0

∂F0

∂tn
x−n+1

∂φ̃(x̃) =
∑
n>0

n t̃nx̃
n−1 +

∑
n>0

∂F0

∂t̃n
x̃−n+1.

(3.13)

Given the relation between the fields φ(x) and φ̃(x̃) we can clearly obtain in this way

constraints on the free energy F0(t, t̃).

It is interesting to consider a small fluctuation φqu around the classical value φcl. If

we write

∂φ = ∂φcl + ∂φqu,

one easily verifies4 that the field ∂φqu transforms as

∂φ̃qu(x̃)dx̃ = ∂φqu(x)dx.

That is, the field φqu is a globally defined scalar field on the Riemann surface. Of course

for finite values the transformation rules for φqu are highly non-linear.

4 To see this, note that expanding (3.12) about the classical solution we have

∂φqu(x) =
∂2S

∂x∂x̃
(x, x̃cl) δx̃, ∂φ̃qu(x̃) = − ∂2S

∂x∂x̃
(xcl, x̃) δx

where δx, δx̃ are the corresponding small fluctuations in x, x̃. It follows that ∂φqu(x) =

−∂φ̃qu(x̃cl)
δx̃
δx

, and since x̃ = x̃cl(x) + δx̃ = x̃cl(xcl(x̃) + δx) + δx̃ implies that δx̃ = − ∂x̃cl
∂x

δx,

the claim follows.
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We will see in the next section that the correct physical interpretation of equations

(3.12) is as the semi-classical (gs → 0) saddle-point approximation of the relation

eφ̃(x̃)/gs =
∫
dx e−S(x,x̃)/gseφ(x)/gs . (3.14)

We now know, at least at tree-level, how both the coordinate x and the field ∂φ = p

transform from patch to patch. Therefore these formulas can now be used to determine

the transformation of the W-currents from patch to patch. From these transformation

laws we can then read off the Ward identities and in the end solve for the free energy, as

we will demonstrate in many concrete examples later.

3.4. Linear transformations and quantization

As a small aside we will make the above formalism a bit more transparent by consider-

ing the case of a linear canonical transformation. So let us consider a SL(2,R) ∼= Sp(2,R)

transformation
p̃ = ap+ bx

x̃ = cp+ dx
(3.15)

with

g =
(
a b
c d

)
∈ Sp(2,R), ad− bc = 1.

Now these relations can be written (for c 6= 0) as

p =
1
c

(−dx+ x̃)

p̃ =
1
c

(x+ ax̃)

so that the generating function is given by

S(x, x̃) =
1
2c
(−dx2 + 2xx̃− ax̃2

)
In this case one can straightforwardly go to the quantization, where x and p become

conjugate variables with gs playing the role of h̄

[x, p] = gs. (3.16)

We now want to consider these variables as operators acting on wave-functions Ψ(x) with

p = −gs
∂

∂x
.
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As is well-known, linear canonical transformations can be unambiguously carried over

to the quantum case. There is an (almost) unique lift of the Sp(2,R) element g to a

unitary operator U(g) on the quantum mechanical Hilbert space V of L2 wave-functions.

This representation is known as the metaplectic representation. The metaplectic group

Mp(2) is a two-fold cover of the symplectic group Sp(2,R).

It might be helpful to remind the reader that the metaplectic representation can be

considered as the bosonic analogue of the spinor representation of the group Spin(n),

defined as a double cover of SO(n). Indeed, for a given a symmetric form hij spinors are

obtained as representations of the Clifford algebra

γiγj + γjγi = hij .

One then writes half of the γi as fermionic creation operators θa and the other half as

fermionic annihilation operators πa = ∂/∂θa. A spinor is then simply a function Ψ(θ) of

these anti-commuting variables. The generators of Spin(n) are written as anti-symmetric

quadratic expressions in the θa and πa.

Similarly, in case of a (non-degenerate) anti-symmetric form ωij one now starts with

a representation of the Heisenberg algebra

ξiξj − ξiξj = ωij .

After one picks a polarization in terms of coordinates xa and momenta pa = ∂/∂xa, the

representations of this algebra are given by square-integrable wavefunctions Ψ(x). Because

the xa are bosonic, this representation is infinite-dimensional, in contrast with the fermionic

spinor representations. In complete analogy, the metaplectic representation of the group

Mp(n), now defined as the double cover of Sp(n), is generated by the symmetric quadratic

functions in the variables xa and pa.

In the two-dimensional case the infinitesimal generators of Sp(2) are given by

J+ = x2,

J0 = xp+ px = −gs{x, ∂x},
J− = p2 = g2

s∂
2
x.

In the metaplectic representation the kernel of the matrix U(g) is essentially given

by the exponential of the generating function S(x, x̃) that we have just determined. More

precisely, including the full gs dependence, we have the transformation law

U(g)Ψ(x̃) =
∫

dx√
2πgsc

exp
[

1
2gsc

(
dx2 − 2xx̃+ ax̃2

)]
Ψ(x).
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Note that all these integrals should be considered as contour integrals in the complex x-

plane, where the choice of contour is determined such that the integral makes sense. There

is a square-root ambiguity in this action that in the end requires the double-cover.

The case we will use often is when the linear canonical transformation corresponds to

the element of SL(2,Z),

S =
(

0 −1
1 0

)
∈ SL(2,Z)

that interchanges the coordinate and the momentum

p̃ = −x,
x̃ = p.

This is of course quantum mechanically implemented by the Fourier transform

U(S)Ψ(x̃) =
∫

dx√
2πgs

exx̃/gsΨ(x).

4. B-Branes

Branes have played a key role in a deeper understanding of superstrings. It is thus

not surprising that also for topological strings they play a key role. As we will find, in

terms of brane degrees of freedom, the topological string amplitudes become very simple.

In the context of superstring target space, branes are defined by their impact on

gravitational modes, as sources for certain fields. A similar story is also true for topological

string for branes. In particular consider a one complex dimensional subspace inside the

Calabi-Yau with N B-branes wrapped over it. Then as discussed in [9] this affects the

closed string modes by changing the periods of the holomorphic threeform Ω. Namely, let

C be a 3-cycle linking the B-brane world-volume. Then we have the following change in Ω

∆
∫

C

Ω = Ngs. (4.1)

So the operator that creates a brane shifts the value of the period (and therefore the

complex structure) in the dual cycle. Note that this back reaction is invisible at tree-level.

The importance of the branes for us is to use the action on the world-volume of the

branes to find the closed string amplitudes. This is the familiar story that integrating out

the open string sector gives the closed string results for the deformed geometry. Symboli-

cally we can write this effect as

Zclosed(m)Zopen = Zclosed(m′) (4.2)
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where m denote the closed string moduli of the Calabi-Yau where the branes live and m′ is

the deformed string moduli including the back reaction of the branes. This will depend on

the location of the brane, through (4.1). The back reaction can be obtained by integrating

out the open string sector. In other words we have

Zopen = Zclosed(m′)/Zclosed(m). (4.3)

In many cases of interest the full relevant moduli dependence is in m′ and this becomes

an efficient method to compute closed string amplitudes.

We will be considering two kinds of B-branes: B-branes wrapped over (i) compact

cycles or (ii) non-compact cycles. In the first case of compact cycles, where we consider

branes wrapped on P1 cycles, we get geometric transitions where a P1 shrinks and the

Calabi-Yau undergoes the conifold transition with an S3 emerging. In that case we obtain

a new homology class and a corresponding new period integral. In the non-compact case

the geometry of the brane is C and the geometry of Calabi-Yau is modified at infinity. It

this latter case that we will predominantly focus on in this paper. We can also have both

types of branes present and we will also briefly comment on that.

4.1. Compact Branes

The geometry will contain P1’s near each of which the CY looks locally like O(−1)⊕
O(−1) → P1, where the B-brane is wrapped over P1. The three cycle surrounding P1 in

this case is an S3. The gravity back reacts, as discussed above, by∫
S3

Ω = Ngs.

This suggests, as was first conjectured in the mirror context in [21] that the Calabi-Yau

undergoes a transition where P1 shrinks and S3 grows and the size of S3 is given by

S = Ngs.

A class of examples which exhibits this geometry is given by the Calabi-Yau defined as a

hypersurface

zw − p2 +W ′(x)2 = 0, (4.4)

where W ′(x) is a polynomial of degree n in x. Near each critical point W ′(x) = 0 we have

a conifold singularity which we can blow up to a P1. Around each of the P1’s we can wrap
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Ni B-branes, as 1 = 1, ..., n. Then as conjectured in [22] this undergoes a transition to a

geometry with n S3’s replacing the n P1’s

zw − p2 +W ′(x)2 + f(x) = 0,

where f(x) is a polynomial of degree n−1 in x, whose coefficients are fixed by the condition

that the size of each S3 is

Si = Nigs.

In the context of topological string this duality was explored in [4]. In particular the open

string field theory was identified with a 2d holomorphic Chern-Simons theory which was

shown to reduce to a matrix model with action

S = TrW (Φ)/gs,

and thus it leads to the conjecture [4]:

Zclosed(Si) =
∫
DΦ exp(−TrW (Φ)/gs) (4.5)

We will explore aspects of this correspondence later in this paper.

4.2. Non-compact Branes

Consider non-compact branes that we discussed before, whose moduli are parame-

terized by a point on the Fermi surface H(p, x) = 0. In the presence of these branes,

(4.1) implies a change in the integral of the 1-form λ = pdx, which is the reduction of Ω

(integrated along two of the normal directions). In this reduction the period of λ, inte-

grated around the point P on the Riemann surface where the brane intersects, receives a

non-trivial contribution: ∮
P

λ =
∮

P

∂φ = gs.

Let ψ(P ) denote the operator creating a brane at the point P on the surface. Then we

have the following identity inside correlation functions

〈· · ·
∮

P

∂φ ψ(P ) · · ·〉 = gs〈· · ·ψ(P ) · · ·〉

which implies that the brane creation operator affects the closed string sectors by

ψ(z) = exp(φ(z)/gs). (4.6)
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This means that the brane is the fermion associated to φ by the standard bosonization

rules. This fact was pointed out in [9]. Note that (4.6) is also consistent with the fact that

the classical action for the fermionic brane at position z is given by [14]

S(z) =
1
gs

∫ z

λ = φ(z)/gs. (4.7)

Similarly the anti-brane is defined by the condition that it gives the opposite change in

the period integral which means that it is given by the conjugate fermion:

ψ∗(z) = exp(−φ(z)/gs) (4.8)

The action for the anti-brane is negative that of the brane and we have Zbrane =

1/Zanti−brane.

Now consider the Kodaira-Spencer theory in the context of the discussion of the

previous section where the relevant geometry is described by the deformation of a Riemann

surface H(p, x) = 0. Let x→∞ denote a coordinate for asymptotic infinity of the Riemann

surface. Suppose we put branes at positions xi near this asymptotic patch. Then the

gravitational backreaction is given by

∏
i

ψ(xi) =
∏

i

exp(φ(xi)/gs) =
∏
i6=j

(xi − xj) exp

(∑
i

φ(xi)/gs

)
.

If we compute the expectation value 〈∂φ(x)〉 in this background we find

〈∂φ(x)〉 = gs

∑
i

1
x− xi

= gs

∑
n>0

x−n
i xn−1 (4.9)

which means that, apart from the prefactor which measures the interaction between the

branes, we have turned on a background given by the couplings

tn =
gs

n

∑
i

(xi)−n

for n > 0. The momentum of φ (related to the t0 mode) is also shifted by the number of

fermions we put in. We could also consider putting anti-branes, which would give a similar

formula as above, except that we have

tn =
gs

n

∑
±(xi)−n
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where ± is correlated with whether we have put a brane or anti-brane at xi and also we

get a prefactor of (xi − xj)±1 depending on whether we put branes of the same type or

opposite type at xi and xj .

We can now recast the amplitudes in terms of branes. Namely, if we put N branes at

positions x1, . . . , xN in the local x-patch, the corresponding correlation function is given

by

〈N |
N∏

i=1

ψ(xi)|V 〉 = eF(t)
∏
i<j

(xi − xj). (4.10)

Here we have considered the case with one asymptotic infinity. If we have s asymptotic

infinities, we can consider putting one stack of branes for each asymptotic region and

recover F . We can also use this relation to write the state |V 〉 directly in the fermionic

basis. We will return to this below.

4.3. Branes and wave functions

As we discussed above, inserting a fermion ψ(x) at a point on the Riemann surface

corresponds in the Calabi-Yau manifold, to inserting a B-brane there. Since the B-branes

are globally well defined objects this would seem to imply that the fermions are free. As

we will explain below, this is basically true, however the relation to B-branes implies that

the fermions have rather unusual property in going from patch to patch. This was in fact

discussed in the previous section and we will restate it here in terms of the wave functions

for fermions.

Let us consider the world-volume theory on the brane. In fact, let us insert a B-brane

in an asymptotic patch xi →∞. Since the D-brane is non-compact the partition function

of the D-brane is a wave function Zopen(xi) depending on xi, since this is what is fixed at

infinity on the world-volume of the D-brane. Let us denote this by

Zopen(xi) = Ψ(xi).

On the other hand, as we have argued above, in the Kodaira-Spencer theory this corre-

sponds to inserting a fermion ψ = eφ/gs at x = xi, i.e. we have

Ψ(xi) = 〈ψ(xi)〉. (4.11)

Since Ψ(xi) is a wave function, it transforms like one in going from patch to patch.
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More precisely, in this patch, we really have a symplectic pair of variables (xi, pi). In

terms of the theory on the B-branes the variables xi and pi correspond to the zero modes

of fields that are canonically conjugate, so [pi, xi] = gs. The wave function Ψ(xi) forms a

metaplectic representation of this algebra, and by (4.11), so does ψ(xi).

Consider another patch with symplectic pair of coordinates (pj, xj) and the corre-

sponding fermion. Than we have that (pi, xi) and (pj , xj) are related by a canonical

transformation preserving the symplectic form dxi ∧ dpi = dxj ∧ dpj , with a generating

function S(xi, xj). This acts in the usual way on the wave functions of Ψi, so ψi(xi) must

transform in the same way as well,

ψj(xj) =
∫
dxi e

−S(xi,xj)/gs ψi(xi). (4.12)

In terms of the bosons ψ(x) = eφ(x)/gs , this is what we anticipated in (3.14).

