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1 Introduction

The topological string theory proposed in [1] on Calabi-Yau threefolds has been intensively
studied for decades, not only because of that they provided new techniques in computing
mathematically well-defined topological invariants such as Gromov-Witten invariants, but
also they predicted new kinds of topological invariants like Gopakumar-Vafa invariants.

The amplitudes of refined topological strings on a non-compact Calabi-Yau threefold X
in the A-model capture the BPS spectra of M-theory compactified on X. The low energy
theory obtained from geometric engineering [2, 3] is a 5d N = 1 supersymmetric quantum
field theory (SQFT), which is a supersymmetric gauge theory or a non-Lagrangian theory
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with eight supercharges on Omega-deformed background R4
ε1,2 × S

1. The BPS particles are
understood in [4, 5] as M2-branes winding on holomorphic 2-cycles C ∈ H2(X,Z), where the
BPS particles carry non-trivial spins (jL, jR) in the representation SU(2)L×SU(2)R = SO(4),
which is the little group of massive particles in R4 × S1.

In the resulting gauge theory, an important physical observable is the Nekrasov’s
instanton partition function [6, 7] in the Coulomb branch, which takes the form ZBPS =
ZpertZinst. Zpert is the perturbative partition function which is made of contributions from
vector-multiplets and hyper-multiplets. Zinst is the instanton contribution which takes
the form Zinst = 1 +

∑∞
k=1 Zkq

k. Here q = e−8π2β/g2
5d is the instanton counting parameter

defined from the 5d gauge coupling g5d and the radius β of the Euclidean time circle S1.
Zk is the k-instanton partition function which could be computed from ADHM quantum
mechanics as a Witten index

Zk = TrHk
[
(−1)F e−β{Q,Q†}e−ε1(J1+JR)e−ε2(J2+JR)e−α·Πe−m·H

]
. (1.1)

Here Hk is the k-instanton Hilbert space of 5d gauge theory on R4, J1,2 are the Cartan
generators of the SO(4) Lorentz symmetry group on R4, JR is the Cartan of the SU(2)R
R-symmetry. Π and H are the gauge and the flavor charges respectively. α is the chemical
potential for the electric charges in the Coulomb branch, m is the chemical potential for
all other flavor symmetries. The ADHM construction has been used to calculate the more
generic 5d instanton partition functions in [8–11] and 6d elliptic genera in [12–18].

In this paper, we are interested in another important physical observable, the correlation
function in the presence of a half-BPS Wilson loop operator

Wr = TrrT exp
(
i

∮
S1
dt(A0(t)− ϕ(t))

)
(1.2)

in the representation r, winding around the time circle S1. For more notations and
explanations, we refer the readers to section 3. The Wilson loop operator in the gauge
theory can be generated by the worldline of a heavy stationary quark fixed at the origin
of the space, which corresponds to a 1d line defect particle in the 5d theory. Inspired
from the holographic Wilson loop for N = 4 super Yang-Mills theory in 4d [19], the brane
configuration in type-II string theory for the line defect was proposed in [20] as a defect
D4-brane perpendicular to the D4-branes in the R4 directions. Such a brane configuration
suggest a ADHM quantum mechanics construction for instanton partition functions with
line defect, and the expectation values of the half-BPS Wilson loop operators in the 5d gauge
theories were computed from ADHM quantum mechanics in [21–26] and the analogous 6d
Wilson surface version were studied in [27–31] as well. In particular, the 1d line defects play
an important role in the study of quantum Seiberg-Witten curve and the non-perturbative
Dyson-Schwinger equation [22, 26]. More recently, the blowup equation for the instanton
contributions with 5d/6d Wilson loops/surfaces were suggested in [32], and the Wilson
loop expectation values for many theories which may not admit ADHM descriptions were
predicted there.

In M-theory, the heavy stationary quark can be realized as particles from M2-branes
winding on additional stationary non-compact holomorphic 2-cycles [32]. In general, these
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additional curve classes can always be decomposed to non-decomposable curve classes Ci,
which are called primitive curves. Now we denote the background (X, {Ci}) as a collection
of the original Calabi-Yau manifold and the additional primitive curves, which can be
embedded in a new Calabi-Yau manifold X̂. For the simplest case when X is local P1 × P1,
we show in section 3.4 that X̂ can be understood as the n-point blowups of X. For a
single primitive curve C insertion, the generated Wilson loop is in the non-decomposable
representation rC. It was conjectured in [32] that the expectation value of the Wilson loop
operator in the non-decomposable representation rC has a BPS expansion

〈WrC〉 = FBPS,{C} =
∑

C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRÑC
jL,jR

χjL(ε−)χjR(ε+)e−tC (1.3)

in term with non-negative integer Wilson loop BPS invariants ÑC
jL,jR

, where ε± = 1
2(ε1± ε2)

and χj is the SU(2) character with highest weight j. The right hand side of equation (1.3)
is nothing but the single heavy quark BPS sector FBPS,{C} of M2-branes winding on the
curve classes C + C in X̂ without the momentum factor 2 sinh(ε1/2) · 2 sinh(ε2/2). For two
primitive curves C1,C2 insertion, the resulting Wilson loop is in the representation of tensor
product of r1 ⊗ r2, we find the expectation value has a BPS expansion

〈Wr1⊗r2〉 = FBPS,{C1}FBPS,{C2} + 2 sinh(ε1/2) · 2 sinh(ε2/2) · FBPS,{C1,C2}, (1.4)

each BPS sector in (1.4) takes the BPS expansion as (1.3) with the positive BPS invariants.
More details and more generic discussion can be found in section 3.1.

The BPS states of the 5d gauge theory from M-theory compactification on X are
captured by topological strings on the non-compact Calabi-Yau threefold X. Thanks to
the string-gauge theory duality to three dimensional Chern-Simons theory [33], the large
N Chern-Simons theory leads to topological vertex calculation to the partition function
in the A-model. The topological vertex was later generalized to the refined case [34, 35],
where the partition functions computed from the refined topological vertex were proved
in [36] to be the same as the calculation from localization method [6, 37, 38]. In the
B-model, from the worldsheet description of topological strings, there exists a holomorphic
anomaly equation [39] which gives the direct integration method to solve the topological
string amplitudes [40–43]. By combining the gap condition proposed in [40, 41], the direct
integration method provide a very powerful tool to compute the string amplitudes. Later,
the refined version of the holomorphic anomaly equation was proposed in [44, 45] which
was used in [44–48] to calculate the refined topological string amplitudes.

Recently, based on geometric descriptions and inspirations from the blowup equation
for gauge theories [49–52], the blowup equation for refined topological strings was proposed
in [53], which was further generalized to generic 5d/6d SQFTs and the blowup equation
play an important role to compute the partition functions and elliptic genera for 5d/6d
SQFTs [53–60]. The generalization of the blowup equation to Wilson loop expectation
values can be found in [32, 50, 52]. In particular, in [32], the blowup equation for Wilson
loops in generic gauge theories and non-Lagrangian theories was suggested, and the Wilson
loop BPS invariants for many 5d/6d theories were calculated there.
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Even though the blowup formula for Wilson loop expectation values provides a very
efficient method to calculate the BPS invariants of Wilson loops, the refined topological vertex
approach and the refined holomorphic anomaly equation for 5d Wilson loop expectation
values are still missing. Our goal in this paper is to establish these two approaches. In
section 3.3, we explicitly calculated the Wilson loop expectation values in the representations
2⊗n, n = 1, · · · , 5 for SU(2) theory by using the formalism of refined topological vertex. This
method gives the exact all genus result for a given instanton number in the A-model. In
section 4, we proposed the refined holomorphic anomaly equation for Wilson loop amplitudes
in the B-model. We observed that the refined holomorphic anomaly equation for the Wilson
loop amplitudes is the same as the refined holomorphic equation for refined topological
strings. This suggests that the Wilson loop free energies inherit many important properties
of topological amplitudes. Indeed, as will be calculated in section 4, we find the Wilson
loop amplitudes are finite polynomials of the propagators and they are still weight zero
quasi-modular forms as the conventional topological strings [61].

The paper is organized as follows. In section 2, we review the basic concepts of
topological strings on local Calabi-Yau threefolds. In section 3, we describe the M-theory
understanding of Wilson loop operators insertion, we derive a BPS formula for the Wilson
loop expectation values in generic representations. In section 3.4, we establish a refined
topological vertex method to compute the Wilson loop expectation values, and we computed
the Wilson loop expectation values for 5d pure SU(2) theory in the representations 2⊗n, n =
1, · · · , 5. In section 4, we review the direct integration method by using the refined
holomorphic anomaly equation, and generalize it to the cases in the presence of Wilson
loops in 5d. We explicitly test the direct integration method approach for local P1 × P1

and local P2 models in various representation. In section 5, we use the exact results from
holomorphic anomaly equation, derived the quantum operators for local P1 × P1 and local
P2 models studied in the quantum geometry and suggests the refined A-period and the
refined version of the quantum operators. In section 6, we summarize the result and discuss
about the interesting future directions.

2 Topological strings

The topological string amplitudes Fg(t) in the A-twisted topological theory are defined as
integrals over genus g moduli space of worldsheet Riemann surfaces and are generating
functions of the genus g Gromov-Witten invariants. When the target space is a Calabi-Yau
three-fold X, these generating functions are related to M-theory compactified on R4×S1×X.
The topological string amplitudes then compute the Gopakumar-Vafa invariants which count
the numbers of BPS particles coming from quantization of the moduli space of wrapped
M2-branes on 2-cycles of X. These BPS particles carry SU(2)L×SU(2)R = SO(4) quantum
numbers, where SO(4) is the little group of massive particles in R4 × S1. We can turn on a
constant graviphoton field strength G = F1dx

1 ∧ dx2 − F2dx
3 ∧ dx4, that the BPS particles

carry non-trivial spins (jL, jR) in representations of SU(2)L×SU(2)R. The amplitudes then
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can be written from Schwinger integral [4, 5], as

FBPS =
∑

C∈H2(X,Z)

∑
jL,jR

NC
jL,jR

∫ ∞
0

ds

s

Tr(jL,jR)(−1)σL+σRe−sme−2se(σLF++σRF−)

2 sinh(seF1/2) · 2 sinh(−seF2/2) , (2.1)

where σL,R is the Cartan of SU(2)L,R, m is the mass of the electric particle which is equal
to the volume of 2-cycle C that M2-brane is wrapped on, usually is denoted as tC =

∫
C ω,

where ω is the Kähler form of X. The number NC
jL,jR

counts the number of BPS particles,
when the Calabi-Yau three-fold X is non-compact, it is an topological invariant which is a
positive integer and is usually called refined BPS invariant. The numerator of (2.1) in the
integrand comes from the summation of all eigenvalues of the harmonic operators in the
Schwinger integral with respective two different graviphoton field strengths F1, F2.

After performing the integral, the amplitude is then written as

FBPS(tC , ε1, ε2) =
∞∑
ω=1

∑
C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRNC
jL,jR

χjL(ωε−)χjR(ωε+)
ω ·2sinh(ωε1/2)·2sinh(ωε2/2)e

−ωtC ,

(2.2)

where we defined ε1 = eF1, ε2 = −eF2, ε± = 1
2(ε1 ± ε2), χj(ε) = e(2j+1)ε−e−(2j+1)ε

eε−e−ε .
In the worldsheet description of topological string amplitudes, the parameters ε1,2 are

identified as a refined version of the string coupling gs. Genus expansion of the topological
string amplitudes corresponding to small string coupling expansion

F(tC , ε1, ε2) =
∞∑

n,g=0
(ε1 + ε2)2n(ε1ε2)g−1F (n,g)(tC), (2.3)

where F (n,g)(tC) take the general form

F (0,0)(tC) =
∫
X
ω ∧ ω ∧ ω +

∑
C∈H2(X,Z)

GWC
0,0e
−tC , (2.4)

F (0,1)(tC) = − 1
24

∫
X
ω ∧ c2(X) +

∑
C∈H2(X,Z)

GWC
0,1e
−tC , (2.5)

F (1,0)(tC) = b
(1,0)
i ti +

∑
C∈H2(X,Z)

GWC
1,0e
−tC , (2.6)

F (n,g)(tC) =
∑

C∈H2(X,Z)
GWC

n,ge
−tC , n+ g ≥ 2, (2.7)

where ω is the Kähler form of X, c2(X) is the second Chern class of X, GWC
n,g is the refined

version of Gromov-Witten invariant come from the coefficients of the genus expansion of
FBPS(tC , ε1, ε2). Here we denote ti the basis element of tC , b(1,0)

i ti is computed from the
unstable maps of the relative Gromov-Witten invariants [62]. The free energy F (n,g)(tC)
is easier to compute in the B-model method, where we will give a review in the following
subsections. See [63] for a mathematical rigorous definition for the refined amplitudes.
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2.1 Local mirror symmetry

We now focus on the topological strings on toric Calabi-Yau three-folds. A toric Calabi-Yau
three-fold X is a toric variety given by the quotient

X =
(
Ck+3 − SR

)
/G, (2.8)

where the group G = (C∗)k and SR is the Stanley-Reisner ideal of G. The group action
is specified by a matrix of charges Qαi , i = 1, · · · , k + 3, α = 1, · · · k, satisfying the Calabi-
Yau condition

k+3∑
i=1

Qαi = 0, (2.9)

that act on the open subset as

G : xi 7→ µ
Qαi
α xi, i = 1, · · · , k + 3, (2.10)

where α = 1, · · · , k, µα ∈ C∗ and Qαi ∈ Z. One can define divisors Di ≡ {xi = 0}, such
that the charges Qαi are the intersection numbers of the divisors Di and the curve class
Cα ∈ H2(X,Z),

Qαi = Cα ·Di. (2.11)

All the data above can be encoded into a toric diagram, which is described from the rays
ν(i) = (1, ν(i)

1 , ν
(i)
2 ) with the constraints

k+3∑
i=1

Qαi ν
(i) = 0, α = 1, · · · , k. (2.12)

One can translate the language into the B-model geometry. Introducing the homogeneous
coordinates ai with the identification

ai 7→ λai, λ ∈ C∗. (2.13)

Not all of the homogeneous coordinates are independent, they are constrained by

k+3∏
i=1

a
Qαi
i = zα, α = 1, · · · , k. (2.14)

Here zα’s are parameters in the complex structure moduli space of the B-model geometry.
The local B-model geometry is then defined by

ω+ω− = H =
k+3∑
i=1

ai. (2.15)

Since not all the homogeneous coordinates ai are independent. The homogeneity of the
coordinates ai allows us to set one of ai to be one. Eliminating all the ai in (2.15) by

– 6 –
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using (2.14), and choose other two as ex and ey, then a proper choice always brings the
mirror geometry into a form

H (ex, ey; zα) =
k+3∑
i=1

a∗i (z)eν
(i)
1 x+ν(i)

2 y. (2.16)

The geometry we describe here is called local Calabi-Yau [64]. In particular, the period
integrals over the holomorphic three-form of the B-model local Calabi-Yau is encoded in
the periods of an algebraic curve

H(ex, ey; zα) = 0, (2.17)

which is a Riemann surface usually named as mirror curve.
The meromorphic one form λ of the Riemann surface is induced from the holomorphic

three-form of the Calabi-Yau three-fold and is defined as

λ = ydx. (2.18)

The periods are defined as

ΠA
i =

∮
Ai

λ, ΠB
i =

∮
Bi

λ, (2.19)

where Ai and Bi stand for the 2-cycles of the Riemann surface. ΠA
α and ΠB

α are called
A- and B-period respectively. A simple way to compute the periods is from the Picard-
Fuchs equations  ∏

Qαi >0
∂
Qαi
ai −

∏
Qαi <0

∂
Qαi
ai

ΠA,B = 0, α = 1, · · · , k. (2.20)

The solutions are constructed by the Frobenius method. By using the fundamental period

ω0(z, ρ) =
∑
n

1
Γ (Qαi (nα + ρα) + 1) (zα)n

α+ρα , (2.21)

we have the solution

ΠA
i = ∂ρiω0(z, ρ)|ρ=0= log(zi) +O(zi), (2.22)

while ΠB
i is given by a linear combination of the second order derivative of ω0(z, ρ = 0) with

respective to z. We usually use the notation ti(z) ≡ ΠA
i (z) denote the Kähler parameter in

the A-model and tDi (z) ≡ ΠB
i (z) the dual parameters. The A-period here provide mirror

maps between A-model Kähler parameters and B-model complex structure parameters.
Since the 2-cycles in the period integral are not completely independent, there exists a
function F (0,0) which is called prepotential, such that

tDi (z) =
k∑
j=1

Cij
∂F (0,0)

∂tj
, (2.23)

where Cij is a subset of Qαi which is the intersection matrix of compact divisors and curves
in the A-model Calabi-Yau manifold.
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Figure 1. (p, q)-brane web diagram (black) in the x5,6 directions for pure SU(2) gauge theory as a
dual graph of P1 × P1 (red).

