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Topologically distinct Weyl fermion
pairs

Ming-Chien Hsu?, Hsin Lin?, M. Zahid Hasan* & Shin-Ming Huang%?**

A Weyl semimetal has Weyl nodes that always come in pairs with opposite chiralities. Notably,
different ways of connection between nodes are possible and would lead to distinct topologies. Here
we identify their differences in many respects from two proposed models with different vorticities.
One prominent feature is the behaviour of zeroth Landau levels (LLs) under magnetic field. We
demonstrate that the magnetic tunneling does not always expel LLs from zero energy because the
number of zero-energy modes is protected by the vorticity of the Weyl nodes, instead of the chirality.
Other respects in disorder effects for weak (anti-)localization, surface Fermi arcs, and Weyl-node
annihilation, are interesting consequences that await more investigation in the future.

The prediction of Weyl semimetals (WSMs)'- and its realization in real materials’'* make the relativistic chiral

fermions find their counterpart in three-dimensional (3D) condensed matter systems. These chiral fermions
reside in the nodes of the electronic structure around which the energy dispersion is linear in momentum, the
so-called Weyl nodes (WNs). The WNs always come in pairs with opposite chiralities'*!* which act as the source
and the sink of the Berry curvature'®. Due to topological reasons, various unusual behaviours were found in the
WSM, such as the chiral anomaly'’-?!, negative magnetoresistance?*?, chiral magnetic effect®®, novel quantum
oscillation”2%, Fermi arc from the surface states"*“*-, and so on.

One prominent and important phenomena of the WN is the behaviour of Landau levels (LLs) under magnetic
field, which were mapped out by magneto-optical study recently in NbAs?!. The zeroth LL (n = 0), also called
chiral Landau band, has linear dispersion along the field direction, say 2, as E = x v, k. Interestingly, the chirality
X = E1determines the sign of the band slope. In particular, the Landau chiral band induced by the magnetic field
provides the platform of chiral anomaly in which the charge pumping breaks the chiral symmetry. This actually
relies on the existence of the zero-energy modes at k, = 0 which are topologically protected, or otherwise the
system becomes insulating and the charge pumping may be forbidden.

Semiclassically the LLs are formed through quantization conditions of cyclotron orbits. When cyclotron
orbits encounter each other, go across density discontinuities*, or are blocked by some boundaries®, different
quantization conditions may be formed and hence the LLs are changed. Besides, there exists tunneling between
cyclotron orbits, generally known as magnetic breakdown?. For example it has been discovered in adjecent quan-
tum wells**. Particularly, inter-level tunneling between levels from separate chiralities produce new features in
transport in graphene®. Since level mixing is common, the question of interest now is whether the phenomenon
happens in WSMs. As WNs are connected by bands, the magnetic tunneling between LLs is expected when the
field is applied perpendicular to the connection of WNs, possibly gapping the zeroth LLs. If it is the case, this
would also lead to failure of chiral anomaly, as indicated as the possible explanation for the increased magneto-
resistance®®*” or sharp sign reversal of Hall resistivity®®.

However, the reverse inference might not be true, meaning that the magneto-resistance changes are not neces-
sarily attributed to the gapping of zeroth LLs. They may also be caused by the gap opening in the system through
multiple Weyl carrier interaction®” or with the help of other non-Weyl singularities®. Besides, recently there are
also concerns about interpreting the measured negative longitudinal magnetoresistance as direct evidence of
chiral anomaly**-*?, Therefore, not only helping identify reasons of resistance changes affirmatively but also with
theoretical significance, it is important and interesting to see if the gapping of zeroth LLs is an inevitable result.
Actually, the above inference of repelling zero modes only considers the simple connection between WNs, while
symmetry constraints could make situations change. For example, the mirror symmetry is the commonly seen
constraint connecting the WNg7->1343,

To consider consequences from different ways of connection between WN, we studied two models with dif-
ferent symmetry constraints imposed. Magnetic tunneling was found to be different and the zero-energy modes
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are still robust in one model against the tunneling. We attribute the findings to distinct topological invariants,
suggesting that chirality alone is not sufficient to characterize a WN. Moreover, respective unique phenomena
in impurity scattering, surface Fermi arcs, and WN annihilation are also studied and can differentiate the two
topological distinct models. The mutual annihilation of WNs does not necessarily makes a gap and a nodal ring
is possible to be formed, consistent with the newly discovered conversion rule*. Therefore, the detailed ways of
connection between WNs await future more investigation.

Results

Models. We consider a pair of WNs with opposite chiralities sitting on two sides of the mirror plane M.
Their separation 2k v is relatively small compared to the size of the Brillouin zone (BZ) such that the magnetic
field has a chance to couple them. Other WN, if present, in other regions of the BZ can be ignored as they are
much farther away. To have

MxH(kx) ky) kz)M;1 = H(_kx> ky> kz)> (1)

we find that there are two possible choice of M and thus two possible models. We dub them Model A and Model
B: Model A is for M, = oy that the two bands have equal mirror parity in the mirror plane, while Model B is for
M = oy that two bands have opposite mirror parities. Specifically, the Hamiltonians are written as

Hy = o (k2 akﬁ)ox +viky0p +vik.02, ()

1 V)
Hy = (K — kiy — akf) o + ﬁk,‘ (kyoy + kz02), (3)
where k¥ = k2 + k2. In general, coefficients for k, and k, can be different, but the physics are the same. A kj
-linear term is allowed to appear in the oy term, but it is omitted for an elegance reason. We have confirmed
that its presence once being small does not change qualitative conclusions. The Planck constant 7 is set as unity
throughout the paper. We note that the origin is meaninglessly specified and might not be at a time-reversal-
invariant momentum.

Both models contain two WNs located at (kw, 0, 0). Expanding around the WNs, they approximate, to
linear order, as

Hp ~ Z (xvxqxox + vyay0y + v2q:02), @
x==x

Hp ~ Z x (vigxox + vyqy0, + v2q:07). 5)
x==x

here y labels the chirality and also position of the WN, and vy = kw/mand v, = v, = v). The values of kw, m,
vy and v, are all assumed to be posrtrve without loss of generality. & (> 0) in Hp is required in order to have a
saddle point at energy Evy = k2,/2m, above which close energy contours are assured.