In particular, if we restrict to linear transformations g ∈ Sp(2,R), we find that the

fermion field ψ(x) transforms in the metaplectic representation

ψj(xj) = U(g)ψi(xi).

This transformation property is immediately clear at tree-level if we make use of

the relation to the Kodaira-Spencer field through the back reaction. Using the bosoniza-

tion/fermionization formulas we see that the one-point function of the brane creation

operator

Ψ(x) = 〈ψ(x)〉

can be expressed as

Ψ(x) = exp
1
gs

∫ x

p(x)dx = exp
1
gs
φ(x).

But this is just the WKB approximation for a wave function! The transformation rules for

the boson φ(x) that we found in section 3 therefore immediately imply the transformation

rules for the fermion/brane. In fact, these rules become more transparent from the brane

perspective. Starting from the linear action of the coordinate transformation in the Hilbert

space of brane wave function ψ(x), one derives the non-linear action on the space of

Kodaira-Spencer fields φ(x).

Recall that the boson φ(x) has a classical piece, corresponding to the background

geometry, and a fluctuating quantum piece:

φ(x) = φcl(x) + φqu(x),
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The classical piece is given by the integral of the canonical one-form on the Riemann

surface, φcl(x) =
∫ x

p dx. It is the field φqu(x) that creates the quanta of the Kodaira-

Spencer field. Similarly we have to distinguish the classical contribution to the fermions

that create branes/anti-branes

ψ(x) = eφcl(x)/gsψqu(x), ψ∗(x) = e−φcl(x)/gsψ∗qu(x).

Note that only the full expression ψ(x) transforms in the metaplectic representation. So,

in all the above formulas one should always subtract the classical contribution to find the

transformation rules for the quantum field ψqu(x).

In particular, in the case of small quantum fluctuations we see that we can approximate

(4.12) by a Gaussian integral. This implies that in this approximation ψqu transforms as

ψqu
j (xj)(dxj)

1
2 = ψqu

i (xi)(dxi)
1
2 .

So, in this limit the fermions do transform as actual global spin 1/2 field on the Riemann

surface. This fact is well-known in quantum mechanics — wavefunctions transform as half

differentials. This is directly related to another fact. The loop momenta∮
∂φ =

∮
p dx

of the boson φ(x) are globally well-defined. The invariance of these periods of the Liouville

form under canonical transformations is well-known in classical and quantum mechanics.

In our present context they are just the projections of the period of the holomorphic 3-form

Ω on the Calabi-Yau threefold. In terms of the branes/fermion we have

∂φ = ψ∗ψ

and therefore the periods are given by the “norm” of the wave function∮
∂φ =

∫
dxψ∗(x)ψ(x).

In order to make sense of this expression in different coordinate patches the fields ψ, ψ∗

should transform as a half-differential – a fact well-known from quantum mechanics.

Coming back to the one-point function Ψ(x) = 〈ψ(x)〉, we note that it is not given by

an arbitrary wave function. Semi-classically it obviously satisfies the Schrödinger equation

H(p, x)Ψ(x) = 0
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where the Hamiltonian is given by the equation of the Riemann surface! As discussed

before, this is a reflection of the unbroken part of the W-algebra symmetry when we shift

to the H(p, x) background. We have found that this fact generalizes in many settings to

the full quantum theory. For example, for the topological vertex this fact immediately

leads to the quantum dilogarithm as giving the full quantum amplitudes with one set of

Lagrangian branes in C3, as we will discuss later. In general however, there are normal

ordering ambiguities in writing H(p, x), which make this difficult to use. We will return

to this below, where we will provide a way to resolve these normal ordering ambiguities.

4.4. The quantum free energy F and B-branes

In this subsection we explain how one can use the formulation in terms of branes and

the W1+∞ symmetries of the theory to compute the quantum free energy, in terms of an

infinite sequence of Ward identities that the amplitude |V 〉 satisfies. This in particular

provides the correct normal ordering prescription for the W1+∞ symmetry generators.

Suppose we pick a patch, say xi → ∞ corresponding to a point Pi on the Riemann

surface. In this patch, consider an action of the W1+∞ generator given by the Hamiltonian

f(xi, pi) = xm
i p

n
i .

Quite generally, such a Hamiltonian is represented in the fermionic representation as

Wn+1
m =

∮
Pi

ψ∗(xi) xm
i p

n
i ψ(xi).

As we discussed in section 3, the W actions preserve the symplectic form and they gener-

ate broken symmetries of the theory corresponding to repameterizations of the Riemann

surface, provided their action is regular. This action generalizes the framing ambiguity

which also acts as W-algebra in the fermionic basis. Namely [23] the generators are given

by fermion bilinears Wn+1
0 .

In the case of one puncture, the W symmetry implies that its generators annihilate

the state: ∮
P

ψ∗(x) xmpn ψ(x)|V 〉 = 0. (4.13)

When there is more than one puncture, the symmetry generators do not annihilate the

state |V 〉 but get related to shifting of coordinates on other punctures:∮
Pi

ψ∗(xi) xm
i p

n
i ψ(xi)|V 〉 = −

s∑
j 6=i

∮
Pj

ψ∗(xj) xi(xj , pj)mpi(xj , pj)n ψ(xj)|V 〉. (4.14)

28



In the above equation, xi = xi(xj , pj) and pi = pi(xj , pj) correspond to the canonical trans-

formations of coordinates between the different patches, so (4.14) is simply a consequence

of how the fermions transform. In all cases we will restrict to SL(2,Z) transformations.

The transformations relating different patches could have been relaxed to arbitrary sym-

plectic transformations, however the normal-ordering ambiguities in terms of defining these

in general give rise to many different solutions related by subtle quantum ambiguities, so

we will not consider this.

The Ward identities that the symplectic reparameterization imply are sufficient to fix

the state |V 〉 (Strictly speaking this is true for Riemann surfaces of genus zero. There is a

subtlety here for higher genus Riemann surfaces, to which we will return later). To solve

the Ward identities for |V 〉 it is useful to bosonise the fermions, and evaluate (4.14) in

an arbitrary coherent state 〈t| = 〈t1| ⊗ . . . ⊗ 〈ts|. This gives rise to a set of differential

equations for the free energy, as we have for example,

〈t|
∮

Pi

e−φ(xi)/gsxi
m pn

i e
φ(xi)/gs |V 〉

=
∮

Pi

e−φ(xi; tk,∂k)/gs (gs∂xi
)n xm

i eφ(xi; tk,∂k)/gseF(t).

These can be solved recursively, genus by genus: expanding (4.14) in power series in gs

as well as the free energy, F(t, gs) =
∑

g Fg(t) g2g−2
s , one first gets a set of differential

equations satisfied by F0(t). Solving this, at next order g2
s order we get a Ward identity

for F1(t) and so on.

We discussed above that the generators of W1+∞ algebra that give rise to symmetries

of the theory correspond to those symplectic coordinate transformations which are regular

on the Riemann surface. Note that, in the classical limit – more precisely, in the limit

where the Kodaira-Spencer theory becomes an ordinary theory of a globally defined free

chiral boson on a Riemann surface – the generators must correspond to symmetries of this

classical theory, which are well known. The Ward identities (4.14) reduce in this limit to∫
Pi

xm
i pi(xi)n∂φ(xi) = −

s∑
j 6=i

∫
Pj

xi(xj)mpi(xj)n ∂φ(xj).

where pi = pi(xi) is the classical equation that pi satisfies on the Riemann surface. This

generates a symmetry provided xm
i pi(xi)n are holomorphic on the punctured Riemann

surface. In the following sections we will see many examples of how W1+∞ symmetries

can be used to find |V 〉.

29



In the cases that we consider in this paper, the state corresponding to Kodaira-

Spencer theory on the Riemann surface with punctures is a Bogoliubov transformation

of the fermionic vacuum, corresponding to fermions being free. We conjecture that this is

generally the case; it should be possible to derive this from the W1+∞ constraints.

Introduce the familiar mode expansion of the fermions

ψ(xi) =
∑
n∈Z

ψi
n+1/2x

−n−1
i , ψ∗(xi) =

∑
n∈Z

ψ∗in+1/2x
−n−1
i

for i = 1, . . . s where s is the number of punctures, with anticommutation relations

{ψi
n, ψ

j∗
m} = δijδn+m,0,

in such a way that the positive modes annihilate the vacuum:

ψi
n|0〉 = ψi∗

n |0〉 = 0, n > 0.

Then the state |V 〉 can be written as

|V 〉 = exp

 s∑
i,j=1

∞∑
m,n=0

aij
mnψ

i
−m−1/2ψ

j∗
−n−1/2

 |0〉. (4.15)

Having computed the state |V 〉 we can explicitly check whether this holds.

The knowledge of amplitudes corresponding to inserting B-branes in only one

patch, can be used to compute the whole of |V 〉. Consider the two-point functions

〈0|ψ(xi)ψ∗(xj)|V 〉. For fermions in the same patch, we can write this as

〈0|ψ(xi)ψ∗(x̃i)|V 〉 = G(xi, x̃i)Ψ(xi)Ψ∗(x̃i)

where G(xi, x̃i) is the Green’s function of free-fermions on a quantum Riemann surface.

Moreover, the knowledge of Ψ(xi) and G(xi, x̃i) at any one of the punctures allows us

to compute, by “parallel transport”, all other two-point functions 〈0|ψ(xj)ψ∗(xk)|V 〉 for

j, k 6= i. Using (4.12)

ψ(xj) =
∫
dx̃i e

−S(x̃i,xj)/gs ψ(x̃i).

we have

〈0|ψ(xj)ψ∗(xk)|V 〉 =
∫
dx′′i

∫
dx′i e

S(x′′i ,xk)/gs−S(x′i,xj)/gs Ψ(x′i)Ψ
∗(x′′i )G(x′i, x

′′
i ).

Moreover, it follows that it suffices to check the bilinearity in one patch only 5.

5 This is because the defining property of |V 〉 is that the correlation functions of fermions are

given by determinants of G(xi, xj) and this is preserved by canonical transformations.
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4.5. Non-compact brane probes and Kontsevich-like matrix models

As discussed in the previous section we can view the closed string deformation of

geometry, in the patch with local coordinate xj , parameterized by the couplings tin as

being induced by branes at xi = xi
j , j = 1, . . .N . In terms of string theory description

what this means is that if we denote the partition function of closed strings by Zclosed(tin)

and that of the open string sector by Zopen then

Zclosed(0)Zopen(xi
j) = Zclosed(tin),

where the tin are determined from the geometry of the branes located at xj
i in each asymp-

totic geometry given by xi →∞. These parameters are related to each other by

tin =
gs

n

∑
j

(xi
j)
−n.

This in particular means that the tin dependence of Zclosed(tin) can be computed by inte-

grating the field theory living on the brane, which is given by Zopen(xi
j). This suggests

that another way to compute the closed string amplitudes is to use the open string sector

which deforms it.

The action for the open string sector has already been studied [14]. Let us, for

simplicity first write it for one brane probe, located at x = x1 which is defined near the

asymptotic region x→∞. Then the tree level action, as a function of varying the position

of the brane to a generic point x is computed by considering the disc diagram in the

B-model and is given by integrating the 1-form λ = xdp

S(p) =
1
gs

(∫ p

x(p′)dp′ − x1p

)
=

1
gs

[
W (p)− x1p

]
, (4.16)

where x(p) is found by solving H(p, x) and

W (p) =
∫ p

x(p′)dp′.

Note that the extremum of the action gives the classical solution

dS/dp = 0 → x(p) = x1.

which is consistent with the classical position of the brane. If we have instead of one brane,

N branes at positions

Λ = (x1, ..., xN),
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we can write a matrix model version of the above action where we treat p as an N × N

matrix, which we denote by P and Λ as a diagonal N ×N matrix. We thus have a matrix

action

S(P ) =
1
gs

Tr
[
W (P )− ΛP

]
,

In general there can be quantum corrections to this classical action, which can include

multi-trace contributions. In some cases there is no quantum correction in which case we

get a very simple matrix model description of the closed string amplitude:

Zclosed(tn) =
∫
DP exp

[ 1
gs

Tr(W (P )− ΛP )
]

This is a Kontsevich-like matrix model, where the source term has the data about the

classical position of the branes and satisfies

tn =
gs

n
TrΛ−n

This is assuming that ∂φ has integral expansion powers in x, as in (4.9). However, in some

examples (such as the KdV hierarchy) we may have for geometric reasons a monodromy in

∂φ as x → e2πix, in which case the above expansion modes n will be fractional. Later in

this paper we will show that the original example of Kontsevich arises from exactly such

a picture. Note that we do not need N to have a large value for this relation to be true.

It is true for any N . Of course for finite N we only get an N -dimensional subspace of all

the allowed values of tn’s.

We can in fact state the above from a slightly different perspective, but in a way which

includes the quantum corrections. Namely, consider N B-branes in some patch where we

have, say (xi, pi) as coordinates, and relate this to B-branes in different coordinates (xj, pj),

related to the original ones by a symplectic transformation generated by S(xi, xj) which

is quadratic in the variables.

S(xi, xj) = (−d
2
x2

i + xixj − a

2
x2

j )/c.

We can then write the amplitude

〈N |ψ(xj,1) . . . ψ(xj,N)|V 〉 =
∏

n<m

(xj,n − xj,m)eF(xj)

in terms of

〈N |ψ(xi,1) . . . ψ(xi,N)|V 〉
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as

〈N |ψ(xj,1) . . . ψ(xj,N)|V 〉 =
∫ N∏

n=1

dxi,ne
−
∑

N

n=1
S(xi,n,xj,n)〈N |ψ(xi,1) . . . ψ(xi,N )|V 〉.

But this is just an eigenvalue representation of the matrix integral

Z(Xj) =
∫
DXie

−Tr S(Xi,Xj)Z(Xi)

where Z(Xi) = eF(Xi) expressed in terms of TrXn
i =

∑
m xn

i,m. We have used here the

well known expression for the Itzykson-Zuber integral [24]. As we discussed above, in some

cases, such as the (m, 1) minimal models, one can find variables (pi, xi) such that Z(Xi)

is simple and the above is an effective way to evaluate the amplitudes corresponding to

other patches.