3 Wilson loops

In this section, we study partition functions of 5d N = 1 super Yang-Mills theory on
R4
ε1,ε2×S

1, in the presence of Wilson loop operators winding around the time circle S1. The
insertion of a Wilson loop operator corresponding to adding a heavy stationary quark at the
origin of the space R4, that can be obtained by the insertion a half-BPS non-local operator

Wr = TrrT exp
(
i

∮
S1
dt(A0(t)− ϕ(t))

)
(3.1)

winding around the time circle S1 in the path integral formalism. Here T is the time ordering,
r is a representation of the gauge group, A0(t) = A0(~x = 0, t) is the zero component of
the gauge field and ϕ(t) = ϕ(~x = 0, t) is a scalar field accompany with the gauge field to
preserve half of the supersymmetries.

3.1 The SU(N) gauge theory and Wilson loops

In the following context, we focus on SU(N) gauge theory with Chern-Simons level κ,
sometimes also denoted as SU(N)κ in short. In the type IIB brane setups, a SU(N) gauge
theory is provided by N D5-branes lying in the x0,1,2,3,4,5 directions, which is stretched
between two NS5-branes lying in the x0,1,2,3,4,6 directions. The graph illustration of the type
IIB brane configuration in the x5,6 directions is called (p, q) five-brane diagram [65]. An
example of (p, q) five-brane diagram for SU(2)0 theory can be found in figure 1. A Wilson
line is then provided by inserting infinitely long fundamental strings in the x0,6 directions,
which is perpendicular to the D5-branes at x5,6 plane. In [20], following by [66], the authors
suggested to terminate the fundamental strings on a stack of defect D3-branes in x0,7,8,9

directions, such that the fundamental strings are stationary along the R4 directions x1,2,3,4,
and then move the D3-branes to infinity. The insertion of D3-branes generates the insertion
of fermionic heavy quarks in the lower dimensional quantum field theory.

The brane configuration with n additional parallel defect D3-branes provides the
partition function with 1d line defects in the ADHM construction

Z
(n)
5d/1d = Zpert

5d

∞∑
k=0

qk
1
k!

∮ [ k∏
I=1

dαI
2πi

]
Z(k)

vecZ
(k)
CSZ

(k,n)
defect. (3.2)

– 8 –
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where Z(k)
CS =

∏k
I=1 e

καI and1

Z(k)
vec =

∏
I 6=J 2 sinh

(αIJ
2
)
·
∏k
I,J=1 2 sinh

(
αIJ+2ε+

2

)
∏k
I=1

∏N
i=1 2 sinh

(
±(αI−φi)+ε+

2

)∏k
I,J=1 2 sinh

(
αIJ+ε1

2

)
· 2 sinh

(
αIJ+ε2

2

) , (3.3)

with φ1 + · · ·φN = 0. Here Z(k,n)
defect is the defect contribution which takes the expression

Z
(k,n)
defect =

n∏
l=1

N∏
i=1

2 sinh(xl − φi)
k∏
I=1

n∏
l=1

sinh(±(αI − xl) + ε−)
sinh(±(αI − xl)− ε+) , (3.4)

where xl, l = 1, · · · n, are the fugacities for the defect branes. The contour integral can be
computed from JK-residues [67] where the JK-poles are classified by N + n Young tableaux.
See [11] for a recent discussion.

As described in [24], the partition function ZWr of Wilson loop operator is computed
from the line defect partition function Z(n)

5d/1d. In particular, for pure SU(2) case, we have
the expectation value

〈W2⊗n〉 =
Z

(n)
5d/1d

Z
(0)
5d/1d

= (−1)n
∮ n∏

l=1

dXl

2πiXl

Z
(n)
5d/1d

Z
(0)
5d/1d

, (3.5)

where we have defined Xl = e−xl . Z(0)
5d/1d is the partition function without defect. The

expectation value 〈W2⊗n〉 is expanded with instanton numbers k as

〈W2⊗n〉 = 〈W (0)
2⊗n〉+

∞∑
k=1

qk〈W (k)
2⊗n〉, (3.6)

where 〈W (0)
2⊗n〉 is the zero-instanton or perturbative part

〈W (0)
2⊗n〉 =

(
eφ + e−φ

)n
, φ ≡ φ1 = −φ2, (3.7)

which is exactly the character of the representation 2⊗n and 〈W (k)
2⊗n〉 is the k-instanton

part. We will use the result from (3.5) to verify our calculations from a different approach
in section 3.3.

3.2 Wilson loops from primitive non-compact 2-cycles

In M-theory, as explained in [32], the heavy quarks are generated by M2-branes winding on
additional non-compact 2-cycles with infinite volumes, where the additional 2-cycles can be
obtained from the blowups of the original Calabi-Yau three-fold X. However, these particles
are not stationary on R4, they have an additional center of mass term or momentum term

1
2 sinh(ε1/2) · 2 sinh(ε2/2) , (3.8)

1Here we use the notations αIJ ≡ αI − αJ and sinh(±a+ b) ≡ sinh(a+ b) · sinh(−a+ b).
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which should be absorbed to the masses of these particles. Define Cl the primitive non-
compact curves which is not decomposable, such that any other non-compact curve can
be written as a linear combination of primitive non-compact curves with non-negative
integer coefficients. By absorbing the momentum term, we define the effective mass of the
additional stationary heavy particle as

Ml ≡
e−tCl

2 sinh(ε1/2) · 2 sinh(ε2/2) . (3.9)

From the Schwinger integral approach, the amplitude with a primitive curve C have an
additional term which takes the expression

FWilson
BPS (tC, tC , ε1, ε2)

=
∞∑
ω=1

∞∑
d=1

∑
C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRNC,d·C
jL,jR

χjL(ωε−)χjR(ωε+)
ω · 2 sinh(ωε1/2) · 2 sinh(ωε2/2)e

−ωtC−ωd·tC .

(3.10)

When the volume of the primitive curve is extremely large, the only surviving degrees are
those with ωd ≤ 1, then the BPS partition function is reduced to

ZWilson
BPS

= exp
(
FBPS(tC , ε1, ε2) + FWilson

BPS (tC, tC , ε1, ε2)
)

∼ ZBPS(tC , ε1, ε2)

1 +
∑

C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRNC,C
jL,jR

χjL(ε−)χjR(ε+)e−tCM

 ,
(3.11)

where

ZBPS(tC , ε1, ε2) = exp (FBPS(tC , ε1, ε2)) (3.12)

is the BPS partition function of X. We expect that the partition function ZWr in the
presence of the Wilson loop operator Wr is the coefficient of M , then the expectation value
of the Wilson loop operator has a BPS expansion

〈Wr〉 ≡
ZWr

ZBPS
=

∑
C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRÑC
jL,jR

χjL(ε−)χjR(ε+)e−tC , (3.13)

where we use ÑC
jL,jR

≡ NC,C
jL,jR

, which are always positive integers, for the BPS invari-
ants of Wilson loops with representation r generated by the primitive curve C. The
non-decomposable property of the primitive curve indicates the representation r is also
a non-decomposable representation. The BPS expansion (3.13) for non-decomposable
representation was first proposed in [32] and was used to extract the BPS invariants of
Wilson loop operators from the blowup equations.

For the case with 2 primitive curves C1,C2, the amplitude has additional contributions

FWilson
BPS (tC, tC , ε1, ε2) = FBPS,{C1}M1 + FBPS,{C2}M2 + I · FBPS,{C1,C2}M1M2 +O

(
M2

1,2

)
,

(3.14)
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where we define

I ≡ 2 sinh(ε1/2) · 2 sinh(ε2/2), (3.15)

and

FBPS,{C1,···,Cl} =
∑

C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRNC,C1,···,Cl
jL,jR

χjL(ε−)χjR(ε+)e−tC (3.16)

as the amplitude of the curve class C + C1 + · · ·+ Cl for any C ∈ H2(X,Z).
At the large volume limit of the primitive curves, the partition function ZWr1⊗r2

of
the Wilson loop operator in the representation r1 ⊗ r2 can be obtained by picking up the
coefficient of M1M2 in the partition function with primitive curves C1,C2, we then have
the BPS expansion

〈Wr1⊗r2〉 ≡
ZWr1⊗r2

ZBPS
= FBPS,{C1}FBPS,{C2} + I · FBPS,{C1,C2}. (3.17)

From equation (3.17), the SU(2)L × SU(2)R symmetry is not broken, thus we expect
that the expectation value of the Wilson loop operator for the tensor product of two
non-decomposable representations r1 and r2 can be still expanded as

〈Wr1⊗r2〉 =
∑

C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRÑC
jL,jR

χjL(ε−)χjR(ε+)e−tC . (3.18)

However, due to the existence of the momentum term I in (3.17), ÑC
jL,jR

for decomposable
representations would not always be positive.

One can generalize to the case with n primitive curves Cl, l = 1, · · · , n. From the
Schwinger integral approach, the amplitude with n primitive curves Cl, l = 1, · · · , n, takes
the expression

FWilson
BPS (tC, tC , ε1, ε2) =

n∑
l=1
I l−1 ·

∑
Sl

∑
{C1,···Cl}∈Sl

FBPS,{C1,···Cl}

l∏
i=1

Mi +O
(
Mn+1

)
,

(3.19)

where Sl is a subset of {C1, · · · ,Cn} with l primitive curves. At the large volume limit of
the primitive curves, we have the expectation value for the Wilson loop operator of generic
tensor product of non-decomposable representations as

〈Wr1⊗···⊗rn〉 =
n∑

k=1

∑
S(k)

∑
{Cli,1 ,···,Cli,ni }∈Sni

In−k ·
k∏
i=1
FBPS,{Cli,1 ,···,Cli,ni }

(3.20)

by summing up all subsets Sni ∈ S =
{
Sn1 , · · · ,Snk |

⋃k
i=1 S

(k)
ni = {C1, · · · ,Cn}

}
. We claim

that (3.20) provides the BPS expansion for Wilson loop expectation value in arbitrary
representation and the BPS invariants N

C,{Cli,1 ,···,Cli,ni }
jL,jR

are given by each BPS sector

FBPS,{Cli,1 ,···,Cli,ni }
=

∑
C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRN
C,{Cli,1 ,···,Cli,ni }
jL,jR

χjL(ε−)χjR(ε+)e−tC .

(3.21)
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x6

x5

QB

QF

Figure 2. (p, q)-brane web diagram in the x5,6 directions for pure SU(2) gauge theory.

The expectation value (3.20) can also be recast to the pseudo-BPS expansion

〈Wr1⊗···⊗rn〉 =
∑

C∈H2(X,Z)

∑
jL,jR

(−1)2jL+2jRÑC
jL,jR

χjL(ε−)χjR(ε+)e−tC , (3.22)

with the pseudo-BPS invariants ÑC
jL,jR

. When the representation is the non-decomposable
representation, the pseudo-BPS invariant is indeed the BPS invariant which is always a
positive integer. When the representation is decomposable, the pseudo-BPS invariant is not
a proper BPS invariant which could be negative. Examples with negative integers can be
found in table 6 and table 8 for SU(2) gauge theory.

Remarks. In general, the Wilson loop expectation of tensor product of representations are
not equal to the product of Wilson loop expectation values in each individual representations.
However, this is true in the NS limit as a consequence from the BPS expansion (3.20). It is
clear to see that in the NS limit ε2 → 0, we have I → 0, such that

〈Wr1⊗···⊗rn〉|ε2→0 =
n∏
l=1
FBPS,{Cl}

∣∣∣
ε2→0

=
n∏
l=1
〈Wrl〉|ε2→0 . (3.23)

This property can also be recovered from the refined holomorphic anomaly equation
in section 4.2.

3.3 Example: pure SU(2) gauge theory

In this section, we study the Wilson loop partition function for pure 5d N = 1 SU(2) gauge
theory with zero theta angle. Geometrically, this theory can be obtained from M-theory
compactified on local P1 × P1, where the partition function can be computed from the
(p, q)-brane web diagrams via refined topological vertex [34]. In the type IIB configuration,
the 5d SU(2) theory can be described by two D5-branes spanned over x0,1,2,3,4,5 directions
and two NS5-branes spanned over x0,1,2,3,4,6 directions. Then the (p, q)-brane web diagram
describes the (p, q) 5-brane configurations in the x5,6 direction, as illustrated in figure 2.

To generate Wilson loops in the representation 2n, we need to add stationary heavy
quarks generated by primitive curves C1, · · · ,Cn. For n = 1, · · · , 8, a natural embedding
geometry X̂ of the original threefold and these primitive curves is the n-points blowups

– 12 –
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of P1 × P1, that in the low energy physics, we can first insert Nf = n fundamental flavors
and then take the heavy mass limit. In the (p, q) 5-brane configuration, the fundamental
matters are provided by additional D5-branes ending on 7-branes at infinity, the Wilson
loops in the 5d gauge theory are provided by fundamental strings or (p, q)-strings ending
on the additional D5-branes. One can then move the D5-branes to infinity to make the
particles heavy. Now the (p, q)-strings are part of the background of the theory, where the
supersymmetry is broken by half. We can now treat the heavy flavor matters as Wilson
loop particles, however, the D5-branes we inserted are spanned over the direction x0,1,2,3,4,5,
the (p, q) strings ending on them are movable along x1,2,3,4 thus are not stationary. The
non-stationary property generate a momentum factor

I−1 = 1
2 sinh(ε1/2) · 2 sinh(ε2/2) =

√
q1q2

(1− q1)(1− q2) (3.24)

that has to be absorbed into the flavor masses as described in section 3.2. The heavy quarks
obtained from this setup are bosonic, which is different from the fermionic approach in
section 3.1. However, the Wilson loop expectation values obtained in both method should
be the same since the Wilson loop doesn’t care about the spins of the source particles.

The partition function of pure SU(2) theory can be computed using the refined topolog-
ical vertex method [34] from the brane web diagram as shown in figure 2, which is the graph
dual of the toric diagram of local P1×P1. The volume of two P1’s are described by the Kähler
parameters QF = e−2φ and QB = qe−2φ respectively. Here φ is the Coulomb parameter
of the gauge group SU(2), q = e−m0 is the instanton counting parameter. Following the
notation in [68], the partition function takes the expression2

ZSU(2) =
∑
µ1,µ2

Q
|µ1|+|µ2|
B t||µ

t
1||

2
q||µ2||2

Z̃µ1(t, q)Z̃µ2(t, q)Z̃µt1(q, t)Z̃µt2(q, t)

Rµt2µ1

(
QF
√

q
t

)
Rµt2µ1

(
QF
√

t
q

) , (3.25)

where

Z̃µ(t, q) =
∏

(i,j)∈µ

(
1− tµ

t
j−i+1qµi−j

)−1
, (3.26)

Rµ1µ2(Q; t, q) =
∞∏

i,j=1

(
1−Qti−

1
2−µ1,jqj−

1
2−µ2,i

)
. (3.27)

It was proved in [34, 36] that the partition function (3.25) can be alternatively written as
Nekrasov’s partition function from instanton counting

ZSU(2)(QB, QF ; t, q) = Z
SU(2)
pert (QF ; t, q)ZSU(2)

inst (QB, QF ; t, q), (3.28)

Z
SU(2)
pert (QF ; t, q) =

∞∏
i,j=1

(
1−QF ti−1qj

)−1 (
1−QF tiqj−1

)−1
, (3.29)

Z
SU(2)
inst (QB, QF ; t, q) =

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)
(3.30)

2In this subsection, we use the standard notation q = q1 = eε1 , t = 1
q2

= e−ε2 in the refined topological
vertex calculations. Note that I = (q1q2)−1/2(1− q1)(1− q2) = −(qt)−1/2(1− q)(1− t) in t, q variables and
the appearance of the minus sign.
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(a) (b)

Figure 3. Toric diagrams of local P1 × P1 blowup at one point. (a) is a star triangulation of the
polygon commonly used in the mirror symmetry. (b) is a flop transition of (a).