Without special regard to the symmetry or phase, Model A was usually adopted to study the effect of a pair
of nodes*®*. Applying the magnetic field along the perpendicular z direction to this system, we solve the LL
spectrum by substituting k in Eq. (2) by IT = k + eA. We choose the Landau gauge A = Bxy, so we make
ky = Ty = ky, k; — T, = k;,and ky — l'[y = lB X, where the magnetic length Iy = 1 and X is the coor-
dinate relative to the guiding center xo = —I3k,. X is conjugate to k, by quantizing X — i pT The WN separation
is used as a measure to define the dimensionless momentum scale as g = ky/kw. Since the magnetic field breaks
the inplane translation symmetry, two WNs are expected to couple via the field. The coupling way can be revealed
from the missing terms to Eq. (4). We use a dimensionless parameter g to describe the degree of the coupling.
The coupling w111 increase with the cyclotron energy a)c 2vxvyly Yand decrease with the energy barrler EVH,

defined as g =

when the magnetlc length Ip is comparable to the scale defined by ki [Take Weyl semimetal TaAs for example.
The nodes separation of W is kw = 0. 0072(2” ), and the Fermi velocity in the conduction band is
(vx» Vy, vz) = (2.5,1.2,0.2) x 10°m/s*. The coupling ¢ = 1under the ﬁeld strength B ~ 11.88 T having magnetic
length Iy = 7.44 nm, which is close to the length 7.60 nm defined by k+.] By deﬁmng the remaining variables

Yx

v ) o wecan study the Hamil-

w2 \ 1 "
into dimensionless quantities, g, = vk <4EVH) - ( )L v )(lf\zr) anda =
tonian under magnetic field as a function of g and ¢, whrch is written as

2
, w

= — 1(2—1)0 +i2 0,4 qeo (6)
= 1B 2 q x aq y T 4z0z
We numerically solve this system with raising and lowering operators a’ and a (where g, Bi ~ a = a"). Special
treatment is developed to solve it more efficiently and the details are shown in the “Methods”
The LL spectrum at k; = 0, i.e. g, = 0, with respect to g is shown in Fig. 1a. In the limit of g — 0, two WNs
have independent and identical LLs, so each LL is doubly degenerate. As gis turned on, the degeneracy is lifted
off and band splits are visible at g ~ 0.3 (decrease with levels) in Fig. 1a. We have ascribed the band splits to the
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Figure 1. The LL spectra at k, = 0 with respect to the coupling measure g with & = 0.05 for both Model A
(a), and for Model B (b). In (b), Labels “¢” and “0” denote even and odd parity of states, and the red dots are the
analytical solutions, except zero-energy ones, when o = 0. (¢, d) Illustrations of topological numbers of Weyl
nodes, including chirality and vorticity, for Model A (c) and Model B (d). Chirality is identified by the outward
or inward Berry flux, while vorticity is the directional winding number around a Weyl node.

magnetic tunneling in Ref.?® as the cyclotron wave functions in k space broaden with the B field and hybridize
with others when overlaps occur. Notice that the chiral symmetry is present for {H,o0,} = 0 at k; = 0, so the
spectrum is symmetric about zero energy. In order to obey the chiral symmetry, the zeroth LL has to split into
one with positive energy and one with negative energy.

Then, we solve Model B as follows. In Model B, the Peierls substitution should be carefully treated in kxky
and kyk,. To make the Hamiltonian Hermitian, we do the symmetrization

. .
keky = 3 (L1, + T, T1) = 15 (kxa_c + %)

and kyk, — (I I, + T1.11y) /2 = kyk,. In terms of dimesionless parameters defined above, the Hamiltonian
under magnetic field becomes

L
o [ 2@ -0 +g5 L - 5o

c

Hp = , (7)
4Evn ‘H(Q% + %)Gy + 4290
where the prime stands for a system under a magnetic field.
The LL spectrum with respect to g for Model B at k, = 0 is shown in Fig. 1b. For small g, the effect of & is
small, so we provide the results for @ = 0 as shown by red dots in Fig. 1b. The analytical solutions are

2
E, = 21?\51{ n ( é — n) with n € Z>0 and each energy has twofold degeneracy. The LL energies emerge from

the typical LL spectrum as E,, = 1/naw, in the limit of g — 0 and deform with finite g. However, the analytical
solutions for @ = 0 are only applicable in a low-energy region. At high energies, with large g or n, the LL
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Figure 2. The Laudau band spectrum with respect k, / kv for two pairs of Weyl nodes separated in the k,
direction at k, = %ky, respectively. (a) for Model A and (b) for Model B. In both (a) and (b), g = 0.8, « = 0.05,

v /vx = 0.5, and,}:—“A’/ =02sothat A, = <%) <llc%> = 2.5,

quantization makes no sense when E > Evy due to the flat dispersion along the k, axis and thus unbounded

equal-energy contours. Specifically, the analytical solutions are applicable whenn < % <l - %)

Since the model is invariant under inversion in g, the eigenstates will be either even (e) or odd (o) in q as
denoted in Fig. 1b. The even- and odd states appear alternatively in energy, showing that they evolve from a
degenerate spectrum for small g. We were unable to prove whether the degeneracy for n > 0 is exact at small and
finite g but found it seeming to be in the applicable region of @ = 0. The band splitting is reasonable as seen in
a symmetric double-well with finite tunneling probability where even and odd states have different energies. By
contrast, Model A does not have this symmetry and therefore its eigenstates do not respect this symmetry in q.

Nevertheless, two zero-energy LL states persist for all values of gand &. They can l%e directly verified by solv-

ing the zero-eigenvalue problem. The eigenfunctions are found to be (0, KT P (q)) , where ®(g) can be either

1F1 (— i),; %; & 2q2) or H; > (£q), the former being the Kummer confluent hypergeometric function and the latter
the Hermite polynomial, indicating a double degeneracy. Here k = 1+g«/7&17a) E=,/ 2*‘/?%70‘ and A = %.
The derivation of the analytical form can be found in the “Methods”.