4.6. Compact and non-compact branes

We can also consider both non-compact branes and compact branes at the same

time. This will give rise not only to a transition in the compact parts of the geometry

but influence the asymptotic geometry of the Calabi-Yau as well. As for the action for

the branes this means that in addition to the matrix model action W (Φ)/gs describing

the compact branes, and the corresponding contribution of the non-compact brane we also

have to integrate out the open strings stretched between the compact and the non-compact

branes. This is the mirror situation to that considered in [25] which leads to determinant

of the mass of the open strings stretched between them. In the above geometry (4.4), if

the non-compact B-brane is at x this leads to the mass

M = x− Φ,

which thus leads to modification of Z by the inclusion of det(x− Φ), or by the changing

of the action by

δS = Tr log(x− Φ).

Note that this is up to a factor of 2 the same as adding one extra eigenvalue to Φ and

freezing it at x.
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4.7. Fermion number flux and higher genera

Let us consider the Riemann surface Σ : H(p, x) = 0 of genus g. If g > 0, we can

obtain the amplitudes by sewing of g = 0 case, as is familiar in the operator formulation

of Riemann surfaces. However, there is one subtlety with this sewing prescription: we can

ask what is the fermion number (the momentum of the φ field) going around the loops

(say along the A-cycles) of the Riemann surface. In fact we have to have a particular

treatment of the momenta around loops to get a unique answer for our amplitudes in such

cases. This issue does not arise when g = 0, and in such cases any fermion operators we

insert at the boundaries can be absorbed by shifting the vacuum fermion number at the

corresponding Hilbert space, as discussed before.

There are two natural choices one can make: One is to set the momenta in the loops

to be zero. This case turns out to be the natural choice for computation of the B-model

amplitudes. However, it is not so natural from the viewpoint of free fermions: If we wish

to retain a free fermionic description for higher genus as well, it is natural not to fix the

fermion number around the loops. We introduce g new variables θ1, ..., θg and consider

Z(θi) =
∑
Ni

ZN1,...,Ng
exp(iNiθi)

This has the advantage that the amplitudes can still be constructed using free fermions (i.e.

the vertex is still exponential of bilinear fermion terms instead of sum of such exponentials).

Of course we can obtain the answer for the case where we have fixed the momenta to be

zero from this expression by considering

ZNi=0 =
∫ g∏

i=1

dθi Z(θi)

It may appear that there is more information in Z(θi) than in ZNi=0. However this

is not the case, because there is some redundancy in ZNi
. This can be seen as follows:

Consider adding a brane/antibrane at a point on the Riemann surface Σ and move the

brane around a non-trivial cycle, say Bi and bring it back to annihilate the anti-brane.

In doing so we have changed the fermion number flux through the Ai cycle by one unit.

This can be equivalently viewed as changing the moduli of the Calabi-Yau (this was also

observed in a related context in [26]), and in particular the Riemann surface Σ. Note that
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as the brane traverses along the Bi cycle on the Riemann surface, it spans a 3-cycle C in

the Calabi-Yau. According to (4.1) this changes the integral of Ω along three-cycle C′ by

∆
∫

C′
Ω = #(C ∩ C′) gs

Let us denote the moduli of the Calabi-Yau by
∫

Ci
Ω = Si and let the intersection number

of Ci and C be #(Ci ∩ C) = mi. Then we have

ZNi
(Si) = ZNi=0(Si +Nimigs) (4.17)

and

Z(θi) =
∑
Ni

exp(iNiθi) ZNi=0(Si +Nimigs).

5. Examples

In this section we consider four classes of examples to illustrate the ideas developed

in the previous sections.

In the first class of examples we consider CY geometries of the form

H(p, x) =
r∑

i=0

pifi(x)

where fi(x) is a power series in x (possibly a finite polynomial). These geometries can also

be viewed as being obtained from matrix models associated with Ar−1 quiver diagrams,

with r − 1 adjoint matrices with potentials W (Φi) interacting with bifundamental fields.

The case r = 1 corresponds to the KP hierarchy. We also discuss the relation of these

theories to (r, ∗) minimal models. The case r = 1 can be viewed as taking a particular

limit of these geometries. We show in the case of (1, p) models how the brane probe picture

gives rise to the Kontsevich-like models (the case p = 2 is the original Kontsevich model).

These are also equivalent to the p-th, N = 2 minimal model coupled to topological gravity

[27,23]. We also explain the meaning of Virasoro (or more generally W-constraints) for

these models, as simply encoding the fact that Calabi-Yau is non-singular.

In the second example we consider CY geometry corresponding to the conifold

H(p, x) = xp − µ and its deformations. As has been noted in [8] this is equivalent to

topological string for c = 1 bosonic string at self-dual radius. We show how one can inter-

pret the results of [12] from the perspective of the present paper, as well as how the Toda

hierarchy arises from the Calabi-Yau geometry.
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In the third example we consider the mirror of A-model topological string on P1

coupled to topological gravity. This is a model in which H(p, x) = x + ep + qe−p where

x ∈ C and p ∈ C∗.

In the fourth example we consider the mirror of A-model topological string on C3.

This is the case where H(p, x) = ex + ep − 1. We recover the topological vertex [9] from

the perspective of this paper from various approaches. We also give the generalization of

this to B-model mirrors of arbitrary toric Calabi-Yau manifolds.

5.1. Example 1: Matrix models and the KP hierarchy

It might be useful to first consider the case of geometries that naturally appear in

matrix models and their double scaling limit. Let W (x) be a polynomial of degree n+ 1.

Consider, as in [4], N compact B-branes in

zw + p2 −W ′(x)2 = 0

where the B-branes are wrapping n P1′s at W (x)′ = 0, as we discussed in section 4.1. The

open topological string is described by the saddle-point expansion of the N × N matrix

integral

Z =
1

volU(N)

∫
dΦN×N · exp

[
1
gs

TrW (Φ)
]
. (5.1)

In the ’t Hooft limit N → ∞, gs → 0 with gsN fixed, this describes closed topological

strings in the Calabi-Yau geometry

zw + p2 −W ′(x)2 − f(x) = 0.

Here

W (x) =
n+1∑
i=0

tix
i

is a given polynomial, and f(x) is a polynomial of degree n — the quantum correction

that is determined by the saddle-point around which the expansion is performed. More

precisely, f(x) is encoded by the distributions Ni of the eigenvalues of φ among the d

critical points of W through the ’t Hooft couplings si = gsNi.

The conjugate variable p(x) appears naturally as (the expectation value of) the resol-

vent of the matrix model

p(x) = W ′(x) + 2gsTr
1

x− Φ
.
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The corresponding meromorphic one-form can be written as

λ = p(x)dx = dφ(x)

with

φ(x) = W (x) + 2gsTr log(x− Φ).

This collective fields has an interpretation as the effective action of a single extra eigenvalue

in the background of the N dynamical eigenvalues of the matrix Φ. Identifying the one-

point functions in the matrix model with derivatives of the partition function (in the genus

zero limit, with logZ =
∑

g≥0 g
2g−2
s Fg) gives the relation

〈TrXn〉 = gs
∂F0

∂tn

Using this fact we can write the mode expansion of ∂φ in the, by now familiar, form

∂φ(x) =
∑
n>0

n tnx
n−1 + 2g2

s

∑
n>0

∂F0

∂tn
x−n−1 (5.2)

The hyperelliptic curve

H(p, x) = p2 −W ′(x)2 − f(x) = 0

that gives the relation between x and p emerges as the large N limit of the loop equations

of the matrix model.

Note that this curve has two set of moduli. The unnormalizable ones correspond

to deformations of the couplings tk in the matrix model potential. The corresponding

deformations of the meromorphic one-form δλ are given by Abelian differentials of the

second kind, that behave as ∼ xn+kdx in the limit x → ∞. The couplings sk induce

normalizable deformations δλ ∼ xkdx that are given by Abelian differentials of the first

kind and correspond to variations of the quantum correction f(x). We will focus our

discussion here on the unnormalizable deformation tk that are visible at x→∞.

In the standard interpretation of the (genus zero) loop equations one considers the

general deformation

p(x) = pcl(x) + ∂φ(x)
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where ∂φ has the mode expansion (5.2). This includes terms x−n that have poles in

the interior x → 0. However, the deformation should be such that the corresponding

hyperelliptic curve stays smooth away from infinity. Therefore the stress tensor

T (x) = ∂φ2 = p2 =
∑
n∈Z

Lnx
−n−2

should be regular in the interior. In particular, the modes Ln with n ≥ −1 should vanish.

These are the famous Virasoro constraints.

In the full quantum theory these relations still hold, but now are implemented as

operator relations. That is, one writes the partition function as a wave function in a

coherent state basis

Z = 〈t|V 〉

and requires

Ln|V 〉 = 0, n ≥ −1.

Now Ln are the modes of the quantum stress tensor.

By generalizing to matrix chains, more precisely quiver matrix models of type Ar−1

[28,29,5], one obtains curves that are r-folded covers of the eigenvalue x-plane given by a

schematic equation of the form

pr + . . .+ F (x) = 0.

In that case the corresponding matrix model partition function is not determined by the

quadratic Virasoro constraints, but by W -generators of order r in the collective field p =

∂φ(x).

5.2. Branes in the Gaussian matrix model

In the light of the discussion we have had in the previous sections, we now revisit the

matrix model and interpret it in terms of branes. Quite generally, putting a brane in the

matrix model is implemented by shifting the couplings in the superpotential

tk → tk +
gs

k
x−k.

The brane creation operator is given by

ψ(x) = eφ(x)/gs = eW (x)/gs det(x− Φ)
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where we recognize the classical and the quantum contribution. Partition functions of

branes are therefore represented as correlation functions of characteristic polynomials in

the matrix model. For example, a M -point function is given by

〈M |ψqu(x1) · · ·ψqu(xM )|V 〉 =
〈
det(x1 −Φ) · · ·det(xM − Φ)

〉
,

where 〈· · ·〉 denotes a normalized expectation value in the matrix model.

Using the methods of orthogonal polynomials one can easily evaluate such correlators.

Let {Pi(x)}i≥0 be a basis of orthogonal polynomials for the matrix model (5.1), normalized

such that Pi(x) = xi + . . ., and let

Ψi(x) = Pi(x)eW (x)/2gs

be the corresponding “wave functions.” Then one expresses the brane n-point function as

an n× n Slater determinant [30]

〈
det(x1 −Φ) · · ·det(xM − Φ)

〉
=

detPN+j−1(xi)
∆(x)

,

with Vandermonde determinant

∆(x) = det xj−1
i

Adding the classical contribution we get

〈
ψ(x1) · · ·ψ(xM)

〉
=

det ΨN+j−1(xi)
∆(x)

.

In particular for the one-point function we have

〈ψ(x)〉 = ΨN (x).

This relation is particularly illuminating in the simple case of the Gaussian model

Z =
1

volU(N)

∫
dΦ · exp

[
− 1

2gs
TrΦ2

]
. (5.3)

This corresponds to the deformed geometry

H(p, x) = p2 + x2 − µ = 0
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with µ = gsN . In this case (and only in this case) the orthogonal polynomials are actual

eigenfunction of a Schrödinger operator. The polynomials Pi(x) are Hermite polynomials,

and therefore the corresponding wave functions satisfy(
−g2

s

∂2

∂x2
+ x2

)
Ψk(x) = gs(k +

1
2
)Ψk(x).

Note that in this case, where we recall that µ = gsN , we can verify that the one-point

function 〈ψ(x)〉 = ΨN (x) indeed satisfies (up to the quantum shift N → N + 1
2
)

HΨN = 0.

This relation is not as straightforward in the more general non-Gaussian matrix model.

In that case the corresponding Riemann surface has genus g > 0. Therefore there are non-

trivial loop momenta or fluxes
1
2π

∮
Ai

p dx = gsNi

As we discussed before the existing of this “bulk” moduli makes the free fermion formula-

tion less straightforward, since we now have to project on fixed loop charges going through

the handles of the Riemann surface. This is directly related to the fact that the saddle-

point approximation of the matrix model is not captured by the method of orthogonal

polynomials. It would be interesting to push this connection further.

Returning to the Gaussian matrix model, let us now derive the Kontsevich matrix

model description of this. This corresponds to putting M non-compact B-branes in the

geometry

zw = p(p− x)− µ. (5.4)

near x→∞ (where we changed variables apropriately). This, as explained in section 4.5.

is described by the Kontsevich-type matrix model with action

S = Tr
[
ΛX −

∫
X(P )dP

]
,

where x(p) solves p(p− x) = µ. So we get the matrix model∫
M×M

DP det(P )NeTr[ΛP−P 2/2]/gs (5.5)

where we have used that µ/gs = N .

40



This also leads us to a physical interpretation of the claim [30] of the equivalence of a

general 1-matrix model ∫
DXN×N e

[ Tr X2/2+
∑

n>2
tn Tr Xn ]/gs (5.6)

with this particular Kontsevich-type matrix model (5.5).

Namely, as we have explained above, the matrix model in (5.6), for small tn is de-

scribing N compact B-branes on the P1 in the conifold

zw = p(p− x)

and deformations by tn’s can alternatively be viewed in terms of turning on non-

normalizable deformations

zw = p(p−W ′(x))

where

W ′(x, tn) = x−
∑
n>2

tnx
n−1

or placing non-compact B-branes at x = xi,
∑

i x
−n
i = TrΛn, as we discussed above in

addition to the compact ones. The large N dual description of this can, on the one hand,

be viewed as closed string theory on

zw = p(p−W ′(x))− µW ′(x)/x

where µ = Ngs and the deformation of the geometry corresponds to growing a single S3

at x = 0, corresponding to tn’s being small deformations around the deformed conifold

background zw = y(y − x) − µ. On the other hand, it is given by placing B-branes at

fixed x in (5.4). Thus we have reproduced the result shown in [30] using the methods of

orthogonal polynomials.

5.3. Double scaling limits

The above discussion is perhaps a bit confusing, since (for the one matrix model) the

corresponding hyperelliptic Riemann surface has two asymptotic ends, distinguished by

the sign of p(x) ∼ ±xd in the limit x → ∞, or equivalently by the choice of the sheet of

the two-fold cover. A priori one can have independent deformations at both end, as we
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will see in a moment when we consider the c = 1 string and the Toda hierarchy. Above we

treated both ends symmetrically.