C

(a)

Vol(C) → ∞

C

∞

(b)

Figure 4. Brane diagrams in the x5,6 directions. (a) The brane diagram for SU(2) gauge theory
with one flavor. C is the curve class related to the edge in the diagram. (b) The brane diagram with
an infinitely long curve C.

where Q11 = Q22 = 1, Q12 = Q−1
21 = e−2φ, and

Nµ1µ2(Q; t, q) =
∏

(i,j)∈µ1

(
1−Qt−µ

t
2,j+i−1q−µ1,i+j

)
·
∏

(i,j)∈µ2

(
1−Qtµ

t
1,j−iqµ2,i−j+1

)
. (3.31)

Wilson loop in the fundamental representation. Now we want to add a fundamental
flavor by blowing up the geometry P1 × P1 once at a point. In the standard calculation of
mirror symmetry, e.g. in [47, 64], we usually chose a Calabi-Yau phase that the polygon has
a star triangulation as in figure 3(a). However, to make the degree of the additional curve
always positive, one needs to do a flop transition such that we get a different Calabi-Yau
phase described from the triangulation as in figure 3(b). In this phase, the resulting
geometry has an additional curve class C as described in the dual graph figure 4(a). Denote
Q1 = eφ−m the Kähler parameter related to the curve C, where m is the mass of the
fundamental flavor, then from the refined topological vertex method [34], the partition
function of SU(2) theory with one fundamental matter is [68]

ZSU(2),Nf=1 = Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
·
Rµt1∅(Q1)Rµt2∅(Q1QF )∏2

i,j=1Nµiµj (Qij ; t, q)
(3.32)
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by summing all the partitions µ1, µ2. Noticing that3

Rµt∅(Q; t, q) = R∅µt(Q; q, t) =
∞∏

i,j=1

(
1−Qti−

1
2−µ

t
jqj−

1
2
)

= PE
[
− Qt

1
2

1− t

( ∞∑
i=1

qi−
1
2 +

µ1∑
i=1

qi−
1
2 (t−µti − 1)

)]

= PE

− Q(tq)
1
2

(1− t)(1− q) −Q
∑

(i,j)∈µt
t

1
2−jqi−

1
2

 ,
= PE

− Q(tq)
1
2

(1− t)(1− q) −Q
∑

(i,j)∈µ
t

1
2−iqj−

1
2

 ,

(3.33)

by comparing with pure SU(2) case, we have that the extra factors appear in (3.32) can be
written as

Rµt1∅(Q1)Rµt2∅(Q1QF ) =
∞∏

i,j=1

(
1−Q1t

i− 1
2−µ

t
1,iqj−

1
2
) (

1−Q1QF t
i− 1

2−µ
t
2,iqj−

1
2
)

= PE
[
− e−m(tq)

1
2

(1− t)(1− q)Chµ1µ2(QF , t, q)
]
,

(3.34)

where Chµ1µ2(QF , t, q) is the equivariant Chern character defined in [69, 70] which have
the expression

Chµ1µ2(QF , t, q) = ea + e−a + (1− t)(1− q)
(tq)

1
2

ea ∑
(i,j)∈µ1

t
1
2−iqj−

1
2 + e−a

∑
(i,j)∈µ2

t
1
2−iqj−

1
2

 .
(3.35)

In the massive limit m→∞, only the leading term of e−m is dominated. The (1, 1)-
string lived on the (1, 1) five-brane then provides the Wilson line. Together with the center

of mass term, the coefficient of effective mass M = − e−m(tq)
1
2

(1−t)(1−q) gives the Wilson loop ZW2

in the fundamental representation.
Our result here indicates that the partition function of SU(2) with one heavy funda-

mental flavor has the following expansion

ZSU(2),Nf=1 = ZSU(2) + ZW2M +O(M2), (3.36)

where

ZW2 = Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· Chµ1µ2(QF , t, q)∏2

i,j=1Nµiµj (Qij ; t, q)
(3.37)

3Here we use the notation PE[±f(x)] = exp
[
±
∞∑
ω=1

1
ω
· f(xω)

]
.
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d ⊕Ñd
jl,jr

(jl, jr) d ⊕Ñd
jl,jr

(jl, jr)
(1, 1) (0, 0) (1, 3) (0, 1)
(1, 5) (0, 2) (1, 7) (0, 3)
(1, 9) (0, 4) (2, 5) (0, 2)

(2, 7) (0, 2)⊕ 2(0, 3)⊕ (1/2, 7/2) (2, 9) (0, 2)⊕ 2(0, 3)⊕ 3(0, 4)⊕
(1/2, 7/2)⊕ 2(1/2, 9/2)⊕ (1, 5)

(3, 7) (0, 3) (3, 9) (0, 2)⊕ 2(0, 3)⊕ 3(0, 4)⊕
(1/2, 7/2)⊕ 2(1/2, 9/2)⊕ (1, 5)

Table 1. BPS Spectrum of SU(2) Wilson loop expectation value in the representation 2 for the
curve class d1m0 + d2φ with d1 = 1, 2, 3, and d2 ≤ 9. The d1 = 0 part can be read from (3.40).

On the other hand, the partition function ZSU(2),Nf=1 has the BPS expansion

ZSU(2),Nf=1 = exp

 ∞∑
ω=1

∑
d,dm,jL,jR

1
ω
N

(d,dm)
jL,jR

χjL(ωε−)χjR(ωε+)
(t−ω/2−tω/2)(qω/2−q−ω/2)

e−ω(d1m0+d2φ)e−dmm

 ,
(3.38)

where m0 = − log q. By comparing with the expansion (3.36), we immediately have the
conclusion that the Wilson loop expectation value 〈W2〉 has a BPS expansion

〈W2〉 ≡
ZW2

ZSU(2) =
∞∑
d1=0

∞∑
d2=−1

∑
jL,jR

Nd,dm=1
jL,jR

χjL(ε−)χjR(ε+)e−ω(d1m0+d2φ), (3.39)

while the expansion coefficients Nd,dm=1
jL,jR

count the BPS states with degree m+(d1m0 +d2φ)
in the blown up geometry of P1 × P1 with the phase in figure 3(b). Here the degree of
Coulomb parameter φ start with negative charge −1 which comes from negative charge
carried by the primitive curve. At perturbative and one-instanton level, we have

〈W (0)
2 〉 = eφ + e−φ, (3.40)

〈W (1)
2 〉 = −

q1q2
(
eφ + e−φ

)
(1− q1q2e2φ) (1− q1q2e−2φ)

=
e−φ

(
1 + e−2φ

)
(1− q1q2e−2φ)

(
1− (q1q2)−1 e−2φ

) , (3.41)

which agrees with the result in section 3.1 and result in [32] from the blowup equations.
The instanton contributions come with the positive coefficients for the Fourier expansion
in e−φ. The two-instanton result is listed in appendix A. We list few BPS invariants of
the instanton part of 〈W2〉 in table 1. The perturbative part only contributes spin (0, 0)
particle states, which can be read from equation (3.40) directly.
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C1

C2

(a)

C1C2

(b)

Figure 5. Brane diagrams for SU(2) gauge theory with two flavors, by inserting curves C1,2 in
different positions.

Wilson loop in the representation 2 ⊗ 2. For the tensor product of two fundamental
representations 2⊗ 2, we can introduce two fundamental flavor matters to generate it. In
the brane diagram as illustrated in figure 5, we have two independent ways to add two
fundamental flavor matters.

The partition function of diagrams (a) and (b) in figure 5 are computed in [68] as

Z
SU(2),Nf=2
(a) = Z

SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

×Rµt1∅(Q1)Rµt2∅(Q1QF )R∅µ2(Q2)R∅µ1(Q2QF )

= ZSU(2) + ZW2(M1 +M2) + Z
W

(a)
2⊗2

M1M2 + · · · , (3.42)

Z
SU(2),Nf=2
(b) = Z

SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

×Rµt1∅(Q1)Rµt2∅(Q1QF )Rµt1∅(Q2)Rµt2∅(Q2QF )R∅∅
(
Q1Q2QB

√
q/t

)
= ZSU(2) + ZW2(M1 +M2) + Z

W
(b)
2⊗2

M1M2 + · · · , (3.43)

where we have

Z
W

(a)
2⊗2

= Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
·

Chµ1µ2(QF , t, q)Chµt2µt1(QF , q, t)∏2
i,j=1Nµiµj (Qij ; t, q)

(3.44)

and

Z
W

(b)
2⊗2

= Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

×
(
Chµ1µ2(QF , t, q)2 + (1− q)(1− 1/t)q

)
(3.45)
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Even though the expression of (3.44) and (3.45) are quite different, we observe that they
are identical

Z
W

(a)
2⊗2

= Z
W

(b)
2⊗2

(3.46)

by comparing them order by order.
At perturbative and one-instanton level, we have

〈W (0)
2⊗2〉 =

(
eφ + e−φ

)2
, (3.47)

〈W (1)
2⊗2〉 = −

2q1q2
(
eφ + e−φ

)2

(1− q1q2e2φ) (1− q1q2e−2φ) + (1− q1) (1− q2) (1 + q1q2)
(1− q1q2e2φ) (1− q1q2e−2φ)

=
2
(
1 + e−2φ

)2

(1− q1q2e−2φ)
(
1− (q1q2)−1 e−2φ

) − I ·
(
(q1q2)

1
2 + (q1q2)−

1
2
)
e−2φ

(1− q1q2e−2φ) (1− (q1q2)−1e−2φ) ,

(3.48)

which agrees with the result in section 3.1 and result in [32] from the blowup equations.
The two-instanton result is listed in appendix A. The expectation value 〈W2⊗2〉 has an
BPS expansion according to (3.20)

〈W2⊗2〉 = F2
BPS,{C} + I · FBPS,{C2}, (3.49)

where the BPS sector FBPS,{C} = 〈W2〉 is generated by a single primitive curve and FBPS,{C2}
is generated by two primitive curves. At one-instanton, the BPS expansion (3.49) becomes

〈W (1)
2⊗2〉 = 2F (0)

BPS,{C}F
(1)
BPS,{C} + I · F (1)

BPS,{C2}, (3.50)

where we used the notation F (k)
BPS,{·} to denote the k-instanton part of the BPS sector

FBPS,{·} and we find

F (1)
BPS,{C2} = −

(
(q1q2)

1
2 + (q1q2)−

1
2
)
e−2φ

(1− q1q2e−2φ) (1− (q1q2)−1e−2φ) . (3.51)

By comparing the Fourier expansion of the single instanton contribution (3.51) in e−φ,
the sign (−1)2jL+2jR for the internal half-spins lead the non-negative integers in the BPS
invariants NC,{C1,C2}

jL,jR
according to (3.21). We list few BPS invariants of the BPS sector

FBPS,{C2} in table 3 and the pseudo-BPS invariants of the instanton part of 〈W2⊗2〉 in table 2.

Wilson loops in the representations 2 ⊗ 2 ⊗ 2 and 2⊗4. Wilson loops with more
higher representations can be obtained by adding more flavors. For example, the brane
diagrams with three and four fundamental flavors are illustrated in figure 6, where we have

– 18 –



J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

d ⊕Ñd
jl,jr

(jl, jr) d ⊕Ñd
jl,jr

(jl, jr)
(1, 0) 2(0, 0) (1, 2) (0, 0)⊕ (0, 1)⊕ (1/2, 1/2)
(1, 4) (0, 1)⊕ (0, 2)⊕ (1/2, 3/2) (1, 6) (0, 2)⊕ (0, 3)⊕ (1/2, 5/2)
(1, 8) (0, 3)⊕ (0, 4)⊕ (1/2, 7/2) (2, 2) (0, 0)

(2, 4) (0, 1)⊕ (0, 2)⊕ (1/2, 3/2) (2, 6)
(0, 0)⊕ 3(0, 2)⊕ 2(0, 3)⊕
(1/2, 3/2)⊕ 2(1/2, 5/2)⊕

(1/2, 7/2)⊕ (1, 3)

(2, 8)

(0, 1)⊕2(0, 2)⊕5(0, 3)⊕4(0, 4)⊕
(1/2, 3/2)⊕ 2(1/2, 5/2)⊕
5(1/2, 7/2)⊕ 2(1/2, 9/2)⊕

(1, 3)⊕2(1, 4)⊕(1, 5)⊕(3/2, 9/2)

(3, 6) (0, 2)⊕ (0, 3)⊕ (1/2, 5/2)

(3, 8) (0, 1)⊕ 2(0, 2)⊕ 5(0, 3)⊕ 4(0, 4)⊕ (1/2, 3/2)⊕ 2(1/2, 5/2)⊕
5(1/2, 7/2)⊕ 2(1/2, 9/2)⊕ (1, 3)⊕ 2(1, 4)⊕ (1, 5)⊕ (3/2, 9/2)

Table 2. Pseudo-BPS Spectrum of SU(2) Wilson loop expectation value in the representation
2 ⊗ 2 for the curve class d1m0 + d2φ with d1 = 1, 2, 3, and d2 ≤ 8. The d1 = 0 part can be read
from (3.47).

d ⊕Nd,{C2}
jl,jr

(jl, jr) d ⊕Nd,{C2}
jl,jr

(jl, jr)
(1, 2) (0, 1/2) (1, 4) (0, 3/2)
(1, 6) (0, 5/2) (1, 8) (0, 7/2)
(2, 4) (0, 3/2) (2, 6) (0, 3/2)⊕ 3(0, 5/2)⊕ (1/2, 3)

(2, 8) (0, 3/2)⊕ 3(0, 5/2)⊕ 5(0, 7/2)⊕
(1/2, 3)⊕ 3(1/2, 4)⊕ (1, 9/2) (3, 6) (0, 5/2)

(3, 8) (0, 3/2)⊕ 3(0, 5/2)⊕ 5(0, 7/2)⊕ (1/2, 3)⊕ 3(1/2, 4)⊕ (1, 9/2)

Table 3. BPS Spectrum of the BPS sector FBPS,{C2} for the curve class d1m0 + d2φ with d1 ≤ 3
and d2 ≤ 8.

C1C3

C2

(a)

C1C3

C4 C2

(b)

Figure 6. Brane diagrams for SU(2) gauge theory with (a) three flavors and (b) four flavors. In
the extremely massive limit, the Wilson loops for SU(2) theory are introduced by inserting curves
Ci, i = 1, · · · 4.
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the partition functions

ZSU(2),Nf=3 = Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

×Rµt1∅(Q1)Rµt2∅(Q1QF )Rµt1∅(Q3)Rµt2∅(Q3QF )

×R∅µ2(Q2)R∅µ1(Q2QF )R∅∅
(
Q1Q3QB

√
q/t

)
= ZSU(2) + ZW2⊗2⊗2M1M2M3 + · · · , (3.52)

ZSU(2),Nf=4 = Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

×Rµt1∅(Q1)Rµt2∅(Q1QF )Rµt1∅(Q3)Rµt2∅(Q3QF )R∅∅
(
Q1Q3QB

√
q/t

)
×R∅µ2(Q2)R∅µ1(Q2QF )R∅µ2(Q4)R∅µ1(Q4QF )R∅∅

(
Q2Q4QB

√
t/q

)
= ZSU(2) + ZW2⊗4M1M2M3M4 + · · · . (3.53)

Then we find the Wilson loop partition functions are

ZW2⊗2⊗2 = Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

× Chµt2µt1(QF , q, t)
(
Chµ1µ2(QF , t, q)2 + (1− q)(1− 1/t)q

)
, (3.54)

ZW2⊗4 = Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

×
[
Chµt2µt1 (QF , q, t)2

(
Chµ1µ2 (QF , t, q)2 + (1− q) (1− 1/t) q

)
+ (1− t) (1− 1/q) qChµ1µ2 (QF , t, q)2

+
(
t1/2 − t−1/2

)2 (
q1/2 − q−1/2

)2
q2
]
, (3.55)

from which we get the perturbative and one-instanton Wilson loop expectation values

〈W (0)
2⊗2⊗2〉 =

(
eφ + e−φ

)3
, (3.56)

〈W (1)
2⊗2⊗2〉 =−

3q1q2
(
eφ + e−φ

)3

(1− q1q2e2φ) (1− q1q2e−2φ)

−
(1− q1) (1− q2) ((1− q1) (1− q2)− 3 (1 + q1q2))

(
eφ + e−φ

)
(1− q1q2e2φ) (1− q1q2e−2φ) (3.57)
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and

〈W (0)
2⊗4〉 =

(
eφ + e−φ

)4
, (3.58)

〈W (1)
2⊗4〉 =−

4q1q2
(
eφ + e−φ

)4

(1− q1q2e2φ) (1− q1q2e−2φ)

+
2 (1− q1) (1− q2) (3 (1 + q1q2)− 2 (1− q1) (1− q2))

(
eφ + e−φ

)2

(1− q1q2e2φ) (1− q1q2e−2φ)

+ (1− q1)3 (1− q2)3 (1 + q1q2)
q1q2 (1− q1q2e2φ) (1− q1q2e−2φ) , (3.59)

which agree with the results in section 3.1. Note that the one-instanton result for the
representation 2⊗ 2⊗ 2 agrees with the result in [32] from the blowup equations, but the
one-instanton expectation value 〈W (1)

2⊗4〉 is different from the result in [32] by a Coulomb
parameter independent term, which is not captured by the blowup equation properly. The
two-instanton result is listed in appendix A. The expectation value 〈W2⊗2⊗2〉 and 〈W2⊗4〉
have the BPS expansions

〈W2⊗2⊗2〉 = F3
BPS,{C} + 3I · FBPS,{C}FBPS,{C2} + I2 · FBPS,{C3}, (3.60)

and

〈W2⊗4〉 = F4
BPS,{C} + 6I · F2

BPS,{C}FBPS,{C2} + 3I2 · F2
BPS,{C2}

+ 4I2 · FBPS,{C}FBPS,{C3} + I3 · FBPS,{C4}, (3.61)

where the BPS sector FBPS,{C3} is generated by three primitive curves and FBPS,{C4} is
generated by four primitive curves. We list few BPS invariants of the BPS sector FBPS,{C3}
and FBPS,{C4} in table 5 and table 7 respectively. We also list the pseudo-BPS invariants of
the instanton part of 〈W2⊗2⊗2〉 and 〈W2⊗4〉 in table 4 and 6 respectively.