The zero-energy LL is topologically guaranteed once the topological charge is nonzero. Therefore it was
regarded as legitimate that the zeroth LL gaps for two WNs of zero net chiarlity under a strong magnetic field, as
what we see in Model A, Fig. 1a. The interpretation has to be corrected when the persistent zero-energy LLs is
demonstrated in Model B which retains zero net chirality as Model A. Therefore, chirality will not be responsible
for the zero-energy LLs. Still, the zero-energy modes should be dictated by topology. One can understand that
the chirality is a high dimensional topological invariant and hence is not suitable for explaining the LL system,
since the systems for k; = 0 is restricted to a 2D system perpendicular to the magnetic field. For a 2D space
with a defect (a Weyl node), a 1D topological number is required. Because of the presence of chiral symmetry,
the systems belong to the AIII symmetry class and are classified by the winding number, a Z-type topological
invariant. In the paper, we dub it vorticity. In the chiral basis, the phase ¢ in the off-diagonal entry of the Ham-
iltonian characterizes the vorticity defined to bev = 5 ¢, dk; - V¢, where S'is a loop enclosing a (or multiple)
WN(s) on the k; = 0 plane. Referring to Egs. (4) and (5), two WNs in Model A take opposite vorticities, but equal
vorticity in Model B. (The sign of vorticity might change by changing the basis, but the relative sign between two
is invariant.) We illustrate chiralities and vorticities of WNs for the two models as the conclusion in Fig. 1c,d.
Therefore, the net vorticity in Model A isva = 0and is vy = 2 in Model B. According to the index theorem*->!
and generalizing it, the absolute value of vorticity can be witnessed by the number of zero-energy LLs in a
magnetic field. We have also examined a tilted field in the y-z plane to strengthen this proof in the “Methods”

Dispersion along k,.  The chiral anomaly is a phenomenon that in parallel magnetic and electric fields electric
charges are transmitted from one WN to the other. It should be answered whether two models show distinct
consequences. To investigate this phenomenon, we consider two pairs of WNs separated in k, with each pair as
studied before. We modify our models by k, — ﬁ (kg — k%,), and dub the modified models as Model A and B,
respectively; in this way the separation is 2ky and the absolute velocity component in z is still v,.

We show the calculation results for Landau bands along k; in Fig. 2. Since the magnetic field is along z, two
pairs of WNs, at different k, connected in dispersion, are independent. In Model A, as the zeroth LLs at both
k, = £ky are gapped in large magnetic fields, a 3D insulating phase is present, as shown in Fig. 2a. In Model
B, by contrast, the protected zero-energy states extend into the chiral Landau bands and result in a 3D metallic
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Impurity potential Model A Model B
L +++) = (—++) (+5++) = (= ——
w g (%) = FNe§ui ()= N3
w g () = FNedud ()= NS

Table 1. Average inter-valley scattering rates ( -; ) for anisotropic impurities potentials. Here p-wave (px, py,
and p,) impurities potentials are considered. The p,-impurity potential (second row) does not differentiate the
two models, but the form of ~ p; = p, or p, can tell the difference (last row). N is the density of states at the
Fermi energy and u;j characterizes the strength of the impurity potential.

Surface

Model A Model B

Figure 3. The energy contour of surface states for Model A (left panel) and Model B (right panel). The blue
areas stand for bulk projections (enclosing WNs) and red lines are for surface states. That Fermi arcs in Model B
do not connect is visible.

phase, Fig. 2b. Moreover, the fact that the two chiral Landau bands crossing at either k, = ky or —ky have
opposite slopes is the proof of two WNs taking opposite chiralities. This feature reveals that to characterize the
zeroth Landau bands in a WSM unequivocally, two topological invariants, chirality and vorticity, are necessary.

Impurity scattering. 'We then discuss other phenomena that may distinguish the two models which are charac-
terized by the same chiralities but different vorticities. In weak magnetic fields, the conductivity is highly influ-
enced by disorders. Contrary to normal materials, the topological semimetals undergo weak anti-localization
in the absence of magnetic field due to the 7-Berry phase from the WN to suppress backscattering®. The anti-
localization phenomenon will fade away when inter-valley scattering is taken into consideration for the lack
of topological protection. In chiral anomaly, the latter determines the scale of transport time. Therefore, inter-
valley scattering will influence transport properties the most.

We emphasize that two models have inherent distinction in inter-valley scatterings. Set|vy| = |vy| = [v,| = v
in Egs. (4) and (5) for simplicity. Since each WN looks similar itself, the intra-valley scattering makes no dif-
ference between the two models. But for inter-valley scattering, whether the Fermi velocity changes sign or not
from one valley to the other will affect the scattering probability. We denote the inter-valley scattering potential
by U+q for a scattering from g to ¢’ (momentum relative to WNs). Under Born approximation, the average

scatterlng rate is glven by
1 ’
24

where §; = fivpq. We realize that when the impurity is anisotropic, for example p-wave, the dlfferences in the
two models is evident. Take a p,-wave impurity for instance, where the scattering potential Uk y ~ @y —q)
changes sign in y. As the Fermi velocities v, have opposite signs at the two valleys in Model B, which 1nd1cates
a m-phase difference between electrons at two valleys, inter-valley scattering will be enhanced by a p,-wave
impurity. In contrast, inter-valley scattering is weaker in Model A owing to equal sign of v,. We summarize the
results in Table 1.

Voler - e)a(er -2 ®

Surface states. By solving WSM slabs with semi-infinity in the z direction and a hard wall potential for
z > 0, we can have the surface states and the correspondmg energies as a function of (ky, k;). For Model A, the
energy E = —v|ky, and for Model B the energy is E = - 2Lk, |ky. Therefore, the energy contours can be shown
in Fig. 3, from which we found the Fermi arcs do not connect to each other in Model B, since the solved surface
state wavefunction is not continous in k, = 0. (See details in the “Methods”).

Weyl-node annihilation. The two models differ in mirror parities of the two bands, so they give differ-
ent results after the pair WNs collide and annihilate [by tuning k%, in Eqs. (2) and (3) to negative values]. After
collision, WNs in Model A will gap the system while they evolve into a gapless nodal ring on the mirror plane
in Model B. These are simply consequences of symmetry-guaranteed anti-band crossing and band crossing.
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However, we point out that these are also consistent with the topological conditions. Since the annihilation pro-
cess does not break chiral symmetry, vorticity is conserved. For k%, < 0, the gapped phase in Model A assures
va = 0, and the nodal ring in Model B piercing through the plane perpendicular to the mirror plane accounts
for vg = 2. We remark that the annihilation of WNs into a nodal ring or not by collisions is consistent with the
newly discovered conversion rule*!. Based on this idea, we can predict that when the mirror symmetry is broken
by perturbation and if chiral symmetry is preserved, two WNs in Model A can still annihilate into an insulating
phase, while WNs in Model B can collide but not annihilate.