This situation simplifies if we take a double scaling limit [31,32,33]. Geometrically

this corresponds to considering the local geometry where we send 2k+ 1 of the original 2d

branch points close together and zoom in at that region. (Equivalently, one can send the

remaining branch points to infinity.) In that case the Riemann surface takes the form

p2 + x2k+1 + . . . = 0,

where the ellipses indicate terms of lower order in x. In such a geometry there is only one

asymptotic region x→∞, where the variable x is a good coordinate.

This particular double scaling limit of the matrix model is well-known to correspond

to a non-critical bosonic string theory based on the (2, 2k + 1) minimal model coupled to

two-dimensional gravity [27,34]. In particular, in the simplest case where we zoom in on a

single branch point, we have the geometry

p2 + x = 0,

which corresponds to the (2, 1) model or pure topological gravity.

In this case we can introduce again the Kodaira-Spencer field φ(x), which now has a

twisted mode expansion, because the global geometry enforces that at infinity

p(e2πix) = −p(x).

If we expand this twisted boson as

p(x) = ∂φ(x) =
∑
n≥0

n tnx
n− 1

2 + 2g2
s

∑
n≥0

∂

∂tn
x−n− 3

2

we make contact with the usual description of topological gravity, where the coupling tn
couples to the descendant τn of the identity operator.

Besides the twisting, we have precisely the same argument that fixes the solution of

this deformation problem. The function p(x)2 should again be smooth in the interior of

the x-plane. Apart from x = ∞ there should be no extra poles, i.e. no new asymptotic

ends. This then gives again the Virasoro constraints

Ln|V 〉 = 0.

It is well-known that these constraints are equivalent to statement that the partition func-

tion Z is a tau function of the KdV hierarchy that satisfies the so-called string equation

[33,34,35].
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5.4. The (m, 1) minimal models

One can also consider the double-scaled quiver matrix model that gives rise to the

(r, s) minimal model coupled to gravity. This leads to the effective geometry

pr + xs + . . . = 0.

In particular, consider (m, 1) topological minimal models. The corresponding Rie-

mann surface is given by

pm + x = 0

before turning on the deformations. This is known to be governed by a generalized KdV

hierarchy with Lax operator, L(t = 0) = L0 at zero times, given by

L0 = Dm + x

where D = ∂
∂x . Notice that the Lax operator is the equation of the Riemann surface

with D = p. Moreover, the one-point function, corresponding to inserting a non-compact

B-brane at fixed value of x

Ψ(x, t) = 〈t|ψ(x)|V 〉,

is known in the integrable systems literature as the Baker-Akhiezer function, and Ψ(x) =

Ψ(x, 0) is annihilated by L0

L0Ψ(x) = 0

(We can relax the eigenvalue to be arbitrary, but this can be reabsorbed by shifting x).

Turning on the times of the KdV hierarchy can thus be identified with placing non-compact

B-branes at fixed values of x. In terms of the (m, 1) minimal model, this is computing the

topological string partition function deformed by the gravitational descendants.

We now want to derive the Kontsevich matrix model which also describes this. To do

so, consider first a B-brane in the p patch. In this case, we have

x = ∂φ(p) = pm +
∑
n>0

ntnpn−1 +
∂F
∂tn

p−n−1

in terms of the classical piece and the quantum one. In this case, there is no quantum

correction, F = 0 and the classical result is exact. This is because the Ward identity∮
ψ∗(p)pnψ(p)|V 〉 = 0
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for n > 0 implies that ∂F/∂tn = 0 for any n which together with the Riemann surface

equation as an initial condition, implies that F is zero all-together. We see that

Ψ(p) = 〈ψ(p)〉 = exp
[

1
gs

pm+1

m+ 1

]

where pm+1

m+1 agrees with the classical action
∫
x(p)dp. Moreover, we have that

H(p, x)Ψ(p) = (pm + x)Ψ(p) = 0

with x = −gs
∂
∂p .

To describe the topological (p, 1) minimal model deformed by various observables, as

we discussed above, we need to consider non-compact B-branes at fixed values of x. We can

do this by relating them to B-branes in the p-variable, which are simple, and considering

symplectic transformations. The canonical transformation that relates the two descriptions

is just the S transformation, i.e., the Fourier transform

Ψ(x) =
∫
dp e−xp/gsΨ(p) =

∫
dp exp

[(−xp+
pm+1

m+ 1
)
/gs

]
.

We can now see how the Kontsevich matrix model arises, namely, by putting N B-branes

at fixed value of x. This leads, as discussed before, to a Kontsevich-like matrix model

given by (4.16) with action

S =
1
gs

Tr[−ΛP +
∫
X(P )dP ] =

1
gs

Tr
[
−ΛP +

1
m+ 1

Pm+1

]
.

The matrix Λ fixes the classical x positions of the branes. The couplings

tk =
gs

k + 1
m

TrΛ−k− 1
m =

gs

k + 1
m

∑
i

x
−k− 1

m
i

encode the deformed geometry by

p = x
1
m +

∞∑
k=0

tkx
k+ 1

m +O(1/x),

where we have taken the asymptotic monodromy of p into account.

This model is equivalent to bosonic (m, 1) minimal model coupled to gravity. On

the other hand it is also known that this is equivalent to the B-model topological string
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coupled to minimal N = 2 model [36,37], which is given by LG theory with one chiral field

P with superpotential [38]

W (P ) = Pm.

From the above relation we conclude that if we consider coupling of the B-model theory

with superpotential W (P ) to topological strings then this is equivalent to considering

B-model topological strings on the Calabi-Yau 3-fold

zw − x−W (P ) = 0. (5.7)

This may also be possible to explain more directly by showing that the worldsheet theory

of Calabi-Yau and that of the theory with superpotential W (P ) coupled to topological

gravity are the same. In fact there is some evidence that this is not too difficult. It

has been shown in [39] that the conformal theory of strings propagating on the Am−1

singularity of K3

zw − Pm = µ

is given (up to a Zm orbifold) by the tensor product of the N = 2 SCFT with superpotential

Pm times a Liouville system. The geometry we are considering here is a simple extension

of this where µ is varying over an extra dimension parameterized by x, µ(x) = x. It would

be interesting to complete this identification. We will see another example of this when

we consider below topological strings on P1.

5.5. Example 2: c = 1 strings and the Toda hierarchy

The c = 1 non-critical string compactified on the self-dual radius R = 1 is well-known

to be equivalent to B-model topological strings on the conifold. In this case we are dealing

with Hamiltonian

H = p2 − x2 − µ.

We will change variables to

x, y = p± x

so that the level set is given by the curve

xy = µ.
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Fig. 1: The geometry relevant to the c = 1 string at selfdual radius is the complex

curve xy = µ.

Note that this curve has two asymptotic regions (see fig. 1) described by x → ∞ and

y → ∞. These regions correspond to the incoming and outgoing excitations in the usual

S-matrix formulation of the c = 1 matrix model.

At tree-level this model describes the Kodaira-Spencer theory of the curve xy = µ.

Here one parameterizes these deformations as Laurent expansions of y(x) in the x-patch

and x(y) in the y−patch by

y = −∂xφ(x), x = ∂yφ̃(y).

Here the φ’s have a classical piece φcl(x), φ̃cl(y), corresponding to the one-form on

the Riemann surface, and a quantum piece, corresponding to the Kodaira-Spencer field

φqu(x), φ̃qu(y) in the two patches. The classical contributions read

∂xφcl(x) = −µ
x
, ∂yφ̃cl(y) =

µ

y
,

whereas the quantum parts have mode expansions

∂xφqu(x) =
∑
n>0

n tnx
n−1 +

∑
n>0

∂

∂tn
x−n+1,

∂yφ̃qu(y) =
∑
n>0

n t̃ny
n−1 +

∑
n>0

∂

∂t̃n
y−n+1.
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The coefficients tn, t̃n of the unnormalizable modes (in the limit of x, y →∞) should be seen

as coupling constants, while the coefficients of normalizable modes have an interpretation

as one-point functions of the dual operators ∂n. Note that the couplings and one-point

functions can be written, in the classical limit, as periods (
∮ ≡ 1

2πi

∫
), e.g.

tn =
1
n

∮
x→∞

yx−ndx

∂F0

∂tn
=
∮

x→∞
yxndx

(5.8)

With this substitution the consistency of the equations

y = ∂φ(x) = f(x), x = ∂φ̃(y) = f−1(y),

is equivalent to the fact that the function F0(tn, t̃n) solves the dispersionless limit of the

two-Toda hierarchy.

One can also easily solve this model in terms of Ward identities, at least at tree-

level. Note that in this case the curve has topology C∗ or a twice punctured sphere. Let

P = {x = ∞} and Q = {y = ∞} = {x = 0} denote the north and south pole respectively.

Now consider the action of the W-current y = ∂φ. More precisely, consider the charge∮
P
xny. If we move the contour to the south pole Q we obtain the identity∮

P

xny =
∮

Q

1
n+ 1

xn+1y.

In other words, we have
∂F
∂tn

=
∮

Q

1
n+ 1

(∂φ̃(y))n+1. (5.9)

Note that the bosons φ and φ̃, in the language of section 3 are related by the S transfor-

mation that acts on the canonically conjugated variables x and y as

S : (x, y) → (y,−x).

Therefore the fields φ(x) and φ̃(y) are (semi-classically) related by a Legendre transform.

This is highly non-linear transformation, as the above Ward identity clearly shows — the

“in-coming” modes of ∂φ are polynomials in the “out-going” modes of ∂φ̃.

In accord with our general philosophy, the corresponding quantum relations are most

natural written in terms of branes, which fermionize the boson fields in the usual fashion

ψ = eφ/gs , ψ̃ = eφ̃/gs .
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The fermions of the two patches are related by Fourier transform

ψ̃(y) = Sψ(y) =
1√
2π

∫
dx e−xy/gs ψ(x). (5.10)

In terms of the action of the S matrix on the second-quantized fermion Fock space, the

partition function can be written as

Z(t, t̃) = 〈t|S|t̃〉

The quantum parts of the fermions, defined by ψ = eφcl/gsψqu have mode expansions

ψqu(x) =
∑

p∈Z+ 1
2

ψpx
−p− 1

2 , ψ∗qu(x) =
∑

p∈Z+ 1
2

ψ∗px
−p− 1

2 ,

with canonical anti-commutation relations {ψp, ψ
∗
q} = δp+q,0.

In terms of the fermions, we get quantum analogue of (5.9). Namely the operator∮
P
xn∂φ(x) corresponds to the W1+∞ generator that shifts

(x, y) → (x, y + nxn−1)

so we have ∮
x→∞

ψ∗(x)xnψ(x)|V 〉 =
∮

y→∞
ψ∗(y)(gs∂y)nψ(y)|V 〉. (5.11)

This Ward identity for the c = 1 string amplitude at selfdual radius was derived in [12]

in this form, where the starting point was the well-known statement that in terms of

fermions, the c = 1 string is free. Namely, the c = 1 string scattering matrix which relates

the incoming and the outgoing modes of the fermions consists just of a phase factor

ψ̃−n− 1
2

= Rn+ 1
2
ψ−n− 1

2
.

Here the reflection factor Rq, for general momentum q, is given by

Rq = i

(
1 + ie−π(µ+iq)

1− ie−π(µ+iq)

) 1
2
(

Γ( 1
2 − iµ+ q)

Γ( 1
2 + iµ− q)

) 1
2

In fact, we can derive the fermion scattering amplitude Rq directly from (5.10) as follows.

If we turn on one set of times only, the partition function is trivial by momentum

conservation, and F(t, 0) = 0. Consequently, in the x patch, the fermions are free, and the

one-point functions are exact at the classical level

Ψ(x) = 〈0|ψ(x)|V 〉 = x−µ,
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corresponding to contribution of the classical piece eφcl , in φ(x) = eφcl(x) ψqu(x). Since
fermions transform as wave functions, this further implies that the fermion scattering state
|V 〉 is of general form

|V 〉 = exp(
∑

m,n≥0

amnψ−m− 1
2
ψ̃∗−n− 1

2
+ ãmnψ̃−m− 1

2
ψ∗−n− 1

2
)|0〉,

and we will now show that amn = Rn+ 1
2
δmn, ãmn = R∗

n+ 1
2
δmn, which will reproduce the

result we quoted.
Consider 〈0|ψ(y)ψ∗(x)|V 〉. On the one hand, this equals

(xy)−µ
∑

m,n≥0

am,nx
−m−1y−m−1.

On the other hand, we can compute this knowing the correlators in the x-patch alone. For
this, note that similarly to what we had in the x patch,

Ψ̃(y) = 〈0|ψ̃(y)|V 〉 = yµ.

Moreover, since in the x−patch, we have

〈0|ψ(x̃)ψ∗(x)|V 〉 =
x̃−µ xµ

x− x̃
,

then using (5.10) it follows,

〈0|ψ̃(y)ψ∗(x)|V 〉 =
1√
2πi

∫
dx̃ eix̃y x̃−µ xµ

x− x̃
.

which equals ∫
dx̃ eix̃y x̃−µ xµ

x− x̃
= (xy)µ

∑
n≥0

(xy)−n−1 R̂n+ 1
2

where
R̂n+ 1

2
=

1√
2πi

∮
dx̃ x̃−µx̃n eix̃.

Similarly, one finds that ãmn = R̂∗
n+ 1

2
δmn. It is easy to show that (see appendix A)

R̂n+ 1
2

= Rn+ 1
2
,

up to a constant multiple, and correspondingly

|V 〉 = exp(
∑
n≥0

R̂n+ 1
2
ψ−n− 1

2
ψ̃∗−n− 1

2
+ R̂∗n+ 1

2
ψ̃−n− 1

2
ψ∗−n− 1

2
)|0〉.

When the times are turned on, the curve xy = µ gets deformed. The precise form of the
deformation can be derived from the dispersionless solution by using that xy = y∂yφ̃(y) =

−x∂xφ(x). For example, if we turn on t1, t̃1, the curve gets deformed to (x− t̃1)(y+t1) = µ.
A detailed description of the deformed curve using the Toda hierarchy can be found for
example in [40].
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5.6. Kontsevich-like model for c = 1

It has been known that there is a Kontsevich-like model also for c = 1 string at self-

dual radius [12,41]. We will now rederive this from the perspective of the present paper.