Wilson loop in the representation 2⊗5. In the last, we consider a more non-trivial
example, the Wilson loop with representation 2⊗5, which can be obtained from SU(2) theory
with 5 flavors, described by the brane diagram in figure 7(a). The red points in figure 7
are 7-branes spanned over x0,1,2,3,4,7,8,9 directions that the 5-branes are ending. When the
7-branes are moved to infinity, the 7-branes across 5-branes and generate new 5-brane
configuration in figure 7(b). To compute the partition function of brane diagram 7(b), a
simplest way is to start with the brane diagram 8(a), which is the brane diagram of SU(3)
theory with 6 fundamental flavors, and then Higgs to the SU(2) theory with 5 fundamental
flavors as described in figure 8(b). Similar Higgsing process can also be found in [71, 72].
The partition function of the brane diagram 8(a) can be compute by gluing the partition
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d ⊕Ñd
jl,jr

(jl, jr) d ⊕Ñd
jl,jr

(jl, jr)

(1,−1) 3(0, 0) (1, 1) 5(0, 0)⊕ (0, 1)⊕ (1/2, 1/2)⊕ (1, 0)

(1, 3) (0, 0)⊕ 3(0, 1)⊕ (0, 2)⊕
(1/2, 1/2)⊕ (1/2, 3/2)⊕ (1, 1) (1, 5) (0, 1)⊕ 3(0, 2)⊕ (0, 3)⊕

(1/2, 3/2)⊕ (1/2, 5/2)⊕ (1, 2)

(2, 1) 3(0, 0) (2, 3) (0, 0)⊕ 3(0, 1)⊕ (0, 2)⊕
(1/2, 1/2)⊕ (1/2, 3/2)⊕ (1, 1)

(2, 5)

(0, 0)⊕ (0, 1)⊕ 8(0, 2)⊕ 2(0, 3)⊕
(1/2, 1/2)⊕ 3(1/2, 3/2)⊕

2(1/2, 5/2)⊕ (1/2, 7/2)⊕ (1, 1)⊕
2(1, 2)⊕ (1, 3)⊕ (3/2, 5/2)

(3, 3) (0, 0)

(3, 5) (0, 1)⊕ 3(0, 2)⊕ (0, 3)⊕ (1/2, 3/2)⊕ (1/2, 5/2)⊕ (1, 2)

Table 4. Pseudo-BPS Spectrum of SU(2) Wilson loop expectation value in the representation
2⊗ 2⊗ 2 for the curve class d1m0 + d2φ with d1 = 1, 2, 3, and d2 ≤ 5. The d1 = 0 part can be read
from (3.56).

d ⊕Nd,{C3}
jl,jr

(jl, jr) d ⊕Nd,{C3}
jl,jr

(jl, jr)

(1, 1) (0, 0) (1, 3) (0, 1)

(1, 5) (0, 2) (1, 7) (0, 3)

(2, 3) (0, 1) (2, 5) (0, 1)⊕ 4(0, 2)⊕ (1/2, 5/2)

(2, 7) (0, 1)⊕ 4(0, 2)⊕ 8(0, 3)⊕
(1/2, 5/2)⊕ 4(1/2, 7/2)⊕ (1, 4) (3, 5) (0, 2)

(3, 7) (0, 1)⊕ 4(0, 2)⊕ 8(0, 3)⊕ (1/2, 5/2)⊕ 4(1/2, 7/2)⊕ (1, 4)

Table 5. BPS Spectrum of the BPS sector FBPS,{C3} for the curve class d1m0 + d2φ with d1 ≤ 3
and d2 ≤ 7.

Figure 7. Brane diagrams for SU(2) gauge theory with five flavors, where the red points stand for
the 7-branes spanned over x0,1,2,3,4,7,8,9 directions.
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d ⊕Ñd
jl,jr

(jl, jr) d ⊕Ñd
jl,jr

(jl, jr)

(1,−2) 4(0, 0) (1, 0) 14(0, 0)⊕ 2(0, 1)⊕−2(1/2, 1/2)⊕
4(1, 0)

(1, 2) 7(0, 0)⊕4(0, 1)⊕(0, 2)⊕4(1/2, 1/2)⊕
(1/2, 3/2)⊕(1, 0)⊕(1, 1)⊕(3/2, 1/2) (1, 4)

(0, 0)⊕ 4(0, 1)⊕ 4(0, 2)⊕ (0, 3)⊕
(1/2, 1/2)⊕ 4(1/2, 3/2)⊕

(1/2, 5/2)⊕(1, 1)⊕(1, 2)⊕(3/2, 3/2)

(2, 0) 6(0, 0) (2, 2) 7(0, 0)⊕4(0, 1)⊕(0, 2)⊕4(1/2, 1/2)⊕
(1/2, 3/2)⊕(1, 0)⊕(1, 1)⊕(3/2, 1/2)

(2, 4)

3(0, 0)⊕ 7(0, 1)⊕ 10(0, 2)⊕ 2(0, 3)⊕
2(1/2, 1/2)⊕ 10(1/2, 3/2)⊕

2(1/2, 5/2)⊕ (1/2, 7/2)⊕ 4(1, 1)⊕
2(1, 2)⊕ (1, 3)⊕ (3/2, 1/2)⊕

2(3/2, 3/2)⊕ (3/2, 5/2)⊕ (2, 2)

(3, 2) 4(0, 0)

(3, 4) (0, 0)⊕ 4(0, 1)⊕ 4(0, 2)⊕ (0, 3)⊕ (1/2, 1/2)⊕ 4(1/2, 3/2)⊕ (1/2, 5/2)⊕ (1, 1)⊕
(1, 2)⊕ (3/2, 3/2)

Table 6. Pseudo-BPS Spectrum of SU(2) Wilson loop expectation value in the representation
2⊗4 for the curve class d1m0 + d2φ with d1 = 1, 2, 3, and d2 ≤ 4. The d1 = 0 part can be read
from (3.58).

d ⊕Nd,{C4}
jl,jr

(jl, jr) d ⊕Nd,{C4}
jl,jr

(jl, jr)

(1, 2) (0, 1/2) (1, 4) (0, 3/2)

(1, 6) (0, 5/2) (1, 8) (0, 7/2)

(2, 2) (0, 1/2) (2, 4) (0, 1/2)⊕ 5(0, 3/2)⊕ (1/2, 2)

(2, 6) (0, 1/2)⊕ 5(0, 3/2)⊕ 12(0, 5/2)⊕
(1/2, 2)⊕ 5(1/2, 3)⊕ (1, 7/2) (2, 8)

(0, 1/2)⊕ 5(0, 3/2)⊕ 12(0, 5/2)⊕
20(0, 7/2)⊕ (1/2, 2)⊕ 5(1/2, 3)⊕
12(1/2, 4)⊕ (1, 7/2)⊕ 5(1, 9/2)⊕

(3/2, 5)

(3, 4) (0, 3/2) (3, 6) (0, 1/2)⊕ 5(0, 3/2)⊕ 12(0, 5/2)⊕
(1/2, 2)⊕ 5(1/2, 3)⊕ (1, 7/2)

(3, 8)
5(0, 1/2)⊕ 17(0, 3/2)⊕ 37(0, 5/2)⊕ 47(0, 7/2)⊕ 4(0, 9/2)⊕ (1/2, 1)⊕

6(1/2, 2)⊕ 21(1/2, 3)⊕ 37(1/2, 4)⊕ (1/2, 5)⊕ (1, 5/2)⊕ 6(1, 7/2)⊕ 17(1, 9/2)⊕
(3/2, 4)⊕ 5(3/2, 5)⊕ (2, 11/2)

Table 7. BPS Spectrum of the BPS sector FBPS,{C4} for the curve class d1m0 + d2φ with d1 ≤ 3
and d2 ≤ 8.

– 23 –



J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

(a)

Higgsing

(b)

Figure 8. Higgsing from (a) SU(3), Nf = 6 theory to (b) SU(2), Nf = 5 theory.

function of strips

Zstrip
φµ (Qm1 , Ql1 , Qm2 , Ql2 , Qm3 ; t, q)

=
3∏
i=1

q
1
2 ||µi||

2
Z̃µi (t, q)×R∅µ1 (Qm1)

×R∅µ2 (Qm1Qm2Ql1)R∅µ2 (Qm2)Rµt1∅ (Ql1)Rµt1∅ (Qm2Ql1Ql2)Rµt2∅ (Ql2)

×
R∅µ3 (Qm3)R∅µ3 (Qm2Qm3Ql2)R∅µ3 (Qm1Qm2Qm3Ql1Ql2)

Rµt1µ2

(
Ql1Qm2

√
t
q

)
Rµt2µ3

(
Ql2Qm3

√
t
q

)
Rµt1µ3

(
Qm2Qm3Ql1Ql2

√
t
q

) , (3.62)

that we get

ZSU(3),Nf=6 =
∑
µ

(−Qb1)µ1 (−Qb2)µ2 (−Qb3)µ3 × Zstrip
φµ (Qm1 , Ql1 , Qm2 , Ql2 , Qm3 ; t, q)

× Zstrip
φµt (Q′m1 , Q

′
l1 , Q

′
m2 , Q

′
l2 , Q

′
m3 ; q, t)R∅∅(Qb1Qm1)R∅∅(Qb3Q′m1). (3.63)

The parameters here are not completely independent, they satisfy relations

Ql1Qm2 = Q′l2Q
′
m3 , Ql2Qm3 = Q′l1Q

′
m2 , Qm3Qb3 = Qb2Q

′
m2 , Q

′
m3Qb1 = Qm2Qb2 . (3.64)

To get the partition function of SU(2) theory with 5 flavors, we Higgs the theory by turning
the parameters

Q′m1 = Qb3 =
√
t

q
, (3.65)

in the partition function ZSU(3),Nf=6. Then the term

R∅µt3
(
Q′m1 ;q, t

)
=Rµt3∅

(
Q′m1 ; t,q

)
=
∞∏

i,j=1

(
1−Q′m1t

i− 1
2 qj−

1
2
)
·
∏

(i,j)∈µ3

(
1−Q′m1t

1
2−iqj−

1
2
)
,

(3.66)
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is non-zero only for µ3 = ∅. When µ3 = ∅, it is an irrelevant term and should be factored
out from the partition function. By further using the notation read from the brane diagram

QF = Ql1Qm2 = Q′l2Q
′
m3 , QB = Qb1Q

′
m3 = Qb2Qm2 ,

Q1 = Qm1 , Q2 = 1
Qm2

, Q3 = Ql2 , Q4 = 1
Q′m3

, Q5 = Q′m2 , (3.67)

we have the partition function of SU(2) theory with 5 fundamental flavors as

ZSU(2),Nf=5 =
∑
µ

(−QBQ4)|µ1| (−QBQ2)|µ2| ×
2∏
i=1

t
1
2 ||µ

t
i||

2
q

1
2 ||µi||

2
Z̃µi (t, q) Z̃µti (q, t)

×R∅µ1 (Q1)R∅µ2 (QFQ1)R∅µ2

(
Q−1

2

)
Rµt1∅ (QFQ2)Rµt2∅ (Q3)Rµt1∅ (QFQ3)

×Rµt1∅
(
Q−1

4

)
R∅µ2 (QFQ4)Rµt2∅ (Q5)Rµt1∅ (QFQ5)R∅∅

(
QBQ1Q4

√
t

q

)

×R∅∅
(
QBQ3Q5

√
q

t

)
R∅∅

(
QBQFQ2Q3Q4Q5

√
q

t

)
R∅∅

(
QBQ2Q5

√
q

t

)
×R∅∅

(
QBQ2Q3

√
q

t

)
R∅∅

(
QBQFQ1Q2Q3Q5

√
q

t

)
R−1
µt1µ2

(
QF

√
t

q

)

×R−1
µt1µ2

(
QF

√
q

t

)
R−1
µt2∅

(
QBQ2Q3Q5

q

t

)
R−1
µt1∅

(
QFQBQ2Q3Q5

q

t

)
. (3.68)

In the last, we need to do flop transitions to get the partition function in the phase with
heavy flavor masses. Notice that

Rλtν(Q) = (−Q)|ν|+|λ|t
1
2 (−||λt||2+||νt||2)q

1
2 (||λ||2−||ν||2)Nλν

(
Q−1

√
t

q
; t, q

)
R∅∅(Q). (3.69)

After flopping Q → Q−1, the function R∅∅(Q) is analytically continuously transform to
R∅∅(Q−1) according to the integral representation of the generalized MacMahon function,
so we have

Rλtν(Q)→ (−Q)|ν|+|λ|t
1
2 (−||λt||2+||νt||2)q

1
2 (||λ||2−||ν||2)Rνtλ(Q−1). (3.70)

After flop transitions by applying analytic continuation, we have the SU(2), Nf = 5
partition function

ZSU(2),Nf=5 = Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

×R∅µ2 (Q1)R∅µ1 (QFQ1)Rµt1∅ (Q2)Rµt2∅ (QFQ2)Rµt1∅ (Q3)Rµt2∅ (QFQ3)

×R∅µ2 (Q4)R∅µ1 (QFQ4)Rµt1∅ (Q5)Rµt2∅ (QFQ5)R∅∅

(
QBQ1Q4

√
t

q

)

×R∅∅
(
QBQ3Q5

√
q

t

)
R∅∅

(
QBQFQ2Q3Q4Q5

√
q

t

)
R∅∅

(
QBQ2Q5

√
q

t

)
×R∅∅

(
QBQ2Q3

√
q

t

)
R∅∅

(
QBQFQ1Q2Q3Q5

√
q

t

)
×R−1

µt1∅

(
QBQ2Q3Q5

q

t

)
R−1
µt2∅

(
QFQBQ2Q3Q5

q

t

)
, (3.71)
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where the coefficients of M1M2M3M4M5 =
(
− Q

1/2
F (tq)

1
2

(1−t)(1−q)

)5

Q1Q2Q3Q4Q5 in (3.71) gives

the partition function for Wilson loop in the representation 2⊗5

ZW2⊗5 = Z
SU(2)
pert

∑
µ1,µ2

(
q

√
q

t

)|µ1|+|µ2|
· 1∏2

i,j=1Nµiµj (Qij ; t, q)

×
[
Chµ1µ2(QF , t, q)3Chµt2µt1(QF , q, t)2 + (1− t) (1− 1/q) Chµ1µ2(QF , t, q)3

− q (1− q)2 (1− 1/t)2 Chµ1µ2(QF , t, q)Chµt2µt1(QF , q, t)2

+ 3q (1− q) (1− 1/t) Chµ1µ2(QF , t, q)Chµt2µt1(QF , q, t)2

+ 3q2 (1− q)2
(
1− t2

)
/t/qChµ1µ2(QF , t, q)

− (1− t)3 (1− q)3 /q/t2
(
2qChµt2µt1(QF , q, t)− q2Chµ1µ2(QF , t, q)

)]
. (3.72)

At perturbative and one-instanton level, we have

〈W (0)
2⊗5〉 =

(
eφ + e−φ

)5
, (3.73)

〈W (1)
2⊗5〉 =

−5q1q2
(
eφ + e−φ

)5

(1− q1q2e2φ) (1− q1q2e−2φ)

+
10 (1− q1) (1− q2) ((1 + q1q2)− (1− q1) (1− q2))

(
eφ + e−φ

)3

(1− q1q2e2φ) (1− q1q2e−2φ)

+
(1− q1)3 (1− q2)3 (5 (1 + q1q2)− (1− q1) (1− q2))

(
eφ + e−φ

)
q1q2 (1− q1q2e2φ) (1− q1q2e−2φ) , (3.74)

which agrees with the result in section 3.1. The two-instanton result is listed in appendix A.
The expectation value 〈W2⊗5〉 has an BPS expansion

〈W2⊗5〉 = F5
BPS,{C} + 10I · F3

BPS,{C}FBPS,{C2} + 15I2 · FBPS,{C}F2
BPS,{C2}

+ 10I2 · F2
BPS,{C}FBPS,{C3} + 10I3 · FBPS,{C2}FBPS,{C3}

+ 5I3 · FBPS,{C}FBPS,{C4} + I4 · FBPS,{C5}, (3.75)

where the BPS sector FBPS,{C5} is generated by five primitive curves. We list few BPS
invariants of the BPS sector FBPS,{C5} in table 9 and the pseudo-BPS invariants of the
instanton part of 〈W2⊗5〉 in table 8.