In summary, we have clarified that the chiral LLs need the topological protection from vorticity instead of
chirality. With a strong magnetic field, two neighbor WNs coalesce into Landau orbits that possess finite- or
zero-energy zeroth LLs depending on the net vorticity being 0 or 2 in the plane perpendicular to the field. The
persistence of zero energies with vorticity 2 is robust and has conceptual appeal in searching for topologically
protected states. This finding reveals that to characterize topology of a WN, chirality as well as vorticity are
required in certain cases. Moreover, we also demonstrate that the net vorticity of a pair of WNs affects impurity
scattering, surface states, and the way of WN annihilation.

Closing remarks. Our theory is focus on local Weyl fermions on two sides of a mirror plane and it is not
subject to the type of Weyl semimetals—time-reversal or inversion symmetry breaking. The theory adoptsk - p
two-band models for describing low-energy physics, which is sufficient for discussion of magnetic field effects
since the magnetic field in labs is not strong enough to couple far-distant Weyl fermions. The Pauli matrices
in the models are acting to the pseudo-spin in the band space; the possible relationship between spin and the
pseido-spin can be found in the “Methods”

Methods
Algorithm for finding Landau spectrum. To solve the Hamiltonian with variable q and its derivative
d/0q, we can use the language of raising and lowering operators. The replacement is

2 a-+at \/E d a—at

—q= ,and /S — =

g V2 20 V2
which guarantees the [a,a'] = 1 By imposing a|0) = 0, all the necessary relations are then found as
aln) = /nln — 1), a’|n) = V/n+ 1|n+ 1) and a’a|n) = n), where n = 0,. . labels the basis with well
defined particle numbers. The eigen—diﬂerentlal problem is then converted into a matrix problem, and we can
numerically solve the Landau spectrum of the system by matrix diagonalization. Since numerically we always
solve it with a finite matrix of size L, the truncation of the operators a and a' always break canonical commutation
relations from the highest few levels. For operators of order k, such as a’a’a® of order 3, the levels which break
the commutation relations happen at the highest k levels. Especially, when written in the basis of|0), ..., |L — 1),
the form of a’ is of the L x L matrix as

00 0 0
1 0 0 0
S-]0 v2 0 0
R 0
00 ... JI-1 0

The highest L basis breaks the [a,a'] = 1 and produces pseudo zero eigenvalues from the state of
[0,0,...,0,1]". Therefore, no matter how large the matrix is used, there always would be pseudo zero or near
zero states from the highest few particle number basis. This causes serious problems since what we concern is
the low level states near zero energies. Some algorithm may use the regularization by adding some big numbers
at the highest fewest levels to reduce their contribution. However, this is inconvenient for our case since we do
not know how many zero energy states exist a priori. For two or multiple zero eigen energy solutions, linear
combination from these eigenstates is always allowed and we do not have good rules to rule out pseudo solutions
without ruining the true solutions.

Since what we concern is only the low-lying Landau spectrum near the Fermi level 0, we know their contribu-
tions all come from the low particle number bases. We then develop an efficient algorithm to exclude the pseudo
solutions. For operators of order k, the pseudo states come from the highest k basis, and we can restrict the
solutions to be in the basis of |0), . . ., |L — k) of the Hilbert space. This can be effectively achieved by truncating
the operator of L x L matrix into matrix of L x (L — k). The full Hamiltonian of size of 2L x 2L then becomes
matrix of size of 2L x 2(L — k). Using the singular value decomposition (SVD) factorization, we can find the
eigen-energies of system without contamination from high lying states. In our case of Hamiltonian which is at
most of order 3, we always drop the last 4 bases, namely choosing k = 4.

For the m x n matrix M, there exists the SVD factorization to be of the form of M = UX VT, where Uis an
m X m unitary matrix whose columns are called the left-singular vectors of M, Visan#n x n unitary matrix with
columns called right-singular vectors of M, and X is a diagonal 7 x n matrix with non-negative real numbers on
the diagonal. The right-singular vectors of M are a set of orthonormal eigenvectors of M M. For our purpose,
the right-singular matrix V serves to find the eigenstates and thus determines the eigen-energies. Below we will
demonstrate how to find the low energy spectrum of interest.

Suppose the low energy eigenstates for the Hamiltonian H has the support at most up to L, namely the
mixture components from Landau levels than Ly are zero. In the following SVD approach to get rid of pseudo
solutions, we must guarantee that L — k > L. This can be always be achieved since Ly is usually not very large
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and we can choose large enough L to guarantee this requirement. The number of truncated columns k can be
chosen to be small, say k = 4 for the system of order 3. Then we can write down the eigenstate of interests to be
in the form of

v=(60...,0%0 ...,0)", )

where the (0, . .., 0)T are located at the last k Landau levels to be truncated at the up and down spin space sepa-
rately. Both ¢ and j are columns of size (L — k) x 1and have support up to Li. Therefore, the weighting compo-
nents of the {Ly + 1,...,L — k} levels for them are actually zero. Assume that k = 2 in the following sketch of
proof, and then the finite size Hamiltonian H of 2L x 2L matrix can be written as

X X X X
I:Ill Do 1:112
H = - — |
I:I21 Do I:Izz
X X X X

where the 2k columns filled with x denotes the columns to be truncated. For the eigenstate ¥, we can have

Hvyr = Ev, in which we are interested in low energy E regime. Since components of the last {L —k + 1,...,L}
levels for the eigenstates of interest are zero, The columns with x for the Hamiltonian actually have no effect. We
can then drop them and collect the truncated Hamiltonian denoted as H to be

b= <13’11 Hip )’
Hy | H
which is 2L x 2(L — k) matrix. We then do the SVD factorization to have H = U VT, with each column vector
of V denoted as

which is a column of size 2(L — k) x 1. Padding with zeros in the form of Eq. (9) for ¥ to become 1, we can have
Vr as the eigenstate of H2 with eigenvalue of E2. Doing some linear combination of eigenstates with the same eigen-
value A = E2, we obtain the eigenstate /' satisfying the eigenequation Hy/' = Ev/’. If such eigenstate cannot be
found, it means that the eigenstate with eigenvalue E for the system has components mixing from Landau levels
no smaller than L such that the form of Eq. (9) with the chosen size L cannot the eigensolutions of H. In such
case, we increase the numerical system size L until the eigensolutions can be found for the low energy regime.