Let us consider turning on only the couplings tn, and set t̃n = 0 momentarily. Then all

the amplitudes are trivial, because of momentum conservation. Thus we obtain a simple

deformation of the geometry

xy − µ = 0 −→ xy +
∑
n>0

ntnx
n − µ = 0.

Now consider adding non-compact probes to this geometry frozen at positions y = yi, as

captured by the eigenvalues of a matrix Λ. As we discussed before, adding N of these

B-branes corresponds to turning on N independent times in the space of couplings t̃n. To

write the action on these branes we start by considering N B-branes at x = xi. In that

coordinate patch this N -point function is simply given by the Vandermonde determinant

plus the classical contribution. The classical contribution is given by∫ xi

y(x)dx =
∫ xi

µ
dx

x
= µlogxi.

We thus end up with

〈N |ψ(x1) . . . ψ(xN )|V 〉 =
∏
i<j

(xi − xj) e
∑

N

i=1

{
−(i µ

gs
) log(xi)+

i
gs

∑
n>0

tnxn
i

}

Now we can “move” the branes to the y-patch. This means that the c = 1 amplitude with

both sets of times turned on equals

Z(tn, t̃n) =
∫ N∏

i=1

dxi e
i
∑

i

1
gs

xiyi 〈N |ψ(x1) . . . ψ(xN)|V 〉

We thus get a Kontsevich-like matrix model:

Z(tn, t̃n) =
∫
DX (detX)−i(µ/gs) e

{
1

gs
Tr( iΛX + i

∑
n

tnXn )

}
where t̃n = gs

n TrΛ−n. This is exactly the Imbimbo-Mukhi matrix model for c = 1 string

[41], up to identification of parameters. Namely, recall that the c = 1 string amplitudes

depend only on the ratio µ̂ of µ and gs, µ̂ = µ
gs

– this can be seen above, by rescaling

appropriately the times tn, t̃n and Λ by factors of µ. After doing so and a suitable shift

µ̂ = µ
gs
− iN the agreement with [41] is manifest. The fact that these agree up to a shift in

µ by gN is quite natural. This is because fermions shift the flux of the three-form according

to (4.1), and correspondingly the value of µ depends on where one measures it.
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5.7. General genus zero surfaces

We can easily generalize the above formalism to more general Riemann surfaces, with

many punctures. Consider for example the genus zero Riemann surface

y =
∏N+

i=1(ti − x)∏N−
j=1(si − x)

We can assume, without loss of generality, that N+ > N−. There are N− + 1 punctures

corresponding to
P : x→∞, y → (−1)N++N−∞
Sj : x→ sj, y →∞.

At the Sj punctures we use y as coordinates, and at P , we can use x, for example.

The Ward identities, corresponding to putting branes at fixed x, read

∫
P

ψ∗(x)xnψ(x) +
N−∑
j=1

∫
Sj

ψ∗(y)(gs∂y)nψ(y) = 0.

One has, in more detail, around the Sj puncture∫
Sj

ψ∗qu(y)e−φcl,j(y)/gs(gs∂y)neφcl,j(y)/gsψqu(y)

where

x = xj(y) = ∂yψcl,j(y) = sj +O(y−1)

is the corresponding classical solution near the j-th puncture. Correspondingly, it is clear

that, when no B-branes are placed at Sj punctures, the classical solution for the B-brane

at the P -puncture is exact. Namely, the Sj punctures contribute identically zero to the

Ward identity, whereas the contribution of the P -puncture reads

∂P
n F = 0

Correspondingly, the free energy is completely trivial in this case, and the B-brane action

is given by its classical value

Ψ(x) = 〈1|ψ(x)|V 〉 = eS(x)/gs

where

S(x) =
∫ x

y(x)dx. (5.12)

51



In the same case, note that the B-brane is trivially annihilated by the Riemann surface

Hamiltonian:

H(x, y = gs∂x)Ψ(x) = 0.

From this we get a Kontsevich-like matrix model describing general non-normalizable de-

formations of the Riemann surface corresponding to placing B-branes at various punctures.

This is given by∫
dX1 . . . dXN−

∏
i<j

det(Xi ⊗ 1j − 1i ⊗Xj) e
∑

N−
1=1

[−TrΛiXi+Tr W (Xi)]/gs

Where

W (x) = S(x) +
∑

n

tnx
n

and S(x) is given by (5.12).

5.8. Example 3: Topological string on P1

As we discussed before, if we consider the topological B-model coupled to a chiral field

with superpotential W (p) then this is equivalent to considering topological strings on the

Calabi-Yau threefold

zw − x−W (p) = 0.

We can use this idea to solve the topological A-model string on P1: It is known [10] that

mirror symmetry relates the topological A-model on P1 to a LG theory with superpotential

W (u) = eu + qe−u,

where q = e−t where t is the Kähler parameter of P1 and p = eu ∈ C∗. We are thus led

to consider topological strings on a Calabi-Yau threefold

zw − x− eu − qe−u = 0

and corresponding to this a chiral boson on the Riemann surface H(x, u) = 0 with

H(x, u) = x+ eu + qe−u. (5.13)

Deforming the A-model theory by gravitational descendants of the Kähler class and the

identity operator should correspond to inserting appropriate D-branes in this geometry.
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To start with, consider insertion of a D-brane at fixed values of x and the associated

one-point function Ψ(x) = 〈ψ(x)〉. As we discussed above, as operators acting on the

D-brane, x and u are canonically conjugate [x, u] = gs, where we can take u = −gs∂/∂x.

Moreover the wave function Ψ(x) is annihilated by H = H(x, u):

HΨ(x) = 0,

with generalized Schrödinger operator

H = egs∂x + x+ qe−gs∂x (5.14)

(equivalently, by shifting x by a constant z, Ψ(x) is an eigenfunction of the Lax operator H

with eigenvalue z). According to our philosophy the Hamiltonian H is the Lax operator of

an integrable hierarchy, and the corresponding flows are related to inserting many D-branes

at fixed values of x. As it turns out, this can be identified with turning on gravitational

descendants σn(ω) of the Kähler class ω of P1.

It has been known for a while that the P1 theory is described by a Toda lattice

hierarchy [42]. Moreover, the Lax operator L of the hierarchy [42], in the small phase

space, coincides with H in (5.14). The flows of this hierarchy generated by (Ln)+, n > 0

correspond to deforming by the descendants of Kähler class: the coupling constants tn,ω

of σn(ω) are related to Toda times tn by tn = 1
n tn−1,ω [42]. (The flows corresponding

to turning on descendants of the identity operator are not the usual Toda flows, but a

generalization thereof [42].) We thus have shown that inserting D-branes at x = xi,

i = 1, . . . , N corresponds to turning on

tn−1,ω = n
∑

i

x−n
i .

Alternatively, by thinking about the P1 in bosonic terms, we can make contact with

another description of the P1 theory presented in [43].

Note that the Riemann surface (5.13) has two asymptotic infinities corresponding to

x→∞ and either u→∞ or ũ = −t−u→∞. Correspondingly we have, in principle, two

chiral bosons φ(u) and φ̃(ũ) which correspond to deforming x from the u patch and the ũ

patch as x = ∂φ(u) = ∂φcl(u) + ∂φqu(u) and x = ∂φ̃(ũ) = ∂φ̃cl(ũ) + ∂φ̃qu(ũ), respectively

where

∂φcl(u) = eu + qe−u
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and

∂φ̃cl(ũ) = qe−ũ + eũ.

The bosons have mode expansions

∂φqu(u) =
∑
n>0

sne
nu + n

∂

∂sn
e−nu

and

∂φ̃qu(ũ) =
∑
n>0

s̃ne
nũ + n

∂

∂sn
e−nũ.

The action of the W1+∞ algebra generators fixes the partition function Z, since it

relates the modes on the two asymptotic ends. Consider for example the generator corre-

sponding to enuxm for m,n > 0. That this generates a symmetry implies that, acting on

Z = eF ∫
u→∞

enueφ(u)∂me−φ(u) =
∫

ũ→∞
qne−nũeφ̃(ũ)∂me−φ̃(ũ)

so that one finds

n ∂nF = qn s̃n.

More generally, the W1+∞ symmetry and the above Ward identities imply that

∂φ(−t− ũ) = ∂φ̃(ũ)

holds as an operator equation, i.e. that the theory is that of a globally defined free chiral

scalar on a cylinder of length t. The free energy is therefore quadratic

F(s, s̃, q, gs) =
∑
n>0

qn

n
sns̃n,

and the corresponding partition function is given by

Z = 〈s|qL0|s̃〉

However, as we discussed above, the times sn, s̃n bear no direct relation to turning on

the descendants of the Kähler class, since the modes of φ(u) correspond to insertions of

B-branes at fixed u, whereas the descendants correspond to inserting B-branes at fixed x.

We can remedy this easily in the following way. It suffices to consider placing D-

branes near only one of the two punctures. Let W be the operator that corresponds to
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the transformation (x, u) → (−u, x). The partition function corresponding to P1 with

arbitrary descendants is now given by

Z = 〈s|W−1qL0W ∗|s̃〉

By the definition of W we have

W · exp
[∑

k>0

skαk

]
·W−1 = exp

[∑
k>0

tk
(k + 1)!

Ŵ k+2
0

]
,

since αk generates the transformation (x, u) → (x+ eku, u), and Ŵ k+2
0 generates (x, u) →

(x, u+ xk).

More precisely, Ŵ generates the corresponding transformation, in the background

corresponding to the Riemann surface, so that it is the dressed operator,

Ŵ k+1
0 =

∫
du ψ∗qu(u) e−φcl(u) ∂k eφcl(u) ψqu(u)

or equivalently,

Ŵ k+1
0 = e−qα−1 eα1 W k+1

0 e−α1 eqα−1

where W k+1
0 =

∫
du ψ∗qu(u) ∂k ψqu(u) is the standard generator.

The operator Ŵ ∗ is the corresponding operator coming from the ũ puncture which

gives rise to

Ŵ ∗,k+1
0 = eqα1 e−α−1 W ∗,k+1

0 eα−1 e−qα1

where

W ∗ · exp
[∑

k>0

s̃kα−k

]
·W ∗−1 = exp

[∑
k>0

t̃k
(k + 1)!

Ŵ ∗,k+1
0

]
.

Correspondingly, the partition function of P1, deformed by the descendants of the

Kähler class is, up to a constant factor given by

Z = 〈0|eα1 e
∑

k>0

tk
(k+1)! W

k+1
0 qL0 e

∑
k>0

t̃k
(k+1)!W

k+1
0 eα−1 |0〉,

where we have used that

e−α1eqα−1qL0eqα1e−α−1 = qL0eq .
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Since L0 and W k+1
0 commute, there is effectively only one set of times, i.e. without loss of

generality, we can set t̃k = 0, so we can write

Z1
P = 〈0|eα1 e

∑
k>0

tk
(k+1)! W

k+1
0 qL0 eα−1 |0〉, (5.15)

Note that the partition function is identical to the partition function for the P1 obtained

in [43], eqn. 3.13, which is a nice verification of our formalism.

We can also conjecture a matrix model that describes this. Very analogous to the

Kontsevich matrix model of the (p, 1) bosonic minimal models, we can give a simple matrix
model description for the P1 A-model topological string by making use of the simplicity

of the D-brane amplitudes in the u-patch. There, x = gs∂/∂u and the corresponding

one-point function Ψ(u) satisfies HΨ(u) = 0 with

H = gs
∂

∂u
− eu − qe−u.

Since the Hamiltonian is linear in the momentum, the semi-classical approximation is

exact, and

Ψ(u) = e(e
u−qe−u)/gs .

The matrix model action corresponding to inserting N D-branes at fixed positions xi (now

considered as the eigenvalues of a matrix X) is

ZP1(X) =
∫
dHU exp Tr

(
XU − eU − qe−U

)
/gs]

where U is a Hermitian matrix and dHU is the measure induced from the Haar measure

on the U(N) group manifold on its tangent space (respecting the periodicity U → U +

2πi). Here the traces 1
nTrX−n = tn correspond to the Toda times. We conjecture that

this matrix model is describing topological A-model of the P1 when the couplings to the

descendants of the identity operator are turned off. This should also be equivalent to the

matrix model of [42]. It is an interesting question to understand what configuration of

B-branes corresponds to turning on these more general couplings as well.

One can also deform the theory by turning on a twisted mass τ on P1 which gives
an equivariant version of the topological string on P1. In this case the superpotential gets

deformed to [10]

W (u) = eu + qe−u + τu,

and the corresponding Calabi-Yau becomes

zw − x− eu − qe−u + τu = 0.

The considerations here should proceed much in the same way as in the non-equivariant

case, and it would be nice to work out the details.
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5.9. Example 4: Integrable structure of the topological vertex

The topological vertex was introduced in [9] as the building block for topological string

amplitudes on local, toric Calabi-Yau threefolds (for further properties and applications

of the topological vertex, see for example [44,45,46,47,48,49]). In terms of the topological

A-model, the vertex can be regarded as an open string amplitude in the C3 geometry with

boundaries on certain Lagrangian A-branes. In [9] the vertex amplitude is described by

the partition function

Z(Λu,Λv,Λw) =
∑
Ri

CR1R2R3TrR1ΛuTrR2ΛvTrR3Λw, (5.16)

where we are choosing the canonical framing. The entries CR1R2R3 were obtained in [9]

from large N duality with Chern-Simons theory, and the result is

CR1R2R3 =
∑

R,Q1,Q3

NR1
Q1R N

Rt
3

Qt
3R

qκR2/2+κR3/2
WRt

2Q1WR2Qt
3

WR2

, (5.17)

where WR1R2 is the large N limit of the CS invariant of the Hopf link, as defined in [50,9],

and WR = WR·, where · denotes the trivial representation, is the large N limit of the

quantum dimension of R. In the above equation, NR3
R1R2

are tensor product coefficients,

and κR is given by

κR =
∑

i

`i(`i − 2i+ 1), (5.18)

where `i are the lengths of rows in the Young tableau associated to R. We can consider

the topological vertex in an arbitrary framing (we will discuss framing from the B-model

perspective in the next subsection),

C
(n1,n2,n3)
R1R2R3

= (−1)
∑

i
ni`(Ri)q

∑
i
niκRi

/2CR1R2R3 , (5.19)

where `(R) is the total number of boxes in the representation R. We note that κR, that

implements the change of framing, is the eigenvalue of the operator
∮

(∂φ)3/3 acting on

the state |R〉, as it follows from our discussion of framing in section 3.1. The free energy

associated to the vertex is given by F(gs, t
i
n) = log Z(gs, t

i
n), where the parameters tin are

related to the three matrices Λi appearing in (5.16) by tin = gs

n Tr Λn
i , i = u, v, w. By using

the representation (3.4), it is easy to see that
∮
(∂φ)3/3 is the “cut and join” operator

considered for example in [19], and the free energy associated to the framed vertex satisfies

then three “cut and join” equations (one for each framing ni).
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We want to describe now the topological vertex in the topological B-model. We first

consider the canonical framing ni = 0. Mirror symmetry relates the A-model C3 geometry

to Kodaira-Spencer theory on the Calabi-Yau manifold

zw − e−u − ev + 1 = 0.