Comments. For a higher representation r = 2n with n = 6, 7 or 8, the Wilson loop
expectation value can be obtained from a similar method from the partition function of
SU(2) theory with Nf = n fundamental flavors, where the geometry is provided by local
geometry of 8-point blowups of P1 × P1. For more higher representations with n > 8, the
possible embedding geometry may contain the original Calabi-Yau threefold, the additional
primitive curves, and more compact and non-compact curves. The compact curves give
additional dynamic degrees which should be Higgsed out from the theory. We hope to
clarify the procedure here in more details in the near future.
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d ⊕Ñd
jl,jr

(jl, jr) d ⊕Ñd
jl,jr

(jl, jr)

(1,−3) 5(0, 0) (1,−1) 30(0, 0)⊕ 5(0, 1)⊕−10(1/2, 1/2)⊕
10(1, 0)

(1, 1)
35(0, 0)⊕ 9(0, 1)⊕ (0, 2)⊕
−6(1/2, 1/2)⊕ (1/2, 3/2)⊕

14(1, 0)⊕ (1, 1)⊕ (3/2, 1/2)⊕ (2, 0)
(1, 3)

9(0, 0)⊕ 10(0, 1)⊕ 5(0, 2)⊕ (0, 3)⊕
5(1/2, 1/2)⊕ 5(1/2, 3/2)⊕

(1/2, 5/2)⊕ (1, 0)⊕ 5(1, 1)⊕ (1, 2)⊕
(3/2, 1/2)⊕ (3/2, 3/2)⊕ (2, 1)

(2,−1) 10(0, 0) (2, 1)
35(0, 0)⊕ 9(0, 1)⊕ (0, 2)⊕
−6(1/2, 1/2)⊕ (1/2, 3/2)⊕

14(1, 0)⊕ (1, 1)⊕ (3/2, 1/2)⊕ (2, 0)

(2, 3)

15(0, 0)⊕ 34(0, 1)⊕ 16(0, 2)⊕
2(0, 3)⊕ (1/2, 3/2)⊕ 2(1/2, 5/2)⊕

(1/2, 7/2)⊕ (1, 0)⊕ 22(1, 1)⊕
2(1, 2)⊕ (1, 3)⊕ 3(3/2, 1/2)⊕

2(3/2, 3/2)⊕ (3/2, 5/2)⊕ (2, 0)⊕
2(2, 1)⊕ (2, 2)⊕ (5/2, 3/2)

(3, 1) 10(0, 0)

(3, 3) 9(0, 0)⊕ 10(0, 1)⊕ 5(0, 2)⊕ (0, 3)⊕ 5(1/2, 1/2)⊕ 5(1/2, 3/2)⊕ (1/2, 5/2)⊕
(1, 0)⊕ 5(1, 1)⊕ (1, 2)⊕ (3/2, 1/2)⊕ (3/2, 3/2)⊕ (2, 1)

Table 8. Pseudo-BPS Spectrum of SU(2) Wilson loop expectation value in the representation 2⊗5

for the curve class d1m0 +d2φ with d1 = 1, 2, 3, and d2 ≤ 3. The d1 = 0 part can be read from (3.73).

d ⊕Nd,{C5}
jl,jr

(jl, jr) d ⊕Nd,{C5}
jl,jr

(jl, jr)

(1, 1) (0, 0) (1, 3) (0, 1)

(1, 5) (0, 2) (1, 7) (0, 3)

(2, 1) (0, 0) (2, 3) (0, 0)⊕ 6(0, 1)⊕ (1/2, 3/2)

(2, 5) (0, 0)⊕ 6(0, 1)⊕ 17(0, 2)⊕
(1/2, 3/2)⊕ 6(1/2, 5/2)⊕ (1, 3) (2, 7)

(0, 0)⊕ 6(0, 1)⊕ 17(0, 2)⊕
32(0, 3)⊕ (1/2, 3/2)⊕ 6(1/2, 5/2)⊕

17(1/2, 7/2)⊕ (1, 3)⊕ 6(1, 4)⊕
(3/2, 9/2)

(3, 3) (0, 1) (3, 5) (0, 0)⊕ 6(0, 1)⊕ 17(0, 2)⊕
(1/2, 3/2)⊕ 6(1/2, 5/2)⊕ (1, 3)

(3, 7)
5(0, 0)⊕ 23(0, 1)⊕ 58(0, 2)⊕ 84(0, 3)⊕ 5(0, 4)⊕ (1/2, 1/2)⊕ 7(1/2, 3/2)⊕

28(1/2, 5/2)⊕ 58(1/2, 7/2)⊕ (1/2, 9/2)⊕ (1, 2)⊕ 7(1, 3)⊕ 23(1, 4)⊕
(3/2, 7/2)⊕ 6(3/2, 9/2)⊕ (2, 5)

Table 9. BPS Spectrum of the BPS sector FBPS,{C5} for the curve class d1m0 + d2φ with d1 ≤ 3
and d2 ≤ 7.
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a0 a1

aN−1

aNaκ

Figure 9. Toric diagram for Y N,κ system. Here ai, i = 0, · · ·N are complex structure parameters.

3.4 Wilson loops and Seiberg-Witten curves

We are now preparing the B-model approach to the Wilson loop expectation values in
topological string theory. Our key idea is to identify the Wilson loop expectation values
with the B-model complex structure parameters, due to the correspondence of mirror curves
and Seiberg-Witten curves.

The partition function with 1d line defects that we reviewed in section 3.1 has a close
connection to the (quantum) Seiberg-Witten curve. For simplicity, we consider the insertion
of one defect D3-brane, with n = 1. Then it is known that for SU(N)κ theory the 5d/1d
partition function has an expansion

Z5d/1d
Z5d

= XN/2 −H1X
N/2−1 +H2X

N/2−2 + · · ·+ (−1)N−1HN−1X
1−N/2 + (−1)NX−N/2,

(3.76)

such that it satisfies a difference equation [73, 74] in the Nekrasov-Shatashvili (NS) limit
ε1 → h̄, ε2 → 0 [

Y + qe
1
2κh̄XκY −1

]
Ψ (x; h̄) = lim

ε1→h̄,
ε2→0

Z5d/1d
Z5d

Ψ (x; h̄) , (3.77)

with X = exp(x̂), Y = exp(ŷ). Here Hi is nothing but the Wilson loop expectation value in
the NS limit

Hi = lim
ε1→h̄,
ε2→0

〈Wri〉 (3.78)

in the representation ri whose highest weight is the i-th fundamental weight of the gauge
group SU(N).

Geometrically, the SU(N)κ gauge theory is described by M-theory compactified on
Sasaki-Einstein manifold Y N,κ with the toric description in figure 9. In the classical limit
h̄→ 0, the Seiberg-Witten curve (3.77) coincides with the classical mirror curve (2.16) read
from the toric diagram in figure 9, such that we have an identification of the parameters as

ai = lim
ε1,2→0

〈Wri〉, i = 1, · · · , N − 1, (3.79)
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where ai can be treated as the homogeneous coordinates of the toric diagram or more
precisely the complex structure parameters dual to the compact 4-cycles of the B-model
geometry. See [75, 76] for related discussions. Equation (3.79) means that in the classical
limit ε1,2 → 0, the Wilson loop expectation values are provided by homogeneous coordinates
related to the compact 4-cycles, which will be used in section 4 as an initial condition of
the refined holomorphic anomaly equation.

4 Refined holomorphic anomaly equations

In this section, we study the refined holomorphic anomaly equation for the Wilson loop
amplitudes. We first review the refined holomorphic anomaly equation for the refined
topological string amplitudes, and then generalized it to Wilson loop amplitudes.

4.1 Topological strings

Define the small string coupling expansion of the free energy

F =
∑
n,g

(ε1 + ε2)2n(ε1ε2)g−1F (n,g). (4.1)

The holomorphic anomaly equation derived in [39] states that the anti-holomorphic deriva-
tive of F (n,g) is not zero, but has boundary contributions in the moduli space. This
anomaly suggests an anti-holomorphic completion F (n,g) satisfies a holomorphic anomaly
equation [39]. The refined holomorphic anomaly equations for topological strings have been
proposed in [44, 45] as

∂̄īF
(n,g) = 1

2 C̄
jk
ī

DjDkF
(n,g−1) +

∑
n′,g′

′
DjF

(n′,g′) ·DkF
(n−n′,g−g′)

 . (4.2)

for n + g > 1, where F (n,g−1) is the anti-holomorphic completion of F (n,g−1). Here the
prime in the summation means the omission of (n′, g′) = (0, 0) and (n, g). Di is the covariant
derivative defined in the geometry of the moduli space. When n+ g = 1, the free energies
take the most general ansatz

F (1,0) = 1
24 log

(
∆
∏
i

zaii

)
, (4.3)

F (0,1) = 1
2 log

(
∆a|g−1

ziz̄j̄
|
∏
i

zbii

)
. (4.4)

where ∆ is the discriminant of the mirror geometry, and the constant a, ai, bj can be fixed
by some initial data of the geometry or few BPS invariants. The metric gziz̄j̄ = ∂zi ∂̄z̄j̄K is
defined from the Kähler potential K which can be re-expressed as

gziz̄j̄ = ∂2K

∂tk∂t̄l̄
· ∂tk
∂zi

∂t̄l̄
∂z̄j̄

. (4.5)
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In the direct integration method of the holomorphic anomaly equation, it is useful
to introduce the propagators Sjk such that C̄jk

ī
= ∂̄īS

jk. Then we can re-express the
anti-holomorphic derivative of F (n,g) as

∂̄īF
(n,g) = C̄jk

ī

∂F (n,g)

∂Sjk
. (4.6)

In the holomorphic limit Im t → ∞, F (n,g) = limIm t→∞F (n,g), the refined holomorphic
anomaly equation (4.2) becomes the form

∂F (n,g)

∂Sij
= 1

2

DiDjF (n,g−1) +
∑
n′,g′

′
DiF (n′,g′) ·DjF (n−n′,g−g′)

 , n+ g ≥ 2. (4.7)

In the local geometry we are interested in, the Kähler potential is a constant in the
holomorphic limit, then the metric and the connection can be computed from the mirror maps

gziz̄j̄ →
∂tk
∂zi

, Γiik = ∂zi
∂tl

∂2tl
∂zj∂zk

. (4.8)

The propagator Sij here satisfies two identities derived from special geometry as

DiS
jk = −CimnSimSkn + f jki , (4.9)

Γkij = −CijkSkl + f̃kij , (4.10)

where f jki and f̃kij are rational functions with respect to complex structure parameters,
which can be chosen to make the expression of the propagator simpler. The genus one free
energies in the holomorphic limit take the expression

F (1,0) = 1
24 log

(
∆
∏
i

zaii

)
, (4.11)

F (0,1) = 1
12 log

(
∆a

∏
i

zbii

)
− 1

2 log
∣∣∣∣∣det ∂ti

∂zj

∣∣∣∣∣ . (4.12)

Define the effective coupling τij = Cil
∂tD,j
∂tl

, the free energy F (n,g) with n+ g > 0 are
weight zero quasi-modular forms [61, 77], under the modular transformation of the effective
coupling

τ 7→ γτ = (Aτ +B)(Cτ +D)−1, γ =
(
A B

C D

)
∈ Sp(2g;Z). (4.13)

The complex moduli parameters zi’s are modular functions, and the propagator Sij is
proportional to the weight two quasi-modular form Eij(τ). It has the completion to a
non-holomorphic modular form

Ẽij(τ, τ̄) = Eij(τ) +
(
(Im τ)−1

)ij
, (4.14)

such that under modular transformation

Ẽij(τ, τ̄) 7→ (Cτ +D)ik(Cτ +D)j lẼ
kl(τ, τ̄). (4.15)
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Then it is quite clear that to solve the free energy recursively from the refined holomorphic
anomaly equation (4.7), one first integrates over the propagator Sij , then up to a holomorphic
function f (n,g)(zi), the free energy is completely solved. The holomorphic function f (n,g)(zi)
is called holomorphic ambiguity, which can be fixed partially or completely from other
boundary conditions. A frequently used condition is called gap condition, which is derived
by integrating out the massless particles in the Schwinger loop computation

F(ε1, ε2, tc) =
∫ ∞

0

ds

s

exp(−stc)
4 sinh(sε1/2)4 sinh(sε2/2) +O(t0c)

=
[
− 1

12 + 1
24(ε1 + ε2)2(ε1ε2)−1

]
log(tc)

+ 1
ε1ε2

∑
n1,n2

(2n1 + 2n2 − 3)!
t2n1+2n2−2
c

B̂2n1B̂2n2ε
2n1
1 ε2n2

2 +O
(
t0c

)
, (4.16)

where B̂n = (1−21−n)Bnn! and Bn denoting the Bernoulli numbers. Equation (4.16) indicates
that the free energy near the conifold point has a expansion

F (n,g)
c = constn,g

t2n+2g−2
c

+O
(
t0c

)
, (4.17)

such that there is no contribution between the lowest order t2n+2g−2
c and the zero order t0c ,

which gives a gap.

4.2 Wilson loops

For the Wilson loop partition function, we can also define the free energy Fr as a logarithm
of the partition function, which has a genus expansion

Fr = logZWr =
∞∑

n,g=0
(ε1 + ε2)2n(ε1ε2)g−1F (n,g)

r . (4.18)

We propose that the free energy Fr satisfies a refined holomorphic anomaly equation

∂F (n,g)
r

∂Sij
= 1

2

DiDjF (n,g−1)
r +

∑
n′,g′

′
DiF (n′,g′)

r ·DjF (n−n′,g−g′)
r

 , n+ g ≥ 2. (4.19)

In order to solve the refined holomorphic anomaly equation, we need information about the
low genus property of the Wilson loop free energy.

By separating the conventional refined topological string amplitude F , we define the
free energy of the Wilson loop expectation value which is called Wilson loop amplitude as

Wr = log〈Wr〉 = Fr −F =
∑
n,g

(ε1 + ε2)2n(ε1ε2)g−1W(n,g)
r . (4.20)

From the 5d gauge theory point of view, e.g the BPS expansion (3.20) and (3.22), the
Wilson loop expectation value does not have pole at ε1,2 = 0, this property indicates that
the Wilson loop amplitudes is zero at genus (n, g = 0),

W(n,g=0)
r = 0, (4.21)

– 31 –



J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

for any n ≥ 0. So at genus zero and genus one level, the only non-vanishing Wilson
loop amplitude is W(0,1)

ri . As analyzed from the Seiberg-Witten curve and mirror curve
correspondence in section 3.4, we expect that genus one free energy for the representation
ri whose highest weight is the i-th fundamental weight of the gauge group SU(N) is written
as the logarithm of the homogeneous coordinate ai

W(0,1)
ri = log(ai) = C−1

ij log(zj), (4.22)

where the last identity in (4.22) is derived from (2.14) and Cij is the intersection matrix.
For any representations r1 and r2 of a given gauge group G, one can perform tensor product
and direct sum operations for them. As a direct consequence of (3.23), one may expect
that at genus one, the tensor product of two representations can be decomposed as the sum
of two amplitudes at genus one

W(0,1)
r1⊗r2 =W(0,1)

r1 +W(0,1)
r2 . (4.23)

For the direct sum of two representations, the Wilson loop partition function should be
additive, such that we conjecture

exp
(
W(0,1)

r1⊕r2

)
= exp

(
W(0,1)

r1

)
+ exp

(
W(0,1)

r2

)
. (4.24)

In particular, by using (4.23), (4.24) and (4.22), we have that for the tensor product
representation of the fundamental weight r⊗j1i1

⊗ · · · ⊗ r⊗j1il
,

W(0,1)
r⊗j1i1

⊗···⊗r⊗j1il

= j1W(0,1)
ri1 + · · ·+ jlW

(0,1)
ril =

(
j1C

−1
i1k

+ · · ·+ jlC
−1
ilk

)
log(zk). (4.25)

From (4.21) and (4.22), the genus one free energies F (0,1)
r and F (1,0)

r are completely
fixed, one can follow a similar method as we described in section 4.1 to solve the higher
genus Wilson loop free energies via the holomorphic anomaly equation (4.19).

Finally, an interesting conclusion can be easily made from the holomorphic anomaly
equation (4.19). It is known that the quantum Seiberg-Witten curve computes the free
energy in the NS limit ε2 → 0. In the NS limit, only W(n,g=1) components survives, it
satisfies the holomorphic anomaly equation

∂W(n,1)
r

∂Sij
=

n−1∑
n′=0

DiW(n′,1)
r ·DjF (n−n′,0). (4.26)

The equation (4.26) is linear in W(n,1)
r which means it is additive

∂

∂Sij

(
W(n,1)

r1 + · · ·+W(n,1)
rl

)
=

n−1∑
n′=1

Di

(
W(n′,1)

r1 + · · ·+W(n′,1)
rl

)
·DjF (n−n′,0). (4.27)

Together with (4.25) and (4.27), we conjecture that

W(n,1)
ri1⊗···⊗ril

=W(n,1)
r1 + · · ·+W(n,1)

rl , n ≥ 0, (4.28)

which suggests that in the NS limit, the Wilson loop expectation value of tensor products
is equal to the product of the Wilson loop expectation values of each representations. This
indeed agrees with the conclusion we have made in section 3.2.
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u

e−m0

Figure 10. Toric diagram for local P1 × P1.