The reason that the ¥ constructed from i from the SVD can be eigenstate of H? is simple. The Hermitian
conjugate of the Hamiltonian H is

gl g
Hy, Hy,

such that
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X X X X
B11 B1>
X X X X X X X X
X X X X X X X X
H'H= ,
X X X X
B> B>
X X X X X X X X
X X X X X X X X

where

Bi1  Bp
B=H'H = .
<321 322)

The v obtained from SVD of H is just the eigenstates of T H. As long as the eigenstate  satisfying Hyy = Er
has the support Ly < L — k, namely components from highest k levels are zero, the form of Eq. (9) constructed
from ¥ would fall into eigen-solutions of H>y = H Hyr = E2v.

Analytical solutions for Model Bwith @ = 0. The spectrum of Model B with &@ = 0 for small g can also
be found. These solutions are also plotted as red dots in Fig. 1b in the main text for comparison. Model B under
field defined in the main text and is rewritten here

Hy = 2 @ -1+ @ o+ i(a + 1oy + guqo (10)
B~ 4Evn gq g43q g4% x qaq 5% 4299z (>

where the prime stands for a system under a magnetic field.

In the following we present the derivations for the solutions when & = 0 and k, = 0 for Model B. The Ham-
iltonian to solve is Hj; in Eq. (10) with @ = 0 and q; = 0, and we assume the eigenstate to be (x (¢), d>(q))T By
squaring Hj, we can decouple x and ® as

{—(wa)(a—r)+32+342—N}()—2()
qaq 5 qaq gq gzq x(@ =¢"x(q

_ i_{_l i+l _E2+i(2_1)2 ®(q) = ZCD()
q8 2 qa 2 gq 2‘1 q) =€ q

where the energy is rescaled to a dimensionless quantity defined as& = E/ ;7 For

(qa +1)} }( 3))( and thus

(11)

12
95 A X
oq"2) va va\’
2
we firstly take x (q) = \% T2 3(gand @(q) = 7a¢ gg ®(q) into the differential equations and obtain
_2 D 4 201 2|z _ 2z
qa¢+1 qu+gu 2006 1@ = 27 (@), )

¢ on+ (- 30 )z + %qz]@(q) = 22d(),

where /2 = 4 — 2. Note that the exponential factor is to eliminate the quartic term g*. Assuming 2 > 0,

ezg

we continue to take ¥ (q) = q’tfl (9) and d~>(q) = q’lfz(q) and have

q”aqul <1+22—§q)q‘§;f; + 501 -2 - g’ =0,

3 5 (14)
PrE+ (1420-2¢)q + 2 -gngh =o0.
Then we rescale the length by g = %, and obtain
P Dt (14 22-22)7% + 20 -2 — g3h =0,
—2dfz _of | 2 sy (15)
g +(1424-28%)35; + 5 (1 - gA3*fr = 0.

The final step is to change the variable from g to p = 2, which results in
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2df1+4(1+ﬂ_p)p 142 (1—2g ghpfi =0
4,023f2 +4(1 +A—p)paf2 + (1 —ghph =0

In the above, we already used

_zpf

_df
qqu
—2d d

(17)

Reformulating the last two equations, we have the so called associated (generalized) Laguerre equations

PIR 4 Gr1- B+ - 1fi =0,

(18)
pf’)pfg +A4+1-0p afz E 4 nfy =0,

where n = zi ﬁ =0,1,2,.... The solutions f; and f2 will be the associated Laguerre polynomials:

fl(,o)_L’ 1(p) nd fz(p)—L’l(p) with n=0,1,2,.... For n=0, we have to take fi =0. As

1 2
2 3 \/g—is > 0 is a non-negative integer, the energy eigenvalues are

2 1 1
E,=2 @e {n<f—n)r. (19)
4Eyy g

here E, < é as A2 = 4 — &2 > 0. The relevant state is the lowest Landau level n = 0 which gives the zero-energy
state E,—o = 0. It’s eigenstate are thus (0, ®)T with

L2 (T -1 (1 %
D(q) = —e =g L'(— zq/ﬁZLA L )e 2, (20)
Va "\ g "\ g
where L/ is a polynomial function of g? to degree n. Therefore, the normalizability demands 2 > 5 L that is,
0<n< % ( é — 7> The missing states for large # not satisfying the constraint become extended states whose

spectra are continuous. This is an artefact of this model with @ = 0 which omit the k, and k, dependence in the
oy term, since it produces an open equienergy contour for E > Eyy and hence the cyclotron orbit is not
confined.

Analytical form of zero energy solutions for Model Hg. Here we demonstrate the analytical form of
the zero energy solutions for Model B with k, = 0. The zero-eigenvalue problem is H;\W = 0, where Hy is an
2 x 2 off-diagonal matrix with elements

1( 1) + ~azi 2.1 21
gq g482 qaq 2 ) (21)

The prime means the system in a magnetic field. We could try solutions either as W = (0, %) or ¥ = (,0)7,
but it turns out that the second choice is not normalizable. Then we are going to solve the differential equation

a 02 3 1 1,
{girqz+(qa*+£)+*(q —1)}’#(61):0 (22)

Its large-q limit can be conquered by sejtl_g v(q) = ek ®(g) and tak 1t into Eq. (22) to obtain «. As
k > 0 for normalizability, we have k = The other choice is k = 2 but this would lead to addi-
tional exponential term from modified Hermlte differenti Jalﬁluatlon later. Aéer absorbing the additional expo-
nential term, this results in the same result from x = 1—¢ and therefore we focus on the plus sign choice. It
follows the differential equation for ®(g), which is

& 32 — 9D
+<‘>’77_,/1_aq7_

4 9q* dq

1 1—a
g 2

@ =0. (23)

By defining & = ZVgI&_& L= 2% F‘ and 0 = £q, the equation is then transformed into the Hermite
differential equation

RRL ad

—_— = 29— A0 = 0. 24

Y + (24)
The solution for ® is | F; ( }1), ;, 02) and H; 5 (0)), where 1 F; (a; b; x) and H;, (x) are the Kummer confluent

hypergeometric function and the Hermite polynomial, respectively.
It is known that H; /, (§ q) is not purely even or odd with respect to q. As one can find that the even part of
H,»(Eq)is actually | Fy (— 1 2; 15 £2%), it is consistent that after reconstruction the zero-energy eigenfunctions
are either of even or odd parlty ingq.
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Figure 4. The zero energy eigen-functions in the (a) g-even solutions and (b) q-odd solutions. The parameters
of g = 0.2and g = 0.8 both for @ = 0.2 are chosen for comparison.