As explained in [9], this is described by a chiral boson on the Riemann surface

e−u + ev − 1 = 0. (5.20)

In [9] some evidence for this was presented. Here we will show how to recover in the

B-model the full free energy of the topological vertex, following the general philosophy

developed in the previous sections. Following the discussion of sections 3 and 4 we will

show that we can completely recover the topological A-model amplitudes by considering the

chiral boson on the above Riemann surface. Moreover, the fermionic perspective provides

a remarkably simple description of the vertex in terms of a wave function quadratic in the

fermions. We will first develop both the bosonic and the fermionic viewpoint and then we

will demonstrate that this indeed agrees with the A-model amplitudes derived in [9].

The mirror Riemann surface (5.20) is a sphere with three punctures, i.e. three asymp-

totic regions. We will choose the three punctures have coordinates u, v and w on them,

where

u+ v + w = iπ.

The u coordinate parameterizes the asymptote of the Riemann surface where u→∞, and

likewise for the v- and w−punctures. These coordinates are defined on a cylinder and have

periodicity 2πi. With this choice of variables, the Riemann surface has a Z3 symmetry

corresponding to cyclic permutations

u→ v → w→ u.

There are three corresponding chiral scalars deforming the complex structure. In the

u-patch, the meromorphic one form is λ = vdu, and the chiral boson representing the

variations of this can be identified as v = ∂uφ
u. Correspondingly, in terms of the fermion

quantum mechanics,

[v, u] = gs
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with

v = gs∂u.

We should emphasize here that in the case of Riemann surfaces which correspond to mirrors

of topological A-model there is always a preferred choice of which variable corresponds to

momentum p at each puncture [14]. This is because the classical value of φ(u) corresponds

to the disk amplitude in the topological A-model. The physical part of this amplitude

is generated by worldsheet instantons of complexified area u whose contribution vanishes

in the u → ∞ limit as e−u. This means that near the u-puncture, the classical B-brane

action is

S(u) = φ(u)/gs =
1
gs

∫ u

p(u)du.

where p(u) is a variable defined by asking that on the Riemann surface p vanishes as

u → ∞. In the present case, we have that in the u-patch, the corresponding momentum

is pu = ∂uφ
u = v. Similarly in the v and w patches, we have

w = pv = ∂vφ
v, u = pw = ∂wφ

w,

so that, for example

u = iπ − v − gs∂v = gs∂w, (5.21)

Let us now discuss the W1+∞ relations. The chiral boson defined in the u patch has

an expansion

φ(u) =
∑
n>0

tun e
nu − g2

s

1
n

∂

∂tun
e−nu, (5.22)

corresponding to turning on a coherent state, and we have a corresponding fermion

ψ(u) = eφ(u)/gs .

Consider now the fermion bilinear operator∮
u

ψ∗(u)enuψ(u). (5.23)

Moving the contour to the other two patches, and using that the operator u is represented

in the v− and w−patches by (5.21) we find the Ward identity∮
u

ψ∗(u)enuψ(u) + (−1)n

∮
v

ψ∗(v)e−nv−ngs∂vψ(v) +
∮

w

ψ∗(w)engs∂wψ(w) = 0. (5.24)
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There is in fact a triple infinity of conserved charges obtained from the above by the cyclic

Z3 symmetry of the problem. Bosonization of (5.24) gives∮
u

enu ∂uφ(u)/gs du =
∮

v

(−1)n

[n]
e−nv−n∆vφ(v) dv −

∮
w

1
[n]

en∆wφ(w) dw . (5.25)

where we have defined, e.g.:

n∆vφ(v) :=
1
gs

(φ(v + ngs/2)− φ(v − ngs/2)),

and introduced the q-number6

[n] = q
n
2 − q−

n
2 ,

with q = egs . These Ward identities, viewed as differential equations for the free energy

F(tu, tv, tw), are strong enough to determine it uniquely.

Let us first discuss the classical limit, gs → 0. In this limit we have that

e∆uφ(u)/gs → e∂uφ(u)

and only the genus zero piece F0 of the free energy F(t) =
∑

g Fg(t)g2g−2
s survives, e.g.

〈t|e∆uφu |V 〉gs→0 = exp
{∑

n>0

ntun e
nu + ∂u

nF0 e
−nu

}
.

so that the Ward identity becomes∮
u

enu ∂uφ
u du =

∮
v

(−1)n

n
e−nv−n∂vφv

dv −
∮

w

1
n
en∂φw(w) dw. (5.26)

The semiclassical limit could have equivalently been obtained by recalling that, e.g.

∂uφ(u) = v and then considering ∮
u→∞

enu v du,

6 The appearance of 1/[n] in the r.h.s. of (5.25) comes from the normal-ordering factor which

is given by exp(
∑

k>0
[nk]2/(2k)). This sum contains a finite piece

exp
(

1

2

∑
k>0

qnk + q−nk

k

)
= − 1

[n]

which should be included after normal ordering.
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moving the contour to the other patches and integrating by parts. This classical Ward

identity determines the genus zero free energy. For example, the leading order solution for

F0, corresponding to genus zero with one hole is obtained by setting all the times to zero

to get

∂u
nF0 = − 1

n
. (5.27)

Note that this is computing

v = ∂uφ
u
cl = −

∑
n

1
n
e−nu = log(1− e−u),

which corresponds to the classical equation of the Riemann surface. The case of Riemann

surfaces which correspond to mirrors of the toric topological A-model geometries is special,

namely the knowledge of the location of the punctures in terms of giving the momenta and

the coordinates, suffices to fix the Riemann surface itself. It is thus not surprising that the

same data fixes the quantum one-point amplitudes as well, as we will soon see. Expanding

about the one-point function, φcl it is easy to see that the two point functions precisely

correspond to a global chiral scalar on the Riemann surface (5.20) in accordance with [9].

The full theory is much more complicated than that, even in the classical limit, and F0 in

general has non-zero coefficients for all powers of the t’s.

We can now use the quantum Ward identity (5.25) to solve for the full free energy. A

priori, we should solve the identity iteratively order by order in the genus expansion. One

can however do better than this and obtain exact expressions to all genera, proceeding

iteratively in the number of times turned on. Let us now explain this.

The equation (5.25), after acting on Z, leads to the following identity:

gs∂
u
nF =

(−1)n

[n]

∮
v

dv e−nve

{∑
m>0

−g−1
s [mn]tv

memv−∆v,nF(t)

}

− 1
[n]

∮
w

dw e

{∑
m>0

g−1
s [mn]tw

memw+∆w,nF(t)

}
,

(5.28)

where we defined

∆v,nF(t) :=F(tu, tvm − gs
[mn]
m

e−mv, tw)−F(tu, tv, tw)

=
∞∑

`=1

∑
q1,···,q`

(−gs)`

`!

∏̀
i=1

[nqi]
qi

∂v
q1
· · ·∂v

q`
F(tu, tv, tw) e−

∑
`

i=1
qiv,
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i.e. we expand the free energy F(tu, tvm − gs[mn]e−mv/m, tw) on the r.h.s. in the times

around F(tu, tv, tw), and similarly for the term in the w integral. Using (5.28) and the

cyclic property of the vertex it is straightforward to provide an algorithm to calculate the

exact coefficients in q of the monomial tu~k t
v
~m tw~n in the free energy F to any given order in

the times and total “winding”.

For example, it is easy to see that the exact amplitude corresponding to times on the

u−puncture is given by

F(tu; tv = 0 = tw) = −
∞∑

n=1

tun
gs[n]

(5.29)

as follows by integrating (5.28) with respect to tun. For tv = tw = 0 the only term that

contributes from the righthand side is the constant − 1
[n]

coming from the second term.

Similarly the coefficients of tuk1
. . . tuks

tvm1
. . . tvmn

and tuk1
. . . tuks

twn1
. . . twnr

are obtained

by integrating (5.28) with respect to tuki
and iteration over s. Each step can be performed to

arbitrary order in the total number of holesNv,w =
∑r

i=1 k
v,w
i . Explicit formulas for certain

amplitudes to arbitrary winding can be obtained, see appendix A. Checks on the cyclic

property are provided by comparison of the coefficients of tu~k t
w
~n

−→
cycl.

tw~k tv~n with the one of

tu~k tv~n
−→
cycl.

tv~k t
w
~n . These coefficients can be used to obtain tuk1

. . . tuks
tvm1

. . . tvmn
twn1

. . . twnr

again by integration (5.23) with respect to tuki
and iteration in s. This has been done

to order (Nu, Nv, Nw) = (4, 4, 4) in complete agreement with the free energy from the

Chern-Simons formula for the vertex (5.17).

The underlying integrable structure of the topological vertex is better formulated

in the fermionic language, and it implies that albeit the vertex has a rather complicated

structure when written in terms of modes of a chiral boson, after fermionization it is simply

given by the exponential of a bilinear of fermions acting on the vacuum. We turn to this

next.

5.10. Fermion perspective for the topological vertex

Let us now consider the fermionic description. From the above, it follows that the

fermion one point function

Ψ(u) = 〈0|eφ(u)/gs |V 〉

is given by the so-called quantum dilogarithm [51]

Ψ(u) = exp
∑
n>0

−e
−nu

n[n]
. (5.30)
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Other useful ways of writing this are

exp
∑
n>0

−e
−nu

n[n]
=

∞∏
n=0

(1− e−uqn+ 1
2 )−1 =

∑
n≥0

(−1)n 1
[n]!

q−n(n−1)/4e−nu.

The one point function is annihilated by the Hamiltonian corresponding to the Riemann

surface (5.20), leading to a difference equation which uniquely fixes it

H(u, v)Ψ(u) = 0

where

H(u, v) = q−
1
2 e−u + egs∂u − 1.

This reflects, as discussed in section 3, the unbroken W symmetries. For the anti-brane

a similar reasoning gives
∏∞

n=0(1− e−uqn+ 1
2 ). As we discussed in section 4, the B-branes

transform as wave functions in going from patch to patch. With coordinates on the punc-

tures chosen as in the previous subsection, going from the u to the v patch the coordinates

transform by a symplectic transformation U which, up to a shift, corresponds to the ST

element of the SL(2,Z).

U

(
v
u

)
= ST

(
v
u

)
+
(

0
iπ

)
ST =

(
0 1
−1 −1

)
The element ST generates a Z3 subgroup of SL(2,Z), (ST )3 = 1, and similarly U3 = id.

In terms of the fermions, these are realized as

Uψ(v) =
∫
due−SU (v,u)/gsψ(u)

U2ψ(w) =
∫
due−SU2 (w,u)/gsψ(u)

where

SU (v, u) = −v
2 + 2uv + 2iπv

2
.

Similarly from w to u patches there is a generating function

SU (u, w) = −u
2 + 2wu+ 2iπu

2
.

SU2(w, u) =
u2 + 2uw + 2iπu

2
.
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Note that SU2(w, u) = −SU (u, w), and correspondingly, it is easy to check that U3 is

realized as identity on the fermions.

In this example it is easy to check that the one-point functions Ψ(u) = 〈ψ(u)〉 satisfy

Ψ(w) =
∫
due−SU2 (w,u)/gsΨ(u+ gs/2), (5.31)

by performing a Gaussian integral over u, and analytically continuing in w, to w → ∞
patch. That is, up to the shift in u we have Ψ(w) = U2Ψ(w). The shift in u on the right

hand side is a quantum shift in the flat coordinate. While in the case of pure topological

gravity, for example, one could derive very useful statements by considering how fermions

transform from patch to patch, here the one point functions are complicated in every patch.

Incidentally, the statement that the quantum dialogarithm is its own Fourier transform is

well known [51].

The expression or |V 〉 derived in the previous subsection in terms of the bosons is

hiding the amazing simplicity of the state |V 〉 — it is a Bogoliubov transform of the

fermionic vacuum! Namely, we have that

|V 〉 = exp

 ∑
i,j,n,m

aij
mnψ

i
−m−1/2ψ

j∗
−n−1/2

 |0〉 (5.32)

where, due to the cyclicity of the vertex, the coefficients aij
mn must have the cyclic symmetry

aij
mn = ai+1,j+1

mn .

so that there are only three independent matrices of coefficients, auu, auv and avu. That

this is true can be shown as follows. Note that if we consider B-branes in one patch only,

than the corresponding amplitude is manifestly bilinear in the fermions. This is because

the corresponding state in terms of the bosons is simply a coherent state, which is the

exponential of a bilinear in fermions acting on the vacuum. Since the fermions transform

linearly from patch to patch, this implies that the complete state |V 〉 is bilinear in the

fermions. Moreover, the coefficients aij are easily found if one knows the amplitudes in

one patch.

Since the exact free energy (5.29) corresponding to one puncture F(tu, 0, 0) is linear

in the times tun, we have that G(ũ, u) = 1
eũ−eu is the standard fermion Green function on

a plane:

〈0|ψ(ũ)ψ∗(ũ)|V 〉 =
1

eũ − eu
Ψ(ũ) Ψ∗(u) =

1
eũ − eu

∞∏
n=0

(
1− e−uqn+1/2

1− e−ũqn+1/2

)
(5.33)
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This can be used to compute the state |V 〉, as described in section 4, namely from (5.33)

we can compute auu as:

〈0|ψ(ũ)ψ∗(u)|V 〉 =
∞∑

m,n=0

auu
mne

−(m+1)u e−(n+1)ũ +
1

eũ − eu
.

From this we find that:

auu
mn = (−1)n q

m(m+1)
4 −n(n+1)

4

[m+ n+ 1] [m]! [n]!
.