4.3 Local P1 × P1

In this subsection, we calculate the Wilson loop amplitudes for local P1 × P1 from the
refined holomorphic anomaly equation. We first review the computation of the refined free
energies of local P1 × P1 without Wilson loop, most of the contents here can be also found
in [43, 44, 47].

The toric diagram for local P1 × P1 is illustrated in figure 10. There are two complex
structure parameters z1 = 1

u2 and z2 = e−m0
u2 , Where u is the homogeneous coordinate

related to the interior lattice point, and m0 is a mass parameter related to a boundary point.
The toric diagram gives the Picard-Fuchs operators

L1 = Θ2
1 − 2z1(Θ1 + Θ2)(1 + 2Θ1 + 2Θ2),

L2 = Θ2
2 − 2z2(Θ1 + Θ2)(1 + 2Θ1 + 2Θ2),

(4.29)

where Θi ≡ zi ∂∂zi , i = 1, 2. For simplicity, we turn off the mass parameter by setting m0 = 0
such that z = z1 = z2. The Picard-Fuchs operator for massless case is computed in [47] as

L = z2(1− 16z)∂3
z + z(3− 64z)∂2

z + (1− 36z)∂z. (4.30)

From (4.30), we can compute the mirror map

− t(z) = log(z) + 4z + 18z2 + 400z3

3 + 1225z4 + 63504z5

5 +O
(
z6
)
, (4.31)

as a solution of the Picard-Fuchs equation

Lt(z) = 0. (4.32)

Even though the coefficients in the expansion (4.31) are not always integers, by inverting
the series, we find integral series4

z(Q) = Q− 4Q2 + 6Q3 − 16Q4 − 15Q5 − 216Q6 +O
(
Q7
)
, Q = e−t. (4.33)

4The integral Fourier expansion were also studied in [78] for some K3 surfaces and in [79] for rank-one
4d N = 2 theories.

– 33 –



J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

The genus one free energies are computed by fitting the ansatz (4.11) with few BPS
invariants, we get

F (0,1) = − 1
12 log(z7∆)− 1

2 log
∣∣∣∣ ∂t∂z

∣∣∣∣ , (4.34)

F (1,0) = 1
24 log

(
z−2∆

)
, (4.35)

where ∆ = (1− 16z) is the discriminant of the mirror geometry. To compute the higher
genus free energies, we need to integrate over the propagator Szz, where the propagator can
be fixed by a proper choice holomorphic functions appear in (4.9) and (4.10). Following
the calculations in [43], we fix the special geometry relations

DzS
zz = ∂zS

zz + 2ΓzzzSzz = −CzzzSzzSzz −
z(1− 12z)
9(1− 16z) , (4.36)

Γzzz = ∂z

∂t

∂2t

∂z2 = −CzzzSzz −
4(1− 18z)
3z(1− 16z) . (4.37)

where Czzz is the Yukawa coupling

Czzz =
(
∂t

∂z

)3
· ∂

3F (0,0)

∂t3
= − 1

z3(1− 16z) , (4.38)

such that the propagator is

Szz = 1
Czzz

(
2∂zF (0,1) − 1

6z

)
= z3(1− 16z)∂z log ∂t

∂z
+ 4

3z
2(1− 18z). (4.39)

The special geometry relations also indicate a derivative rule

∂zS
zz = − 1

9z3∆
(
9S2 − 24Sz2 + 432Sz3 + z4 − 12z5

)
. (4.40)

Substituting equation (4.39) in (4.40), we have that the third order derivative of t(z) can
be reduced to lower derivatives

∂3
z t (z) = 1

z2∆
[(

64z2 − 3z
)
∂2
z + (36z − 1)∂z

]
t(z). (4.41)

Since there is only one component of the propagator, we use S to stand for Szz in short.
By using equation (4.34) and (4.33), the propagator can be written as a series expansion of
the A-model Kähler modulus as

S = Q2

3 −
20Q3

3 + 148Q4

3 − 680Q5

3 + 2198Q6

3 +O
(
Q7
)
. (4.42)

The higher genus free energies are solved by integrating over the refined holomorphic
anomaly equation (4.7). However, there are holomorphic ambiguities need to be fixed. At
genus two, up to holomorphic ambiguities, we have

F (0,2) = 1
288z6∆2

(
60S3 − 48S2z2 + 480S2z3 + 13Sz4 − 288Sz5 + 1792Sz6

)
+ h(0,2),

F (1,1) = 1
144z4∆2

(
6S2 − 48S2z − 3Sz2 + 40Sz3 − 512Sz4

)
+ h(1,1),

F (2,0) = S (−1 + 8z)2

288z2∆2 + h(2,0),

(4.43)
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where h(n,g) is the holomorphic ambiguity which is a rational function of z, which takes
the ansatz

h(n,g) = h′(n,g)(z)
∆2(n+g)−2 , (4.44)

with h′(n,g)(z) is a polynomial in z. As was pointed out in [43, 44], the holomorphic
ambiguities for local P1 × P1 model can be completely fixed by considering the behavior of
the free energies around conifold point and orbifold point. We have5

F (0,2) = 5S3

24∆2z6 + S2 (21600z3 − 2160z2)
12960∆2z6 + S

12960∆2z6

(
80640z6 − 12960z5 + 585z4

)
+ 1

12960∆2z6

(
110592z9 − 24000z8 + 1884z7 − 55z6

)
, (4.45)

F (1,1) = S2

2160∆2z4 (90− 720z) + S

2160∆2z4

(
−7680z4 + 600z3 − 45z2

)
+ 1

2160∆2z4

(
−21504z7 + 2560z6 − 108z5 + 5z4

)
, (4.46)

F (2,0) = S
(
960z2 − 240z + 15

)
4320∆2z2 + 1

4320∆2z2

(
10752z5 − 3200z4 + 164z3 − 5z2

)
. (4.47)

The higher genus free energies are solved in a similar way. By computing the free energies
to a higher enough genus, one can recover the BPS invariants as listed in [44, 47].

Wilson loop in representation 2⊗n. We now use holomorphic anomaly equation to
solve the free energies of the Wilson loop partition function F (n,g)

2⊗n = W(n,g)
2⊗n + F (n,g) for

the representation r = 2⊗n. Following equation (4.25), noticing that the entry of the 1× 1
intersection matrix is −2, the genus one free energies are computed as

W(1,0)
2⊗n = 0, W(0,1)

2⊗n = −n
2 log(z). (4.48)

The higher genus results are computed via the refined holomorphic equation (4.19). For the
fundamental representation when n = 1, the Wilson loop free energies can be completely
solved to arbitrary genus from the gap condition and the regularity at orbifold point.
However, the regularity at orbifold point is broken down for higher representation, we
observe that they satisfy a singular behavior

W(n,g)
2⊗n = ao,g−1

t2g−2
o

+ · · ·+ ao,1
t2o

+O(t0o), n > 1, (4.49)

where the unknown coefficients ao,g−1 reduce the constraints on the holomorphic ambiguities,
that we can not solve the free energies completely. Thus we use few (pseudo-)BPS invariants
achieved in section 3.3, to fix the holomorphic ambiguities. We find at genus two, W(2,0)

r = 0,

W(1,1)
2⊗n = n

72z2∆
(
3S − 24Sz − z2 + 20z3

)
, (4.50)

5The constant term in F (n,g) is fixed by the constant map contribution at large volume limit, which is
irrelevant from the Gromov-Witten invariants. We are more interested in the Gromov-Witten invariants,
thus we set the constant term to be zero.
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u

Figure 11. Toric diagram for local P2.

W(0,2)
2 = 9S2 + 24Sz3 − z4 + 16z5

36z4∆ , (4.51)

W(0,2)
2⊗2 = 18S2 + 9Sz2 − 96Sz3 − 5z4 + 116z5 − 576z6

36z4∆ , (4.52)

W(0,2)
2⊗2⊗2 = 9S2 + 9Sz2 − 120Sz3 − 4z4 + 100z5 − 576z6

12z4∆ , (4.53)

W(0,2)
2⊗4 = 18S2 + 27Sz2 − 384Sz3 − 11z4 + 284z5 − 1728z6

18z4∆ , (4.54)

W(0,2)
2⊗5 = 5

(
9S2 + 18Sz2 − 264Sz3 − 7z4 + 184z5 − 1152z6)

36z4∆ , (4.55)
...

Similarly, by computing the Wilson loop free energies to higher enough genus, we solve the
(pseudo-)BPS invariants by fitting the ansatz

exp(Wr) =
∞∑
d=1

∑
jL,jR

(−1)2jL+2jRÑd
jL,jR

χjL(qL)χjR(qR)Qd, (4.56)

which agrees with the result in section 3.3 in the massless limit m0 = 0. We list the free
energies in appendix C.1 and the (pseudo-)BPS spectrum in appendix B. Notice that even
though the direct integration method looks quite indirect to get the BPS invariants, an
advantage of the results, e.g. (4.50), is that they are exact that one can expand them to
arbitrary degree of the complex structure parameters or the Kähler parameters. It is also
convenient to get the behavior of the free energies around other points in the Calabi-Yau
moduli space, e.g. conifold point and orbifold point [61].

4.4 Local P2

The toric diagram for local P2 is described in figure 11. There is only one complex
structure parameter z1 = 1

u3 , Where u is the homogeneous coordinate related to the interior
lattice point.

The toric diagram gives the Picard-Fuchs operator

L = Θ3 + 3z(3Θ + 2)(3Θ + 1)Θ, (4.57)
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where Θ ≡ z ∂
∂z . We can then compute the mirror map

− t = log(z)− 6z + 45z2 − 560z3 + 17325z4

2 − 756756z5

5 +O
(
z6
)
, (4.58)

and the inverse map

z(Q) = Q+ 6Q2 + 9Q3 + 56Q4 − 300Q5 + 3942Q6 +O
(
Q7
)
. (4.59)

The genus one free energies are

F (0,1) = − 1
12 log

(
z7∆

)
− 1

2 log
(
∂t

∂z

)
, (4.60)

F (1,0) = 1
24 log

(
z−1∆

)
, (4.61)

where ∆ = 1 + 27z is the discriminant. By fixing the ambiguities in equations (4.9)
and (4.10) as

DzS
zz = ∂zS

zz + 2ΓzzzSzz = −CzzzSzzSzz −
z

12(1 + 27z) , (4.62)

Γzzz = ∂z

∂t

∂2t

∂z2 = −CzzzSzz −
7 + 216z

6z(1 + 27z) , (4.63)

where Czzz is the Yukawa coupling

Czzz =
(
∂t

∂z

)3
· ∂

3F (0,0)

∂t3
= − 1

3z3(1 + 27z) , (4.64)

we can fix the propagator

Szz = 2∂zF (0,1)

Czzz
= 3z3(1 + 27z)∂z log ∂t

∂z
+ 1

2z
2(7 + 216z). (4.65)

With all the ingredients, we can solve the topological string amplitudes from the refined
holomorphic equation. For the case without Wilson loop, as pointed out in [43, 44],
from the gap condition and regularity at orbifold point, the holomorphic anomaly can be
completely fixed.

The local P2 model is corresponded to non-Lagrangian theory in 5d without a gauge
group. Such that there is no notation of representations for the Wilson loop operators.
We follow the same notation as introduced in [32], to use [−1] stand for the fundamental
representation comes from the insertion of a primitive curve, such that

W(0,1)
[−1] = −1

3 log z, (4.66)

and the n-th tensor product of the representation is naturally given by

W(0,1)
[−1]⊗n = −n

3 log z. (4.67)

The higher genus Wilson loop free energies are solved from the refined holomorphic anomaly
equation. For representation [−1] and [−1]⊗ [−1], we observe that the gap condition and
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regularity at orbifold point still holds, such that we can solve the Wilson loop free energies
to arbitrary genus. For example, at genus n+ g = 2, we have

W(1,1)
[−1] = 2S − z2 − 54z3

144z2(1 + 27z) , (4.68)

W(0,2)
[−1] = 2S2 + Sz2 − z4 − 27z5

36z4(1 + 27z) , (4.69)

(4.70)

for the representation [−1], and

W(1,1)
[−1]⊗[−1] = 2S − z2 − 54z3

72z2(1 + 27z) , (4.71)

W(0,2)
[−1]⊗[−1] = 2S2 + 3Sz2 + 54Sz3 − 2z4 − 54z5

18z4(1 + 27z) , (4.72)

for the representation [−1] ⊗ [−1]. By computing the Wilson loop to higher and higher
genus, we recover the refined (pseudo-)BPS invariants as listed in table 15 and table 16.

5 (Refined) mirror map from Wilson loop

The quantum mirror curves and quantum periods are studied in [74, 80]. The basic idea to
get the quantum mirror curve is by promoting the coordinates x, y to operators x̂, ŷ in the
classical curve (2.17), with the canonical commutation relation

[x̂, ŷ] = h̄. (5.1)

Then the curve (2.17) becomes an operator equation,

Ĥ
(
ex̂, eŷ; zα, h̄

)
Ψ(x; h̄) = 0. (5.2)

Equation (5.2) can be treated as a quantum mechanics system with Hamiltonian Ĥ,
and Ψ(x; h̄) is the wave function which can be solved from the standard WKB method
by imposing

Ψ(x; h̄) = e−
1
h̄

∫
∂xS(x;h̄)dx, S(x; h̄) = S0(x) +

∞∑
i=1

S2i(x)h̄2i. (5.3)

Now the periods of the curve become quantum periods which are computed from the period
integral over the quantum one-form ∂S(x). Denote the quantum periods

Πi(z; h̄) = Πi(z) +
∞∑
j=1

Πi,2j(z)h̄2j , (5.4)

for each j > 0, there exists an differential operator D2j with respect to z

Πi,2j(z) = D2jΠi(z). (5.5)
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Equation (5.4) indicates that the quantum A-period or quantum mirror map t(z; h̄) has a
small h̄ expansion

t (z; h̄) =
[
1 +

∞∑
i=1

h̄2iD2i

]
t(z), (5.6)

which is generated by the quantum operators D2i, while the quantum B-period

tD(z; h̄) = C
∂FNS(t(z; h̄); h̄)

∂t(z; h̄) (5.7)

is generated by the same quantum operators

tD(z; h̄) =
[
1 +

∞∑
i=1

h̄2iD2i

]
tD(z). (5.8)

Here C is entry of the 1× 1 intersection matrix which is equal to −2 for local P1 × P1 and
is equal to −3 for local P2. FNS is the NS free energy

FNS(t; h̄) = lim
ε1→h̄,
ε2→0

ε1ε2F , tD(z) = lim
h̄→0

C∂tF
NS(t(z); h̄). (5.9)

See [47, 81–83] for more details about the derivation of the quantum operators D2j from
quantum curves.

As we have discussed in section 3.4, the complex structure parameter ai at classical level
is equal to the classical Wilson loop expectation value. This correspondence leads to the
mirror dual of A-model Wilson loop expectation values in terms with Kähler parameters to
the complex structure parameters ai in the B-model. This correspondence can be enhanced
to quantum level. One key observation is that the quantum Seiberg-Witten curve (3.77) has
the same form as the quantum mirror curve if one identifies the Wilson loop expectation
values in the NS limit, with the same complex structure parameters ai. At the level of
amplitude, we have

W(0,1)
r (t(z)) =

∞∑
n=0
W(n,1)

r (t(z; h̄)) h̄2n. (5.10)

Notice that on the left hand side of (5.10) we use the classical mirror map t(z) such that it
maps to the original complex structure parameter ai, while on the right hand side of (5.10),
the Kähler parameter is replaced by the quantum mirror map (5.6).

Substitute (5.6) to (5.10) and expand both side of the equation (5.10) with small h̄, we
can solve that for the single parameter case

D2t(z) = − W
(1,1)
r

∂zW(0,1)
r

∂zt,

D4t(z) = − W
(2,1)
r

∂zW(0,1)
r

∂zt+
2W(1,1)

r ∂zW(1,1)
r ∂zt+

(
W(1,1)

r
)2
∂2
z t

2
(
∂zW(0,1)

r
)2 −

(
W(1,1)

r
)2
∂2
zW

(0,1)
r ∂zt

2
(
∂zW(0,1)

r
)3 ,

...
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Because of the additive property (4.28) in the NS limit, the quantum operators D2i are
the same for any representation r⊗n. For local P1 × P1 model, by substituting the results
from holomorphic anomaly equation and using the derivative rule (4.41) to eliminate higher
order derivatives, we observe that the quantum operators D2i can be always written as
degree two polynomials of the differential operator Θ = z∂z, for example,

D2 = −z3Θ + 1− 8z
12 Θ2, (5.11)

D4 = 1
180∆2

[(
3584z4 − 320z3 + 34z2

)
Θ +

(
7168z4 − 864z3 + 154z2 − z

)
Θ2
]
, (5.12)

...

which agree with the results in [81]. By using our expression of the Wilson loops, one can
also analytically derive the quantum B-period, which is defined as

tD(z; h̄) = ∂t(z;h̄)F
NS(t(z; h̄); h̄) =

∞∑
n=0

t
(n,0)
D (t(z; h̄))h̄2n, (5.13)

=
[
1 + h̄2D′2 + h̄4D′4 + · · ·

]
tD(z), (5.14)

where

t
(n,0)
D = −2∂tF (n,0)(t). (5.15)

Notice that from equation (4.38),

Czzz =
(
∂t

∂z

)3
· ∂

3F (0,0)

∂t3
= −∂ztD(z)∂2

z t(z) + ∂2
z tD(z)∂zt(z), (5.16)

we solve that

∂2
z t(z) = 1

∂ztD(z)
(
∂2
z tD(z)∂zt(z)− Czzz

)
. (5.17)

Taking derivative with respect to z on both side of equation (5.17), and take use of
equation (4.41), we have the replacement rule

∂3
z tD (z) = 1

z2∆
[(

64z2 − 3z
)
∂2
z + (36z − 1) ∂z

]
tD(z), (5.18)

which can be used to eliminate the higher order derivatives of tD(z), that we again solve
the differential operator D′2i, which is exactly the same as D2i as illustrated in (5.11). This
fact agrees with the quantum curve approach from [81].