The zero-energy eigen-functions are plotted in Fig. 4. The g value proportional to the field strength controls
the coupling between the two nodes. In small g, the Landau orbits are well separated and have each center around
the Weyl nodes. The orbits start to overlap for larger g so that they tend to move toward the mirror plane. The
trend of tuning g for both g-even and g-odd solutions are the same.

Models including pairs of Weyl nodes separated in k;. To study chiral anomaly of pairs of close Weyl
nodes (here separated in k, direction) under the effect of magnetic field along z direction, we must include the
other pair of nodes separated in z direction. By shifting the Weyl nodes in H and Hg to k, = ky and include the

other pair of Weyl nodes at k, = —ky, we can have the modified models, denoted as H i and Hg, in the form of
Hy = ﬁ(k2 k2 - OtkH)Ux + ka oy + 7y L (k2 k%,)az, -
Hy = b2 — Ky — kDo + plkikyay + o £ (12 — K)o (25)

The Weyl nodes of the first pair are then located at (£kw,0, ky), while the other pair is located at
(£kw, 0, —ky). Since we are looking at physics near the Weyl nodes and their low energy spectrum, the akﬁ
term does not play much role. In most of the time they can be even dropped. The value of & under discussion is
therefore small, and the ak” term affects mainly the dispersion in higher energy and does not influence the low
energy of interest much.

Here Model A and Model B still have the mirror plane k, = 0, and we do not put in additional symmetry rela-
tion between the first pair of WNs and the second pair for simplicity. In this way, the effect of different choices of
M, = oy or oy can be clearly seen. Besides, usually in real materials, additional WNs are far away from the pair
of interest such that their effect can be discarded since they are far from reach of the magnetic length scale under
reasonable field strength. Therefore, for simplicity we only compare one mirror plane with different operator
choices in order to elucidate the symmetry impacts.

In the usual Weyl semimetal, the separation of WNs in the k;, direction is larger than the kw;, i.e. ky > kw.
Due to the other pair of nodes, the term of g,0, in Model A Hamiltonian under m §net1c field H}, is replaced by
lAz(qZ — 1) in H. under field while the term g,qo, in Hy is replaced by Azq(qz —1)in Hi , where

A, = gv";v (J;EH = (VH )(kV ) with the new definition of the dlmenswnless gz = kz/ky. The —5~ k2 term
2
in both models H) and Hy would correspondingly become 4EVH [goﬁf % — fozzqz] where a, = a(VH> ,

G, =« (k ) Since g and ¢ are independent to each other, g, as a good quantum number can be treated as a

parameter and the Hamiltonian is solved at fixed g, each time.
Explicitly, the Hamiltonian under field to solve for Model A is then

, w? 2 1., 9
Hj = —— (q )+g**—§azqz Ox +i—

1
—A (-1 ,
4Eyy 4 9g 2" T gt )Uz} 26)

while the Hamiltonian for Model B is then
w? @ 9 1. {0 1 1
Hy = E{{ " - +g137qz —g“zqg}ax‘H(qafq+5)0y+§Azf1(CI§—1)Oz} (27)

Solutions for rotated magnetic field in the yz plane. Here we consider the magnetic field rotated in
the yz plane which is still perpendicular to the two nodes separated in the k, direction. Since we mainly concern
about whether the chiral Landau levels and the zero energy levels can maintain, we focus on the case following
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Figure 5. (a) The case of @ = 0.05,v, /vy = 0.5,and v, /vx = 0.4 so that &, = 0.2 and @, = 0.3125 for the
model Hamiltonian Hy is presented. With fixed value of g¢ = 0.8 and k, = 0, the zero Landau energies persist in
all rotated angles 6. (b) The k, /ky dispersion along the field direction is presented for the Hamiltonian H 1% with
parameters to be & = 0.05, vy /vx = v;/vx = 0.5, kw/ky = 0.2. The field strength and direction are chosen to
have ¢ = 0.8 and rotated angle 6 = 30°.

discussions of model Hp and Hj. The coefficients for k;, and k, in the Hamiltonian can be different but the phys-
ics is the same. For general purpose, we can always rescale ky and k. such that ak” have the same coefficients for
ky and k, while linear terms ~ v,kk,0), and ~ v k.k,0, have different parallel velocities vy, and v, for k, and k.,
respectively. Note that the k;, = 0 plane still need to be dispersional for all (ky, k,) to ensure close energy contours
such that the magnetic orbits can be formed under all rotated field directions. In the Hamiltonian, this means
that & can be small but cannot be zero. For single pair of Weyl nodes, the Hamiltonian is

1 v v,
Hp = %[kﬁ — kyy — akfloy + ﬁkxkyay + ﬁkxkzaz, (28)
which is already defined in the main text. The coefficient & mainly influence dispersion in higher energies. Usu-
ally « is small, and therefore does not change the low energy spectrum much, including the zero energy levels
of concern. The simpler way to deal with rotated field is to define new momentum coordinates k} and k; where
the new Z direction is along the field. Suppose the field B = B(sin 0y + cos 62), then the new momentum coor-
dinates are defined as kj, = cos 6k, — sin0k; and k, = sin 6k, + cos 0k, and still kH = k2 +k2=K? k’2
In such definition, we take the advantage of k] still bemg a good quantum number and k k}’, — Iy (l,cxx +3)
51m11ar to model Hg with modified guiding center xy = I3k/,. With definition ofa = cosfo, — sinfo, and
o, = sinfo;, + cos Ho;, the Hamiltonian in new coordlnates can be written as

Hp = 5. [k2 — Ky — akj*lox + g2 kekjo) + 1= kek o). (29)

kw

—1 ’
. . . . .. , N 25V k
The dimensionless momentum in the field direction is defined as g, = v,k ( B > = ((E)(i)(ﬁ)’ The
dimensionless quantities now are &, = o( ’V’—;)z and @, = o %)2. Therefore, the Hamiltonian under field in rotated
coordinate is then

H, — w2 82 A 2 . d 1 / ’o
B = 15 H 4" - )+g 2o 84t }"”’(qaq + 2)0y+qzq%}, (30)
where the prime on the left side refers to the Hamiltonian under magnetic field. The independent parameters
are @, g, and rotated angle 0. Among them, & and g are related to materials properties, i.e. Weyl nodes quanti-
ties, and g and 0 are related to field amplitude and direction respectively. As an example, we present the case of
@ = 0.05 and with fixed value of g = 0.8, we rotate the angle 6 of field with respect to Z axis from 0° to 180° and
present the result in Fig. 5a. It can be found that the zero energies persist in all angles 6 in the plane of k, = 0
perpendicular to the rotated field.