We can similarly compute avu
mn by evaluating 〈0|ψ(v)ψ∗(u)|V 〉 and considering how

the fermions transform, namely

〈0|ψ(v)ψ∗(u)|V 〉 =
∫

dũ e−SU (v,ũ)/gs
Ψ(ũ+ gs/2) Ψ∗(u)

eũ+gs/2 − eu
(5.34)

and expanding in e−u and e−v. The Gaussian integral in (5.34) gives7

〈0|ψ(v)ψ∗(u)|V 〉 = e−u
∑
n≥0

q−
n(n−1)

2 (−1)n+1 e−nv e−nu Ψ(v + ngs) Ψ∗(u) (5.35)

The coefficient avu
mn of the e−mve−(n+1)u term in the expression on the right hand side is

avu
mn = (−1)n+1 q

m(m−1)
4 −n(n−1)

4

min(m,n)∑
p=0

q
p(p−m−n+1)

2

[m− p]! [n− p]!
. (5.36)

Similarly, we can compute auv by considering

〈0|ψ(u)ψ∗(v)|V 〉 =
∫

dũ eSU (v,u)/gs
Ψ(u) Ψ∗(ũ− gs/2)

eu − eũ−gs/2
.

7 For computing this, it is useful to note that∫
du e−SU (v,u)/gs enu Ψ(u + gs/2) = Ψ(v + ngs) (−1)n e−nv q−

n2
2 .

To define this integral and consistently keep track of the quantum shifts, it is helpful to express

it as
∫

du
∫

dw e−S
U2 (v,w)/gs−S

U2 (w,u)/gs enu Ψ(u + gs/2) using that U = U2 · U2, and further

making use of equation (5.31).

65



Following similar steps to the ones spelled out above, (or simply taking gs → −gs which

exchanges the branes with the anti-branes) we find

auv
nm = (−1)m q−

m(m−1)
4 q

n(n−1)
4

min(m,n)∑
p=0

q−
p(p−m−n+1)

2

[m− p]! [n− p]!

In the next section, we will see that this agrees with the previously obtained expressions

for the vertex. More precisely, this agrees up to the factor of e−u and a shift of v by a gs

factor. The relative factors and shifts are probably related to the fact that we were not

carefuly keeping track of fermion charges.

5.11. Fermion bilinearity and the equivalence with the vertex from the topological A-model

In this section, we show that the vertex amplitude, as computed above from the

topological B-model perspective, agrees with the expression (5.17) for the vertex from the

topological A-model.

As we have seen in the previous section, the vertex amplitude |V 〉 (which is defined

by Z(ti) = 〈ti|V 〉) is of the form

|V 〉 = exp
[ ∑

i,j,n,m

aij
mnψ

i
−m−1/2ψ

j∗
−n−1/2

]
|0〉.

To show that this agrees with (5.17), we compute the coefficients aij
nm in terms of the

entries of the vertex in the representation basis. As it is well-known (see for example [52]),

the state corresponding to a hook representation Rm+1,n+1 with m + 1 boxes in its row

and n+ 1 boxes in its column is given by

|Rm+1,n+1〉 = (−1)n+1ψ∗−n−1/2ψ−m−1/2|0〉.

By taking the inner product with |V 〉 and using (5.32) we find that

CRm+1,n+1·· = (−1)nauu
mn

plus permutations. Similarly, we obtain

CRp+1,p′+1Rq+1,q′+1· = (−1)p′+q′(auu
pp′a

vv
qq′ − auv

pq′a
vu
qp′), (5.37)
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plus permutations. Finally, the trivalent vertex with the reps Rp+1,p′+1, Rq+1,q′+1,

Rr+1,r′+1 in positions k,l,m, respectively, is given by

(−1)p′+q′+r′
(
akl

pq′a
lm
qr′a

mk
rp′ + akm

pr′ a
ml
rq′a

lk
qp′ − akk

pp′a
lm
qr′a

ml
rq′

− all
qq′a

km
pr′ a

mk
rp′ − amm

rr′ a
lk
qp′a

kl
pq′ + akk

pp′a
ll
qq′a

mm
rr′

)
Using these equations one can determine all the coefficients aij

nm in terms of entries of the

trivalent vertex with hook representations. One first finds auv
00 = q1/6, avu

00 = −q−1/6. Since

CR1R2· = q
−κRt

2
/2
WR1Rt

2

one finds from (5.37) that

auv
mn =(−1)nq

1
6−κSn+1/2

(
WSm+1Sn+1 −WSm+1WSn+1

)
,

avu
mn =− (−1)nq−

1
6−κAm+1/2

(
WAm+1An+1 −WAm+1WAn+1

)
,

(5.38)

where Sn, An are respectively the completely symmetric and antisymmetric representations

with n boxes. The following formula for WR1R2 is a consequence of cyclicity of the vertex

(see [53] for a detailed proof):

WR1R2 = q(κR1+κR2 )/2
∑
R

WRt
1/RWRt

2/R (5.39)

where

WR/R′ =
∑
Q

NR
QR′WQ

and can be written in terms of skew Schur functions [46]. Using (5.39) one easily finds

auu
mn =(−1)n q

m(m+1)
4 −n(n+1)

4

[m+ n+ 1]![m]![n]!
,

auv
mn =(−1)nq

m(m+1)
4 −n(n+1)

4 + 1
6

min(m,n)∑
l=0

q
1
2 (l+1)(m+n−l)

[m− l]![n− l]!
,

avu
mn =− (−1)nq

m(m+1)
4 −n(n+1)

4 − 1
6

min(m,n)∑
l=0

q−
1
2 (l+1)(m+n−l)

[m− l]![n− l]!
.

(5.40)

Notice that the fermionic representation leads to a radical simplification of the information

encoded in the vertex, and to a full series of consistency relations between the coefficients

CR1R2R3 that are the analog of the Plücker relations in the KP hierarchy. It is worth
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mentioning that the state (5.32) is a tau function of the three-component KP hierarchy as

constructed for example in [54]. It follows in particular that if we put one set of times to

zero we obtain a tau function of the Toda hierarchy 8.

It is interesting to note that there is a choice of framing for which at least some of the

amplitudes simplify dramatically. Suppose we consider the vertex amplitude corresponding

to only two stacks of B-branes, say in the u and the v patches, with framing −1 in the

u−patch and canonical framing in v−patch. The correlation functions we want to compute

are

〈0|ψ∗(u)ψ(v)|V (−1,0,0)〉 = −
∞∑

m,n=0

(−1)m+1q−κSm+1/2auv
mne

−(m+1)ue−(n+1)v, (5.41)

and

〈0|ψ(u)ψ∗(v)|V (−1,0,0)〉 =
∞∑

m,n=0

(−1)n+1q−κAn+1/2avu
mne

−(n+1)ue−(m+1)v.

Using (5.38), we find that (5.41) can be written as

〈0|ψ(u)ψ∗(v)|V (−1,0,0)〉 =

q1/6
∞∑

m,n=0

(−e−u)m+1(−e−v)n+1q−κSm+1/2−κSn+1/2(WSm+1Sn+1 −WSm+1WSn+1).

Therefore, we just have to compute the generating function of the WR1R2 for symmetric

representations, in the framing (−1,−1). It can be shown by using (5.39) that

(−1)`(R1)+`(R2)q−κR1/2−κR2/2WR1R2 = 〈R1| ⊗ 〈R2|W 〉

where the state |W 〉 in H(1) ⊗H(2) is given by

|W 〉 = exp
{
−

∞∑
n=1

βn

n
(α(1)
−n + α

(2)
−n) +

∞∑
n=1

1
n
α

(1)
−nα

(2)
−n

}
|0〉, (5.42)

where βn = 1
[n] . Using (5.42) one finds

〈0|ψ∗(u)ψ(v)|V (−1,0,0)〉 = − q1/6

1− eu+v

∏
n≥0

(1− e−uqn+ 1
2 )−1(1− e−vqn+ 1

2 )−1.

8 This fact has also been pointed out in [55].
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Similarly,

〈0|ψ(u)ψ∗(v)|V (−1,0,0)〉 = − q−1/6

1− eu+v

∏
n≥0

(1− e−uqn+ 1
2 )(1− e−vqn+ 1

2 ).

5.12. Framing and more general Riemann surfaces

The fermionic formulation of the vertex in the standard framing is very easily gener-

alizable to other framings and more general Riemann surfaces.

Consider a Riemann surface with punctures Pi, i = 1, 2, . . .. The punctures are defined

by

pi = ciu+ div + ti → 0

and come with coordinates

qi = aiu+ biv →∞

Where aidi − bici = 1, for integers ai, bi, ci, di. The parameters ti are complex structure

moduli of the Riemann surface. According to the discussion above, [qi, pi] = −gs, and

pi = gs
∂

∂qi
.

The coordinates (qi, pi) at different punctures Pi are related to each other by SL(2,Z)

transformations, up to constant shifts depending on the t’s. The corresponding Ward

identities are given by∮
Pi

ψ∗(qi)enqiψ(qi) +
∑
j 6=i

∮
Pj

ψ∗(qj)e−n(Aijqj+Bijpj+Tij)ψ(qj) = 0. (5.43)

where

qi = Aijqj +Bijpj + Tij(t).

For example, consider the topological vertex in arbitrary framing (k, l,m), i.e. where

the coordinates in the u, v and w patches are

qu = u− kv, qv = v − lw, qw = w −mu,

respectively. The corresponding momenta are unchanged. We thus have∮
qu

ψ∗enquψ + (−1)n

∮
qv

ψ∗en(avqv+bvgs
∂

∂qv
)ψ + (−1)nk

∮
qw

ψ∗en(awqw+bwgs
∂

∂qw
)ψ = 0.
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where av = −k − 1, bv = −1 + l − kl, aw = k, and bw = 1 + k + mk, and similarly for

the other charges. The solutions to this correspond to the framed vertex amplitude, as we

have verified in examples.

The Ward identity (5.43) is expected to govern the topological string amplitudes

on general local toric Calabi-Yau geometries. A toric diagram with g closed meshes is

associated to a Riemann surface H(u, v) = 0 of genus g. In these cases the topological

string amplitudes are much more non-trivial as one has irreducible curves of various genera

at generic degrees. This is reflected in the dependence on the Kähler parameter ti, which

enter the periods of λ on H(u, v) = 0.

As an example we check (5.43) for the O(−3) → P2 A-model geometry whose B-model

curve is genus one with three punctures

H(eu, ev) = r(e−t)− e−u − ev + e−t+u−v = 0 . (5.44)

Here (t, u, v) are the flat A-model moduli. The open/closed mirror map is encoded in

r(e−t) =
(

e−t

z(e−t)

) 1
3

= 1− 2e−t + 5e−2t + . . . as determined by periods of λ on H = 0 [56].

The choice of the coordinate qi at the punctures is a choice of framing and the one, which

corresponds to framing (0, 0, 0) from gluing three vertices [9]9

ZP2(V1, V2, V3) =∑
Ri,Qi

CQ3R2Rt
3
CQ2R1Rt

2
CQ1R3Rt

1
(−1)

∑
i
`(Ri)e−

∑
i
`(Ri)tq

∑
i
κRi TrQ1V1 TrQ2V2 TrQ3V3

(5.45)

is given by
(q1, p1) = (−u, u+ v + iπ)

(q2, p2) = (u− v − t, 2u− v − t)

(q3, p3) = (v, 2v − u+ t)

(5.46)

The relation between the boundary coordinates is

(q1, p1) = (q2 − p2,−3q2 + 2p2 − t) = (−2q3 + p3 − t, 3q3 − p3 + t) (5.47)

yielding the Ward identity∮
P1

ψ∗(q1)enq1ψ(q1) +
∮

P2

ψ∗(q2)enq2−np2ψ(q2) +
∮

P3

ψ∗(q3)e−2nq3+np3−ntψ(q3) . (5.48)

9 Note that we exchanged Q1 and Q2 w.r.t. [9].
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The simplest check is performed by choosing q̂2 = q2 − p2, which corresponds to framing

(0,−1, 0). In particular the action of (5.48) on Z in the q1, q̂2, q3 coordinates yields for this

choice of framing
∂

∂t1n
F|t3

i
=0 +

∂

∂t2n
F|t3

i
=0 = 0 . (5.49)

The identity (5.48) does not fix the amplitude as (5.28) does for the vertex, because of the

positive power in the second patch. However it can be used to reconstruct the amplitude

for three stacks of branes from the one for one stack. This is related to the fact that the

identities hold for any fermion number flux, and thus any superposition of fermion number

flux in the loop will solve the constraints.

The expression (5.45) yields for framing (0, 0, 0) up to order Q = e−t and two holes

after transforming in the winding basis

F =
∑

n

1
[n]

(t(1)n + t(2)n + t(3)n ) +Q

(
− 3

[1]2
− 2

[1]
(t(1)1 + t

(2)
1 + t

(3)
1 )

− 1
2
(t(1)1 )2 − [2]

[1]2
(t(1)2 + t

(2)
2 + t

(3)
2 )− t

(1)
1 t

(2)
1 − t

(1)
1 t

(3)
1 − t

(2)
1 t

(3)
1

)
+ . . . .

(5.50)

Using the normal ordering description (5.28) we can use this to make a first check on

(5.48). We have checked (5.48) up to order Q5 and 5 holes involving all three stacks of

branes. Consistency of (5.28) follows also from the sewing prescription of the amplitudes

and the fact that the constraints commute with this operation.

5.13. Fermion number flux and the topological vertex

We can illustrate the considerations in section 4 on the fermion number flux also by

considering the topological string amplitudes in O(−3) → P2.

We can then introduce a new variable θ corresponding to turning on flux through

the nontrivial cycle, and consider the partition function ZN where N units of flux have

been turned on. The computation of these partition functions can be done by using

the topological vertex and the gluing constructions, as follows. As explained in [9], the

propagator associated to an edge is in general of the form

δR1Rt
2
(−1)`(R1)(f+1)qfκR1/2e−`(R)t, (5.51)

where f is a framing which depends on the details of the geometry, and t is the Kähler

parameter. This propagator corresponds to setting the momenta in the loops to zero, but
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it is easy to construct a state in H(1) ⊗ H(2), 〈P (f)|, which includes all possible fermion

numbers and is such that 〈P (f)|R1〉 ⊗ |R2〉 equals (5.51). This propagator has the form

〈P (f)| = 〈012| exp

{ ∞∑
n=0

e−nt−t/2
(
eiθεnψ

1∗
n+1/2ψ

2
n+1/2 + e−iθε′nψ

1
n+1/2ψ

2∗
n+1/2

)}
(5.52)

and it is a bilinear in fermions. The coefficients εn, ε′n are given by:

εn =i1+f (−1)(1+f)nq
f
2 n(n+1),

ε′n =i1+f (−1)(1+f)nq−
f
2 n(n+1).