For local P2 model, by using the same techniques, we analytically derive the quantum
differential operators for both quantum A- and B-periods

D2 = 1
8Θ2, (5.19)

D4 = 1
640∆2

[(
1998z2 − 10z

)
Θ +

(
7857z2 − 87z

)
Θ2
]
, (5.20)

...

which agree with the quantum differential operators computed in [81].
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Refined A-periods. In the gauge theory side, the quantum curve has a refined version
contains both non-vanishing Omega deformed parameter ε1,2. The refined version of the
curve is known as non-perturbative Dyson-Schwinger equation [22], where the Wilson loop
expectation values in the NS limit are lifted to their refined versions. Even though the
refined curve does not have a quantum mechanics understanding, we can still identify the
complex structure parameter with the Wilson loop expectation value

W(0,1)
r (t(z)) =

∞∑
n,g=0

W(n,g)
r (t(z; ε1, ε2)) (ε1 + ε2)2n(ε1ε2)g−1, (5.21)

as a refined version of (5.10), by proposing the refined A-period6

t(z; ε1, ε2) =

1 +
∞∑

i,j=1,
i+j>0

(ε1 + ε2)2i(ε1ε2)jDi,j

 t(z). (5.22)

where Di,j are expected to be differential operators with respect to z. Obviously, in the NS
limit Di,0 = D2i, the other operators are solved by expanding (5.21) with small ε1,2 at both
hand side,

D0,1t(z) = − W
(0,2)
r

∂zW(0,1)
r

∂zt,

D0,2t(z) = − W
(0,3)
r

∂zW(0,1)
r

∂zt+ 1
∂zW(0,1)

r
∂z


(
W(0,2)

r
)2
∂zt

∂zW(0,1)
r

 ,
D1,1t(z) = − W

(1,2)
r

∂zW(0,1)
r

∂zt+ 1
∂zW(0,1)

r
∂z

[
W(0,2)

r W(1,1)
r ∂zt

∂zW(0,1)
r

]
,

...

By using the results of Wilson loop amplitudes, we observe that the operators Di,j are still
second order differential operators, but the coefficients depend on the propagator S. For
examples, for local P1 × P1 in the fundamental representation,

D0,1 = 1
6z2

[(
−3S + z2 − 32z3

)
Θ +

(
3S + 4z2 − 64z3

)
Θ2
]
, (5.23)

D0,2 = 1
12960z8∆2

[(
− 3240S4 + 1080S3z2 + 34560S3z3 − 2295S2z4 + 79920S2z5

− 1725Sz6 − 1105920S2z6 + 125280Sz7 + 830z8 − 3098880Sz8 − 78920z9

+ 25436160Sz9 + 2891616z10 − 48084480z11 + 306118656z12
)
Θ

+
(
3240S4 − 1080S3z2 − 34560S3z3 + 2295S2z4 − 79920S2z5 + 1725Sz6

+ 1105920S2z6 − 125280Sz7 + 2545z8 + 3098880Sz8 − 218944z9

− 25436160Sz9 + 7271616z10 − 108942336z11 + 612237312z12
)
Θ2
]
, (5.24)

6There was another refined proposal [84], it is interesting to check the connection between our proposals.
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D1,1 = 1
270z3∆2

[(
45S2 + 720S2z − 30Sz2 − 1560Sz3 + 5z4 − 5760Sz4 + 416z5

− 12000z6 − 90624z7
)
Θ +

(
− 45S2 − 720S2z + 30Sz2 + 1560Sz3 + z4

+ 5760Sz4 + 1696z5 − 19776z6 − 181248z7
)
Θ2
]
, (5.25)

...

For local P2 in the representation [−1],

D0,1 = 1
4z2

[(
−2S + z2 + 72z3

)
Θ +

(
2S + 8z2 + 216z3

)
Θ2
]
, (5.26)

D0,2 = 1
8640z8∆2

[(
− 240S4 − 240S3z2 − 25920S3z3 − 1480S2z4 − 114480S2z5

− 4820Sz6 − 2799360S2z6 − 550800Sz7 + 2825z8 − 22249080Sz8 + 485460z9

− 302330880Sz9 + 31913676z10 + 952132320z11 + 10883911680z12
)
Θ

+
(
240S4 + 240S3z2 + 25920S3z3 + 1480S2z4 + 114480S2z5 + 4820Sz6

+ 2799360S2z6 + 550800Sz7 + 16975z8 + 22249080Sz8 + 2459376z9

+ 302330880Sz9 + 137471904z10 + 3461058720z11 + 32651735040z12
)
Θ2
]
, (5.27)

D1,1 = 3
320z3∆2

[ (
−60S2 + 20Sz2 − 7560Sz3 + 5z4 + 4248z5 + 272160z6

)
Θ

+
(
60S2 − 20Sz2 + 7560Sz3 + 13z4 + 28242z5 + 816480z6

)
Θ2
]
, (5.28)

...

It is interesting to find an explanation of these refined operators in the future.

6 Conclusion

In this paper, we proposed the refined topological string correspondence to the half-
BPS Wilson loop operators in 5d N = 1 quantum field theories in the Omega-deformed
background Rε1,2 × S1. Our proposal suggests a novel infinite class of generalization to the
refined topological string amplitudes which are called Wilson loop amplitudes. The insertion
of the Wilson loop operators can be understood in M-theory as the insertion of stationary
curves. By using the refined topological vertex in the A-model, we explicitly calculated the
expectation values of the Wilson loop operators in the representation 2⊗n, n = 1, · · · 5 in
the 5d pure SU(2) gauge theory.

In the B-model, we proposed the refined holomorphic anomaly equation for the Wilson
loop amplitudes. We calculated these amplitudes for local P1 × P1 model and local P2

models in various representations. The amplitudes solved from the refined holomorphic
anomaly equation are polynomials of the propagator S, which are exact expressions and
can be expanded at any point in the Calabi-Yau moduli space. Our results also indicate
that the Wilson loop amplitudes are weight-zero quasi-modular forms. Finally, by taking
use of the exact expressions of Wilson loop amplitudes, we derived the quantum operators
studied in the quantum geometry.
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Our work leads to many interesting problems. The first one is that why there is a
refined holomorphic anomaly equation for Wilson loop amplitudes. In this paper, we
focused on the BPS invariants of M2-branes winding on stationary curves, such that the
partition function has a BPS expansion (3.20). The BPS invariants in (3.20) are quite
likely to be the descendant invariants as described in [69, 85]. However, the existence of the
holomorphic anomaly equation for the free energies suggests that there would be a suitable
worldsheet description for the Wilson loop amplitudes, which gives a generalization of the
Gromov-Witten invariants. It is interesting to find the worldsheet description and give a
mathematical definition for the generalized invariants.

In the meantime, we should check that if the refined holomorphic anomaly equation
holds for more generic examples. In particular, the other local del Pezzo surfaces, including
E-strings and try to compare with the quantum periods from quantum curves studied
in [30, 86, 87]. It is also interesting to compute the Wilson loops/surfaces of generic 5d/6d
SQFTs from more generic non-compact Calabi-Yau threefolds.

In section 3.3, we used the refined topological vertex to compute the Wilson loop
expectation values for SU(2) theory from SU(2) theories with fundamental flavors. It
is also interesting to recover our result in the Sp(1) theory via the refined topological
vertex with ON-planes [88, 89]. Even though we used the topological vertex to compute
the partition function, the same partition function can also be computed from ADHM
construction directly. It is worthy to use the ADHM construction to compute the Wilson
loop expectation values for more generic 5d/6d SQFTs.

Finally, as we have done in section 5, the Wilson loop amplitudes calculated from holo-
morphic anomaly equations can help to derive the quantum operators that are derived from
the quantum curves. It is also interesting to explore the connection between holomorphic
anomaly equations and quantum curves more in the future.
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A Two-instanton results

In this appendix, we list the two-instanton results of the Wilson loop expectation values for
SU(2) theory. They have the structure

〈W (2)
2⊗n〉 = N (n)

[(
1− q1q2e

−2φ
) (

1− q2
1q2e

−2φ
) (

1− q1q
2
2e
−2φ

)
× (φ→ −φ)

]−1
,

with

N (1) = q3
1q

3
2
(
1 + q1q2 + q2

1q
2
2 + q3

1q
3
2 + q4

1q
4
2
) (
eφ + e−φ

)3

− q3
1q

3
2 (1 + q1q2)

(
2 + 2q1q2 + q2

1q2 + q1q
2
2 + 2q2

1q
2
2 + 2q3

1q
3
2
) (
eφ + e−φ

)
,
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

N (2) = q5
1q

5
2

(
eφ + e−φ

)6
+ q3

1q
3
2
(
1 + q2

1q2 + q1q
2
2 − 4q2

1q
2
2 + q3

1q
2
2 + q2

1q
3
2 + q4

1q
4
2
) (
eφ + e−φ

)4

+ q2
1q

2
2 (1 + q1q2)2

(
q1 + q2 − 3q1q2 − 2q2

1q2 − 2q1q
2
2 + 4q2

1q
2
2 − 2q3

1q
2
2

− 2q2
1q

3
2 − 3q3

1q
3
2 + q4

1q
3
2 + q3

1q
4
2

)(
eφ + e−φ

)2

+ q2
1q

2
2 (1− q1) (1− q2) (1 + q1q2)2 (1 + q2

1q2
) (

1 + q1q
2
2
)
,

N (3) = 3q5
1q

5
2

(
eφ + e−φ

)7
+ q3

1q
3
2

(
1− 2q1 + q2

1 − 2q2 − q1q2 + 2q2
1q2 + q3

1q2

+ q2
2 + 2q1q

2
2 − 15q2

1q
2
2 + 2q3

1q
2
2 + q4

1q
2
2 + q1q

3
2

+ 2q2
1q

3
2 − q3

1q
3
2 − 2q4

1q
3
2 + q2

1q
4
2 − 2q3

1q
4
2 + q4

1q
4
2

)(
eφ + e−φ

)5

+ q2
1q

2
2

(
2 + 2q1 − q2

1 + 2q2 − 3q1q2 + 6q2
1q2 − 5q3

1q2 − q2
2 + 6q1q

2
2

+ 2q2
1q

2
2 − 9q3

1q
2
2 − 4q4

1q
2
2 − 5q1q

3
2 − 9q2

1q
3
2 + 22q3

1q
3
2 − 9q4

1q
3
2 − 5q5

1q
3
2

− 4q2
1q

4
2 − 9q3

1q
4
2 + 2q4

1q
4
2 + 6q5

1q
4
2 − q6

1q
4
2 − 5q3

1q
5
2 + 6q4

1q
5
2 − 3q5

1q
5
2

+ 2q6
1q

5
2 − q4

1q
6
2 + 2q5

1q
6
2 + 2q6

1q
6
2

)(
eφ + e−φ

)3

− q1q2 (1− q1) (1− q2) (1 + q1q2)
(

2 + q1 + q2 + 2q2
1q2 + 2q1q

2
2

+ 2q2
1q

2
2 − q4

1q
2
2 + 6q3

1q
3
2 − q2

1q
4
2 + 2q4

1q
4
2 + 2q5

1q
4
2 + 2q4

1q
5
2 + q6

1q
5
2

+ q5
1q

6
2 + 2q6

1q
6
2

)(
eφ + e−φ

)
,

N (4) = 6q5
1q

5
2

(
eφ + e−φ

)8
+ q3

1q
3
2

(
1− 5q1 + q2

1 + q3
1 − 5q2 − 6q1q2 + 6q2

1q2 + 2q3
1q2

+ q4
1q2 + q2

2 + 6q1q
2
2 − 34q2

1q
2
2 + 6q3

1q
2
2 + q4

1q
2
2 + q3

2 + 2q1q
3
2

+ 6q2
1q

3
2 − 6q3

1q
3
2 − 5q4

1q
3
2 + q1q

4
2 + q2

1q
4
2 − 5q3

1q
4
2 + q4

1q
4
2

)(
eφ + e−φ

)6

+ q2
1q

2
2

(
5 + 7q1 − 5q2

1 − q3
1 + 7q2 − 8q1q2 + 18q2

1q2 − 9q3
1q2 − 5q4

1q2 + q5
1q2

− 5q2
2 + 18q1q

2
2 + 21q2

1q
2
2 − 27q3

1q
2
2 − 4q4

1q
2
2 − 5q5

1q
2
2 − q3

2 − 9q1q
3
2

− 27q2
1q

3
2 + 74q3

1q
3
2 − 27q4

1q
3
2 − 9q5

1q
3
2 − q6

1q
3
2 − 5q1q

4
2 − 4q2

1q
4
2

− 27q3
1q

4
2 + 21q4

1q
4
2 + 18q5

1q
4
2 − 5q6

1q
4
2 + q1q

5
2 − 5q2

1q
5
2 − 9q3

1q
5
2

+ 18q4
1q

5
2 − 8q5

1q
5
2 + 7q6

1q
5
2 − q3

1q
6
2 − 5q4

1q
6
2 + 7q5

1q
6
2 + 5q6

1q
6
2

)(
eφ + e−φ

)4

− q1q2 (1− q1) (1− q2) (1 + q1q2)
(

7 + 5q1 + 5q2 + 2q1q2 + 14q2
1q2 − q3

1q2

− 2q4
1q2 + 14q1q

2
2 + 9q2

1q
2
2 + q3

1q
2
2 + 2q4

1q
2
2 − 2q5

1q
2
2 − q1q

3
2 + q2

1q
3
2

+ 36q3
1q

3
2 + q4

1q
3
2 − q5

1q
3
2 − 2q1q

4
2 + 2q2

1q
4
2 + q3

1q
4
2 + 9q4

1q
4
2 + 14q5

1q
4
2

− 2q2
1q

5
2 − q3

1q
5
2 + 14q4

1q
5
2 + 2q5

1q
5
2 + 5q6

1q
5
2 + 5q5

1q
6
2 + 7q6

1q
6
2

)(
eφ + e−φ

)2

+ (1− q1)2 (1− q2)2 (1 + q1q2)2 (1 + q2
1q2
) (

1 + q1q
2
2
) (

2 + q1 + q2 + q1q2

+ q2
1q2 + q1q

2
2 + q2

1q
2
2 + q3

1q
2
2 + q2

1q
3
2 + 2q3

1q
3
2

)
,
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1q

5
2
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eφ + e−φ
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+ q3

1q
3
2

(
1− 9q1 + q2

1 + q3
1 + q4

1 − 9q2 − 9q1q2 − 4q2
1q2

+ 16q3
1q2 + q4

1q2 + q2
2 − 4q1q

2
2 − 29q2

1q
2
2 − 4q3

1q
2
2 + q4

1q
2
2 + q3

2 + 16q1q
3
2

− 4q2
1q

3
2 − 9q3

1q
3
2 − 9q4
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3
2 + q4

2 + q1q
4
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1q
4
2 − 9q3

1q
4
2 + q4

1q
4
2

)(
eφ + e−φ
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1q

2
2

(
9 + 10q1 + 5q2

1 − 15q3
1 + q5

1 + 10q2 + 11q1q2 + 2q2
1q2 − 8q3

1q2

− 3q4
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1q2 + q6
1q2 + 5q2

2 + 2q1q
2
2 + 27q2

1q
2
2 + 52q3

1q
2
2 − 78q4

1q
2
2

− 3q5
1q

2
2 − 15q3

2 − 8q1q
3
2 + 52q2

1q
3
2 − 48q3

1q
3
2 + 52q4

1q
3
2 − 8q5

1q
3
2

− 15q6
1q

3
2 − 3q1q

4
2 − 78q2

1q
4
2 + 52q3

1q
4
2 + 27q4

1q
4
2 + 2q5

1q
4
2 + 5q6

1q
4
2

+ q5
2 − 3q1q

5
2 − 3q2

1q
5
2 − 8q3

1q
5
2 + 2q4

1q
5
2 + 11q5

1q
5
2 + 10q6

1q
5
2

+ q1q
6
2 − 15q3

1q
6
2 + 5q4

1q
6
2 + 10q5

1q
6
2 + 9q6

1q
6
2

)(
eφ + e−φ

)5

− q1q2 (1− q1) (1− q2)
(

10 + 17q1 + 9q2
1 − 4q3

1 − 2q4
1 + 17q2 + 30q1q2

+ 14q2
1q2 + 38q3

1q2 − 13q4
1q2 − 6q5

1q2 + 9q2
2 + 14q1q

2
2 + 84q2

1q
2
2 + 30q3

1q
2
2

− 9q4
1q

2
2 − 2q5

1q
2
2 − 6q6

1q
2
2 − 4q3

2 + 38q1q
3
2 + 30q2

1q
3
2 + 16q3
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2 + 114q4

1q
3
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− 9q5
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2 − 13q6
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2 − 2q7
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4
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1q
6
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2
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7
2 − 4q4
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7
2 + 9q5
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7
2 + 17q6
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7
2 + 10q7