To see if the chiral anomaly can remain for rotated field when two pairs of Weyl nodes are located atk, = +kv,
the Hamiltonian for Model A and Model B are Eq. (25), and we focus on discussing Model B.

Similarly, when written in the new coordinate (k, k/ k}) of the rotated frame, Model B Hamiltonian is then

Scientific Reports |

(2021) 11:416 | https://doi.org/10.1038/s41598-020-79977-6 nature research



www.nature.com/scientificreports/

Hy = ﬁ[kﬁ — k¥ — aky*loy + Z—é’vkx(cos Gk; + sin 0k})oy

+ 2 kx (sin2 9k)',2 + cos? 0k.* — 2 cos 6 sin Ok Kk, — k%,)(rz. (1)
Different to Hg, the dimensionless momentum along the field direction is defined as q, = k. /ky. Therefore,
the dimensionless parameters involving k,, would change the dependence from vy /v| to kv /kw. Explicitly, the

2 2
dimensionless parameters are defined as follows. @, =« ) , @, =« kv , A, =% kv R
Y Vy kv\r Vyx kw

Ay = (V;:;Z) (%") and Ay, = 2"73, where the definition of A, is the same as that in single pair of Wely nodes.
Not all the defined dimensionless parameters are independent. Among them, the independent parameters are
chosen to be o, kw /ky, and % The Hamiltonian under magnetic field to solve is then

HL =% l(qz—1)+g@a—2—15¢ 2 oot |i( g2 + 1) cost + 24,(gq0) sin®
B 4Evy { g 4 3q2 P, zq; | Ox <qaq > z 2(qqz) sinb | oy
L, 3 3 1 . , , 3 1
+ {—gAy sin“ 0 (qa—q + 1) E)iq + gAzq(LIZ cos” 0 — 1) — 2iA,; cosOsin6 <q8—q + E)qz] JZ}.
(32)
With the reasonable choice of & = 0.05, v, /vy = v;/vx = 0.5,and kw/ky = 0.2, we present the case of ¢ = 0.8

and 0 = 30°in Fig. 5b. The corresponding values are &y =0.2,a, = 1.25, Ay=01A, =25, and Ay, =051t
is found that the chiral anomaly still remains since the chiral Landau levels near each pair of nodes are robust.

Surface states. We are going to solve Weyl semimetal slabs for Model A and Model B. In the x and y direc-
tions, the sizes are infinity, while it is semi-infinity in the z direction. Assume that the Weyl semimetal systems
are built for z < 0 adjacent to vacuum for z > 0. We will analyze Model B first and then Model A since the
former model is new to us.

Model B. To model a vacuum-semimetal interface, we introduce a mass term in the Hamiltonian as
Hp = (kaC — k%N - ak)z, + aaf + M(z))ax + kxkyay — iky0,0,, (33)

where M(z) = 0forz < 0and M(z) = M — oofor z > 0. Here we simplify the model by dropping some con-
stants which will be restored later.
For the localized surface states, we take the ansatz:

Z/ e*<% 7 <0
¥ (z) o u , (34)
e z>0
iv
where ReA. and Re/.. are positive. For z > 0, in the limit of M — 00, we have, by taking the ansatz into Hgyy = 0
and neglecting small numbers,

(M + a/li)u —kydsv =0, (35)
leading to
keisv =£(M + ail). (36)
Since . > 0, wehaveu = vfork, > Oandu = —vfork, < 0. As a result, we have boundaries conditions as
1
Y(z=0) x (ii)forkx > 0 (ke < 0). (37)

With these boundary conditions, we take the ansatz for z < 0into Hgyr = Ev and we have, for kx > 0,
i(K2 = Ky — @k + i ) + keky + i ks = E. (38)

Equating the real parts and the imaginary parts separately, we have E = k.k, and

1 2
o= m{—kx+\/k§—4a<k§—kw—ock§>}. (39)

In order to have ReA. > 0, ky is limited by ky < 4 /k%N + ak}z,. Similarly, for k; < 0, we have E = —kyk, when
—4/ k%\, + ozk% < kx. In conclusion, when putting back omitted constants, the surface states (the Fermi arcs)

survive in |ky| < 4 /k\ZN + ozk; and take energy
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= V” Lkl (40)

The corresponding wave functions are

. . 1 1
_ ikex ikyy ,ABZ
V(z < 0) = Jpe*e™Ve’B T[z(sgn(kx)i) (41)

where

_m _ﬂ Vi @ k2
=2 |k|+\/<kwk) m2<k = ak). (42)

Model A. With the same trick one can also solve the surface states for Model A. We skip the deviations and only
show the result below: for |ky| < 4 /k%N + otkf

Yz <0) = )LAelkXxelkyyeAAzﬁ ( l—i)’ (43)
where
m o
A = E{_VII'F\/Vﬁ_W(k%_k%V_“k;)} (44)

with energy E = —vk,.

We point out main difference between the two models. Model A shows typical understanding of a Fermi arc
connecting two Weyl nodes with linear dispersion E o< k. However, in Model B the surface-state wave function
is not continuous at k, = 0, which is proportional to (1, z)T on one side and (1, —i)T on the other. So it indicates
that there are two Fermi arcs that do not connect these Weyl nodes (but to other pairs), presenting a hyperbola
dispersion E o< |ky|kj.