(5.53)

Notice as well that the propagator (5.52) is of the form

〈P (f)| =
∑
N∈Z

eiNθON 〈N,−N |

where N is the fermion charge, and ON are operators in the fermion modes, so it includes

all possible fermion numbers.

Let us now consider the computation of the partition function with zero fermion

number flux associated to local P2. The topological vertex computation is [9]

Z0 =
∑

R1,R2,R3

(−1)
∑

i
`(Ri)e−

∑
i
`(Ri)tq

∑
i
κRiC·R2Rt

3
C·R1Rt

2
C·R3Rt

1
.

and it is easy to see that the full answer is given by

Z =
∑
N∈Z

eiNθZN = 〈0159| ⊗ 〈P (2)
27 | ⊗ 〈P (−2)

34 | ⊗ 〈P (2)
86 |V123〉 ⊗ |V546〉 ⊗ |V987〉

where |V 〉 is given by (5.32), with the coefficients of the bilinear in fermions given in (5.40).

An explicit computation up to order 2 in e−t shows that indeed, up to an overall constant,

ZN=±1(e−t) = Z0(−q±3e−t). (5.54)

This is in agreement with (4.17), since the intersection number is precisely 3 for this

geometry (the sign in the r.h.s. of (5.54) is due to a quantum shift).

Notice that for example the open string amplitudes for local P2 with outer branes,

computed in [9], do not correspond to tau functions of the n-KP hierarchy since they

only involve the zero fermion number sector. In order to obtain amplitudes which are

Bogoliubov transforms of the vacuum, we have to use in the gluing rules the propagator

(5.52), which includes all sectors.
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6. Connections with Non-critical Strings

It was already shown in [8] that c = 1 non-critical bosonic string at self-dual radius

is equivalent to topological B-model of the conifold. The rationale for the appearance of

the conifold can be viewed as the fact that the holomorphic functions of this CY can be

viewed as the ground ring of c = 1 at self-dual radius [3]. It was further conjectured in

[4] that non-critical bosonic string coupled to the (r, s) minimal model is equivalent to the

topological string on the (r, s) generalization of the conifold, as reviewed in this paper.

The fact that we can directly solve for the amplitudes of these models using the B-model

symmetries is in line with the fact that the symmetries of the ground ring of these theories

and their deformation encode all the scattering amplitudes. Thus our approach can be

viewed as a method to solve non-critical bosonic string by quantizing the deformations of

the ground ring. One should identify the B-branes we have considered with the branes of

non-critical bosonic strings. This would be interesting to do in detail because of the fact

that we have found fermions/branes to play a key role in computing the amplitudes.

In the context of topological B-models, we have seen that there are far more cases that

do correspond to a string theory than would be naively expected based on the experience

with non-critical bosonic strings. In particular any matrix model in the ‘t Hooft sense is a

string theory equivalent to a topological B-model on some Calabi-Yau [4]. Moreover also

these backgrounds do admit ‘scattering states’ that correspond to deformations at infinity

and that are captured by the free energy F(tin). This broadens the class of interesting

string theories to study, and frees us of having to take a double scaling limit to discuss a

string theory10.

More recently there has been some study of non-critical superstring backgrounds (see,

for example, [57]). All these models have been related to certain limits of matrix models.

Since, as we noted above any matrix model is equivalent to a topological B-models, so does

any limit of them. Thus we find, at least at the level of perturbative string theory, a way

to go from non-critical bosonic strings to non-critical superstring: One simply considers a

given matrix model, which is equivalent to B-model topological string and takes various

limits to get one or the other background.

10 It would be interesting to go backwards and see if one can give an interpretation of all these

local B-models in terms of non-critical bosonic strings. For example it is natural to speculate that

the topological vertex corresponds to non-critical bosonic strings propagating on a geometry of

dimension 1 consisting of three half circles connected at two points to one another.
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One main recent motivation to study non-critical superstring has been to find a non-

perturbatively complete string theory. In this context it is natural to ask what a non-

perturbative definition of topological string may be. This would be interesting to study

further.

7. Open Questions

We have seen that the Ward identities leading to the solution of the B-model can

be formulated in terms of fermions whose wavefunctions transform with suitable Fourier

transforms from patch to patch, encoded by the Riemann surface H(p, x) = 0 where we

view x, p as conjugate variables. It would be important to better understand the meaning

of this fact: Why are fermions, which correspond to branes, not geometrical objects of the

usual kind on the Riemann surface? Moreover why is it that the fermions are free and

that the amplitudes can be given by suitable Wick contraction between patches?

Naively one would think that as we move branes from one position to the other the

partition function is a smooth function of the position. Let Z(x) denote the partition

function of the topological string with a brane at position x. Let x = xi denote the

asymptotic infinities of the geometry. Let us start with a brane at x near a given xi and

move to another one where x approaches xj . The statement we have found is that Z

transforms as a Fourier transform instead of analytic continuation as we go from xi → xj .

We believe this may be related to an open string holomorphic anomaly. Namely, the actual

partition function not only depends on x but also on the complex conjugated variable x.

Thus each brane is associated to a particular asymptotic infinity where the corresponding

x→ xi. Let us define

Zi(x) = Z(x, xi) Zj(x) = Z(x, xj)

There is no reason that these are the same functions, in other words

Zi(x) 6= Zj(x)

thus analytic continuation does not need to work. To find the relation between these two

function we need to study

Zi(x)− Zj(x) =
∫ xj

xi

dx ∂Z(x, x)

74



There is an analog of holomorphic anomaly for open string [2] which has not been fully

developed. In the closed string case an interpretation of it [11] led to the formulation of

the closed string amplitudes as quantum mechanical wavefunctions on the moduli space

of Calabi-Yau. Here we want to speculate that there is a similar story in the open string

context leading to the amplitudes being wave functions on the Calabi-Yau itself; that there

could be roughly a heat-kernel-like equation of the form

∂Z = (ag2
s∂

2 + bgsx∂ + cx2)Z.

Viewing p as conjugate to x this is the same as the action

∂Z = (ap2 + bxp+ cx2)Z

This would imply that an infinitesimal change in the antiholomorphic coordinates generates

a linear symplectic diffeomorphism

x→ x+ (2ap+ bx)

p→ p− (2cx+ bp).

Exponentiating this action would then generate the metaplectic action on Z. It would be

important to develop this picture further, if only because it suggests an interesting way to

generate the quantum mechanical transformation rules from string theory. It would also

lead to a justification of the procedure followed in this paper, of treating branes/fermions

as wavefunctions.

Appendix A. c = 1 scattering amplitude

Here we show in detail how the interpretation of the c = 1 scattering matrix as a

Fourier transform corresponds to the familiar scattering amplitudes. Starting from the

well-known answer

Rq = i

(
1 + ie−π(µ+iq)

1− ie−π(µ+iq)

) 1
2
(

Γ( 1
2 − iµ+ q)

Γ( 1
2 + iµ− q)

) 1
2

we can use the identity

Γ(x)Γ(1− x) =
π

sin(πx)
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to write Rq for q = n+ 1
2 as

R2
n+ 1

2
= − 1

π

1− e−iπ(n−iµ+1)

1 + e−iπ(n−iµ+1)
· sin (π(n− iµ+ 1)) · Γ(n− iµ+ 1)2

= − 1
2πi

(
eiπ(n−iµ+1)/2 − e−iπ(n−iµ+1)/2

)2

Γ(n+ iµ+ 1)2

So that

Rn+ 1
2

=
1√
2π
eiπ/4

(
eiπ(n−iµ+1)/2 − e−iπ(n−iµ+1)/2

)
Γ(n+ iµ+ 1)

On the other hand, the expression

1√
2π

∫ +∞

−∞
dx · xn · x−iµeix

can be evaluated by deforming the contour, by x→ ix for x > 0 and to x→ −ix for x < 0.

(This depends on the sign of n, or more generally on where the poles are.) This will turn

the Fourier transform into two Laplace transforms, and gives the result

1√
2π

(
eiπ(n−iµ+1)/2 − e−iπ(n−iµ+1)/2

)
Γ(n− iµ+ 1) = e−iπ/4Rn+ 1

2

Appendix B. Topological vertex: Solutions to W∞ identities

Here we give explicit formulas for the free energy of the vertex, obtained by using the

W∞ identities, up to – and including– terms which are cubic in the couplings tin (i.e. up

to three holes). The resulting expressions are exact in q and include the contributions to

all genera.

The starting point of the iteration in s is given by (5.29). In order to proceed, we

note the following two formulae:

exp

{∑
k>0

− [nk]
k[k]

zk

}
=

n∑
k=0

(−1)k

[
n

k

]
zk, (B.1)

zn exp

{∑
k>0

[nk]
k[k]

zk

}
=

∞∑
m=n

[n]
[m]

[
m

n

]
zm. (B.2)

These can be easily proved by considering symmetric polynomials in n variables xi, i =

1, · · · , n, with the specialization xi = qi−(n+1)/2. The generating function of elementary

symmetric functions E(z) =
∏n

i=1(1 + xiz) can be computed by induction to be

E(z) =
n∑

k=0

[
n

k

]
zk,
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which is the r.h.s. of the first equation. It is a well-known fact in the theory of symmetric

functions that E(−z) = e−P (z), with P (z) =
∑

k>0 pkz
k/k, and pk =

∑n
i=1 x

k
i (see for

example [58]). With the above specialization, we find pk = [nk]/[k], and the first equality

(B.1) follows. The second equality follows in a similar way by considering the generating

function of complete symmetric functions H(z) =
∏n

i=1(1− xiz)−1.

We will now consider amplitudes with h > 1. The first thing to notice is that the

vanishing of Fh>1 with a single stack of D-branes allows us to solve for the part of F of the

form tw · · · twtu and tv · · · tvtu to all genera. This involves in principle all terms of the form

∂v
q1
· · ·∂v

q`
F|t=0 and ∂w

q1
· · ·∂w

q`
F|t=0, but from (5.29) we know them all and only ∂w

q F|t=0

is non-vanishing. Using now (B.1) and the value (5.29), we find that the w integral in

(5.28) leads to

−
∮

w

dw

[n]
e
−
∑

k>0
[nk]
k[k] e

−kw+g−1
s [nk]tw

k ekw+gs
[nk]

k ∂w
k F+... =

=
∑

n,m,r

g−r
s

r!

∑∑
i
qi=m

(−1)m+1

[n]

[
n

m

] r∏
i=1

[nqi]twqi
+ · · ·

(B.3)

It then follows that the part of F of the form tw · · · twtu is

∑
n,m,r

g−r−1
s

r!

∑∑
i
qi=m

(−1)m+1

[n]

[
n

m

] r∏
i=1

[nqi]twqi
tun + cyclic, (B.4)

where “cyclic” denotes the terms obtained by cyclic permutations of the times tu → tv →
tw. Similarly one finds in the v-patch the part of F of the form tv · · · tvtu

∑
n,m,r

g−r−1
s

r!

∑∑
i
qi=m

(−1)n+r

[m]

[
m

n

] r∏
i=1

[nqi]tvqi
tun + cyclic. (B.5)

Notice that, in particular, the free energy at two holes is given by

Fh=2 = g−2
s

∑
n≥k

(−1)k+1 [nk]
[n]

[
n

k

]
(tunt

w
k + cyclic). (B.6)

We can now compute cubic terms of the form twp t
u
mt

u
n. In that case, the only con-

tribution to ∂u
nCF that we need to consider comes from products of twk with arbitrary

derivatives of F ,

−
∑
p,k

[np](−1)k

[
n

k

]
twp
∑

r

gr−1
s

r!

∑∑
i
qi=p−k

r∏
i=1

[nqi]
qi

∂w
q1
· · ·∂w

qr
F ,
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where we consider the contribution to the multiple derivative of (B.4). The final expression

for the coefficient of twp tumtun is:

g−3
s (−1)p [np]

[n][m]

p∑
r=1

p−r∑
k=0

1
r!

[
n

k

][
m

p− k

] ∑∑
r

i=1
qi=p−k

r∏
i=1

[nqi][mqi]
qi

tunt
u
mt

w
p . (B.7)

Of course, if n = m there is an extra 1/2. We have checked in many cases that this compli-

cated albeit explicit expression adds up to a simple result which is manifestly symmetric

in n, m:

(−1)pg−3
s

[np][mp]
[n+m]

[
n+m

p

]
tunt

u
mt

w
p

whose genus zero limit is

(−1)pg−2
s

nmp2

n+m

(
n+m

p

)
.

Let us now consider the coupling twp t
v
mt

u
n. This has two contributions, one coming

from the w patch, and the other from the v patch. For the w patch, we start again from

(B.3), but now have to consider the piece of the multiple derivative that is proportional to

tv. This is obtained from (B.5), and we find for the coefficient of tunt
v
mt

w
p

a(n,m, p) = −g−3
s

[np]
[n]

p∑
r=1

p−r∑
k=0

1
r!

(−1)k+r+m

[p− k]

[
n

k

][
p− k

m

] ∑∑
r

i=1
qi=p−k

r∏
i=1

[nqi][mqi]
qi

.

The contribution from the v patch is obtained in a similar way, and one finds

b(n,m, p) = g−3
s

[nm]
[p]

m−1∑
r=1

m−r∑
k=n

1
r!

(−1)k+n+m+r

[k]

[
k

n

][
p

m− k

] ∑∑r

i=1
qi=m−k

r∏
i=1

[pqi][nqi]
qi

.

(B.8)

The coefficient of tunt
v
mt

w
p in F(gs, t

i
n) is then given by

Fuvw
nmp = a(n,m, p) + b(n,m, p). (B.9)

Explicit evaluations show that the above coefficient is cyclically symmetric in n,m, p, as it

should be. All the results obtained here for h = 2, 3 holes and arbitrary winding numbers

n,m, p are in perfect agreement with the free energy as computed from (5.17).
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