1q
7
2

)(
eφ + e−φ

)3

+ (−1 + q1)2 (−1 + q2)2 (1 + q1q2)
(

1 + 9q1 + 4q2
1 + q3

1 + 9q2 + 10q1q2

+ 7q2
1q2 + 15q3

1q2 + 4q4
1q2 + 4q2

2 + 7q1q
2
2 + 30q2

1q
2
2 + 18q3

1q
2
2 + 11q4

1q
2
2

+ 5q5
1q

2
2 + q3

2 + 15q1q
3
2 + 18q2

1q
3
2 + 19q3

1q
3
2 + 37q4

1q
3
2 + 11q5

1q
3
2 + 4q6

1q
3
2

+ 4q1q
4
2 + 11q2

1q
4
2 + 37q3

1q
4
2 + 19q4

1q
4
2 + 18q5

1q
4
2 + 15q6

1q
4
2 + q7

1q
4
2 + 5q2

1q
5
2

+ 11q3
1q

5
2 + 18q4

1q
5
2 + 30q5

1q
5
2 + 7q6

1q
5
2 + 4q7

1q
5
2 + 4q3

1q
6
2 + 15q4

1q
6
2 + 7q5

1q
6
2

+ 10q6
1q

6
2 + 9q7
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6
2 + q4

1q
7
2 + 4q5

1q
7
2 + 9q6

1q
7
2 + q7

1q
7
2

)
(eφ + e−φ).

B Refined invariants

We list the (pseudo)-BPS invariants ÑC
jL,jR

of the Wilson loop expectation values computed
from the refined holomorphic anomaly equation, in the expansion

〈Wr〉 = exp (Wr) =
∞∑
d=1

∑
jL,jR

(−1)2jL+2jRÑC
jL,jR

χjL(ε−)χjR(ε+)e−dt, (B.1)

As we explained in section 3.2, the expansion (B.1) is the most convenient but is not
the proper BPS expansion for decomposable representations, so the pseudo-BPS invariant
ÑC
jL,jR

may not be always positive integer. Negative invariants can be found in table 13
and table 14.
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

2jL\2jR 0
0 1

d = − 1
2

2jL\2jR 0
0 2

d = 1
2

2jL\2jR 0 1 2
0 1

d = 3
2

2jL\2jR 0 1 2 3 4
0 2

d = 5
2

2jL\2jR 0 1 2 3 4 5 6 7
0 1 4
1 1

d = 7
2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10
0 2 4 8
1 2 4
2 2

d = 9
2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 1 4 9 12 17 1
1 1 5 10 12 1
2 1 5 9
3 1 4
4 1

d = 11
2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0 2 4 12 20 32 36 40 6 2
1 2 6 16 28 38 38 8
2 2 6 18 28 32 4
3 2 6 16 20 2
4 2 6 12
5 2 4
6 2

d = 13
2

Table 10. BPS spectrum of Wilson loop for local P1 × P1 in the representation 2 of SU(2) for the
curve class dt = 2dφ.
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

2jL\2jR 0
0 1

d = −1

2jL\2jR 0
0 4

d = 0

2jL\2jR 0 1 2
0 3 1
1 1

d = 1

2jL\2jR 0 1 2 3 4
0 2 2
1 2

d = 2

2jL\2jR 0 1 2 3 4 5 6 7
0 1 5 4
1 1 4 1
2 1

d = 3

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10
0 2 4 12 10
1 2 4 12 4
2 2 4 2
3 2

d = 4

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 3 2 12 18 33 25 1
1 1 4 11 21 35 17 1
2 1 5 11 21 10
3 1 5 10 4
4 1 4 1
5 1

d = 5

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0 2 14 26 52 72 94 68 10 2
1 4 16 30 62 88 114 64 10
2 2 6 18 38 66 86 48 4
3 2 6 20 36 56 26 2
4 2 6 18 28 14
5 2 6 14 4
6 2 4 2
7 2

d = 6

Table 11. Pseudo-BPS spectrum of Wilson loop for local P1 × P1 in the representation 2⊗ 2 of
SU(2) for the curve class dt = 2dφ.
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

2jL\2jR 0
0 1

d = − 3
2

2jL\2jR 0
0 6

d = − 1
2

2jL\2jR 0 1 2
0 11 1
1 1
2 1

d = 1
2

2jL\2jR 0 1 2 3 4
0 4 6 2
1 2 2
2 2

d = 3
2

2jL\2jR 0 1 2 3 4 5 6 7
0 1 3 14 4
1 1 5 4 1
2 1 4 1
3 1

d = 5
2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10
0 2 2 16 30 10
1 2 6 12 18 4
2 2 4 12 4 2
3 2 4 2
4 2

d = 7
2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 3 7 27 52 73 26 1
1 5 13 24 54 60 17 1
2 1 4 11 22 36 34 10
3 1 5 11 21 11 4
4 1 5 10 4 1
5 1 4 1
6 1

d = 9
2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0 10 24 68 118 172 192 84 10 2
1 14 38 74 140 206 202 74 10
2 2 16 32 66 106 170 150 50 4
3 2 6 18 38 70 98 88 26 2
4 2 6 20 36 58 38 14
5 2 6 18 28 16 4
6 2 6 14 4 2
7 2 4 2
8 2

d = 11
2

Table 12. Pseudo-BPS spectrum of Wilson loop for local P1 × P1 in the representation 2⊗ 2⊗ 2
of SU(2) for the curve class dt = 2dφ.
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

2jL\2jR 0
0 1

d = −2

2jL\2jR 0
0 8

d = −1

2jL\2jR 0 1 2
0 26 2
1 -2
2 4

d = 0

2jL\2jR 0 1 2 3 4
0 22 8 2
1 8 2
2 2 2
3 2

d = 1

2jL\2jR 0 1 2 3 4 5 6 7
0 7 15 18 4
1 4 18 4 1
2 6 4 1
3 1 4 1
4 1

d = 2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10
0 8 8 44 38 10
1 4 20 40 20 4
2 2 6 14 20 4 2
3 2 4 12 4 2
4 2 4 2
5 2

d = 3

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 9 21 59 113 105 26 1
1 10 37 70 131 69 17 1
2 2 16 25 63 70 38 10
3 4 11 22 37 38 11 4
4 1 5 11 21 11 4 1
5 1 5 10 4 1
6 1 4 1
7 1

d = 4

Table 13. Pseudo-BPS spectrum of Wilson loop for local P1 × P1 in the representation 2⊗4 of
SU(2) for the curve class dt = 2dφ.
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

2jL\2jR 0
0 1

d = − 5
2

2jL\2jR 0
0 10

d = − 3
2

2jL\2jR 0 1 2
0 50 5
1 -10
2 10

d = − 1
2

2jL\2jR 0 1 2 3 4
0 90 18 2
1 -12 2
2 28 2
3 2
4 2

d = 1
2

2jL\2jR 0 1 2 3 4 5 6 7
0 43 54 26 4
1 10 11 4 1
2 3 32 4 1
3 5 4 1
4 1 4 1
5 1

d = 3
2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10
0 18 40 134 54 10
1 18 36 26 22 4
2 2 24 68 22 4 2
3 6 14 22 4 2
4 2 4 12 4 2
5 2 4 2
6 2

d = 5
2

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 25 39 189 292 130 26 1
1 34 80 104 176 81 17 1
2 8 44 93 188 68 42 10
3 13 28 67 88 42 11 4
4 3 11 22 37 42 11 4 1
5 1 5 11 21 11 4 1
6 1 5 10 4 1
7 1 4 1
8 1

d = 7
2

Table 14. Pseudo-BPS spectrum of Wilson loop for local P1 × P1 in the representation 2⊗5 of
SU(2) for the curve class dt = 2dφ.
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

2jL\2jR 0
0 1

d = − 1
3

2jL\2jR 0 1
0 1

d = 2
3

2jL\2jR 0 1 2 3 4
0 1

d = 5
3

2jL\2jR 0 1 2 3 4 5 6 7 8
0 1 1
1 1

d = 8
3

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13
0 1 1 2 1 1
1 1 2 2
2 1 1
3 1

d = 11
3

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 1 1 2 3 4 5 4 3
1 1 2 4 5 7 5 2
2 1 2 4 5 4 2
3 1 2 4 3 1
4 1 2 2
5 1 1
6 1

d = 14
3

Table 15. BPS spectrum of Wilson loop for local P2 in the representation [−1] for the curve class dt.
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

2jL\2jR 0
0 1

d = − 2
3

2jL\2jR 0 1
0 1
1 1

d = 1
3

2jL\2jR 0 1 2 3 4
0 1 1
1 1

d = 4
3

2jL\2jR 0 1 2 3 4 5 6 7 8
0 1 1 1
1 1 1 1
2 1

d = 7
3

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13
0 1 2 2 3 2 1
1 1 1 4 3 3
2 1 2 3 1
3 1 1 1
4 1

d = 10
3

2jL\2jR 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 1 3 4 7 8 10 7 4
1 1 1 4 6 10 13 13 9 3
2 1 2 5 8 12 11 7 2
3 1 2 5 8 8 5 1
4 1 2 5 5 3
5 1 2 3 1
6 1 1 1
7 1

d = 13
3

Table 16. Pseudo-BPS spectrum of Wilson loop for local P2 in the representation [−1]⊗ [−1] for
the curve class dt.
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J
H
E
P
0
8
(
2
0
2
2
)
2
0
7

C Wilson loop amplitudes

C.1 P1 × P1

(n,g) = (2,1).

W(2,1)
2⊗n = n

77760z6 (1−16z)3

(
135S3−2160S3z−135S2z2+8640S3z2+3240S2z3+45Sz4

−43200S2z4−1656Sz5+207360S2z5−5z6+48384Sz6+272z7−324864Sz7

−6032z8+1548288Sz8+112896z9−129024z10
)
.

(n,g) = (1,2).

W(1,2)
2 = 1

9720z8 (1−16z)3

(
−3240S4z+405S4−56160S3z4+7020S3z3−405S3z2

−311040S2z7+60480S2z6−2970S2z5+135S2z4−774144Sz10+196992Sz9

−6912Sz8+228Sz7−15Sz6+64512z12+6912z11−1904z10+34z9
)
.

W(1,2)
2⊗2 = 1

19440z8 (1−16z)3

(
−12960S4z+1620S4−172800S3z4+18360S3z3−1215S3z2

+8640S2z6+4320S2z5+135S2z4+221184Sz10−248832Sz9+110592Sz8

−6648Sz7+75Sz6−847872z12+338688z11−36176z10+1216z9−15z8
)
.

W(1,2)
2⊗2⊗2 = 1

6480z8 (1−16z)3

(
−6480S4z+810S4−60480S3z4+4320S3z3−405S3z2

+622080S2z7−112320S2z6+10260S2z5−135S2z4+1769472Sz10−
642816Sz9+124416Sz8−7104Sz7+105Sz6−976896z12+324864z11

−32368z10+1148z9−15z8
)
.

W(1,2)
2⊗4 = 1

9720z8 (1−16z)3

(
−12960S4z+1620S4−69120S3z4−1080S3z3−405S3z2

+2488320S2z7−457920S2z6+36720S2z5−675S2z4+6856704Sz10

−2322432Sz9+387072Sz8−21768Sz7+345Sz6−3059712z12+960768z11

−93296z10+3376z9−45z8
)
.

W(1,2)
2⊗5 = 1

1944z8 (1−16z)3

(
−3240S4z+405S4−4320S3z4−2700S3z3+933120S2z7

−172800S2z6+13230S2z5−270S2z4+2543616Sz10−839808Sz9+131328Sz8

−7332Sz7+120Sz6−1041408z12+317952z11−30464z10+1114z9−15z8
)
.
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(n,g) = (0,3).

W(0,3)
2 = 1

77760z10 (1−16z)3

(
24300S5+298080S4z3−27540S4z2+1486080S3z6

−257040S3z5+12285S3z4+4147200S2z9−950400S2z8+91800S2z7

−2925S2z6+5308416Sz12−1686528Sz11+260928Sz10−19032Sz9+435Sz8

−442368z14+225792z13−33824z12+1984z11−35z10
)
.

W(0,3)
2⊗2 = 1

38880z10 (1−16z)3

(
24300S5+142560S4z3−17820S4z2−587520S3z6

−10800S3z5+4995S3z4−829440S2z9−17280S2z8+39960S2z7−2115S2z6

+31850496Sz12−7492608Sz11+796608Sz10−43512Sz9+885Sz8+

79626240z15−24219648z14+3232512z13−232784z12+8704z11−125z10
)
.

W(0,3)
2⊗2⊗2 = 1

25920z10 (1−16z)3

(
24300S5−12960S4z3−8100S4z2−1831680S3z6

+131760S3z5+945S3z4+14100480S2z9−2401920S2z8+169560S2z7

−4545S2z6+217645056Sz12−46476288Sz11+3889728Sz10−154392Sz9

+2415Sz8+477757440z15−134258688z14+15501312z13−920384z12

+27904z11−335z10
)
.

W(0,3)
2⊗4 = 1

19440z10 (1−16z)3

(
24300S5−168480S4z3+1620S4z2−2246400S3z6

+170640S3z5+135S3z4+48936960S2z9−8104320S2z8+480600S2z7−10215S2z6

+562692096Sz12−118637568Sz11+9540288Sz10−351672Sz9+5025Sz8

+1194393600z15−330559488z14+37032192z13

−2096624z12+59584z11−665z10
)
.

W(0,3)
2⊗5 = 1

15552z10 (1−16z)3

(
24300S5−324000S4z3+11340S4z2−1831680S3z6

+105840S3z5+2565S3z4+103680000S2z9−17124480S2z8+973080S2z7

−19125S2z6+1066991616Sz12−223976448Sz11+17748288Sz10−635352Sz9

+8715Sz8+2229534720z15−613122048z14+67825152z13−3761504z12

+103744z11−1115z10
)
.

C.2 P2

(n, g) = (2, 1).

W(2,1)
[−1] = 1

414720z6 (1 + 27z)3

(
40S3 − 60S2z2 + 3240S2z3 + 30Sz4 − 5184Sz5 − 5z6

+ 419904Sz6 − 378z7 + 215784z8 − 2834352z9
)
.
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W(2,1)
[−1]⊗[−1] = 1

207360z6 (1 + 27z)3

(
40S3 − 60S2z2 + 3240S2z3 + 30Sz4 − 5184Sz5 − 5z6

+ 419904Sz6 − 378z7 + 215784z8 − 2834352z9
)
.

(n,g) = (1,2).

W(1,2)
[−1] = 1

103680z8 (1+27z)3

(
160S4−200S3z2+6480S3z3+60S2z4−15120S2z5+10Sz6

+116640S2z6+5724Sz7−5z8+279936Sz8+108z9−128304z10−314928z11
)
.

W(1,2)
[−1]⊗[−1] = 1

51840z8 (1+27z)3

(
160S4−120S3z2+8640S3z3−60S2z4−18360S2z5

+70Sz6+116640S2z6+13824Sz7−15z8+454896Sz8−1242z9−215784z10

−1889568z11
)
.

(n,g) = (0,3).

W(0,3)
[−1] = 1

155520z10 (1+27z)3

(
1200S5−1560S4z2−6480S4z3+740S3z4−4320S3z5

−270S2z6−4860S2z7+120Sz8+174960S2z8+10692Sz9−25z10+8748Sz10

−3186z11−42282z12−551124z13
)
.

W(0,3)
[−1]⊗[−1] = 1

77760z10 (1+27z)3

(
1200S5−600S4z2+19440S4z3+20S3z4−49680S3z5

−630S2z6−699840S3z6−27540S2z7+540Sz8−524880S2z8+34992Sz9

−9447840S2z9−115z10+358668Sz10−12096z11−304722z12−2913084z13
)
.
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