Annihilation of Weyl nodes. The pair of Weyl nodes move toward each other if we tune the parameter k%,
smaller and eventually will collide with each other and annihilate. Before collision, the two Weyl nodes remain
intact and the system is still gapless for both Model A and Model B. However, the outcomes are different for the
two models after the collision, i.e. k3, < 0. For Model A, the system will be gapped out with minimum energy
formed by a ring. On the contrary, model B still remain gapless, while the two nodes annihilate into a nodal ring
with zero energies. To demonstrate this more clearly, we rescale the parameters to simplify the Hamiltonian for
the two models as

Hy =[k} — kiy — a(k; + kD)]lox + kyoy + ko2, (45)

Hp =[k; — kiy — a(k; + k2)lox + kekyoy, + kikz02. (46)

Before collision where kyy > 0, the Weyl nodes are located at (&kw, 0, 0). By tuning k2, to become negative,

Model A has gap E, = 2|kw/|atk = (0,0,0) or gap of E; = watrmgof, /k2 +k2=1/ zakw ! forky = 0
and other positions are also gapped. Model A is fully gapped unless accidental cases like |k2;| = 4 - However,
Model B remains gapless in which the WNs annihilate into a nodal ring which has zero energies. The nodal ring

2
has the radius k = 4/ ”;—W‘ in the k, = 0 mirror plane.

The introduction of mirror symmetry breaking effect. We can further see the effect of mirror symmetry breaking
terms induced by some perturbations to the Weyl nodes before and after the collision. Such perturbation can be
realized several way, such as applying magnetic field to the system. Depending on specific material system Ham-
iltonian, the spin operators can in different combination of Pauli matrices, determined by system symmetries.
Since the mirror operators M, for Model A and Model B are known, in conjunction with combined symmetry
C> 7T, the allowed forms of spin operators can be determined. Further restriction of allowed forms is possible
if we have more symmetry constraints, but this definitely depends on details of the systems. The procedure to
determine forms of spin operators that can be concordant with symmetry requirement is shown in the next
section.

Here we demonstrate effects of some possible mirror symmetry breaking terms induced by applying magnetic
field to the system. In Model A, the allowed spin operator y component can be combination of
sy = {kx00, kx0x, kxoy}, which can break mirror symmetry if we apply magnetic field in y direction. For simplic-
ity, we restrict the discussion to the form of k,0;. The mirror symmetry breaking perturbation is therefore Akyo,
where the A is small perturbation determined by the strength of magnetic field. As usual in the k%, > 0, the
locations of WNs are determined by each component of Pauli matrices to be zeros. The Weyl nodes are stlll topo-

2 2
logically protected to exist but shifted to position of (:i:\ / %, FA4/ 1fyA2 , 0). As for the annihilation results
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by tuning k3, < 0 to make Weyl nodes to collide, the system is still fully gapped where the gap E, = 2|kyw|at the

2 2
«/4a\:W| 1atk= (0,0,:|: [ 2akgy—1 i

origin and E; = 2

For Model B, the mirror symmetry breaking perturbation can be Aoy induced by the magnetic field if the
spin y component s, =0, fulfilling the symmetry requirement. The WNs are shifted to

k= :t\/k%,v+q/k§,\/+4aA2’:F\/—k%v+ kiy+Hoa?

o ,0 |, where the relative sign of kx and ky are determined by the

sign of A. After WNs annihilation when tuning kjy, < 0, the system remains gapless but no longer existing a

i\/—|k%,v\+./k{*~+4aA2 q:\/|k\2,vx+./k3v+4aA2 0
2 > 2 Vf

nodal ring. The zero gapless positions are located at k =

Here we demonstrate the differences between Model A and Model B in their behaviour of WNs annihilation
when the parameter k3, are tuned from positive to negative. Although both of them describe the pair of WNs
when k%, > 0, Model A generally will be gapped out when k2, < 0 while Model B remains gapless located at
a nodal ring. Even if we apply the magnetic field to break mirror symmetry, the feature of gapful Model A and
gapless Model B remains the same.

Allowed forms of spin operators. First of all, we have to point out that the Pauli matrices in the Ham-
iltonians Ha and Hp stand for the pseudo-spin describing two bands’ degrees of freedom not real spin. With
spin-orbit interaction, spin, orbital and momentum are strongly coupled in bands, so that there is no simple or
universal relation between the pseudo-spin and spin. Here we will try to extract spin degrees of freedom from
the pseudo-spin based on symmetry point of view and give readers an idea how spin is included in the pseudo-
spin for our models. The relation will no doubt depend much on details of systems.

We start with Model B, in which the mirror operator chosen is M, = o,. Under the mirror reflection,
momentum and spin changeask = (kx, ky, k;) = (—kx, ky, k;)ands = (s, sy, 57) > (sx, — sy, — 7). Atthe
same time, the pseudo-spin changes as (o, 0y, 0;) = (0x, — 0y, — o). We find that the pseudo-spin and spin
have the same transformation and might conclude that they are identical. However, we cannot have such conclu-
sion because we have not compare their transformations under all possible symmetry operations. As a results,
with only the mirror symmetry, we can claim that the spin components might contain contributions as follows:

Sx = {00, kyJO: k,00, 0%, kyUxa k.ox, kxoy’ kxaz},
sy = {kx00, kx0x, 0y, kyoy, k0, 02, kyo, k20:}, (47)
Sz = {kaO) kxoy, 0y, kyUy> kzaya Oz, kyaz) kzo'z},
where linear combinations of elements in the curly brackets are possible with proper normalization.
To reduce the complexity, we consider that there also exists the combined symmetry of twofold rotation
about z and time-reversal symmetry, denoted by M, T. Suppose that the k; is relative to k, = 0 or r, C, 7 makes

(kx> kys kz) = (kys ky, — k2),(Sx5 S5 S2) > (Sx» Sy, — $2). Many antiunitary operators could be used for C, 7
with the restriction that

G =1, (48)
either for spin-0 or spin-1/2 systems. However, when we refer to the transformation
C2T Hp(kx, ky, k2)(C2T) ™! = Ha (ke ky, —kz), (49)

we find that it has to be C;7 = 0K, where K is the complex conjugation operation. With C,7, the spin will
reduce its compositions as follows:

Sy = {ao, kyoo, oy, kyoy, kxory},
sy = {ke00, k0w, 0y, kyoy, k.02 }, (50)
S; = {kza),, [ kyaz}.

With the spirit, we can obtain spin from the pseudo-spin for Model A too. Here M, = opand C,7 = 04K,

we show them as

Sy = {ao, kyao, Ox» kyax, oy, kyay},
sy = {kxoo, kyOy, kxay}, (51)
sz = {kxoz}.
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